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SUMMARY

We study the problem of factor modelling vector- and tensor-valued time series in the
presence of heavy tails in the data, which produce extreme observations with nonnegli-
gible probability. We propose combining a two-step procedure for tensor decomposition
with data truncation, which is easy to implement and does not require an iterative search
for a numerical solution. Departing from the light-tail assumptions often adopted in the
time series factor-modelling literature, we derive the consistency and asymptotic normality
of the proposed estimators while assuming the existence of the (2 + 2ϵ)th moment only,
for some ϵ ∈ (0, 1). Our rates explicitly depend on ϵ, characterizing the effect of heavy tails
and the chosen level of truncation. We also propose a consistent criterion for determining
the number of factors. Simulation studies and applications to two macroeconomic datasets
demonstrate the strong performance of the proposed estimators.

Some key words: Heavy tail; High dimensionality; Robustness; Tensor factor model.

1. Introduction

Factor modelling is a popular approach to dimension reduction in high-dimensional time
series analysis. It has been successfully applied to various tasks involving large panels of
time series, from forecasting macroeconomic variables (Stock & Watson, 2002a) to building
low-dimensional indicators of the whole economic activity (Stock & Watson, 2002b). With
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rapid technological developments, tensor (multi-dimensional array) time series datasets
are routinely collected, which are large in volume as well as high in dimensions. Conse-
quently, the demand for learning a parsimonious yet flexible representation that preserves
the array structure of the original data is greater than ever, driving renewed interest in factor
modelling of tensor-valued time series.

Characterization of a low-rank object for tensor data is not trivial, as extensions of the
matrix singular value decomposition are not unique for tensors of higher order. Based on
the two popular tensor decompositions (Kolda & Bader, 2009), two approaches to tensor
factor analysis exist: Tucker factor models and its special case, CanDecomp/PARAFAC
(CP; Han & Zhang, 2022; Chang et al., 2023). We focus on the former, which, having
gained vast popularity in the literature on high-dimensional statistics, has been adopted for
tensor factor modelling under the assumptions that factors account for pervasive serial
(Wang et al., 2019; Chen et al., 2022; Han et al., 2024) or cross-sectional (Yu et al., 2022;
Chen & Fan, 2023; Chen & Lam, 2024; He et al., 2024; Zhang et al., 2024; Barigozzi et al.,
2025b) dependence. Various estimation methods of Tucker tensor factor models exist, which
typically exploit a large gap in the eigenvalues of second-moment matrices, present between
the eigenvalues attributed to the factors and the remainder. As such, they naturally involve
the principal component (PC) analysis, and in turn, their theoretical properties have been
studied assuming the existence of the fourth moment in the data.

Datasets exhibiting tail behaviour that does not warrant such fourth-moment conditions
are frequently observed in economics and finance (Cont, 2001; Ibragimov et al., 2015),
neuroscience (Eklund et al., 2016) and genomics (Purdom & Holmes, 2005), to name a few.
In fact, heavy tailedness is one of the stylised features of high-dimensional data that may
arise from the increased chance of extreme events, or the complexity of the data-generating
mechanism (Fan et al., 2021). It is well documented that sample estimators for the second
moments are highly sensitive to anomalous observations and, consequently, the PC-based
methods suffer from heavy tailedness (Kristensen, 2014).

Despite growing interest in factor modelling of tensor time series, few papers address the
problem of tail-robust estimation, i.e., estimation of factor structures in the absence of a
fourth moment, using the Huber loss (Barigozzi et al., 2023; He et al., 2023a, 2025a; Wang
et al., 2023). In this paper, we study the problem of tail-robust estimation of a Tucker-type
factor model for tensor-valued time series, where the factor tensor accounts for pervasive
cross-sectional dependence. A key ingredient of the proposed method is a data truncation
step combined with a projection-based iterative procedure for Tucker decomposition of the
tensor data that, while computationally and conceptually simple, leads to estimators that
are robust to the presence of heavy tails. Throughout, we address the more challenging case
of tensor-valued time series, but the proposed methodology is directly applicable to vector-
valued time series corresponding to a trivial, single-mode tensor.

In Table 1, we provide a summary of the theoretical and computational aspects of our
proposal, in comparison with existing ones. Theoretically, our contributions are two-fold
and, to the best of our knowledge, are new to the literature. First, we characterize the tail
behaviour of the data under a weak moment assumption on the existence of the (2 + 2ϵ)th
moment for some ϵ ∈ (0, 1), through which the effect of heavy tails on the choice of the trun-
cation parameter and the rates of estimation is made explicit; in particular, as ϵ → 1, our
rates nearly match the best rate known in light-tailed situations (namely, min{(np−k)

1/2, p};
see the caption of Table 1). This is further complemented by the asymptotic normality of
the proposed estimator, which is also the first of its kind in the tail-robust tensor factor
modelling literature. Second, provided that the cross sections are suitably ordered, our
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Tail-robust tensor factor modelling 3

Table 1. Comparison of Tucker factor modelling methods for matrix- and tensor-valued time
series, where factors drive pervasive cross-sectional dependence. For each method, we state the
rate of estimation attainable for the mode-k loading space and the conditions on the permitted
order of the tensor-valued time series (K), whether temporal and/or spatial dependence is
allowed on the idiosyncratic component (see Assumptions 4 and 5) and the assumption on the
tail behaviour. Specifically, the ‘tail’ column reports the considered range of the largest ν such
that the data have a finite νth (centred) moment. Additionally, we give the number of required
iterations, where ‘∞’ means that the specific number of iterations has not been given. Here, n
denotes the sample size, pk the dimension of the kth mode, p =

∏K
k=1 pk and p−k = p/pk, and

Mn denotes an upper bound on the factor elements; see Assumption 3(iii)
Method K Tail Temporal Spatial Rate of estimation Iteration #

This paper ⩾1
2 + 2ϵ
ϵ ∈ (0, 1)

✔ ✘
M1−ϵ

n
(np−k)

1/2 ∨
1
p 2

✔ ✔
M1−ϵ

n
(np−k)

1/2 ∨
( logK (np)

np−k

)ϵ/(1+ϵ)
∨

1
p 1

Wang et al. (2023) 2 (2,∞) ✘ ✘ 1
√

np−k
∨

1
√

npk
∨

1
√

p ∞

He et al. (2023a) 2 (2,∞) ✘ ✘ 1
√

np−k
∨

1
√

npk
∨

1
√

p ∞

Barigozzi et al. (2023) ⩾2 (2, 4) ✘ ✘ mink′∈[K]
1

√
p
−k′

∞

Chen & Fan (2023) 2 [8,∞) ✔ ✔ 1
(np−k)

1/2 ∨
1
√

pk
0

Yu et al. (2022) 2 [8,∞) ✔ ✔ 1
√

np−k
∨

1
npk
∨

1
p 1

Barigozzi et al. (2025b) ⩾1 [4,∞) ✔ ✔ 1
√

np−k
∨

1
npk
∨

1
p 1

Zhang et al. (2024) ⩾1 [8,∞) ✔ ✔ 1
√

np−k
∨

1
p ∞

Chen & Lam (2024) ⩾2 [4,∞) ✔ ✔ 1
(np−k)

1/2 ∨
1
p ∨

1
n ∞

theoretical analysis permits both serial and spatial dependencies in the idiosyncratic compo-
nent within a framework of strongly mixing random fields, moving away from the prevalent
approach in robust factor modelling that assumes serial and spatial independence. Compu-
tationally, our estimators require at most two iterations without any numerical optimization,
and are thus straightforward to compute.

We briefly mention alternative robust approaches to time series factor modelling, where
the aims are related yet distinct from ours. There are procedures designed to attain a high
breakdown point under Huber’s contamination model (Huber, 1964), such as those of
Baragona & Battaglia (2007), Alonso et al. (2020) and Trucíos et al. (2021) in the context of
time series factor modelling, and Maronna & Yohai (2008), Peña & Yohai (2016) and She
et al. (2016) on robust principal component analysis. Methods for quantile factor modelling
(Chen et al., 2021; He et al., 2023b) enable the estimation of quantile-dependent factors; in
particular, at the quantile level of 0.5, these methods can be considered a form of robust
factor analysis. There are also papers on elliptical factor models (Fan et al., 2018; Han &
Liu, 2018; He et al., 2022; Qiu et al., 2025), where scatter matrices such as Kendall’s tau or
Spearman correlation matrices are employed for the estimation of factor structures. All the
aforementioned papers consider vector time series factor modelling, with the exception of
He et al. (2025b).

We use the following notation throughout. We write [n] = {1, …, n} for any positive inte-
ger n. For a random variable X and ν ⩾ 1, we write ∥X∥ν = {E(|X |ν)}1/ν . For a matrix
A = [aii′ , i ∈ [m], i′ ∈ [n]] ∈ Rm×n, we denote by AT its transpose, and by Ai· and
A·i the ith row and column vectors. We write |A|2 = (

∑
i∈[m]

∑
i′∈[n] |aii′ |

2)1/2 and denote
its spectral norm by ∥A∥. By I, we denote an identity matrix. For X = [Xi1…iK , ik ∈
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4 Matteo Barigozzi, Haeran Cho and Hyeyoung Maeng

[pk], k ∈ [K]] ∈ Rp1×···×pK , its mode-k unfolding matrix, denoted matk(X ), is the pk × p−k
matrix that arranges all the p−k mode-k fibers of X in its columns. We write the mode-k
product of X with an m × pk matrix A = [aij] as X ×k A ∈ Rp1×···×pk−1×m×pk+1×···×pK ,
whose (i1, …, ik−1, j, ik+1, …, iK)th element is given by

∑pk
ik=1 Xi1…ik…iK ajik . We denote

the vectorization of X as vec(X ) ∈ Rp, which stacks the columns of mat1(X ), and write
|X |2 = |vec(X )|2. We use ⊗ to denote the Kronecker product. For two real numbers, we
define a ∨ b = max(a, b) and a ∧ b = min(a, b). Given two sequences {an} and {bn}, we
write an = O(bn) if, for some finite positive constant C, there exists N ∈ N0 = N ∪ {0} such
that |an||bn|

−1 ⩽ C for all n ⩾ N, and an ≍ bn if an = O(bn) and bn = O(an). We write
an = o(bn) if, for every ε > 0, there exists N ∈ N0 such that |an||bn|

−1 ⩽ ε for all n ⩾ N. By
OP and oP, we denote the probabilistic extensions of O and o, respectively.

2. Tensor time series factor model

Under a Tucker decomposition-based factor model, a time series {Xt}t∈[n] of the K-
dimensional arrays (tensors) with Xt = [Xi1…iK , t, ik ∈ [pk], k ∈ [K]] ∈ Rp1×···×pK satisfies

Xt = χ t + ξ t, where χ t = Ft ×1 31 ×2 · · · ×K 3K , (1)

with Ft = [fj1…jK , t, jk ∈ [rk], k ∈ [rk]] ∈ Rr1×···×rK and 3k = [λk, ikjk , ik ∈ [pk], jk ∈
[rk]] ∈ Rpk×rk for some integers rk ≪ pk. Then, the (i1, …, iK)th element of χ t is

χi1…iK ,t =
∑

j1∈[r1]

· · ·

∑
jK∈[rK ]

λ1, i1j1 · · · λK, iK jK fj1…jK ,t.

The core tensor Ft serves as the latent common factor, with its dimensions rk, k ∈ [K],
fixed and independent of p1, …, pK and n. It is loaded by mode-wise loading matrices 3k to
drive pervasive cross-sectional dependence in the tensor data, as specified later. The idiosyn-
cratic component ξ t = [ξi1···iK , t] is a tensor-valued time series with E(ξi1···iK , t) = 0, and
is allowed to be serially and cross-sectionally dependent, as specified later. Under (1), the
mode-k unfolding of χ t admits the following decomposition with 1k :=

⊗1
l=K, l |=k 3l:

matk(χ t) = 3kmatk(Ft)
(
3K ⊗ · · · ⊗3k+1 ⊗3k−1 ⊗ · · · ⊗31

)T

= 3kmatk(Ft)1
T
k . (2)

Example 1. When K = 1, model (1) reduces to a vector time series factor model such that

χ t = 31Ft with Ft ∈ Rr1 , and its ith element admits the decomposition χit =
∑

j∈[r1]
λ1, ijfj, t

for any i ∈ [p1]. Typical examples of its application include the modelling of macroeconomic
indicators of a given country (McCracken & Ng, 2016; see § D.2 in the Supplementary
Material). When K = 2, model (1) is a matrix time series factor model, where χ t=31Ft3

T
2

with Ft ∈ Rr1×r2 , so that mat1(χ t)=χ t=31Ft3
T
2 and mat2(χ t)=χT

t =32FT
t 3T

1 ; its
(i1, i2)th element is written as χi1i2, t=

∑
j1∈[r1]

∑
j2∈[r2]

λ1, i1j1λ2, i2j2fj1j2, t for any ik ∈
[pk], k ∈ [2]. In § 6 below, we analyse a matrix time series consisting of macroeconomic indi-
cators (collected in mode 1, i.e., rows) observed in euro-area countries (collected in mode 2,
i.e., columns; Barigozzi et al., 2025a).
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Tail-robust tensor factor modelling 5

3. Tail-robust estimation

3.1. Overview

Various methods exist for the estimation of the low-rank approximation of tensor data
under a Tucker decomposition; we refer the reader to Kolda & Bader (2009) and Luo
& Zhang (2023) for an overview. In the time series factor modelling literature, a popular
approach for the estimation under (1) is to obtain a pre-estimator via higher-order singular
value decomposition (SVD, De Lathauwer et al., 2000a), followed by one or more iterations
of mode-wise SVD of the data projected onto the pre-estimated loading space (also termed
higher-order orthogonal iteration; De Lathauwer et al., 2000b); see, e.g., Yu et al. (2022)
and He et al. (2024) for the case of matrix factor modelling, which has been extended to
higher-order tensors by Zhang et al. (2024) and Barigozzi et al. (2025b).

To address the heavy-tail behaviour of the data, we propose combining the projection-
based iterative procedure with a data truncation step, which, despite its simplicity, has not
been explored in the context of tail-robust estimation of factor models of any order K ⩾ 1.
This allows us to accurately estimate the model, even in the presence of extreme events,
such as deep economic recessions, the recent pandemic, wars and the subsequent rise in
inflation. We first present the proposed methods for estimating the loadings (§ 3.2) and the
core tensor factor (§ 3.3), supposing that the factor numbers are known, with the special
case of matrix factor modelling discussed in Example 2. Section 3.4 presents our approach to
estimating rk, k ∈ [K]. The selection of tuning parameters, including the level of truncation,
is discussed in § 3.5.

3.2. Factor loading estimation

Let us write Xi, t = Xi1…iK , t with i = (i1, …, iK)T. Given a truncation parameter τ > 0,
we denote the elementwise truncated data as

X t
i, t(τ ) := sign(Xi, t) · (|Xi, t| ∧ τ), i.e., X t

i, t(τ ) =

{
Xi, t if |Xi, t| ⩽ τ ,
sign(Xi, t) · τ if |Xi, t| > τ ,

(3)

and X t
t (τ ) = [X

t
i, t(τ ), i ∈

∏K
k=1[pk]]. Then, the sample counterpart of the mode-k second-

moment matrix of Xt, defined as 0(k) := (np−k)
−1 ∑

t∈[n] E[matk(Xt)matk(Xt)
T
], is given

by

0̂
(k)
(τ ) :=

1
np−k

n∑
t=1

matk{X t
t (τ )}matk{X t

t (τ )}
T. (4)

We denote by {µ̂(k)j (τ ), ê(k)j (τ )}, j ∈ [min(pk, n)], the pairs of eigenvalues and (normal-

ized) eigenvectors of 0̂
(k)
(τ ), where µ̂(k)j (τ ) are ordered in decreasing order. Under (1),

for the identifiability between the latent χ t and ξ t (asymptotically), and that between
the 3k and Ft, commonly made assumptions are that p−1

k 3T
k 3k = Irk (see Assump-

tion 1 below) and that the entries of ξ t are weakly correlated within and across the
mode (see Assumptions 4–5). They lead to a gap between the rk largest eigenvalues
of 0(k) that diverge linearly in pk and the remaining ones. Such observations motivate
the choice 3̂k(τ ) :=

√
pk Êk(τ ) =

√
pk[ê

(k)
j (τ ), 1 ⩽ j ⩽ rk], as an (initial) estimator of 3k,
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6 Matteo Barigozzi, Haeran Cho and Hyeyoung Maeng

which amounts to the higher-order SVD performed on the truncated data matrix. For vector
time series (K = 1), we regard 3̂1(τ ) as the final estimator.

For K ⩾ 2, the representation in (2) for the mode-k unfolding of χ t suggests that further
refinement can be achieved by projectingmatk{X t

t (τ )} onto the column space of 1k followed
by SVD. This leads to the following iterative estimator for some ι ⩾ 1:

3̌
[ι]

k (τ ) :=
√

pk Ě
[ι]
k (τ ) with Ě[ι]k (τ ) = [ě

(k), [ι]
j (τ ), 1 ⩽ j ⩽ rk]. (5)

Here, {µ̌(k),[ι]j (τ ), ě(k),[ι]j (τ )}, j ∈ [min(pk, n)], denotes a pair of eigenvalues and eigenvectors
of

0̌
(k),[ι]

(τ ) :=
1

np−k

∑
t∈[n]

matk{X t
t (τ )}Ď

[ι−1]
k (τ ){Ď[ι−1]

k (τ )}Tmatk{X t
t (τ )}

T, (6)

with Ď[ι]k (τ ) := Ě[ι]K (τ )⊗ · · · ⊗ Ě[ι]k+1(τ )⊗ Ě[ι]k−1(τ )⊗ · · · ⊗ Ě[ι]1 (τ ); for convenience, we

sometimes write the initial estimator as Êk(τ ) = Ě[0]k (τ ).
Algorithm 1 below summarizes the steps for the estimation of factor loadings. Our theo-

retical investigation shows that at most ι = 2 iterations are sufficient for the resultant
estimator to achieve asymptotic normality with a rate comparable to those attainable under
stronger moment conditions. If p1 = · · · = pk = p0 ≍ n and r1 = · · · = rK = r, the overall
cost to obtain the twice-iterated estimator for given τ is O(npK+1

0 + 2KnrpK
0 ) (Luo et al.,

2021). Section 3.5 below describes a cross-validation (CV) procedure for the selection of τ .

Algorithm 1. Projection-based iterative estimation of 3k, k ∈ [K].

Input: Data {Xt}t∈[n], factor numbers rk, k ∈ [K], truncation parameter τ

Perform data truncation and obtain X t
t (τ ) = [X

t
i,t(τ )]

for k ∈ [K] do
Compute 0̂

(k)
(τ ) using matk{X t

t (τ )} as in (4)
Obtain Êk(τ ) = qE[0]k (τ ) = [ê(k)j (τ ), j ∈ [rk]] from the SVD of 0̂

(k)
(τ )

Set ι← 1
while ι ⩽ 2 do

for k ∈ [K] do

Compute q0
(k),[ι]

(τ ) using matk{X t
t (τ )}

qD[ι−1]
k (τ ), as in (6)

Obtain q3
[ι]

k (τ ) =
√

pk[qe
(k),[ι]
j (τ ), j ∈ [rk]] from the SVD of q0

(k),[ι]
(τ )

Set ι← ι+ 1
Output: q3

[ι]

k (τ ), k ∈ [K], ι ∈ {0, 1, 2}.

Remark 1. We propose truncating the elements of Xt in order to lessen the influence of
extreme observations on the estimators of the second-moment matrices. In the literature
on high-dimensional vector time series analysis, Wang & Tsay (2023) studied the estimation
of (auto)covariance matrices and showed the near-minimax optimality for the truncation-
based estimator (see also Remark 3 below). Ke et al. (2019) and Fan et al. (2021) considered
spectrum-wise truncation estimators that truncate ℓ2 or ℓ4 norms of the random vectors;
their theoretical consistency is established under a fourth-moment condition. Alternatively
to the proposed truncation, which is applied symmetrically around zero to each Xi, t, we

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

et/article/113/2/asaf093/8405387 by D
ip. M

edicina C
linica Biotecnologia Applicata user on 27 M

ay 2026



Tail-robust tensor factor modelling 7

may adopt winsorization or elementwise Huber regression; we refer the reader to Zhang
(2021), where the consistency of the latter estimator is established under a condition com-
parable to Assumption 3 below. Unlike in the M-estimation framework, the truncation step
in (3) allows for explicitly decomposing the estimation errors, which facilitates the theoretical
analysis of our proposed estimators.

3.3. Core tensor factor estimation

For the estimation of the core tensor Ft, we adopt an analogue of the PC estimator in
vector time series factor modelling that takes the form of a cross-sectional weighted average
of Xi, t, i ∈

∏K
k=1[pk], with the weights determined by the estimators of 3k. Empirically,

such an estimator may be sensitive to some Xi, t taking extremely large values. Therefore, we
consider an estimator of Ft by taking the weighted average of the truncated observations
with a truncation parameter κ > 0, i.e.,

F̂t(τ , κ) :=
1
p
X t

t (κ)×1 3̌1(τ )
T
×2 · · · ×K 3̌K(τ )

T
=

1
p
X t

t (κ)
K
×

k=1
3̌k(τ )

T, (7)

where 3̌k(τ ) = 3̌
[ι]

k (τ ) for some ι ∈ {1, 2}. Theoretically, the estimator without any addi-
tional truncation, namely F̂t(τ ) ≡ F̂t(τ ,∞), achieves consistency both in terms of a
pointwise error or its ℓ2 aggregation over time; see Theorem 4 below. However, numerically,
there is strong evidence supporting the truncation of observations prior to cross-sectional
aggregation, which we explore on simulated datasets in § 5 below.

Example 2. In the special case of a matrix factor model (K = 2), the estimation
steps given in § 3.2–§ 3.3 can be described without using tensor-related operators. For
the loading matrix estimation, we first perform the elementwise truncation with τ >
0 as the truncation parameter, and obtain X t

t (τ ) = [X
t
ii′,t, i ∈ [p1], i′ ∈ [p2]] with

X t
ii′,t = sign(Xii′, t) · (|Xii′, t| ∧ τ). Then, we estimate the two second-moment matrices

of Xt, defined as 0(1) = (np2)
−1 ∑

t∈[n] E(XtXT
t ) and 0(2) = (np1)

−1 ∑
t∈[n] E(X T

t Xt), by

0̂
(1)
(τ ) = (np2)

−1 ∑
t∈[n]X t

t (τ )X t
t (τ )

T and 0̂
(2)
(τ ) = (np1)

−1∑
t∈[n]X t

t (τ )
TX t

t (τ ), respec-

tively. From this, the initial estimator 3̂1(τ ) of the row loadings 31 is obtained from the r1

leading eigenvectors of 0̂
(1)
(τ ), multiplied by

√
p1, and the column loadings are estimated

by 3̂2(τ ) in the same way. Then, at the ιth iteration for ι ∈ {1, 2}, we project X t
t (τ ) onto the

column space of 3̌
[ι−1]
2 (τ ) (with 3̌

[0]
2 (τ ) = 3̂2(τ )), compute

0̌
(1),[ι]

(τ ) =
1

np2

∑
t∈[n]

X t
t (τ )

(
3̌
[ι−1]
2 (τ )
√

p2

)(
3̌
[ι−1]
2 (τ )
√

p2

)T

X t
t (τ )

T

and derive 3̌
[ι]

1 (τ ) as its r1 leading eigenvectors multiplied by
√

p1. We obtain 3̌
[ι]

2 (τ ) anal-
ogously. For estimating Ft ∈ Rr1×r2 , we project Xt after truncation onto the estimated row

and column loadings as F̂t(τ , κ) = (p1p2)
−13̌[ι]1 (τ )

TX t
t (κ)3̌

[ι]

2 (τ ) for some κ > 0.
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8 Matteo Barigozzi, Haeran Cho and Hyeyoung Maeng

3.4. Factor-number estimation

Commonly adopted estimators of the factor number exploit the presence of a large gap
in the eigenvalues of 0(k) attributed to the presence of factors; see, among others, Bai & Ng
(2002), Alessi et al. (2010), Onatski (2010), Ahn & Horenstein (2013) and Fan et al. (2022)
in the vector setting, and Han et al. (2022) and Chen & Lam (2024) in the tensor setting.
Here, we propose to infer rk, k ∈ [K], by screening the ratio of eigenvalues as

r̂k(τ ) := arg max
1⩽j⩽r̄k

{µ̌
(k)
j+1(τ )+ ρ}

−1µ̌
(k)
j (τ )

with some fixed 1 ⩽ r̄k ⩽ pk − 1, where, for simplicity, we write µ̌(k)j (τ ) to denote the

jth largest eigenvalue of the first-iteration estimator 0̌
(k),[1]

(τ ). We add a small constant
ρ in the denominator to ensure that the ratio is well defined. The calculation of µ̌(k)j (τ )

itself requires projecting the truncated data onto the low-dimensional space spanned by
the pre-estimators of 3k. Therefore, we adopt the approach of Barigozzi et al. (2025b) and
iteratively update the factor-number estimators and the second-moment matrices of the pro-
jected data; see Algorithm 2 below for a full description. Proposition 1 below shows that
Algorithm 2 converges after one iteration, provided that r̄k is chosen sufficiently large.

3.5. Tuning parameter selection

We propose selecting the truncation parameters τ and κ via CV. First, a sequence
of possible truncation-parameter values are generated as t = {tm, m ∈ [M]}, where
t1 = max i,t |Xi,t|, tM = median i,t|Xi,t| and tm, 2 ⩽ m ⩽ M − 1, are chosen such that
{log(tm), m ∈ [M]} is a sequence of equi-distanced elements. We then partition the data
into L parts with the index sets Iℓ = {⌈n/L⌉ (ℓ − 1) + 1, …, min(⌈n/L⌉ ℓ, n)}, ℓ ∈ [L], and
compute the CV measure as

CV(tl) :=
K∑

k=1

L∑
ℓ=1

(
1−

1
rk

tr[Ě[ι]
−ℓ, k(tl){Ě

[ι]
−ℓ, k(tl)}

TĚ[ι]ℓ, k(tl){Ě
[ι]
ℓ, k(tl)}

T
]

)
,

where Ě[ι]
−ℓ, k(tl) (respectively Ě[ι]ℓ, k(tl)) denotes the estimator of 3k/

√
pk in (5) obtained with

Xt, t ∈ [n] \Iℓ (respectively t ∈ Iℓ). Then, we find that τCV = arg min tl∈t CV(tl) for the sub-
sequent estimation steps. The factor estimator in (7) involves the sum of p cross sections of
Xt. Therefore, the construction of a CV procedure for the selection of κ requires partition-
ing the cross sections while preserving the tensor structure, which may result in substantial
data loss. Empirically, we find that setting κ = τCV leads to good numerical performance,
and we adopt this choice in all our numerical experiments, which are performed with ι = 2,
L = 3 and M = 50.

For factor-number estimation, we set r̄k = min(⌊pk/2⌋ , 20) and ρ = 1/µ̌(k),[1]1 (τ ). The
estimation of the factor numbers faces the additional difficulty that there is an interplay
between the choice of truncation parameter τ and the choice of rk, k ∈ [K]. In practice, we
integrate the CV step into the iterative procedure outlined in Algorithm 2 below; specifically,
we set τ = t1, the largest value from the grid, and run Algorithm 2 to estimate rk. These
estimators are fed into the CV selection and vice versa, until the estimators of rk stabilize. In
the Supplementary Material, when analysing the real datasets, we explore an approach that
identifies a ‘region of stability’ for the factor-number estimators over varying truncation
parameters.
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Tail-robust tensor factor modelling 9

Algorithm 2. Iterative estimation of rk, k ∈ [K].

Input: Data {Xt}t∈[n], ρ > 0, maximum allowed factor numbers r̄k, k ∈ [K],
truncation parameter τ , maximum number of iterations N

for k ∈ [K] do
Obtain {µ̂(k)k (τ ), ê(k)j (τ )}, j ⩾ 1, from 0̂

(k)
(τ ) computed as in (4)

Initialize r̂(0)k (τ ) = r̄k

Initialize m = 1

while m ⩽ N do
for k ∈ [K] do

Obtain the eigenvalues qµ
(k),(m)
j (τ ), j ⩾ 1, of q0

(k),(m)
(τ ) ≡ q0

(k),(m),[1]
(τ ),

computed as in (6), with qE(m),[0]k (τ ) = [ê(k)j (τ ), 1 ⩽ j ⩽ r̂(m−1)
k (τ )]

Find the ratio-based estimator

r̂(m)k (τ ) = arg max
1⩽j⩽r̄k

qµ
(k),(m)
j (τ ){qµ

(k),(m)
j+1 (τ )+ ρ}−1 (8)

if r̂(m−1)
k (τ ) = r̂(m)k (τ ) for all k ∈ [K] then

Set r̂(M)
k (τ ) = r̂(m)k (τ ), k ∈ [K], and m←M + 1

else Set m← m+ 1

Output: r̂(M)
k (τ ), k ∈ [K].

4. Theory

4.1. Assumptions

We introduce the assumptions that ensure (asymptotic) identifiability of the factor model,
as well as characterizing the tail behaviour of {Xt}t∈[n] and the dependence therein.

Assumption 1. For all k ∈ [K], 3k = [λk,ij, i ∈ [pk], j ∈ [rk]] satisfy

(i) p−1
k 3T

k 3k = Irk for all pk ⩾ rk, and
(ii) maxi∈[pk]maxj∈[rk] |λk, ij| ⩽ λ̄ <∞.

Assumption 2. Suppose that {Ft}t∈[n] is a sequence of deterministic K-dimensional arrays
of dimensions r1×· · ·×rK that are independent of p1, …, pK and n. For each k ∈ [K], there
exists a positive definite matrix 0

(k)
f ∈ Rrk×rk such that ∥n−1 ∑

t∈[n]matk(Ft)matk(Ft)
T
−

0
(k)
f ∥ = o(1) as n→∞, and the eigenvalues of 0

(k)
f are distinct from one another.

Under the Tucker factor model in (1), 3k and Ft are not identifiable in that, for any
invertible R ∈ Rrk×rk , we have matk(χ t) = 3kRR−1matk(Ft)1k (see (2)). Assumptions 1–2
are the tensor analogues of the conditions found in Bai & Ng (2013), and similar conditions
are frequently found in the literature; see, e.g., Stock & Watson (2002a), Yu et al. (2022) and
Barigozzi et al. (2025b) in vector, matrix and tensor settings. These assumptions ensure that
our loading estimators approximate 3k up to an (asymptotically) orthogonal matrix; see
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10 Matteo Barigozzi, Haeran Cho and Hyeyoung Maeng

Theorems 1–3 below. Following the classical approach in factor analysis (Amemiya et al.,
1987; Anderson, 2003), we treat factors as being deterministic; see also Bai & Li (2012) and
Onatski (2012) in the context of vector-valued time series and Barigozzi et al. (2023) and
He et al. (2023a) in matrix or tensor settings. This is a technical assumption adopted to
handle the dependence in the data after a nonlinear transform is applied to tackle the heavy
tailedness; see Remark 2 below for its possible relaxation.

Assumption 3. There exist constants ϵ ∈ (0, 1) and ω, C > 0 such that

(i) max i∈
∏K

k=1[pk]
maxt∈Z ∥ξi, t∥2+ 2ϵ ⩽ ω, where ∥ξi, t∥2+ 2ϵ = {E(|ξi, t|

2+ 2ϵ)}1/(2+ 2ϵ),

(ii) for all n ⩾ 1, n−1 ∑n
t=1 |Ft|

ν
2 ⩽ ων for ν ∈ {1+ ϵ, 2, 2 + 2ϵ},

(iii) for all n ⩾ 1, there exists Mn > 0 that satisfies max(maxt∈[n] |Ft|2,ω) ⩽ Mn and may
diverge polynomially with n→∞ (see (11) below).

Assumption 3(i) relaxes the widely found requirements of the existence of the fourth or
higher moments of ξi, t (see the references in Table 1), or even (sub-)Gaussianity (Chen et al.,
2022; Han & Zhang, 2022). Assumption 3(ii) places an analogous condition on the factors
while accommodating for their deterministic nature. We do not rule out the situation where
|Ft|2 takes an extreme value at some time-point (see Assumption 3(iii)), whereas Huber loss-
based estimation requires the much stronger condition of bounded maxt |Ft|2 (Barigozzi
et al., 2023; Wang et al., 2023; He et al., 2025a). The rates of estimation we derive make
explicit their dependence on ϵ, Mn and |Ft|2; see Theorems 1–4 below.

Before presenting the condition on the cross-sectional and serial dependence in {Xt}t∈[n],
we introduce two definitions. First, for two σ -algebras A and B, we denote by α(A,B) =
supA∈A, B∈B |P(A ∩ B) − P(A)P(B)| the α-mixing coefficient. Second, we define the semi-
distance between two sets Ei ∈ NK

× Z, i = 1, 2, by

ρ(E1, E2) = sup
{

max
(

max
1⩽k⩽K

|ik − jk|, |t− u|
)

: (i, t) ∈ E1, (j, u) ∈ E2

}
.

Then, we make either of the following two assumptions on serial and cross-sectional
dependence in ξ = {ξ i, t, (i, t) ∈ NK

× Z}.

Assumption 4.

(i) For any i, i′ ∈
∏K

k=1[pk], the two time series {ξi, t}t∈Z and {ξi′, t}t∈Z are independently
distributed when i |= i′. Also, letting αi(m) = supt∈Z α(σ {ξi, u, u ⩽ t}, σ {ξi, v, v ⩾
t+m}) for each i ∈

∏K
k=1[pk], we have αi(m) ⩽ exp(−c0m) for all i, for some constant

c0 > 0.
(ii) For all n ⩾ 1 and k ∈ [K], there exists some constant cϵ > 0 such that

1
n

∑
t, u∈[n]

|Ft|
1+ϵ
2 |Fu|

1+ϵ
2 exp

(
−

c0ϵ|t− u|
1+ ϵ

)
⩽ ω2+ 2ϵ cϵ ,

1
n

∑
t, u∈[n]

|Ft|
1+ϵ
2 |Fu|

1+ϵ
2 exp

(
−

c0|t− u|
3 log(np−k)

)
⩽ ω2+ 2ϵ cϵ log(np−k).

Assumption 5.

(i) Let ξ be a measurable random field with its strong mixing coefficient defined as
α(m, ℓ1, ℓ2) = supE1,E2

[α{S(E1),S(E2)}; |Ei| ⩽ ℓi, i = 1, 2, ρ(E1, E2) ⩾ m], where,
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Tail-robust tensor factor modelling 11

for each set Ei ⊂ NK
× Z, |Ei| denotes its cardinality and S(Ei) is the σ -algebra

generated by {ξ i, t, (i, t) ∈ Ei}. Then, there exists some constant c0 > 0 such that
α(m) := α(m,∞,∞) ⩽ exp(−c0m) for all m ⩾ 0.

(ii) For all n ⩾ 1, there exists some constant cϵ > 0 such that

1
n

∑
t, u∈[n]

|Ft|
1+ϵ
2 |Fu|

1+ϵ
2 exp

(
−

c0ϵ|t− u|
K(1+ ϵ)

)
⩽ ω2+ 2ϵ cϵK,

1
n

∑
t, u∈[n]

|Ft|
1+ϵ
2 |Fu|

1+ϵ
2 exp

(
−

c0|t− u|
3K log(np)

)
⩽ ω2+ 2ϵ cϵK log(np).

As seen in Table 1, in the existing literature, the analysis of tail-robust factor modelling
methods is restricted to the case of temporal and spatial independence, and weak cross-
sectional assumptions are permitted only under stronger assumptions on the tail behaviour.
We make a first attempt at tail-robust factor modelling of serially and cross-sectionally
dependent tensor data under Assumption 5(i), which, adopting the notion of a strongly
mixing random field (Doukhan, 1994), presupposes that, across the multiple modes, the
cross sections of tensors are arranged in a meaningful order. A natural setting for such an
assumption is when the data are collected on a spatial grid, e.g., as in neuroimaging appli-
cations (Tzourio-Mazoyer et al., 2002). Assumption 4(i), a special instance of Assumption
5(i), permits serial dependence in {ξ i, t}t∈Z while imposing independence across i.

Remark 2. We may allow for stochastic Ft and relax Assumption 2 by replacing the above
assumptions with those imposed on the moments of Ft and the conditional distribution of
ξ t given F := {Ft}t∈[n]; e.g., Assumption 3 becomes

(i) maxi∈∏K
k=1[pk]

maxt∈Z[E(|ξi, t|
2+ 2ϵ

| F)]1/(2+ 2ϵ) ⩽ ω,

(ii) maxj∈∏K
k=1[rk]

maxt∈[n][E(|Fj, t|
2+ 2ϵ
2 )]1/(2+ 2ϵ) ⩽ ω.

The second conditions in Assumptions 4–5 are akin to the condition bounding
n−1E(|

∑
t∈[n] |Ft|

1+ϵ
2 |

2) for stochastic Ft, and can thus be replaced by a strong mixing
condition placed on {Ft}t∈Z.

Under the above assumptions, the latent common and idiosyncratic components of the
Tucker factor model are asymptotically identifiable as min(p1, …, pK) → ∞, since the
leading rk eigenvalues of 0(k) (mode-k second-moment matrix of Xt) are distinct and
diverge linearly in pk, while the remaining ones are bounded; we refer the reader to the
Supplementary Material for the precise statement of asymptotic identifiability of χ t and ξ t.

4.2. Asymptotic properties

To investigate the theoretical properties of the proposed estimators, we define

τ (k)n, p :=


ω

(
np−k

log(np−k)

)1/(2+ 2ϵ)

under Assumption 4,

ω

(
np−k

logK (np)

)1/(2+ 2ϵ)

under Assumption 5,
(9)
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12 Matteo Barigozzi, Haeran Cho and Hyeyoung Maeng

for each k ∈ [K], where ϵ ∈ (0, 1) and ω > 0 are defined in Assumption 3, and

ψ (k)n, p =


ω2

(
log(np−k)

np−k

)ϵ/(1+ϵ)
= (τ

(k)
n,p )

2
·

log(np−k)
np−k

under Assumption 4,

ω2
(

logK (np)
np−k

)ϵ/(1+ϵ)
= (τ

(k)
n, p)

2
·

logK (np)
np−k

under Assumption 5.
(10)

Also, let us write ψ̄ (k)n, p =
∑

k′∈[K]\{k} ψ
(k′)
n, p and ψ̄n, p =

∑
k∈[K] ψ

(k)
n, p. The following three

theorems study the initial and the iteratively projected estimators of 3k. For vector time
series, Theorem 1 gives the final estimation rate, while Theorems 2–3 investigate the con-
sistency and asymptotic distribution of the iterative estimators for tensor time series with
K ⩾ 2.

Theorem 1 (Initial loading estimator). Suppose that Assumptions 1, 2 and 3 hold. We
set τ ≍ τ (k)n, p for each k ∈ [K] as in (9), and assume that Mn in Assumption 3(iii) satisfies

Mn max
k∈[K]

(τ (k)n, p)
−1 log1/2ϵ(np−k) = o(1). (11)

Then, there exists a matrix Ĥk ∈ Rrk×rk satisfying ĤT
k Ĥk = Irk + oP(1) (in the elementwise

sense) such that, as min(n, p1, …, pK)→∞,

1
√

pk
∥3̂k(τ )−3kĤk∥ =


OP

(
M1−ϵ

n
(np−k)1/2

∨
1
pk
∨
ψ
(k)
n, p
√

pk

)
under Assumption 4,

OP

(
ψ
(k)
n, p ∨

1
pk

)
under Assumption 5.

Theorem 2 (First iteration loading estimator). Suppose that Assumptions 1, 2 and 3
hold, that τ ≍ τ (k)n, p as in (9) for each k ∈ [K] and that (11) is met. Then, there exists some

Ȟ[1]k ∈ Rrk×rk satisfying (Ȟ[1]k )TȞ[1]k = Irk + oP(1) such that, as min(n, p1, …, pK)→∞,

1
√

pk
∥3̌
[1]
k (τ )−3kȞ

[1]
k ∥

=


OP

[
M1−ϵ

n
(np−k)1/2

∨
1
p ∨ ψ̄

(k)
n, p

(
ψ
(k)
n, p
√

pk
+

M1−ϵ
n√
n

)
∨
ψ̄n, p
√

p

]
under Assumption 4,

OP

(
M1−ϵ

n
(np−k)1/2

∨
1
p ∨ ψ

(k)
n, p ∨

M1−ϵ
n ψ̄

(k)
n, p

√
n

)
under Assumption 5.

Theorem 3 (Second iteration loading estimator). Suppose that Assumptions 1, 2, 3 and
4 hold, that τ ≍ τ (k)n, p as in (9) for each k ∈ [K] and that (11) is met. Additionally, assume that

ψ
(k)
n, p
√

p
∨ ψ̄ (k)n, p

(
ψ
(k)
n, p
√

pk
+

M1−ϵ
n
√

n
+

1
√

p

)
= O

(
M1−ϵ

n

(np−k)1/2
∨

1
p

)
(12)

for all k ∈ [K] as min(n, p1, …, pK)→∞.
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Tail-robust tensor factor modelling 13

(i) There exists some Ȟ[2]k ∈ Rrk×rk satisfying (Ȟ[2]k )TȞ[2]k = Irk + oP(1) such that

1
√

pk
∥3̌
[2]
k (τ )−3kȞ

[2]
k ∥ = OP

(
M1−ϵ

n

(np−k)1/2
∨

1
p

)
.

(ii) Furthermore, assume that Mn =M ∈ (0,∞) for all n ⩾ 1, and that (np−k)
1/2
= o(p)

for given k ∈ [K]. Then, for any i ∈ [pk], we have, as min(n, p1, …, pK)→∞,

(np−k)
1/2
{3̌
[2]
k,i·(τ )−3k, i·Ȟ

[2]
k }

T
→ Nrk{0, 8(k)

i (τ )},

where

8
(k)
i (τ ) := (0(k)f )−1

(
1

np−k

∑
t,u∈[n]

matk(Ft)1
T
k 9

(k)
i, tu(τ )1kmatk(Fu)

T
)
(0
(k)
f )−1

and 9
(k)
i, tu(τ ) := diag[cov{X t

k, iℓ, t(τ ), X t
k, iℓ, u(τ )}, ℓ ∈ [p−k]] with X t

k, iℓ, t(τ ) denoting

the element of matk{X t
t (τ )}, such that ∥8(k)

i (τ )∥ = O(M2−2ϵω2+ 2ϵ).

Most notably, the above results make explicit the effect of heavy tails on the rates of
estimation through ϵ (see the definition of ψ (k)n, p in (10)) and Mn (defined in Assump-
tion 3(iii)), which is distinguished from the existing work on tail-robust factor modelling.
Under the mild condition in (11), which permits Mn to grow polynomially in n, we have
M1−ϵ

n /(np−k)
1/2
= o(1) as min(n, p1, …, pK) → ∞. As an illustration, let rk = 1 for all

k ∈ [K], and suppose that {Ft}t∈[n] is a sequence of independent and identically distributed
regularly varying random variables with index α > 0. Then we can relate Mn to the data-
generating process as Mn ≍ n1/α (Mikosch & Račkauskas, 2010). With α = 2 + 2ϵ, the
condition in (11) is readily met, e.g., if K ⩾ 2 and pk ≍ nγ for all k with any γ > 0.
Comparing Theorems 1 and 2 shows that the first-iteration estimator reduces the rate of the
estimation error attributed to the latency of the factor-driven common component thanks
to the projection step, from p−1

k to p−1. Theorem 2 reveals that, as ϵ → 1, the rates attained

by 3̌
[1]
k (τ ) are comparable to those available in light-tailed settings. Also, their dependence

on the cross-sectional dimensions is sharper (p−1) than those attainable by Huber loss-based
methods (p−1/2 or p−1/2

k ), even under the more general Assumption 5 permitting temporal
and spatial dependence; see Table 1.

In Theorem 3, analysing 3̌
[2]
k (τ ), we impose (12), a mild condition that is readily met if,

e.g., log(np) = o{min(n, pk)} and maxk′∈[K]\{k} pk′ = o(npk) when ϵ = 1. This is for ease of
presentation, since any gain in the rate of estimation from the extra iterations is limited to
the reduction of nonleading terms. In fact, under Assumption 4 and (12), the rates reported

in Theorems 2 and 3 for 3̌
[ι]

k (τ ), [ι] ∈ {1, 2}, are comparable. This is in line with Luo et al.
(2021) who, investigating the problem of Tucker decomposition reconstruction, remarked
that ‘tensor reconstruction error rate of the higher-order orthogonal iteration with only one
iteration is optimal’ (see their Remark 6). At the same time, the second iteration allows us to

establish the asymptotic normality of 3̌
[2]
k, i·(τ ), which is a first result of its kind in the context

of tail-robust tensor factor modelling. The necessity for an extra iteration stems from the

fact that, for 3̌
[1]
k, i·(τ ), the projection involved in (6) is from the initial estimator that attains
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14 Matteo Barigozzi, Haeran Cho and Hyeyoung Maeng

a suboptimal rate of estimation compared to that involved in 3̌
[2]
k, i·(τ ). We refer the reader

to the Supplementary Material for a numerical investigation into the convergence behaviour

of 3̌
[ι]

k (τ ).

Remark 3.

(i) In the case of vector time series (K = 1), we have p−1 = 1 and the first-stage (and
final) estimator 3̂1(τ ) amounts to the popularly adopted PC-based estimator com-
bined with data truncation. Consequently, as ϵ → 1, the rates in Theorem 1 match
(up to a logarithmic factor in the case of spatial dependence) the rates derived in light-
tailed settings; see Bai (2003, Theorem 2). Also, an intermediate result (Proposition B.1

in the Supplementary Material) shows that 0̂
(k)
(τ ) is near-minimax optimal for vector

time series; see Wang & Tsay (2023, Proposition 7).
(ii) In Theorem 3, we make the more stringent condition in (ii) that requires a fixed upper

bound on |Ft|2. If we suppose that vec(Ft) is on an ℓ2 ball of radius Mn, we can relax

the condition and still establish the asymptotic normality of 3̌
[2]
k, i·(τ ) with the rate of

convergence suitably adjusted, namely to (np−k)
1/2M−1+ϵ

n .

Theorem 4 (Tensor factor estimator). Suppose that Assumptions 1, 2 and 3 hold, that

τ ≍ τ
(k)
n, p is set as in (9) in producing 3̌

[ι]

k (τ ) for each k ∈ [K] and that (11) is met. With ι = 2
under Assumption 4 and ι = 1 under Assumption 5, then, as min(n, p1, …, pK) → ∞, the
following statements hold.

(i) For each t ∈ [n],

∣∣∣∣F̂t(τ )− Ft
K
×

k=1
(Ȟ[ι]k )

−1
∣∣∣∣
2

=


OP

[
(|Ft|2 + ω)

( ∑
k∈[K]

M1−ϵ
n

(np−k)1/2
∨

1√
p

)]
under Assumption 4

and (12),

OP

[
(|Ft|2 + ω)

( ∑
k∈[K]

M1−ϵ
n√

np−k′
∨ ψ̄n, p ∨

1√
p

)]
under Assumption 5,

(13)

1
n

∑
t∈[n]

∣∣∣∣F̂t(τ )− Ft
K
×

k=1
(Ȟ[ι]k )

−1
∣∣∣∣2

2

=


OP

[
ω2

{ ∑
k∈[K]

(
M1−ϵ

n
(np−k)1/2

)2

∨
1
p

}]
under Assumption 4

and (12),

OP

[
ω2

{ ∑
k∈[K]

(
M1−ϵ

n
(np−k)1/2

)2

∨ ψ̄2
n, p ∨

1
p

}]
under Assumption 5.

(14)
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(ii) Let Assumption 4 hold, and assume that maxk∈[K] pk = o(n) and Mn = M ∈ (0,∞)
for all n ⩾ 1. Then, for given t ∈ [n], as min(n, p1, …, pK)→∞,

√
p[vec{F̂t(τ )} − {Ȟ[2]}−1vec(Ft)] → Nr(0, ϒt)

with Ȟ[2] = Ȟ[2]K ⊗ · · · ⊗ Ȟ[2]1 . Here, ϒt = ET
χcov{vec(ξ t)}Eχ , where Eχ :=

⊗1
k=K

Eχ , k with Eχ , k containing the rk largest leading eigenvectors of 0
(k)
χ := 3k{n−1 ∑

t∈[n]

matk(Ft)matk(Ft)
T
}3T

k , and satisfies ∥ϒt∥ ⩽ ω2.

Theorem 4 shows that, when the interest lies in estimating the factor tensor at a given t,
the rate of estimation scales with |Ft|2, which may grow with min(n, p1, …, pK), unlike when
investigating the averaged ℓ2 error over all t ∈ [n]. When |Ft|2 = O(1), the results in (13)
are comparable to those found in light-tail settings; see Barigozzi et al. (2025b, Theorem
3.6), who reported the rate OP(p−1/2) when n is sufficiently large. In heavy-tailed situations,
Barigozzi et al. (2023, Theorem 3.3) derived a rate of OP(maxk∈[K] p

−1
−k), compared to which

(14) reports a far more competitive rate. A careful inspection of the proof of Theorem 4
reveals that the rate does not change when we additionally truncate Xt with a truncation
parameter κ = κp → ∞ as min(p1, …, pK) → ∞. In § 5 below, we show that, numer-
ically, additional truncation contributes to reducing the error in estimating the common
component, and thus we advocate such an approach in practice.

Finally, the following proposition shows that, provided that the initial estimator r̂(0)k = r̄k
is chosen appropriately large, Algorithm 2 iteratively gives a consistent estimator of rk.

Proposition 1 (Factor-number estimator). Suppose that either Assumptions 1, 2, 3 and
4 hold or Assumption 5 holds, that τ ≍ τ (k)n, p is set as in (9) and that (11) is met. Also, let
ρ = ρn, p → 0 satisfy, as min(n, p1, …, pK)→∞,∑

k′∈[K]

(
ψ (k

′)
n, p ∨

1
pk′

)
= O(ρn, p).

Then, provided that rk ⩽ r(m−1)
k ⩽ r̄k, the estimator in (8) satisfies P{r̂(m)k (τ ) = rk} → 1.

5. Simulation studies

In this section, we focus on the tensor-valued time series scenarios and defer the
vector case to the Supplementary Material. Following Barigozzi et al. (2023), we gener-
ate tensor time series with K = 3 and (r1, r2, r3) = (3, 3, 3), according to the following
three scenarios while varying n ∈ {100, 200, 500}: (T1) (p1, p2, p3) = (10, 10, 10), (T2)
(p1, p2, p3) = (100, 10, 10) and (T3) (p1, p2, p3) = (20, 30, 40). For the generation of Ft
and ξ t, we consider Gaussian and t3 distributions, and introduce both temporal and spatial
dependence. We additionally consider the situations where either the factors or the idiosyn-
cratic components are contaminated by outliers at random, setting ϱ ∈ {0, 0.1, 0.5, 1}×10−2

as the proportion of outliers out of the nr entries of {Ft}t∈[n] or the np entries of {ξ t}t∈[n].
This exercise is motivated by Raymaekers & Rousseeuw (2024), who, while noting the differ-
ences between the models for (cellwise) outliers and heavy tails and the objectives thereof,
also remarked that ‘estimators for heavy-tailed data can still perform reasonably well under
cellwise contamination’.

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

et/article/113/2/asaf093/8405387 by D
ip. M

edicina C
linica Biotecnologia Applicata user on 27 M

ay 2026

https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asaf093#supplementary-data


16 Matteo Barigozzi, Haeran Cho and Hyeyoung Maeng

In comparison with our proposed estimator (3̌
[2]
k (τ ), referred to as ‘Trunc’), we include

the iterative projection procedure of Barigozzi et al. (2025b) (iPE) and the pre-averaging-
based estimator of Chen & Lam (2024) (PreAve), both of which are designed for light-
tailed situations and included as a benchmark only, to gauge the advantage of adopting
Trunc in the presence of heavy tails and outliers. We also consider the Huber loss-based
estimator of Barigozzi et al. (2023) (RTFA), which has been shown to perform competitively
against a variety of existing methods for tensor factor analysis (Chen et al., 2022; Zhang
et al., 2024), both under light- and heavy-tailed settings. When investigating the performance
in common-component estimation, we examine the role of additional truncation in tensor
factor estimation by comparing Trunc (truncation applied to factor estimation with κ =
τ ) and ‘noTrunc’ (κ = ∞); see the discussion below Theorem 4. When investigating the
loading and common-component estimation performance, we treat the factor numbers as
known, and the performance of the factor-number estimator is examined separately in the
Supplementary Material, along with complete descriptions and results.

As a representative example, Fig. 1 reports some estimation results obtained under (T3).
In loading estimation, all methods show marginally improved performance with growing n,
and the modewise error is larger for the mode k corresponding to smaller pk (hence larger
np−k), confirming the theoretical findings. Comparing the performance under (T1) (p =
103), (T2) (p = 104) and (T3) (p = 2.4× 104), estimation errors decrease considerably as p
increases. Under Gaussianity with no outliers, iPE and RTFA perform the best, but with the
introduction of heavy tails and idiosyncratic outliers, Trunc performs as well as, or better
than, iPE, RTFA and PreAve according to all metrics.

Noteworthy differences are observed when the outliers are present in ξ t: Trunc is not
affected by the growing proportion of outliers, thanks to the data-driven truncation-
parameter selection via CV, which is effective in loading-space estimation as well as factor
estimation (and, together, the estimation of the common component).

RTFA, while attaining tail robustness in loading-space estimation via Huber loss min-
imization, is sensitive to the presence of anomalous observations when estimating the
common component. This is attributed to the fact that RTFA (as well as iPE and PreAve)
simply takes a weighted average of the raw data for the estimation of Ft, unlike Trunc, and
the benefit of data truncation in factor estimation is also apparent when comparing Trunc
and noTrunc, see the bottom panel of Fig. 1. The local estimation error is greater than the
global one, which conforms to Theorem 4(i), showing that the estimation error at a given
t scales with |Ft|2. Overall, the performance of Trunc in most settings does not deviate far
from its performance in the Gaussian setting without any outlier. We defer the case in which
outliers are present in Ft to the Supplementary Material; while it is not possible to recover
the uncontaminated factors, as all cross sections of Xt are contaminated by the outliers,
reasonable recovery of loadings and χ t (post-contamination) is achieved by most methods.

Finally, Fig. 2 verifies the asymptotic normality of 3̌
[2]
k (τ ) derived in Theorem 3; see the

Supplementary Material for the complete results.

6. Euro-area macroeconomic data

We analyse the EA-MD (Barigozzi et al., 2025a), a collection of 37 macroeconomic indi-
cators that have been collected at a monthly frequency for eight euro-area (EA) countries
(Austria, Belgium, Germany, Greece, Spain, France, Italy and the Netherlands). The data
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Fig. 1. Scenario (T3) with (p1, p2, p3) = (20, 30, 40). Top: loading estimation errors, measured as in (C.2) in the
Supplementary Material, for each mode (x axis) for Trunc, iPE, RTFA and PreAve averaged over 100 realizations
per setting, over varying n ∈ {100, 500} and distributions for Ft and ξ t (Gaussian and t3). Bottom: common-
component estimation errors measured as in (C.3) in the Supplementary Material with T = [n] (‘all’) and
T = {n − 10 + 1, …, n} (‘local’) (x axis), where we additionally include ‘noTrunc’ (see the text). Within each
plot, we consider the cases of no outlier (‘no’), and when the outliers are in 0.5% of the entries of ξ t (‘idio’).

The y axis is on a log scale, and all errors have been scaled for better presentation.

form a matrix-valued (K = 2) time series of dimensions (p1, p2) = (8, 37) and span the
period from 2002-02 to 2023-09 (n = 257) without any missing observations. All time series
are individually transformed to stationarity based on standard unit-root tests, as suggested
by Barigozzi et al. (2025a), and are further centred and standardized using the median and
the mean absolute deviation, respectively. In this dataset, the COVID-19 pandemic is likely
to play a major role since such a large outlier is likely to drive most of the co-movement due
to the short sample size n, and thus possibly bias the factor analysis, which motivates the
use of our robust approach.
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Fig. 2. Scenario (T3): plots of the sample quantiles of the scaled and centred entries of 3̌
[2]
k (τ ) (y axis) against

the quantiles from the standard normal distribution (x axis) over varying n ∈ {100, 200, 500} (left to right)
when the data are generated from the t3 distribution. In each plot, the y = x line is superimposed. See the

Supplementary Material for full details.
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Fig. 3. EA-MD: factor time series f̂1j, t(τ , κ) for j = 1, 2, 3 (top to bottom) with (left) and without (right)
truncation.

Table 2. EA-MD: we report the mean, median and standard deviation of the one-step-ahead
forecasting errors across the eight countries over time for IPMN and HICPNEF, with and
without truncation. Additionally, we report the percentage of instances in which the forecasting
error of Trunc is smaller than that of noTrunc for each indicator (‘Perc’). See (D.1) in the

Supplementary Material for the definition of the forecasting error
IPMN (in 10−2) HICPNEF (in 10−3)

Mean Median SE Perc Mean Median SE Perc

Trunc 1.524 1.242 1.222 56.548 4.247 2.706 4.248 54.762
noTrunc 1.632 1.323 1.422 – 4.273 2.765 4.184 –

We adopt the ratio-based estimator discussed in § 3.4 with r̄k = min(⌊pk/2⌋ , 20), which,
for most choices of the truncation parameter, returns (r̂1, r̂2) = (1, 3), where the ‘regions
of stability’ are achieved over varying τ (see Fig. D.1 in the Supplementary Material). This
agrees with the output from the method of Barigozzi et al. (2023), while that of Chen &
Lam (2024) returns r̂1 = 1 and r̂2 ∈ {2, 3, 4} due to the random projections adopted therein.

Setting (r̂1, r̂2) = (1, 3), we investigate the efficacy of truncation by comparing the
proposed truncation-based estimator (‘Trunc’) against the non-tail-robust counterpart

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

et/article/113/2/asaf093/8405387 by D
ip. M

edicina C
linica Biotecnologia Applicata user on 27 M

ay 2026

https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asaf093#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asaf093#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asaf093#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asaf093#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asaf093#supplementary-data


Tail-robust tensor factor modelling 19

AT

BE

DE

EL

ES

FR

IT

NL

1

UNETOT
UNEO25
UNEU25
REER42

LTIRT
IPMN

IPCAG
IPDCOG

IPNDCOG
IPING

IPNRG
TRNCAG
TRNCOG

TRNDCOG
TRNNDCOG

TRNING
PPICAG
PPICOG

PPINDCOG
PPIDCOG

PPIING
PPINRG
HICPOV

HICPNEF
HICPG
HICPIN

HICPSV
HICPNG
ICONFIX

CCONFIX
ESENTIX
KCONFIX

RTCONFIX
SCONFIX

BCI
CCI

SHIX

1 2 3

−3

−2

−1

0

1

2

3

AT

BE

DE

EL

ES

FR

IT

NL

1

UNETOT
UNEO25
UNEU25
REER42

LTIRT
IPMN

IPCAG
IPDCOG

IPNDCOG
IPING

IPNRG
TRNCAG
TRNCOG

TRNDCOG
TRNNDCOG

TRNING
PPICAG
PPICOG

PPINDCOG
PPIDCOG

PPIING
PPINRG
HICPOV

HICPNEF
HICPG
HICPIN

HICPSV
HICPNG
ICONFIX

CCONFIX
ESENTIX
KCONFIX

RTCONFIX
SCONFIX

BCI
CCI

SHIX

1 2 3

−3

−2

−1

0

1

2

3

Fig. 4. EA-MD: estimated loading matrices 3̌
[2]
k (τ ) for k = 1 (left, (p1, r̂1) = (8, 1)) and k = 2 (right,

(p2, r̂2) = (37, 3)) with and without truncation (top to bottom).

(‘noTrunc’ with τ = κ = ∞). The CV procedure in § 3.5 returns τCV ≈ 5.306. Assump-
tions 1 and 2 allow for the identification of factors up to an orthogonal transformation, but
they lack economic meaning; that is, our estimation method can be used for exploratory
factor analysis, but not for confirmatory factor analysis in general. Therefore, we apply the

Varimax rotation (Mardia et al., 1979) to 3̌
[2]
2 (τ ) ∈ R37×3, which results in a rotation matrix

close to the identity matrix. With r̂1 = 1, the column vector 3̌
[2]
1 (τ ) does not suffer from the

identification issue.
The noTrunc approach over-represents the potential outliers around COVID-19, which

results in the leading factor estimates (top right of Fig. 3) with sharp peaks around early
2020. While the effect of these outliers is also observable from the second factor returned by
Trunc, its extent is limited, and the leading factor returned by Trunc clearly represents the
economic cycle characterised by lower-frequency oscillations typical of the business cycle,
with downturns during recessions. We may regard the results from Trunc as more realistic;
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indeed, the main drivers of macroeconomic datasets are often found to be those factors
associated with the real economic activity, such as industrial production, which also drive
the business cycle (Barigozzi et al., 2025a).

Overall, the loading matrices estimated with or without truncation exhibit similar pat-

terns (see Fig. 4); namely, the elements of 3̌
[2]
1 (τ ) are of the same sign across the eight

countries, and the columns of 3̌
[2]
2 (τ ) exhibit clusterings based on the grouping of the

macroeconomic indicators. At the same time, recalling that each column of p−1/2
2 3̌

[2]
2 (τ )

has the unit ℓ2-norm, truncation of extreme observations enables us to better recover the
loadings of smaller magnitude, particularly among the indicators associated with industrial
production (IDs starting with IP); see also Table D.1 in the Supplementary Material, which
shows that the loading estimates from noTrunc are more extreme.

These results have implications for forecasting performance, as confirmed in the following
forecasting exercise, which shows that the forecasts from Trunc, being driven by the busi-
ness cycle factor, are marginally superior to those from noTrunc. Denoting by N = 236 the
number of observations prior to 2022-01, we sequentially produce one-step-ahead forecasts
for the two indicators, the growth rate of the industrial production manufacturing index
(IPMN) and the difference in core consumer price inflation (HICPNEF), at t ∈ {N+1, …, n}
(recall that n = 257), each time using all preceding observations as the training data, see
the Supplementary Material for complete details. Table 2 reports a summary of the fore-
casting errors for each indicator, where Trunc marginally outperforms noTrunc for both
indicators across all metrics. As expected from Fig. 4, where the loading estimates differ the
most for France and Italy, these countries contribute most to the difference between the two
estimators’ forecasting performance.
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ity, complete simulation results and proofs. An implementation of the proposed methods is
available at https://github.com/haeran-cho/robustTFM.
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