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 A B S T R A C T

This study presents an optimal estimation retrieval framework for deriving atmospheric thermodynamic state 
and cloud microphysical properties from infrared radiance measurements. The proposed method exploits a 
fast radiative transfer model, 𝜎, capable of computing atmospheric emission spectra in all-sky conditions. The 
retrieval framework follows the optimal estimation approach, enhanced by principal component analysis state 
compression. Cloud prior information is introduced through a dedicated covariance matrix designed to generate 
physically plausible vertical profiles of ice content and effective dimensions and stabilize the inversion. This 
combination of methods offers a robust and flexible solution for retrieving atmospheric and cloud parameters 
from spectrally resolved infrared observations. The retrieval algorithm is tested on both synthetic and real 
Infrared Atmospheric Sounding Interferometer (IASI) acquisitions. The results highlight the capability of the 
presented scheme in retrieving cloud property profiles, such as optical depth, effective dimension, and cloud 
position and its feasible application to operational processors.
1. Introduction

The ability to retrieve cloud microphysical properties from satellite-
based infrared sounders has direct implications for meteorology, clima-
tology, and Earth system science [1]. State-of-the-art retrieval method-
ologies generally rely on optimal estimation (OE) frameworks [2]. 
These methods combine observations, radiative transfer models, and 
prior knowledge to solve the ill-posed inverse problem, producing phys-
ically consistent solutions with systematic uncertainty quantification. 
Several all-sky retrieval schemes have been developed for infrared 
sounders like the Infrared Atmospheric Sounder Interferometer (IASI) 
[3,4], AIRS [5], CrIS [6] or PREFIRE [7]. Existing approaches, such as 
those utilizing the SARTA forward model [8] or other all-sky systems, 
often simplify cloud representation by reducing them to one or two 
homogeneous slabs or by retrieving only bulk parameters like optical 
depth and top temperature. Other schemes are able to retrieve the 
entire vertical profile [9], but are constrained to specific assumptions 
on initial guess. Unlike previous schemes, this work achieves full ice 
cloud vertical profile retrieval through an ad-hoc Gaussian-like prior 
constraint. This approach allows for a stable characterization of the 
vertical distribution of ice mass and effective dimensions.
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It is important to mention that, in recent years, data-driven ap-
proaches have emerged as powerful alternatives to traditional physics-
based retrievals. Example of these methods are learnable pseudoinverse 
[10], random forests [11], deep learning architectures [12–14] and 
others. These machine learning algorithms are capable of exploiting 
non-linear relationships between measured radiances and atmospheric 
parameters without explicit forward modeling, making them extremely 
computationally efficient. However, these approaches require exten-
sive training datasets that must sample the full state space, including 
extreme atmospheric conditions. The uncertainty quantification is not 
trivial and requires specialized architectures (e.g. variational autoen-
coders [15] or ensemble methods [16]). Finally, updating or adapting 
these models for new instruments, observational geometry, or spectral 
channels generally requires complete retraining, making them less 
flexible.

Classical OE retrievals, on the other hand, while computationally 
more demanding, ensure radiometric consistency between retrieved 
parameters and observed radiances through explicit forward modeling. 
The Bayesian framework allows for a straightforward characteriza-
tion of retrieval errors and provides analysis tools, such as averaging 
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kernels, which facilitate interpretation of the statistical nature of the 
inverse problem and the retrieval results. Additionally, OE methods are 
extremely versatile, allowing elementary updates to forward models, 
changes in the instrument spectral channels, or the modification of 
prior constraints without fundamental algorithmic changes.

The computational cost of optimal estimation retrievals has been 
substantially reduced over the past decades due to advances in fast 
radiative transfer (RT) models [17–21]. These algorithms employ pa-
rameterizations and approximations that significantly accelerate code 
execution while maintaining high accuracy in radiance calculations. In 
addition, they are generally based on explicit physical solutions of the 
radiative transfer problem, thus allowing a simple implementation of 
new clouds or aerosol parameterizations.

In this work, an optimal estimation algorithm, based on the "𝜎" 
radiative transfer model [21], is presented. 𝜎 is a fast RT code tailored 
to compute the entire Earth’s emission spectra in all-sky conditions. The 
model takes advantage of a Chou adjustment routine [22] opportunely 
extended to correct the radiance computation in the presence of cloud 
or aerosol layers in the mid and far infrared band (from 100 to 3000 
cm−1). Along with the pseudo-monochromatic radiances, the model 
returns analytical Jacobians for both the atmospheric state and the 
clouds or aerosols microphysics and concentration.

The optimal estimation algorithm presented here integrates the 
classical framework [23] with state compression through principal 
component analysis (PCA) [24] and introduces an idealized Gaus-
sian representation of cloud prior properties to achieve robust con-
vergence in atmospheric retrievals. The application of PCA to exploit 
low-dimensional structures in atmospheric state spaces has been ex-
tensively investigated [9,25–28], demonstrating its effectiveness in 
reducing computational complexity and improving the algorithm sta-
bility, while preserving essential atmospheric information. In this work, 
state compression is applied to all model variables, including correla-
tions between distinct variables such as cloud microphysics and mass 
content. Furthermore, compression errors are explicitly characterized 
and incorporated into the optimal state error representation. Cloud 
prior knowledge is embedded through an ad-hoc covariance matrix that 
generates physically realistic Gaussian-like vertical profiles of cloud 
mass content and effective dimensions, while regularizing the profile 
retrieval.

The paper is organized as follows: Section 2 introduces the theo-
retical retrieval framework, detailing the optimal estimation approach. 
Section 3 describes the specific regularization strategies employed to 
ensure robust convergence in cloudy conditions. Section 4 presents the 
application of the algorithm, first validating the performance against a 
dataset of synthetic IASI observations, and then applying the method 
to a case study from the MetOp-C satellite over the Australian region. 
Finally, conclusions are provided in Section 5.

2. Theoretical framework

2.1. Forward model

The radiative transfer model used in this retrieval framework is 𝜎
[20,21,29]. 𝜎 presents a one-dimensional geometry, and it is capable of 
simulating a pseudo-monochromatic Earth’s emission spectrum under 
all-sky conditions.

The state vector is specified by the surface temperature (𝑇𝑠), the 
reflection property (specular or Lambertian) and the emissivity vector 
(EM). For the atmosphere, a set of thermodynamic profiles must be 
specified: the temperature (𝑇 ) plus the mixing ratio profiles (𝑞) of H2O, 
𝐻𝐷𝑂, O3, CO2, N2O, CO, CH4, SO2, HNO3, NH3, 𝑂𝐶𝑆 and CF4. Addi-
tionally, the model contains also a set of fixed species that influence 
the simulated radiance in the forward model. When the presence of 
scattering layers is considered (clouds or aerosols), additional profiles 
are incorporated, specifically the mass mixing ratios (kg∕kg) for the 
2 
particles, along with the associated microphysical parameters, i.e. the 
effective radius (𝑟𝑒𝑓𝑓 ).

The forward model solves the radiative transfer equation in the 
following form: 
𝐼𝜈 = 𝐼𝑠𝜈 + 𝐼𝑎𝜈 + 𝐼𝑟𝜈 + 𝐼 𝑖𝜈 (1)

where 𝐼𝜈 is the spectral radiance, decomposed in its surface term at the 
top of the atmosphere (𝐼𝑠𝜈 ), the contribution from the atmosphere (𝐼𝑎𝜈 ), 
the downward infrared radiation reflected at the surface (𝐼𝑟𝜈 ), and the 
solar radiation reflected at the surface 𝐼 𝑖𝜈 . All these quantities depend 
on the wavenumber 𝜈, and the dependence over the directional angle 
is made implicit.

An explicit description of each of these terms can be found in 
Masiello et al. [21].

The explicit solution for Eq.  (1) is obtained by discretizing the 
atmosphere into 60 layers with fixed pressure boundaries. The general 
expression for the transmittance from the level 𝑗 to the observer can be 
expressed as: 

𝑇 𝑟𝑗 =
𝐿
∏

𝑖=𝑗+1
𝑒−(𝜏

𝑔𝑎𝑠
𝑖 +𝜏𝑐𝑙𝑜𝑢𝑑𝑖 ) (2)

where 𝜏𝑗 is the layer optical depth of the 𝑗th layer for gases, clouds, 
and, if present, aerosols.

For each layer 𝑗 the behavior of the optical depth is parametrized 
as a function of the layer temperature and gas concentration: 
𝜏𝑔𝑎𝑠𝑖,𝑗 = 𝑞𝑖,𝑗

(

𝑐0,𝑖,𝑗 + 𝑐1,𝑖,𝑗𝛥𝑇 + 𝑐2,𝑖,𝑗𝛥𝑇
2) (3)

where 𝛥𝑇  represents the difference between the reference temperature 
profile and the actual equivalent temperature of the 𝑗th layer, while 𝑞𝑖,𝑗
denotes the concentration of the 𝑖th gas in layer 𝑗. This parameteriza-
tion applies to all gases except for water vapor, which is parameterized 
in the following form: 

𝜏𝑔𝑎𝑠H2O,𝑗
= 𝑞H2O,𝑗

(

𝑐0,H2O,𝑗 + 𝑐1,H2O,𝑗𝛥𝑇 + 𝑐2,H2O,𝑗𝛥𝑇
2 + 𝑐3,𝑖,𝑗𝑞H2O,𝑗

)

(4)

The values of the coefficients 𝑐𝑛,𝑖,𝑗 are stored by the model in a 
Lookup Table (LUT).

When scattering particle are present, the model exploits the theory 
developed by Chou et al. [30] to define an apparent absorption contri-
bution from the layer. The optical depth contribution from clouds or 
aerosols is computed as follows: 
𝜏𝑐𝑙𝑜𝑢𝑑∕𝑎𝑒𝑟𝑜𝑠𝑜𝑙 = (𝜎𝑎𝑏𝑠𝑞 + 𝑏𝜎𝑠𝑐𝑎𝑞)𝛥𝑧 (5)

where 𝑞 is the particle concentration, 𝜎𝑎𝑏𝑠 and 𝜎𝑠𝑐𝑎 represent the 
absorption and scattering cross-section of the scatterer, and 𝛥𝑧 is the ge-
ometrical thickness of the layer. The parameter 𝑏 is called the "backscat-
tering coefficient", and it encapsulates information about the multiple 
scattering process.

Previous analysis by Martinazzo et al. [20] demonstrated that scal-
ing methodologies introduce acceptable errors in the mid-infrared for 
most realistic cloud scenarios when computing upwelling spectrally 
resolved radiances. However, far-infrared simulations yield accurate 
results only for optically thin ice clouds, with Optical Depth (𝑂𝐷) 
lower than 0.1 − 1. To address these limitations, 𝜎 implements the 
Chou adjustment scheme developed by Tang et al. [22], appropriately 
extended for spectral radiance calculations as described by Masiello 
et al. [21].

The adopted cloud model is described by Martinazzo et al. [20].

2.2. Inversion scheme

Assuming a Gaussian description of the measurement errors and the 
prior state, the posterior probability of the state 𝑥 given the observation 
𝑦, 𝑃 (𝑥|𝑦), is described by the following expression [23]: 
−2𝑙𝑛(𝑃 (𝑥|𝑦)) = [𝑦 − 𝐹 (𝑥)]𝑇𝑆−1[𝑦 − 𝐹 (𝑥)] + [𝑥 − 𝑥 ]𝑇𝑆−1[𝑥 − 𝑥 ] + 𝑘 (6)
𝜖 𝑎 𝑎 𝑎
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where 𝐹 (𝑥) ∶ R𝑛 → R𝑚 is the model mapping from the atmospheric 
state space to the observation space, 𝑆𝜖 is the covariance matrix asso-
ciated to the observation (and model) errors, 𝑥𝑎 is the prior state and 𝑆𝑎
the associated covariance matrix. The parameter 𝑘 is a constant value. 
Using the Maximum A Posteriori (MAP) paradigm, the best estimate 𝑥̂
is assumed to be the most likely atmospheric state given the data and 
our prior knowledge of the problem. The optimal estimation problem 
reduces to the problem of maximizing the probability 𝑃 (𝑥|𝑦): 
𝑥̂ = argmax

𝑥
𝑙𝑛(𝑃 (𝑥|𝑦)) (7)

To find the state 𝑥̂ that minimizes equation (6), the Levenberg–
Marquardt algorithm (LM) is implemented in the following iterative 
form: 
𝑥𝑖+1 =𝑥𝑖 + (𝛾𝑖𝑆−1

𝑎 +𝐾𝑇
𝑖 𝑆

−1
𝜖 𝐾𝑖 + 𝛽𝑖I)−1

(𝐾𝑇
𝑖 𝑆

−1
𝜖 [𝑦 − 𝐹 (𝑥𝑖)] − 𝛾𝑖𝑆

−1
𝑎 [𝑥𝑖 − 𝑥𝑎])

(8)

Where 𝛾𝑖 is a variable regularization factor that enables the algorithm 
to mitigate the effects of a poor initial guess, as demonstrated by Turner 
and Löhnert [31], Masiello et al. [26] or Carissimo et al. [32]. The 
term 𝛽𝑖 is a scaling coefficient applied to the identity matrix I, which is 
dynamically adjusted at each iteration to promote numerical stability 
and ensure convergence. Finally, 𝐾𝑖 denotes the Jacobian matrix of 
the forward model 𝐹 (𝑥), evaluated at 𝑥 = 𝑥𝑖. The iterative scheme 
described in Eq.  (8) is repeated until a predefined convergence criterion 
is satisfied [33].

The state vector 𝑥 contains the profiles of the thermodynamical 
parameters of the atmosphere (temperature and gas concentration), 
aerosol/cloud microphysics and mass concentrations, and surface prop-
erties (surface temperature and emissivity profile). To enforce physical 
constraints, like gas concentrations being strictly non-negative, the 
retrieval employs a logarithmic transformation, mapping the gas con-
centration and the cloud/aerosol parameters to an unbounded space 
via a log-normal distribution. This ensures Gaussian-like behavior in 
the transformed variable while preserving positivity during iterative 
optimization. The forward model relating the log-transformed state to 
spectral radiance measurements is: 
𝑦 = 𝐹 (𝑒𝑥𝑝(𝑥̃1), 𝑥2) + 𝜖 (9)

where 𝜖 represents the measurement noise, 𝑥̃1 = 𝑙𝑛(𝑥1) represents the 
transformed subset of components of the vector 𝑥, while 𝑥2 consists of 
the components of 𝑥 for which no transformation is applied. A similar 
approach is used to constrain the emissivity in the [0, 1] interval, using 
a logit transformation [34].

Atmospheric state vectors, as described previously, are inherently 
high dimensional, especially when the emissivity profile is required. To 
overcome this problem, the proposed retrieval scheme compresses the 
state 𝑥 into a lower-dimensional latent space of principal components 
(PCs), which capture the main features of the original state. The PCs 
are derived from the set of parameters that characterize the prior 
distribution. Given an appropriate description of the covariance matrix 
𝑆𝑎 with maximum rank 𝑛, the following singular value decomposition 
(SVD) [24] can be applied: 
𝑆𝑎 = 𝑈𝛬𝑎𝑉

𝑇 = 𝑉 𝛬𝑎𝑉
𝑇 (10)

Since 𝑆𝑎 is symmetric, its left and right singular vectors coincide 
(𝑈 = 𝑉 ). The columns of 𝑉  are the eigenvectors of 𝑆𝑎, and 𝛬𝑎 is the 
diagonal matrix of its associated eigenvalues, that are real numbers 
sorted in decreasing order. For this symmetric (and positive) case, 
the eigenvalues coincide with the singular values of 𝑆𝑎. Under these 
assumptions, the projection into the first 𝑞 (with 𝑞 < 𝑛) principal 
components of the prior offset (𝑣 = 𝑥 − 𝑥𝑎) is governed by: 

𝑧𝑞 = 𝑉 𝑇
𝑞 (𝑥 − 𝑥𝑎) = 𝑉 𝑇

𝑞 𝑣 (11)

with 𝑉𝑞 ∈ R𝑛×𝑞 containing the first 𝑞 eigenvectors associated with 
the highest eigenvalues. The optimal number of principal components 
3 
𝑞 to retain is determined by the intrinsic dimensionality of the residual 
state 𝑣. The ideal case is obtained when 𝑣 in the original space satisfies 
𝑣 ∈ 𝑠𝑝𝑎𝑛(𝑉𝑞), or by defining the projector 𝑃𝑞 = 𝑉𝑞𝑉 𝑇

𝑞 , when we have 
𝑣 ≃ 𝑃𝑞𝑣 for all states that describe the physical world.

After performing the PC compression, the model applies the LM 
algorithm to find the optimal state in the latent space (omitting the 
subscript 𝑞 for simplicity) as follows: 
𝑧𝑖+1 =𝑧𝑖 + (𝛾𝑖𝛬−1

𝑎 + 𝐾̃𝑇
𝑖 𝑆

−1
𝜖 𝐾̃𝑖 + 𝛽𝑖I)−1

(𝐾̃𝑇
𝑖 𝑆

−1
𝜖 [𝑦 − 𝐹 (𝑧𝑖)] − 𝛾𝑖𝛬

−1
𝑎 𝑧𝑖)

(12)

where the forward model is now described as 𝐹 (𝑧𝑖) = 𝐹 (𝑉 𝑧𝑖 + 𝑥𝑎)
and 𝐾̃ = 𝐾𝑉  is the compresses jacobian matrix. When convergence 
is reached, the optimal state in the latent space is transformed to the 
physical state 𝑥̂ as: 
𝑥̂ = 𝑉 𝑧̂ + 𝑥𝑎 (13)

In the framework of the optimal estimation, the error covariance 
matrix of the solution is computed. Under the assumption that the 
observation error is not correlated with the background state and that 
the forward model is linear in the region of uncertainty, it is proved 
[23] that the posterior covariance matrix associated with the state 𝑥̂ is 
given by: 
𝑆̂𝑥̂ = (𝐺̃𝐾 − I)𝑆𝑎(𝐺̃𝐾 − I)𝑇 + 𝐺̃𝑆𝜖𝐺̃

𝑇 (14)

where the first element on the right hand side of Eq.  (14) is named the 
smoothing error, while the second element is the retrieval noise. In this 
formulation, the retrieval gain matrix, 𝐺̃, is: 
𝐺̃ = 𝑉 (𝛾𝑖𝛬−1

𝑎 + 𝐾̃𝑇
𝑖 𝑆

−1
𝜖 𝐾̃𝑖)−1𝐾̃𝑇

𝑖 𝑆
−1
𝜖 (15)

An explicit derivation of Eq.  (14) and (15) is provided in Appendix 
A.

Finally, the averaging kernel, or resolution matrix, is: 
𝐴 = 𝐺̃𝐾 (16)

The rows of 𝐴 provide an estimation of the resolution in the profiles 
(see [23]). The features of the parameters of the state vector 𝑥 that 
are broader than the width of the averaging kernel can be reproduced 
by the retrieval, while features much narrower than the width of the 
averaging kernel are smoothed out. Moreover, the trace of 𝐴 provides 
the degrees of freedom for signal, quantifying the number of indepen-
dent pieces of information that contribute to the reconstruction of the 
retrieved state 𝑥̂.

3. Regularization strategies for robust convergence

3.1. Prior distributions and background constraints

In the presence of clouds and aerosols the non-linearity level of 
the radiative transfer simulations increases since multiple scattering 
processes must be taken into account [35]. In addition, cloud layers 
usually constitute a sharp discontinuity with respect to the clear sky 
case because of their physical and optical properties; thus, they increase 
the ill-posed nature of the problem. An illustrative example is a scene 
influenced by an optically thick, dense cloud. In such a case, an infrared 
sounder onboard a satellite can retrieve information only from the 
cloud’s upper layers and the atmosphere above. Radiation emitted 
by the surface and by the atmospheric layers beneath the cloud is 
completely absorbed or scattered, preventing it from reaching the sen-
sor. Consequently, no observational data are available for those lower 
regions. Because the measured top-of-atmosphere radiance depends 
solely on the properties of the cloud top and the overlying atmosphere, 
an infinite number of atmospheric state configurations could reproduce 
the same observed spectrum. To solve this indetermination, ‘‘virtual 
measurements’’, as suggested by Rodgers [23], can be adopted. The 
additional information is usually provided as Bayesian prior statistics 
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(𝑥𝑎 and 𝑆𝑎 in Eq.  (6)), and from regularization algorithms or assump-
tions applied to the forward model. A widely adopted practice is to 
set constraints on specific features of the cloud (like the geometrical 
thickness of the cloud) and apply the retrieval solely to a subset of 
cloud parameters affecting the upwelling radiance. In the present work, 
we focus exclusively on ice clouds; however, the same assumptions are 
applicable to water clouds and specific classes of aerosols [36] like 
transported dust, fire and volcanic plumes.

To achieve an effective regularization in the presence of clouds 
and aerosols, we build an ad-hoc covariance matrix representing the 
cloud prior state. In this process, we consider idealized clouds char-
acterized by Gaussian-like shapes in the vertical dimension. The goal 
of the adopted method is to simplify cloud description by embedding 
information on variable correlations and profile smoothness, while 
allowing the model to generate physically realistic vertical profiles 
[37–39]. The covariance matrix for the ice cloud properties is derived 
from the Satellite Application Facility on Numerical Weather Prediction 
database (NWP SAF) [40]. This database consist of 25000 atmospheric 
scenarios, each including temperature, water vapor, ozone profiles, 
surface temperature, cloud mass content, and other relevant variables 
needed to define the scene. The dataset is divided into five equally sized 
subsets tuned to capture the natural variability of temperature, spe-
cific humidity, ozone mixing ratio, cloud condensate and precipitation, 
respectively.

Ice mass content profiles (in kg/kg) are extracted from the cloud 
condensate subset and interpolated onto the 𝜎 model grid (61 levels) 
using a log-linear interpolation. For each layer, we calculate an average 
value representative of its ice water content. This value, along with 
temperature, pressure, and water vapor mixing ratio, is then used to 
compute the effective dimension of the ice clouds particles, following 
the parameterization described in Sun [41]. A state vector comprising 
both the mass content and the effective particle size is generated, which 
allows to retain the relationship between cloud particle effective size 
and ice content. 
𝑥𝑖𝑐𝑒 = [𝐼𝐶∕𝑐1, 𝐷𝑒𝑓𝑓∕𝑐2] (17)

where 𝑐1 and 𝑐2 are two standardization constants, calculated as the 
maximum standard deviation of the two quantities, respectively. Since 
the goal is to obtain a simplified description of prior knowledge, only 
clouds characterized by a single mode vertical profile of ice content 
are used to generate the statistics. Among the unimodal IC profile only 
those with values exceeding a threshold of 0.25 𝑔∕𝑘𝑔 at least at one 
level are selected to build the covariance matrix 𝑆𝑥𝑖𝑐𝑒 . This helps to 
maintain regular cloud profile shapes and to neglect complex multi-
modal structures that could introduce spurious correlations in the prior 
covariance estimation.

An estimation for the prior state (first and second moment of state 
distribution) is then obtained from the arithmetic mean and the sample 
covariance matrix. 

𝑥̄𝑖𝑐𝑒 =
1
𝑁

𝑁
∑

𝑖
𝑥𝑖𝑐𝑒,𝑖 (18)

𝑆𝑥𝑖𝑐𝑒 =
1

𝑁 − 1

𝑁
∑

𝑖
(𝑥𝑖𝑐𝑒,𝑖 − 𝑥̄𝑖𝑐𝑒)(𝑥𝑖𝑐𝑒,𝑖 − 𝑥̄𝑖𝑐𝑒)𝑇 (19)

Since the inversion scheme described here employs logarithmic 
transformations, to ensure the positivity of the physical quantity (as 
shown in (9)), the first and second moments of the distribution of 
𝑙𝑛(𝑥𝑖𝑐𝑒) are estimated by Taylor expansion [42].

A smoother prior is obtained by applying a convolution with Gaus-
sian kernel over the covariance matrices, which introduces Gaussian 
correlations between physical quantities across different model levels. 
The optimal parameters of the Gaussian kernel are typically problem-
dependent. In our study, we applied a discrete Gaussian kernel with 
𝜎 = 4 (performed using the scipy.ndimage gaussian_filter function from 
the SciPy library [43]), which is selected based on the convergence 
rates.
4 
Once the prior state is defined, additional transformations are ap-
plied to generate multiple realizations of idealized clouds. Specifically, 
the prior is shifted along the pressure grid to represent clouds at dif-
ferent altitudes, extending the retrieval’s applicability across a broader 
range of cloud regimes.

Two pairs of 𝑥̄𝑖𝑐𝑒 and 𝑆𝑥𝑖𝑐𝑒  are generated to represent altitude 
locations of idealized high (peaked near ∼290 hPa) and low clouds 
(peaked near ∼810 hPa). The assumption of these two distinct prior 
positions aims at guaranteeing a total coverage of the troposphere. 
Finally, a tapering is performed to remove non-physical correlations 
between model levels. Fig.  1 shows the covariance matrix adopted for 
high and low ice clouds. The quadrupolar patterns enable the algorithm 
to adapt the cloud’s position, ice water content, and effective radius 
while preserving a Gaussian-like vertical structure.

Starting from the same atmospheric profile dataset, a set of prior 
states is also created for the H2O, O3, and 𝐻𝐷𝑂 profiles, the tem-
perature profile, and surface temperature. For these quantities, the 
covariance matrices are computed independently, ignoring correlations 
between variables, and no Gaussian filters are applied. The priors are 
generated for five distinct climatological regions: Polar Winter, Polar 
Summer, Mid-Latitude Winter, Mid-Latitude Summer, and Tropical. 
The covariance matrix for surface emissivity is obtained from the 
Huang dataset.

3.2. Dimensionality reduction and regularization of the inverse problem

A central hypothesis in this study is that it is possible to exploit 
low-dimensional structures and correlations in state space to reduce the 
dimensionality of the problem while preserving accuracy in profiles or 
profile-derived parameter description. When dimensionality increases, 
the geometric complexity of the state space makes convergence harder, 
a problem known as the curse of dimensionality. Dimensionality re-
duction techniques help tackle these issues by making the system more 
stable and speeding up the optimization algorithm converges [28,44]. 
Principal Component Analysis stands as one of the most widely used di-
mensionality reduction techniques. A reduced basis can be constructed 
by performing an eigen-decomposition of the prior covariance matrix, 
𝑆𝑎 = 𝑉 𝛬𝑎𝑉 𝑇 , and retaining only the principal components associated 
with the largest eigenvalues. This approach efficiently captures the 
dominant patterns of variability while filtering out less significant di-
rections. Specifically, we can assume that the atmospheric state 𝑥 ∈ R𝑛
lives in a subspace of dimension 𝑞 < 𝑛, where again 𝑛 is the maximum 
rank of the covariance matrix. Thus, indicating with 𝑃𝑞 = 𝑉𝑞𝑉 𝑇

𝑞  its 
projector, we can write: 
𝑥 = 𝑉𝑞𝑉

𝑇
𝑞 (𝑥 − 𝑥𝑎) + 𝑥𝑎 + 𝜖𝑐 = 𝑉𝑞𝑧 + 𝑥𝑎 + 𝜖𝑐 ≃ 𝑉𝑞𝑧 + 𝑥𝑎 (20)

where 𝜖𝑐 is a small projection error. If (20) is valid, the description 
of the LM iterative method reported in Eq.  (8) can be written in a 
compressed form: 
𝑧𝑖+1 =𝑧𝑖 + (𝛾𝑖𝛬−1

𝑎 + 𝐾̃𝑇
𝑖 𝑆

−1
𝜖 𝐾̃𝑖 + 𝛽𝑖I)−1

(𝐾̃𝑇
𝑖 𝑆

−1
𝜖 [𝑦 − 𝐹 (𝑧𝑖)] − 𝛾𝑖𝛬

−1
𝑎 𝑧𝑖)

(21)

The iterative solution expressed in this form is more stable than that 
in the state space. Specifically, the matrices 𝛬𝑎 = 𝑉 𝑇

𝑞 𝑆𝑎𝑉𝑞 and 𝐾̃ = 𝐾𝑉𝑞
in the reduced latent space have a lower condition number with respect 
to the original ones: 
𝜅(𝛬𝑎) ≤𝜅(𝑆𝑎)

𝜅(𝐾̃) ≤𝜅(𝐾)
(22)

A proof is provided in Appendix  B.
A well-executed dimensionality reduction (i.e., when we assume 

the relation described in (20) is valid) improves the stability of the 
inverse problem by filtering out non-physical configurations in the 
atmospheric state 𝑥 (i.e., solutions not contained in the subspace), 
reducing the computational cost of the algorithm, and eliminating the 
risk of obtaining non-invertible matrices.
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Fig. 1. Covariance matrix of 𝑙𝑛(𝑥𝑖𝑐𝑒) for high (left panel) and low (right panel) ice clouds. The state vector components corresponding to ice water content are 
highlighted in blue, while those associated with effective radii are shown in red. The covariance is obtained after a 2-D convolution with Gaussian kernel.
Together with dimensionality reduction, the algorithm incorporates 
an additional regularization strategy by inflating the inverse of the prior 
covariance matrix using a scalable regularization coefficient 𝛾𝑖 > 1. 
This approach increase the robustness of the model by controlling 
the influence of prior information during the iterative process. In the 
following, we discuss methodologies for selecting an appropriate set of 
these coefficients.

Starting from Eq.  (21), and omitting the LM coefficient 𝛽𝑖, we can 
show that the optimal state for the ill-posed non-linear problem is found 
by iteratively solving a sequence of linearized problems around the 
current estimate: 
(𝛾𝑖𝛬−1

𝑎 + 𝐾̃𝑇
𝑖 𝑆

−1
𝜖 𝐾̃𝑖)𝑧𝑖+1 = 𝐾̃𝑇

𝑖 𝑆
−1
𝜖 ([𝑦 − 𝐹 (𝑧𝑖)] − 𝐾̃𝑖𝑧𝑖) (23)

In this form, the problem of finding the best inflation parameter 𝛾𝑖 is 
equivalent to finding the best parameter for a Tikhonov regularization 
[45,46] with a regularization matrix 𝐿 = 𝛬−1∕2

𝑎 . When 𝛾𝑖 = 𝛾 = 1, the 
usual statistical regularization is obtained, as described in [23].

Different methodologies are available to estimate the optimal set 
of regularization parameters 𝛾𝑖, including the L-curve method [47], 
the generalized cross-validation (GCV) [48], and maximum likelihood 
estimation [49].

A simpler approach is suggested by [31], which follows a practical 
guideline proposed by Doicu et al. [49]. At the beginning of the iter-
ative process, large values of the regularization parameter 𝛾𝑖 are used 
to avoid local minima and to ensure that the resulting linear systems 
remain well-conditioned. Successively, the regularization parameter is 
gradually diminished during the iterations, allowing more information 
from the observations to be used.

In the proposed approach, the parameter 𝛾𝑖 is initialized with a 
starting inflation value at the first iteration. At each subsequent iter-
ation, 𝛾𝑖 is scaled by a decreasing factor, progressively reducing its 
magnitude. This iterative attenuation continues until 𝛾𝑖 = 1 is reached, 
after which the parameter remains fixed at this value, until convergence 
is achieved.

To determine the optimal values of the initial inflation and its 
decreasing factor, a reduced dataset of atmospheric profiles is employed 
as a test set. These profiles are selected independently from those 
used to construct the covariance matrix, ensuring that the tuning of 
the two parameters remains uncorrelated with the dataset used in the 
main application. The retrieval is performed using the prior information 
described in Section 3.1, and evaluated for all combinations of initial 
inflation values (10, 30, 100, 300, 1000, 3000, 10000) and decreasing 
factors (0.1, 0.3, 0.5, 0.7, 0.9).

The average 𝜒2 at convergence (or at the final iteration if conver-
gence is not reached) across the entire dataset is used as the metric 
5 
Fig. 2. Starting inflation and decreasing factor map for the optimal estimation. 
The colormap indicates the average chi-squared in the validation set at 
convergence. The selected optimal parameters are highlighted with a red dot.

for selecting the parameters. Fig.  2 shows the parameter space, where 
the dark blue region highlights the pairs of parameters producing the 
best results. Among all possible combinations, it is good practice to 
choose the least invasive parameters from those that provide optimal 
regularization. Specifically, parameters located near the left border of 
the dark blue region in Fig.  2. An initial inflation of 3000 and a decreas-
ing factor of 0.3 are adopted. We note that, the choice of regularization 
parameters is inherently problem-dependent and generally non-unique.

4. Application to IASI observations

To assess the performance of the retrieval scheme, the model 
is tested against a set of synthetic observations, with focus on ice 
clouds. The inversion code is successively applied to real measurements
acquired from MetOp-C and collocated with ECMWF analyses. The 
observations are taken from the Infrared Atmospheric Sounding Inter-
ferometer (IASI), developed by the Centre National d’Etudes Spatiales 
(CNES) in collaboration with the European Organization for the Ex-
ploitation of Meteorological Satellites (EUMETSAT). The first IASI 
instrument was launched on board the MetOp-A polar-orbiting satellite 
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Fig. 3. Geolocation (red dots) of the scenes considered in the simulated IASI acquisitions.
in 2006, followed by two similar instruments on MetOp-B and MetOp-C 
at the end of 2012 and 2018, respectively. IASI consists of a Fourier 
transform spectrometer (FTS), based on a Michelson interferometer, 
designed to resolve atmospheric infrared radiation into line spectra.

The interferometer measures 8461 spectral samples between 3.62 
and 15.5 μm (from 645 to 2760 cm−1), with an apodized spectral 
resolution of 0.5 cm−1. IASI scans the Earth with a swath width of 
∼2200 𝑘𝑚 achieving a global coverage in 12 h. The scan is across-track, 
and consists of 30 successive elementary fields of view (EFOV). Each 
element consists of a 2 × 2 circular pixel matrix (IFOV). For nadir 
observations the pixel’s shape on the ground is circular, with a diameter 
of 12 𝑘𝑚.

The spectral region between 650 and 1650 cm−1 is used for re-
trieval, as it provides sensitivity to all state vector quantities [50] while 
avoiding contamination from shortwave solar radiation.

4.1. Preliminary analysis on synthetic observations

To perform an initial consistency test and evaluate possible model 
biases, we applied the inversion routine to 1833 realistic atmospheric 
profiles taken from an independent subset of the NWP SAF database 
[40], distinct from those used to generate the prior knowledge. This 
dataset includes vertical profiles of temperature, H2O, O3, liquid and ice 
water content (IWC), together with surface properties, and is selected to 
represent the natural variability of atmospheric conditions worldwide.

For the current test, only ice clouds are considered and used to 
generate the scene, and the liquid water profile is ignored. The relation 
between the IWC and the effective dimension of the ice crystals is 
parameterized using the relation described by Sun [41]. The assumed 
cloud model is the one described by Martinazzo et al. [20], with 
columnar aggregates habit [51] and a gamma description of the particle 
size distribution.

Only scenes characterized by a total optical depth of the cloud 
greater than 0.01 and a surface pressure greater than 990 hPa are 
considered. This is done to have a similar number of model levels across 
different scenes and to improve the consistency between profiles when 
producing statistics. Fig.  3 shows the geographical distribution of the 
scenes selected for the analysis.

The main atmospheric absorbers in the IASI spectrum that are not 
present in the SAF data set (CO2, CO, CH4, N2O, HNO3, SO2, NH3, 𝑂𝐶𝑆, 
and CF4) are derived from the IG2 climatological profiles [52]. The 
surface emissivity, assumed to be lambertian, is seasonal and spatial 
dependent [53]. For each scene, the IASI acquisition is simulated using 
the 𝜎 forward model over the spectral region between 650 and 1650 
cm−1, and assuming a nadir observation geometry. Finally, each syn-
thetic spectra is perturbed accordingly with the IASI L1-C measurement 
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noise [54]. Out of simplicity, the measurement error is assumed to be 
uncorrelated.

The physical inversion is applied to the entire set of atmospheric 
states, simultaneously retrieving profiles of temperature (𝑇 ), water 
vapor (H2O), ozone (O3), heavy water (𝐻𝐷𝑂), ice cloud water content 
(𝐼𝑊 𝐶), effective radius (𝑟𝑒𝑓𝑓 ), as well as surface temperature (𝑇𝑆 ) and 
spectral emissivity (𝐸𝑀). The state vector is provided in expression 
(24)

𝑥 = [𝑇 ,H2O,O3,𝐻𝐷𝑂, 𝐼𝑊 𝐶, 𝑟𝑒𝑓𝑓 , 𝑇 𝑆, 𝐸𝑀] (24)

In these retrievals, we assume that the only prior information 
available is derived from climatological data. No additional knowledge 
about cloud position is provided. For each scenario, the initial estimate 
is taken to be equal to the prior distribution, which is generated as 
described in Section 3.1. Moreover, all profiles that do not appear 
directly in the state vector are assumed to be known quantities during 
the retrieval phase. This assumption is equivalent of assuming a perfect 
forward model, without errors in model’s parameters. Thus, the only 
source of error in this analysis comes from the instrument error (and the 
compression error), which are well described in the retrieval scheme. 
The algorithm selects the appropriate climatological prior according 
to the latitude and month of the scenario. Each retrieval is performed 
twice: first using the idealized high-cloud prior defined in Section 3.1, 
and then repeated using the idealized low-cloud prior, while all other 
parameters are held constant. The solution associated with the lower 
convergence chi-square value is taken as the optimal retrieval. This 
dual-run strategy mitigates the challenges arising from the assumption 
that no a priori information is available regarding cloud altitude. The 
algorithm is presented in Fig.  4. Convergence is deemed achieved if the 
convergence criterion is met and the final chi-squared value is below 
1.1. Out of the 1833 scenarios analyzed, 1780 reached convergence, 
corresponding to approximately 97% of the total.

Since clouds are characterized by a range of parameter values across 
their vertical profile rather than a single value, three quantities are 
defined to quantify the quality of the retrieved cloud parameters:

• the total cloud optical depth at 900 cm−1, named 𝑂𝐷𝑡𝑜𝑡,
• the cloud effective radius at the level where the integrated cloud 
optical depth (from the cloud top) reaches 1, named 𝑟1,

• the cloud position (expressed in hectopascals hPa) at the level 
where the integrated cloud optical depth reaches 1, named 𝑝1.

Following the above method, for clouds with an 𝑂𝐷 lower than 1, the 
quantities 𝑟1 and 𝑝1 are not defined. Therefore, in these cases, the ice 
water content-weighted averages of the cloud position and effective 
radius are computed instead.
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Fig. 4. Flowchart of the two-step cloud retrieval algorithm. The system performs consecutive OE retrievals assuming high- and low-altitude cloud priors, saving 
the output of each successful pass. If at least one step converges, the optimal atmospheric state is selected based on the lowest 𝜒2 convergence value.
Fig. 5. Total optical depth for the ice cloud. The left image shows the distribution of the prior total optical depth versus the true total optical depth. The right 
image shows the same distribution for the posterior.
Table 1
Spearman’s rank correlation coefficient and Pearson’s correlation coefficient 
for prior and optimal realizations of 𝑂𝐷𝑡𝑜𝑡, 𝑟1 and 𝑝1, computed over the entire 
dataset.
 Parameter 𝑂𝐷𝑡𝑜𝑡 𝑟1 𝑝1
 Prior Optimal Prior Optimal Prior Optimal 
 Pearson −0.31 0.62 −0.44 0.71 0.76 0.90  
 Spearman −0.22 0.97 −0.12 0.75 0.67 0.95  

The results obtained from the 1780 scenarios are presented in Figs. 
5, 6, and 7. These figures show the dispersion diagrams for 𝑂𝐷𝑡𝑜𝑡, 
𝑟1 and 𝑝1 respectively. For each dispersion diagram, both Spearman’s 
rank correlation coefficient and Pearson’s correlation coefficient are 
calculated. While Pearson’s index measures the strength of a linear 
relation between two variables, Spearman’s index assesses the strength 
of a monotonic relationship, linear or not, and is more robust to 
outliers. The results obtained are reported in Table  1.

In an idealized scenario, the dispersion diagram for the optimal 
retrieved quantity should present a clear linear relationship between 
true and optimal quantities, with no off-diagonal elements. However, 
different factors can cause the deviation from ideality, such as retrieval 
errors or saturation effects. The left panel of Fig.  5 shows a general 
excellent agreement between the retrieved optical depths and the true 
7 
optical depths values. Deviation from the ideal results are observed for 
optical depth smaller than 0.1 and for those larger than approximately 
10. In both cases, the model loses sensitivity to variations in optical 
depth. In case of optically thin clouds the cloud signal becomes neg-
ligible while for optically thick clouds saturation effects play a major 
role. These deviations influence the value of the Pearson’s index (Table 
1 column for OD), which is 0.62 for the optimal estimation of the total 
cloud OD. When limiting the analysis to clouds with retrieved total 
optical depth less than 10 (thus excluding the thick clouds but including 
the thin ice clouds) the Pearson correlation coefficients increase to 
0.98 while the Spearman coefficient is 0.95, both indicating a strong 
linear relationship between the true and optimal values. The model also 
proves to be unbiased, with a Mean Bias Error and Root Mean Square 
Error (𝑀𝐵𝐸±𝑅𝑀𝑆𝐸) of −0.32±6.58 over the entire dataset (0.02±0.35
for retrieved total optical depth less than 10).

In Fig.  6 the prior and retrieved 𝑟1 (effective radii at 𝑂𝐷 = 1) are 
compared to the true values. The prior effective radii ranges from 14 
to 26 μm while the retrieved ones mostly disperse on the full range 
covered by the true effective radii (from 6 to 60 μm). Some cases with 
effective radii between 26 and 40 μm are slightly underestimated by the 
retrieval with predicted values in the 18-30 μm range. Both Spearman 
and Pearson coefficient are above 0.7 (see Table  1). The posterior 𝑀𝐵𝐸
and 𝑅𝑀𝑆𝐸 is 0.82 ± 10.0 μm over the entire set of scenarios.

The position of the cloud are also accurately predicted by the 
retrieval. In Fig.  7 the prior cloud pressure at 𝑂𝐷 = 1 are set at 
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Fig. 6. As Fig.  5 but for the effective radius (μm) for the ice cloud at 𝑂𝐷 = 1.
Fig. 7. As Fig.  5 but for the position (hPa) of the ice cloud at 𝑂𝐷 = 1.
approximately 290 and 810 hPa. The retrieved values are in agreement 
with the true ones especially for high clouds (pressure below 450 hPa). 
Some dispersion between the true and the retrieved values is observed 
for low level clouds. Finally, 𝑀𝐵𝐸 and 𝑅𝑀𝑆𝐸 over the entire dataset 
is 20.51 ± 111.21 hPa.

By comparing the prior and optimal dispersion diagrams, with the 
related indices, the retrieval model successfully extracts information on 
cloud OD, effective radius and cloud pressure from the measurement, 
updating our prior knowledge of the system. However, we note that 
these are derived quantities and only partially describe the full capa-
bility of the retrieval code, which is capable to extract the complete 
profile of cloud mass content and effective particle size. At this regard, 
we compute the cosine similarity for the optical depth profile for each 
scenario. This metric shows an average value of 0.57 for the prior 
profiles improving to 0.73 for the optimal state, indicating a good 
performance in retrieving the cloud vertical profile. It is important to 
point out that the cloud prior directly influences the algorithm’s ability 
to resolve finer structures in the vertical dimension. For some specific 
cases, such as geometrically thin or double layer clouds, it could be 
useful to use different assumptions for the Gaussian kernel. To this end, 
the choice of the 𝜎 parameter for the filtering operation of the cloud 
covariance can be considered as a hyperparameter of the problem.

To conclude, the relative errors for the retrieved vertical profiles 
are presented. Fig.  8 highlights the average percentage error, over the 
entire dataset for temperature (upper left panel), water vapor (upper 
right), 𝐻𝐷𝑂 (lower left) and ozone (lower right) profiles. The average 
values for surface temperature and emissivity are not shown for brevity. 
8 
However, since all the considered cases contains clouds, the sensitivity 
of the retrieval to these quantities is low. Specifically, when the cloud 
OD approaches and exceeds values of about 5, the radiance sensitivity 
to atmospheric parameters below the cloud level rapidly decreases to 
zero.

The results are mapped over the forward model vertical grid and 
show a general improvement of the optimal with respect the prior. The 
percentage errors are usually lower in the upper and lowest layers of 
the atmosphere. The mid atmospheric layers correspond to the region 
typically associated with cloud presence. In this region the performance 
in retrieving the vertical profiles are lower, as the clouds mask part of 
the information from the profiles.

4.2. Application to real IASI acquisitions

As a final test, the retrieval code is applied to a set of collocated 
IASI measurements and ECMWF analyses with a temporal coincidence 
interval of ±15 minutes, as done by Masiello et al. [21]. The case 
study focuses on a subset of observations from MetOp-C orbit number 
14732 over the Australian region, acquired on September 9, 2021. 
For each IASI spectrum, ECMWF analyses provide surface temperature, 
temperature profile, H2O mixing ratio, O3 mixing ratio, as well as 
ice and liquid water contents. The effective radius of ice particles is 
estimated using the Wyser approach [55].

Since we are interested in scenes containing exclusively ice clouds, 
an ice-cloud index is defined based on the collocated analysis informa-
tion which is taken as the reference in the assessment of the algorithm 
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Fig. 8. Temperature (upper left panel), water vapor (upper right), 𝐻𝐷𝑂 (lower left) and ozone (lower right) average percentage error profiles as a function of 
the model pressure level.
performances. The mathematical form of the index used to identify the 
IASI pixels containing ice clouds is described in Eq.  (25): 

𝜙𝑖𝑐𝑒 =
𝑀𝑖𝑤 −𝑀𝑙𝑤
𝑀𝑖𝑤 +𝑀𝑙𝑤

(25)

Where 𝑀𝑖𝑤 is the columnar integrated ice water mass (kg), while 
𝑀𝑖𝑤 is the integrated liquid water mass (𝑘𝑔). The index value goes from 
−1, when only liquid water cloud is present in the scene, to 1 in the 
presence of ice clouds only. Fig.  9 shows the 𝜙𝑖𝑐𝑒 index for the IASI 
acquisitions, obtained from the collocated analysis. The retrieval is run 
for pixels where the condition 𝜙𝑖𝑐𝑒 > 0.95 is met, resulting in a total of 
410 IASI acquisitions.

The retrieval setup follows the same assumptions and parameter 
choices used for the simulated data discussed in Section 4.1, with 
the exception of the prior information. The ice-cloud prior retains the 
idealized formulation introduced earlier, whereas the priors for surface 
temperature, surface emissivity, and the atmospheric profiles of tem-
perature, water vapor, ozone, and HDO are constructed individually for 
each scene from the collocated analysis. This approach ensures that the 
posterior estimates of the ice cloud properties derived through optimal 
estimation are not influenced by the corresponding ECMWF analysis, 
thereby preserving the independence of the retrieved cloud parame-
ters. The IASI measurement noise used in this analysis is provided by 
EUMETSAT [54]. To account for potential forward model biases and 
correlations, the measurement noise estimate is appropriately inflated 
with a factor 

√

2 [56].
Fig.  10 shows the spectral residuals computed as: 

𝛥𝐼𝑥(𝜈) =
1
𝑁

𝑁
∑

𝑖=1
[𝐼𝑥,𝑖(𝜈) − 𝐼𝑖(𝜈)] (26)

Where 𝐼𝑖 represents the measured spectrum from IASI for the 𝑖th 
acquisition, while 𝐼𝑥,𝑖 corresponds to the radiance calculated by the 
forward model using the prior state, the optimal state, and the analysis, 
respectively. The differences between the simulations based on the 
prior state and the analysis are due to the cloud parameters since 
9 
Fig. 9. Ice cloud index values from IASI acquisitions.

the atmospheric profiles and surface properties are assumed to be 
identical in both cases. On average, the upwelling radiance computed 
using the derived parameters from the ECMWF analysis exceeds the 
IASI observations, likely due to an underestimation of cloud thickness. 
The second panel in Fig.  10 shows a zoomed-in view of the average 
residuals between the optimal retrieved state and the IASI acquisitions, 
compared with the IASI L1C measurement noise (not inflated). The 
analysis of the radiance residuals is interpreted in terms of possible 
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Fig. 10. The upper panel shows the average spectral residuals of the analysis (purple line), prior simulation (orange line), and optimal state (blue line) with 
respect to the IASI acquisitions. The second panel compares the optimal state to the IASI L1C radiance noise (solid black line) and its standard deviation (shaded 
area).
Fig. 11. Left panel: total optical depth 𝑂𝐷𝑡𝑜𝑡 computed from ECMWF analysis ice-cloud profiles collocated at the IASI footprint. Right panel: total optical depth 
𝑂𝐷𝑡𝑜𝑡 computed from the retrieved ice-cloud profiles at the same footprints.
model inconsistencies, cloud misclassifications, unmodeled species, or 
spectroscopic biases. A spectral signal is noted in the atmospheric 
window at approximately 970 cm−1. The smooth variation in the 
wavenumber of this bias, along with its position in the atmospheric 
window, is consistent with a discrepancy between the cloud model used 
in the forward model and the actual cloud present in the scene. In 
the spectral region from 1250 to 1320 cm−1, the N2O absorption band 
is visible, along with the HNO3 absorption band between 1300 and 
1350 cm−1. These species are not included in the retrieval state vector, 
so their signals remain visible. In all the other spectral regions, the 
retrieval fits the IASI spectra within the error bar, and therefore we can 
conclude that the retrieval product is consistent with the observations.

Similarly to the approach used for the simulations, 𝑂𝐷𝑡𝑜𝑡 and 𝑟1
are used to characterize the cloud properties retrieved from real IASI 
acquisitions. The panels on the left sides of Figs.  11 and 12 show 
the spatial distributions of 𝑂𝐷𝑡𝑜𝑡 and 𝑟1, respectively, over the region 
of interest as derived from the ECMWF analysis. The same quantities 
are compared to those obtained from the retrievals (right panels of 
the same Figures). Despite using the same prior knowledge and initial 
guess for each IASI pixel, the retrieved spatial distributions of total 
optical depth and effective radius reproduce spatial patterns consistent 
with those shown by the ECMWF analysis. Optically thin cirrus clouds 
are observed over the interior of Australia, showing a smaller optical 
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depths compared to the analysis (0.01 versus 0.05 on average) while 
maintaining similar effective radii. A significant portion of the offshore 
IASI pixels, in the region spanning from 150◦ to 160◦ longitude east 
and 30◦ to 39◦ latitude south, is covered by optically thick clouds. 
Within this area, a southern sector is characterized by higher effective 
radii and optical depth values (with a mean value of 3.8 obtained from 
the optimal estimation versus 0.9 from the analysis). We note that the 
effective radii in the analysis are not directly derived from the ECMWF 
model but obtained through the Wyser parameterization. In contrast, 
the retrieval’s optimal state is determined pixel by pixel.

Based on the geographic distribution of cloud features and the 
distinct structural patterns identified in the analysis, the IASI pixels 
from the case study are grouped into three classes, as shown in Fig.  13. 
The first class (red dots) consists of optically thin continental ice clouds 
with low optical depth and small effective radii; the second (green dots) 
includes optically thicker ice clouds occurring over the ocean; and the 
third (blue dots) corresponds to higher-altitude, optically thinner ice 
clouds observed offshore. Figs.  14 and 15 show the mean retrieved 
ice content and effective radius profiles for each class of clouds (right 
panels), compared to the vertical profiles from the collocated analysis 
(left panels). Moreover in both Figures the cloud boundaries (top and 
bottom pressures), are highlighted as a shaded area spanning from the 
2.5th to the 97.5th percentile of the total cloud mass content (g∕m3). 
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Fig. 12. Left panel: effective radius 𝑟1 computed from ECMWF analysis ice-cloud profiles collocated at the IASI footprint. Right panel: effective radius 𝑟1 computed 
from the retrieved ice-cloud profiles at the same footprints.
Fig. 13. Spatial classification of IASI pixels in the case study. Pixels are 
colored to indicate their assignment to one of three classes, which are defined 
by distinct optical depth structures. Black dots represent pixels excluded 
from the analysis due to either retrieval non-convergence or an ambiguous 
classification.

Elements belonging to the same class show similar vertical structures in 
both mass content and effective radius. Similar patterns are observed in 
the analysis profiles as well. Specifically, for cloud pixels classified as 
Class 1, the retrieval algorithm converged to an optically thin cloud, 
consistent with cirrus cloud formation. These clouds exhibit lower 
effective radius values and a cloud top near 210 hPa in both the 
analysis and retrieval profiles. However, the retrieved mass content is 
lower than in the analysis. Classes 2 and 3, by contrast, have higher 
retrieved optical depths and larger effective radii. Their vertical profiles 
are similar to those derived from the co-located analysis, with Class 3 
showing a higher cloud top than Class 2. The main difference lies in 
the mass content, where the retrieved clouds show higher values than 
the analysis.

Overall, the retrieval is capable of converging to spatial structures 
that closely match the position and microphysical properties found in 
the analysis, even though it starts with constant cloud prior information 
and an initial guess independent of the analysis. The main differences 
appear in the mass content, where the retrieval tends to show, on 
average, higher ice cloud optical depths compared to the analysis. This 
increase compensates for the overestimation of upwelling radiance, as 
shown in Fig.  10.
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5. Conclusions

This study demonstrates a robust pathway for achieving reliable 
cloud retrieval from high-resolution infrared observations under cloudy-
sky conditions. The proposed optimal estimation framework success-
fully addresses the inherent ill-posed nature of cloud parameter inver-
sion by integrating three key components: the fast radiative transfer 
model 𝜎, principal component analysis-based state compression, and 
ad-hoc physically informed prior constraints. A crucial aspect of the 
forward model is the implementation of an extended Chou adjustment 
scheme (following the solution proposed by Tang [22]) within the 𝜎
routine. This scheme effectively extends the Chou scaling to accurately 
compute radiances across the mid- and far-infrared spectral range 
(100-3000 cm−1), while maintaining an inversion time of approximately 
1 min per spectrum on a standard laptop. The implementation pro-
vides both pseudo-monochromatic radiances and analytical Jacobians 
for atmospheric state variables and cloud microphysical properties, 
enabling efficient iterative convergence within the optimal estimation 
framework.

The dimensionality reduction strategy through PCA compression 
improves retrieval stability by reducing the condition number of ma-
trices involved in the inversion. Additionally, by constraining the so-
lution space to physically realistic atmospheric states, this approach 
mitigates the curse of dimensionality. Finally, the construction of ad-
hoc cloud prior covariance matrices generates physically plausible 
Gaussian-like vertical profiles while regularizing the inversion without 
over-constraining the solution space.

These methodologies have been validated using synthetic IASI ac-
quisitions from the NWP SAF database, where the algorithm achieved 
a convergence rate of approximately 97%, demonstrating its robustness 
across diverse atmospheric conditions. For retrieved cloud parameters, 
the framework demonstrated excellent performance. Pearson correla-
tion coefficients for total optical depth, effective radius, and cloud 
position show a strong linear relationship with the true state and a 
clear improvement over the prior, indicating successful information 
extraction from the measurements. Application to real IASI acqui-
sitions validated the retrieval scheme under operational conditions. 
Despite starting from constant climatological priors, independent from 
the analyses, the algorithm successfully converged to coherent spatial 
cloud structures qualitatively consistent with ECMWF analyses, demon-
strating sensitivity to both optically thin cirrus over land and thicker 
clouds over the ocean. Retrieved vertical profiles exhibited physically 
consistent structures across different cloud regimes, from optically thin 
continental cirrus to thicker oceanic ice clouds, with spectral residuals 
remaining within measurement noise across most channels.

Future work should focus on extending this framework to mixed-
phase and liquid-water clouds, validating it across additional hyper-
spectral infrared sounders (e.g., CrIS, IASI-NG, PREFIRE), and exploring 
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Fig. 14. Average vertical profiles of mass content (kg∕kg) are shown for the IASI acquisitions of the three classes. The left panel shows profiles derived from the 
co-located analysis, while the right panel presents the retrieved profiles. The shaded areas highlight the regions containing 95% of the cloud mass.
Fig. 15. Similar to Fig.  14, average vertical profiles of effective radius (μm) are presented for the same acquisitions. The shaded areas highlight the regions 
containing 95% of the cloud mass.
alternative cloud microphysical parameterizations. In particular, the 
model is well suited for integration into a processing chain that includes 
scene classification and can exploit additional information, used as 
prior knowledge or first-guess inputs, on the cloud layers present within 
the scene. For these reasons, the retrieval framework is appropriate for 
applications related to the upcoming ESA FORUM mission, which aims 
to deliver enhanced measurements of Earth’s outgoing longwave spec-
tral radiation in the far-infrared, a band which is particularly sensitive 
to cold ice clouds. Finally, the flexibility of the methodology allows for 
straightforward adaptation to new instruments and spectral configura-
tions without requiring fundamental algorithmic changes, representing 
a significant advantage over purely data-driven approaches.
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Appendix A. Error analysis

Given a forward model 𝐹 (𝑥), and a random error 𝜖, the forward 
problem can be written as: 
𝑦 = 𝐹 (𝑥) + 𝜖 (A.1)

And expanding at the first order the model 𝐹 : 
𝑦 ≃ 𝐹 (𝑥𝑎) +𝐾(𝑥 − 𝑥𝑎) + 𝜖 (A.2)

Let us now assume that there exist a compression of the form 
𝑦 ≃ 𝐹 (𝑥𝑎) +𝐾(𝑥 − 𝑥𝑎) − 𝐾̃𝑧 + 𝐾̃𝑧 + 𝜖 (A.3)

and from the definition of 𝐾̃ and 𝑧
𝑦 ≃ 𝐹 (𝑥𝑎) + 𝐾̃𝑧 +𝐾(I − 𝑉 𝑉 𝑇 )(𝑥 − 𝑥𝑎) + 𝜖

= 𝐹 (𝑥𝑎) + 𝐾̃𝑧 + 𝜖𝑐 + 𝜖
(A.4)

where we define the compression error as 𝜖𝑐 = 𝐾(I− 𝑉 𝑉 𝑇 )(𝑥− 𝑥𝑎). This 
form is similar to the model parameter error as described by Rodgers 
[23]. This allows us to determine the optimal number of principal 
components (PC) to use in the compression process. Specifically, we 
can consider the minimum number of PC such that: 
𝜖𝑐 ≪ 𝜖 (A.5)

In order to obtain a correct error characterization in the presence 
of compression, we can start from Eq.  (12), written here: 
𝑧𝑖+1 =𝑧𝑖 + (𝛾𝑖𝛬−1

𝑎 + 𝐾̃𝑇
𝑖 𝑆

−1
𝜖 𝐾̃𝑖 + 𝛽𝑖I)−1

(𝐾̃𝑇
𝑖 𝑆

−1
𝜖 [𝑦 − 𝐹 (𝑧𝑖)] − 𝛾𝑖𝛬

−1
𝑎 𝑧𝑖)

(A.6)

and, following the approach proposed by Rodgers [23], we can study 
the behavior of this form when 𝑖 → ∞ and 𝑧𝑖 → 𝑧̂. 
𝑧̂ =𝑧̂ + (𝛾𝛬−1

𝑎 + 𝐾̃𝑇𝑆−1
𝜖 𝐾̃ + 𝛽I)−1

(𝐾̃𝑇𝑆−1
𝜖 [𝑦 − 𝐹 (𝑧̂)] − 𝛾𝛬−1

𝑎 𝑧̂)
(A.7)

from which 
0 = 𝐾̃𝑇𝑆−1

𝜖 [𝑦 − 𝐹 (𝑧̂)] − 𝛾𝛬−1
𝑎 𝑧̂ (A.8)

Now, given the expression (A.2), we can write: 
0 = 𝐾̃𝑇𝑆−1

𝜖 [𝐾(𝑥 − 𝑥𝑎) − 𝐾̃𝑧̂ + 𝜖] − 𝛾𝛬−1
𝑎 𝑧̂ (A.9)

and, after some algebra: 
𝑧̂ = [𝐾̃𝑇𝑆−1

𝜖 𝐾̃ + 𝛾𝛬−1
𝑎 ]−1𝐾̃𝑇𝑆−1

𝜖 [𝐾(𝑥 − 𝑥𝑎) + 𝜖] (A.10)

Now, applying Eq.  (13), and adding and subtracting the true state 
𝑥, we obtain the following expression: 
𝑥̂ − 𝑥 = 𝑉 [𝐾̃𝑇𝑆−1

𝜖 𝐾̃ + 𝛾𝛬−1
𝑎 ]−1𝐾̃𝑇𝑆−1

𝜖 [𝐾(𝑥 − 𝑥𝑎) + 𝜖] + 𝑥𝑎 − 𝑥 (A.11)

𝑥̂ − 𝑥 = (𝐺̃𝐾 − I)(𝑥𝑎 − 𝑥) + 𝐺̃𝜖 (A.12)

with 
𝐺̃ = 𝑉 [𝐾̃𝑇𝑆−1

𝜖 𝐾̃ + 𝛾𝛬−1
𝑎 ]−1𝐾̃𝑇𝑆−1

𝜖 (A.13)

from which 
𝑆̂𝑥 = (𝐺̃𝐾 − I)𝑆𝑎(𝐺̃𝐾 − I)𝑇 + 𝐺̃𝑆𝜖𝐺̃

𝑇 (A.14)
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Appendix B. Condition number in the latent space

The level of ill-posedness of a linear transformation 𝐾 can be 
evaluated through the condition number 𝜅, whose definition is reported 
here below [57]: 
𝜅(𝐾) = 𝜎𝑚𝑎𝑥(𝐾)∕𝜎𝑚𝑖𝑛(𝐾) (B.1)

where 𝜎𝑚𝑎𝑥 and 𝜎𝑚𝑖𝑛 are, respectively, the maximum and minimum sin-
gular values of 𝐾. A large condition number, associated with the matri-
ces involved in the linearized problem, typically reflects the underlying 
ill-posed nature of the original inverse problem [49].

Let us define 2 real rectangular matrices, 𝐾𝑚×𝑛 and 𝑂𝑛×𝑞 , and assume 
that 𝑚 ≥ 𝑛 ≥ 𝑞. We then assume that 𝑂 is composed of orthonormal 
columns. The goal is to prove that, given the definition of condition 
number in (B.1), we have 𝜅(𝐾𝑂) ≤ 𝜅(𝐾) ⋅ 𝜅(𝑂). Then, from the 
properties of orthonormal matrices, 𝜅(𝑂) = 1.

Given 𝑢 an unitary vector and calling ‖⋅‖ is the 𝐿2 norm, we can 
write: 
‖𝑂𝑢‖
‖𝑢‖

= ‖𝑂𝑢‖ = ‖

‖

‖

𝑈𝛴𝑉 𝑇 𝑢‖‖
‖

= ‖

‖

‖

𝛴𝑉 𝑇 𝑢‖‖
‖

≤

≤ 𝜎𝑚𝑎𝑥(𝑂) ‖‖
‖

𝑉 𝑇 𝑢‖‖
‖

= 𝜎𝑚𝑎𝑥(𝑂) ‖𝑢‖ = 𝜎𝑚𝑎𝑥(𝑂)
(B.2)

and similarly 
‖𝑂𝑢‖ ≥ 𝜎𝑚𝑖𝑛(𝑂) (B.3)

where the SVD for 𝑂 is used. It is possible to reach an analogous 
conclusion for the matrix 𝐾 applied on the vector 𝑤 = 𝑂𝑢: 
𝜎𝑚𝑖𝑛(𝐾) ‖𝑤‖ ≤ ‖𝐾𝑤‖ ≤ 𝜎𝑚𝑎𝑥(𝐾) ‖𝑤‖ (B.4)

It follows from the above that: 
‖𝐾𝑂𝑢‖ = ‖𝐾𝑤‖ ≤ 𝜎𝑚𝑎𝑥(𝐾) ‖𝑤‖ ≤ 𝜎𝑚𝑎𝑥(𝐾)𝜎𝑚𝑎𝑥(𝑂) (B.5)

and 
‖𝐾𝑂𝑢‖ = ‖𝐾𝑤‖ ≥ 𝜎𝑚𝑖𝑛(𝐾) ‖𝑤‖ ≥ 𝜎𝑚𝑖𝑛(𝐾)𝜎𝑚𝑖𝑛(𝑂) (B.6)

From Eq.  (B.5) and (B.6) we can state: 
max ‖𝐾𝑂𝑢‖ = 𝜎𝑚𝑎𝑥(𝐾𝑂) ≤ 𝜎𝑚𝑎𝑥(𝐾)𝜎𝑚𝑎𝑥(𝑂) (B.7)

and 
min ‖𝐾𝑂𝑢‖ = 𝜎𝑚𝑖𝑛(𝐾𝑂) ≥ 𝜎𝑚𝑖𝑛(𝐾)𝜎𝑚𝑖𝑛(𝑂) (B.8)

From the definition of condition number given in (B.1), and giving 
the relations (B.7) and (B.8), it is easy to prove that 𝜅(𝐾𝑂) ≤ 𝜅(𝐾)⋅𝜅(𝑂). 
Finally, since 𝑂 is composed of orthogonal columns, we can state that 
𝜅(𝑂) = 1, from which it follows: 
𝜅(𝐾𝑂) ≤ 𝜅(𝐾) (B.9)

Data availability

Data will be made available on request.
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