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1. Introduction

We are interested in investigating certain structural properties of the solution X to 
the following class of nonlinear equations,

AX + XA + UΦ(X)UT + BBT = 0, (1.1)

where the n× n matrix A is assumed to be symmetric and negative or positive definite, 
and U,B are tall matrices with full column rank. The function Φ stands for a linear or 
mildly nonlinear symmetric function depending on X, and is such that the dimensions 
of Φ(X) are conforming with those of U . In the following we shall denote with ℳ :
Rn×n → Rn×n the coefficient operator, ℳ(X) = AX + XA + UΦ(X)UT , and with 
ℒ : Rn×n → Rn×n the portion of ℳ corresponding to the Lyapunov operator, ℒ(X) =
AX + XA.

The equation in (1.1) includes the problem

AX + XA +
ℓ ∑︂

k=1

NkXNT
k + BBT = 0 (1.2)

as a special (linear) case. This equation arises in the stability analysis of bilinear dy
namical systems, see, e.g., [6],[13], [16], [20], where usually Nk has rank much smaller 
than its dimension. The equation in (1.2) has recently emerged as a natural formulation 
in different contexts, beyond control. This is the case, for instance, in problems where 
the unmixing of heterogeneous variables represents a computationally attractive solution 
strategy, such as in stochastic problems and space-time computations; see, e.g., [39]. The 
numerical solution of (1.2) is significantly more challenging than the Lyapunov equa
tion AX + XA + BBT = 0, since in general obtaining a closed form solution matrix is 
computationally expensive. Because of this, (1.2) has recently attracted great interest in 
the numerical community, and different strategies have been proposed, see, e.g., [4], [14], 
[19], [34], [36], [11], [30] and their references.

The generalization to (1.1) further broadens the class of problems that can be treated 
with similar procedures, including problems arising in different engineering applications, 
see, e.g., [5], [12], [18], [32]. While several successful computational advances have ap
peared in the recent literature, structural properties of the solution to (1.1) have been 
less analyzed. The fact that the solution is a matrix, and that it may be symmetric, 
poses questions on structural properties that have been nicely addressed for the Lya
punov equation. In this paper we are thus interested in analyzing how properties such as 
definiteness and singular value decay of the solution matrix to the Lyapunov equation 
carry over to the setting in (1.1). Assessing these properties is crucial when targeting 
a low rank approximation to the exact solution. Our analysis exploits the closed form 
of the solution that can be derived for certain choices of Φ. In particular, when avail
able, a closed form highlights the composition of the solution in terms of two distinct 
components, from which the singular value decay can be readily deduced.
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In case a closed form is not available or computationally unfeasible, we analyze 
sequences of approximate solutions, some of which are well established. For these ap
proximate solutions, we study how definiteness and monotonicity are preserved through
out the iteration. In doing so, we also derive a new iteration for the nonlinear case 
Φ(X) = V T (X ⊗X)V . This iteration leverages recently introduced closed form solution 
techniques for quasi-linear equations of type (1.1), where Φ(X) is replaced by a real 
valued function in X.

The new contributions of this manuscript are:

1. We derive closed form solutions for quadratic-bilinear matrix equations under precise 
hypotheses on the data (section 2.3);

2. We propose a new fixed-point iteration for solving quadratic-bilinear matrix equa
tions for low-rank quadratic term (section 3.1);

3. We prove monotonicity results of fixed-point iterations for (1.1) in Proposition 4.1;
4. We prove error minimization in the matrix-energy norm in fixed-point iterations, 

building upon generic vector-based results in Proposition 4.2;
5. We prove error minimization in the matrix-energy norm of the Galerkin approxima

tion in Proposition 4.3;
6. We generalize singular value decay features to the solution of (1.1) in section 5.

An outline of the paper is as follows. In the subsections of section 2 we single out 
three distinct but highly connected classes of problems that fall in the framework of 
(1.1). In section 3.1 we summarize some known and less exercised structural properties 
of approximation sequences, together with a new recurrence for one of the discussed 
nonlinear problems, which builds upon the construction methodology of other solutions. 
In section 3.2 we recall certain optimality properties of recently developed projection 
methods. In section 4 we derive monotonicity results for the discussed recurrences, their 
norms and their error norm. In section 5 we discuss decay properties that can be inferred 
by the already derived structure. Section 6 contains our final considerations.

1.1. Notation

Given two matrices A = (Ai,j) ∈ Rm×n and B, the Kronecker product is defined in 
block form as

A⊗B =

⎡
⎣ A1,1B · · · A1,nB

...
. . .

...
Am,1B · · · Am,nB

⎤
⎦ .

This matrix operator satisfies

vec(AXB) = (BT ⊗A)vec(X), (1.3)
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where vec(X) stacks the columns of X one below the other.
We use the notation X ⪰ 0 to say that the square matrix X is symmetric and positive 

semi-definite, while X ⪰ Y means that X−Y ⪰ 0. We define the energy-norm associated 
with a symmetric and positive definite operator 𝒜 as ∥X∥2

𝒜 = trace(X𝒜(X)). Moreover, 
∥X∥ denotes the (spectral) matrix norm induced by the Euclidean vector norm, while 
∥X∥F denotes the Frobenius norm.

We specifically use bold face letters for matrices and vectors of leading dimension n2, 
while calligraphic fonts are used for matrix operators.

2. Problems with a quasi-linear matrix equation structure

In this section we discuss algebraic properties and closed form solutions of differ
ent closely related matrix equations. The problems and techniques of section 2.1 and 
section 2.2 are known, and are briefly reported as background for the developments of 
section 2.3 and of later relations. We refer to the references cited in the sections for a 
more detailed account of the related literature and the main algebraic properties of the 
two problems.

2.1. Multiterm linear matrix equations with low-rank structure

We consider the problem (1.2), where for the sake of the presentation, we work with 
ℓ = 1, so that the sum consists of a single term. Let N ≡ N1 be written as N = UV T

and assume that U, V are full column rank matrices, with r columns.
Using the Kronecker products, 𝑨 = A⊗ I + I ⊗A, 𝒃 = vec(BBT ), and we can define 

𝑼 = U ⊗U , 𝑽 = V ⊗ V , so that rank(𝑼) = r2 = rank(𝑽 ). Note that 𝑼 = [𝒖1, . . . ,𝒖r2 ]
with 𝒖j = uk ⊗ ui where j = (k − 1)r + i. The matrix equation can be written in 
vectorized form as the linear system (𝑨 + 𝑼𝑽 T )𝒙 = 𝒇 , with 𝒇 = −𝒃 and 𝒙 = vec(X). 
If r2 is still much smaller than n, then 𝒙 can be determined by means of the Sherman
Morrison-Woodbury (SMW) formula ([15], [21], [37]) as follows

𝒙 = (𝑨 + 𝑼𝑽 T )−1𝒇 = 𝑨−1𝒇 −𝑨−1𝑼(I + 𝑽 T𝑨−1𝑼)−1𝑽 T𝑨−1𝒇 .

The problem can be solved without using this vector formulation, but solely relying on 
matrix equation solves. This key property was carefully implemented in [14] to achieve 
peak performance, and recently sharpened in [19]; we refer to these references for a 
recollection of previous attempts. Let

𝒘 = 𝑨−1𝒇 ⇔ AW + WA = −BBT , (2.1)

and note that W is symmetric. Let U = [u1, . . . , ur], V = [v1, . . . , vr] and again let 
𝒖j = vec(uiu

T
k ) for k, i = 1, . . . , r such that j = (k − 1)r + i. Then

𝒑j = 𝑨−1𝒖j ⇔ APj + PjA = uiu
T
k , 𝒑j = vec(Pj). (2.2)
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Note that for each j1 there exists a j2 such that Pj1 = PT
j2

, so that not all P s need to be 
explicitly computed. The inner system has coefficient matrix

H = I + 𝑽 T𝑨−1𝑼 = I + 𝑽 T𝑷 = I + 𝑽 T [𝒑1, . . . ,𝒑s2 ], (2.3)

which can equivalently be computed by noticing that 𝒗T
j 𝒑t = vTi Ptvk, j = (k − 1)r + i. 

The solution of the r2 × r2 linear system

Hg = 𝑽 T𝒘 (2.4)

requires first computing the right-hand side. This can be obtained in terms of the original 
data and of (2.1) as 𝑽 T𝑨−1𝒇 = [vT1 Wv1, v

T
2 Wv1, . . . , vTr Wvr]T . The final solution is 

then given by X = W −∑︁r2

j=1 Pj(g)j , where (g)j is the jth component of the vector g. 
The effective implementation of this procedure requires some care; we refer to [19] and 
its references for computational details.

The solution X is expressed as a linear combination of solutions to Lyapunov equations 
having low-rank known term. The following result emphasizes this fact while summariz
ing the above derivation. The proof consists of a rewriting of the closed form above.

Proposition 2.1. Let ℒ : X → AX + XA. Let G be such that g = vec(G) where g is 
the solution to (2.4), with H defined in (2.3). Then the solution X to (6.1) satisfies 
ℒ(X) = −BBT − UGUT .

We notice that since X, ℒ(X) and BBT are symmetric, then also G must be sym
metric, so that X = W −∑︁r(r+1)/2

j=1 (Pj + PT
j )(g)j , with the indexes properly ordered.

We remark that although the derivation of Proposition 2.1 is very simple, the per
spective is very convenient to highlight the dependence of the solution X on [B,U ], 
irrespective of the composition of G. In section 5 this property will be used and gener
alized to the nonlinear case.

2.2. Quasi-linear matrix equations

A special setting is determined by the problem

AX + XA + f(X)C + BBT = 0,

where the real valued function f can be either a linear or a nonlinear function of X; 
a typical linear example is f(X) = trace(GX) for some matrix G [32]. This problem 
corresponds to (1.1) with Φ(X) := f(X)I and C = UUT . For linear f , it was shown 
in [32] that the solution X can be obtained in closed form as follows. Let M be the 
solution to AX + XA + BBT = 0 and N be the solution to AX + XA + C = 0. Then, 
for 1 − f(N) ̸= 0,
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X = M + σN, σ = f(M) 
1 − f(N) . (2.5)

The result can be generalized to more terms fi(X)Ci, i = 1 . . . , s.
Similarly to the Sherman-Morrison-Woodbury formula of section 2.1, the solution is 

split into the sum of solutions to distinct Lyapunov equations. This is not surprising, 
since for f(X) = vTXv and C = uuT , the two problems are equivalent [32].

2.3. Quadratic-bilinear matrix equations

A quite significant generalization of the linear equation in the previous section includes 
a special quadratic term in the unknown matrix. More precisely, the problem can be 
written as1

AX + XA + HT (X ⊗X)H +
ℓ ∑︂

j=1 
NjXNT

j + BBT = 0, (2.6)

with H ∈ Rn2×n.
This quadratic matrix equation arises in the stability analysis of quadratic-bilinear 

dynamical systems. The real symmetric and positive definite reachability matrix of the 
dynamical system associated with (A,B,Nj ,H), written as a Volterra time series, is 
also a solution to (2.6), see [7, Th.1]. Within this context, it is thus natural to seek 
solutions to (2.6) that are real symmetric and possibly positive semidefinite, although 
non-hermitian solutions may exist. The existence of a solution can be ensured using 
classical fixed point iteration arguments under certain hypotheses, see, e.g., [7]. Extra 
care needs to be taken from the control perspective, in case there are more than one 
positive semidefinite solution to the equation [7, Remark 1].

In the following, we show that if H has low rank, then the whole problem can be 
written as (1.1) with a simplified structure. This formulation allows us to study the 
properties of the solution matrix. In passing, by exploiting this formulation we also 
obtain new explicit formulas for the solution, under certain hypotheses on the data. To 
this end, since the novelty of the equation resides in the quadratic term, in the following 
we assume that Nj = 0.

The hypothesis of H low-rank may seem restrictive. For instance, the application 
studied in our reference problem [7] does not assume that H has low rank. Nonetheless, a 
simplified model where H is approximated by its leading directions may provide insightful 
solutions, to which our setting applies. In addition, other settings in control applications 
dwell with rank deficient H, see, e.g., [26].

1 We state the problem for symmetric A for consistency with respect to our setting, however the whole 
derivation holds in the nonsymmetric case as well.
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We first notice that for each column 𝒉j of H, it holds that

𝒉T
i (X ⊗X)𝒉j = trace(XHjX

THT
i ), with Hi s.t. 𝒉i = vec(Hi).

A matrix H of low rank carries convenient features. Setting H = 𝑽 UT with U ∈ Rn×r, 
𝑽 ∈ Rn2×r, we have

HT (X ⊗X)H = U𝑽 T (X ⊗X)𝑽 UT ,

which corresponds to the term UΦ(X)UT in (1.1) with Φ(X) = 𝑽 T (X ⊗ X)𝑽 . Using 
these relations, and assuming first that H has rank equal to one (that is, r = 1), the 
following proposition provides a new closed form for the sought after solutions.

Proposition 2.2. If H = 𝒗uT has rank equal to one, with 𝒗 ∈ Rn2 and u ∈ Rn, then (2.6) 
can be written as

AX + XA + χ(X)uuT + BBT = 0, (2.7)

with χ(X) = trace(XSXTST ), 𝒗 = vec(S). Let M,N be solutions to AX+XA+BBT =
0 and AX + XA + uuT = 0, respectively. If α := trace(NSNST ) ̸= 0, then equation 
(2.7) admits the following two solutions,

X1 = M + χ1N, X2 = M + χ2N,

where χ1,2 = 1 
2α (−β ±

√︁
β2 − 4αγ), with β = trace(MSNST + NSMST ) − 1 and 

γ = trace(MSMST ).

Before we proceed with the proof, we notice that the way we have expressed the 
closed form solution, yields information on the existence of real solutions, which are 
obtained only for real χ1,2. Moreover, for real χ both solutions are symmetric, otherwise 
the solutions will be complex. For real χ1,2, definiteness can be easily detected once the 
sign of ℒ is known, by associating the corresponding choice of χ1,2.

Proof. We have

HT (X ⊗X)H = u𝒗T (X ⊗X)𝒗uT = u trace(XSXTST )uT = uχ(X)uT .

Hence, the original problem can be written as in (2.7). The problem is now in the 
form discussed in section 2.2, with χ nonlinear, and we can proceed analogously. More 
precisely, we first notice that

X = M + χ(X)N,
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with X symmetric. We multiply by S and by ST , and then multiply the resulting matrices 
so as to obtain

(XS)(XST ) = (MS + χ(X)NS)(MST + χ(X)NST )

= MSMST + χ(X)MSNST + χ(X)NSMST + χ(X)2NSNST .

Taking the trace,

χ(X) = trace(MSMST ) + χ(X)trace(MSNST + NSMST ) + χ(X)2trace(NSNST ).

Setting α, β and γ like in the statement, we obtain the quadratic algebraic equation 
αχ2 + βχ + γ = 0, whose solutions are the given χ1,2. □

The generalization to H of (small) rank greater than one gives the more general form 
in (1.1). We write H = 𝑽 UT with 𝑽 = [𝒗1, . . .𝒗r] and U = [u1, . . . , ur]. Then

HT (X ⊗X)H = U𝑽 T (X ⊗X)𝑽 UT = UΦ(X)UT ,

where the entries of the r × r matrix Φ(X) are given by

(Φ(X))i,j = trace(XSjX
TST

i ), vec(Sk) = 𝒗k, k = i, j,

so that Φ is nonlinear in X. Thus, we can write

AX + XAT + UΦ(X)UT + BBT = 0,

and proceed like in section 2.1. This approach leads to a feasible computational strategy 
as long as U has few columns.

We conclude this section by saying that disregarding the rank of H, a general closed 
form solution can be described by means of an integral series, though this expression 
does not seem to lead to a computationally feasible strategy [7].

3. Sequences of approximations

Except when a computable closed form can be obtained, an approximation to the 
solution of (1.1) is derived by generating a sequence {X(k)}k≥0 approaching X as k goes 
to infinity. In particular, whenever the number of columns r is sizable, say a few tens, also 
the Sherman-Morrison-Woodbury formula for the linear case Φ(X) = V TXV becomes 
infeasible, and an approximation recurrence is required.
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3.1. Fixed point iterations

A classical approach is given by a fixed point iteration. For the generic case (1.1), this 
can be written as

AX(k+1) + X(k+1)A = −UΦ(X(k))UT −BBT ,

leading to a sequence of solves with Lyapunov equations, that is,

X(k+1) = ℒ−1(−UΦ(X(k))UT −BBT );

see, e.g., [14][36]. Computationally, the problem then becomes that of efficiently solving 
a sequence of Lyapunov equations, which can be a challenge for large problems, espe
cially considering that the Lyapunov equations cannot be solved at high accuracy. This 
procedure gives rise to inexact iterates, for which the convergence analysis needs to be 
revisited, and associated with the accuracy threshold of the Lyapunov solver; we refer 
to [36] for this discussion. The idea is very general, so that the same approach can be 
used in a number of linear and nonlinear matrix equations, such as the algebraic Ric
cati equation [10]; see [23] for other examples related to the approximation of matrix 
functions. Ad-hoc iterations can be derived for specific problems, see below.

Fixed point iterations have also been proposed in [7] for solving the Quadratic-bilinear 
equation in section 2.3 in the large scale setting. More precisely, in [7, (41)] the following 
recurrence is proposed,

ℒ(X(k+1)) = −BBT −HT (X(k) ⊗X(k))H−
ℓ ∑︂

j=1 
UjΦj(X(k))UT

j .

This general iteration is very relevant for H having large or column full-rank. On the 
other hand, for H having low rank, a possibly more effective fixed point iteration can 
be derived. To simplify the presentation, we set Φj(X(k)) = 0 for all j and focus on the 
quadratic term, which makes the problem special.

If H has rank equal to one, Proposition 2.2 ensures a closed form solution. If H is 
low-rank, that is H = 𝑽 UT with U = [u1, . . . , ur] ∈ Rn×r and 𝑽 = [v1, . . . , vr] ∈ Rn×r, 
then the original equation can be written as

AX + XAT +
r∑︂

i,j=1
uiΦ(X)i,juT

j + BBT = 0, with Φ(X)i,j = 𝒗T
i (X ⊗X)𝒗j . (3.1)

We recall that Φ(X)i,j = trace(XVjX
TV T

i ), where 𝒗i = vec(Vi). We can thus define 
a linearized fixed point iteration as follows. We replace Φ(X) with Ψi,j(X(k), X) =
trace(XVj(X(k))TV T

i ). For a computed X(k), we set K(k)
i,j := Vj(X(k))TV T

i so that

Ψi,j(X(k), X) = trace(XK
(k)
i,j ),
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which is now linear in X. The iteration (3.1) is transformed into the quasi-linear problem

ℒ(X(k+1)) = −BBT −
r∑︂

i,j=1
trace(X(k+1)K

(k)
i,j )uiu

T
j , (3.2)

in the unknown matrix X(k+1). We can obtain X(k+1) by a procedure similar to that 
recalled in section 2.2. Indeed, let P{i,j} = ℒ−1(uiu

T
j ) ∈ Rn×n, for i, j = 1, . . . , r, and 

let M solve AX + XA + BBT = 0. Then

X +
r∑︂

i,j=1
ω

(k)
i,j P{i,j} = M, ω

(k)
i,j = trace(XK

(k)
i,j ).

For each ℓ, s = 1, . . . , r, multiply the equation by K(k)
ℓ,s and take the trace, so as to obtain

trace(XK
(k)
ℓ,s ) +

r∑︂
i,j 

ω
(k)
i,j trace(P{i,j}K

(k)
ℓ,s ) = trace(MK

(k)
ℓ,s ),

that is,

ω
(k)
ℓ,s +

∑︂
i,j=1,...,r

ω
(k)
i,j trace(P{i,j}K

(k)
ℓ,s ) = trace(MK

(k)
ℓ,s ).

Denote by τ (ℓ,s)
i,j = trace(P{i,j}K

(k)
ℓ,s ) the known coefficients, and let

ω(k) = vec
(︂
trace(XK

(k)
ℓ,s ))ℓ,s=1,...r

)︂
, t(k) = vec

(︂
trace(MK

(k)
ℓ,s ))ℓ,s=1,...r

)︂
be the unknown traces and right-hand side vector of length r2, respectively. This yields 
the linear system

(Ir2 + T )ω(k) = t(k), T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τ1,1
1,1 τ1,1

2,1 . . . τ1,1
1,2 . . . τ1,1

r,r

τ2,1
1,1 τ2,1

2,1 . . . τ2,1
1,2 . . . τ2,1

r,r
...

. . . . . . . . .
...

τ1,2
1,1 τ1,2

2,1
. . . . . . . . . τ1,2

r,r
...

...
. . . . . .

...
τ r,r1,1 τ r,r2,1 . . . τ r,r1,2 . . . τ r,rr,r

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Let Ω(k) be the r×r matrix reshaping of the solution ω(k). Then the next iterate X(k+1)

is obtained as

X(k+1) = M −
r∑︂

i,j=1
(Ω(k))i,jP{i,j}. (3.3)
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Table 1
Example 3.1. Performance of standard fixed point 
iteration and quasi-linear variant. Time is in sec
onds. ‘--’ stands for divergence.

fixed point quasi-linear 
α # its CPU time # its CPU time 
4 17 18.88 10 35.00 
5 42 36.40 13 43.64 
5.5 188 147.13 19 60.64 
6 -- -- 88 309.27 

As a computational side remark, we notice that only Ω(k) changes at each iteration, and 
that all other matrices could be computed once for all before starting the recurrence.

Example 3.1. In this example we report on our experience with the iteration (3.3), com
pared with the standard procedure in (3.1). To this end we consider a built-up, fully 
reproducible example, where we make the problem less definite by changing a problem 
parameter. The matrix A is given as A = I ⊗ T + T ⊗ I of size n × n with n = 2500, 
where T = n2

htridiag(1,−2, 1), with n2
h = n. The nonlinear term includes H = α𝑽 UT

with both U,𝑽 chosen randomly with r = 4 columns, and α controls the definiteness of 
the operator ℳ. The known term E = BBT is a random positive definite matrix. These 
definitions correspond to the following matlab ([29]) commands

alpha=6;
nh=40; n=nh*nh; r=4;
T=toeplitz([ -2 ,1 ,zeros(1 ,nh -2)]); I=speye(nh);
A=n*(kron(I ,T)+kron(T ,I));
rng(1);
E=rand(n ,n);E=E*E ’;E=E/norm(E);
V=alpha*randn(n*n ,r);
U=randn(n ,r);

The stopping criterion used for this particular experiment was

∥X(k+1) −X(k)∥F
∥BBT ∥F < 10−6,

and a maximum of 200 iterations was considered.2 At completion the true residual norm 
was also computed.

Table 1 reports the performance of both iterations for α ∈ [4, 6]. For small α, the 
standard iteration (3.1) is faster in terms of CPU time, whereas the new approach is 
able to get good information on the solution in fewer iterations. For the second value 

2 For more robust software-oriented criteria, the one above should be accompanied by typical criteria for 
nonlinear problems, ensuring true convergence, and not stagnation.
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of α, the gap in the number of iterations increases, although the CPU time of the new 
iteration remains larger. After that, the standard fixed point iteration starts showing 
convergence difficulties, until a blow up for α = 6, while good properties of (3.1) can 
still be observed. Although not reported here, we notice that up to α = 5.5 convergence 
of the iteration in (3.3) is monotonic, in terms of ∥X(k+1) − X(k)∥ whereas for α = 6
oscillations occur. Larger values of α than those considered here will eventually lead to 
lack of convergence also for the new recurrence.

We consider these results very promising. However, assessing the overall quality of the 
new method requires a deeper investigation, which is beyond the scope of this work. ⋄

The previous examples all generate matrix sequences {X(k)}k≥0 such that

AX(k+1) + X(k+1)A = −BBT −
∑︂
i,j 

uiw
(k)
i,j u

T
j

for some w(k)
i,j , so that

X(k+1) = −ℒ−1(BBT ) −
∑︂
i,j 

w
(k)
i,j ℒ−1(uiu

T
j ). (3.4)

We stress once again that pairs of solutions of ℒ−1(uiu
T
j ) are the transpose of each other, 

and that overall the sum is symmetric; see the similar discussion in section 2.1.
The solution matrix is a linear combination of solutions to distinct Lyapunov equa

tions, where the first term is the solution one would obtain with Φ ≡ 0. Hence, inspecting 
the magnitude of the coefficients w(k)

i,j enables one to appreciate the influence on the so
lution of the extra term in (1.1) compared with the plain Lyapunov problem.

3.2. Projection methods

An alternative to fixed point iterations is given by projection-type methods for the 
original equation (1.1), which have been mostly explored in the case of linear matrix 
equations, that is for Φ(X) = V TXV . Given an approximation space of dimension 
sk and a matrix Wk with orthonormal columns with the same range, an approximate 
solution is obtained as X(k) = WkY

(k)WT
k , where Y (k) ∈ Rsk×sk is determined, e.g., by 

imposing an orthogonality (Galerkin) condition to the residual R(k) = ℳ(X(k)) +BBT

[39]. Such condition can be formalized as requiring that WT
k R(k)Wk = 0. It can be shown, 

see [30] and its references, that for linear and symmetric positive definite ℳ in (1.1), the 
approximate solution X(k) obtained with the Galerkin condition minimizes the error in 
the energy-norm, that is

X(k) = arg min 
Z=WkτW

T
k

τ∈Rsk×sk

∥X − Z∥ℳ. (3.5)
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This result will be used in the next section. In [30] a two-term-type recurrence was also 
derived for this approach, so that the approximation can be written as

X(k+1) = X(k) + Pkα
(k)PT

k .

This solution update generalizes the well known two-term recurrence of the Conjugate 
Gradient method for vector linear systems. In spite of the similarity with respect to 
the previous recurrences, here Pk has low rank, which grows at each iteration, and the 
dimensions of the matrix αk grow accordingly. As opposed to (stationary) fixed point 
iterations, this matrix update is nonstationary, since αk and Pk are chosen at each 
iteration so as to satisfy certain optimality properties; see [30] for more details.

For nonlinear problems such as (2.7) in the large scale regime, projection-type methods 
have also been developed, in the context of model order reduction, see, e.g., [18], [5]. 
A major challenge for these approaches on the quadratic-bilinear problem is the selection 
of the approximation space, which needs to include information both on A and Nj , but 
also account in some way for the quadratic term; we refer to [5], [12] for a special selection 
that enjoys promising interpolation properties. There are two major difficulties in using 
projection methods: first, lack of theoretical ground for a chosen subspace selection as 
equation solver; second, lack of explicit or direct methods for the reduced problem after 
projection, which has the same quadratic structure and similar though less dramatic 
memory limitations due to the Kronecker term. The described situation is different from 
what occurs for other quadratic problems such as the Riccati equations, for which the 
approximation space can be built from the linear terms, and the reduced problem can be 
reliably solved by means of explicit decomposition methods; see, e.g., [9], [25],[22], [8], 
[38] and references therein. Here, the reduced problem still possesses all difficulties of the 
original problems except the reduced size. Hence, devising reliable small scale solvers is 
paramount to be able to address the large scale case with projection methods.

4. Monotonicity results

In this section we are concerned with monotonicity properties of the solution matrix 
or of its approximation iterates. These may be expressed in terms of definiteness, or in 
terms of some norm. We mainly dwell with Φ linear, hence the equation’s solution is 
assumed to be unique, that is, the equation in Kronecker form is solvable [39].

If A is symmetric and negative definite, we have that the Lyapunov solution Xℒ =
ℒ−1(−BBT ) is positive semi-definite, and that the solution X to (1.1) satisfies

X ⪰ Xℒ if and only if Φ(X) ⪰ 0.

Positive definiteness can be checked in all instances where we have derived a symmetric 
closed form of the solution and it readily depends on the involved scalars (see, e.g., (2.5)), 
whereas the property X ⪰ Xℒ needs to be derived case by case.
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For the sequences {X(k)}k≥0 derived in the previous sections we next prove a new, 
corresponding result.

Proposition 4.1. Let the problem AX + XA + UΦ(X)UT + BBT = 0 be given. In the 
iteration (3.4), assume that Φ is linear and such that Φ(Y ) ⪰ 0 for all Y ⪰ 0. Assume 
that X(0) = 0. Then,

(i) If ℒ is negative definite, then for any k ≥ 0, it holds that X(k+1) ⪰ X(k) ⪰ 0;
(ii) If ℒ is positive definite, the semidefiniteness alternates between successive iterates.

Proof. We notice that ℒ(X(k+1)) = −BBT − UΦ(X(k))UT , so that

X(k+1) −X(k) = −ℒ−1(UΦ(X(k) −X(k−1))UT ).

Hence, the definiteness sign of X(k+1) −X(k) depends on that of ℒ and on the sign of 
the approximate solutions difference at the previous step k. i) Taking X(0) = 0 ensures 
X(1) ⪰ 0, from which all subsequent terms satisfy X(k+1)−X(k) ⪰ 0. ii) Taking X(0) = 0
ensures 0 ⪰ X(1) and from there on, the signs alternate. □

For given symmetric matrices Z1, Z2 such that Z1 ⪰ Z2 it holds that λi(Z1) ≥ λi(Z2)
where λi( · ) are the increasingly ordered eigenvalues of the argument matrix [24, Corol
lary 7.7.4]. Hence, the result of Proposition 4.1(i) implies the following norm inequalities, 
under the same hypotheses

∥X(k+1)∥ ≥ ∥X(k)∥, ∥X(k+1)∥F ≥ ∥X(k)∥F .

In the linear setting, by just reformulating classical results, we can explicitly write 
a strictly decreasing bound for the error. We consider the linear case AX + XA +
UV TXV UT + BBT = 0, which in Kronecker form corresponds to

𝑨𝒙 + 𝒃 = 0 with 𝑨 = 𝑳 + 𝑵 ,

where 𝑳 = A⊗I +I⊗A and 𝑵 = (U ⊗U)(V ⊗V )T . Let 𝒙∗ be the exact solution to the 
linear system above. Given the recurrence 𝑳𝒙(k+1) = −𝒃 −𝑵𝒙(k), the following result 
provides a bound for the error 𝒆(k) = 𝒙∗ − 𝒙(k) for a stationary iteration. We include 
the proof for completeness, though it may be derived similarly to other proofs in the 
literature3 [33, Corollary 4.1].

Proposition 4.2. Let 𝑨 = 𝑳 + 𝑵 with both 𝑨 and 𝑳 symmetric and positive definite. If 
ρ(𝑳−1𝑨) < 2, then

3 We thank Silvia Noschese for pointing us to [33] for this type of results.
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∥𝒆(k+1)∥𝑨 ≤ ρ(I −𝑳−1𝑨)∥𝒆(k)∥𝑨.

Proof. Let 𝑩 = 𝑳−1𝑵 = I − 𝑳−1𝑨. We first observe that ˆ︁𝑩 := 𝑨
1
2𝑩𝑨− 1

2 = I −
𝑨

1
2𝑳−1𝑨

1
2 is symmetric and that thanks to the similarity transformations, ρ( ˆ︁𝑩) = ρ(𝑩). 

Hence, using ∥𝒆(k+1)∥𝑨 = ∥𝑩𝒆(k)∥𝑨, we have

∥𝒆(k+1)∥𝑨 = ∥𝑨 1
2𝑩𝒆(k)∥ = ∥𝑨 1

2𝑩𝑨− 1
2𝑨

1
2 𝒆(k+1)∥

≤ ∥ ˆ︁𝑩∥ ∥𝒆(k+1)∥𝑨 = ρ(𝑩)∥e(k)∥𝑨. □
In our setting, 𝑳 corresponds to ℒ, and the result above reads

∥E(k+1)∥ℳ ≤ ρ(I − ℒ−1(ℳ(·)))∥E(k)∥ℳ,

where ℳ : X ↦→ AX + XA + UΦ(X)UT is symmetric and positive definite.
Projection methods satisfy similar inequalities, though stemming from quite different 

properties. More precisely, the minimization property in (3.5) ensures monotonicity of 
the approximate solution obtained via a projection method. The following new result 
makes this statement more precise, under the only hypothesis that the linear operator 
ℳ be symmetric and positive definite.

Proposition 4.3. Let ℳ be symmetric and positive definite. Then the Galerkin approxi
mate solution X(k) = WkY

(k)WT
k to (1.1) converges monotonically increasing towards 

X in the ℳ-norm, that is

∥X(k+1)∥ℳ ≥ ∥X(k)∥ℳ.

Proof. Let E(k) = X − X(k) and R(k) = ℳ(X(k)) + BBT . Observe that R(k) =
−ℳ(E(k)) and that trace(ℳ(Y )X) = trace(Yℳ(X)) for symmetric matrices X,Y of 
conforming dimensions. From (3.5) we have

∥E(k+1)∥ℳ ≤ ∥E(k)∥ℳ. (4.1)

We have ∥E(k)∥2
ℳ = trace(E(k)ℳ(E(k))) = −trace(E(k)R(k)). The Galerkin con

dition on the residual ensures that trace(X(k)R(k)) = 0, since trace(X(k)R(k)) =
trace(Y (k)WT

k R(k)Wk) and WT
k R(k)Wk = 0. Then,

trace(E(k)R(k)) = trace(XR(k)) = −trace(ℳ(X)E(k))

= −trace(ℳ(X)X) + trace(ℳ(X)X(k)).

We recall that trace(ℳ(X)X(k)) = trace(−BBTX(k)) = trace(ℳ(X(k))X(k)), where 
once again we used that trace(X(k)R(k)) = 0. Hence,

∥E(k)∥2
ℳ = −trace(E(k)R(k)) = trace(ℳ(X)X) − trace(ℳ(X(k))X(k)).
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The result follows from substituting into the inequality (4.1). □
This property has applications in different directions, for instance in approximating 

the ℋ-energy norm of a linear dynamical system, see, e.g., [1].

5. Decay properties of the solution’s singular values

For BBT of very low rank p, it is known that the singular values of the solution to 
the Lyapunov equation AX+XA+BBT = 0 exhibit an exponentially decaying pattern, 
which depends on the spectral properties of A and to a lesser extent on the right-hand 
side matrix B. In addition to being very helpful when questing for low-rank approximate 
solutions, the topic is fascinating and has attracted a lot of attention, especially in the 
case of non-normal A, see, e.g., [31], [3], [40], [2], [27], [35], [17].

Let σ1 ≥ σ2 ≥ . . . ≥ σn be the singular values of the solution matrix X, and recall 
that (Eckart-Young-Mirsky theorem)

σk

σ1
= min 

rank(Y )=k

∥X − Y ∥
∥X∥ 

.

As a consequence of this property, for any rank-k approximation X(k) to X, any bound 
for the error ∥X − X(k)∥ can be used as an upper estimate for the decay of the kth 
singular value. This has been a common strategy in the literature cited above. A very 
realistic estimate stemming from rational function approximations of X was derived in 
[28],

λpk+1(X) ≤ 16∥B∥2
2

λmin(A) exp
(︃
− kπ2

log(8κ(A))

)︃
, 1 ≤ pk < n, (5.1)

where λmin(A), λmax(A) are the extreme eigenvalues of the symmetric and positive def
inite matrix A, and κ(A) = λmax(A)

λmin(A) is the condition number of A; a similar estimate 
explicitly using elliptic functions was earlier established in [35, sec.2.1.2].

The question thus arises whether the decaying properties carry over to the general 
form (1.1). The answer is in the affirmative, despite the extra term UΦ(X)UT . In fact, 
the main role is played by the rank of [B,U ]. This can be readily seen by writing (1.1) 
as AX + XA = −BBT − UΦ(X)UT , with

BBT + UΦ(X)UT = [B,U ]
[︃
I

Φ(X)

]︃
[B,U ]T . (5.2)

Hence, independently of the action of Φ on X, the solution X has a worst possible decay 
completely described by A, [B,U ], and the rank of [B,U ]. The decay can be faster in 
case Φ(X) is rank deficient. More precisely, to generalize (5.1) to the new setting, we use 
(5.2) to obtain
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λpk+1(X) 
1 + ∥Φ(X)∥ ≤ 16∥[B,U ]∥2

2
λmin(A) exp

(︃
− kπ2

log(8κ(A))

)︃
, 1 ≤ pk < n, (5.3)

where p is the rank of [B,U ].
We refer to [41] for bounds that explicitly take into account the factor [B,U ], though 

their relevance can be better appreciated for A non-symmetric. Interestingly, the formal
ization via [B,U ] was used in the proof of Theorem 4.1 in [4] to derive a closed form 
approximation to (1.1) as a sum of exponentials.

In the previous sections we gave a solution in closed form for some of the considered 
problems. This makes the decay analysis more precise, while avoiding explicit reference 
to Φ(X). Indeed, in all cases, we have

X = M +
∑︂
i 

γiPi,

where M and all Pi are solutions to Lyapunov equations, hence they inherit the corre
sponding decay pattern. As an example, consider the solution X1 = M +χ1N as derived 
in Proposition 2.2. A completely analogous result can be obtained with the procedure 
described in section 2.2, see also the example below. The matrices M and N are solutions 
to Lyapunov equations with the same coefficient matrix, that is M = ℒ−1(−BBT ) and 
N = ℒ−1(−uuT ). Then by linearity,

X1 = ℒ−1(−BBT − χ1uu
T ),

so that

λpk+1(X1) ≤ 16∥Y ∥2

λmin(A) exp
(︃
− kπ2

log(8κ(A))

)︃
, 1 ≤ pk < n, (5.4)

where Y = [B,U ]blkdiag(I, χ1I)[B,U ]T , and p is its rank.

Example 5.1. We consider the problem AX + XA + uvTXvuT + BBT = 0 with A
diagonal with diagonal entries logarithmically distributed in the interval [10−10, 1] and 
dimension n = 1000, u a vector with normally distributed random components (Matlab 
seed rng=1), v = e1, and B = 1. In Fig. 1 we report the distribution of the first few tens 
singular values of the solutions Y1 = −ℒ−1(BBT ), Y2 = −ℒ−1(uuT ), together with that 
of X = Y1 + σY2, obtained with the procedure described in section 2.2. Moreover, the 
normalized estimate in (5.4) is also shown. The estimate is quite descriptive of the true 
decay for p = 2, since [B, u] is full rank. The decay of the two solutions Y1, Y2 is very 
similar, and since σ = 𝒪(1), Y1 and Y2 equally contribute to the spectral decay of X. ⋄

6. Generalizations and outlook

Many of the results we have stated can be generalized to the nonlinear non-symmetric 
case
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Fig. 1. Example 5.1. Singular values of the solutions Y1, Y2 and X = Y1 + σY2, and the estimate in (5.1). 

A1X + XA2 +
ℓ ∑︂

i=1 
UiΦi(X)UT

i + B1B
T
2 = 0, (6.1)

as long as the associated coefficient operator is symmetric and positive definite. This set
ting may have broader applications, such as in the discretization of time- and parameter
dependent partial differential equations and in the numerical treatment of problems 
dealing with uncertainty in the data; see, e.g., [39].

The quadratic-bilinear matrix equation is a new algebraic problem largely unexplored. 
We have proposed a new iterative method for its solution, which under low-rank assump
tion of the matrix H, seems to give promising computational results with respect to the 
only (very recent) attempt in the literature. We believe there is plenty of room for im
provements, both in the theoretical understanding of the algebraic equation, and in the 
development of new effective methods.

We have shown that writing the solution to (1.1) as a sum of terms, allows us to 
devise a simple indicator of the effect on the solution of the extra possibly nonlinear 
addend in the equation, that is not associated with the Lyapunov equation. Whenever 
explicitly available, easily characterized positive definiteness and monotonicity properties 
of the approximate solutions can help calibrate the approximation phase, thus monitoring 
computational costs and dynamic rank truncations.
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