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AN AHMAD-LAZER-PAUL-TYPE RESULT FOR INDEFINITE
MIXED LOCAL-NONLOCAL PROBLEMS

GIANMARCO GIOVANNARDI, DIMITRI MUGNAI, AND EUGENIO VECCHI

ABSTRACT. We prove the existence and multiplicity of weak solutions for a
mixed local-nonlocal problem at resonance. In particular, we consider a not
necessarily positive operator which appears in models describing the propa-
gation of flames. A careful adaptation of well known variational methods is
required to deal with the possible existence of negative eigenvalues.

1. INTRODUCTION

Let © C R” be an open and bounded set with C'-smooth boundary 95 with
n > 2. We consider the following Dirichlet boundary value problem

(1.1) Lou =+ f(z,u), inQ
' u=0, inR"™\Q,
where

Lou:=—Au+ a(—A)°u.
Here o € R with no a priori restrictions, Au denotes the classical Laplace operator
while (—=A)%u, for fixed s € (0,1) and up to a multiplicative positive constant, is
the fractional Laplacian, usually defined as

(—A)’u(x) := C(n,s) P.V./ ulw) = uly) dy,

Re |7 =y

where P.V. denotes the Cauchy principal value, that is
. [ M),y u(e) ~uly)

|£L’ - y|n+2s e—0 {yeR” : |y—z|>e} |£L’ - y|n+2s

)

see [29] for more details. Clearly, when o = 0, one recovers the classical Laplacian.
Finally, A € R is a variational Dirichlet eigenvalue of £, (hence (1.1) is a problem
at resonance), namely there are nontrivial solutions for the problem

Lou = Au, in Q,
u=0, inR™\Q,

see Section 2 for the precise setting.
We suppose that f satisfies the following assumptions.
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Assumptions on f.
(foe) [: QxR —= R is a bounded and Carathéodory function, namely:

1. f(x,-) is continuous in R for a.e. x € Q
2. f(-,t) is measurable in Q for all t € R.

(FiOO)
lim / F(z,u)dr = too
Q

uEKer(Lao—A),
[[u]— oo

uniformly in x € Q.

Remark 1.1. The assumption (Fy ) is the so—called Ahmad-Lazer-Paul condition
introduced in [1] and often used in resonant problems, for instance see [21]. A
sufficient condition implying it is given by

t
F(z,t) = / f(z,7)dr — o0 as [t| = +oo,
0

as can be quite easily checked, see e.g. [20, Lemma 3.4].

The goal of this paper is to extend to a mixed operator an existence and mul-
tiplicity result established in [32] for the Laplace operator. We state immediately
our first result:

Theorem 1.2. Let f satisfy (foc) and (Fioo) and suppose that X\ € R is a varia-
tional Dirichlet eigenvalue of L. Then, the problem (1.1) admits a weak solution
u € X(Q).

We immediately clarify that Theorem 1.2: it is somehow easy to get for a > 0
or when

1
—a<a<0,

where Cs > 0 is the best constant of the continuous embedding H C H* (see e.g.

[15)), L
|u(z) —u(y)® / 2

dxdy < Cy Vu|”dx.
//R?" |~”U - |"+25 V= Q Vel

1
In this perspective, the probably more interesting case is when a < —— 1is as-

sumed. Indeed, the situation becomes suddenly more delicate, mainly becailse the
local-nonlocal operator is not more positive definite, indefinite operators. As a
consequence, the bilinear form naturally associated to it does not induce a scalar
product nor a norm, the variational spectrum may exhibit negative eigenvalues and
even the maximum principles may fail, see e.g. [4]. As a consequence, some in-
equalities cannot be adapted to our situations, since dividing by eigenvalues may
reverse the sign, nullifying a verbatim adaptation of [32]. For this reason, we need
to establish some crucial estimates for eigenspaces, see Lemmas 2.6 and 2.7.

We stress that operators of this latter form (e.g. with & = —1) do not have
only a purely theoretical mathematical interest, indeed the play a role in applied
sciences like combustion theory. We limit ourselves to mention that the stationary
part in the original model proposed by Sivashinsky [35] to deal with the instability
of the propagation front of flames can be reduced to operator of the form previously
described, and this may happen under phisically motivated assumptions, see e.g.
[26] and the references therein.
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We stress that Theorem 1.2 is actually a further generalization of a result by
Ahmad, Lazer and Paul [1] where the authors dealt with a local operator at res-
onance. Despite well known, we want to recall here that the original proof in [1]
is by no means of variational flavour, and consists in a delicate construction of
the solution using a sort of Galerkin method. As a matter of fact, a striking and
not foreseeable consequence of [1] is an existence result with proof relying on the
Saddle Point Theorem by Rabinowitz [32], which is one of the cornerstones of vari-
ational methods in nonlinear analysis. We will follow this latter approach, which
has already been used also in the pure nonlocal case in [20]. We notice that, as
in [20], it is possible to work in a slightly more general case considering weighted
Dirichlet eigenvalues, where the weight a is a Lipschitz function. However, treating
solutions of £, = Aa(x)u doesn’t change the spirit of our result, and for this reason
we concentrate on eigenvalues without weight.

In the spirit of [32], under assumption (F_,), we can also prove a multiplicity
result under a few extra assumptions. The precise statement is the following

Theorem 1.3. Let f satisfy (fve) and (F_o) and suppose that A € R is a vari-
ational Dirichlet eigenvalue of L. We further assume that f(x,0) = 0 and that
f(x,t) is odd in the t variable. Finally, we assume that

(Fpos)  there exists r > 0 such that F(x,t) >0, for0<|t| <7 and x € Q.

Then, problem (1.1) admits at least dim(HY) distinct pair of nontrivial weak solu-
tions, where Hg denotes the eigenspace associated to A.

Remark 1.4. We remark that, as in [32], we are able to prove the multiplicity result
only when (F_,), since only in such a case we are able to prove a decomposition
of the space X(Q) for which the abstract multiplicity theorem 3.10 holds. Hence,
the multiplicity result when (F ) holds is an open problem.

We close the introduction with a quite short overview on the more recent (elliptic)
PDEs oriented literature. Problems driven by operators of mixed type, even with
a nonsingular nonlocal operator [16], have raised a certain interest in the last few
years, for example in connection with the study of optimal animal foraging strategies
(see e.g. [19] and the references therein). From the pure mathematical point of view,
the superposition of such operators generates a lack of scale invariance which may
lead to unexpected complications.

At the present stage, and without aim of completeness, the investigations have
taken into consideration interior regularity and maximum principles (see e.g. [4, 12,
14, 23, 24]), boundary Harnack principle [13], boundary regularity and overdeter-
mined problems [10, 36], existence of solutions (see e.g. [7, 8,9, 17, 18, 25, 31, 34,
3, 22]) and shape optimization problems [5, 6].

The paper is organized as follows. In Section 2 we introduce some preliminary
definitions and results, such as the Hilbert space X(£2), the notion of weak solution
of (1.1) (as critical point of the functional Jy), the variational eigenvalue problem
for L, and the crucial main lemmas. Section 3 is dedicated to the proofs of the
Theorem 1.2 and Theorem 1.3; we first deal with the geometry of the functional
Jx and the Palais-Smale condition, then we verify the hypothesis of the Saddle
Point Theorem and [32, Theorem 1.9]. In the Appendix we recall the notion of
Krasnoselskii genus and we state [32, Theorem 1.9].
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2. ASSUMPTIONS7 NOTATION AND PRELIMINARY RESULTS

Let Q C R™ be a connected and bounded open set with C*-smooth boundary
9. We define the space of solutions of problem (1.1) as

X(Q) :={ue H'(R"): u=0ae.onR"\ Q}.

Thanks to the regularity assumption on 9 (see [11, Proposition 9.18]), we can
identify the space X(2) with the space HE(Q) in the following sense:

(2.1) u€ HY Q) <= u-1q € X(Q),

where 1q is the indicator function of 2. From now on, we shall always identify a
function v € H(Q) with 4 :=u -1 € X(Q).
By the Poincaré inequality and (2.1), we get that the quantity

1/2
lullx = (/ |Vu|2d:v> L uex(©),
Q

endows X(f2) with a structure of (real) Hilbert space, which is isometric to H{ (£2).
To fix the notation, we denote by (-, -)x the scalar product which induces the norm
above on X(€2). We briefly recall that the space X(2) is separable and reflexive,
C§°(9) is dense in X() and eventually that X(2) compactly embeds in LP(2) for

2n :
any p € [1, —n_2) and in
Hi(Q) :={H°R"): u=0a.e.on R"\ Q}

by [27, Theorem 16.1].
With the correct functional setting, we are ready to give the suitable notion of
weak solution for problem (1.1).

Definition 2.1. A function u € X(f2) is called a weak solution of (1.1) if

/(Vu Vi) da + a//Rn T —))(Ii(f?)s —W) 4y

:/\/ngpdwr/ﬂf(x,u)gadx

As usual, weak solutions of (1.1) can be found as critical points of the functional
I : X(Q) — R defined as

/|v 2 dot s //R |x_ |n+25 /|u|2d:c/ F(o,u) d,

¢
F(x,t) ::/Of(:zr,a)da, teR.

By assumption (fp) it is standard to prove (see for instance [2]) that the functional
J> is Fréchet differentiable and that

Re) = [ (u.vp o [[ OO e,

I:v -yl

- )\/ u(x)p(x)de — | f(x,u(x))e(x)dx for every ¢ € X(Q).
Q Q

for every ¢ € X(Q).

where
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Now, we consider the bilinear form B3, : X(Q) x X(92) — R, defined by
Butu) = [ 0T va [ LU0 1),
Q R2n

|n+25

for any w,v € X(Q). In spite of the fact that o can be such that B, is not positive
definite, we give the following definition.

Definition 2.2. We say that v and v are B,-orthogonal if
B (u,v) = 0.

The terminology adopted above is justified by the fact that, for o > 0 (more
precisely if a > — ) the bilinear form B, defines a true scalar product.
We conclude thls section dealing with the eigenvalue problem associated to the
operator L, that is the following boundary value problem
Lou=Au, in,
(2.2) { u=0, inR"\Q,
where A € R. According to Definition 2.1, we give the following definition.

Definition 2.3. A number A € R is called a variational Dirichlet eigenvalue of L,
if there exists a nontrivial weak solution u € X(2) of (2.2) or, equivalently, if

/Q<Vu Vo) da:—i—og//Rzn |w _>>(|<i(+ﬂc2)s— e(y)) dudy — A/ v ds

Q

for every ¢ € X(Q). If such a function u exists, we call it eigenfunction associated
to the eigenvalue .

Note that the linearity of £, guarantees a complete description of its eigenvalues,
and relative eigenfunctions, according to the following result, see [28, Proposition
2.4]:

Proposition 2.4. Let n > 2. Then the following statements hold true:
(a) Lo admits a divergent and bounded from below sequence of eigenvalues {\i }ken,
i.e., there exists C' > 0 such that
—C <M< <. <A — 400, ask — 4oo.

Moreover, for every k € N, A\, can be characterized as

2
2.3 Ak = min Vu2dx+a// )| dd},
en  w- wn { [ [ =t doay

el L2 () =1
where
Py :=X(Q),
and, for every k > 2,
Pr = {u e X(Q) : Ba(u,uj) =0 for every j=1,...,k—1};

(b) for every k € N there exists an eigenfunction uy € X() corresponding to
Ak, which realizes the minimum in (2.3);

(c) the sequence {uk}ren of eigenfunctions constitutes an orthonormal basis of
L2(Q); moreover, the eigenfunctions are Bg-orthogonal.

(d) for every k € N, A\ has finite multiplicity.
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1
Remark 2.5. Clearly, if o > - there is an improvement on the lower bound of
A1, which is thus strictly positive.SMoreover, in this case, A1 is also simple.
We denote by Hy, the linear subspace of X(2) generated by the first k eigenfunc-
tions of L, i.e.
Hj, = spang{uy,...,ug}.

Notice that Pyy; = (Hk)J-Ba, namely the subspace B,-orthogonal to Hy. Also we
set

HY = spang{u; : \j = A},
i.e. the kernel of £, — A\, and
H, =spang{u; : A\j < A\p}.

By Proposition 2.4 (a) we can infer the existence of a positive integer Ny € N such
that Ay, is the first (not necessarily simple) positive eigenvalue. Of course, A > 0
for every k > Nj.

We further notice that, again by Proposition 2.4,

_ 2
(2.4) Akﬂ/u dw</ |Vu|2dx+a// Adxdy
0 R |7 — oyt

for every u € span(us, .. = ]Pk+1 and

2
2.5 v2d )|dd </\/2d

for every u € Hk.
We first need the following preliminary result inspired by Rabinowitz [32], see
[28, Lemma 4.1] for a proof.

Lemma 2.6. Let k € N be such that
A< < S KA < A S

and decompose the space X(Q0) as X(Q) = Hy @ Pry1, where Hy := span(uq, ..., ug).
Then, there exists a positive constant 8 such that for any u € Py

(2.6) Bo(u,u) = M llullF20y > Bllull o),

or, equivalently,
afu]? — Nelul?
. . [u] 2” 1720 > 0.
u€Pr1\{0} HUHX(Q)

We now prove a sort of counterpart of Lemma 2.6 when we restrict our attention
to the finite dimensional space Hg. The former and the next lemma will be two
of the crucial ingredients to verify that the functional 7 verifies the saddle point
geometry.

Lemma 2.7. Let k € N be such that A = Ay < Apy1. Then there exists a positive
constant v > 0, such that

(2.7) Ba(u,u) = Meflull 720y < —7llu” %o

or each u € Hy,, where u =u’ +u~, v € H? and u™ € H;,_ .
) ’ k k
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Proof. If w = 0, then the assertion is trivial. Hence we assume u € Hj ~ {0}.
Thanks to Proposition 2.4 (c¢), a simple computation yields that
2 - - -2
Bo(u,u) = Mg llullz20) = Ba(u™,u™) = Aflu[[22q),

which is nonpositive by (2.5). Then it suffices to prove that there exists a positive
constant v > 0 such that

alu™)? = Agllu |2
o . {LF[] |||m@}:_%

u=€H; \{0} Hu*”%(sz)

To this aim, we argue as in [28, Lemma 4.1] assuming by contradiction that there
exists a sequence {u;, }nen € H, \ {0} such that

afuy]? — Aellug |12
) 2 = el 2 o

—0 — 0, asn— +oo.
”un Hx(g)

We then consider the normalized (in X(2)) sequence

vy = — e B\ {0},
HUHHX(Q)

and, since H, \ {0} is finite dimensional, we can infer the existence of a function
v~ € H,, with ||[v7|x@) = 1 and such that v, — v~. Therefore, by the compact
embedding of X(Q) in H(Q) and in L*(Q), we find

L+ afv, > - /\kHv;HQB(Q) —14+ap™)? - /\k||v*||2L2(Q), as n — +0o,
but at the same time,
L+ afv, > - /\kHv;HQN(Q) —0, asn— +oo.
Since v~ € H, \ {0}, we also have that
0> Ba(v™,07) = Aello 720 = 07 Iz @) —1 =0,
and a contradiction arises. (]
The next Lemma is taken verbatim from [20)].

Lemma 2.8. Let f satisfy (foc). Then there exists a positive constant M > 0,
depending on ), such that

(2.10) <M Jullx)

/Q F(z,u(z))dz

for all v € X(2).

Proof. By definition of F' we have

/Q/OU(E) flz,t)dtdx

By the Holder and Poincaré inequalities, we obtain

F(z,u(z))dx
Q

<M | |u(x)|d
Q

M [ Ju(@)lde < MIRI ful 1) < Mlulo
Q

Hence we get (2.10), with M depending on Q. O
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3. PROOF OF THEOREM 1.2 AND THEOREM 1.3

The proof of Theorem 1.2 follows the classical streamlines in minimax theory. In
particular, and as already mentioned, we will make use of the Saddle Point Theorem
by Rabinowitz (see [32, 33]), and therefore we have to check that its assumptions
are satisfied.

3.1. Geometry of the functional 7.

Lemma 3.1. Let f satisfy (foc) and (F-o) and let k € N be such that A\, < Ag41.
For every K > 0, there exists r = r(K) > 0 such that Jx\(u) > K for every
u € Pry1 & HY with |Jul|x) > r.

Proof. Since u € P11 & Hp, we can write u = u™ + u°, where u™ € Py and
ud € Hg. It now suffices to note that,

1 A
‘-7>\k (u) = §Ba(u7u) - 7”'“”%2(9) — /Q F(JI,’U,) dx

1 Ak
= LBt ) = 2 |2 - / P, ) de
2 2 o

> §||u+||§g(9) — /Q F(z,u)dx (by Lemma 2.6)

(3.1) 3
= §||u+||§g(9) - / F(2,u°) dx — / (F(z,u) — F(z,u%)) dz
Q Q
= Sl ~ [ Flaaao— [ [ fa s
2 Q Q Jud(z)
B ~
> Sl i — | Flaa®)do = 1t
and the conclusion now easily follows from (F_). O

A similar statement holds when (Fj) is in force, namely
Lemma 3.2. Let [ satisfy (fuoc) and let k € N be such that A\ < Agy1. For every
K > 0, there exists r = r(K) > 0 such that Jx\(u) > K for every u € Pry1 with
ullx(q) > 7
Proof. 1t suffices to note that, being u € Py1,

1 A
o) = gBaln) = Elulae) ~ [ Flaw)ds

(3.2) > §||u||§g(m - / F(z,u)dx (by Lemma 2.6)
Q
ﬂ ~
> §||U||§g(sz) — M|ullxq), (by Lemma 2.8).
The conclusion now easily follows. (I

Remark 3.3. An immediate consequence of Lemma 3.1 or of Lemma 3.2 is that

(3.3) lim inf |‘7A|k2(“)
uelr 41 u
Il (@) —+o0 X(@)

> 0.
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Proposition 3.4. Let f satisfy (fve) and let Ay < Agy1 for some k € N. If (Fioo)
is in force, then we have

(3.4) ulérgk Iy, (u) = —o0,
[lullx (o) —+oc

while if (F_o) holds, then

(3.5) lim Iy, (u) = —o0,
u€H,
[lullx(a)—++oo

Proof. Let us start with the case in which (F ) holds. Since u € Hj we can write
w=u" +u® with u~ € H; and u" € H). Then we have

Tinw) =gBa(w) = 5 [ fu@)Pde — [ (Plau (@) + @) = Fla.u())da

—/F(a:,uo(a:))daj
Q

Notice that, as in proof of Lemma 2.8, we have

/Q(F(:E, u” (z) +u’(x)) — F(z,u’(x)))dx

<

u” (x)4ul(x)
// f(z,t) dtdz
Q Juo(x)

§M/9|u_(:1c)|dx

< M||u7||X(Q)-

Thus, by Lemma 2.7 and the previous inequality, we obtain

Yo - ~ _
36 T <= F ey + M) — [ Ploa @)

Moreover, by Proposition 2.4(c) and the Cauchy-Schwarz inequality, we have

||“||§2§(Q) = ||U0||§g(sz) + ||u_||§2§(sz) + 2<u07“_>X(Q)

<oy + gy + 2 1ullx@) e lx@)-

Thus, since [|ul|x(q) diverges at +o0o we have that at least one of the two norms,
either [[u®||x(q) or [[u™||x(w), goes to infinity, as well. Assume that [[u®||xq) — +o0,
then ||u™||x(q) can be finite or infinite. By (Fo) and by (3.6) we get Jx(u) — —oo.
Otherwise, suppose that [[u’||x(q) is finite, then ||u~||xq) diverges to +oc0 and by
Lemma 2.8 the last term in (3.6) has a linear growth. Hence Jy, (u) — —oo. This
closes the first part.

The case in which (F_o) holds is rather simpler. Indeed, keeping the notation
u~ for functions in H, and reasoning as above, we have that

_ Yoo .
I (u )§—§||U ||§2§(Q)+M||u ()

an this closes the proof. (I
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3.2. Palais-Smale condition. Let us start recalling the following notion.

Definition 3.5. We say that {u;},en is a Palais-Smale sequence for Jy at level
ceRif J\(uj) = cas j — oo and

(3.7) Ja(uj) =0, asj— +oo
holds true.

Proposition 3.6. Let f satisfy (fpe) and (Fioo). Suppose further that M\, < Ag11
for some k € N. If {u;};en is a Palais-Smale sequence for J,, then {u;}jen is
bounded in X(Q).

Proof. Let u; = u?— +u; + u;' where u?— € HY, uy
show that all sequence ujo-, uj, u;' are bounded.

Let us start noticing that by (3.7), we have
(3.8)

el [lx@) > (T, (), u))]
B(uJ,J) /\k/ (@) da:—/fa:uJ <($)d$,

€ H,  and uj € Pry1. We will

where e(1) — 0 as j — oco. Since f is bounded, similarly to Lemma 2.8 we have

/fxuj u¥ () de| <

Thanks to Proposition 2.4 (c), we have

(3.9) M|uf|x)

(310) (K, (). u) = Baluih ) = M [ @ do = [ flo o) @)
Since uj belongs to Px1, by Lemma 2.6 and (3.9) we get

5(1)||u;L||X(Q) > BHU}LHgg(Q) - MHU;FHX(Q)a

so that the sequence {U;L}jeN is bounded in X(£2). Furthermore, again by (3.8),
(3.10), Lemma 2.7 and (3.9) we get

e()luj lxy = —(TK, (i), ui) > vllu Iz — Mllu™ [Ix@)-

Then the sequence {u; };en is bounded in X(Q2), as well.
We finally prove that uf is bounded in X(£2). First of all, we recall that u is an
eigenfunction associated to g, namely

(3.11) Ba(uf,ul) )\k/ |ud(z)*d.
By the Palais-Smale condition, the equation (3.11) and Proposition 2.4 (c), we gain
1 _ Ak _
¢ ) =g Balu ) + 5Bty ) = 3 [ (W @+l (@)F) da

—/ (F(a:,uj(:zz)) F(x, u; ( ))) d{E—/F({E,ug)(I))dI.
Q

Q
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Thus, we have that
(3.12)

s

Ak

- — ul (@)]? + |u; (2)?) de — T, u; (T z,ul(x T
2/Q(|J<>|+|]<>|)d /Q(FuJ(» F(z,u(2) d

<|JAk<uJ>|+]1 o ) By )

By the Poincaré inequality and the bound on u;r and u; we gain

3 [ (6 @F + 17 @) da

for some C' > 0 and all j € N. Moreover,

< C (Jluf Iy + 105 Iy < €

flz,t)dt

/ (F(x,uj<w>>—F<w,u9<w>>)] <f\L,

SM/Q (Juj |+ [uf]) dz
<M (JJuj [lxee) + lul k@) < Ci

for some C; and all j € N. Therefore, from (3.12), recalling that u]i are bounded,

we obtain
1
[ Fea@nde] < el + o) + |5Baluf ) + 3Bl )| + €+ Cr < G
Q
where Cy > 0 is a constant independent of j and o(1) — 0 as j — oo. Hence the
sequence of integrals [, F(z,u}(x))dz is bounded. Finally, since u) belongs to H},

by (Fioo) we get that uf is bounded in X(02). O

We establish the validity of the Palais-Smale condition thanks to the following
result.

Proposition 3.7. Let f satisfy (fpe) and (Fioo). Suppose further that A < Ag41
for some k € N. If {u;}jen is a Palais-Smale sequence for J,, then there exists
Uso i X(Q) such that u; strongly converges to us in X(£2).

Proof. By Proposition 3.6 u; is bounded and X(2) is reflexive, since X(Q2) is an
Hilbert space. Then there exists us € X(£2) such that, up to a subsequence, u;
weakly converges t0 us in X(€2). Since X(£2) is compactly embedded in H§(2) (and
so in L?(Q)), then, up to a subsequence, u; — u in H§(Q) (and so in L*(Q)) and
Uj =+ Uso a.€. in §2. This implies that

(3.13) Ba(uj, ) = Ba(uco, )

for all p € X(0), as j — +o0.
Since u; is a Palais-Smale sequence, we have

0 < (TIx, (ug), uj — too) =Ba(uj,uj) — Ba(tj, Uoo)

(3.14) - )\k/ﬂug‘(w)(uj (%) = uco(x))dx
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Now, by the Holder inequality and the bound on f we get

A / wj(2)(u (2) = uoo())de + | f(a,u;(x))(u;(2) — too(x))dx
Q

Q

1
< (Mellugllzzco) + MIRIE) iy = ocllz2go) — 0,
as j — +oo. Therefore, passing to the limit in (3.14) and taking into account (3.13)
we get
Ba(uj,uj) = Ba(too, Uso)-
Since u; — u in H§(Q), we conclude that [uj]lx) — [[uoollx(0). X(Q) being

uniformly convex, we conclude that u; — us strongly in X(€2). O

By combining Propositions 3.6 and 3.7 we have the proof of the following com-
pactness property.

Proposition 3.8. Let f satisfy (fpe) and (Fioo). Suppose further that M\, < Ag11
for some k € N. Then J, satisfies the Palais-Smale condition at level ¢ for any
c € R, namely every Palais-Smale sequence at level ¢ admits a strongly convergent
subsequence.

We are now ready to conclude with the

Proof of Theorem 1.2. Let us start fixing some notation. Since A is an eigenvalue,
there exists k € N such that A = A\y < Ag41. Once k has been found, we fix the
decomposition X(2) = Hy & Py, with Hy having finite dimension.

Let us start with the case in which (F) is in force. From (3.3) for any H > 0
there exist R > 0 such that, if u € Pry1 and [Jul|xq) > R, then

J)UC(’UJ) > H.

When v € Pyy1 and ||lullx) < R, by (2.4), the Rellich-Kondrachov Theorem, the
Holder inequality and (2.4) we have

I () > LT AR [ vz / Flz, u(z))da
2 Q Q
> —M/ |u(z)|dx > —MHU(I)Hx(Q) > -MR=: —Ck,
Q

where M is a positive constant. Therefore, we obtain
(3.15) Ir,(u) > —Cr for any u € Ppiq.

Furthermore, by (3.4) in Proposition 3.4, there exists T > 0 such that, for any
u € Hy, with |Jul|xq) > T', we have
(3.16) Iy, (u) < —Chg.
Hence, by (3.15) and (3.16) we conclude that
sup  Jy,(u) < —Cg < inf Jy, (u),
cH, u€EPR 41

u€Hy,
lullx@)y=T

so the functional Jy, satisfies the geometric assumption (I3) and (I4) of [33, The-
orem 4.6]. Moreover, by Proposition 3.8 J,, satisfies the Palais-Smale condition.
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Then the Saddle Point Theorem ([33, Theorem 4.6]) provides the existence of a
critical point u € X(€2) for the functional Jy, with
T (@) < max T, (v).
vEH),

lullxQ)<T

The case (F_~) can be treated similarly considering the following decomposition:
X(Q) = Hy @ (H) @ Pyi1),

where H, is the finite dimensional subspace while P11 © H, 2 is the infinite dimen-
sional one. Reasoning as above, by using (3.5) in place of (3.4) from Proposition
3.4, we conclude the proof of the theorem. (I

Remark 3.9. Assumption (fp.) covers the case f(x,0) # 0. This implies that
the trivial solution is not allowed for this type of nonlinearities, like f(z,t) =

e~ Vsign(t).
Concerning the multiplicity result stated in Theorem 1.3, its proof is an easy
corollary of Theorem 3.10 below.

Proof of Theorem 1.3. We consider first the following decomposition
X(Q) = H; @ (H) ®Py11).

As before, we can assume that A = Ay < Agy1 for some & € N. We now consider
the sphere of radius r > 0 in the finite dimensional subspace H}, namely

S = {u € Hy : ||u||x(Q) = T} .

By Lemma 2.7 (since u € S C Hy) and (Fpos), if 7 > 0 is small enough, being the
norms in L>®°(2) and in X(Q) equivalent, as Hj, is finite dimensional, we get

sup Jy, (u) < 0.

ues
This fact, coupled with the lower bound on Jy, (u) for u € HY & P41 established
in (3.15), allows to apply Theorem 3.10 with E = X(Q) and E = HY @ Py, which
yields the desired conclusion, since v(S) = dim(Hy) (see [30, Remark 5.62]). O

APPENDIX

We recall some basic facts about the Krasnoselskii genus and an abstract result
due to Rabinowitz.

Let A C RY be a closed and symmetric set. The genus y(A) of A is defined as the
least integer n (if it exists) such that there is an odd function f € C'(A,R™\ {0}).

Set ¥ := {A CRY : Ais closed and symmetric}.

Theorem 3.10 (Theorem 1.9, [32]). Let E be a real Banach space and let I €
CL(E,R) be even with 1(0) = 0 and satisfy the Palais-Smale condition at any level.
Suppose further that

1. there exists a closed subspace ECE of codimension j and a constant b such
that I|E > b, and
2. there exists A € ¥ with v(A) =m > j and supy I < 0.

Then I possesses at least m — j distinct pairs of nontrivial critical points.
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