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Summary

This paper presents an equivalent circuit characterization of an array of resonators

for wireless power transfer (WPT) applications. These apparatuses are composed of

and Constructions Engineering (DESTEC),
University of Pisa, Pisa, Italy

magnetically coupled resonant coils acting as a transmitter which feeds a receiver

coil that can be placed over them at any position, allowing the tolerance of the system

Correspondence to the receiver misalignment to be dramatically enhanced. This advantage makes res-
Mattia Simonazzi . . . o
Email: mattia simonazzi2 @unibo.it onator arrays a suitable solution for both low- and high-power applications. The latter

usually involve battery charging, with the resonator array acting as a transformer
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Viale del Risorgimento 2, 40136 Bologna, stage, ensuring galvanic 1solation. An equivalent two-port network can be define
Ttaly for any receiver position, allowing the array to be treated as a traditional transformer.

Thereby, the simulation of the system can be simplified, as it is required in the design
steps of a converter and control strategy. Analytical expressions of the two-port net-
work parameters are proposed for arrays of any size and length. The formulas have

been numerically and experimentally validated.
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charging.

1 | INTRODUCTION

In the last decade, wireless power transfer (WPT) systems have become a convenient and reliable solution in many applications,
ranging from powering portable electronic devices to automatic machines and electric vehicle (EV) charging?~, These appa-
ratuses offer many advantages, as the ability of operating in difficult environments or the possibility to transfer power to moving
loads. The size and weight of high-power batteries can be reduced by more frequent charging, which can be dramatically eased
by wireless chargers. Several different technologies have been proposed in literature for both stationary and dynamic charg-
ing*"'%, For high-power transfer, among near-field WPT technologies, inductive power transfer (IPT) is largely employed. One
of its major limits is the misalignment between the transmitter and receiver apparatuses, which dramatically affects the efficiency
and the transferred power. In order to improve the tolerance to the misalignment, arrays of magnetically coupled resonating L.-C
circuits (also referred as relay coils) can be used, which represent a very cheap solution since only few passive electronic compo-
nents are required”521 0L Tn these systems, the power travels from the source to the load through the relay coils at the expense
of an increased sensitivity to the mismatch between the input and output side impedances!?'13 which reflects also on the mag-
netic near-field distribution#, Solutions to this problem have been proposed in>', making arrays of resonators an increasingly
viable option for both consumer electronics and industrial applications. Notwithstanding, a feasible implementation of relay coil
assisted IPT systems requires that parameters such as voltage gain and impedance are taken into account.
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FIGURE 1 IPT system with a resonator array and a receiver over it.
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In this work, as it is in high-power IPT systems, the power source feeds the array through a voltage-source inverter, whereas
the load is a battery connected to the receiver by means of a rectifying stage. The IPT system behaves as an isolated power
converter where the resonator array and the receiver act as the transformer stage”!%. In modern isolated power converters, the
high-power rate required by the load makes the soft-switching operation of the input inverter necessary??2%2l and the design
of power electronics components and control strategy requires an adequate model of the system. When considering arrays
of magnetically coupled resonators different equivalent models can be defined and have been proposed?22324, although they
usually apply to simple network topologies. This paper aims to define a general and accurate model of the system valid for any
receiver position and load condition. In particular, a two-port network has been chosen to represent the resonator array coupled
to a receiver coil when employed as transformer stage in IPT apparatuses, with the purpose of evaluating its performance. The
analytical expressions of the transmission matrix parameters of the two-port network are derived and validated both numerically
and experimentally. The results obtained with the proposed approach are discussed with reference to the theory of resonator
arrays22526,

The manuscript is organized as follows: in Sec. [2] the array of resonators is described and its impedance matrix is defined;
in Sec. 3] the methodology for the extraction of the equivalent circuit parameters is proposed. In Sec. ] the results of numerical
simulations are reported and discussed. In Sec.[5} the resonator array is described with the equivalent circuit of a loaded trans-
former and finally in Sec. [6] the results of experimental measurements performed on a prototype are presented and compared
with the analytically calculated values.

2 | RESONATOR ARRAY FOR INDUCTIVE POWER TRANSFER

The inductive coupling system presented in this paper consists of a primary side realized with an array of n magnetically coupled
coils arranged along a line, which transmits power to a receiver coil placed over it, as depicted in Fig. [T} All the array coils are
identical and equally spaced, so that the mutual inductance M is the same for each couple of adjacent cells. According to'#22, the
mutual inductance between non adjacent coils can be neglected and the so called “nearest-neighborhood approximation" holds.
The receiver is free to be placed over any cell of the array and then the mutual inductance M, ; between the receiver and the ith
facing cell is the same for each position, being all the cells identical. Each coil is characterized by an intrinsic resistance R and
resonates with a series lumped capacitor at the resonant frequency f, = 1/(2z \/R ), where L is the intrinsic self-inductance of
each resonator and C the lumped capacitance. The lumped-circuit parameters can be determined with analytical formulas taken
from the literature, as shown inZ, In this work, a general equivalent load z,,,, is considered, which is assumed connected to
the receiver circuit. In case of battery charging applications, the array is fed by a voltage source inverter, whereas the receiver is
connected to a typical battery charger load, composed of a matching network, a rectifying and filtering stage, a DC/DC converter
and the battery. A further degree of freedom is obtained with the addition in the last cell of the array of a termination load z,
which can be adjusted to maximize the transfer efficiency, as described in'l2. In order to optimize the efficiency, the modulation
of the termination impedance proposed in'® can be implemented, making it possible to assume similar operating conditions for
each position of the receiver. The analysis can be carried out considering the fundamental components of current and voltage,
which can be treated as phasors at the resonant angular frequency w, = 27 f,,. The circuit model of the overall system has been
derived and discussed in?®, with the characterization of the half-bridge inverter feeding the apparatus and the load. For the aim
of this paper, the equivalent circuit of the array depicted in Fig. [2]is considered.

It must be noticed that, in case of dynamic charging, the receiver moves over the array and the mutual inductance M, ; is subject
to vary according to the receiver position®>. However, for a sufficiently high operating frequency, the motional electromotive
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FIGURE 2 Equivalent circuit of an IPT system composed of a resonator array and a receiver.

force (emf) due to the receiver movement can be considered negligible with respect to the transformer emf, as discussed in2°.
Consequently, dynamic charging can then be studied with the same methodology applied to static charging. During the movement
the receiver can be coupled to two array resonators at a time; however, being the prominent positions those corresponding to a
perfect alignment of the receiver with the array resonators??, the following analysis considers aligned positions of the receiver.

3 | TWO-PORT REPRESENTATION

In order to obtain a compact representation of the array of resonators, the impedance matrix is adopted, but other configurations
can be derived from that, depending on the needs of the designer®?. The inductive coupling is characterized as a unique two-port
network, considering the terminals of the first resonator as the input port and the ones of the receiver as the output port, where
V,, I, and V,, I are the phasors associated to the voltages and currents v,(¢), i,(¢) and v,(?), i,(t), respectively. The currents
circulating in the resonators are very sensitive to the variations of the array parameters, which in turn affect the transmission
capability of the system. In general, for a fixed load, termination and input voltage, all the currents and voltages involved in
the circuits present different values depending on the receiver position, thereby complicating the design of the control system
with respect to the traditional isolated power converters. Thus, a different matrix should be written for any receiver position. In
sinusoidal steady-state, considering the equivalent circuit depicted in Fig.[2] it is possible to define the impedance matrix of the
equivalent two-port network from the following system of equations:

ANEEAN o
I/r Zrl er Ir
where
7,=0 7 =h
=7 im0 r=7 i
) R @)
P A
Iilf-o I o

3.1 | Extraction of the Impedance-Matrix Parameters

The analytical expressions of the impedance-matrix parameters are derived for an array of » resonators with a receiver coupled
with the ith cell only (see Fig. 3] a). As first step, the resonators that follow the one covered by the receiver - namely from
the (i+1)th to the nth one - have been substituted with their equivalent impedance seen from the ith cell. According to?2, the
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FIGURE 3 Schematic representation of (a) an array of n resonators with a receiver R over the ith cell, terminated with ZT and
(b) the correspondent compacted array terminated with the equivalent impedance @

equivalent impedance of an array of m resonators terminated with an impedance Z,,; is defined as:

o (@M)?
z9 = > 3
M,Z g . (wM)
+
(wM)?
+—
. (@M)?
Z+——7—
Z+Z,,

where Z = R+jwL+1/(joC) is the impedance of each resonator. Then, for the considered case, m = n—i and Z,,; = Zy.
The resulting compacted array is schematically represented in Fig. 3] b): it is composed of the remaining i resonators and
terminated with the impedance
ZH=2z_ 4)

n—i,ZT
whereas the receiver is placed over the last cell. Writing a Kirchhoff voltage equation for each resonator of the compacted array,
the following system of i+1 equations holds:

A

21,

0 = +joM I +joMI,
Doae e )

0 =ZI,_+joMI,_,+joMI,

0 = (Z+ZNHI+joMI,_+joM,,I,

I7r = err+jwMi,rii

which can be reduced - by removing the equations of all the resonators but the first one and the receiver - to the system:

Vi = 2,1 +2,1, ©)
I/r = erIr+Zrlll’

The parameters that result from this mathematical manipulation correspond to the ones of the impedance matrix (2), whose
analytical expressions are:

5 5 e
2, =2+2" ., )
. . (wM,,)?
Z,. = Zr"ﬁ (8)
Z+ZT +Zi—2,0
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These formulas are valid for arrays of the type described in Sec.[2] with any number of resonators, termination impedance and

considering the receiver aligned with any cell of the array. Moreover, introducing the expressions presented in“" in -(@), it is
possible to obtain a closed-form formulation of the two-port network parameters.

4 | NUMERICAL SIMULATIONS AND RESULTS

The analytical expressions of the impedance-matrix parameters can be validated comparing the results they provide with the
ones obtained through a numerical simulation of the WPT system. In this work, the validation is achieved solving the Kirchhoff
voltage equations written for each cell of the system, considering phasors at f,. The equations can be arranged in matrix form as:

V=71 (10)

where 1 is the vector of the phasor currents flowing in the resonators and V= [1710 OV]T is the phasor voltage vector

with Vl the phasor supply voltage of the transmitter, and V the phasor voltage at the output terminals. Z is the (n+1)x(n+1)
impedance matrix of the resonator array which, for a generic receiver position, can be written as:

Z joM 0 0 0

joM Z  joM 0 0
2 O an

: 0 o joM Z+Z; 0

0 0 joM,, 0 Z

ri r

where the last row considers the coupling of the receiver with the ith resonator of the array . As the receiver moves, the impedance
matrix modifies according to its position, thereby leading to a different system of equations to be solved.

The impedance-matrix terms (I)) are numerically derived solving the system of equation described in (TI0) when the input
and output ports of the apparatus are properly terminated in open circuit, as described in (2. By connecting the input port to an
impedance Z, V; = —Z¢I, and can be rearranged and solved for I for an arbitrary value of V,. Enforcing Z to a value
large enough to have I, ~ 0, we can determine Z,, and Z,, from V,, I, and

A

Vi = Zi(l,2)j2 > (12)

1=

with Z,(1 2) the element of the first row and second column of .

Analogously, for the calculation of Z,, and Z,,, an impedance Z,,,, is connected to the output port so that V, = —Z, . 1..

Thus, rearranging and solving ( . 0) for 1 for an arbitrary value of V,, we can determine I, and, in turn, Z;, by enforcing Z,,,
to a value large enough to have /. ~ 0. The impedance Z,, = Z,, due to the reciprocity of the network and can be determined
from I, and

A

e

. = Zi(r,i)ji > 13)

r

where Z, )y = joM, ; is the element of the last row and last but one column of l) and 1, the current of the ith resonator.

i(r,i

4.1 | Validation results

For the numerical simulations, the prototype of resonators employed in the experimental setup are considered.

Each resonator of the array is realized with a 6-turn square winding of 153 mm side-length. The stranded wire conductors have
asection of 2.5 mm?, that results in an intrinsic resistance R = 0.05 Q and a self-inductance L = 11.9 yH. The mutual inductance
between the adjacent resonators is M = —1.67 yH. The lumped capacitors connected to the coils present a capacitance of 1 F,
making the system resonate at f, = 45.1 kHz. The receiver winding is realized with 5-turns of copper wire wound around
a circular plastic core with a diameter of 9 cm, resulting in a resistance R, = 0.055Q and a self-inductance L, = 3.8 uH,
whereas the mutual inductance between the receiver and the facing resonator of the array is 1.13 yH. It is connected to a lumped
capacitance C, of 3.3y F. The simulations are carried out for the cases of short-circuit (SC) and matched terminations of the
array. The termination impedance can be calculated as Z, ~ w,M 7*? and its value is about 0.47 Q for the considered system.
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FIGURE 4 Z-matrix parameters as a function of the receiver position for an array of 25 resonators at the resonant frequency f|,
in case of short-circuit termination. The cross and circle markers refer to the formulas (7)-(9) and numerical solution of (I0),

respectively

The impedance-matrix parameters of an array of 25 resonators are plotted with the receiver aligned with each resonator, in case
of short-circuit and matched termination in Figs. ] and 3] respectively. In particular, the plots compare the trends obtained with
the formulas (7)-(9) and the numerical solution of (I0), showing that they are in perfect agreement being the curves overlapped.
The reported values are calculated considering the system operating at f,. As it is possible to observe, the parameters Z 1> er
and Z,, behave very differently: while both the real and imaginary parts of Z,, remain almost constant, Z,, and Z,, strongly
vary depending on the receiver position.

Zy

The trend of 211 in Figs. E| a) and |5 a) can be explained considering its definition, reported in . Indeed, it is calculated
considering the output port open, meaning that the receiver does not interact with the array. The impedance seen from the array
input port is purely real and remains the same for any receiver position, whereas it is affected by the number of resonators and
the termination Z; only. A detailed analysis is provided in2?.

A

ZVI'

. 1t is characterized by a null imaginary part, whereas the real part oscillates according to the receiver
position around 0.16 € in case of short-circuit termination 0.15 Q in case of matched termination, shown in Figs.[4|b) and[3]b),
respectively). In particular, for Z; = 0, Re[Z,,] oscillates with decreasing amplitude until the receiver covers the cells in the

first half of the array (i < n/2), whereas the trend is inverted for i > n/2.

For what concerns Z
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FIGURE 5 Z-matrix parameters as a function of the receiver position for an array of 25 resonators at the resonant frequency
fo in case of matched termination. The cross and circle markers refer to the formulas (]Z[)—@) and numerical solution of @),
respectively

This can be explained as, for a short-circuited array, both Z ! and 2 e" o oscillates according to 2 Jeading to the trend depicted

in Fig. E|b) As the receiver approaches the central array resonator, the Z and Z° tends to the same value, but with opposite

i-2,0
periodicity, until they cancel for i = (n+1)/2. Differently, in case of a matched array, Fig. [5|b), Z;” is always equal to the
matching impedance and, assuming M, ; constant, the only varying term of () is Z 0 which behaves as the input impedance

of a short-circuited array, as it is well descrlbed in2

Z 1r

The term Z,, = Z,, has a similar behaviour for both the considered terminations. It presents a real and an imaginary part alter-
natively null, which both oscillate around zero and whose amplitudes decrease as the receiver moves away from the input port.
The attenuation of Re[Z,,] is due to Joule losses in the resonator windings and it is more evident if Z; = 0. The peculiarity of
the results lies in the purely real values that Z 1 assumes when the receiver is aligned with even numbered resonators (regardless
of n being even or odd) and that can be also negative. Indeed, this parameter expresses the link between the input and output
ports of the network and, for magnetically coupled resonators, it is usually associated to the overall mutual inductance between
the resonators connected to the ports. The currents circulating in adjacent resonators are x /2 out of phase and thus the trends
of Re[Z,,] and Im[Z,,] reflect this peculiarity.

S | TRANSFORMER EQUIVALENT CIRCUIT
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FIGURE 7 Parameters of the real transformer equivalent circuit as a function of the receiver position for an array of 25 resonators

at the resonant frequency f|, in case of short-circuit termination.

IPT systems behave as isolated power converters where the transformer stage is composed of the transmitter and the receiver.
In particular, battery chargers must provide the appropriate battery voltage profile, whereas minimizing the losses at the same
time. Thus, the impedance parameters and the voltage gain are necessary for designing both the system and the control strategy.
For the design of isolated power converters, the most common circuit model adopted to represent loaded transformers is the
one reported in Fig. [6] which allows a physical interpretation of the parameters involved. Indeed, in typical real transformers,
the longitudinal parameter represents the series of the winding resistance and leakage inductance of the two windings, whereas
the transverse one is associated to the magnetizing reactance. The model is completely described by three complex parameters,
namely the magnetizing impedance Zm, the short-circuit impedance Z. .. and the transformer ratio 7. Thus, the impedance matrix
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FIGURE 8 Parameters of the real transformer equivalent circuit as a function of the receiver position for an array of 25 resonators

at the resonant frequency f|, in case of matched termination.

associated to this two-port network can be written as:

A ~ V4 N
£ Z, G I,
[17] =12 22 ||i| (14)
g EEE "

By means of this equivalent circuit, a resonator array coupled with a receiver can be formally represented as a real transformer.
Through the application of the procedure proposed in Sec. [3.1] the parameters of the real transformer equivalent circuit can be

found equating the terms of the impedance matrices in (T)) and (T4):

2,
s5)

and plotted as a function of the receiver position for different array terminations in Figs. [7]and [8] These plots highlight a clear
dependency of the parameters on both the receiver position and array termination, as it is for the impedance matrix terms
depicted in Figs.[d and[3] In particular, the transformer ratio % is complex and its amplitude increases as the receiver is moved
away from the power source with an oscillatory behaviour in case of SC termination and a nearly linear trend in case of matching
termination. Barring losses, this parameter indicates the ratio between the input and output voltages 171 and 17, of the two-
port network and shows that, for a fixed 171, 172 decreases as the receiver moves away from the power source. Its value is very
sensitive to the receiver position in case of SC termination, whereas its magnitude has a smoother trend matching the termination
of the array. The phase of 7 presents a periodic behaviour for both terminations and indicates the phase variation that the
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FIGURE 10 The orange waveform represents the current in the first array resonator and the yellow one the voltage across the
receiver port, when the receiver is on a) the 3rd and b) the 4th array cell.

receiver voltage undergoes in relation to the number of resonators of the array that are placed in between the receiver and the
power source. The magnetizing reactance Zm corresponds to Z 11> Which is purely real and constant for any receiver position.
In traditional transformers, it presents a very large value, making it negligible during full-load operations; conversely, for the
resonator array considered, its value is small and thus the current flowing through it is not always negligible with respect to that
flowing through Z,, especially when the receiver is close to the power source. For what concerns ch, it results purely real for
any receiver position and array termination, with a trend that oscillates between negative and positive values (the latter being
the largest) for both the terminations considered. In particular, the minimum values are found when the receiver is aligned with
the odd-numbered cells of the array.

ce?

6 | EXPERIMENTAL VALIDATION

The analytical and numerical procedures for the extraction of the impedance matrix parameters have been experimentally val-
idated with a prototype of resonator array. The system is depicted in Fig. [0 and it is described in [4.1] Current and voltage
measurements have been performed at the system input and output ports and the impedance matrix parameters have been esti-
mated according to (2). In particular, the supplied port has been fed with a sinusoidal voltage at the system-resonant frequency
generated by a Hameg signal generator and amplified by an analog amplifier. The current measurements have been performed
with a current probe Tektronix TCP305A amplified by a Tektronix “TCPA 300" connected to a Rohde&Schwarz RTO 1004
oscilloscope with a sampling capability of 10 GSa/s and bandwidth of 600 MHz. The voltage was measured with an isolated
Pico probe “TA057" with a bandwidth of 25 MHz. As an example, in Figs.[I0]a) and b) the current and voltage waveforms
considered for the estimation of Z,, are shown for a receiver aligned with the 3rd and 4th array cell, respectively. In the former
case, the input current (orange waveform) lags the receiver voltage (yellow curve) by g, whereas in the latter the two waveforms
are in phase, as predicted in Sec. @
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FIGURE 11 Z-matrix parameters as a function of the receiver position for an array of 6 resonators at the resonant frequency of
45.1kHz in case of short-circuit termination. The circle and cross markers refer to the formulas (7)-(9) and experimental results,

respectively.

The results of the measurements are shown in Figs. [[T|and [T2] for the cases of short-circuit and matched terminations of the
array, respectively, and are compared with the values obtained with the analytical formulas (7), (8) and (©). The plots show a
very good agreement between the analytical and experimental results, even though a slightly larger difference can be observed
for both the real and imaginary parts of Zr, for both the considered terminations. This difference can be attributable to the
mutual coupling between the receiver and the array resonators next to it. In the theoretical model, only the mutual inductance
between the receiver and the resonator below it is considered, as it is generally much larger than the mutual inductance between
the receiver and the other array resonators. It should be noticed that the parameters Z,, and Z,, have been estimated feeding the
first resonator of the array and measuring the voltage at the terminals of the same resonator and receiver, respectively Thus, for
both measurements, the receiver operates in no-load conditions and experiences a null current, meaning that it does not interact
with the array. Instead, the current and voltage considered for the estimation of Z . have been measured directly at the port of the
receiver, which slightly couples with the cells of the array close to it. This effect is more evident when the receiver is above even
numbered resonators, for which positions the equivalent impedance of the system seen by the receiver presents higher values
and the circulating current lower magnitudes.

7 | CONCLUSIONS

In this paper, a two-port network is chosen to represent the array of resonators in a compact way, well appropriate for evaluating
its performance when employed as a transformer stage in an IPT apparatus. It should be noticed that, representing the array
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FIGURE 12 Z-matrix parameters as a function of the receiver position for an array of 6 resonators at the resonant frequency
of 45.1kHz in case of matched termination. The circle and cross markers refer to the formulas (7)-(9) and experimental results,

respectively.

of resonators and the receiver with a two-port network, all the insight related to the resonator currents is lost, even though it
dramatically simplifies the design process of the power electronic components and control system. The overall behaviour has
been evaluated describing the system as a two-port network and a procedure to extract the parameters of the impedance matrix
has been established; moreover, generalized analytical expressions of the impedance matrix terms have been proposed and
validated both numerically and experimentally. Then, the parameters of an equivalent real transformer model have been extracted
in order to establish a formal analogy between the resonator array and a traditional transformer. The results of the calculations
carried out clearly indicate that, apart from the magnetizing reactance, the equivalent network chosen for the transformer presents
parameters that are dramatically dependent on the receiver position, especially when the receiver is aligned with the last cells
of the array. Despite the magnetizing reactance is constant for any receiver position, a not negligible magnetizing current is
generally required and thus Zm cannot be neglected.

The analytical and experimental results are in very good agreement, with a maximum error of about 10% for the parameter
Z,,. Overall, these apparatuses allow the tolerance to the receiver misalignment to be dramatically increased, improving the
coupling between the first array resonator and the receiver coil, at the expense of having circuit parameters dependent on the
receiver position.
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