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ABSTRACT

While Hopfield networks are known as paradigmatic models for memory storage and retrieval, modern artificial intelligence systems mainly stand
on the machine learning paradigm. We show that it is possible to formulate a teacher-student self-supervised learning problem with Boltzmann
machines in terms of a suitable generalization of the Hopfield model with structured patterns, where the spin variables are the machine weights
and patterns correspond to the training set’s examples. We analyze the learning performance by studying the phase diagram in terms of the training
set size, the dataset noise and the inference temperature (i.e. the weight regularization). With a small but informative dataset the machine can learn
by memorization. With a noisy dataset, an extensive number of examples above a critical threshold is needed. In this regime the memory storage
limits become an opportunity for the occurrence of a learning regime in which the system can generalize.

1. Introduction

What is the maximum amount of patterns that can be stored by a neural network and efficiently retrieved? What is the minimum
amount of examples needed for a neural network to understand the hidden structure of a noisy, high dimensional dataset? They
seem two different questions, the former concerning the limit of a memorization mechanism, the latter involving the beginning of
a learning process. In facts they are strictly related, being a common life experience, especially for science students, that learning
comes to help when memory starts to fail.

In this work we investigate this relation by introducing a suitable generalization of the Hopfield model that naturally emerges in
the context of a teacher-student, self-supervised learning problem.

The Hopfield model [1] is the statistical mechanics paradigm for associative memory and describes a complex system of connected
neurons able to retrieve patterns of information previously stored in their interactions through the so called Hebb rule [2]. In the
case of uncorrelated patterns, retrieval (thus memorization) is possible up to a critical load, that scale linearly with the system’s
size, beyond which a spin-glass regime occurs where the system gets confused [3,4]. Since the Hopfield seminal work, several
generalizations have been investigated in relation to their critical storage capacity and retrieval capabilities. For example, super-
linear capacity has been found by allowing multi-body interactions [5], parallel retrieval has been studied in relation to patterns
sparsity [6-10] or hierarchical interactions [11-14] and non-universality has been shown with respect to more general patterns
entries and unit priors [15-20]. A specific attention has been given to model with intra pattern and among patterns correlation
[21-24]. In this works the negative effects of the correlation structure on the system’s capacity emerge and different non-Hebb rules
are proposed to mitigate it, restoring the possibility of pattern retrieval. Other works on the effect of patterns correlation on the
critical capacity are [25-27].
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From this perspective it appears as a collective endeavour in favour of an artificial intelligence (AI) that works exclusively by
machine memorization, in contrast to modern Al that is being dominated by machine learning. Recent models have started to
consider patterns correlation as connected to the existence of a new regime which is more close to learning than memory retrieval.
For example in [28-31] patterns are blurred copies of some prototypes while in [32-34] patterns are generated from a set of hidden
features: in both cases there exists a regime where the Hopfield network can extract (learn) the underlying structure more than
merely memorize the examples.

In this work we show that this type of mechanism is exactly what happens in a problem of self-supervised learning [35], where a
machine is trained to learn the probability distribution of a given dataset from a subset of unlabelled examples.! Depending on the
noise of the dataset and weight regularization the machine stops working by memorization and starts learning by generalization.

The paper is organized as follows. In the Introduction a generalization of the Hopfield model with planted correlated patterns
is presented together with its natural interpretation in terms of the machine weights posterior distribution in a teacher-student
self-supervised learning problem. In the Section Results the model is studied in three different regimes: in the Bayes optimal [36,37]
setting the machine can work by memorization if the dataset noise is relatively small while it can retrieve the signal by generalization
when the training set is made of a sufficiently high number of weakly informative examples; beyond Bayes-optimality [38,39] the
learning regime depends on the relation between dataset noise and weight regularization (inference temperature). In the last Section
the proofs of the main results are given while in the Appendix the derivation of the Conjectures is provided.

We consider a Hopfield model with N binary spins & = (§;,...,&y) € {—1,1}¥ and M quenched random binary patterns
S = {s“}::”:1 = {s¥, ...,s”N}l’:’L] € {~1,1}¥M_ Given a specific realization of the patterns and a planted configuration & € {—1,1}",
we consider the Boltzmann-Gibbs distribution

ﬁ M N N
PS8 =27"(S.Hexp <N PIIEEAIETDY &@) , ¢9)
i<j i=1

p=1i<j

where § > 0 is the inverse temperature, 1 > 0 is the amplitude of an external field in the direction of the planted configuration and

M N N
Z(S,8) = Zexp(% DY sishee + AZE@-) 2
& p=1i<j i=1
is the model partition function. Differently from the standard Hopfield model, where patterns consist of i.i.d. Rademacher random
variables, we assume the patterns are independent but with a specific spatial correlation induced by the planted configuration i.e.
they are distributed according to

M M ﬂ N N
P& =] P 1&=]]z"exp <N D EE st + Zgis;'> , 3
u=1 i=1

p=1 i<j

where the partition function

N N N N

z, 1= Zexp(% Zfifjs,-sj +h”2§is¢‘> = Zexp<% Zs,-sj + h* Zsf), 4
s i<j i=1 K i<j i=1

is nothing but the partition function of the classical Curie-Weiss model at inverse temperature f and external field 4# € R. In

the second equality we just use the Gauge transformation s; — s,,;. Finally we assume the planted configuration & is a quenched

Rademacher random vector.

The model (1), (3), in particular in the limit 4,h — 0, is motivated by its natural application in the context of self-supervised
learning, where a machine is trained over a dataset (training set) of unlabelled examples to retrieve their probability distribution.
To this task the Hopfield model belongs to the class of the Restricted Boltzmann Machines (RBMs) [40], that are widely used
architectures and consist of neural networks with two layers of units. The first (visible) layer reproduces the data with its units
s=(s,...,sy), the second (hidden) layer has the role of building an internal representation of the data structure using its units
Tt =(r,...,7p). In the statistical mechanics literature they are also studied in the context of multi-species spin-glass models [41-51].
In practice a RBM is the parametric probability distribution

N.P
P(s)=z2,'E, exp(z w{s,-‘q) , ®)
ij

whose parameters w € RN? need to be fit with the data. The expectation E, is intended over the a priori distribution of the hidden
units. It is well known [52,53] that if one assumes gaussian units 7 ~ A'(0,1) then the RBM is exactly a Hopfield model with
P patterns {w*} /I: _,- In a self-supervised learning setting, given an unknown probability distribution PY and a training set of M

examples S = {s# ~ P%} L‘”: | drawn independently from P, the aim is to approximately learn P with P,, by tuning w. The learning
performance clearly depends on the structure of the data, i.e. P, the properties of the machine, i.e. P,, and the amount of data.

1 In this paper the term self-supervised learning is considered as synonymous of the more classical unsupervised learning and in contrast with supervised learning
from labelled data.
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A crucial research question is thus about the typical size of the training set necessary for the machine to efficiently learn, given its
architecture and the structure of the data. To answer this question we can consider a controlled scenario in which the dataset S is
generated from a (teacher) machine P, and another (student) machine P, is trained over S. In the case P = 1, choosing & = /f/N .‘;‘,
we find that the probability distribution of the dataset is exactly as in Eq. (3), i.e. it has a spatial correlation induced by the planted
configuration &. The parameter ! can be interpreted as the amount of noise in the training set examples or at the same time
the typical strength of the machine weights, i.e. weights regularization. In a Bayesian framework, the posterior distribution of the
student’s machine weights w = /f/N¢& given the dataset reads as

A POTLL PO o

PElS) = S =z <S)exp< };st /&8 ) ©6)
which is exactly the Hopfield model of Eq. (1) in absence of fields. In the following we refer to the machine weights £ as the student
pattern to distinguish them from the teacher (planted) pattern &, also denoted as the signal. In a statistical inference framework
Eq. (3) define the so called direct Hopfield model describing the dataset, while Eq. (6) can be considered as the inverse model.
Interestingly it is still a Hopfield model, dual w.r.t. the direct model, where the spin variables correspond to the machine weights &
while the training set’s examples S play the role of the patterns. We also refer to the dual patterns as planted disorder to enlighten
that they are in turn drawn from a Hopfield model with a planted pattern, i.e. €. This teacher-student setting has been introduced
in [54], originally inspired by [55] and recently studied in the case P =2 for boolean RBM [56]. It was also used in [57] to propose
alternative posterior based methods for inverse problems in the case of structured dataset.

In this setting it is possible to quantify the learning performance of the student machine by measuring how much the student

pattern £ is close to the signal &, i.e. by computing Q(&, &), once introduced the overlap between two vectors &', &2 € RN as

¢ 5

0¢'.&)= 7)

Similarly we can evaluate the amount of information contained in the data with the overlap Q(s*, &) between the examples and
the teacher pattern. Finally we can characterize the memorization performance of the machine by introducing the overlap Q(s*, &)
between the examples and the student pattern (sampled from the posterior (6)). We define the bracket (.)A as the expected value w.r.t.
the joint distribution of signal, training set and student pattern (£, S, £), i.e. for any function f : {—1,1}V x {-1, 1}¥M x {-1,1}¥ SR,

(fy:=27N 3 fE.S.0)PEIS.HP(SIE. ®)
£se

It is interesting to note that using the Gauge transformation ¢, — &,; and st — s;‘cfi, we get for any bounded function f of the overlap
that

(1@E&) =2V Y 1(0(&.8)PEIS.HPSIE)
£8.¢

= Z FRED)PEIS, DPSID = (f(QE D)), 9
S

where we have defined the bracket (.) as the expectation w.r.t. the joint distribution P(£|S,1)P(S|1) that does not depend on the
signal & (ferromagnetic gauge), i.e. for any function g : {—1,1}"M x {-1,1}¥ >R,

(8) 1= ) g(S.HPEIS, DP(S|D). 10)
$.¢

Note that P(£|S, 1) is the Boltzmann-Gibbs distribution induced by the partition function

N
Z(S):Zexp( ZZ ; !fg,.gjuz.s,), (11)
4 i=1

u=1i<j
that is a Hopfield model in a field, whose patterns are drawn from

N
i=1

P(Sll)—Hz exp( Zs” ”+h”2 ) (12)

H= i<j I

i.e. the distribution of M independent Curie-Weiss models at inverse temperature f and external field h. In the following we indicate
with E4 , the expectation w.r.t. the pattern distribution (12). Eq. (9) means that the overlap with the signal can be interpreted as the
magnetization of a Hopfield model at inverse temperature f with patterns S extracted independently from a Curie-Weiss model at
the same temperature. Analogously it holds

(f(O(s".8)) = (f(O(s".£))) (13)
(F(O(s",8)) = (f(Q(s",1))) (14
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i.e. the overlap between the examples and the signal corresponds, in the ferromagnetic gauge, to the magnetization of S. For this
reason in the following we always consider, without loss of generality, that the patterns are drawn from (12), which does not depend
on the signal &, keeping in mind that a non-zero magnetization in this model corresponds to a macroscopic alignment with the
planted configuration .

2. Results
2.1. Learning by memorization from few highly informative examples

At low enough temperature we expect that the examples S are polarized, i.e. in terms of the original variables they are correlated
with the planted configuration &. At the same time, as long as the number of examples do not exceed the critical load of the student
machine, the student pattern & will be aligned with one of them and therefore we expect it to be polarized as well. From the machine
learning perspective, since each example carries a lot of information about the signal, the student machine can easily learn & by
memorization, even if M =1.

We can formalize this result and precisely quantify the goodness of the learning performance in terms of the temperature g and
the amount of data M by computing the system’s free energy

Iy = -ﬁLN[E,L,, log Z(S) (15)

where Z(S) is given by Eq. (11). In the thermodynamic limit we have the following

Theorem 1. If § <1, or f> 1 and A,h € R\ {0}, it holds for any € € {—1,1}M
. 1

—Bf := Jim ZEppelog Z(S) = suppepnm g(p) (16)

with
B pp*

g(p)=log2 — - + (logcosh(fs - p+ A));, 17)

where we have defined the random vector s € {—1,1}™ whose entries are i.i.d. random variables with mean
px?
my(f, h) :=argmax,cp [log2 +logcosh(fx + h) — ENE (18)

The variational principle expressing the free energy corresponds to what one would expect for a Hopfield model at a low load of
biased patterns and this is natural since the model for the dual patterns (3), as well as the Curie Weiss model (12), is mean-field in
the thermodynamic limit, therefore spatial correlations vanish. The solution of the variational principle is a stationary point of g(p),
therefore a solution of

s ePmols tanh(fs - p+ 1)

p=(stanh(fs-p+ 1)), = )M (19)

(2 cosh(Bmy)
Note that Theorem 1 states that the limiting free energy doesn’t depend on e, therefore we can consider without loss of generality
the case of a positive uniform external field h = he = h1 acting on the examples. In terms of the learning scenario this corresponds to
saying that the student does not care whether the examples are aligned or anti-aligned with the planted configuration &. Note that
this is not a symmetry by global spin flipping because each example field can have a different sign and thus a different alignment
w.r.t. & This result is particularly useful because in the limit of zero external field it is well known that the Curie Weiss measure
at low temperature is a mixture measure P =1/2(P™ + P~") and consequently the training set S is in general composed of
two clusters of examples with opposite global magnetization: this is in general a complication when dealing with inverse problems
[57-59]. Nevertheless, using a Bayesian approach and thanks to the resulting Hebbian interaction, the posterior distribution works
exactly as the examples were all aligned in the same direction.
From the solution of the free energy variational principle all the model order parameters can be derived according to the following

Proposition 1. Assuming € =1 and given p € RM the global maximizer of g(p), then it holds

. R !
* im (0(s#.8)) = fim (552 ) =mo(p.h) V=1 M; (20)
« lim (Q(s*,&)) = lim e P Vu=1,...,M; (21)
N 5 N N H s eee s M

L 1
.A}EHW<Q(§,5)> :]&Enw<7§>:m:(tanh(ﬂs~p+/1))s‘ 22)

Moreover the random variables Q(s*, &), Q(s*, &) and Q(&, &) are self-averaging.
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Since we are interested in the limit 4, A — 0, we need to study the system of equations

¥ s ePmoPLs tanh(ps - p)

p=(stanh(ps - p)), = - @3)
(2cosh(Bmy(B)))
where my(8) = my(B,0%). In the case M =1 the equation (23) takes the form
p = (stanh(fsp)), = tanh(fp). 24
whose solutions are p = +m(f) and from which
m = (tanh(fsp)), = (s), tanh(fp) = my tanh(fp) = 1m0(ﬂ)2, (25)

A similar ferromagnetic bifurcation occurs also for generic number of examples M. In fact when f <1 the only solution for the
example magnetization is m, = 0, therefore the average (---), becomes uniform over {—1,1}*. As a consequence, using | tanh(z)| < |z,
it holds

p? =((s- p)tanh(fs - p)); <(|s - pl| tanh(Bs - p)|)
<B{(s-p7), =B X, pupy (5u80), = PP (26)
MV

Hence, if # < 1 the only solution is p =0, from which m = 0. This means that at high temperature there is no information about the
planted pattern in a dataset composed of a finite number of examples, simply because they are uncorrelated with the signal &. It is
immediate to verify that p = 0 is a solution at any temperature, however, when g > 1 it is unstable and other solutions with non zero
overlap p appear. It is possible to characterize those solutions thanks to the following propositions.

Proposition 2. The solutions of Eqs. (23) have equal components, i.e. p* =pVu=1,..., M.

Thanks to Proposition 2 it is sufficient to solve the one-dimensional equation

u 51 0 anh (BT 5,
5:<SItaHh(ﬂ52’s’l)> ) l (2cosh(Bm ))M — 7
s 0

p=1

where p is the value of each component of p. By studying Eq. (27) we have the following

Proposition 3. The points p* = p = +my(f), Vu=1,..., M, are solutions of egs. (23).

To check whether they are actually minimizers one should look at the free energy, obtaining the following

Proposition 4. For > 1, A=0 and h = 0", the maximum of g is attained in the two symmetric points p* = +m(f), Yu=1,..., M.

The previous results show that when the temperature is low enough, i.e. g > 1, both the example magnetization m, and the overlap of
the system with the examples p are different from zero. This means that the examples are all macroscopically aligned with the signal
& (i.e. they are largely informative) and that & is macroscopically aligned with all the examples. As a consequence the system must
be macroscopically aligned with the signal (learning is possible and easy) and in fact in this regime m # 0. It is interesting to note
that while p does not depend on M, i.e. the alignment with the examples only depends from the posterior temperature, the system
magnetization m, i.e. the alignment with the signal, increases with the size of the dataset. In fact its value is simply obtained as

> ePMmom(s) tanh(p Mpm(s))

m = (tanh(fs - p))s = m N (28)
(2cosh(fmy))

where m(s) = M~! Zf\f: , $*. We report in Fig. 1 the value of the magnetization as a function of the temperature for different size of
the dataset M. As M increases, it is evident that the magnetization tends to 1 for § > 1. The system’s free energy
M 1 2zefMmom®1n2 cosh(fMpm(s))

f==0>r (29
2 p (2.cosh(Bmp)) ™

is also displayed to show the instability of the solution p =0 at low temperature.
2.2. Learning by generalization from marny noisy examples
In the previous Section we have shown that when the examples are highly correlated with the signal, i.e. at > 1, learning is

possible and easy, with any finite number of examples M > 0. Conversely when the examples are poorly correlated with the signal,
i.e. g <1, there is not enough information in the posterior distribution to retrieve the original pattern. In this Section we show that
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Fig. 1. Learning performance with a finite M dataset size. Left: System’s magnetization, i.e. the overlap between teacher and student pattern is evaluated as a function
of the temperature f~'. The overlap increases with the number of examples M as long as the system is below the critical temperature. Right: System’s free energy as a
function of f~!. The free energy corresponding to solutions with m > 0 are painted in solid lines, while the ergodic (E) free energy, i.e. the one corresponding to m =0,
appears with a dashed line. As long as ! < 1, the global minimum of the free energy is the state where the machine can learn the original pattern.

learning is possible also in the low correlation regime (high temperature) as long as we consider a larger dataset. In particular we
consider the case in which the machine can leverage on an extensive number of examples, i.e.

lim M/N =y >0. (30)

N-oo

In this regime the free energy can only be derived exploiting the replica method under the replica symmetric approximation [60]
from which one gets the following

Conjecture 1. For =0, h=0, <1 and y > 0, the limiting free energy of the posterior distribution is

—p1 = Jim < EpnZ(S) = EXthy 0 f (g, ), 31
where
o7 Ba B> —m?)
g, §) =— = |In((1=p)(1 - -
Sf(m,m,q,q) 2[n(( B)(1 - B+ Bqg)) a-ptaopa-rs+50
+ %" — thm — g / Du(z)In2 cosh( + zv/§). (32)
Thus the saddle point equations read as
m= / Dyu(z)tanh(h + zv/4) (33)
2
e YPm (34)
1-pA-p+pg)
g= / Du(z) tanh( + z1/§) (35)
30,2 _ 2 2
4= yB(m” —gq°) vBq (36)

A—pU—p+pa?  O-P1-p+pa)

The solution of the saddle point equations have a physical interpretation in terms of the model’s order parameters according to the
following

Conjecture 2. Given (m, q) solutions of Egs. (33), (35) it holds

1 IR
m=im (5 ) = fm, (0&.0) @
g= lim (0".£)) = lim (0¢".£Y). 38)

where &', &2 are two replicas of the systems, i.e. two independent configurations sampled from the posterior distribution (1) with the same
data S.

The details about the derivation of Conjectures 1 and 2 are provided in Appendix A. As in Theorem 1 the free energy is given
as the solution of a variational principle in terms of the model’ s order parameters: in that case the overlap with the examples
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Fig. 2. Learning performance with a noisy (§ < 1) but extensive (M =y N) dataset on the Nishimori line. Left: the system’s magnetisation m is shown as a function of
the inverse temperature § and for different dataset size y. Right: the magnetisation m is shown as a function of y and different inverse temperatures g. The inferred
pattern’s quality displays a second order phase transition. Moreover it increases with y and decreases with the dataset noise .

pH ~ Q(s, €). In this case, because of the high temperature (f < 1) the system never aligns with any specific examples (p = 0) and
this overlap does not play a role in the free energy principle. Nevertheless, the signal (toward the teacher pattern) carried by an
extensive number of examples can become macroscopic and could bring to non zero system’s magnetization and system’s overlap (m
and ¢) that in fact emerge as the two natural order parameters. Egs. (33) and (35) are similar to those of the standard Hopfield model
[4], with a random gaussian field of a different variance, still proportional to the load y. Moreover the signal term /% doesn’t point
towards the examples but towards the teacher pattern and it is proportional to y, thus showing the beneficial effect of the training
set size.

It is important to recall that we are studying the problem in which the student machine is exactly as the teacher one (same
architecture) and also the temperatures are the same. Therefore by construction the model satisfies the Nishimori conditions, in
particular

(0E.8)) = (0&.5). (39)
Infact we have at A =0 and h =0 that

(0@.8)=27" Y 0E&OPEISPSIE
&se
= D, Q& HPEISPEISPS) 40)
£s.¢
=27N 3 0E HPE1S)PEISPSIE =: (0E".&D).
sele
For this reason, according to Conjecture 2, we expect that the solution of the saddle point equations satisfies m = ¢ and at the same
time, see Egs. (34), (36) m = 4. It is easy to show that this is in fact a solution of Egs. (33)-(36) by using the identity

/ Dyu(z)tanh( + zV/) = / Dyu(z)tanh?(h + z\/ 7). (41)

We checked numerically this is a stable solution. This condition indicates the absence of a spin-glass region (m =0, g > 0). Analogously
it is easy to show [60] that overlap and magnetization have the same distribution. The expected self-averaging of the system’s
magnetization motivates the belief that the model is replica symmetric and that Conjectures 1 and 2 therefore hold [43,61]. Figs. 2
show the value of the magnetization, i.e. the learning performance, as a function of § and y. It is evident the occurrence of a second
order phase transition from a paramagnetic region where the only solution is m = ¢ = 0 to a ferromagnetic region where m = ¢ > 0 and
learning is feasible. The phase transition occurs at a critical temperature f.(y) if we fix the size of the dataset y or equivalently at a
critical size y,(p) for a given level of the temperature. The critical line can be obtained analytically by studying the reduced equation

m= / Du(z) tanh(fi(m) + z4/(m)) (42)
where

yB*m
1-B)(L—p+pm)’

By expanding for small values of the magnetization we get

2
m= (Iy—ﬂﬂ)Z m + o(m) “44)

(m) = (43)
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Fig. 3. Phase diagram of the model on the Nishimori line. For f~' > 1 + \/;, the student machine is in the paramagnetic phase with m =0, where learning is impossible.
Conversely it enters a learning phase where it can infer the original pattern by generalization from a sea of corrupted examples that the teacher provides. For f~! <1
each example is highly informative and the learning performance is optimal (m =1).

from which the bifurcation must be at y§2/(1 — §)> =1, i.e. at

2
P = 1E )= 4s)

As expected the critical size is an increasing function of the data temperature !, thus of the data correlation with the signal.

What is interesting is that, despite we are in the regime in which each example s# does not share macroscopic correlation with the
signal (mq(B) = 0), still the machine is able to retrieve it m > 0 as soon as the dataset is sufficiently large. It means that the dataset
contains enough information but divided in many (an extensive number of examples) small (poorly correlated examples) pieces.
In Fig. 3 the phase diagram is shown. At low temperature we know from the previous section that learning is always possible,
in particular a perfect retrieval of the teacher’s pattern (m = g = 1) is achieved when M — co. At high temperature, i.e. poorly
informative dataset, a paramagnetic region where learning is not possible is separated from a ferromagnetic region where the signal
inference is still possible leveraging on a sufficiently large dataset.

It is interesting to note that the critical line coincides with the paramagnetic to spin-glass transition line in the standard Hopfield
model: the two systems become frozen in the same moment, when the signal from the patterns becomes macroscopic and prevails
w.r.t. the temperature noise. In the standard Hopfield model different patterns led to different signals because they were independent
and unbiased. For this reason the system got confused by increasing their number (the network load) and enters a spinglass regime.
In our model each example carries a vanishing but non zero bias toward the signal, thus this bias becomes macroscopic by increasing
extensively the size of the dataset and the system enters a ferromagnetic, ordered phase, where learning is possible.

2.3. Inference temperature vs dataset noise

The assumption that the student’s machine is exactly equal to the teacher one is not realistic. The interesting research question is
in fact related to the representation performance of a particular learning machine in relation to different possible data structures. To
this aim, in this section we investigate one possible miss-matching between data (i.e. teacher machine) and student machine: the one
related to the use of an inference temperature which differs from the real generating temperature of the data. We therefore assume
that the training set is generated at an inverse temperature g, ie.

M PR
P(Sl%):Hz_] exp(ﬁ Zf,-f}s’.‘sj.‘), (46)

n=1 i<j

while the student patterns are still sampled at an inverse temperature f as in Eq. (1), which represents the posterior distribution of
the learning problem with a miss-matched prior. It represents the more realistic situation in which the dataset noise f~! is unknown
and the machine is trained with a different weights regularization g.

As long as M is finite, following the proof of Theorem 1 at 4 =0, it holds that in the ferromagnetic gauge

1 .
—pf= th ﬁ[E,;,m log Z(S) = sup_ 8(p). 47)
—00 peR

The free energy density trial function

2
g(p) :=log2 - ﬂ% + (logcosh (fs ~p))s’l§, (48)
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where now the random vector s € {—1,1}™ has i.i.d. random entries with mean m,(f), depending on the generating temperature. By
extremizing Eq. (48), p has to be a solution of

fmol-s h .
p=(stanh(ps - py), = 2T AUS ) (49)
(2cosh(fmy))

from which, the learning performance can be derived as

> ePmols tanh(fs - p)

Jim (0(8.8)) =m=(tanh(fs - p)), ;= eotim)” (50)
Similarly to Eq. (26) it holds the following
Proposition 5. As long as
A > 1+ (M = Dmy(f) (51)
the only solution of Egs. (49) is p=0. As a consequence from Eq. (50) m=0.
Proof. It is sufficient to see that
P’ =(p-stanh(Bs-p)), ;< H((p-57), ;=B D P"P* (5,5,)
v
=Y PG+ (L= 8,,)m3(B) = B(1 = mi(D)p? + (DY p)?
nv u
< AU+ M = Dmi(Bp*. O (52)

As soon as the inference temperature drops below the threshold provided by Proposition 5 other solutions of Egs. (49) appear
according to the following

Proposition 6. As long as f~' < 1+ (M — l)mg(ﬁ) the global maximum of §(p) is attained far from 0. Moreover there exist solutions of
Egs. (49) of the form p" = +p, Vu=1,..., M where p > 0 is unique.

Proof. It is sufficient to study the reduced equation

p=<s1tanh<ﬂp2s”>> =i B, D). (53)
H s.f

The function f is odd and bounded in (-1, 1). Moreover its derivative in p=0 is

"

17} .
£|p=o =ﬁ<S1 Zs,,> =B+ M = D, (54)
s.p

As soon as this derivative becomes larger than 1 the function must intersect the bisector far from the origin in at least two symmetric
points +p, p > 0. At the same time, the unique maximum of g(p) restricted to p* = p, Vu=1,..., M, is attained in p > 0, see the proof
of Proposition 4. This proves the uniqueness of p and the instability of p=0. [J

Note that Proposition 6 does not prove that the maximum of g(p) is in p = +p1 because there could exist other solutions of
Egs. (49) that are not homogeneous. For example as long as § < 1 (thus my(f) = 0) and § > 1, there exist solutions in which the system
is aligned with a single example (pure states), i.e. p# =p, #0, p* =0 Vv # . In fact it is sufficient to fix p, as the solution of

p= sy tanh(Bps|))p> (55)

i.e. p; = =my(p). Analogously there could exist solutions in which the system is homogeneously aligned with a subset E, C {1,..., M},
|E¢| = k, of the examples (mixed states), i.e. p# =p, #0 Vu € E;, p* =0V ¢ E,: in this case j, has to be the solution of

k
p= <s1 tanh(fp 2 sk)> . (56)
5,0

pu=1

However, if the value of the inference temperature is not too low with respect to the dataset noise, then Proposition 3 can be
generalized according to the following
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Fig. 4. Phase diagram of the model in the case of mismatched setting and finite M (M = 1 on the left, M =3 on the right) in terms of the dataset information / and
the inference temperature f~'. According to the values of m and p solutions of Egs. (50), (49) four different regimes appear: in the paramagnetic (P) regime m =0,
p =0; in the example retrieval (eR) regime p # 0 but m = 0; in the signal retrieval (sR) regime p = p1 is homogeneous and m > 0; in the mixed retrieval (mR) regime

it is p#0 and m > 0. Only in the sR and mR regimes the machine can learn the original signal and the learning performance monotonically increases with f. The
Nishimori line § = § is shown in green.

Proposition 7. As long as

p > 1—my(B)

(57)
the solutions of Eqs. (49) have equal components.
Proof. Following the proof of Proposition 3 it can be proved that for u # v it holds
Ip* = p¥| < B = m3(B)Ip* — p¥I. (58)
Therefore as long as (1 — m(z)(ﬁ)) < 1 the only solution is homogeneous. []
In the region between the instability condition of Proposition 6 and the homogeneity condition of Proposition 7, i.e.
L—my(f) < p~' <1+ (M - Dmy(h), (59)

which is non empty only if §> 1, the global maximum of g(p) is attained in the two symmetric point p = +5 # 0 and consequently
the system is magnetized, i.e. it is aligned with the signal since

m=+ <tanh(ﬁﬁ > s”)> #0. (60)
-~ )

s.p

Conversely if § < 1 the value of the system’s magnetization given by Eq. (50), i.e. the learning performance, is always zero because

mo(f) = 0 independently from the value of p. The phase diagram of the model, in terms of the value of m and p is shown in Fig. 4,
where four different regions appear:

+ Paramagnetic (P) region: p=0 and m =0;
« Signal retrieval (sR) region: p=pl, m> 0;
« Example retrieval (eR) region: p # 0, m =0;
+ Mixed retrieval (mR) region: p #0, m > 0.

In the paramagnetic region the inference temperature is too high and the machine neither stores the examples p = 0 nor can learn
the signal m = 0. In the eR region the inference temperature is low enough to allow the storage of the examples p # 0 but they are
not enough informative to allow signal learning. The stability of the different p # 0 solutions can be investigated exactly as in the
case of the standard Hopfield model (see [4]) but every one of them leads to a poor learning performance m = 0. Conversely in the
sR region the dataset noise is low and the stored examples informative: in this region the machine can learn the signal by example
memorization. Moreover, since p = pl in this region, it seems that the machine is working by uniformly using all the examples in a
kind of early attempt of learning by generalization. Interestingly the machine can work efficiently even at temperatures ' higher
than the dataset noise f~!. However the learning performance m increases monotonically by lowering the inference temperature.
Finally in the mR region, different stable solutions for p # 0 coexist, everyone leading to a positive global magnetization m, where
typically the globally stable one is non-homogeneous, with max |p;| > p. It seems to suggest that in this regime the machine prefers

to learn the signal mainly leveraging on the high amount of information carried by a single (or few) examples, typical behaviour of
a learning by memorization.

10
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As in the previous section we expect that increasing the size of the dataset proportionally to the size of the system, i.e. M =yN,
it could be possible to retrieve the original pattern even when the examples are particularly noisy, i.e. their generating temperature
is higher than 1. In this regime it is possible to generalize the Conjecture 1 and obtain the replica symmetric approximation of the
limiting free energy in terms of the two temperatures § and f as

_ﬁfRs =EXtrm,ﬁllIﬁqﬁf(P»q’ m’ﬁ’é’ }’h), (61)

where

_A _ A Rm2
F.q.m pdm) =12 = L in (1= fy1 = p+ py) + L CE L L PO P

2 (A-pA-p+Bg)

+ﬂ—rhm—g—ﬁp+£p2+</Dz]nc0sh(ﬁs+Z\/5+rh)> . (62)
2 2 2 .
The RS saddle point equations read as
m:/Dy(z) <tanh(ﬂps+rh+Z\/5)>v (63)
q= / Du(z) <tanh2(ﬂps + M+ Z\/5)> , (64)
p:/Dy(z)(stanh(ﬂps+ﬁl+1\/5)>‘ (65)
where s is an auxiliary Rademacher random variable with symmetric distribution and
L yBpm
m=-———————-—
A=A =p+p
532 2 2.1 — f
g P +vha( = h) 66)
1=/ =+ pg)*
The order parameter p has to be interpreted as the overlap between the student pattern and the examples, i.e.
p= lim (0(s",8)= lim (O(s",&)). 67)

Equations (63), (64), (65) reduce to those of Conjecture 1 when p=p and p=0. In fact in that case, since f = < 1, the system is
never aligned with any example. Conversely if § # f, even if § < 1, the inference temperature #~' could be in principle low enough
to allow example retrieval. It is important to stress however that, since the examples are only weakly correlated with the signal, this
situation would prevent the system to be aligned with the original pattern. In Fig. 5 the phase diagram of the model is shown for
different values of the generating temperature j. Four different regions appear, depending on the properties of the globally stable
solution of Egs. (63), (64), (65):

+ Paramagnetic (P) region: m=q=p=0;

« Signal retrieval (sR) region: m#0, ¢ >0, p=0;
 Example retrieval (eR) region: p#0, ¢ >0, m=0;
« Spin Glass (SG) region: m=p=0, ¢ > 0.

Only in the sR phase student and teacher patterns are correlated and the learning performance is positive. In all other phases the
student pattern is uncorrelated with the signal, being a random guess (P region), aligned with a noisy example (eR) or aligned with
a spurious low energy state (SG region). From the high temperature (P) phase to the low temperature (SG or sR) phases a second
order phase transition occurs when the system’s overlap ¢ detaches from zero. The transition line can be obtained by expanding eq.
((63)) or eq. (64) depending on the magnetization m behaviour. For small values of both m and ¢ (P to sR), from eq. (63) we get
__ BB
m=-———-—-——-
1-pa-p)

that gives the instability condition

m+ O(mgq, m%) (68)

N 7/ N (U SR (69)
a-pa-p 1-p
On the other hand if m =0 across the transition (P to SG), by expanding Eq. (64) for small values of ¢ we get
8 2
q= q+0(q) (70)
1-p7?

that gives the usual instability condition

11
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Fig. 5. Phase diagram of the model in the mismatched setting, where f # B, and extensive dataset M =yN. In the paramagnetic (P) and spin glass (SG) regions
learning is impossible. For higher values of the dataset size, the machine enters a signal retrieval region (sR) where it learns by generalizations. In this region the
learning performance m has a maximum (dot-dash line) for a specific value of the inference temperature. In particular if f~! gets too low the machine enters the
example retrieval (eR) region where it is forced to work by memorization when this approach is inefficient for learning. The dotted line is the Nishimori condition

B=p.

o
(1-p2
Therefore, starting from the paramagnetic region and decreasing the inference temperature a phase transition occurs as soon as one
of the two instability condition is satisfied, i.e. at

ﬂA}' (72)
1-5

Interestingly the two lines cross exactly at the point (8,7) = B, - p)? / £?)), in agreement with the usual property of the Nishimori
line of crossing a triple critical point. For smaller values of y the transition is towards a SG regime, while for higher values of y
the transition is towards a sR region, where learning is easy. The other two transitions, from sR to SG (second order) and from
SG to eR (first order) can be found numerically and shown in Fig. 5. The phase diagram shows a non monotone behaviour of the
learning performance in terms of the inference temperature: if f~' is too high the learning performance is that of a random guess
(P phase), if g~! is too low the learning performance can deteriorate because of the emergence of low energy configurations that
are uncorrelated with the signal (they can be either correlated with the examples, eR region, or completely uncorrelated with both
signal and examples, SG region). In particular the eR phase identifies a regime in which the machine is forced (through p) to work by
memorization (p > 0) in a situation where this approach is highly inefficient for learning. By increasing y the memory storage limit of
the machine becomes beneficial for the occurrence of a region where learning is possible by generalization. Interestingly the phase
diagram of Fig. 5 seems qualitatively similar to that of Fig. 4 where in both cases the x-axis measures the amount of information
contained in the dataset.

Finally note that Egs. (63)-(65) becomes exactly those of the classical Hopfield model if we force m = 0. This means that a purely
SG solution always exists below the inference temperature 1 + \/;7, which is only locally stable inside the sR region. In this case
a Monte-Carlo simulation, performed at a low temperature, can remain trapped in the locally stable spin-glass state. Fortunately,
this occurrence can be avoided by using Simulated Annealing and lowering the temperature very slowly; this is possible because the
critical temperature for signal retrieval is higher than 1+ \/7 . A similar strategy that leverages on the hierarchy between temperatures
of ergodicity breaking is investigated in [38].

= =1+ D

ﬂ—l(y;ﬁ):=max{1+ﬁ;1+y

12
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3. Proofs

In this section the proofs of the main results are provided, together with some technical results, in the form of lemmas and
propositions, needed for the proofs. Since it will be used many times in the rest of the section we recall a standard result about
the Fourier decomposition of a function of boolean (+1) variables. Given A = {1,..., M}, any function f : {-1,1}¥ = R can be
decomposed as

@)=Y (fisx)sx (73)

XCP(A)

where sy =[] ,cx s, and (f,g) = 27M Y F(9)g(s)=(fg)s0-

Proof of Theorem 1. By using gaussian linearization we can write the partition function as

p N N
Z(S) :=Zexp<ﬁ Z Z sfs7§i§j+/12§,~>
z i=1

pu=1i,j=1

M N N
=Z/D;4(z)exp<ﬂ%ZZS,’-‘@Z"+/IZ§,’>~
z i=

u=1i=1

74)

where RM 5 z ~ N'(0,). By making a change of variables p* = z# //N p we have

N
ZS)x / dpeXp<—ﬂNp2/2+ X(Bs; -p+/1)é,»> (75)
4 i=1

N
:/dp exp (N <log2— gpz + % glogcosh(ﬂsi -p+ 1)))

=/dp Nen(@.S)

We recall that the random vector of the examples S is drawn from Eq. ((12)): using Lemma 1 on the function F : {-1,1}M - R,
F(s)=logcosh(fs - p+ 1), it holds

2
A}ilnoo Epne En(P,S)=g(p) :=log2 - ﬂ% + (logcosh(fs - p+ A))s ¢ » (76)

where (.); . denotes the mean-field expectation w.r.t. the random vector s € {~1,1}™, whose entries are independent with mean
(s")5.e = mo(B,e*h) and my(f, h) is the unique solution of m, = tanh(fm, + h). For any compact set K C R, using Lemma 2 on F :
Kx{-1,1}M = R, F(p,s)=logcosh(fs - p+ A), it holds that
p

gn(p,S) — g(p), (77)
uniformly in K, meaning that gy (p, S) is self-averaging uniformly in any compact. Thanks to Lemma 3, g,y and g satisfy the conditions
necessary for a generalized saddle point approximation, i.e. Proposition 8 and Proposition 9, so that

— im L Nen(p:S) _ ¢
—bf = lim —logE s / dp e ENPR) = E‘}S’g(l’)' (78)
RM

It is easy to show that —f f does not depend on ¢ by using the transformations s# — e#s# and p# — e#p*. This concludes the proof if
one chooses e=1. []

Lemma 1. Let s; € {—1,1}M the i-th marginal of S = {si}fil € {—1,1}¥M_ distributed according to (12). For any function F : {-1,1}" —
R it holds

Jim Eype Fs)=(F(9))se, Vi=1,...,N, (79)

where (.), . denotes the expectation w.r.t. the random vector s € {—1,1}™ whose entries are independent with mean (s") . = my(8, e h) and
mq(B, h) is the unique solution of my = tanh(fm + h).

Proof. By Fourier decomposition F can be written as

F(s)= 2 cXHs". (80)

XCP(A)  peX

As a consequence, for any factorized probability z(s) = Hﬁi | 7, (s*) it holds

13
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(Fs)),= Y, CX<HS"> =y cXHw),,ﬂ. (81)

XCP(A) Hnex XCP(A)  pEX

Therefore, since the Fourier decomposition has a finite number of terms, it is

dim Eppe Fisp= D, ex [ Jim Epe s
XCP(A) HeXx

= Z Cx H <S”>s,e = <F(S)>s,e > (82)

XCP(A)  peX

where in the second line we have used that in the Curie-Weiss model at # >0 and 2> 0

lim e s/ =mo(B.e"h) = (s")g Vi=1l....N. O (83)

Lemma 2. Let s; € {—1,1}M the i-th marginal of S = {si}i’i € {—1,1}NM_ distributed according to (12). Given a compact set K ¢ RM and
a bounded function F : K x {—1,1}M — R, it holds, uniformly in K, that

N
N 2 F @) (Fp.9)se

Proof. Given the set

AN,€={S:sup >e}, (84)
pek

we need to show that, Ve > 0, limy_,,, P(Ay ) = 0. To this aim let’s consider the Fourier decomposition of F(p,s) as

N
N 2 F P50~ (F 9

Fp.o)= Y cex® []+ (85)

XeP(A) HEX

and define the set

>—13, (86)

5001,

where Ly =¥ yep(a) SUPpek lcx(P)| < co. According to this definition note that within the set By, . it holds

N N
1 1
pslellg NZF(ILS,-)—(F(P,S))H Ssglg Z lex (D) NZHSI‘.‘—<HS”> <e.
i=1 P XeP(A) i=1 pex HeX s.e
Therefore B, C A, and thus Ay . C By .. As a consequence
Ly
- NS Ho_ " £
P(Ay ) <PBy)=P| ] {S: Nzns,. <Hs > >
XeP(A) i=1 puex HEX s.e

N
< Y e Eppe| v s,~”—<Hs"> 87)

XEP(A)

0
=
m

that goes to zero in the thermodynamic limit since

N 2
o (% I ) LS e () & ©9)

i=1 uex i#j peX

and using the factorization property of the Curie-Weiss model that

lim e (s05) ) =md(Boethy = ("2, Vij=1,...N,i#j. O (89)

N-oo

14
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Lemma 3. The functions gy : RM x {—1,1}¥M - R and g : RM — R defined in egs. (75) and (76) satisfy
M
len (P S)=s@| <28 Y |p, | VpERM.Se (L4, (90)
pu=1

As a consequence it holds

* SUP SUP k(111N M |gn | < oo for any compact K C RM;

* 3 C) <ol suppmys, &N <Cy5

« 3Gy <00: fou eNPIdp < Cy;

« IKCRM,6>0: gy(p,s)—supg g <=5, VY(p,s)EKXZy.

Proof. It holds,

N
|an (. $) — 2(p)] = |ﬁ 2. logcosh (s, p+2) = (logeosh (Bs - p+ D).
i=1

Bsi-p+a

N
1 cosh (fs; - p+ 4 1
N2<l°gm> ‘— N2< / tf*“h(x)f”‘>

~
! \pr-p+i re

<

M
<28 ) 1p, -

p=l1

|<ﬂs,- P=PT P

1
N

\\Mz

As a consequence of the previous relation g is bounded uniformly by

M

2
an(p.S) <g(p) +|en (p.S) - g(p)] < log2 - ﬂ% + (logcosh(Bs - p+ ) +28 Y bl :=&(p). o1)
u=1

Since ¢ is continuous, it is bounded in any compact set K c R™. Moreover it is easy to see that supgw § < oo and that [, e8P dp < oo
since it has gaussian tails. Moreover since § goes to —oco at infinity it always exists a sufficiently large ball B, of radius r; such that
g(p)—supg<-sforpe Bf§~ Therefore the properties for g, are proved uniformly in N. []

Proposition 8. Let K ¢ RM a compact set, uy a probability distribution over a finite set Xy, Fy : K X Zy — R a sequence of bounded
functions such that supy supg,s . |Fy| < oo and F : K — R bounded such that

« Fy 2 F uniformly in K.
. limN%m%longeNF =supg F

Then it holds

T NFEx(ps) —
]\}l—rpooN[E”N log/dpe —Slll(pF. (92)

K

Proof. Let’s define C =supy supkys, |Fn| < oo and the set

AN’e:{sGEN : sup|FN(p,S)—F(p|>e}. (93)
PEK

By assumptions it holds, Ve > 0, that uy(Ay ) — 0. Therefore it holds, Ve > 0, that

hm %[E”N Dy, log/dpeNFN(PvS)=0’
K

where [, is the indicator function of the set A, since, calling |K| the Lebesgue measure of K,

1
~ B Uy log/dpeNFN(p"’) <un(An ) |C +1og(IK|)/N]. (94)
K

Thanks to these results we just need to evaluate the expected value over A, _ that has full probability in the limit. Inside A% we
can substitute Fy with F at the exponent with an error ¢ i.e.

15
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%IE”N I]Ajv_g log/ dpeNFN(p’S) - %[Eu,\, I]Aiv,e IOg/ dpeNF(p) <e. (95)
K K

Since E, 1 45, THN Ay o—-1 and using the standard Laplace approximation, it holds

im L NF@) _
1\}1_r>n°o N[E”NHA?/,E log/ dpe = 5111<p F, (96)
K
therefore, Ve > 0,
o1 NFy(p.s) | 1 NFy(p.s)
z\lrllnooﬁ[E"N log/dpe N —Sl;l(pF = p}linwﬁ[E“NﬂA?vf log [ dpe™"N —sllipF <e. O 97)
K K

Proposition 9. Let K ¢ RM a compact set, uy a probability distribution over a finite set Ty, Fy : RM xXy - R and F : RM - R
satisfying the conditions of Proposition 8 when restricted on the set K. Assuming moreover that

* 3 C) <oo: suppmys, Fy <Cy;
« 3Gy <o0: [y efNPIdp < Cy;
* 36>0: Fy(p,s)—supg F <=6, V(p,s)€KXZy;

then it holds

. 1
lim N[EMN log / dpeN N @9 ZSEPF. (98)

N-ox
RM

Proof. Since

1 1 1
ﬁ[EMN log/dpeNFN(p“‘)=F[E”N log/dpeNFN(p"‘)+N[EMN 10g<1+
RM K

fK dpeNFN(P-s) (99)

e dpeN PN b >

it is sufficient to apply Proposition 8 for the first term and showing that the second term is vanishing in the limit. Defining the set
Ap ¢ as in the proof of Proposition 8, with e < § and denoting F* =supg F and C =supy supgs, |Fy/, it holds

NFy(p.s) (N-1)C
1 Sy dpeNEN 1 e 1Cy | N—oo
ﬁEﬂNDAN,e log<l+W S”N(AN,e)NIOg 1+W — 0, (100)

since py(Ay ) — 0. Moreover, choosing e, < —¢, it holds VN > N,
1 [K‘ dPeNFN@'S) > 1 /Kf dPeNFN(p'S)

—E, Iy log{ 1+ ——+—— | <—E
N N AN g< depeNFN(p,S)

SN AN AN [ dpeNFn @)

eN=DF" [ dpeN=DUENB.9=F" 1+ Fx (ps)

< %EMNHA;, - - < L e(iv_])F*_é(N_])cz
B /K dpe=NIFn(P.)-F(P)I+NF(p) N e—€N /K dpeNFP)
1 NDF D, = Co-N@—e—ep N2%
=N o¢NgNF'—Ne >
where we have used that
%log/dpeNF(p) - F*<e. O (101)

K

Proof of Proposition 1. To find the value of the magnetization (third point) we use that, VN €N,

1-
<T§>=—ﬂ0£ In- (102)

Thanks to the concavity of fy in A, we can exchange the thermodynamic limit with the derivative obtaining

m=0,(—pf)=(tanh(fs - p+ 4)),.
Moreover

Var(%) =—pN~' a2 fy (103)
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and therefore the magnetization has to be self-averaging in the thermodynamic limit. Analogous arguments, based on the response
of the free energy to linear external perturbations [62] can be used for the first two points that are just generalizations of classical
results about the Curie Weiss model [63]. [

Proof of Proposition 2. Applying the Fourier decomposition to the function f(s; p) = stanh(fs - p) it holds

P = (f1(s;p))y = AM(P)+ ) A (D) (5,5,) = A* (D) +m3(B) Y A¥(p) (104)
vEnu vEu
where
A*(p) = (tanh(Bp" + B 2 P's))s0 (105)
v#U

In fact it is easy to check by symmetry that
(s, tanh(B(s - p)), 1) = A*(p)

(s, tanh(B(s - p)).s, ) = <tanh(ﬂ(pvsﬂ +phs, + Z pksksﬂsv))> =0 WEAV#u
k#u,v 5,0
(s, tanh(B(s - p)).s,s,) = (s, tanh(B(s - p)), 1) = A*(p) Vv E A, v#pu

<Su tanh(fA(s -p)),sksv> = <tanh(ﬂ(p”sksv + Zpls,s”sksv))> =0 Vk,veAkv#nu
I#u 5.0

(s, tanh((s - p)).sx ) =0 VX CP(A),|X]|>2.
Using eq. (104) it holds Vu,v € A, u # v, that

pr-p=01- mg(ﬁ)) (A¥(p) — A" (p)). (106)
and by direct computation we have that

Ak (p) — AY(p) = <tanh(/}p“ +p Z pksk)> - <tanh(ﬂpv +p ZP’SI)>
5,0 5.0

k#u I#v

k#p.v k#p,v

=3 <tanh(ﬂp“ B+ Y p"sk)> + <tanh(/ip" T p"sk)>
5,0 5,0

-3 <tanh<ﬁpV+ﬂp”+ﬁ > pksk>> +<tanh(ﬁp”—ﬂp“+ﬁ > pksk)>
5,0 5,0

k#u,v k#u,v

= <tanh(ﬂ(p” -p)+p Z pksk)> .
5.0

k#u.v

Thus p# — p¥ satisfies an equation of the form

P = p" = (1 —mp) (tanh(B(p* — p") + BZP)) 1» (107)

with ZP = Zk# v p*s, a random noise. The function A (tanh(Bx + ZP)) 4, is odd and for x > 0 it is always under the line ABx. In fact,
for any vector p and 4 € (0, 1),

%A (tanh(Bx + Ap - 5));o=A{(p-5) (1 — tanh*(Bx + 4p - 5)) )w
=-A((p-s)tanh’*(Bx + Ap- o
= —% ((p -5) (tanhz(Bx +Ap-s)— tanhz(Bx —Ap- s)) >s,0
<0 (108)

since tanh?(x + y) — tanh?(x — y) > 0, Vx,y > 0. As a consequence it holds Vp and x >0

A(tanh(Bx +p - s));o < Atanh(Bx) < ABx. (109)

Therefore we have that
Ip* = p¥| < B — my(B) |p* — p*] - (110)
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From the theory of the Curie Weiss model it holds that (1 — m(z)(ﬂ)) < 1 at any temperature. In fact if g <1 it is my() =0 and
Al — mg(ﬂ)) = f < 1. On the contrary if p > 1, tanh(fx) intersects the bisector from above at the point x = m(f) > 0, thus with

d
1> - tanh(Bx)|,,, = A(1 — tanh® (Bmy)) = p(1 — my). (111)

Therefore the only solution of (110) is [p# —p¥|=0. [

Proof of Proposition 3. We have to solve

eﬂm() Z‘,‘Wzl st M
p=Y sy——————tanh(Bp ) s). 112)
s (2 cosh(ﬁmo)) u=1
By symmetry (s — —s) this is equivalent to
cosh(Bmy M | s#) M
ﬁ:Zs,%tanh(ﬂﬁZs”). (113)
5 (2cosh(my)) 4=l

Evaluating the rhs in the point j = m, and denoting z = 2 cosh(fm,) we have

sinh(fm M omy M-1
s 072”_1}\4 =z M Z sy sinh(fmy Z s+ pmgs™)
s (ZCosh(ﬁmO)) s u=1
M-1 M-1
=z7M Z Z s1 [sinh(fm Z s“)cosh(ﬂmosM)+cosh(ﬂm0 Z s“)sinh(ﬂmosM)
sM s' LsM-l p=1 u=1
nh(f - )
M z Z sy sinh(fmy Z s”)cosh(ﬁmos Z 8 M
M 1 M- sl M1 (ZCosh(ﬂmo))

_ _2 smh(ﬂmos)
D - puervramy

Zcosh(Amg =tanh(fm,). [

Proof of Proposition 4. Thanks to Proposition 2 it is sufficient to evaluate the free energy along the line p# = p, where

M
ro="2p —%<10g2cosh(ﬁﬁzsﬂ)> . (114)
p=1

s

Since f(p) is an even function we can just study the branch 5 > 0. As a function of 5> the free energy is convex since

M
af _f'o_M|, (sitanbBp T2, 5, >s (115)
ap>  2p 2 P

is an increasing function, therefore the position of the minimum depends on the sign of the derivative in zero. Since for § > 1

af

M
=7 (l—ﬁ—ﬂ(M—l)m§)<7(l—ﬂ)<0, (116)

the minimum is attained away from zero. []
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Appendix A. Replica computation of the RS conjectures

We define the model partition function as

Z(S):=§exp< 22 5,.5j> zexp<isz ;g,—Mé). 117)

b=1i<j 11ij
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We assume that the system could be aligned with a subset £, = O(1) of examples, extracted by the Curie-Weiss at inverse temperature
f and we measure the corresponding overlaps with

N

1
P& = ¥ Zsf.f,. b=1,...7,. (118)

i=1

to get

z($)= Zexp( Z(p ©) + Z > sts! :,~:,~> : 119)
4

N £1+1 ij

In the present analysis we focus on the case when 7, =1 for the sake of brevity. Our aim is to compute the disorder average free
energy density:

7 .fn)= lim L0 Z1S, (120)

here [---]% corresponds to the average versus disorder, given by the dual patterns. It is possible to rewrite the previous expression by
exploiting the standard replica trick as

s . . In[zmS
—ﬁf(ﬂ,ﬁ,}')—l\}l_r% N (121)
where
ZPCW(S) Z7(S) = Z H LFIANZS] sy,
1 2(B)
and

n

" = ﬂ—N S @ 2 i \ 5P ag
2S)= Y, exp( 5 D@7+ 55 2 Y, X shshere
e a=1 a=1b=2 i,j

The summation over S, is intended over (s!,...,s™). One can subdivide [Z"° in two parts: the one related to the first aligned
example (say s') and the second related to the others. These two pieces will be evaluated separately

< Zss +—2< “(5))2>
b b b a
z(ﬁ) <2N W 2‘2 “)
exp <—m0< >+—Z(p (5»2)
M-1

ﬁ/zNz,, j+HB/2N Ty Xy 1576088 )

.k Z(ﬂ)

b 2(/3)

(3
)

where in the first line we simply drop out the index for the first example and we introduced the magnetization as my(s)=1/N Z,N s
while in the second line we denoted by —~ ¢ the average w.r.t. a single example. The second term can be computed by introducing
Gaussian variables (z!,...,z") and z to linearize the exponent as

n S n
/HDZ“DZ oVIN Zi o2& si+\/ BIN X 25 =/HDz“Dz oZincosh(/B/N X, 2601/ B/ Nz)
=1 a=1

n 2im2a/ _
~ / [ p=p= e L T Ry T (122)

where in the last line we have expanded the Incosh(x) and we have introduced the quantities

N N
1 agb 1 a
&)=~ D&, m@=— Y& (123)
N = N3
The averaged partition function thus becomes
ﬂN NM-1) _
Z Y o5 BN g2+ 2 3, (&) 2 — det (2(g,m)) M2, (124)
g s z2(h)M
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If we denote by D(m,) the density of states for the s configuration

D(m0)=26<m0— % Zs,) mZ/drhoexp—Nrﬁo <m0— % Zs,)

and with D(q, m, p) the one related to the states of the student machine

Dg.m.p) = Zgngé(qah——Zée“)Hé(m ——Zé“)HS( —%Zs@“)

°‘ Z /Hdéab exp( quab<qab__zfa >>

a<b a<b

x/l:[dm exp< E <ma—%zi:§f>>/1:[dﬁa exp< sz,,<a zs:>>

the averaged partition function becomes

(1-M)/2

ﬂN . N(M-1)
2] o / dmq D(my) / dqdmdp Dig.m.p) '3 "5*3 T L et (=(q.m) ,

2(HM

and then by saddle point approximation the free energy density results as

n—0

—Bf ~ lim L <eN Extr /1 <q~'"~P’”'0¢‘?v'ﬁvi’-'ho>> ~ lim L Extr f(g.m,p.my; §. 1, p,g) (125)
N-oo Nn n—0n

where
£(g.m.p.my; q,mp,m.»—ﬁZ(p P L - 2= b gy -

_momo_zﬁ Z ~ab ab z % m@
a

a<b

+1n2 oS 2 exp(Zp S5H+anb§a§b+2m§a>.

ln det (E(g.m))

a<b

The Replica symmetric (RS) ansatz assumes q,, = g,m, =m,p, =p, Va,b=1,...,n. Under the RS ansatz the term Indet (E.(q, m)) can be
computed as

det(E(q,m)) 1/2 /HDZ Dzexp( ZZ Zp+ = Zz + +\/_m z z>

a=1

/HDZ exp<ﬂq 22 Zp+ = Z >/ dz exp( (-4 )—+\/7mzz z)
B B |
=/gDzaexp<7q§zzazb+5;z§>(l—ﬂ) Zexp(Z(l—ﬁ)(Z Zb+z 2)>

a#b

L1 ipm®  \~

=(1 )2 det <I]—[3q— pom” 1)
2(1-p)

where we introduced the matrix g = (1 — ¢)I + ¢1. A matrix of the form AI + B1 has eigenvalues 4,

4, = A with multiplicity n — 1. Hence Indet (E(g,m)) can be expressed in the n — 0 limit as

- N ppm?
Indet (E(q,m)) =1 <(l—ﬂ)dt<|]—ﬂ - 1>>
nde ( q ) n C q 2(1_ﬂ)
=In[(1 = A)(1 = B+ Bg) — n((1 = P)pq + fpm™)] + (n — DIn [(1 = /(1 = B+ pq)]

A 1=/ - 3 Am2
zn[ln((]—ﬁ)(l_ﬂ_,_ﬁq))_( P+ P+ fpm ]
(=0~ p+b0)

Finally the term related to the density of states becomes under the RS ansatz

M0 ”%/Dz [Zexp E(p s +\/_z+m))] =2E, gMsm3 /Dz [Z[E,:exp Eps +\/az+m))] R

~e ( 2F, e™* 4 n 2F, e™* / Dz In2E, &£+ +\/31+"‘>>

1=

= A + nB with multiplicity 1 and
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~e3 2E e (14 —L_E ™ [ Dz In2E, (£ s +Vizti) )
! E,efos ° g

Putting all together we define

=75 (B, f.p) = imy X Extr %S 9.3, (126)
n—=0n

where

fRS(p,q,m;ﬁ,é,rh)=1n2+1ncoshrh0+ gmg+(M— DIn2 - M feoy —rh0m0+n§p2—nﬁp+
v (=1~ p+Pa) + fpm?
2 A-pHa-p+pa

—nd ynm2+ L [Ese"’os/Dzlncosh(ﬁs+z¢5+m)+0(n2).
2 E, oo

+Hciq—nrﬁm—ngln((1—ﬁ)(l—ﬁ+ﬂq))+n

(3]

Since f < 1, by extremizing with respect to (n,,m,) we obtain m, = 0 and therefore

¥ (L=p)(1 = B+ Bq) + pm*
2 (-HA-p+pg

—BfR5(,B.v) =Extr [— gln (L=HUA =P+ pg) + + %éq+

- % —pp+ gpz+1n2+[Es/Dzlncosh<ﬁs+Z\/5+rh)].

The equations for the saddle point are
m=[E; / Dztanh(ii + Z\/E + ps)

_ vbem
(1= A1 = p+Bg)
q=E, / Dztanh® (i + z1/q + ps)

m=

yBF(m?) N vh%q
(1=HU-p+pg? (=F+pg)?

p=E; / Dztanh(im + Z\/E + ps)s

4=

p=pp

where integration by parts was used to calculate 4. In particular on the Nishimori line, where f = <1 and p=0, it is

—BfRS(B,y)=Extr [— glndetE o+ %éq—rﬁm— g +1n2+/Dzlncosh(rh+Z\/5)] 127)
p=p
and
m=/thanh(rh+Z\/5)
fe yB*m
A =pA =+ g
q:/thanhz(er\/E)
i= rB(m* — g% rBq
(L-pU-p+pg2 A=A —-p+pg)
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