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2 | GARDINI ET AL.

1 | INTRODUCTION

The availability of poverty and inequality indicators estimated for small subsets of large pop-
ulations enhances the understanding of their distribution across geography and social groups,
thereby providing useful information for in-depth analysis and policy interventions. There exist
many different measures of poverty and inequality based on widely different approaches (see
Atkinson, 1987; Grusky et al., 2006; Sen & Foster, 1997, for general introductions). In this paper,
we consider measures of poverty and inequality obtained as functions of a single quantitative size
variable, such as income or consumption.

In most cases, the size variable is measured at the individual/household level using a
sample survey. When sample sizes specific to geographical areas or social groups being tar-
geted are too small for most of the sub-populations (generically labelled as areas), small
area estimation methods can be used (see Pratesi, 2016, for a general introduction to the
topic). The basic idea of small area estimation is to complement survey data with aux-
iliary information sources (such as censuses, population registers or other archives) not
affected by sampling error. Models are often used in this process (see Molina & Rao, 2015,
chapter 4).

In this article, we discuss small area estimation of poverty and inequality indicators
targeting the working-age population of Italian administrative provinces classified by gen-
der. Italy is partitioned into 110 provinces, whose administrations play an important role
in implementing social policies devised at the national or regional level and coordinating
the activities of lower administrative levels (municipalities and health districts). To obtain
estimates separated by gender is of interest in the context of Italian society, character-
ized by a marked economic gender divide. Estimation for administrative units and gen-
der is also considered by Esteban et al. (2012) and Marhuenda et al. (2017) for similar
reasons.

We use data from the Italian section of the EU-SILC sample survey complemented by the
Italian population Census. The poverty and inequality measures we consider are defined as func-
tions of the equalized income. Specifically, we focus on the headcount at-risk-of-poverty rate as a
poverty indicator and on the quintile share ratio as a measure of inequality which are both among
those selected at the European Council in Laeken, Belgium, in 2001. Moreover, we also study the
mean equivalized income as a general affluence measure. With respect to the small area litera-
ture, we consider unit-level model-based methods and a Bayesian approach to estimation. For a
general discussion of the properties and limitations of small area unit-level methods, see Tarozzi
and Deaton (2009). The Bayesian approach to small area estimation offers several advantages,
especially when implemented using posterior sampling methods, including the straightfor-
ward estimation of non-linear functionals of the size variable and the associated uncertainty
measures.

When working with measures based on a positively skewed variable, as income typ-
ically is, several authors propose to implement small area methods based on unit-level
linear mixed models (and the nested error model, Battese et al. (1988), in particular) spec-
ified on the logarithmic transformation of the size variable (Berg & Chandra, 2014; Elbers
et al., 2003; Molina & Martin, 2018; Molina & Rao, 2010). The log-transformation can be
extended to accommodate negative or zero values of the size variable with recourse to the
so-called log-shifted transformation (Rojas-Perilla et al., 2020). Although other transformations
(Dagne, 2001; Rojas-Perilla et al., 2020; Sugasawa & Kubokawa, 2019) or different modelling
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strategies have been considered (Manandhar & Nandram, 2019), they are not covered in
this paper.

The popularity of the log-transformation is related to the assumption of normality on the
log-scale, which offers a dramatic simplification in assessing the estimators’ properties and com-
putations. Unfortunately, the log-normality is not tenable in most applications (see Graf et al.,
2019, for a discussion), and specifically, it is not in ours (see comments to Figure 2 in Section 5).
To overcome this problem, we assume that equivalized income can be modelled using a finite
mixture of log-normal (LN) distributions, an option already discussed in the literature (Lubrano
& Ndoye, 2016). This choice allows us to increase flexibility while keeping some appealing prop-
erties of the LN model. Specifically, it can be shown that a finite mixture of LNs is equivalent to a
finite mixture of normal distributions on the log of a variable and that a finite mixture of normals
can be used to approximate a very large variety of distributions (Ferguson, 1983). Our specifi-
cation is also related to previous small area literature and namely to Chakraborty et al. (2019),
who propose a mixture of two normals to accommodate outlying residuals in nested error regres-
sion models. Our approach extends theirs to several mixture components; moreover, we study
the model on the log-transformed scale that entails specific problems in the prior distribution
specification.

The nested error model on the log-transformed response variable is considered, under a
Bayesian approach to estimation, in Molina et al. (2014). Dagne (2001) and Manandhar and
Nandram (2019) note that commonly used priors for the variance components lead to poste-
rior distributions with non-existing moments for several functionals of the un-transformed size
variable, including mean, median and all those involving the integration of the right tail of
the distribution. To solve this problem, Gardini et al. (2021) propose to use generalized inverse
Gaussian (GIG) distributions as priors for the variance components of the LN linear mixed
model.

The non-existence of posterior moments can be challenging to diagnose in data anal-
ysis, particularly when computing means and standard deviations on samples drawn from
posterior distributions without moments: these estimates are only occasionally outlying and
the instability predicted by theory is not always apparent, leading to possibly misleading
inferences.

In this article, we provide theoretical results extending those of Gardini et al. (2021)
to the mixture model and the non-linear functionals we target in the analysis. A dis-
cussion on the prior parameters choice, model selection and other implementation issues
is presented. We show that our modelling strategy not only guarantees the existence of
posterior moments for all the considered indicators, but it improves efficiency for those,
such as the poverty headcount ratio, not involved in the posterior moments’ non-existence
problem.

The paper is organized as follows. In Section 2, we introduce our application, providing
details about the sample and the available auxiliary information and introducing the estimands
we target: the mean, the headcount ratio and the quintile share ratio, as a measure of inequality.
We recognize that many other choices are possible, but these indicators are enough to illustrate
the main points. In Section 3, we review the literature on small area estimation of poverty and
inequality indicators relying on mixed models specified on the log-scale, while the approach we
propose is introduced in Section 4. In Section 5, the results obtained in the application to the
Italian data are presented, whereas Section 6 contains some outcomes from both model-based
and design-based simulation studies. Eventually, Section 7 contains some concluding
remarks.
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2 | POVERTY MAPPING USING EU-SILC DATA FOR ITALY
2.1 | Thesample

In this study, we illustrate an estimation strategy for poverty and inequality indicators defined on
the working-age population of Italian administrative provinces classified by gender. To this aim,
we use data from the 2012 Italian section of the EU-SILC survey (income reference year is 2011)
complemented by auxiliary information from the 2011 Italian population census. The EU-SILC
survey is conducted yearly across many European countries by the relevant National Institutes
of Statistics, using harmonized questionnaires and survey methodologies (Atkinson & Marlier,
2010, chapter 2). Although following common guidelines, sampling designs are country specific.
In Italy, the EU-SILC is a rotating panel survey with a 75% overlap of samples in successive years.
The fresh part of the sample is drawn according to a stratified two-stage sample design, where
municipalities are the primary sampling units and households are the secondary ones. The pri-
mary sampling units are divided into strata according to the administrative region they belong to
and their population size, while the secondary sampling units are selected by systematic sampling
in each primary sampling unit.

In Italy, there are 110 administrative provinces with largely different populations, ranging
from the 4.3 million inhabitants of the Rome province, down to less than 0.1 million (Medio
Campidano, Isernia and Ogliastra). Provinces are unplanned domains for the EU-SILC, and so
are the domains we target, obtained classifying their population by sex and focusing on the age
range 16-65.

Domain-specific sample sizes vary from 9 to 907 with a median of 96 in terms of individuals.
The size variable used to define the indicators is the equivalized income, defined as the total
disposable household income divided by an equivalence factor, specifically the modified-OECD
equivalence factor (see Fusco et al., 2010, for more details). Note that equivalized income is the
same for all individuals in the same household: because of this strong within-cluster effect, direct
estimates based only on area-specific samples are likely to be less efficient than estimates based
on simple random samples of individuals of the same size.

Auxiliary information consists of counts of the population classified by administrative
province, age class (three levels in the range we consider), sex and education level (four levels),
based on the 2011 national Census.

2.2 | The estimands

There exist several poverty indicators; among those based on a single size variable, Foster et al.
(1984) provide a popular, fairly general class with many interesting special cases (headcount
ratios, poverty gap, poverty severity). As far as the inequality measures are considered, we note
that the European Union Council held in Laeken in 2001 focuses on two: the Gini index and the
quintile share ratio that are, since then, ordinarily estimated by Eurostat for large populations
using the EU-SILC survey data (Atkinson et al., 2004).

To keep things simple, we restrict our attention to three indicators: the mean equivalized
income, the at-risk-of-poverty rate and the quintile share ratio. Technically, the mean equivalent
income is neither a poverty nor an inequality indicator, but we consider it as it provides valuable
information on the affluence of a given population, and it is the most studied indicator in the
small area literature; the headcount at-risk-of-poverty rate is a relative poverty measure based on
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equivalized income and a country-specific threshold. The quintile share ratio measures inequal-
ity by calculating the ratio of the shares of equivalized income detained by the upper quintile to
that of the lower quintile.

Let us now introduce some notation. We target a finite population U of size N, partitioned
into D sub-populations Uy, ... , Up whose sizes Ny, ... ,Np are such that N = E];=1Nd- A random
sample s of size n is drawn according to a possibly complex design from U. The domain-specific
sub-samplesaresy, ... ,Sp, withsizesn;, ... ,np,ng > 0and Zgzlnd = n. Suppose that the param-
eters we are interested in can be expressed as a function of a variable y, whose unit-level values
are denoted with yg,i=1, ..., Ng,d=1, ..., D.

The area-level population mean is defined as:

Ny
Yo= Nglz.))di; 1)
i=1

while the at-risk-of-poverty headcount ratio (HCR) is given by:

Ny
HCRy = N;lzl{ydi < PT}, (2)

i=1

where PT is a poverty threshold defined as 60% of the national median equivalized income.
Finally, the quintile share ratio can be expressed as

Zji\illydil{.)’di > Qaos}  NUMy
Zl{idlydil{ydi < Qao2) DENa

QSRq = (3

where Qg2 and Qg5 are the first and fourth quintiles of the d-th area.

3 | REVIEW OF EXISTING METHODS

In this section, we shortly review some small area estimators of population parameters (1)-(3).
We first introduce direct estimators, that is those based only on area-specific values of the target
variable and survey weights; next, among the many proposals in the literature, we introduce the
estimators that will be considered in later comparisons.

3.1 | Direct estimators

As most of the domains considered in small area estimation are non-planned, such as those of
our application, we consider the Hajek or ratio estimator of the area level mean:

= Z?:dlgdlydi
Vapy = 28820 @
Zi:lgdi

where gg; are the (officially released) sampling weights associated to unit i in area d. Typically,
they are weights calibrated to auxiliary information, correcting also for non-response. In the same
line, a direct estimator of HCR, can be defined as
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X gial {yai < PT} .

HCRqpir = ; (5)
Z?ilgid
while a direct estimator of the quintile share ratio can be defined as follows:
—~ Y gayail {ydi > Qd,o.s}
QSR pir = =— (6)

Zin:dlgdiydzl {.Vdi < Qd,o.z}

where Qd,o.z, Qdyo_g are the 20th and 80th percentiles of equivalized income distribution estimated
from the d-th area-specific sample. Note that this estimator uses the whole sample information
only to obtain Qd,o,z and Qd)o‘g, while yy; values are only from the tails of the distributions, thus
making (iS\Rd,Dzr very imprecise when ng is small.

Standard errors associated with (4)-(6) can be obtained according to linearization-based
methods provided that all relevant sample information is available to the data analyst. If this
is not the case, good approximations can be obtained under limited information (see Fabrizi
et al., 2020, for a discussion). More details for the quintile share can be found in Langel and
Tillé (2011).

3.2 | Empirical Bayes predictors

Empirical Bayes prediction (EBP) is a popular model-based approach for estimating the desired
area-level quantities. The basic idea is to carry out a Bayesian analysis of the model conditional
on the variance components, and then use a frequentist method for their estimation. The nested
error linear regression model (Battese et al., 1988) is often assumed for the response variable yy; or
a transformation T(y4;) of it. Among the possible transformations for the response, our focus is on
the shifted logarithmic one, that is widely used and induces a LN mixed model on the response.
In this case, the response variable used to specify the model is wg; = log(y4; + ¢), where c is a fixed
constant that is required to guarantee that the shifted responses y’. = ya; + ¢ are positive for all
the observed data:

Wai = X, + Ud + eqi;
ug|r® ~ N0, 72), egilo* ~N(©0,6%); d=1,...,D; i=1, ... ,Ng; (7)

where x4; € RP is the vector of observed covariates, f € RP? is the vector of regression coefficients
and u4 is the area-specific random effect. A general discussion of the theory related to the analysis
of this model can be found in Molina and Rao (2010); due to its popularity, the EB method can be
readily applied to estimation using some available R packages such as emdi (Kreutzmann et al.,
2019).

Once the model parameters are estimated, a Monte Carlo procedure can be used to evaluate
the target predictors: at each iteration, a synthetic population is generated, and the indicator is
computed for each small area. The average of such replicates is considered as EBP estimate of the
indicator. To quantify the uncertainty of the estimates, the MSE of the EBP needs to be evaluated
and bootstrap schemes are usually adopted. For further details on these aspects, see Molina and
Rao (2010) and Berg and Chandra (2014). Recently, with reference to the prediction of area-level
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means under model (7), Molina and Martin (2018) obtained a second-order asymptotic approx-
imation of the mean crossed predictor errors that lead to good approximations for the MSEs of
predicted area means.

3.3 | Hierarchical Bayes predictors

The shifted LN unit-level model (7) is analysed from a Hierarchical Bayes (HB) perspective by
Molina et al. (2014). Specifically, they aimed at estimating poverty indicators belonging to the
family introduced by Foster et al. (1984): their area-specific posterior distributions are obtained
combining the sample data and the posterior predictive distributions of the out-of-sample units.
Then, the Bayes estimators under quadratic loss, that is the posterior means, are computed and
proposed as HB estimates.

Molina et al. (2014) propose an improper prior setting for the model parameters:

mmmqmﬁaf,mmmmmx

where p = 72 /(2% + 62) is the intraclass correlation coefficient. These assumptions induce the
uniform shrinkage prior, which usually produces estimators endowed with nice frequentist
properties (Natarajan & Kass, 2000).

4 | THE PROPOSED APPROACH: A BAYESIAN FINITE
MIXTURE OF LOG-NORMALS

In many real data applications, the log-normality assumption may not be suitable to model the
target response. For this reason, we propose to extend model (7) to a mixture of normal distribu-
tions in the log scale. The following model is specified for the logarithmic transformation of the
shifted response:

Wa =X, f+uq+eu; d=1,....D; i=1,... ,Ng

K
ualt> ~ N0, 1), ealo}, ... .o ~ Y. mN(©0,00); ®)
k=0

where K is an integer defining the number of mixture components, z1, ... , 7x are the weights,
with Zk mr = 1,and af, e 012< are the variances characterizing the K distinct components. In the
proposed model formulation, the linear predictor is common for all the components, whereas the
variances of the individual error ey; are allowed to change, in line with the work by Chakraborty
etal. (2019). By doing so, the flexibility of the chosen model is remarkably enhanced, although the
relations with the normal model and its good computational features are preserved. The simple
LN model (7) is a particular case of model (8) when K = 1. Note that model (8), as well as (7) are
supposed to hold at the population level. We assume that the sampling design is non-informative,
with the implication that the same models can be used to describe the sample data. As for the prior
distributions, we start from the regression slopes and the mixture weights for which we specify:

ﬁ ~ Np(bo,V()), = (m, ... ,AK)~ DlrlChlet(l), (9)
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where 1 is a K-dimensional vector of ones that allows to set a uniform distribution on the simplex
for the vector of weights.

Prior distributions for the variance components, that is 7 and af, e 12< will be dis-
cussed more in detail later, as their choice can cause the posterior predictive distributions of
out-of-sample values to have non-finite moments (Fabrizi & Trivisano, 2016a; Gardini et al., 2021).
To guarantee the identifiability of o7, ... , 67, they are assumed to be ordered: 67 < - - - < o7
However, we are not interested in identifying the mixture components to which each individual
unit belongs, as the main focus of inference is on predictive distribution that does not depend on
components identification.

2

4.1 | Useful preliminary results

To simplify the notation of the subsequent sections, let us first introduce the vectors y,, yi and w;
containing the responses registered for the sampled units and their transformations defined in
Section 3.2, X is the design matrix with the covariates information. The likelihood of the model
introduced in Equation (8) becomes more tractable when introducing an n-dimensional vector of
latent variables z;, in which the generic component z4; € {1, ... ,K} represents the label of the
component to which the i-th unit of the d-th area belongs:

Zqi|m ~ Categorical(r).

In this way, the likelihood of y, conditioned to the vector of labels z; can be indicated as a
multivariate LN whose scalar component is

y;ilﬁ? 0-2’ Ud, Zdi ~ ‘CN. (Xgiﬂ + Ugq, Gzzdi),
where 62 = (af, ey 012<). This model representation allows retrieving more straightforwardly the
full conditionals of the model parameters that are shared by all the mixture components, such as

the vector of coefficients f and the area-specific random effects u,4. In particular, Proposition 1
contains distributional results useful for the developments presented in the subsequent sections.

Proposition 1. Under model (8) and priors in (9), the following distributions can be derived
conditionally on the latent variables z.

(a) Full conditional of the area-specific random effect:

uglB. o>, t%,y,. zs ~ N (ua, Va),
ny ny -1

iy =V, (Zo;; (Wi — xgiﬁ)>, V= <Za;df + 1_2> ; (10)
i=1 i=1

(b) Full conditional of the regression coefficients with the random effects integrated out:
ﬁ|62’ 12’ ySa zS ~ N (B,Vﬂ),

B=V; <XsTdiag ([a{_z] ) Wy
7 ljefa,....n}
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TZ

N
2 dg) _—2
1+T Zl 16111(/')1'))

o (1+72 Y0g=2 ) ) - 72
T 1: % z 1 del 1
V; = | X!diag X, +Vy | o, (11)

2 Mag) _—2
<1+T ( 10-24(,»))

where j is an index running the n units, d(j) indicates the area in which the j-th unit is
included, and diag( k(D]je(1, ... ny) defines a diagonal matrix with the n-dimensional vector
[k(D)jeqn, ... .ny O L.

+ X!diag w; + V;'bg |,

(1, ... .n}
-1

ie{1, ... .n}

Proof. See Supplementary Material.

4.2 | HB estimators

The posterior predictive distribution of the unsampled units plays a crucial role in develop-
ing HB predictors for the target indicators introduced in Section 2.2. Indicating with y4, i =
ng+1, ..., Ny the out-of-sample observations for area d, their posterior predictive distribution
is defined as:

£ Galys) = /Q f (Galo) f (@ly,) do. (12)

where ® is the vector of the model parameters and Q is the parameter space. Under the con-
sidered statistical model, it is not possible to retrieve an analytical form of this density, but the
distribution can be approximated through numerical methods, exploiting the draws from the
posterior distribution of the parameters f(@ly,).

Let us now indicate with j/fim) the m-th MCMC replicate drawn from the posterior predictive
distribution (12). Exploiting the latent variables representation of the mixture, it is possible to
generate first replicate of Z;:

sm) —(m) _, i (m)

z,"|x"™ ~ Categorical (™),

that represents the label for the mixture component from which a replicate of the shifted response
is drawn:

4 dl ~(m>
di

~*(m)|ﬂ(m) (m) 2(m) ~(m) ~ LN <~Tﬂ(m) + u(m) 2(”"))

Sm) _ sx(m)

and, lastly, y P =y i
The vector of observed responses y, and the m-th replicate for the vector of out-of-sample
observations yﬁm) are combined to retrieve a realization from the posterior distribution of the area

mean, HCR and QSR indicators:

N,
—(m) ~ ~
Ya lye9y" = lZydl 2 yf;f”], 13)

i=ng+1
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ny Ny
HCR™ly, ™ = N7! lZl a <PT)+ Y 1 {5;;’;“ < PT}], 14)
i=1 i=ny+1

n ~(m) N, ~ ~ A~ (m)
ziilydil {)"di > Qd,o‘s} + Zi;ndﬂyt(i)?)l {J’f;in) > Qd,O.S}

A~ (m)

< (m)
QsREim) |ys’ yg‘m = ’
n ~ (m) N, ~ ~
2 yail {ydi < Qd,oiz} + Zi;ndﬂyg?)l {yf{f) < Qd,o.z}

(15)

where @f{'gz and Q(dr,'(l)).s represent the first and the fourth quintiles computed on the m-th predicted

population for area d, that is [yg1, ... ,ydnd,jzg["rz ap ,j}fi']'\’]) ].
d d

The Bayes estimator under quadratic loss, that is the posterior mean, is proposed as the HB
estimator of the target quantity. Once an MCMC sample of size M from the posterior distributions
of the indicators is available, it is possible to approximate the expectation

M
E [64ly;] ~ M_lzafjm) = Oa.up.

m=1
with O,z denoting the HB estimate of the generic target parameter for area d: 6 €

{?d, HCRy, QSR,4}. Similarly, other summaries of the 6, posterior can be computed, such as the
variance and the quantiles, useful to determine the credible intervals.

4.3 | Existence of posterior moments
We now present some theoretical results establishing a connection between the prior chosen for

the variance components and the existence of posterior moments for our target estimands. To this
aim, the partial moments need to be introduced, with the following notation:

I}
E) [v'] = / Vpw)dv = EL [V'|a < V < ] Pla < V < f).
We can now state some preliminary results concerning the elements of the estimands.
Theorem 1. Considering model (8), B ~ N, (b, Vi), and a prior for o* with support R*, then:

(@) E[y,lys] < +oo if and only if the prior of olf, Vk, has a density function with a term
exp{—to;} and:

2
t> (14 %G (XX, + V5") Ral.

(b) IE;“’" [¥,;1¥s] < 400 if and only if the prior of ‘713’ Vk, has a density function with a term
exp {~to? } and:

2
t> o [14 %G (XX, + V5! Ral.

(©) EJ[,lys] < +oo always.
(d) E[1{yy < PT}|y,] < +o0 always.

Proof. See Supplementary Material.
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Let us now state the results about the estimands of interest in this research, outlining the
relationship between the moments existence and the priors for the variance components.

Theorem 2. Considering model (8), B ~ Np(by, Vo), and a prior for 6 with support R*, then:
(a) E[l_/:ilys] < +o0 if and only if the prior of ai, Vk, has a density function with a term
exp{—to;} and:

2
£> = 1+ max (], (XIX + V51 %}

(b) IE[QSR;lyS] < +oo if and only if:
o itis assumed that P[DENg > € > Oly,] = 1;

« the prior of ai, Vk, has a density function with a term exp{ —tai} and:
r? T (%T -1\ %
t> > [1 + miax {xdi (Xs X;+V, )Xdi}].

(c) E[HCR4ly,] < +oo always.

Proof. See Supplementary Material.

We note that the assumption P[DEN,; > £ > 0]y,] = 1 in the statement (c¢) of theorem 2 is not
restrictive at all in the context of our application. DENy is the sum of all incomes in the first
quintile of the Ny units in area d. As all incomes are positive with the exception of a small fraction
of negative or zero incomes, the expected probability that DEN, is negative can be assumed zero.
This is confirmed in the analysis of our data set and in all simulations of Section 6.

4.4 | Prior specification

To obtain finite posterior moments for the target quantities, a prior distribution that allows ful-
filling the conditions derived in Theorem 2 must be considered for the variances af, ,612<.
Our choice is the GIG distribution, a flexible three-parameters distribution with positive support
already considered in Gardini et al. (2021) for the variance components in the LN mixed model.

If V ~ GIG(4, 6, y), then its probability density function is:

i
p) = (g) 21{/11(57/)1)’1_1 exp { —%(621}_1 + yzv)} 1g-, (16)

where 4 € R is the shape parameter, § € R* is the scale parameter, y € R* is the tail parameter
and K;(x) is the modified Bessel function of the second kind with index [ evaluated in x.

The tail parameter y can be fixed in order to satisfy the conditions of Theorem 2 by setting y >
r\/ 1+ igi(XSTXS + V%41,  Vd,i. Inline with the arguments provided in Gardini et al. (2021),
we propose the following priors for the variance components:

o; ~GIG(1,0.01,5), k=1, ... ,K; 7>~ GIG(1,0.01,y), @17)

with yo = (r + 1)\/ [1 + maxg{X), (X{ Xy + Vg )Xa:}], in order to guarantee the existence of the
posterior moments of the functionals for any area d. In this way, the priors on the variances are
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approximately gamma distributions Gamma(shape = 1, rate = y; /2) and the induced prior on the
intraclass correlation coefficients p, = 72/(z% + az) are approximately uniform distributions in
the range (0; 1).

4.5 | Modelfitting and comparison

To draw samples from the posterior distribution of the model parameters, we adopt the Stan
probabilistic programming language (Carpenter et al., 2017), exploiting the rstan package to
interface it with R (R Core Team, 2021). It allows programming the target statistical model,
manually specifying the GIG distribution that is not included among the default probabil-
ity distributions. The code used to fit the proposed models is available as supplementary
material.

4.5.1 | Model choice and goodness of fit

It is possible to combine the M-dimensional MCMC samples from the posterior distributions of
parameters in order to compute measures aimed at evaluating the fit of mixture models, using
them to choose the most appropriate value of K. Among the plethora of methods have been pro-
posed in the literature to study model performances, we implemented the conditional predictive
ordinates (CPOs), the leave-one-out cross-validation information criterion (LOOIC) and some
tools based on the posterior predictive distribution such as the Bayesian p-values associated to the
posterior predictive checks.

The CPO (Gelfand, 1996; Ntzoufras, 2009) is a unit-specific measure that helps to under-
stand if the observed response is expected under the model or represents an outlier. Given an
observed response yg;, the corresponding indicator is defined as the leave-one-out cross-validation
predictive density: CPOg; = f(Vailys(qi))> SInCe Yy (q;) indicates the vector of all the observed
responses with the exception of yg. It can be proved that a Monte Carlo approximation of

_ -1
the CPO is CPOy; = <$Z%=1f(ydi|m(m))‘l) . A small CPO value highlights that the observed

value for that unit is unexpected under the fitted model. Ntzoufras (2009), as a rule of thumb,
defines an observation such that a@di < 1/40 as possible outlier and @dt < 1/70 as extreme
value.

The predictive density can also be employed in producing overall measures of the pre-
dictive accuracy of the model. The LOOIC, introduced by Vehtari et al. (2017) is defined
as LOOIC = Zfi):lz:’il log f(vailysa)- The authors proposed to estimate it using a Pareto
smoothed importance sampling (PSIS-LOOIC), avoiding to re-fit the model n times. The
model presenting the smaller LOOIC value is preferable. A measure of uncertainty is avail-
able, to better understand the relevance of the differences among the models. The R pack-
age loo (Vehtari et al., 2020) provides a function that allows to readily compute this
indicator.

To understand if the fitted model can capture the basic features of the analysed data, posterior
predictive checks can be carried out (Gabry et al., 2019). They rely on the random generation of M
replicated data sets Srgm) from the posterior predictive distribution of the fitted model, defined in
Section 4.2. Then, it is possible to compare these replicates yg”” to the observed data y, in several
ways.
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5 | APPLICATION TO THE ITALIAN DATA

In this section, we discuss the application of our methodology to the data described in Section 2.
As anticipated, the domains we target are the Italian provinces (NUTS-3 regions) stratified by
gender; as auxiliary variables we consider age class and education level. Out of sample informa-
tion comes from the 2011 national Census. The recourse to small area estimation can be easily
motivated, considering the poor precision of direct estimators. If we consider headcount ratios
direct estimators (5), the coefficients of variation have a median (over the ensemble of the small
area) of 0.31. This implies that, for nearly half of the areas, the estimates would be unpublish-
able according to the criteria adopted, among others, by Statistics Canada (2007). The situation is
substantially worse for the quintile share ratio, whose direct estimator is much more unstable, as
discussed in Section 2.

A small minority of the observed equivalized income values is negative or zero. To accom-
modate these observations, we adopt the transformation y’, = yq; + ¢ introduced in Section 3.2.
The constant c is fixed to guarantee the transformed values to be positive while minimizing the
skewness of the residuals in a simple LN regression (Molina et al., 2014). In principle, ¢ should
be treated as an additional model parameter and a prior distribution specified for it. Rojas-Perilla
et al. (2020) review frequentist methods for its estimation; as they recognize that accounting
for the uncertainty associated to it has a minor impact on the quality of small area estimation
(Section 7.3), we prefer to treat it as a constant for simplicity’s sake. Our approach is based on the
assumption of a parametric model for the equivalized income, comparing the results obtained
under the model in Equation (8) for different numbers of mixture components. In all cases, the
priors for the variance components are assumed to be GIG distributed to guarantee the existence
of the HB estimators of the target estimands (see Section 4.3).

In order to understand if the proposed prior setting is calibrated with respect to the magnitude
of the analysed data, we compare the observed data in the log-scale to fake-data generated from
prior predictive distributions, as advised in Gabry et al. (2019). We consider the single LN model,
that is the model in Equation (8) with K = 1, and the prior in (9) for . To specify a weakly informa-
tive prior on the centred transformed data, in line with the popular rst anarm package (Goodrich
etal., 2020), we set Vo = diag([2.5%s;,,2.5%s;, /52, ... ,2.5%s;,/s3,]) and by = [W, 0, ... , 0], where w
and sﬁ) are the mean and the variance of w;, whereas S)Zg is the variance of the j-th covariate. Even-
tually, as prior for the variance components, we compare the suggested strategy relying on the
GIG distribution (described in Section 4.4) to the popular small parameters inverse-gamma pri-
ors. The distributions of fake data generated under the two prior settings are displayed in Figure 1:
the range of the data drawn from the model with GIG priors is compliant to those of the observed
data, resulting a prior distribution well calibrated for the faced problem.

In Table 1, the model comparison tools based on the posterior predictive densities (see
Section 4.5) are reported. We note how the mixtures of LN models show a clear advantage with
respect to the simple LN model. When increasing the number of mixture components from two
(LNM) to three (LNM-3), improvements are not apparent: a slight one is observed in terms of
LOOIC, but well within the range of one standard deviation, while the percentages of observa-
tions that can be classified as outliers or extreme in terms of CPO slightly increase. A parsimony
criterion suggests the adoption of the LNM model to analyse our data.

The superiority of the fit provided by the LNM model with respect to the more widely used LN
model is confirmed by considering posterior predictive checks. Based on the generation of M data
set from the posterior predictive distributions, we evaluated both the kernel density (Figure 2,
M = 250) and calculated posterior p-values at the area level for the prediction of simple summary
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FIGURE 1 Prior predictive checks: observed data in the log scale compared to fake data generated from
the prior predictive distribution of the single component log-normal model, assuming either GIG priors (left
panel) or IG priors (right panel) for the variance components.

TABLE 1 Leave-one-outinformation criterion (LOOIC) and % of units with CPO below 1/40 and 1/70 for
the models being compared: log-normal (LN), two-components log-normal mixture (LNM) and
three-components log-normal mixture (LNM-3)

LOOIC (S.E.) % CPO < 0.025 % CPO < 0.014
LN 46412 (428) 2.97 2.21
LNM 44589 (360) 1.96 1.06
LNM-3 44562 (356) 2.01 1.18

measures (Figure 3, M = 4000). In Figure 2, the comparison of the generated-data distributions
to the observed sample shows not only that the LNM model is better, but also how the LN model
shows a poorer fit in both tails of the distribution. The issues in modelling the left side of the
distribution are mainly caused by the irregular behaviour induced by the presence of a peak of
values around 0 (before the shifting): this leads to the inflation of the unique variance parameter
from which a remarkable difference in the density around the mode follows.

A clearer picture of the problems met by the simple LN model emerges from Table 2. Specifi-
cally, from this table, we can note how the posterior mean of the unique individual level standard
deviation o can be obtained approximately as a weighted average between the posterior means
of the two corresponding parameters in the LNM model: the added flexibility translates into a bet-
ter fit. We also note that the posterior distribution of the parameter related to area-level random
effects r are very close.

From Figure 3, we note that, while the LN model predicts adequately area-level means, its
performance in predicting the 20th and 80th percentiles and the standard deviation is poorer than
that of LNM, as high bars appear in the tails of the histogram. In summary, the flexibility allowed
by the mixture models improves the fit on the tails of the distribution; not only on the right one
but, notably, also on the left.

The better fit obtained with few additional parameter also implies a better performance in
terms of precision of point predictors (i.e. posterior means of HB predictors). Table 3 compares
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FIGURE 2 Kernel density estimates of M = 250 replicated data set from the posterior predictive
distributions (grey lines) compared to the kernel density estimation of the actual sample data (black solid line).

TABLE 2 Posterior distribution summaries for variance components for both the log-normal (LN) and
two components mixture log-normal (LNM) models

LN LNM

Mean S.D. q05 q95 Mean S.D. q05 q95
(21 0.439 0.002 0.436 0.442 0.310 0.004 0.304 0.317
o)) - - - - 0.666 0.011 0.649 0.684
T 0.157 0.008 0.144 0.172 0.152 0.008 0.140 0.166
m - - - - 0.722 0.014 0.697 0.745

the posterior standard deviations to estimates of the design-based standard errors computed
according to the methodology illustrated in Section 2 by calculating the percentage standard

deviation reduction (SDR), which is defined as SDR(f4 zy) = 100 (1 - \/ \NCEA /V[éd,m,])

for 6 € {Y,HCR} and Est € {HB—LN, HB—LNM}. Not only the average, but also relevant
percentiles of their distribution across the ensemble of the areas are reported. We note that
model-based estimators, either based on LN or LNM models, are effective in improving the
precision of direct estimators. Their performances are comparable as far as the estimation
of small area means is concerned, while a clear difference in favour of the estimates based
on the LNM emerges for the headcount ratio, in line with the better fit on the left tail of
the distribution we just discussed. Figures for the quintile ratio are not reported, as stan-
dard errors associated with direct estimators would be very large, leading to a comparison of
little use.

The comparison between HB estimates obtained under the LN and LNM models, shown
in Figure 4, highlights that the model specification notably impacts the estimation of the tar-
get parameters. Mean point estimates are mainly in agreement, with lower posterior standard
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FIGURE 3 Histograms of posterior p-values based on M = 4000 replicated data set from the posterior
predictive distribution of area-specific summary statistics.

TABLE 3 Summaries of the standard deviation reductions (SDRs): distributions over the ensamble of the
small areas

SDR(IL/,,,ES,) % SDR(HCRg ps;) %
ng HB-LN HB-LNM HB-LN HB-LNM
Mean 144 23.1 30.1 43.1 51.9
10th-perc. 34 -14 7.4 17.5 33.9
25th-perc. 66 12.4 20.9 39.9 459
Median 96 24.3 31.1 49.2 53.6
75th-perc. 183 38.2 36.5 41.2 63.8
90th-perc. 286 49.4 53.6 63.6 71.9

deviations for the LNM model when the samples sizes are particularly small (and standard
deviations large). The differences become systematic in the case of the other two parameters, for
which estimates based on the LN models tend to be regularly higher and very markedly so in the
case of the quintile share ratio. For this latter parameter, the posterior standard errors are lower
when the LNM is adopted and the differences increase for the areas characterized by smaller sam-
ples. More conclusive evidences in favour of the mixture model for the estimation of the quintile
share ratio will be provided in the following section, when the estimators associated with the
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FIGURE 4 Comparison among Hierarchical Bayes estimates from log-normal (LN) and LN mixture
(LNM) models. MI indicates the mean income Y.

two models are compared by means of a Monte Carlo simulation exercise. Another argument for
the choice K = 2 instead of K = 3 can be drawn from Figure S1 in the Supplementary material:
the model-based estimates and the posterior standard deviations of the target quantities under
LNM-3 are considerably close to those obtained under the simpler LNM model (all correlation
coefficients >0.995).

Although this paper aims to illustrate a suitable methodology for the problem at hand,
we add a few comments about the results from an economic analysis perspective to high-
light the relevance of small area estimates. Specifically, in Figure 5, we compare the esti-
mates obtained for the male and female sub-populations for each province. Females appear
to be in a worse situation with respect to all the parameters being studied: the means
appear to be somewhat larger for males, while the headcount ratios and the quintile share
ratios are lower. This result could be expected in view of the gender wage gap that still
characterizes Italy’s labour market (Mussida & Picchio, 2014). Nonetheless, it is a little sur-
prising as the same equivalized income, on which all measures are based, is shared by all
household members, so income inequalities within the households are not reflected in the
indicators. The observed gap can be primarily attributed to single-females or single-parent
households headed by females (see Treanor, 2018). The fact that relatively poorer sub-populations
are characterized by higher inequality has been observed several times for Italy (see
Fabrizi & Trivisano, 2016b); the higher inequality experienced by females is in line with this
evidence.
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FIGURE 5 Comparison among Hierarchical Bayes estimates for Male and Female under model
log-normal mixture. MI indicates the mean income Y.

6 | SIMULATIONS

In this section, we present two simulation exercises: the first, model-based, is aimed at assess-
ing the frequentist properties of the Bayesian predictors under the assumption that the proposed
model holds; the second, design-based, explores the behaviour of the predictors under a different
data generating process. In both cases, we compare the predictors we propose with the HB and
EB predictors based on the simple LN model.

6.1 | Model-based simulation

In this simulation study, we consider the model in Equation (8) with ¢ = 0 as a data generating
process. We work with only one continuous covariate that is generated (once) from a N (1, 1) dis-
tribution. Slope coefficients and variance components are chosen in order to obtain a population
not too different from that we analyse in the application of Section 5, both in terms of distribu-
tion and moments of the y variable. Nonetheless, for the individual-level variance parameters, we
consider two different scenarios inspired by the work by Chakraborty et al. (2019) in which one
is specifically aimed at the investigation of the impact of outliers on the predictors.

For each of the B = 2000 Monte Carlo iterations, we generate a population of size N = 8000,
partitioned in D = 40 small areas with Ny = 200 units each. A stratified random sample without
replacement is drawn from it, fixing an overall sample size n = 300 (ng = 5 and ng = 10 for 20
areas each). We set fy = 9, 1 = 0.22 and 72 = 0.05. The remaining parameters are fixed according
to the following scenarios:

(a) K=2,m7; =0.9and (012, 63) = (0.1, 1): in this case, the two mixture components are markedly
different with a ratio between the two variance components of 10 and a much smaller z;
than the one we estimated on the data;
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(b) K=2,7m =0.7 and (of, af) = (0.1, 0.45); this scenario is more moderate in terms of differ-
ence between the component-specific variances and thereby closer to that of our application.

(c) K =1, that is the single LN distribution, and o-f = 0.25; this scenario investigates how
predictors based on a mixture model behave when actually there is no mixture.

We indicate with 6, the d-th area-specific target quantities of the simulation study: 6, €
{Yq4, HCR,4, QSR,}, that is area mean, headcount ratio and quantile share ratio. The notation eéb)
denotes their true value generated at iteration b = 1, ..., B. The estimation procedures we com-

. . Ab . . .
pare: direct estimates 951331», (Equations 1-3), EB estimator under the LN BHF model (7), that is

951}3,)5341\1’ HB estimator under the LN BHF model (7), that is 9%[3_” and the HB estimator under

model (8) and K = 2: 95313_LNM. The HB estimates are obtained after the model is fitted using

Stan, whereas the EB methods are implemented using the function ebp from the emdi package
(Kreutzmann et al., 2019) for R.
To evaluate the frequentist properties of the point estimators, the bias and the root mean

. . . . . Ab
square error (RMSE) are estimated averaging Monte Carlo iteration-specific results for 9((1;531,

A(b
Est € {Dir, EB-LN, HB-LN, HB~LNMJ}. The first is defined as By = B1Y5_ (O, — 0%), and

the latter RMSE,; = \/ B-lzfﬂ(éfﬁgst - H;b))Z. We also compared the frequentist properties of the

90% credible interval produced under the two Bayesian procedures using the posterior quantiles:

(b) .7 (b W e ai : 1
Ly ip-rn> Ug ap-rn] and [Ly e iU drB-Lnvl TO this aim, the frequentist coverage defined as

Covg = B‘IZfﬂl{Lff;st < 93’) < U;l,)})ist} is computed.

In Figure 6, the results concerning the estimators of QSR; and HCR, under scenario (a) are
reported by means of box-plots. The proposed HB-LNM estimation appears to improve the other
model-based procedures from several perspectives: lower RMSEs are obtained for all the target
quantities (see also Figure S2 in the supplementary material for Ya), together with a consider-
able bias reduction. This feature allows producing credible intervals that are near to the nominal
coverage level (median: 0.88 for HCRy, 0.85 for QSR4 and 0.89 for Y4). We notice that the more
substantial improvements are registered for the indicators relying on tail features of the income
distribution, whereas for ?d the compared strategies tend to behave more similarly, in line with
the findings of Section 5.

Similar results, even if less pronounced, can be detected for scenario (b), whose results are
reported in Figure S3 in the supplementary material for sake of brevity. Eventually, no evident
differences among the estimation procedures can be detected in scenario (c) (see Figure S4). This
finding is in line with Chakraborty et al. (2019) and highlights that specifying a mixture when the
data generating process consists of a single LN distribution does not lead to a significant loss of
efficiency.

6.2 | Design-based simulation

In this simulation exercise, we consider a data generating process different from the model (8).
Specifically, we assume data to be generated from a generalized beta distribution of the 2nd kind
(GB2, McDonald, 1984). It represents a flexible distribution particularly indicated to fit income
data (Grafetal., 2011), of which we adopt the notation, and recently used also in a SAE framework
(Graf et al., 2019). We define the following generating model:

Yg4i ~ GB2(a,byexp {ug},p.q), ua ~ N (0,7°); d=1,...,D; i=1, ... ,Ng
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FIGURE 6 Box-plots of the distribution of the computed frequentist properties for QSR; and HCR; in the
D areas under scenario (a).

to obtain a population of size N = 3,00,000 divided into D = 30 areas of size Ny = 10,000. To pro-
duce a population in line with our application, the GB2 parameters are set accordingly to the
values fitted on Italian EU-SILC 2006 data by Graf et al. (2011): (a, by, p, q) = (3.4,17318,0.7, 1),
while the variance for the area-specific effects uy is 2 = 0.03. For each one of the B = 2000 Monte
Carlo iterations, a stratified random sample is drawn (ny = 5 and ng = 10 for 15 areas each),
obtaining a sample of size n = 225. The compared methods, target quantities and monitored
frequentist properties are the same as those described for the model-based simulation study in
Section 6.1.

In Figure 7, the distribution of RMSE, bias and frequentist coverage under the differ-
ent estimation methods are displayed through box-plots. The observed behaviours are simi-
lar to those of scenario (a) of the model-based simulation: a gain in the RMSE and a bias
reduction can be observed for the HB-LNM proposal in the estimation of HCR; and QSRg,
whereas similar results are obtained for the area means (see Figure S5). Improvements are
registered also for the interval estimates when focusing on HCR; and QSR,: those obtained
under the HB-LNM approach are considerably nearer to the nominal coverage than the ones
under HB-LN.

7 | CONCLUDING REMARKS

In this article, we discussed the production of small area estimates of poverty and inequal-
ity indicators that are functions of a positively skewed size variable (i.e. equivalized income).
The model we propose, that is a finite scale mixture of LNs, is a relatively simple general-
ization of the LN model that is often adopted for this purpose, and it involves few additional
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FIGURE 7 Box-plots of the distribution of the computed frequentist properties for QSR; and HCR; in the
D areas under the design based simulation study.

parameters. It allows the straightforward estimation of non-linear functionals of the size variable
measured on the individuals, including inequality measures as the quintile ratio considered in the
application.

Despite the few additional parameters, the model is flexible enough to allow for a marked
improvement of model fit and thereby more efficient estimation of small area parameters. The
Bayesian analysis of this model requires care in specifying the prior to guarantee the existence
of posterior moments. We discuss this, extending previous theoretical results available in the
literature (Fabrizi & Trivisano, 2016a; Gardini et al., 2021). The considered methodology leads
to improvements in the estimation of parameters that involve directly the tails of the income
distribution, as the considered quintile share ratio and headcount ratio. In fact, the mixture
model allows to better accommodate the irregular behaviour the income data often exhibit in
the right tail of the distribution. The improvements in the estimation of the area means are less
marked when moving from the single LN to the mixture, as it is a summary measure directly
parameterized by the model.

In our application, we took advantage of the fact that all the auxiliary variables we consid-
ered were categorical, so posterior predictive distributions for units outside the sample did not
require actual access to unit-level information. With continuous covariates this would not be
the case (we consider this situation in the Simulations section). With very large populations,
this can be represent not only a data availability problem but also a computational challenge.
Nonetheless, we note that inference relying on MCMC methods, although computationally
demanding, allows, once samples from the posterior distributions are obtained, to get uncer-
tainty measures and posterior probability intervals easily and does not require further intensive
computations.

More generally, the use of unit-level models as the basis for small area estimation relies on
some delicate assumption about the quality and availability of auxiliary information (see Tarozzi
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& Deaton, 2009). However, unit-level models are widely used in practice and constitute a valu-
able tool in small area estimation, especially when the target indicator has strongly biased direct
estimators, as the considered case of quintile share ratio. In these situations, area-level models
might suffer this feature leading to biased model estimates too.

To keep model specification and computation as simple as possible, we introduce some sim-
plifications that represent possible limitations of the paper: for instance, we treat the shifting
constant ¢ as known, while it is actually estimated from the data. The impact of overlook-
ing the uncertainty it induces on the estimation of small area parameters is likely to be very
small (see Rojas-Perilla et al., 2020, in this sense) but we leave its investigation for further
research.
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