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1 Introduction

General Relativity (GR) is the simplest possible covariant gravitational theory with two local
physical degrees of freedom. Its dynamics are governed by the action

S =
∫
d4x

√
−g

( 1
16πGR+ Lm

)
, (1.1)

with Lm the Lagrangian of the matter fields.
While GR has proven to be experimentally very successful, there have been numerous

attempts to modify or extend it since its discovery. These endeavours are justified by the fact
that, when coupled to the Standard Model (SM) of particle physics, GR falls short in explaining
certain phenomena such as the existence of dark energy, dark matter, or inflation. Addressing
these phenomena thus requires either going beyond the SM of particle physics while retaining
GR, solely modifying the laws of gravity, or doing both. One of the simplest modifications of
gravity is to make use of an arbitrary function f(R) of the Ricci scalarR. Such modification can
be motivated by quantum corrections and provides an inflationary model for a certain choice
of f [1, 2], provided that other corrections, such as the Weyl squared term, are suppressed.

Explaining observations is the primary motivation behind modified gravity theories;
however, these theories must be theoretically consistent and tractable. For instance, they
should be ghost-free within their regime of validity and weakly coupled, as predictions
become difficult in strongly coupled theories. Modifying the predictions of GR in a specific
regime while simultaneously maintaining consistency in that same regime is a challenging but
achievable task. To name a few, examples of such possibilities include f(R) gravity [1, 3, 4],
scalar-tensor theories [5] or extra dimensions models [6, 7].

Over the past decade, a new class of modified gravity has become popular. It uses
non-universal couplings of gravity with the matter sector, via the curvature tensor. We
henceforth call this class f(R,Matter) theories, and gather under this name f(R, T ) grav-
ity [8] and its variants such as f(R,Lm) [9], f(R, T, TµνR

µν) [10, 11], f(R, TµνT
µν) [12] and
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f(R,GµνT
µν) [13]. To be fully explicit, the theories of this class are defined by replacing

the Ricci scalar R of the Einstein-Hilbert action (1.1) by a function of the curvature tensor
and the matter Lagrangian:

S =
∫
d4x

√
−g

( 1
16πGf(R,Matter) + Lm

)
, (1.2)

A specific model of the f(R,Matter) class thus corresponds to choices of the function f and
its arguments, namely the function of the curvature — usually R or Rµν , and of the matter
sector — usually the matter Lagrangian Lm, the stress-energy tensor Tµν or its trace T . The
explicit action would thus have the general form shown in (2.1). While many choices of f have
been studied in the past, the focus has been mostly on observational effects. Such studies
usually first assume that the matter energy-momentum tensor Tµν takes the perfect fluid
form, and they subsequently study the field equations in a FLRW, nearly de Sitter, or flat
Universe. This approach has been used to claim that f(R,Matter) gravity can explain various
cosmological and astrophysical observations. In the context of cosmology, those applications
range from inflation [14–19] to dark matter [20–22] and dark energy [23–25].

While previous studies have explored in great detail the consequences of f(R,Matter)
theories in the perfect fluid approximation, little attention has been given to the question
of the theoretical consistency of f(R,Matter) theories. See however [26] for some initial
comments on this point. Given the difficulty of consistently modifying GR, this question is
well motivated. As the f(R,Matter) class is quite broad, the answer could, a priori, differ
depending on the model. However, we believe that all of them suffer from some serious issues,
raising questions about their relevance to cosmology.

In this paper, we argue that f(R,Matter) theories fall in one of the following four
categories:

a) they are equivalent to f(R) + matter Lagrangian,

b) they only modify the matter sector with respect to GR or f(R),

c) they are just a rewriting of scalar-tensor, vector-tensor, etc . . . , theories

d) they suffer from the presence of ghosts at energies within their domain of application
to cosmology.

We point out that the categories a), b), and c) are not problematic per se but do not
correspond to a genuine coupling of the matter sector with the curvature tensor. For instance,
models falling in category b) should be thought of as Beyond the Standard Model models,
instead of modifications of gravity. As such, they must not lead to undetected effects at
energies below the weak scale. The main focus of this paper is thus to explain that all genuine
f(R,Matter) theories actually fall in the category d).

The outline of the paper is as follows: in section 2, we define the necessary conditions
for f(R,Matter) theories to be new consistent modifications of gravity. We illustrate these
conditions with particular forms of f(R,Matter), supporting the earlier classification. This
section alone should convince the reader of the challenges in constructing cosmologically
relevant theories of this kind. Moving to section 3, we delve into a particular case: f(R, T )
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gravity in a low curvature expansion. We first explicitly present the particle physics constraints
when f(R, T ) = R+ f0(T ), a pure matter sector modification. Subsequently, we study Rh(T )
matter-curvature couplings and reveal the presence of a ghost at scales in the regime of
interest for cosmological applications. The paper concludes in section 4 with a short discussion
on the perfect fluid assumption in f(R,Matter) theories before summarizing our results.

2 General arguments

In this section, we start by listing the conditions modified gravity theories must fulfill to be
considered as a new modified theory of gravity in the f(R,Matter) class. These conditions are
grouped in section 2.1. We then show in section 2.2 how combining these arguments rules out
the possibility of constructing consistent new models through an action of the f(R,Matter)
form. To be fully explicit, we study actions of the form:

S = M2
P

2

∫
d4x

√
g
{
f(R) + f1(R,Lm) + f2(R, T ) + f3(RµνT

µν)
}

+
∫
d4x

√
−gLm, (2.1)

where M2
P = 1/(8πG) is the (reduced) squared Planck mass expressed in terms of Newton’s

constant G and T denotes the trace of the energy-momentum tensor, defined with respect
to the matter Lagrangian Lm:

Tµν = − 2√
−g

δ
√

−gLm

δgµν
. (2.2)

The arguments we give below do not apply to the cases of general relativity (GR) or f(R)
theories, which correspond to f1 = f2 = f3 = 0.

2.1 Conditions for valid theories

We consider the following list of requirements to evaluate the relevance of theories modelled
by a Lagrangian of the above form.

1. The matter sector containing the Standard Model. The first point we address
here is related to the definition of the matter Lagrangian Lm or stress-energy tensor
Tµν used in the action (2.1). The functions Lm, T or yet Tµν appearing in f2, f3 and
f4 must refer to the true matter sector. By this, we mean that they should include (at
least) the Standard Model (SM) fields, such as the photon, Higgs field . . .

This requirement rules out theories where the Lagrangian Lm or the trace tensor T refer
to fields, e.g. scalar fields, which are not directly related to our visible matter sector.
Indeed, in that case, the action eq. (2.1) can be seen simply as a scalar-tensor theory
of gravity [5], and has nothing to do with a coupling of matter to the gravity sector.

2. Not simply a modification of the matter sector. This second requirement is
related to the previous one, but applies to somewhat different cases. We require that the
theory under consideration does not only constitute a modification of the matter sector.

This rules out all the theories where only the stress-energy tensor and/or the matter La-
grangian appear in the action (2.1), namely those with f3 = 0 and possibly f1(Lm, R) =
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f1(Lm), f2(R, T ) = f2(T ). Indeed, in such cases, the action reduces to a f(R) theory of
gravity coupled universally to a better identified (true) matter Lagrangian of the form

L(true)
m = Lm + f1(Lm) + f2(T ). (2.3)

Hence these theories can be seen as theories that only define a new matter Lagrangian,
namely theories of exotic matter with Lagrangian L(true)

m [27]. This kind of theory will
in general be in disagreement with particle accelerator experiments if the original Lm

includes the SM Lagrangian. Moreover the form of (2.3) highly constrains operators
of different mass dimensions, relating their couplings in a very non-trivial way.

In any case, such theories cannot be seen as modifications of the gravity sector.

3. Relevant energy scales and parameters. We demand that the theory we are
studying is valid until a certain ultraviolet (UV) scale Λ. Hence, even if the Lagrangian
under study is seen as low energy effective Lagrangian, the theory it describes should
be consistent until that UV scale. It is thus in this very domain of validity that the
theory should be relevant for phenomenology.

Theories modelled by a Lagrangian of the form of (2.1) are in general self-consistent only
until a certain UV scale Λ(λ1, λ2, λ3, . . .), as is mentioned in the next requirement and ex-
plained in more details in the rest of the paper. This UV scale depends on the parameters
λi, . . . appearing in the functions fj , which parametrize couplings between matter and
gravity. These are the exact parameters that determine how much the theory differs from
GR or f(R) theories, at the level of the Lagrangian and above all in observable quantities.

Hence, we ask that the theories under study have observable deviations from GR or
f(R) theories in their own domains of validity. Put another way, the λi parameters
must be such that the fj couplings have observable effects below a certain UV scale
Λ({λi}) where the theory remains self-consistent.

4. Absence of ghosts. This requirement makes more precise what we mean by the self-
consistency or validity of a theory. The main concern for theories of the form of eq. (2.1)
are instabilities coming from ghosts, fields with wrong kinetic sign. Such instabilities ren-
der the energy unbounded from below and violate the unitarity of the theory. A famous
example is the Ostrogradsky ghost [28] in the presence of higher-derivative operators.

Ghost degrees of freedom arise when higher-order derivative terms are present in the
Lagrangian. Such terms (almost) always lead to equations of motion with higher-than-
two time derivatives. From the classical point of view, solving these equations requires
more than two initial conditions, hence signaling the presence of these bad additional
degrees of freedom.

Modifications of gravity with higher-derivative terms in the Lagrangian have been
studied extensively. There are two ways to avoid the presence of ghosts. The first is to
consider specific forms of higher-derivative scalar-tensor Lagrangians, keeping second-
order equations of motion. The specific forms of these Lagrangian including the metric
gµν as well as a scalar field ϕ have been classified in the famous work of Horndeski [29].
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The second is to consider a Lagrangian which albeit leading to higher-order-derivative
equations of motion, does not contain any ghosts. This is the case when the terms of
the Lagrangian satisfy certain degeneracy conditions. Diverse such theories have been
developed gradually until explicit degeneracy conditions have been found, grouping
them all together under the name of DHOST theories [30].

By requiring the absence of ghosts in the effective theories described by an action of
the form of eq. (2.1), we thus ask them to satisfy either the Horndeski form or the
degeneracy conditions of DHOST theories. More precisely, this requirement must hold
up to higher-derivative terms that break the degeneracy condition at and above a
certain UV scale — the so called scordatura terms [31–34].

5. Compatibility with observations. Last but not least, we require that the theory
under consideration does not lead to observable quantities in contradiction with exper-
iments. This refers in particular to particle physics experiments, feeding our knowledge
about the form of the matter Lagrangian below certain energies (the SM Lagrangian),
cosmological observations, . . .

We argue that the above natural conditions are sufficient to show that theories of
action (2.1) — except for GR and f(R) theories — are not good candidates for applications
in cosmology. Several cases can appear. In the first cases, the matter Lagrangian under
consideration does not describe our proper matter, so that the theory is just a rewriting of
a scalar-tensor theory or a modification of the matter sector. In other cases, the theory is
not self-consistent, due to the presence of ghost instabilities, below the UV scale of interest
for its phenomenological application.

2.2 Combination of the conditions

In this section, we show in some detail how to combine the above conditions to rule out
theories described by the action (2.1). Here we tackle rather simple cases in order to show in
the clearest way how the requirements combine together. Part of this analysis was already
performed in [26]. However, surprisingly, the authors have not drawn the same conclusion as
us concerning the fate of these kinds of theories. To simplify the argument, in this subsection
we consider the Horndeski form — i.e. the second-order equations of motion, instead of the
DHOST form — i.e. the degeneracy condition, for the condition 4.

Higher matter couplings. We warm up by coming back to a case already discussed in
the condition 2 of section 2.1. We consider a Lagrangian of the form

S = M2
P

2

∫
d4x

√
g
{
f(R) + f1(Lm)

}
+
∫
d4x

√
−gLm. (2.4)

This case is almost trivial, yet it shows how to use the conditions of the previous section.
Condition 1 basically asks that the matter Lagrangian appearing as the argument of the
function f1 is the same as the one in the last part of eq. (2.4), namely true matter including
the SM. Then one can trivially rewrite the action as:

S = M2
P

2

∫
d4x

√
g f(R) +

∫
d4x

√
−g {Lm + f1(Lm)} , (2.5)
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showing that the theory under study reduces to an f(R) theory with a true matter Lagrangian
given by:

L(true)
m = Lm + f1(Lm). (2.6)

This has been noted already by [27]. Condition 2 then rules out this theory since it is not
a proper modification of gravity. Moreover, for generic Lagrangian Lm, if the energy scale
of the modification is lower than the weak scale, the above action will be in contradiction
with particle physics experiments, hence ruled out by condition 5.

We stress once again that in cosmological applications where such Lagrangians are used
to describe our early Universe, hence when the matter Lagrangian does not describe today’s
Standard Model but e.g. only a scalar field ϕ, eq. (2.4) only describe a scalar-tensor theory
of gravity. Such theory is thus ruled out by condition 1 in the sense that is not actually
coupling matter with gravity.

Couplings between matter Lagrangian and scalar curvature. We now study less
obvious cases which will highlight the main issue faced with theories described by eq. (2.1):
they contain light ghosts. Here we give general arguments and show why theories of the form
f(R,Lm) or f(RµνT

µν) are not self-consistent. We study in more detail the case of theories
of the form f(R, T ) in section 3. We start with a Lagrangian of the form:

S = M2
P

2

∫
d4x

√
g f1(R,Lm) +

∫
d4x

√
−gLm, (2.7)

and first consider the simple case

f1(R,Lm) = Rh(Lm), (2.8)

for an arbitrary function h.
From the conditions 2 and 5, we know that the matter sector should contain at least a

scalar and a vector field and their associated kinetic terms; hence the matter Lagrangian
should include:

Lm = −1
2∇µϕ∇µϕ−m2ϕ2 + λϕ4 − FµνFµν + . . .

= −X −m2ϕ2 + λϕ4 − FµνFµν + . . . , (2.9)

where in the last equality we introduced X ≡ ∇µϕ∇µϕ. The Lagrangian (2.7) thus contains
couplings between the Ricci scalar and derivative operators of a scalar and vector fields.

Such couplings are however highly constrained. Indeed, as explained in condition 4,
they lead in general to higher-derivative operators, indicating the presence of ghosts. The
classification of higher-order couplings allowing for second-order equations of motions (more
generally, fulfilling the degeneracy condition), hence preventing the presence of ghosts, has
been performed by Horndeski [29, 35]. To avoid a ghost instability, the Lagrangian coupling
the Ricci scalar R with the scalar kinetic terms X is required to take the form:

LH
4 = G4(ϕ,X)R− 2G4,X(ϕ,X)

(
(□ϕ)2 − ∇µ∇νϕ∇µ∇νϕ

)
, (2.10)

– 6 –
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where G4,X denotes the derivative of G4(ϕ,X) with respect to the variable X. In the case of
the Lagrangian (2.7) with the simple coupling of eq. (2.8), due to the presence of the kinetic
terms of the matter Lagrangian (2.9), the function G4 is identified to:

G4(X,ϕ) = h(−X −m2ϕ2 + λϕ4), (2.11)

so that the four-derivative terms for the scalar field in the full Lagrangian should exactly be:

L4 = 2h′(−X −m2ϕ2 + λϕ4)
(
(□ϕ)2 − ∇µ∇νϕ∇µ∇νϕ

)
. (2.12)

The scalar sector of the matter Lagrangian should thus start exactly as:

Lϕ
m = −1

2∇µϕ∇µϕ−m2ϕ2 + λϕ4 + 2h′(−X −m2ϕ2 + λϕ4)
(
(□ϕ)2 − ∇µ∇νϕ∇µ∇νϕ

)
+ . . . ,

(2.13)
where the scale of the higher-derivative terms is exactly determined by the gravity coupling
function h of eq. (2.8). Such terms, if not sufficiently suppressed, drastically modify the
matter Lagrangian and should be detected by experiments. We thus expect that condition 5
generally rules out such model.

We now show that there is an even more important problem. Indeed, to allow for
second-order equations of motion the couplings of the vector field to the curvature should
be of the form [35]:

LH
V = −1

2ϵ
µνρσϵαβγδFµνFαβRρσγδ

= RFµνF
µν − 4RµνF

µσF ν
σ +RµνρσF

µνF ρσ. (2.14)

Hence, the fate of f(R,Lm) is worse than one could expect by looking only at the scalar
sector. Indeed, since the last two terms of the above equation cannot be obtained from the
Lagrangian (2.7), the presence of a ghost instability in the vector sector is unavoidable.

Couplings between matter stress-energy tensor and curvature. One could try to
solve this issue by considering a more general form of the Lagrangian, introducing couplings
between the stress-energy tensor Tµν and the Ricci curvature tensor. For scalar and vector
matter sectors the stress-energy tensor read:

Tµν = ∇µϕ∇νϕ− gµν

(1
2∇µϕ∇µϕ+m2ϕ2 − λϕ4

)
− FµσF

σ
ν + gµν

F 2

4 , (2.15)

and we thus could consider a Lagrangian including a coupling of the form:

S = M2
P

2

∫
d4x

√
g f3(RµνT

µν) +
∫
d4x

√
−gLm. (2.16)

Here again the absence of a ghost, or more precisely, the requirement of second-order equations
of motion (and more generally, of the degeneracy condition), as explained in Condition 4,
highly constrains such coupling. For a scalar field, the only coupling with the Ricci curvature
leading to second-order e.o.m must be of the form [29]:

LH
5 = G5(ϕ,X)Gµν∇µ∇νϕ+ 1

6G5,X(ϕ,X)
[
(□ϕ)3 − 3□ϕ(∇µ∇νϕ)2 + 2(∇µ∇µϕ)3

]
, (2.17)

whereas for the vector field, the allowed coupling is included in eq. (2.14).
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In our case the absence of higher-derivative terms for ϕ, as required by Condition 5
for e.g. the standard model sector, implied that the function G5 in eq. (2.17) only contains
ϕ, such that the allowed form is:

LH
5 = G5(ϕ)Gµν∇µ∇νϕ = −G5,ϕ(ϕ)Gµν∇µϕ∇νϕ+ tot.

= −G5,ϕ(ϕ)
(
Rµν − 1

2g
µνR

)
∇µϕ∇νϕ+ tot.

= −G5,ϕ(ϕ)Rµν
(

∇µϕ∇νϕ− 1
2gµν∇µϕ∇µϕ

)
+ tot. (2.18)

Using the expression eq. (2.15) for the stress-energy tensor, this allowed term can be ob-
tained using:

−G5,ϕ(ϕ)
(
RµνTµν +R [m2ϕ2 − λϕ4]

)
= LH

5 + vector part. (2.19)

The vector part induced by the above coupling is then of the form:

−G5,ϕ(ϕ)RµνTµν ⊃ −1
4G5,ϕ(ϕ) (RFµνF

µν − 4RµνF
µσF ν

σ) . (2.20)

Hence we see that the last term of eq. (2.14) is again missing in order to obtain second-order
equations of motion.

We thus conclude that, as soon as one considers a matter sector including both a scalar
and a vector field, as is the case in the Standard Model of particle physics, one cannot
couple the stress-energy tensor Tµν to the Ricci curvature Rµν and keep second order e.o.m.
at the same time. Once again, we have combined conditions 2, 5, and 4 to rule out such
coupling between matter and gravity.

3 Finding the ghost in specific cases: f(R, T ) in low-curvature expansion

In section 2, we have presented general arguments why f(R,Matter) gravity theories have
to be treated with care. We argued that, if not rewriting of GR with exotic matter or
scalar-tensor gravity, they are not consistent due the presence of ghosts. In this section, we
discuss f(R, T ) models in a low curvature expansion in greater detail and explicitly compute
the scale at which the ghost field appears.

To be more specific, we consider an action of the type

S =
∫
d4x

√
−gf(R, T ) +

∫
d4x

√
−gLm

=
∫
d4x

√
−g

{
f0(T ) +Rf1(T ) + . . .

}
+
∫
d4x

√
−gLm (3.1)

The first two terms of the expansion, written explicitly in the above equation, cover the
most popular models in the literature. We deal with each of them first and then discuss
the case when they are both considered at the same time.

– 8 –
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3.1 The simple case of f0(T )

We start this section by studying the simple case where the gravitational part reduces to
general relativity, hence we consider here that the function appearing in the second term
of the expansion (3.1) is simply

f1(T ) ≡ M2
P

2 , (3.2)

and are left only with the function f0(T ). This case was already considered in [27]. The
general arguments of section 2 apply here. We first consider the case of a linear function (3.3)
below, very popular in the literature, before turning to nonlinear forms of f0(T ).

Linear coupling function. We start our study by taking the linear function:

f0(T ) ≡ γ1T, (3.3)

and consider first the trivial example of matter constituted of a free massless scalar. The
matter Lagrangian and the trace of the stress-energy tensor thus read:

Lm = −1
2∂

µϕ∂µϕ, T = −∂µϕ∂µϕ, (3.4)

so that the matter part of the action reads

Sm = −
∫
d4x

√
−g

{1 + 2γ1
2 ∂µϕ∂µϕ

}
, (3.5)

which is nothing but the Lagrangian for a non-canonically normalized free massless scalar.
Hence we see that the coupling (3.3) leads to a redefinition of the matter sector, which in
this trivial case is just a renormalization of the massless scalar.

One can also include a scalar potential, turning to the study of a massive, interacting
scalar field. The matter Lagrangian and trace T read:

Lm = −1
2∂

µϕ∂µϕ− V (ϕ) ≡ −1
2∂

µϕ∂µϕ− m2

2 ϕ2 − λ

4!ϕ
4, (3.6)

T = −∂µϕ∂µϕ− 4V (ϕ). (3.7)

The coupling (3.3) thus leads to the following matter part of the action

Sm =
∫
d4x

√
−g

{
−1 + 2γ1

2 ∂µϕ∂µϕ− (1 + 4γ1)V (ϕ)
}
. (3.8)

Here again, we see that the scalar is not canonically normalized and that its potential
has been rescaled. To be fully explicit, we rewrite the full matter action after normalization:

S ⊃
∫
d4x

√
−g

{
−1

2∂
µϕ∂µϕ− (1 + 4γ1)m2

2(1 + 2γ1)2 ϕ
2 − λ(1 + 4γ1)

(1 + 2γ1)24!ϕ
4
}
. (3.9)

Hence, as advertised, even when the scalar potential is included, the additional term f0(T )
only leads to a redefinition of the matter sector, namely the mass of the scalar and its
self-interaction parameter. Such argument has already been raised in [27]. We discussed
above the case of scalar matter but similar arguments naturally holds for fields of the matter
sector with different spins.
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Non-linear coupling function. We now consider a nonlinear function f0(T ). We already
had a similar discussion in section 2.2 for a function of the matter Lagrangian f1(Lm), which
we ruled out following strictly the requirement of condition 2. Here again, it is clear that
such term introduces new interactions. In the case where Lm is the Lagrangian of a scalar,
for example in inflationary models, f0(T ) only leads to a new matter Lagrangian L(true),
rather than a modification of gravity, as discussed in 2. In the case where Lm is really the
Standard Model Lagrangian, such new interactions are additionally subjected to particle
physics constraints, and the model is often also ruled out by condition 5.

We now analyze an explicit nonlinear example and, for full concreteness, show how the
matter Lagrangian is modified to obtain a new “true” Lagrangian, which shall be subject
to experimental constraints. We first expand f0(T ) into

f0(T ) = γ1T + 1
2γ2T

2 + . . . (3.10)

According to our points 2 and 1, the matter Lagrangian Lm should contain the Standard
Model and in particular the two massive W -boson terms, which read:

Lm ⊃ −1
2(∂µW

+
ν − ∂νW

+
µ )(∂µW ν

− − ∂νWµ
−) + m2

W

2 W+
µ W

µ
−. (3.11)

The stress-energy tensor then contains

Tµν ⊃ Tµν
W ≡ −2Fµβ(F ν

β )† + 1
2g

µνFαβ(Fαβ)† − 1
2g

µνm2
WW+

α W
α
−, (3.12)

where here Fµβ = ∂µW β
+−∂βWµ

+. The kinetic term drops out of the trace, such that we obtain:

TW = −2m2W+
α W

α
−,

1
2γ2T

2
W ⊃ 2γ2m

4
W (W+

α W
α
−)2. (3.13)

Notice that this is the only quartic term in T 2 involving the W boson only, since the kinetic
and mass terms above are the only quadratic terms in T that contain the W boson only.

The quartic interaction of the W boson in the Standard Model has the form [36]:

LSM ⊃ −g2

2 ((W+
α W

α
−)2 −W+

α W
α
+W

−
β W

β
−), (3.14)

so that the terms coming from T 2
W , shown in (3.13), cannot be absorbed into the Standard

Model Lagrangian via a redefinition of fields and couplings, and would lead to new physics. In
particular, they change the ratio of the two interaction channels in (3.14). Already from (3.13),
we see that partial wave unitarity demands (see, for example, [36]) that

|γ2m
4
W | ≲ 1, (3.15)

or in other words, that the mass scale associated with new physics must be larger than
the weak scale. This bound can be further sharpened by experimental results on W -boson
scattering. In the notation of [37], the amplitude associated with (3.13) is given by

A = 4g2α5. (3.16)
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The magnitude of the dimensionless coefficient α5 depends on the scale of new physics and
is experimentally constrained [38] to lie in the 95% confidence interval:

α5 ∈ [−0.22, 0.22]. (3.17)

In our case, the amplitude is equal to 8γ2m
4
W , and so, using that g2 = 4παew/ sin2(θW ) ≈

0.42 [39] at the mZ scale, we obtain

|γ2m
4
W | ≤ 0.05. (3.18)

This bound means that the coupling 1/2 γ2T
2 is irrelevant for any process whose energy

density is below m4
W , hence the theory loses its interest for e.g cosmology today, by virtue of

the condition 3. In [40] the Palatini version of f(R) gravity was excluded by a similar approach
relying on the bounds from electron-electron scattering on higher-order matter interactions.

We conclude this example by mentioning that for modifications of the theory that are
only relevant at scales above the weak scale, there are no constraints from particle physics
measurements today. However, once again, such modifications have to be seen as modifications
of the matter sector only, not as a modification of the theory of gravity, see condition 2.

Moreover, we emphasize that, apart from being solely modifications of the matter
sector, couplings of the type f0(T ) violate the principle of effective field theories that permits
arbitrary couplings in the absence of protecting symmetry. Indeed, terms such as T 2 introduce
specific relations between the coefficients of operators of different dimensions, which are not
supported by any a priori symmetry argument.

3.2 Rf1(T ) in Einstein frame for a free massless scalar

We now go to the next order in the low-curvature expansion of eq. (3.1), which introduces
a true coupling between matter and gravity. Our goal is to demonstrate explicitly the
appearance of a ghost related to this coupling and to determine its energy scale.

We thus consider the following Jordan frame action:

S = M2
P

2

∫
d4x

√
−gRf1(T ) +

∫
d4x

√
−gLm(gµν , χ, ∂µχ), (3.19)

where χ is a shorthand notation for the matter fields. We perform the Weyl transformation
gµν = 1/f1(T )g̃µν to go to the Einstein frame, in which the action reads

S = M2
P

2

∫
d4x

√
−g̃

{
R̃− 3

2f1(T )2∂
µf1(T )∂µf1(T )

}
+
∫
d4x

√
−g̃

f1(T )2 Lm
( g̃µν

f1(T ) , χ, ∂µχ
)
.

(3.20)
We comment on the fact that here T = T (χ, ∂χ) is not a field variable but rather a composite
field, namely a function of all the matter fields and their derivatives. Hence, the second
term in (3.20) leads to nonlinear second-time derivative terms, since T already contains
first-time derivatives from the standard kinetic terms of the matter fields χ. This is the
standard hint for the appearance of a ghost.
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Some assumptions to simplify our study. To demonstrate the appearance of a ghost,
we now take specific forms of coupling function f1(T ) and matter Lagrangian. We choose
the coupling:

f1(T ) ≡ 1 + λ1T, (3.21)

so that the action (3.19) describes Einstein gravity together with the simplest matter-curvature
coupling. In the following, we will work in the regime where this coupling is small with
respect to the standard Einstein-Hilbert term:

regime under study: ξ ≡ λ1T ≪ 1. (3.22)

In this regime, eq. (3.21) can be seen as the lower terms of the T expansion of a more general
coupling f1(T ). We will show that even the regime with small non-vanishing ξ is sufficient
to show the appearance of a ghost. It is thus expected that going to larger ξ only worsens
this problem. From eq. (3.21), λ1 has a dimension of [λ1] = M−4.

We choose to consider matter made of a massless free scalar ϕ, the Lagrangian and
stress-energy tensor of which is given in the Jordan frame by eq. (3.4). They can be expressed
using the Einstein frame metric of eq. (3.20) as:

Lm = −1
2g

µν∂νϕ∂µϕ = −f1(T )
2 g̃µν∂νϕ∂µϕ = −1 + λ1T

2 g̃µν∂νϕ∂µϕ, (3.23)

T = 2Lm = −(1 + λ1T )g̃µν∂νϕ∂µϕ, (3.24)

where we used the explicit expression for f1(T ) given in eq. (3.21). We stress that the choice of
matter made of a free massless scalar is only a matter of simplicity and brevity of expressions.
The result of the following arguments does not change qualitatively when considering more
complicated matter actions as the one of the SM.

We can now invert eq. (3.24) to write:

1 + λ1T = 1
1 + λ1∂µϕg̃µν∂νϕ

, (3.25)

and express (3.20) only in terms of the scalar field function X ≡ −∂µϕg̃
µν∂νϕ. The action

then reads:

S = M2
P

2

∫
d4x

√
−g̃

{
R̃− 3

2
λ2

1
(1 − λ1X)2∂αXg̃

αβ∂βX

}
+
∫
d4x

√
−g̃1

2(1 − λ1X)X

= M2
P

2

∫
d4x

√
−g̃

{
R̃− 6λ2

1
(1 + λ1∂µϕg̃µν∂νϕ)2 (∇α∂µϕ)∂µϕ(∇α∂

νϕ)∂νϕ

}

−
∫
d4x

√
−g̃1

2(1 + λ1∂
µϕ∂µϕ)∂νϕ∂νϕ, (3.26)

where ∂µ = g̃µν∂ν , ∇µ = g̃µν∇ν , and ∇ν is the covariant derivative compatible with g̃µν .

Not Horndeski and not DHOST. As already mentioned, the second derivative terms
present in the action (3.26) generically yield higher-order equations of motion signaling the
presence of ghosts. The only exceptions are for a Lagrangian of the Horndeski [29] type,
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keeping second order e.o.m, or a degenerate Lagrangian (DHOST) which remains ghost-free
albeit having higher-order e.o.m. [30].

One can repeat the study done in section 2.2 below eq. (2.7) to show that, as the
action (3.26) is not of the Horndeski type, the equations of motion are not second-order.

The authors of [30] have listed the degenerate conditions the action of generic scalar-
tensor theories must satisfy to be free from ghost instabilities. Using their notations, the
action (3.26) can be written as

S =
∫
d4x

√
−g̃

{
M2

P

2 R̃+ Cµν,ρσ∇µ∂νϕ∇ρ∂σϕ− 1
2(1 + λ1∂µϕg̃

µν∂νϕ)∂µϕg̃
µν∂νϕ

}
, (3.27)

where we defined the function:

Cµν,ρσ ≡ 3M2
Pλ

2
1

4(1 + λ1∂µϕg̃µν∂νϕ)2 (∂µϕ∂ρϕg̃νσ + ∂νϕ∂ρϕg̃µσ + ∂µϕ∂σϕg̃νρ + ∂νϕ∂σϕg̃µρ) .

(3.28)
The αi coefficients defined in [30] to express the degenerate conditions then read

α1 = α2 = α3 = α5 = 0, α4 = 3M2
Pλ

2
1

(1 + λ1∂µϕg̃µν∂νϕ)2 , (3.29)

while (in their notation) f ≡ M2
P /2 as we are in the Einstein frame. Without a dynamical

metric, the degeneracy condition α3 + α4 = 0 is violated and the kinetic matrix is not
degenerate. With dynamical metric, since α1 + α2 = 0, the degeneracy condition 5.1 of [30]
implies α4 = 0. Again, the degeneracy condition is not fulfilled and the theory has a ghost.

Light ghost in a matter background. The appearance of a ghost is not necessarily
a problem as long as it appears at energies sufficiently higher than the scale at which the
modified theory is used. Namely, it shall not appear in the effective theory below a cutoff
scale that is sufficiently higher than the scale of applications of the theory. In this section, we
show that for the action (3.26), this is not the case: the ghost appears at a scale depending
on the parameter ξ which is smaller than the scales relevant for cosmology, unless the value
of ξ is so small that we recover GR. We recall that as noted below eq. (3.21), λ1 has a
dimension of inverse quarted mass [λ1] = M−4.

Although the action (3.26) contains higher derivatives, they do not appear in terms
quadratic in fields. Indeed, they come from the term ∂µX∂

µX, which is quartic in ϕ.
Therefore, the dispersion relation of the scalar ϕ, obtained from the equation of motions,
does not show the presence of a ghost on an empty background. The presence of the ghost is
however clear when the scalar takes a background expectation value, as we show below.

We will introduce explicitly a new variable accounting for the degree of freedom coming
from higher-derivative terms. To do so, we will only consider the scalar part of the action
eq. (3.26). Indeed, we want to show the presence of a dangerous ghost mode, with momentum
higher than the background but lower than the EFT cutoff. Hence we can neglect metric
variations and we will work in a flat background. One could perform the same analysis
in another background or without performing a background+perturbation analysis, and
the conclusions relative to the presence of a ghost should be the same. We thus consider
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the Lagrangian:

L = −3
4

λ2
1M

2
P

(1 + λ1∂νϕ∂νϕ)2∂
µ(∂νϕ∂

νϕ)∂µ(∂αϕ∂
αϕ) − λ1

(∂µϕ∂
µϕ)2

2 − 1
2∂µϕ∂

µϕ. (3.30)

We define a new field ψ and enforce the condition ψ = −λ1MP∂
µϕ∂µϕ through a Lagrange

multiplier η. The part of the Lagrangian (3.26) involving the scalar field is thus equivalent to:

L = −3
4

1
(1 − ψ/MP )2∂

µψ∂µψ − 1
2∂µϕ∂

µϕ− ψ2

2λ1M2
P

+ η
( ψ
MP

+ λ1∂
µϕ∂µϕ

)
. (3.31)

We now introduce a background expectation value and perturbation for each of the fields
of the above Lagrangian through:

ψ ≡ ψ(0) + ψ(1), ϕ ≡ ϕ(0) + ϕ(1), η ≡ η(0) + η(1). (3.32)

The background equations of motion are:

η(0) −
ψ(0)
MPλ1

+ 3
2(1 − ψ(0)/MP )3∂µψ(0)∂

µψ(0) + 3MP

2(1 − ψ(0)/MP )2□ψ(0) = 0, (3.33)

□ϕ(0) − 2λ1∂µ
(
η(0)∂

µϕ(0)
)

= 0, (3.34)
ψ(0) + λ1MP ∂

µϕ(0)∂µϕ(0) = 0, (3.35)

and the Lagrangian quadratic in the perturbations reads

L(2) = −3
4

1
(1 − ψ(0)/MP )2∂

µψ(1)∂µψ(1) −
1 − 2η(0)λ1

2 ∂µϕ(1)∂
µϕ(1) + 2λ1η(1)∂µϕ(0)∂

µϕ(1)

−
ψ2

(1)
2λ1M2

P

+ 1
MP

η(1)ψ(1). (3.36)

In (3.36) we have assumed that the background variation is much smaller than the
perturbation one, hence we used ∂µψ(1)/ψ(1) ≫ ∂µψ(0)/ψ(0) to keep dominant terms. This
assumption boils down to the fact that we study possible UV instabilities on a background of
which the energy/momentum scales are below the cutoff of the theory.

When assuming that □ψ(0)/ψ(0) ≪ 1
λ1M2

P
, the background equation of motion for ψ(0)

showed in eq. (3.33) leads to

η(0) =
ψ(0)
λ1MP

. (3.37)

The above assumption states that the background variations are smaller than the perturbation
ones, as can be seen explicitly from eqs. (3.55) and (3.56). Reinserting this relation for η(0)
into the quadratic action gives

L(2) = −3
4

1
(1 − ψ(0)/MP )2∂µψ(1)∂

µψ(1) −
ψ2

(1)
2λ1M2

P

− 1
2

(
1 − 2

ψ(0)
MP

)
∂µϕ(1)∂

µϕ(1)

+ η(1)

(
ψ(1)
MP

+ 2λ1∂
µϕ(1)∂µϕ(0)

)
. (3.38)
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Adding yet an additional auxiliary field. To simplify our expressions, we first introduce
the following notations for the background quantities:

α = 3
2(1 − ψ(0)/MP )2 , β = 1 − 2ψ(0)/MP , γ = 1

λ1M2
P

, nµ = 2MPλ1∂
µϕ(0). (3.39)

Note that from these definitions and the ψ(0) equation of motion (3.35) we get the on-shell
relation:

1 − β =
2ψ(0)
MP

= −1
2γ n

µnµ. (3.40)

The second order perturbation Lagrangian (3.38) then becomes

L = −α

2 ∂µψ(1)∂
µψ(1) − β

2 ∂µϕ(1)∂
µϕ(1) − γ

2ψ
2
(1) +

η(1)
MP

(ψ(1) + nµ∂µϕ(1)). (3.41)

We first introduce a Lagrange multiplier λµ that replaces ∂µψ(1) with Pµ and rewrite into
the following equivalent Lagrangian:

L1 = −α

2PµP
µ − β

2 ∂µϕ(1)∂
µϕ(1) − γ

2ψ
2
(1) +

η(1)
MP

(ψ(1) +nµ∂µϕ(1))+(λµPµ +ψ(1)∂µλ
µ). (3.42)

The equations of motion for η(1) and Pµ lead to:

ψ(1) + nµ∂µϕ(1) = 0, λµ − αPµ = 0, (3.43)

so that using them back in the Lagrangian leads to:

L2 = 1
2αλ

µλµ − β

2 ∂µϕ(1)∂
µϕ(1) − γ

2 (nµ∂µϕ(1))2 − nµ∂µϕ(1)∂νλ
ν . (3.44)

This Lagrangian can be written in matrix notations as

L2 = −1
2∂µ

(
ϕ(1) λ

α
)

Gµν ∂ν

(
ϕ(1)
λβ

)
− 1

2
(
ϕ(1) λ

α
)

M
(
ϕ(1)
λβ

)
, (3.45)

where the kinetic and mass matrices were defined as

Gµν =
(
βgµν + γnµnν nµδν

β

nνδµ
α 0

)
, M =

(
0 0
0 − 1

αgαβ

)
. (3.46)

The kinetic matrix Gµν has zero eigenvalues, indicating the presence of non-dynamical
fields. To show the presence of the ghost, we should integrate the non-dynamical fields and
consider the kinetic matrix of the dynamical fields only. The latter shall not contain any zero
eigenvalues and the presence of negative eigenvalues is equivalent to the presence of a ghost.

Time-like background. We now show how to proceed in the case of a time-like background,
which is relevant for cosmological applications of the f(R, T ) models. We quickly comment
on the fact that space-like backgrounds can possibly suffer from instantaneous modes or
anisotropies not seen in experiments. In a time-like background, we can choose coordinates
such that ni = 0 for all spatial indices. After introducing:

C ≡ n0 = −2MPλ1∂tϕ(0), (3.47)
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the Lagrangian becomes

L2 = − 1
2α(λ0)2 + 1

2α(λi)2 + β

2 ϕ̇
2
(1) − β

2 (∂iϕ(1))2 − γC2

2 ϕ̇2
(1) −Cϕ̇(1)

˙(λ0) −Cϕ̇(1)∂iλ
i. (3.48)

The λi fields have no time derivative and can be integrated out. After integrating the last term
by parts, and neglecting again the background derivatives, the equation of motion for λi gives

λi + αC∂iϕ̇(1) = 0. (3.49)

Reinserting into the Lagrangian then leads to

L2 = − 1
2α(λ0)2 + β

2 ϕ̇
2
(1) − β

2 (∂iϕ(1))2 − γC2

2 ϕ̇2 − Cϕ̇ ˙(λ0) − αC2

2 (∂iϕ̇(1))2

= 1
2
(
ϕ̇(1) λ̇

0
)

K
(
ϕ̇(1)
λ̇0

)
− 1

2
(
ϕ(1) λ

0
)

M
(
ϕ(1)
λ0

)
, (3.50)

where the kinetic and mass matrices read:

K =
(
β − γC2 − αC2k⃗2 −C

−C 0

)
, M =

(
βk⃗2 0
0 1

α

)
. (3.51)

As the determinant of the kinetic matrix is negative, one of the eigenvalues is negative and
the presence of the ghost is made explicit. We see that in the limit C → 0, which corresponds
to taking the background to zero, the kinetic matrix gets a zero eigenvalue, signaling that
the extra degree of freedom becomes strongly coupled.

We now evaluate the scale at which the ghost appears through the dispersion relations of
the different modes of the above theory. The equations of motion in Fourier space derived
from the Lagrangian (3.50) just read:

(ω2K − M)
(
ϕ(1)
λ0

)
= −

(
βk2 + γC2ω2 + αC2ω2k⃗2 Cω2

Cω2 1
α

)(
ϕ(1)
λ0

)
= 0. (3.52)

Non-trivial solutions to the equations of motion exist when the above matrix is degenerate.
Setting the determinant of that matrix to zero gives the condition

βk2 + γC2ω2 + αC2ω2k2 = 0, (3.53)

and expressing C2 = 2(1 − β)/γ using eq. (3.40), we solve the dispersion relation and find
the two solutions:

ω2
1,2 =

2α(1 − β)k⃗2 − 3βγ + 2γ ±
√

(2α(1 − β)k⃗2 − 3βγ + 2γ)2 + 8αβγ(1 − β)k⃗2

4α(1 − β) . (3.54)

At large spatial momentum k⃗2 ≫ γ/(α(1 − β)), the two solutions approximately become:

ω2
1 ∼ k⃗2 + γ

α
∼ k⃗2 +

2(1 − ψ(0)/MP )2

3λ1M2
P

∼ k⃗2 + 2
3λ1M2

P

, (3.55)

ω2
2 ∼ − βγ

2(1 − β)α

(
1 − γ

αk⃗2

)
∼ − 1

6ϕ̇2
(0)λ

2
1M

2
P

(
1 − 2

3λ1M2
P k⃗

2

)
. (3.56)

We have used that ψ(0)/MP = λ1ϕ̇
2
(0) ≪ 1 to simplify the final expressions.
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We just found the dispersion relations related to the two different modes of the second-
order Lagrangian. Previously we have also demonstrated the presence of a ghost by evaluating
the sign of the determinant of the kinetic matrix. We will now determine the eigenmodes
of the system and look at their kinetic term to determine which mode is the ghost mode.
To calculate the eigenmodes it is convenient to express the system in terms of Cλ0 instead
of λ0, such that the new variable has the same mass dimension as ϕ(1). The equations of
motion (3.52), evaluated at the frequencies ω1,2 solutions of eq. (3.53), read

(
αC2ω4

1,2 ω2
1,2

ω2
1,2

1
αC2

)(
ϕ(1)
Cλ0

)
= 0, (3.57)

so that the kernel is generated by: (
1

−αC2ω2
1,2

)
. (3.58)

We can now calculate the expectation values of the kinetic matrix K of eq. (3.51):

⟨K⟩1,2 = βk⃗2

ω2
1,2

+ αC2ω2
1,2. (3.59)

At large spatial momenta, the frequencies of eqs. (3.55) and (3.56) can be approximated by
ω2

1 ≈ k⃗2 and ω2
2 ≈ −2/(3C2) so that the kinetic term expectation values read

⟨K⟩1 ≈ β + αC2k⃗2, ⟨K⟩2 ≈ −3
2C

2βk⃗2 − 2
3α. (3.60)

As in our approximation β = 1 − 2ψ(0)/MP ≈ 1, the first is positive while the second is
negative, thus identifying the ghost with the second excitation.

The scale at which the ghost appears is thus given through eq. (3.56) as:

Λ2
gh ∼ |ω2

2| ∼ 1
6λ1

˙ϕ2
(0)

1
λ1M2

P

∼ 1
ξ

1
λ1M2

P

≲
H2

ξ2 . (3.61)

Here we have expressed the background energy density ϕ̇2
(0) in terms of ξ = λ1T defined in

eq. (3.22). The last inequality is obtained using that the background energy density for ϕ
is smaller than the total energy density. The latter being related to the Hubble scale, this
thus corresponds to the bound |T | ≲ ρtot ∼ H2M2

P .

Late time cosmology. It is now clear that if the model is applied to model building at the
present time, for instance, to describe dark energy, the bound (3.61) shows that a ghost
appears at scales lower than H2

0/ξ
2. Due to the smallness of H0, the ghost scale will be

lower than the electroweak scale, and thus in conflict with particle physics, as long as
ξ ≳ H0/mW ∼ 10−44. On the other hand, we do not expect models with ξ ≲ 10−44 to differ
quantitatively from GR and thus be good models to explain new physics today.
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Early universe cosmology. If such models are rather used to describe early Universe physics,
close to the end of the inflationary phase, the bound (3.61) implies that Λgh ≲ Hinf/ξ. It
might seem that for small ξ there is room for Λgh > Hinf , so that physics at the horizon scale
does not excite the ghosts. However, only a few e-folds N ∼ log(ξ) before, the horizon scale
modes would have been inside the horizon and ghostly, ruining the description of perturbations
during inflation. Stated otherwise, this model can at best be used only during a period of
N ∼ log(ξ) e-foldings, which except for excessively small ξ is in contradiction with the minimal
required period of inflation. Here again, in the case where ξ is excessively small, we expect to
recover GR so that the model is useless for the purpose of modifying gravity in early universe.

Low cutoff from the EFT perspective. In this paragraph, we offer a complementary
perspective on the study of the inconsistency of the Lagrangian (3.26). Seen as low energy
approximation, it naturally enters the framework of effective field theories (EFT). The
consistency of the latter have undergone great scrutiny in the past years, with or without
coupling to gravity, see e.g. [41–48].

Even if not necessary from the low-energy point of view, one can wonder what requirements
the theory described by the Lagrangian (3.26) must fulfill in order to have a unitary, causal,
Lorentz-invariant, and positive energy UV-completion. S-matrix arguments then place con-
straints on the low-energy effective couplings [41, 49, 50]. Describing and constraining modified
gravity models using effective field theory techniques is not a novel approach, see e.g. [51–63].

The bounds are formulated using the Wilson coefficients of the 2 → 2 amplitude as
they are unambiguous, in contrast to couplings in the Lagrangian, which can for instance
change under integration by parts. Moreover, as they rely on scattering amplitudes only, the
bounds shown in this section can in principle be generalized to more complicated contents
of the energy-momentum tensor compared to the simple case of a scalar field considered
in the previous paragraphs.

The tree-level 2 → 2 scattering amplitude of (3.26) is given by

A2→2 = 3
2M

2
Pλ

2
1

[
−3s2t− 3t2s

]
− λ1

[
2s2 + 2t2 + 2st

]
(3.62)

= 3
2M

2
Pλ

2
1

[
−3
(
s+ t

2

)2
t1 − 3

4 t
3
]

− 2λ1

[(
s+ t

2

)2
t0 + 3

4

(
s+ t

2

)0
t2
]
,

where we have defined the Mandelstam variables in the usual form s = −(p1 + p2)2, t =
−(p1 − p3)2, u = −(p1 − p4)2. The Wilson coefficients gk,q, extracted from the expansion

A2→2 =
∑
q,k

gk,q

(
s+ t

2

)k−q

tq, (3.63)

thus read:

g2,0 = −2λ1, g2,2 = −3λ1/2, g3,1 = −9M2
Pλ

2
1/2, g3,3 = −9M2

Pλ
2
1/8. (3.64)

According to the recent work [64], if the theory of eq. (3.26) has a unitary, causal, Lorentz-
invariant, and positive energy UV completion, its Wilson coefficients must satisfy the bound∣∣∣∣∣g3,1

g2,0

∣∣∣∣∣Λ2 ≲ 5.3, (3.65)
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where Λ is the UV cutoff of the EFT. This constraint comes from the fact that with a unitary,
causal, Lorentz-invariant, and positive energy UV completion, ratios of Wilson coefficients like
g3,1Λ2/g2,0 have to sit in a certain polytope known as the EFT-Hedron [64, 65]. Since that
polytope is a bounded region, this allows one to give the upper bound eq. (3.65). The same
bound has been obtained also outside the context of the EFT-Hedron [66], using methods
such as partial wave unitarity, see, for example [36], or many other QFT textbooks. Once
the Wilson coefficients are fixed, the condition eq. (3.65) can also be seen as a bound on the
UV cutoff. Using eq. (3.64) we see that in our case it indeed implies that:

Λ2 ≲ 5.3
∣∣∣∣∣g2,0
g3,1

∣∣∣∣∣ ≈ 2.4 1
M2

P |λ1|
. (3.66)

The UV cutoff of the EFT is thus of the order 1/(λ1M
2
P ). If the matter Lagrangian is the

Standard Model Lagrangian, the ghost has to be at least heavier than the weak scale so that
λ1 ≲ 1/(m2

WM2
P ) ∼ 1/(1011GeV)4. As mentioned in the previous paragraphs, for such a small

coupling the theory is expected to be almost identical to GR. This confirms that cross-terms of
the RT form can only be a possibly consistent modification of GR at very high energy scales.

3.3 Combining both contributions: f0(T ) + Rf1(T )

One could wonder whether the ghost described in section 3.2 can be made heavy by a specific
addition of an f0(T ) term. We now investigate this question and consider the action:

S =
∫
d4x

√
−g

{
M2

P

2 Rf1(T ) + f0(T )
}

+
∫
d4x

√
−gLm(gµν , χ). (3.67)

Again for simplicity, we choose f1(T ) = 1 + λ1T and Lm describing a free massless scalar
field. The action in Einstein frame reads:

S =
∫
d4x

√
−g̃

{
M2

P

2 R̃− 3
4M

2
Pλ

2
1(1 − λ1X)2∂µXg̃

µν∂νX

+1
2(1 − λ1X)X + (1 − λ1X)2f0

(
X

1 − λ1X

)}
. (3.68)

The presence of the ghost is again related to higher-order derivatives present in the ∇µX∇µX

term. Hence f0(T ) terms cannot eliminate the ghost although they can change its mass.
The ghost scale is related to the ratio of coefficients of the X2 and ∇µX∇µX term,

as it has been explicitly shown in section 3.2. Namely, the ghost scale depends directly
on the parameter γ defined in eq. (3.39). In the presence of f0(T ) terms, modifying the
coefficient of the X2 term in the Lagrangian, such a parameter can be modified. Indeed,
taking for instance f0(T ) = γ1T

2/2, the X2 terms are now proportional to (γ1 − λ1)/2 so
that the new parameter reads:

γ = λ1 − γ1
λ2

1M
2
P

= λ1 − γ1
λ1

γ(γ1=0). (3.69)

From from the amplitude constraints, one obtains a similar dependence of the cutoff of
the EFT with the additional f0(T ) term. Indeed, as stated in eq. (3.65), the UV cutoff is
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given as a ratio of the X2 coefficient and the coefficient g3,1, which stays unchanged. We
thus obtain the new bound

Λ2 ≲ 2.4 |λ1 − γ1|
M2

Pλ
2
1
, (3.70)

which shows the same dependence in γ1 as eq. (3.69). We see that the only way to increase
the ghost scale, or the cutoff of the EFT, compared to the theory of the previous subsection
without the f0(T ) term, is thus to have γ1 ≫ λ1. In that case, the effects of the Rf1(T )
term are completely suppressed compared to the f0(T ) one, and the situation effectively
reduces to the one described in 2.2.

4 Conclusions and discussion

This paper is intended to showcase why we deem f(R,Matter) theories generically irrelevant
for cosmological models. In section 2, we have presented general arguments independent of any
specific setup. They should be enough to convince the reader. We then showed how to apply
these arguments on models of the f(R,Matter). In section 3, we gave a concrete example of
the appearance of a ghost in a f(R, T ) theory. We emphasized that modifications of the type
of f(R,Matter) can broadly be categorized into two cases. The first case is a modification of
the matter sector. Late-time modifications of such type are strongly constrained by particle
physics, as any modification of the matter sector that is significant at energies ∼ H must
be very strong at the weak scale. The second case is a cross-coupling between curvature
and matter. Such coupling generically leads to ghosts, which is excepted to become lighter
and lighter as the model deviates from GR.

Before closing this paper, we emphasize that although we focused in this work on Tµν ,Lm

in terms of fundamental fields (scalar, vector, etc . . . ), our results carry over to the situation
where one considers Tµν (Lm) as the energy-momentum tensor of a perfect fluid. The reason
for that is simple: the energy-momentum tensor of a perfect fluid should be seen as an effective
expression derived from a microscopic description of the matter fields. The canonical example
is the energy-momentum tensor of a scalar field, which can be understood as the energy-
momentum tensor of a perfect fluid, with the scalar field values determining the pressure and
mass density. Nonlinear terms in f(T ), when T is a perfect fluid energy-momentum tensor,
would also be present in the microscopic theory, giving rise to the problems discussed at length
in the previous sections. For example, scattering amplitude constraints are still applicable [63].
This immediately generalizes to more complicated situations, e.g. the matter fields in the
universe, leading to the same constraints on these models as for their microscopic counterpart.
The only way to evade such constraints would be to discover a model in which the problematic
terms are absent from the microscopic Lagrangian. Instead, they would be effectively
generated when assuming a perfect fluid solution. Such a mechanism is not known to us.

As it is impossible to address every model within the f(R,Matter) class, we encourage
advocates of these models to examine whether specific instances somehow circumvent the
problems discussed here. This paper aims to clarify why one should not expect such exceptions.
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