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A Port-Hamiltonian Approach
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Abstraci—This article presents a novel distributed op-
timization technique that, under suitable assumptions on
problem and communication graph, is able to operate with
any step-size parameter, a capability not evident in previous
methods. Traditionally, selecting the step size in distributed
optimization often leads to a conservative performance,
resulting in slow convergence or even divergence if the
step size is incorrectly chosen. In this work, we propose
a systems theory approach based on the port-Hamiltonian
formalism to develop algorithms for consensus optimiza-
tion problems. Starting from a continuous-time flow, we
propose a distributed algorithm based on a discretized
port-Hamiltonian system that works regardless of the step
size. In addition, we introduce mixed implicit discretization,
which lowers communication overhead while maintaining,
under suitable conditions, the ability to converge with any
step size. This feature is formally verified in specific scenar-
ios and demonstrated experimentally in general cases with
large step sizes. These results illustrate that the proposed
method can utilize step sizes several orders of magnitude
larger than those in previous work, where conventional
methods fail, ultimately enhancing convergence speed.

Index Terms—Distributed optimization, port-Hamiltonian
systems (PHSs), step size.

[. INTRODUCTION

URRENT technological trends lean toward the extended
C use of machine learning algorithms with increasing com-
plexity and computing power requirements. Fortunately, com-
putation and communication capabilities are readily available
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in modern devices. For this reason, distributed implementations
have emerged as scalable and robust alternatives to deploy these
technologies. Since many tasks of importance, e.g., the training
of neural networks, can be posed as optimization programs,
distributed optimization has remained an active area of research
in the last years (see [1] and [2]). The problem of consensus
optimization is particularly important, where the unconstrained
cost is comprised of the sum of local costs that can be accessed
at each device in the network separately [1].

In the following, we review the literature on algorithms de-
veloped for distributed optimization problems. First, we exam-
ine algorithms formulated in continuous time, leveraging tools
from systems theory to guarantee stability. Subsequently, we
discuss methodologies that operate in discrete time, reflecting
more practical communication scenarios. Finally, we mention
works that use the port-Hamiltonian system (PHS) formalism in
multiagent contexts and step-size robustness in discretization.

Many algorithms for addressing distributed optimization
problems through continuous-time systems exist in the litera-
ture. For instance, a method for consensus optimization over
weighted digraphs was introduced in [3]. A different approach,
employing a proportional—integral protocol to tackle constrained
distributed optimization, was proposed in [4]. The strategy in [5]
aims to resolve constrained distributed convex optimization
problems via nonsmooth analysis. Meanwhile, Lin et al. [6]
presented a protocol with finite-time convergence in solving
constrained distributed optimization issues. The use of adaptive
control techniques for unconstrained distributed optimization
was explored in [7]. A passivity-based methodology for de-
signing and analyzing distributed protocol algorithms in the
unconstrained scenario was used in [8], with a similar approach
adopted for balanced digraphs in [9]. Furthermore, a distributed
protocol leveraging Newton—Raphson iterations was detailed
in [10]. These contributions underscore the benefits of modeling
distributed optimization algorithms in continuous time, allowing
for a more straightforward application of systems theory tools,
such as Lyapunov theory or passivity. However, given that com-
munication among agents in digital platforms occurs in discrete
time, research has pivoted toward considering discrete-time
interactions. A leading methodology for consensus optimization
in discrete time, known as the gradient tracking method, was
introduced in [11], incorporating a dynamic average consen-
sus component to track the gradient of the objective function.
This method has spawned various adaptations, including those
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tailored for nonconvex programs [12] and protocols integrating
Newton—Raphson iterations [13]. Extensions to accommodate
time-varying and stochastic networks were proposed in [11] and
[14], respectively. Efforts to enhance convergence speed are used
in [15] and [16]. Techniques, such as push-sum and push—pull
protocols for message passing, aimed at addressing digraphs,
were applied in [17] and [18]. An adaptive momentum term to
boost convergence rates was introduced in [19]. Using a systems
structure perspective, most of these variations can be understood
using a general structural framework as in [20]. Despite their
generally effective performance, these algorithms constrain the
learning rate, often taking the role of a step-size parameter.
Tuning the step size is critical, especially in multiagent settings
where the constraints depend on global information, such as the
network topology. For instance, a large step size may result in
instability, and a small step size may lead to slow convergence.
A notable contribution is [21], which removes the dependence of
step-size selection on network properties. However, the method
still imposes an upper bound on the step size, beyond which the
algorithm diverges. While this bound is network-independent,
it still depends on the objective function properties, which may
be unknown to some or all agents.

The previous discussion highlights the need to develop dis-
tributed optimization methods that either operate independently
of the step size or allow significantly larger step sizes before
divergence occurs. We refer to [22] and the references therein
for methods that propose optimization algorithms without tun-
able parameters. However, these approaches are centralized. An
important breakthrough in this context was presented in [23],
where the PHS formalism was used to design a continuous-time
gradient flow for unconstrained optimization in a centralized set-
ting. This formalism allowed the authors to propose a symplectic
discretization that works with any step size. Generally, the PHS
is capable of modeling a wide range of application frameworks
through power-conserving interconnections between subsys-
tems [24]. This formalism has been proved useful to describe and
analyze multiagent algorithms for consensus [25] and distributed
control [26]. Moreover, geometric integration using the discrete
gradient has been shown to preserve the PHS structure [27],
[28], with a precise parallelism between continuous time and
discrete time. In addition, under suitable conditions, this type of
discretization can ensure convergence regardless of the step-size
parameter. For instance, the discrete gradient method was used
in [29] to develop an optimization algorithm robust to large step
sizes. However, despite the advantages of PHS and geometric
integration methods, these tools have not been proposed to solve
distributed optimization problems.

The contribution of this work is twofold. First, we propose,
for the first time, a systems theory framework based on the
port-Hamiltonian formalism to design and analyze distributed
optimization algorithms. Specifically, we apply this approach to
solve an unconstrained consensus optimization problem, with
convergence proofs relying on tools from the port-Hamiltonian
framework. Second, using this framework, we design a dis-
cretization method that ensures convergence regardless of the
step size while preserving the port-Hamiltonian structure. Build-
ing on this, we introduce the mixed implicit discretization

(MID), a novel approach that reduces communication overhead.
We formally show that MID converges with arbitrarily large step
sizes in specific scenarios and experimentally demonstrate that it
performs effectively in more general cases with step sizes orders
of magnitude larger than those supported by prior methods.
In addition, we show that treating the step size as a single
free design parameter for all agents can improve convergence
speed.

The rest of this article is organized as follows. First, in Sec-
tion II, we provide a problem statement and some preliminaries
on the PHS. Section III presents our PHS-based framework
for consensus optimization in continuous time, including some
concrete examples. Section IV discusses PHS preserving dis-
cretization with convergence capabilities under arbitrarily big
step sizes. In Section V, we provide several numerical examples,
comparing the proposal’s performance against other methods
in the literature. Finally, Section VI concludes this article, and
auxiliary results and proofs are placed in the appendixes.

Notations: For a set S, let |S| represent its cardinality. Given
vectors {x; };c7 withindex setZ = {1, ..., N}, we denote with
[X;liez = [x{,...,%y] . Denote with V the gradient operator.
Let 1,,,0,,xm, L, denote the column vector of n ones, the zero
n X m matrix, and the n x n identity matrix, respectively. We
write 1,0,I when there is no ambiguity on the dimensions,
according to the context. The symbol ® represents the Kronecker
product. For discrete-time sequences {x[k]}ren, we often write
x to represent the value of the sequence at an arbitrary time
step; x* represents its value at the next time step. Let ||x||
represent the Euclidean norm of a vector x, and || X|| represents
the induced Euclidean norm of a matrix X.

Il. PROBLEM STATEMENT AND PRELIMINARIES
A. Problem Statement

Consider a group of N € N agents labeled using an index set
T ={1,...,N}, whose goal is to solve a consensus optimization
program of the form

N
* .
0" = arg min ; fi(8) (1
where each f; : R”™ — Ris a function that can only be accessed
by agent: € 7.

Assumption 1: The program in (1) has a unique optimal
solution * € R™.

To obtain such an optimal solution, agents cooperate by ex-
changing information with their neighbors. The communication
network is modeled by a fixed undirected connected graph
G = (Z, ). Here, Z is the vertex set, where each ¢ € Z represents
aconcrete agent, and £ C 7 x 7 is the edge set where (i,7) € €
when agents 7, j € Z can communicate. Moreover, we denote
with N; C T the neighbor set for agent i € T.

This work proposes a solution to address the program (1) using
the port-Hamiltonian structure. Furthermore, we demonstrate
that this framework can generate algorithms capable of operating
with arbitrarily large step sizes in some scenarios.
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B. Port-Hamiltonian Systems

A PHS is a particular class of dynamical system that can
be described through the interaction of ports, which are input—
output pairs, with power-conserving features. In particular, it has
the form

x =F(x)VH(x) + B;(x)u; + Be(x)ue ()

where x(t) € R™ is the state variable. The system in (2) has
four classes of ports: first, a storage port (—%, VH(x)) with
scalar storage function H : R™ — R also called the Hamilto-
nian energy; second, a resistive structure associated with the
symmetric part of F, which satisfies F(x) + F(x) " < 0leading
to aport (VH (x), F(x)VH(x)); third, an interaction port with
(us,yr), which usually represents the interaction of (2) with
other systems; and fourth, a control port (uc, y¢). This port is
used for feedback control. By defining outputs, it can be verified
that

y1 = Bi(x)' VH(x)
yc = Be(x)' VH(x).
Then, (2) is passive in the sense that
H(x) <yjur+yLuc.

As will become evident in subsequent sections, the passivity
property helps to design control feedback laws and to obtain
Lyapunov functions based on H. We refer the reader to [24] for
more details on the PHS.

[Il. PHS-BASED OPTIMIZATION IN CONTINUOUS TIME
A. System Proposal

We start by considering a continuous-time formulation based
on a PHS. Assume that each agent 7 € Z stores a state variable
x;(t) € R™. The proposed dynamics for x;(t) are given as

x; = F;VH;(x;) + ¢;(VH;(x;))

+ ) M(VH;(x;) — VH;(x;)) 3)
JEN;

where F'; and M are constant matrices satisfying F; + FzT <0
andM+M'" <0, respectively. Moreover, H; : R" — Ris the
storage function at agent ¢, and ¢; : R™ — R" is a nonlinear
vector field. Time dependence for the state was omitted in (3)
for readability. For the same reason, we will also omit state
dependence on H; when there is no ambiguity.

To see that (3) is a PHS, we can rewrite it as

x; = (F; + |N;]M)VH;(x;)

— Z MVH;(x;) + ¢:(VH;(x;))
JEN;

where the symmetric part of (F; 4+ |NV;|M) is negative semidef-
inite, and this plays the role of F(x) in (2). Moreover, it includes
|V;| interaction terms —MV H;(x;), each connected to one of
the neighbors of the agent with input V H; (x;) and input matrix
—M, playing the role of the term B;(x)u; in (2). In addition, it

features a local feedback control port with input ¢;(V H;(x;))
and input matrix I,,, playing the role of B¢ (x)uc in (2). Note
that the terms of the form VH;(x;) — VH;(x;) in (3) define
an agreement error between neighboring agents and promote
consensus.

The rest of this section aims to show that the PHS struc-
ture in (3) naturally ensures convergence toward equilibrium.
Hence, given that stability is provided, the remaining degrees
of freedom, namely, F;, M, ¢;, and H;, can be used to design
equilibrium to coincide with the solution of an optimization
program of interest. To formalize these ideas, we make the
following assumption.

Assumption 2 (Well-posedness): Let H;, F;, M, and ¢; be
such that:

1) the PHS in (3) has a solution forall t > 0,x;(0) € R™,i €

7
2) there exist unique constant vectors {x} };c7 such that

0=F,VH;(x}) + ¢:(VH;(x}))

+ Y M (VH(x}) = VH;(x})). @)
JEN;

Remark 1: Assumption 2 requires only the existence of solu-
tions for (3). This is sufficient for all convergence results in
this work, since the Lyapunov arguments apply along every
admissible trajectory. Nevertheless, in the examples presented
later, uniqueness of solutions follows automatically from the
Cauchy—Lipschitz theorem when VH; and ¢, are globally
Lipschitz.

To show convergence toward the unique equilibrium point
satisfying (4), we write the joint dynamics of all agents incor-
porating (3) for all + € Z. Consider the joint storage function

H(x) =) Hix),
ieT
the joint output y = [V H;(x;)];ez, and the joint input ¢(y) =
[¢:(VH;(x;))]iez with joint state x = [x;],ez. Moreover, let
F = blockdiag(F, ..., Fy). Hence, (3) can be written in com-
pact form as follows:

%= (F+LeM)VH(x) + ¢(VH(x)) )

where L = diag(A1) — A is the standard Laplacian matrix of

the graph G associated with the 0 — 1 adjacency matrix A.
One of the most important features of (5) inherited from the

PHS structure is its passivity property concerning the input—

output pair (¢(y),y).
Proposition 1: The trajectories of (5) satisfy

H(x) <y o(y).

Asdiscussed in Section II-B, passivity can be used to construct
a Lyapunov function, ensuring convergence to the equilibrium.
This idea is formalized in the following.

Corollary 1: Let Assumption 2 hold and consider (5). More-
over, assume that H (x) is strongly convex with constant . > 0.
Assume that each ¢; satisfies the incremental passivity property

(u—v)"(pi(u) — ¢i(v)) <0 (6)
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for arbitrary u, v € R", with equality only when u = v. Then,
the unique equilibrium of (5) is globally asymptotically stable.
In addition, if (6) is replaced by the strong incremental passivity

property
(u—v)"(¢i(u) — ¢5(v)) < —allu—v|* Yu#tv (7)

for some o > 0 and V H (x) is Lipschitz continuous with con-
stant L, then the unique equilibrium of (5) is globally exponen-
tially stable with rate 2a% /L.

B. Matching the Equilibrium With the Solution of an
Optimization Program

Given that convergence of the PHS in (3) is ensured by
Proposition 1, it only remains to match the equilibrium equations
(4) with the solution of the consensus optimization program
in (1). This can be performed by an appropriate design of the
degrees of freedom we have in F;, M, ¢,, and H;. To provide
intuition, we start with the centralized setting.

Example 1 (Centralized optimization): Consider (1) with
N =1 and convex and differentiable f := f;, x := x;. For
an equilibrium x* of (5) to coincide with 8*, the first-order
optimality constraints must be met, namely, 0 = V f(x*). Com-
pared with the equilibrium conditions (4), this condition can be
achieved with either one of the following choices:

a) Hi(x) =x"x/2,F; =M =0, ¢,(x) = -V f(x).

b) Hy(x) = f(x), Fy = —I, M = 0, ¢, (x) = 0.

In both cases, the same system results from (3), which coin-
cides with the standard gradient flow

x = -Vf(x). ®)

Note that convexity of f implies that the incremental passivity
property (6) is satisfied for ¢, (x) = —V f(x). Thus, the conver-
gence of trajectories of the standard gradient flow (8) toward x*
follows from Corollary 1. Moreover, for case a), if f is strongly
convex with globally Lipschitz gradients, it can be concluded
that V H; (x) = x is Lipschitz, and (7) is satisfied with « = p as
aresult of Proposition 2 in Appendix 1. Hence, Assumption 2 is
satisfied, and using Corollary 1, the stronger result of exponential
stability of x* is obtained.

Now, we provide an example aiming to solve (1).

Example 2 (Unconstrained distributed optimization): Con-
sider (1) with arbitrary N € N, connected G and convex f;.
Similarly as in the previous example, we assume globally Lip-
schitz continuous gradients of f; to ensure that Assumption 2
is satisfied. The first-order optimality conditions for the global
optimum of the program (1) are 0 = S, V f;(6*). However,
this condition can be expressed in a more appropriate distributed
fashion as

N
0=> Vfia), ai = - =ay ©)
=1

where we introduce auxiliary variables q; = 68" € R". These
include a condition for the gradients and a condition for consen-
sus. Setting q* = [q}];ez, the conditions in (9) at the equilibrium
can be written as

0=(1y®I,)Vf(g), 0=(LxL,)g (10

6435
which implies q* = (1y ® 0*) and with
N
fla) =Y fila). (11)
i=1

Having two sets of constraints motivates the addition of a
second set of auxiliary variables p; € R™ and partition x; =
[a,.p;]" € R™ with n = 2m. The PHS equilibrium equations
in (4) for each partition will be used to match either one of the
two conditions (10). This can be performed by setting

1
H;(x;) = §xiTxi

_Vfi(qi)] M:l—l -1
' 1 0

Fi = Onxru

@1, (12)

0

oi(x;) = [

Henceforth, from (4), the equilibrium for the partitioned states
can be written as

0= -(Lel,)q - (LeL,p" - Vf(q)

0=(LoL,q" (13)

from which the optimality conditions in (10) follow by multi-
plying (13) with (1 ® L,,) from the left and using 1L = 0.
The resulting system at each agent from (3) is

4= — Y (a—a)— Y (pi—p;)— Vila)
ieN; ieN;
pi= > (ai—q). (14)
ieN;

Finally, we show that this reasoning can be used to extend
these ideas to include linear constraints in (1).

Example 3 (Handling linear constraints): Consider the fol-
lowing program:

N
6" = arg min ;fi(e)

st. A@=Db 15)

where A € R™ b € R are constant. The first-order condi-
tions for optimality are obtained by constructing a Lagrangian
L£OA) =N fi()+1T(b—A6) and then taking
VL(0*,1*) = 0. Hence, optimality for (15) can be expressed
using three separate conditions

N
0=) Vfiq)-A"\", qi=---=aqy, Aq =b
=1

16)
for some A*. This motivates to partition x; = [q; ,p;, g/ ]"
with q;, p; € R™ and g; € RY, n = 2m + £. The equilibrium
for each partition will be used to match the three optimality
conditions. This can be performed by choosing

0 0 —AT -1, -1, O
F,=|0 0 0|, M=|1, 0 o0
A0 0 0 0 o
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as well as ¢;(x;) = [-V/fi(q)",0",=b"]" and H(x;) =
x/ x; /2. From (4), the equilibrium points satisfy
0=-(In®ANg ~(LeLyg (L I,)p" — Vf(q)
0=(L®l,)dq"

0=(In®A)q — (In®b) (17

with f(q*) = >, fi(a;). Each of the three equations in (17)
coincides with one of the conditions in (16). For the last two
conditions, this observation is trivial. For the first condition
on the gradients, this can be observed by multiplying the first
equation of (17) by — (1} ® I,,,) from the left to obtain

0= (]lﬂ @ L,)Vf(q) - AT

with A* = —(1); ® L,,)g*, which coincide with the first con-
dition of (16). The resulting update at each agent from (3) is

= —-Algi— ) (a—a)— > (p:—p;) — Viila)
iG./\/i 'LGM
pi = Z(Qz‘ —qj)
ieN;
g = Aq; —b. (18)

Note that in all previous examples, global convergence is
ensured by Corollary 1.

V. PHS-BASED OPTIMIZATION IN DISCRETE TIME
A. Discrete Gradient-Based PHS Discretization

The continuous time system in (3) can be implemented in
discrete time by taking advantage of the PHS structure one more
time. For instance, we make the following changes:

N ;= X
1) X, — — :
-

i) VH;(x;) = VH;(x;,x]") (19)

where we denote with x; = x;[k] at an arbitrary time step k € N
and x;” = x;[k + 1] the updated state at the next time step, and
the object VH; is defined later in Definition 1. Note that the
change (19)-i) corresponds to the finite difference approximation
of the derivative x; between two time instants ¢ = k7 and ¢ =
(k 4+ 1)7, where 7 > 0 represents a step-size parameter. If this
was the only change to be applied, the discretization corresponds
to the standard forward Euler method. For instance, applying this
change to (8) leads to the standard gradient descent method

xt =x—7Vf(x)

from which 7 > 0 can be interpreted as a learning rate or step-
size parameter. In general, upper bound constraints need to be
applied to 7 to ensure sufficiently a small 7, which leads to
convergence.

To circumvent any constraint to 7, we introduce (19)-ii), such
that our discretization no longer corresponds to a forward Euler
step, where the symbol ¥ denotes the discrete gradient defined
as follows.

Definition I (See [29]): Letg : R™ — R be a scalar differen-
tiable function. Hence, Vg : R™ x R” — R is defined by the
properties

Vg(u,v)' (v —u) = g(v) - g(u)
lim Vg(u,v) = Vg(u).

v—u

(20)

While there are many possible ways to construct a discrete
gradient, in this work, we consider

Vg(u,v) = /0 Vg((1—s)u+ sv)ds

which, for the case of quadratic functions H;(x;) = x, x;/2,
results in the average
X; + xj‘

2

With these changes, the discrete-time equivalent of the PHS
(3) corresponds to

?Hi(xi,xj') =

X{F—Xi

+ Z M (le(X“Xj_) - ij(Xj,X;_)) .
JEN;
(2D

Note that the discrete-time system in (21) imposes an implicit
equation of x; at each time step. Hence, we require an ad-
ditional regularity condition, analogous to the existence and
uniqueness of solutions in the second part of Assumption 2,
which, similar to [27] and [29], can be fulfilled for ¢;, VH;
Lipschitz.

Assumption 3: Given {x;};cr, there exists a sequence
{x; }ier complying (21).

The advantage of (21) is twofold. First, note that since

VH;(x;,x]) = VH;(x])

by construction, then the equilibrium of (21) is the same as the
one from (3), namely, the unique point x; complying (4). To
verify this, evaluate (21) at x;” = x; = x for equilibrium x;
leading to

0 =F,VH;(x],x;) + ¢:(VHi(x],x]))

+ Y M (VH;(x,x]) - VH;(x},x)))
JEN;

=F,VH;(x}) + ¢i(VH;(x}))

+ 3 M (VH;(x)) — VH;(x)))
JEN
which has the same unique solution as in continuous time due
to Assumption 2.

Second, the asymptotic stability proof for (21) is practically
the same as (3) regardless of 7 > 0. This is formalized in the
following, where convergence guarantees are given for several
T regimes.
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Theorem 1: Let Assumptions 2-2) and 3 hold, and consider
(21). Moreover, assume that H; and ¢; satisfy the conditions
described in Corollary 1. Then, the unique equilibrium of (21)
is globally asymptotically stable for any 7 > 0. If ¢; is strongly
incrementally passive with constant o > 0, Lipschitz with con-
stant L > 0, and H;(x;) = % x/ x;, then the unique equilibrium
of (21) is globally exponentially stable, with rate A > 0 from
(35) (see Appendix II-C), for all 7 € (0, 2/(||S|| + L)), where
S=F+L®M and is locally exponentially stable for all
7> 0.

The formulation presented so far from (21) is already explic-
itly useful for step-size-free optimization in a nondistributed
setting, as evidenced in the following example.

Example 4: Consider Example 1 and apply the two design
choices of F1,M, Hy, and ¢; on (21). Hence, two possible
discrete-time systems for x := x; are obtained

xT +x
T Vf( 2 )

= -Vf (x,x+).

(22)

(23)

Both systems are ensured to converge to the correct equilibrium
regardless of 7 > 0. While (23) was discussed in [29], requiring
computing the discrete gradient of the cost function, which
can be expensive, (22) uses the usual gradient, which is more
standard and readily available.

From the point of view of the PHS, the intuition behind
this approach is that the PHS properties are preserved after
discretization. In particular, (21) has a similar port structure as
its continuous-time counterpart. Therefore, evaluating the rate
of change of the combined storage function, analogous to H (x)
in continuous time, leads to

HO) = HX) _ Gy, ¢ty (Xt") <y'(y)

T

with output y = VH (x,x"), where we applied the defining
property of the discrete gradient (20) and followed a procedure
analogous to that in the proof of Proposition 1. Hence, (21) is
passive, regardless of the parameter 7, since properties in (20) do
notdepend on it. As a result, the convergence proof in Theorem 1
is very similar to that of Corollary 1 for the continuous time case.

Moreover, it is important to note that Theorem 1 already
establishes the result of an algorithm capable of solving (1),
even with arbitrarily large step sizes. Note that to implement
the discrete-time system in (21), each agent 7 € 7 needs to
solve its implicit equations for x;7, as shown in Algorithm 1.
While this is feasible, it can be expensive from the point of view
of communication overhead since the implicit equations also
depend on the neighbor values xj. Hence, distributed equation
solvers can be used at each time step. Therefore, we propose an
additional novel modification to the discretization methodology
to remove the dependence on the neighbors {x; };c7 in the
implicit equations at agent 7 € 7.

B. MID Method: Fully Distributed PHS in Discrete Time

In the following, we show a simple modification of (21),
which results in a fully distributed algorithm that does not
require additional distributed equation solvers. Aiming to obtain

Algorithm 1: Discrete Gradient-Based PHS at Agent i.

Require: Local Hamiltonian function H; : R” — R and its
discrete gradient.
Require: Local mapping functions F; and ¢;.
Require: Coupling matrix M.
Require: Arbitrary initial state x;(0).
Require: Arbitrary step size 7 > 0.
Require: Termination tolerance ¢ > 0.
1: Initialize x;.
while not converged do
Exchange x; with neighbors j € N;.
Use a distributed equation solver to obtain a solution
to the implicit equation for x;

)

Rl

xT

X T = FiﬁHi(Xh X:r) + d)i(vHi(Xi, X:r))
-
+ Z M (vHZ(XZ, X1+) —ij(Xj s X;r)) .
JEN;
if [|x;” — x;|| < € then
Terminate loop.
end if
Update state: x; < x; .
end while
return Local solution x;.

AN AR

a solution of the program in (1), we set (21) with the choice
H;(x;) = x; x;/2,F; = 0, which coincide with the design in
(14). These choices result in

X[ =% _ M Xit x| X %)
T . 2 2
JEN;

xi—i—x+
o (5)

We remove the occurrence of x;r in the previous equation by
making the following modification, which we refer to as the
MID:

+_x X +
X SOM(xf-xg) <X’ X ) (25)
T JEN;

(24)

where the disagreement difference is computed with the fu-
ture state for agent ¢ and the present state for agent j. This
modification allows each agent to locally solve (25) without
requiring further communication between its neighbors besides
sharing x; once at each time step. It is important to note that
this modification has the same equilibrium point as (24). This
can be verified by replacing x; = Xj’ = x; in both (24) and (25)
resulting in the same condition for both cases

0=>Y M(x;—x})+¢:(x]).
JEN:

Henceforth, MID applied to the continuous time PHS in (14)
results in

+ +
q, —q; q, +4q;
“——=-) (af —a;+p{ —p)) ~ Vi (2>

JEN;
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Algorithm 2: MID-Based Algorithm at Agent i.
Require: Local cost function f; : R”™ — R and its gradient.
Require: Initial states g, [0], p;[0].
Require: step size 7 > 0.
Require: Termination tolerance € > 0.
1: Initialize q; and p;.
2: while not converged do
3:  Exchange q; and p; with neighbors j € N;.
4: Solve the implicit equations for qj', p;r

q —ai
“——=-> (@ ~q+pf -p)
JeN;
+
4 q;
2
+
P; —Pi
%T’ — Z (qj' —q;)-
JEN;
5:  if|lqf — qi|| < eand|p] — pi|| < € then
6 Terminate loop.
7 end if
8: Update states: q; <— q:r, Pi p;r.
9: end while
10: return Local solution q;, p;.

+
P, — P
D “= ) (af —q)).

JEN;

(26)

Algorithm 2 describes how (26) can be executed in practice.

Now, we study several nontrivial properties of (26), providing
convergence guarantees for several regimes of 7. All these
properties can be derived around a linear matrix inequality (LMI)
formulation as in the following.

Theorem 2: Let Assumptions 1 and 2-2) hold and consider
(26). Let f in (11) be strongly convex with constant p > 0
and have Lipschitz continuous gradient with constant L > 0.
Let the matrix definitions for A(7),S,.(7) in (39) and (46) be
placed in Appendix II for readability. Then, given 7 > 0, the
unique equilibrium of (26) is globally asymptotically stable if
the following LMI is satisfied:

A P
P(r) = (TT) 210 (27a)
Py, Po
PT
U 121 -0, u>0 (27b)
P 1
T Lo
P(7)8:(7) +8:(7) P(r) +8,(r.e) 2 —u | ' | (270)
for some >0 and decision variables U, Py, Py €

RmeNm’ u € R.
The proof for Theorem 2 is given in Appendix II. Note that
Theorem 2 does not rely on an assumption similar to Assumption

3. Instead, we show the existence of a unique solution to the
implicit equation in (26) directly in the proofs.

Remark 2: The number of variables in the LMI is on the
order of (mN)?2. Since the cost of a single Newton step in stan-
dard interior-point methods grows cubically with the number of
variables, the overall computational complexity is O((mN)°®),
where O(e) denotes the standard big-O notation [30]. Similarly,
the memory requirements scale as O((mN)*), as storing and fac-
torizing the Hessians requires comparable resources. However,
these estimates depend strongly on the specific algorithm and
implementation used. Moreover, the matrices appearing in the
LMLI, detailed in Appendix II-D, involve nontrivial products and
powers of the Laplacian L and the signless Laplacian-like matrix
Q. Exploiting sparsity in these structures is not straightforward
and may require further analysis to effectively reduce com-
plexity. Nevertheless, the following results provide convergence
guarantees that do not require solving the LMI explicitly, thereby
establishing properties that hold regardless of whether the LMI
is computed in practice.

Corollary 2: Let Assumptions 1 and 2-2) hold, and consider
(26) with x* = [x;];ez its unique equilibrium. Let f in (11) be
strongly convex and have Lipschitz continuous gradient. Let A
be the 0 — 1 adjacency matrix of G and D = diag(A1) denote
the degree matrix. Then, if

D?-A%>0 (28)

it follows that x* is globally asymptotically stable for all 7 > 0.
In particular, (28) holds if G is a cycle or a fully connected graph
of arbitrary size.

In the following, we show that even if the graph does not
comply with (28), one can find a guaranteed upper bound for
the time step 7 > 0, which holds for any connected undirected
graphs.

Corollary 3: Let Assumptions 1 and 2-2) hold, and consider
(26) with x* = [X;];ez its unique equilibrium. Let f in (11)
be strongly convex with constant p > 0 and have Lipschitz
continuous gradient. Moreover, let

Y
TS Dro AT

Then, x* is globally asymptotically stable for all connected
undirected graphs G.

Conversely, the following result shows that, for all connected
undirected graphs, there exists a strictly positive threshold 7*
such that any step size 7 > 7° guarantees convergence for
quadratic problems in (1). This property is distinctive, as it
implies that increasing the step size beyond a certain bound
preserves stability, contrary to the behavior commonly observed
in existing methods.

Corollary 4: Let Assumptions 1 and 2-2) hold, and consider
(26) with x* = [x;];e7 its unique equilibrium. Let f;(x;) =
xiTHiXi/Q + b;rxi, with H; = 0. Then, there exists 7* > 0
such that, for all 7 > 7%, the equilibrium point x* is globally
asymptotically stable for every connected undirected graph G.
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Remark 3: It is important to clarify the computational and
communication costs of the proposed methods relative to exist-
ing approaches, as their balance depends on the specific plat-
form and application. In many distributed optimization settings,
message exchange between agents dominates local computation
time, although this is not universal. Typical end-to-end com-
munication latencies in modern wired deterministic networks
(e.g., IEEE TSN or DetNet) range from a few microseconds to
below 1 ms, while wireless technologies, such as Wi-Fi or 5-G
exhibit latencies, between 1 and 10 ms [31]. In contrast, in our
numerical experiments, solving the implicit equations locally
required runtimes on the order of 10~* s on average (across
all agents), confirming that communication is the dominant
cost in our setup. This makes it preferable, in practice, to rely
on local computation rather than additional communication, as
local processing reduces network usage and congestion. Hence,
it is reasonable to measure performance primarily in terms of
communication rounds. Consequently, although (21) introduces
additional communication per iteration, the MID system in (25)
performs its implicit computations locally and, therefore, does
not increase communication overhead.

V. NUMERICAL EXAMPLES

In this section, we test the MID-based algorithm in (26) in
several scenarios and compare it with other works in the litera-
ture. For the implementation, we used the function fsolve in
MATLAB so that each agent can solve its local implicit equation
ateach time step. We used the solution of each f solve instance
as the initial condition for the next one to save computing time.
This resulted in an average of 7.76 iterations per fsolve
to reach a relative error below 10710, accounting for about
250 x 10~* seconds per call on a standard laptop. Moreover,
in this section, discrete-time will be measured in terms of com-
munication rounds.

We start by testing the proposal’s performance in a practical
data analytics problem, similar to thatin [32, Sect. 6]. Each agent
1 € 7 is equipped with d; € N points m; 1,...,m; g4, € R™1
with binary labels /; 1,...,1l; 4, € {—1,1}. The cost function is
then of the form (1) with

d;

2T C|e|?
fi(0) = ;log(l + eXP(_liyu(e m;,, + 0))) + 9N

where § € Rand 6 = [éT, 6]" is the optimization variable, and
C > 0is aregularization parameter, making f;(6) strongly con-
vex. For this example, we picked N = 10 agents, connected in
an Erd6s—Réyni graph G with parameter 0.4 [32]. Moreover, we
set m = 3,d; = 10 for all agents and C' = 0.1, with randomly
chosen {m,;, #}7[:1. In addition, initial conditions for the state at
each agent were chosen randomly. For the following examples,
we compare ||q[k] — (1 ® I,,,)0*||, which measures the error
between all q;[k] with respect to the optimal solution 6*.

We start by comparing the convergence speed between MID
and explicit forward Euler discretization by performing several
simulations with 200 values of 7 uniformly distributed in the
interval [0,10]. The figure of merit for the convergence speed

Fig. 1. Comparison of the number of iterations K g required to reach
llalk] — (1 ® 1,,)0*| < B with B = 1075. The proposed MID allows the
reduction of the number of iterations by increasing , with an optimal
value around 7 = 4. In contrast, increasing 7 for Euler discretization
does not feature such great reduction and leads to divergence at around
T=0.77.

is computed as the number of iterations K5 € N required such
that the condition ||q[k] — (1 ® I,,,)0*|| < B is satisfied from
that point forward. Here, we choose B = 1076 as an accuracy
bound representing when the error between the system output
and true optimal is sufficiently close for illustrative purposes.
The results are shown in Fig. 1, where it is observed that
both methods achieve similar convergence speed for small 7.
However, near 7 ~ 0.77, Euler discretization becomes unstable,
while the sampling step can be increased further for MID.
This allows us to decrease Kp for our method, reaching a
minimum near 7 ~ 4. From this point, K p increases with 7. This
shows that allowing bigger values of 7 can increase convergence
speed compared to classical discretization methods, for which
increasing 7 leads to divergence. Choosing the optimal 7 for
maximum speed is not straightforward, as it may depend on the
network structure and objective function properties. However, if
the network is static, the best 7 can be determined offline through
simulations. Developing a distributed method to compute the
optimal 7 remains an open problem. For the same experiment, we
analyze the effect of increasing the network size N. To maintain
a consistent baseline, we preserve the original network structure
and progressively add agents in a cyclic manner. The behavior
of Kp as a function of N for different values of 7 is shown
in Fig. 2. As expected, the required number of iterations K p
increases with N. Moreover, the choice 7 = 4 consistently yields
faster convergence, remaining below the curves corresponding
to other step-size values even for networks as large as N = 120.

Moreover, we compare with other methods in the literature
for consensus distributed optimization. In particular, for discrete
time, we compare with the discrete-time Gradient Tracking
(DTGT) [1], the DIGing method [11], network independent
step sizes (NIDS) [21], and the decentralized exact first-order
algorithm (EXTRA) [33]. In these cases, a step-size parameter T
is used, which needs to be sufficiently small. Moreover, we com-
pare with Euler discretization of continuous-time approaches,
such as the Continuous Time Gradient Tracking (CTGT) [32],
and the coordination algorithm (COOR) from [34]. In both cases,
we assume communication at each time step for fairness in all
methods. In addition, the time step for these methods is assigned
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Fig. 2. Comparison of the number of iterations Kz required to reach
lalk] — (1 ®1,,)0%| < B with B = 1075 for the proposed MID as the
number of agents N in the network is increased, for different values of 7.

to 7. Finally, we also compare with Euler discretization of the
PHS in (3).

For comparison, we used quadratic cost functions, which
allows us to verify a less conservative LMI for any graph, as
stated in the following result.

Corollary 5: Let Assumptions 1 and 2-2) hold, and consider
(26) with x* = [x;];ez its unique equilibrium. Given 7 > 0, G,
as well as f;(x;) = x; H;x; /2 + b/ x;, x* is globally asymp-
totically stable if the LMI comprised by (27a), v > 0 and

L0

P(7)S,(7) + S, (1) "P(7) + Si(7) < —u [07 0

1 (29)

is satisfied, with S, (7) defined in (50).

Moreover, for this comparison, we looked for the best value
of 7 > 0, leading to the fastest behavior in each method tested.
These values of 7 were obtained through an empirical sweep
over admissible step sizes, identifying the largest values within
the stability region and selecting those that provided the fastest
convergence. For MID, Euler discretization, DTGT, CTGT,
DIGing, and COOR, the values of 7 resulted in approximately
3.78,0.71, 0.58, 0.65, 0.05, 0.078, 1.24, and 0.55, respectively.
Trajectories for each case are shown in Fig. 3, where all methods
converge to the global optimum, with MID having a clear
advantage in speed, due to being able to use a larger step size.
All methods compared here have similar per-step complexity,
as none require solving implicit equations. Consequently, on
average, our method incurs approximately 14.7 times higher
local computation time. However, as discussed in Remark 3,
this overhead may be acceptable depending on the application
context.

Fig. 4 shows the same scenario as before, but now with 7 =
10, showing that all other methods diverge, while our proposal
manages to converge. For both 7 = 3.78, 10, we verified the
feasibility of the LMI in (29), which guarantees convergence.

To further stress our proposal, we performed simulations
with 7 =1,10,100,1000. In all cases, the LMI in (29) was
feasible. The convergence results are shown in Fig. 5, where

— MID ||
T —— Euler
=3 — DTGT
o CTGT
@ — DIGing
T — COOR H
- — NIDS (]
= —— EXTRAR

0 500 1000 1500 2000 2500 3000

discrete time

Fig. 3. Comparison of MID, Euler discretization, as well as DTGT [1],
CTGT [32], DIGing [11], COOR [34], NIDS [21], and EXTRA [33] for
a quadratic optimization problem. The fastest values of = were found
to be approximately 3.78, 0.71, 0.58, 0.65, 0.05, 0.078, 1.24, and 0.55.
The proposal MID has a clear advantage in terms of speed of conver-
gence.

10° s I i
_ 10 — MID
> — Euler
;g 0 — DTGT
e 10 10° CTGT
= 0 1 2| — DIGing
I — COOR
= 10 — NIDS ||
° — EXTRA
T~
50 100 150 200
discrete time
Fig. 4. Comparison of MID, Euler discretization, as well as DTGT [1],

CTGT [32], DIGing [11], COOR [34], NIDS [21], and EXTRA [33] for a
quadratic optimization problem with = = 10.

100

>
o
— 7=1
® i T
= 107 — =10
| — 7=100
= — 7 =1000
<
S 10710 : : :
10" 10! 102 103 104
discrete time
Fig. 5. Comparison of MID for a quadratic optimization problem with

7 = 1,10, 100, 1000.

it is observed that even in the extreme case of 7 = 1000; our
proposal converges despite a slower convergence rate.

VI. CONCLUSION

In this work, we introduced a novel distributed optimization
approach based on the PHS framework. By leveraging the MID
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of a continuous-time PHS, we demonstrated how this system-
based strategy enhances convergence speeds while ensuring
stability for arbitrarily large step sizes in specific scenarios. This
capability represents an unprecedented feature in the distributed
optimization literature. Our method used the inherent structure
of the PHS to ensure convergence by aligning the system’s
equilibrium with the solution of the optimization problem, even
when transitioning from continuous time to discrete time. The
MID scheme enabled agents in the network to resolve nonlin-
ear implicit equations locally, reducing communication over-
head while maintaining convergence guarantees in formalized
scenarios. Furthermore, we experimentally demonstrated that
our approach performs effectively in general cases with large
step sizes, significantly outperforming traditional methods that
are constrained by step-size sensitivity. Numerical experiments
highlighted the robustness and efficiency of our method, es-
pecially in scenarios where conventional approaches fail due
to limitations related to step-size selection, thereby achieving
faster convergence and advancing the state of the art in dis-
tributed optimization. As future work, we plan to investigate
whether the proposed approach remains valid under less con-
servative conditions on the graph and the step size, as well as
to study its robustness to communication delays and network
imperfections.

APPENDIX |
CONVEX FUNCTIONS

This section provides some useful facts used in the rest of this
article. We refer the reader to [30] for standard definitions of
convex functions.

Proposition 2 (See [30, Sect. 9.1.2]): Let g : R"™ — R be a
strongly convex differentiable function. Then,

9(v) 2 g(u) + Vg(w) (v = u) + Zllv — v’

for arbitrary u, v € R" and some p > 0 referred to as the strong
convexity constant. As a consequence,

(v —u)" (Vg(v) = Vg(u)) > ulv —ul]*.

Lemma 1: Let H : R™ — R be a differentiable function.
Moreover, let some fixed x* € R™ and Vi« : R™ — R be defined
as

Vi (x) = H(x) — H(x*) — VH(x*) " (x — x*).

Then, if H is strongly convex with constant p > 0, Vi-(x)
satisfies the radially unboundedness condition given by

7 .
Ve () 2 Bl — x|

In addition, if V H (x) is Lipschitz with constant L > 0, Vi (x)
satisfies

L *
Vie (%) < 5 lx = 7|12

Proof: For the first part of the lemma, use Proposition 2 with
g=H,v=x,andu = x*

Vie(x) = H(x) — H(x") = VH(x*) " (x — x*)

> (HO) + VHG) (=) + Gl -1
~ H(x") = VH(") (x = x") = & lx = x|

For the second part, from a Taylor expansion of V- (x) around x*
and the mean value theorem, it follows that there exists z € R™
such that

Vi (%) = Vaer (X*) + VVie (x*) T (x — x¥)

+-(x— x*)TV2Vx* (z)(x — x")

1
2
1 *\ T w72 * L *||2

= Ll x) VP H(E)(x - x) < 5 lx x|
O

APPENDIX I
PROOFS

A. Proof of Proposition 1

Take arbitrary v € RN™ with v # 0. Recall M+ M'" < 0
and F+F'" <0 by assumption. Define w = (E" ® I,,)v,
where E is an incidence matrix of G satisfying L = EE'.
Hence,

VIF+LoaM)v=v Fv+v (EE' @ M)v
<v(E®L,)IaM)E" ®1,)v
<w' (I®M)w <0.

Therefore, F + L ® M has symmetric part negative semidef-
inite. Hence, the proposition follows by taking H = VH 'x
along (5).

B. Proof of Corollary 1

Let x* denote the equilibrium of (5). To simplify the notation,
let VH* = VH(x*). Set

Vi (x) = H(x) — H(x*) = VH(x*) " (x — x*) 30)

as a Lyapunov function candidate. Note that Vi (x) satisfies the
required conditions for this purpose. First, V- (x*) = 0. Second,
since H is strongly convex, Lemma 1 in Appendix A is used to
conclude that V- (x) is always positive and radially unbounded.
Consider S = (F + L ® M). Then,

Vi = (VH —VH*) %

)
VH —VH*)" (x —SVH* — ¢(VH"))
)

VH —VH") (SVH + ¢(VH) — SVH* — ¢(VH"))

(
(
(
(VH —VH*)'S(VH — VH")

+(VH —VH") (¢(VH) - ¢(VH")) <0

where we used the fact that S + ST < 0 from the proof of Propo-
sition 1. Moreover, we used the incremental passivity property
from (6) in the last step. Furthermore, note that Vie =0 only
when VH (x) = VH(x"), which occurs only at the equilibrium
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point. Henceforth, Vx < 0 for all x # x*. Therefore, x* is a
globally asymptotically stable equilibrium.
Now, if (7) is satisfied then, following from the previous case:

Ve < (VH — VH")" (¢(VH) — $(VH"))

2 HX_X*”2 2

< —a||VH - VH'|? = ~aj————=|VH — VH||
[[x — x|

Y (x—x)(VH — VH*))?

== x?

2
—Qap #1122

< e x=x%)

[[x —x*||?

202
_Tvx,
where we used strong convexity of H with constant p and
Lipschitzness of H with constant L as in Lemma 1 in Appendix
A. Henceforth, exponential stability of x* follows.

— —ap?lx - x| <

C. Proof of Theorem 1

First, write the discrete-time system (21) in compact form,
similarly as done before with the continuous-time PHS from (5)

+

X —X

=(F+LeoM)VH(x,x") + ¢(VH(x,xT))

(€29)
with x = [X;)iez, X = [x; ];cz. Moreover, denote S = F +
L ® M. Similarly, as in the proof Corollary 1, set Vi« (x) defined
in (30) as a Lyapunov function candidate. Then, due to the
definition of the discrete gradient, it follows that

T

Vi (x) = Ve (x) = Ve (x,x7) T (xT — x)
=7VVie (x,x")" (SVH(x,x") + ¢ (VH(x,x1))).
Then, use
TV (x,x7) = VH(x,x") — VH(x*, x")

since VH (x*,x*) = VH (x*). From this point, the proof fol-
lows the same steps as those in the proof of Corollary 1 with
the discrete gradient of H in place of the gradient to show that
Vier (xT) = Vi (x) < 0, with equality only when x = x*, con-
cluding the proof. For the globally exponentially stable result,
from previous reasoning, we obtain

Vi () = Vie (x) < 7 (VH = VH") ($(VH) — p(VH"))
= 7(% — x") T ($(X) - p(x)) < —7afx - x| (32)

taking H;(x;) = 1 x/x;, so that VH(x,x") = x with X =

(xT + x)/2. Note that

(xT —x*) + (x — x¥) 2

2

%= x| =

1 . L1
=5 (It = Ix =P = G - x?)

and that
[x* — x| = 7]|Sx + $(x) — Sx" — (x)
<7(ISll+ L)l[x = x7]
implying that
2
T * *
I = x* < S (IS[1+ L)% (I = x71” + [ = x7[|?)
(34)

where we used (33). Combining (34) and (33) to replace it in
(32), we obtain

Vi (1) = Vae (%) < —e ([Ix" = x| + [lx = x"?)

o (o [

since T < 2/(||S|| + L). Moreover, we know that — ||x — x*|| <
—2V4-(x) from Lemma 1 in Appendix A. Therefore, we have

Vi (x1) = Vaer (%) < =28 (Vi (xT) + Vi ()

with

equivalently, Vi (xT) < AVi (x) with
o 1—2e
142

(35)

which satisfies |A| < 1. Henceforth, global exponential conver-
gence with rate A follows in this case.

For the locally exponential stability result, recall (31) can be
written as

xT —x

= Sx + ¢(X).
Consider the corresponding continuous-time system
% = Sx + ¢(x).

Under the strong incremental passivity and Lipschitz assump-
tions on ¢;, Corollary 1 guarantees that this continuous-time
system is globally exponentially stable. Hence, its Jacobian at
the equilibrium x*

J .= 9 (Sx + ¢(x))

ox

is Hurwitz. Linearizing (31) around x*, and introducing the error
X = x — x*, yields the discrete-time linear system

5<+—5<:J<5<++5<)

x=x"

T 2
so that

U= Ad(n)% Ag(r) = (1= 33) (14 23). (36)

Since J is Hurwitz, all its eigenvalues A satisfy that its real part
is strictly negative. The eigenvalues of A ;(7) are then

Cl4TA/2 1—7A|/2
Tl —7A/2  14TIA|/2

and a direct computation shows that [A,;| < 1 for all 7> 0.
Thus, the origin of the linearized discrete-time system (36) is
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exponentially stable for all 7 > 0. Finally, since the right-hand
side of (31) is continuously differentiable, local exponential sta-
bility of x* for the nonlinear discrete-time system follows using
the Lyapunov indirect method arguments from [35, Thm. 4.7],
completing the proof.

D. Proof of Theorem 2

Through this section, for any variable x, the notations o, ®
actas X = (xT +x)/2,x = xT — x. We start by showing the
well-posedness of (26).

Lemma 2: Consider the conditions of Theorem 2. Then, for
any {x; };cz, there always exists a unique {x; };c7 satisfying
(26).

Proof: First, recall the partition x; = [q, , p; ] . In this con-
text, and with the choices of M, ¢;, one can solve for pj as

pi =pi+7 | INlaf - Y q (37)

JEN;

Substituting (37) into the update equation for q; in (26) and
rearranging results in

+c=0

4
q; ;rqz) (38)

Gq + Vi (
with

1
G= (T + [N +T|M|2> L,

c= _Pj_qj_Z(M>_(7l_i-

(Pi
JEN; LEN;

Note that (38) is equivalent to Vg(q;") = 0, where V is taken
with respect to q,j' and with

1 q +aq
g(qf) = §(qf)TGqf +2fi <2> +c'q;.

Moreover, G > 0 and f; is a convex function. Hence, g is
convex as well. Henceforth, there exists a unique solution to
Vg(q;") = 0, which coincides with the solution of the convex
optimization program minq:r cRm g(q;r). This implies the exis-
tence of a unique pj’ as well from (37). O
Now, we write (26) in a more convenient representation.
Lemma 3: Consider the conditions of Theorem 2, and let
q = [d;)icz and p = [pi]iez. Moreover, let A, D = diag(A1)
denote the adjacency and degree matrices of G, and define

L,=D-A)®Il,, Q=D+A)x1,/2

1 1
A(r) = 51+ -Q+Q?

—A(T)t (3I+ Q) Ly,

SO A L,
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_ —1(1 _ -1

S, (r) A(7) (TLmL+QLm+LmQ) A(T()) L |

(39)

Then, A(7) is invertible. Moreover, using r = p/7 — Qq,
trajectories of (26) satisfy

q q )Y
‘f‘] =,(7) lq A ] Vi@. (40
r T 0
Proof: First, write (25) as
x/T=(DaM)x" - (A®M)x+ (). (41)

Now, note that the following relations hold:
xt =xX+x/2
X =X—%/2.
Replacing these expressions in (41) and rearranging results in
(I/T—(A+D)aM/2)x = (L M)X + ¢(X).

In terms of the partitions of x and the expression for M as in
(12), we have

I/T+Q Q C~1 _ _Lm _Lm ﬁ _ I —
-Q I/T] H_[Lm 0 M of V1@
(42)
Note that
-1
I/7T+Q Q B 4 I/7 -Q
o) I/T] AN O TR

Invertibility of A(7) comes from the fact that Q is diagonally
dominant and thus is positive semidefinite [36, Sect. 6.1]. Hence,
Q? s positive semidefinite, being A (7) positive definite and thus
invertible. Therefore, from (42), it follows that

A(T) Y/
A(T)'Q

The rest of the lemma follows from the change of variables:

Pl =S,(7) a0 Vi@). (43)
p

p

=T

p

I 0 T I 0
-Q I/r ’ Q 7I|’

Note that A(7) and Q commute so that Q also commutes with
A(7)7L. From this, a straightforward calculation can verify that

A(T)I/T] _ lAml/T]
A(r)'Q 0

S-(1) = TSP(T)T71

with

T =

T

from which (40) is obtained, completing the proof. ]
Given these results, we can show Theorem 2.
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Proof: (Of Theorem 2) First, use Lemma 3 to write (26) as
(40). Denote withy = [q",r"]". Lety* the equilibrium of (40)
and set e =y — y*. Hence, it follows from (40) that:

¢ =S.(n)y - B(1)Vf(@)
=S,(1)e - B(1)¥(q)

with B(7) = [A(7)~"/7,0]" and 9 (q) = V(@) — Vf(q").
Now, assume that (27) holds, and set a Lyapunov function
candidate

V(e) =e P(r)e/2
with P(7) in (27a). Hence,
Viet)—V(e)=eP(r)é

=& (P(1)S,(r) + 8,(r) "P(r))& — &' P(1)B()(q).
Now, note that P(7)B(7) = [I/7,P12A(7)"!/7]" such that

—e'P(n)B(ny(@ = —(@—a)(Vf(@ - V/a))/r

— EF 1) PLA() @)/ 7

< —(u/D@=d' P + (NP2 - rI)llld—a'l| @4
where we used Proposition 2 due to strong convexity of f, used

(V@ —Vfa@)l<Lig—a
due to the Lipschitz property of V f and setting
(1) = (L/T)IA) 7.

Moreover, one can use Young’s inequality to get
= (/n)[d— " |? + (D) P12 —r)[d - a7l

/~L 87(7—) — *112 ’7(7—) = 1112
< [ —= - 7 — - —
( . + 5 ) l[a—a |+ % [Pia(T — ")

(45)

(v(T)e/2 = p/7)T 0
0 V(7)U/(2¢)

where PEPH =< U, which follows from (27b) due to a Schur
complement. Henceforth

S,(r,e) = l 1 (46)

Viet)—V(e) < ET(P(T)ST(T)+ST(T)TP(T)+S»Y(T, g))e

< —ullq - q|? (47)

due to (27c¢). Hence, V (e) decreases unless ¢ = q*. However,
q = q" implies @ = (1 ® 1,,,)0* (see Example 2) such that ¥ =
L,,q = 0from (40), meaning that equilibrium was reached for r

as well. Henceforth, e[k] converges asymptotically to the origin,
completing the proof. g

E. Proof of Corollary 2

SetP1o = U =0,P9; =Iand u = pu,e = 0. Note thate =
0 is possible since P15 = 0 and Young inequality is no longer

required in (45). Then, we can define

—ul/T 0]

S,(.0) = [ )

With these choices, (27a) is satisfied since A(7) is positive
definite, and (27b) is satisfied trivially. Moreover, W (7) =
P(7)S,(1) + S, (1) "P(7) + S,(7,0) for these choices which
result in

Win = 0 0

— (LLpy + QLo + L, Q) — pI/7 |0]

Since L, is positive semidefinite and
QL,, +L,Q=(D*-A*®I,/2>0

due to (28), (27c¢) is satisfied for these choices for all 7 > 0.
For the last part of the result, if G is a cycle, then D = 2T and
D2 — A% =41 — (2I + A,) where A, is the adjacency matrix
of the graph G, with edges connecting agents two steps away in
the original graph G. This means that A is full of zeros, except
for two 1’s per row. Henceforth

D2 - A2 =2I\y — A,

is diagonally dominant and thus positive semidefinite [36, Sect
6.1]. Similarly, if G is fully connected, then D? — A2 = NIy —
AZand A = 117 — Iy so that

D? - A= (N-1)Iy— (N—2)11".

Similarly as before, D2 — A2 is diagonally dominant and thus
positive semidefinite.

F. Proof of Corollary 3

Make the same choices as in the proof of Corollary 2, but let G
be an arbitrary connected undirected graph and arbitrary u > 0.
Henceforth

- <1Lm +QL,, + LmQ) e
T T

= (I1QLn +LnQl - £) 1 < —ul

by the bound on 7 for some u > 0. Hence, (27¢) is satisfied due
to QL,, + L,,Q = (D? — A?) ® L,,.

G. Proof of Corollary 4

As a preliminary tool for the proof, we analyze the complex
generalized eigenvalues A and the corresponding eigenvectors
[u”,v']T of the pencil

u
v

u',v
al+Q Q| |u|
-Q al| |v|

., Hy). First, consider the limiting

with H = blockdiag(Hy, ..
case a = 0. This leads to the relation —AQu = L,,,u, where pre-
multiplying by the adjoint u' gives A = —u'L,,u/(ufQu) < 0
whenever u is not in the kernel of Q. In this case, A is real and
nonpositive since both L,,, and Q are symmetric. If u lies in the
kernel of Q, then 0 = L,, u, implying that u also belongs to the

-L,,-H -L,
L,, 0

A
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kernel of L,,,. However, the kernel of L,,, is the span of vectors
1y ® w with w € R™. Hence

QIn®w)=((D+A)Iy)@wW/2=D®1, #0.

Therefore, the intersection of the kernels of Q and L, is only
at u = 0. Substituting this result into the first row of the pencil
yields Qv = —L,,,v. The same reasoning as before applies to
conclude A < 0 in all cases, with A = 0 only when v is in the
span of vectors 1y ® w and u = O for some « € R, which cor-
responds to the equilibrium. For the remaining eigenvalues, we
have & < 0. As a > 0 varies, the eigenvalue locus evolves con-
tinuously almost everywhere, except at points where branches
meet. By continuity, there exists a sufficiently small a* > 0
such that the nonzero eigenvalues remain strictly negative. Set
7% = 1/a*. Therefore, the matrix

I/74+Q Q
-Q I/r
has real eigenvalues A < 0 for all 7 > 7*. Now, consider (42)

from Lemma 3, which reduces to the following for the quadratic
choice of f:

al+Q Q
-Q al

-L,-H -L,

win = L 0

L,-H -L,
L., 0

q—-q°
Pp-p
(48)

LellNe}

Equivalently, x = W (7)(X — x*), which can also be written as
et = W/(7)e, where e = x — x* and
W/(r) = (1= W(r))" (I+W(r)).
The eigenvalues of W'(7) are given by
P D
S l—A 14A
forall 7 > 7*, with |A'| = 1 only when A = 0, corresponding to
the equilibrium. Hence, all remaining modes of W'(7) have

eigenvalues within the unit circle, and the iteration for e is
asymptotically stable.

e[-1,1]

H. Proof of Corollary 5
First, note that
Y@ =Vf@-Vflqd)=H@-qa)

with H = blockdiag(Hy, ..., Hy). Now, we follow all steps

from the proof of Theorem 2, but instead of (44), do
—&'P(r)B(1)y(q) =&'Si(r)e (49)

with

H/7 0

Salr) = PLA(MH/T 0

(50)

Therefore, similar to (47), we have
V(et) = V(e) <€ (P(7)S,(7) + S,(1) "P(r) + Sn(r))e
<-ul[g—q (51)

from which convergence follows using the same arguments at
the end of the proof of Theorem 2.
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