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Abstract

I find that under-reaction is a robust response to model misspecification, rewarded by
financial markets, rather than an “irrational” attitude that leads to extinction. When
a Bayesian agent trades with an under-reacting agent who has access to the same
information, there are no paths on which the under-reacting agent loses all his wealth to
the Bayesian. Conversely, the Bayesian agent loses all his wealth to the under-reacting
agent in misspecified learning settings, provided that a combination of parameters is
more accurate than any single parameter in the support, and the under-reaction is
sufficiently strong.
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1 Introduction

A long-standing conjecture about learning and financial markets is that “rational”
Bayesian agents eventually drive “irrational” non-Bayesian agents—who use the same
information but make asymptotically different predictions—out of the market.

This conjecture has been theoretically investigated and confirmed in well-specified
learning problems (Sandroni 2000; Blume and Easley 2006), i.e., under the assumption
that Bayesian agents eventually learn the truth. However, little work has been done
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allowing for misspecified learning environments.! In misspecified learning settings,
the true model is not in the prior support, and it is never learned because the agent
subjectively believes it to be impossible.

The main difference between well-specified and misspecified environments is as
follows: in general, the Bayesian approach guarantees predictions that are as accurate
as those of the most accurate model in the support (Berk 1966). If the learning problem
is correctly specified, the most accurate model in the support is also the true model,
and alternative belief-updating rules can only match Bayes’ accuracy. Conversely,
in misspecified learning environments, the most accurate model in the support may
be less accurate than a combination of models in the support. Thus, a non-Bayesian
belief-updating rule might combine models in the support to deliver even more accurate
predictions than Bayes’.

In this paper, I focus on under-reaction, a heuristic widely documented in empirical
finance (Barberis et al. 1998; Giglio and Kelly 2018) and in experimental settings—
the formula I adopt is consistent with the extensive experimental evidence in favour
of under-inference, conservatism bias and positive prior bias (for references, see the
meta-analysis and review in Benjamin 2019, Ch.2). In the standard general equilibrium
model with complete markets of Sandroni (2000) and Blume and Easley (2006), I study
the consumption-share dynamics between a Bayesian (B) and a non-Bayesian (NB)
agent who under-reacts to information according to a prospective-acceptive clumping
attitude described in Benjamin et al. (2016) of the learning rule axiomatized in Epstein
(2006), Epstein et al. (2008) and discussed in Bohren and Hauser (2023). The two
agents have the same discount factor and identical information since they share the
same prior support and observe the same path of realizations. In this market setup, an
agent vanishes if there is another agent who is more accurate and at least as patient.”
I show that agent N B has an evolutionary advantage over agent B. Specifically,

Theorem 1 shows that there are no paths, and thus, no true data-generating processes,
such that agent N B vanishes against agent B. Agent N B survives even
in well-specified learning problems in which agent B learns the truth
because he learns the truth at a comparable rate.

Theorem 3 provides sufficient conditions for agent B to vanish against agent N B.
If a combination of parameters (or models) in the prior leads to a more
accurate model than any parameter (conditions C2), there is a level of
under-reaction (condition C3) such that agent N B dominates. While the
Bayesian agent is as accurate as the most accurate model in the sup-
port ; (Berk 1966), the under-reacting agent is more accurate than 7,
because its predictions remain an appropriate non-degenerate combina-
tion of models in the prior.

My findings are of particular interest to the portfolio selection literature, where the
true process of stock returns is unknown, and the evidence in favor of Bayesian meth-

! The work of Sandroni (2005) lies between well-specified and misspecified settings. It focuses on a
specific class of learning problems in which the Bayesian agent cannot learn the truth because the true
data-generating process changes over time, but a version of Wald (1947)’s complete class theorem holds.
2 Theorems 1, 2, and 3 apply to any finite-agent economy since agent survival depends solely on relative
belief accuracy and is independent of equilibrium prices.
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ods is mixed. While there is a vast literature supporting Bayesian methods for portfolio
selection problems (Klein and Bawa 1976; Frost and Savarino 1986), an equally rich
body of work proposes non-Bayesian approaches for robust portfolio allocation rules
(DeMiguel et al. 2007; Garlappi et al. 2006). My result complements and strengthens
the arguments in favour of the “robust” methods proposed in the portfolio selection
literature. It complements them by identifying model misspecification—rather than
parameter estimation error—as the reason for the suboptimal performance of Bayesian
methods. It strengthens them due to the known magnification effect that model mis-
specification has on parameter estimation error. In misspecified learning problems,
Bayesian posterior convergence can be significantly slower than in well-specified set-
tings (Griinwald and Van Ommen 2017), warranting special consideration in the use
of Bayesian methods for prediction (Griinwald and Langford 2007; Griinwald 2012).

Furthermore, my result offers an intuitive explanation for the difficulties often
encountered in exploiting under-reaction anomalies through practical trading strate-
gies: it is hard to take advantage of these anomalies because under-reaction is a robust
response to model misspecification, rather than an irrational deviation from a correct
learning procedure.

In Appendix A, I discuss the likelihood of encountering situations in which an
under-reacting rule outperforms Bayes’. I argue that conditions C1-C2 are likely to
hold in many learning models in the portfolio selection literature cited above because
they have prior support consisting of a finite set of models. In Appendix B, I prove
a series of results on the relative accuracy between Bayes’ rule and prediction rules
that under-react to information. These findings are instrumental to Theorems 1 - 3,
which are proven in Appendix C. Furthermore, the results in Appendix B nest those
of Epstein et al. (2010) for well-specified learning environments and generalize them
to potentially misspecified environments. In a well-specified learning environment,
Epstein et al. (2010) shows that under-reaction is a transient phenomenon because
eventually it delivers predictions as accurate as Bayes’ — under-reacting rules weakly
merge to the truth (Kalai and Lehrer 1994). Here, I show that their conclusion critically
depends on the assumption that the learning problem is well specified; it does not
hold when we allow for misspecification. For every finite prior support, there is a
generic set of parameters for the true data-generating process such that agent B and
agent N B predictions remain distinct, and agent B is less accurate than agent N B. In
these circumstances, under-reaction is a long-lasting phenomenon because the market
reflects the beliefs of the under-reacting agent in every distant future.

2 The model

I consider an infinite horizon Arrow-Debreu exchange economy with complete mar-
kets. Time is discrete, indexed by ¢, and begins at date ¢ = 0. In each period ¢ > 1, the
economy can be in one of S mutually exclusive states, S. The set of partial histories until
t is the Cartesian product £’ = x’S and the setof all pathsis ¥ := x*S.0 = (o1, ...)
is a representative path, o' = (o1, ..., 07) is a partial history until period ¢, and F; is
the o-algebra generated by the cylinders with base o’. By construction (F)2°, is a
filtration and F is the o -algebra generated by their union. P denotes the true measure
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1232 F. Massari

on (X, F); unless stated, I make no assumptions on P; Py« indicates the empirical
distribution of states, with 6* indicating the vector of limit frequencies of each state.
For any probability measure p on (X, F), p(c") := p({o] X ... x 0y x § x S x ...})
is the marginal probability of the partial history o/, while p; := p(0|) := p’()(ifi)l) is

the conditional probability of the generic state o; given o/ ~!.

Next, I introduce a number of economic variables with time index ¢. All these
variables are adapted to the information filtration (F7);2,,.

The economy has two agents indexed by i: a Bayesian (B) and anon-Bayesian (N B)
with common discount factor 8.3 For all paths o', each agent i is endowed with a stream
of the consumption good, (ef (0))72,- Agents’ objective is to maximize their stream
of discounted subjective expected utility from consumption. Subjective expectations
are computed according to agent beliefs p’, a measure on (X, F). Naming ¢(c') the
time zero price of the asset that delivers one unit of consumption in the period/event
o' and none otherwise, agent i = B, N B maximization reads:

o
max E, | pulcio)| st Y qloh) (c;‘(o)—e;'(a)) <.
oz, |2 120 0'e

A competitive equilibrium is a sequence of prices and, for each agent, a consumption
plan that is preference maximal on the budget set, and such that markets clear in every
period: V(,0). Y ;_p yp € (0) = Y i_p ypci(0). Assumptions A1-A3 below are
standard in the market selection literature to ensure the existence of a competitive
equilibrium (Peleg and Yaari 1970).

A1 For all agents i € 7 the utility ' : R, — [—o0, +00] is C!, strictly concave,
increasing, and satisfies the Inada condition at O; that is, lim\ o u' (¢) = oo.
A2 The aggregate endowment is uniformly bounded from above and away from O:

oo > F > sup E e§(0)>inf E e§(0)>f>0.
t,o
1.0 ,\_B NB i=B,NB

A3 Je > 0 such that for all agents i = B, N B and for all (¢, o), pi(0t|) > €.

In our learning environment, a sufficient condition for A3 to hold is that the (common)
prior support of the two agents contains at least one strictly positive measure.

2.1 Beliefs’ dynamics

The Bayesian agent and the under-reacting agent share identical information. Adopting
Bayesian terminology, at time zero they believe that states are i.i.d. according to
multinomial distributions s parametrized by K vectors of parameters 6 € AlSI=1,
Both agents have an identical full-support, time-zero prior distribution o over the set

3 1 assume a common discount factor to guarantee that the market selects for the most accurate agent(s)
rather than for those that save the most.
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Under-reaction: Irrational behavior... 1233

of parameters ® = {#', ...0K} and construct posterior probabilities upon observing
the same history o.*

Agent NB under-reacts to information; his next-period beliefs are recursively
revised according to the formula axiomatized by Epstein (2006), Epstein et al. (2008).
Consider an agent who is trying to learn the true parameter in a set ®. Updating of
beliefs in response to observations {071, ..., 0, } leads to the process of posteriors {/t,},

each u; is a probability measure on ®. Bayesian updating leads to the process

1 = BU(us; 0141)

where BU (us; 0141) 1= MB (-]o'*1) denotes the Bayesian update of u(-|o") upon
observing state o;41 (Definition 2). A belief updating rule under-reacts to information
(has prior-bias) with respect to Bayes’ if the weights given by its posterior distribution
are aconvex combination between the prior weights and the Bayesian posterior weights
calculated using the same information

Definition 1 A belief updating rule under-reacts to information if its process of
posteriors {iu;} is
pir1 = (I —o)ps + aBU (s 0141)

where @ € (0, 1).

A belief updating rule satisfying Definition 1 can be interpreted as attaching
too much weight to prior beliefs ©; and hence under-reacting to observations. The
parameter « regulates the amount of under-reaction of agent N B. Lower values of «
correspond to stronger under-reaction; with ¢ = 1, Definitions 1 is Bayes’ rule.

The following definitions characterize the dynamics of agents’ beliefs.

Definition 2 The next-period beliefs of agent B evolve according to Bayes’ rule:

pE(ai]) =Y peomo(onB(@lo’"h)

nPOlo") = T5ut @lo' )

VY(t,o0),

Definition 3 Let « € (0, 1), the next-period beliefs of agent N B evolve as follow:®

pYB@i) =Yg mo(o) N E@Blo" )
Vt,0), { uMPOlo") = Bt uP @lo' )
po(orl) = (1—a)pVB(oy]) + amg(or)

4 All results remain valid for heterogeneous full-support prior distributions on the same finite support.

5 The belief updating rule I use is the same as the one axiomatized by Epstein (2006) to rationalize the
behaviour of an agent who is self-aware of her biases and fully anticipates her updating behavior when
formulating plans. However, agents in my model have standard time-separable utilities and must have time-
consistent beliefs to avoid arbitrage. Borrowing from the experimental literature I assume that agents form
time-consistent beliefs according to the perspective-acceptive attitude described in Benjamin et al. (2016)
(see Section 2.2). Thus, Epstein (2006) axiomatization does not apply to agents in my model.

6 Inspection of Definition 3 reveals that pNB belong to the class of market probability introduced by
Massari (2021); specifically, they correspond to the evolution of the risk neutral probability of an economy
in which agents have log-utility and behavioral beliefs described in Dindo and Massari (2020).
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1234 F. Massari

Proposition 1, below, verifies that indeed agent N B’s beliefs under-react to infor-
mation according to Definition 1.

Proposition 1 For all a € (0, 1), pNB under-reacts to information:

Vo €0, uB@lo™ = uVB@10"") = uVE@Blo")
=1 —a)yuB@lc"™") +anb©loh).

2.2 Unconditional Beliefs

Bayes’ rule defines time-consistent belief dynamics. The unconditional beliefs on
cylinders of length ¢, o', obtained from Definition 2, coincide with the product of
next-period probabilities computed recursively using Definition 2 on the same partial
history. Accordingly, we have that

Definition 4 The unconditional beliefs of agent B are as follows:

t
V(t,0), pP’)y=T]pr0) =) 7"’ ©19).

=1 0e®

Conversely, non-Bayesian updating is inherently time-inconsistent. The uncondi-
tional beliefs on cylinders of length ¢, o, obtained from Definition 3, differ from the
product of next-period probabilities computed recursively using Definition 3 on the
same partial history. Thus, different ways of clumping information result in different
unconditional probabilities. Time inconsistency is problematic in a dynamically com-
plete market, as it generates arbitrage opportunities: the time-zero allocation plan and
the recursively constructed allocation plans differ.

I assume that our NB agent avoids arbitrage by adopting a prospective-acceptive
clumping attitude (Benjamin et al. 2016): at any date when the agent makes a decision,
he processes signals received before and after that date as belonging to separate groups—
and he anticipates this grouping in advance.” Specifically, the definition below models
the beliefs of an NB agent who anticipates that, in every period, he will observe a new
state of the economy and incorporate this information recursively.

Definition 5 The unconditional beliefs of agent N B are as follows:

13
V(t,0), pVPe") =[] " (o:. ()

=1

By construction, equation (1) defines time-consistent beliefs. Since every time-
consistent probability admits a Bayesian representation, p™? also admits a Bayesian
representation (see Lemma 1). So, are agent N B’s beliefs Bayesian or non-Bayesian?

7 Benjamin (2019) presents experimental evidence supporting agents’ having an acceptive clumping
attitude.
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Under-reaction: Irrational behavior... 1235

Agent N B’s next-period beliefs are non-Bayesian because they do not obey Bayes’
rule given the information he has. Experimentally, his beliefs are consistent with
under-inference, conservatism bias, and positive prior bias, which are predominant
biases in the population (Benjamin 2019). Conversely, agent N B’s beliefs on infinite
sequences are Bayesian because they are time-consistent. However, if these beliefs
were tested experimentally, they would be considered Bayesian only with respect to a
prior support containing models different from those given by the experimenter (i.e.,
i.i.d. multinomial models). Furthermore, these models are path-dependent and can only
be calculated recursively using the under-reacting formula above—a nearly impossible
cognitive task. In the emerging economic theory jargon, these types of beliefs are often
called Bayesian with biased likelihood. This term indicates a learning procedure that
defines time-consistent beliefs with dynamics that differ from the Bayes rule dynamic
derived from the given prior beliefs.

2.3 Agents’ accuracy and survival

The asymptotic fate of an agent is characterized by their consumption shares as follows.

Definition 6 Agent i Va_lnishes on path o if lim;— cf (o) = 0 on o, he survives on
path o if lim sup,_, ,, ¢j(c) > Oono.

Agents’ accuracy is ranked according to their likelihoods and, more coarsely, by
their average (conditional) relative entropies, reflecting the well-known relationship
between agents’ likelihood and their survival (Sandroni 2000; Massari 2017).

Definition 7 e Agent i is more accurate than agent j on o if lim;_, oo 2 @) _

_ T e
e Agenti is averagely more accurate than agent j if d(P||p') < d(P||p’), P-as.;
where
1 - 1 P(oe])
d(P||lp) == lim =Y d.(P|lp) = lim - Ep, [In—" |,
(PlIp) Hm; +(PlIp) Hwt; Pr[ p(m)}

is the average (conditional) relative entropy from p to the true probability P.

The average (conditional) relative entropies accuracy ranking is the standard in the
market selection literature, being instrumental to the following sufficient condition for
an agent to vanish.’

Proposition 2 Sandroni (2000): under AI-A3, agent i vanishes P-a.s. if agent j is
averagely more accurate.

8_ The relative entropy d; (P||p) is uniquely minimized at p; = P, strictly convex, and d;(P||p) =
d(P||p) P-a.s. whenever P and p are i.i.d. measures. Under A3, the average relative entropy is an approx-
imation of the average likelihood ratio that holds almost surely according to the true probability.

9 1 use the average (conditional) relative entropies only to identify sufficient conditions for the Bayesian
agent to vanish. Following an established standard, I assume that llim % Z'tle dr (P||p) exists P-a.s.,
—00

when relying on this quantity.
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Conditions that rely on average accuracy, however, are unable to deliver the converse
of Proposition 2 even in a two-agent economy.'? To precisely characterize agents’
survival the first accuracy notion must be used (Massari 2017). In atwo-agent economy,
Theorem 1 of Massari (2017) can be refined to show that accuracy and survival are
linked as follows.

Proposition 3 Under AI-A3, agent N B survives on path o with consumption shares

NB
uniformly bounded away from zero if and only if pp 7 (E;Urt)) is uniformly bounded away
from zero:
NB (.t
o
In > 0:Vt, p(o) >nonpatho < 3y >0:Vt, N8 >y onpatho.

pB(a")

In this paper, I make use of both results: Proposition 2 to provide sufficient condi-
tions under which agent B vanishes almost surely in misspecified learning problems
(Theorems 2 and 3 ); Proposition 3 to show that the NB agent survives on every path
(Theorem 1), and thus for every true data generating process.

3 Main result

In this section, I demonstrate that agent N B has an advantage over agent B. Theorem
1 tells us that an under-reacting agent cannot lose all his wealth against a Bayesian
agent with the same information.

Theorem 1 Under A1-A3, on every equilibrium path o and for all o € (0, 1], agent
N B survives with consumption shares uniformly bounded away from zero.

Theorem 1 shows that there are no paths (and thus no true data-generating process)
on which agent N B vanishes against agent B. Therefore, a Bayesian agent cannot
drive an under-reacting agent with the same information out of the market. Agent
N B survives because, regardless of the path of realizations, agent N B’s beliefs are
guaranteed to be at least as accurate as those of agent B (Theorem 1*, in Appendix C

Bt
E;Tr )

N
shows that lim;_, oo I;NT is uniformly bounded away from zero on every path, and

the result follows from Proposition 3). If the learning problem is correctly specified,
both agents survive because they learn the true model quickly (their beliefs merge with
the truth). If the learning problem is misspecified, the Bayesian agent (generically)
learns the most accurate model in its support (Berk 1966), while the NB agent’s
predictions are guaranteed to be at least as accurate as the most accurate model in that
support.

Theorem 2 precisely characterizes the sequences on which agent B vanishes

101 general, having two agents with identical average accuracy does not imply that both agents survive
because the average (conditional) relative entropies are too coarse to discriminate between log-likelihood
ratios that diverge at rates slower than ¢. This problem is particularly salient in learning environments in
which agent beliefs converge to the same models because the averaging factor masks differences in the
converging rate (Blume and Easley 2006; Massari 2013).
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Theorem 2 Under A1-A3, for all o € (0, 1], agent B vanishes on every equilibrium
path o on which the prior process of agent N B is not concentrated on a single model
for a positive fraction of periods.

By Theorem 1, the NB agent’s predictions are guaranteed to be at least as accurate
as the most accurate model in its support. Theorem 2 shows that the NB agent’s
predictions are, on average, more accurate than those of agent B whenever its prior
process does not converge to a Dirac measure on any single model in the support.
The intuition is as follows. First notice that if NB’s prior process converges then also
agent B’s prior process converges to the same model — because NB under-reacts to
information — and the two agents are averagely equally accurate. Second, agent NB
prior process does not converge when there are at least two models in the support, that
if combined generate a new model Py, that is averagely more accurate than the most
accurate model in the support and the under-reaction parameter is small enough.!!
Since the prior process does not concentrate, the resulting predictions are closer to
Py, than the most accurate model in the support, which is averagely as accurate as the
beliefs of the Bayesian agent by Berk (1966).

Now I present sufficient conditions on the parameter space, C1, the truth, C2, and
the under-reacting parameter o, C3, such that the prior process of agent N B never
converges and thus for agent B to vanish against agent N B P-a.s.. While it is easy to
verify that C1 is necessary for C2, which is necessary for C3, it is useful to present the
three conditions independently because they regulate different aspects of the learning
problem.

First, the prior support must allow for the existence of a probability distribution Py,
such that a combination of models is more accurate — has lower K-L divergence —
than any model in the support if draws were iid with probabilities P;

-
Condition C1

AP; € AT min d(Py.llmg) < d(Pyllmy),
6eConv(0®)

where Conv(®) denotes the convex hull of ®, and e argming g d (Pgl|mo).

A necessary and sufficient condition for C1 is that the prior support is not convex,
Conv(®) # ©,because Conv(®) = © & VP« € ASIZ! mingeconvo) d(Pj.||70)
= d(Py.||my)- This requirement might seem artificial, considering that in all classroom
examples of Bayesian learning, we assume a convex prior support on the space of
parameters. However, C1 holds in all prediction problems in which the prior support
domain is a finite set of parameters (e.g., if |®| < oo, as assumed in this paper); but
also if ® is an index over a finite set of models (e.g., regressions models), which is
the typical domain utilized in the portfolio selection literature (DeMiguel et al. 2007;
Garlappi et al. 20006).

Second, the true probability, P, must induce P-a.s. sequences on which the empir-
ical distribution Py~ satisfies C1.

11 Inspection of Definitions 2 and 3 shows that if pN B prior concentrates on a unique parameter ¢, then
it must be the case that lim;—, o ptN B _ lim;— 00 po,; = w9 = lim;— 00 ptB — where the last equality is
proven in Lemma 3. Thus pN B s averagely as accurate as pB whenever it concentrates on a unique model.
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1238 F. Massari

Condition C2
P:  min d(Py+l|lmg) < d(Pox|lmy) P-a.s.
6eConv(0O)

Notably, the expected value in the definition of the K-L divergence in C1 and C2
is not taken with respect to the true distribution P, which may have a time-varying
structure, but rather with respect to the time-invariant distributions Py, and Py«, respec-
tively. This substitution can be made without loss of generality (WLOG) because these
conditions are instrumental in ensuring that none of the 7 in the prior support can serve
as an attractor of the prior dynamics. If any were attractors of the prior dynamics, then
the time structure of P would be irrelevant, since the 7y models are time-invariant,
allowing us to substitute Py« for P when verifying the drift condition around each
model WLOG.

The last condition, C3, requires that the N B agent under-reacts to information suf-
ficiently to prevent its prior from ever concentrating on a single model. The minimum
level of the under-reaction parameter, ¢, such that the prior never concentrates has
an analytical form, which I indicate below. The intuition behind this result requires
a characterization of the N B prior dynamics, relying on two intermediate lemmas
provided in Appendix C following Theorem 2*.

Condition C3 Condition C3 is satisfied if « € (0, @),

with & := max {(x € [0, 1] : d(Py=||my) = min_d(Pp+||(1 — )7y + amg) P-a.s.
0eO\0

Notably, if itis impossible to combine models in the support to improve the accuracy
of the most accurate model—e.g., in well-specified learning problems—then & = 0 and
condition C3 cannot be satisfied. I dismiss this eventuality without loss of generality
(WLOG) because [ use C3 in conjunction with C2, which is a necessary and sufficient
condition for @ > 0 (see Lemma 6).

Theorem 3 shows that if there exists a combination of models that is more accurate
—has lower K-L divergence — than all models in the support (C2) and agent N B
under-reaction parameter is below a (C3) then, agent N B beliefs are averagely more
accurate than agent B’s (Theorem 3*) and agent B vanishes (Proposition 2).

Theorem 3 Under A1-A3 and C1-C3 agent B vanishes P-a.s. against agent N B.
Together, Theorems 1, 2, and 3 imply that financial markets do not favor Bayesian
agents over non-Bayesian under-reacting agents with the same information, and that

they might favor non-Bayesian under-reacting agents over Bayesian agents with the
same information.

An example

In this Section, I present a simple example illustrating the relationship between survival
and accuracy and how an under-reacting agent can come to dominate a Bayesian agent.

@ Springer



Under-reaction: Irrational behavior... 1239

Let agents B and N B have log-utility and symmetric endowment. In every equi-
librium path, it must be the case (by the FOC) that

) _ pMPeh g

V(I,O')7 CZB(O’) - pB(O't) Cg )

so, agent N B survives on path o with consumption shares uniformly bounded away
PVB(o")
pB")

from zero if and only if, for all large 7, > 0 on o (Proposition 3). Furthermore,

B Bt P! P! _ _
V(. oy, SO _ PP R o @Y -aeiph),
bl 9 B - NB - 9
CIN (U) p (o t) by Lemma 3

s0, d(P||pNB) < d(P||pB) = agent B vanishes (Proposition 2).

Suppose there are two states S := {u, d}, that states are i.i.d with true probability
P(m) = .5 =1 — P(d), that the two agents have identical time O prior ©o on the
support © := {61, 62} with [7g, (1), s, (u)] = [.4, .7], and that o« = .2.

Because my, is averagely more accurate than 7s,, the Bayesian agent is averagely
as accurate as g, d(P||p®) = c?(P||7tgl) (Berk 1966). Conversely, the sufficient
conditions of Theorem 3 are satisfied. So, agent B vanishes because agent N B’s
beliefs are averagely more accurate than agent B, d(P||p"®8) < d(P||p?).

Theorem 3 requires three conditions that are satisfied by example 1. Condition
C1 asks for the existence of a combination of parameters in the support that is more
accurate than g1 and 7y2; in example 1, condition C1 is satisfied by all probabilities
P (u) in the interval (.4,.6). Condition C2 requires the true probability to generate P-a.s.
an empirical distribution in the interval (.4,.6); this condition is satisfied because, by
the strong law of large numbers Py«(u) = .5 € (.4, .6)P-a.s.. Condition C3 requires
the NB agent to under-react “enough" to information. Since the parameter « is “small
enough" (@ = .2 < 2/3 = &), p™V? does not converge to any parameter. Instead, p™ ?
spends most of its time in the interval (.4,.6), so that p"V® is averagely more accurate
than p® (see Fig. 1 for an illustrative simulation). Prices eventually reflect agent N B’s
beliefs, which are not Bayesian.

Notably, since C2 and C3 only depend on the empirical distribution, rather than P,
the same conclusion above is valid for every P such that Py« € (.4, .6). For example,
if P is a Markov 1 model with P(u|d) + P(ulu) = Pp=(u) = .5.

4 Conclusion

Under-reaction is not a transient phenomenon in financial markets. Financial markets
favor “irrational” non-Bayesian agents that under-react to information with respect
to Bayes’ rule over “rational” Bayesian agents because under-reacting rules are more

3 9

robust to model misspecification than Bayes’.
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Fig. 1 pNB dynamics with [rrg, (1), 79, )] = [4,.7], no(61) = .5 and @ = .2. Notably, the pNB

predictions do not converge and remain closer to the truth than the most accurate model in the support, g, ,
in most periods

Appendices

A discussion about the relevance of under-reacting models

Foc
non

using on conditions C1-C3 help identify environments in which under-reacting
-Bayesian models can/are likely to overperform Baues’ rule

C1 never holds in parametric inference problems in which the prior support is
convex because the K-L divergence is convex.

C2 never holds in well-specified learning problems, because the averagely most
accurate model is, by the strong law of large numbers, the true model.

C2 holds if @ is finite and 6* € Conv(®) \ ©. That is, C2 is satisfied if the
true data-generating process is such that the empirical distribution has parameters
that are a non-degenerate convex combination of parameters in the support. So, if
states are i.i.d. and generated according to a parameter selected at random in the
simplex, C2 is satisfied on a generic, and potentially large, subset of parameters
— e.g., if the economy has two states {H, L}, and ® = {.4, .7}, C2 is satisfied for
every P(H) € (4,.7).

Therefore, C1 holds in the model mixture problems studied in the portfolio selec-
tion literature because they consider mixture over a finite set of models of stock
market returns. And the evidence of sub-optimal performance of empirical and
Bayesian models against robust models strongly suggests that also C2 holds.
Finiteness of the prior support is not necessary for C1 to hold. For example,
consider the following non-convex prior support ® = {6 € (0, .4) U (.7, 1)}.
Condition C1 is satisfied for all 6* € (.4, .7).
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Remark 1t could be argued that condition C1 is practically irrelevant because it is
possible to robustify Bayesian predictions by convexifying ®. There are at least three
strong counter-arguments to this objection.

1) To convexify ® qualitatively slows down the learning rate achieved by Bayes’
rule. If ® is finite, a Bayesian that learns from Conv(®) learns at a rate that is
qualitatively slower than that of a Bayesian (or an under-reacting agent) that learns
from ©.!2 In terms of selection outcomes, the following Corollary holds.

Corollary 1 An under-reacting agent with finite prior support ®, drives out of the
market a Bayesian agent with prior support conv(®) Py almost surely for any 6 € ©.

Proof An implication of Blume and Easley (2006) (Theorem 6) is that a Bayesian
agent with finite support ® drives out of the market a Bayesian agent with prior
support Conv(®) almost surely according to any model in ® — because Conv(®)
has positive Lebesgue measure. Conversely, Theorem 1 above shows that an under-
reacting agent is never driven out of the market by a Bayesian with the same support.

O

2) If © is an index over a finite set of models, it might not be possible to construct
a proper convexification of ® — For example, it is impossible to construct the
convex hull between a forest forecast algorithm and regression model.

3) A Bayesian agent would never choose to convexify its prior support. By definition,
a Bayesian attaches probability 1 to the event that the true model is one of the
models in its support. Thus, he believes it impossible to be in a misspecified
learning setting and has no incentive to hedge against this risk.

B Relative accuracy of p? and p"8

Here, I present results characterizing the relative accuracy of beliefs p? and pV5.
Theorem 1* shows that the likelihood ratio between p¥® and p? is universally (i.e.,
on every path) uniformly bounded away from zero; Theorem 2* shows that non-
concentration of the prior process of the NB agent on any model of the support for
a positive fraction of periods is a sufficient condition for pZ to be averagely more
accurate than p®, and Theorem 3* shows that C1-C3 are sufficient condition for p™V 2
to be averagely more accurate than p?, because C1-C3 are sufficient to guarantee the
non-concentration of the prior process of the NB agent on any model of the support
for a positive fraction of periods.

I start with two lemmas to aid intuition. In Lemma 1 I apply the chain rule to obtain
the analytic form of the unconditional probabilities of Definitions 2 and 3. It shows
that p 8 can be analytically rewritten as a Bayesian mixture model on path-dependent
time-varying models pg, rather than the time-invariant models irg. Therefore, standard
Bayesian results, such as the universal bounds on the right, hold for the Bayesian
mixture model p™8 with support {pg1, ..., pgx }.

12 The learning rate is qualitatively slower because the cardinality of ® is finite, while the cardinality of
Conv(0®) is the continuum.
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Lemmal Let py(o’) := ]_[trzl ((l —a)pVB(o;)) —}—omg(of)), then, for all o €
0,11,

Y(t,0), pNB(c") = 92(:) po(cpo(0) € [%éaé‘ po(@")po(®), max py <of>] )

when o = 1, then g = pg (Definitions 2 and 3 coincide) and we have:

Y(t,0), pB(o’) =6;)7w(6t)uo(9) € [Ienea(g)me(at)uo(é’),gleagne(a’)}. 3)

Bounds 2 and 3 highlight that the key step to discussing the relative accuracy
between p™V8 and p? is to characterize the relative accuracy of models pg against
models y. Lemma 2 below provides this result. It shows that, on every path, and for
every 0, the likelihood ratio between pg and g is uniformly bounded away from zero.

Lemma 2

1

o

Yo € (0,1],Y(t,0),V0 € ©, pg(o’) > (Ienig MO(Q)) (o).
prc

The intuition is as follows: in every period py is a convex combination between 7y
and pVB. Taking the logarithm, the concavity of the logarithm implies that in every
period, In py (o) > (1 — a)In pNB (0¢]) + aIlnmy(or). Thus, summing over ¢, in
every path o, In pg(c’) > (1 — ) In pVB(0') + aInmg(o?); and the result follows
because pV B, is at least as accurate as py by Lemma 1.

To show that there are no paths on which p? is more accurate than p™V 2 it suffices
to combine the universal uniform bounds of Lemmas 1 and 2.

Theorem 1%. For every value of o € (0, 1], the likelihood ratio between pN® and

p8 is uniformly bounded away from zero on every path.

Ya € (0, 1], Y(r, o) M > | min po(6) é>0
U pBet)y T \seo '

Theorem 1*’s uniform bound holds on all paths o € X. Thus, it bounds uniformly
the maximal accuracy-cost of under-reaction. For example, when the learning problem
is correctly specified, both p? and p™V® converge to the truth and the likelihood ratio
remains greater than zero because the convergence rate of p® and that of pV% are
both exponentials in + — the difference in the convergence rate of the priors to the
Dirac on the true model can be uniformly bounded by a multiplicative constant. As
intuition suggests, smaller values of « correspond to higher under-reaction and thus,
lower worst-case accuracy against the Bayesian agent. Clearly, the bound of Theorem
1* also holds on those paths on which p" 8 (") or p8 (o) posteriors do not converge.
Next, I show that p"V8 (o) is averagely more accurate than p®(o’) on all paths on
which its prior process does not concentrate on a unique model for a positive fraction
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of periods. In order to do so, I start by generalizing some standard results of Bayesian
statistics to the case of the NB Bayesian mixture model at hand. First, I use Lemma
3 to show that for every data-generating process, a Bayesian mixture is averagely as
accurate as the averagely most accurate model(s) in its support.

Lemma3 Letf € argming g d(P||pg)
5 NBy _ 3 .
Va € (0,11, d(P||p"®) =d(P||py) P-as.;

and, as a special case, d(P||p®) = c?(P|IJTé)P—a.s.

Next, I characterize the relative average accuracy of p; and 7.

Lemma4 Forall 0 € ® and for all a € (0, 1),
d(P||pe) < d(P||mp), P-a.s.

with strict inequality if there exists an € > 0 such that ||p,NB — || > € a positive
fraction of periods P-a.s..

The intuition is that p; is averagely at least as accurate as m; because the K-
L divergence is strictly convex, and ) is, in every period, a mixture of ) and a
model p"V 8, which is guaranteed to be averagely at least as accurate as 5. Moreover,
py is averagely more accurate than 7; on those sequences on which the pNB prior
process does not concentrate to any model for a positive fraction of periods. This
follows because the strict convexity of the K-L divergence implies that the inequality
is strict whenever pV 8 £ T4, a situation that occurs a positive fraction of periods, by
assumption.

We obtain the following result by combining Lemmas 3 and 4.

Theorem 2*. p™ B is averagely more accurate than p® on all paths o on which its
prior process is not concentrated on a single model for a positive fraction of periods.

Finally, I show that C1-C3 are sufficient conditions for p/V® to be averagely more
accurate than p?.

Theorem 3*. C1-C3 = d(P||p?) > d(P||p"®) P-as.

Condition C1 is necessary for condition C2, which is necessary for condition C3,
which is sufficient to prevent the p’8’s prior from ever concentrating on a unique
model (Lemma 5 in Appendix). The intuition behind the role played by C3 is as
follows. By standard Bayesian argument, a Bayesian mixture concentrates on the
model on its support with the lowest average accuracy, when this model is unique
(e.g., Berk 1966; Marinacci and Massari 2019).13 However, if pN Bog prior were to
concentrate on a model Pps then pN B Py =Ty and its average accuracy would be
higher than the average accuracy of another model in the support (C2: = d(P| |75) >

ming_q, 5 d(P|(1 — a)m; + amp)); a contradiction.

13 Lemma 3 generalizes this intuition from the i.i.d. draws/time-invariant models in the prior assumptions
of Berk (1966) to the arbitrary time structure in the draws/ arbitrary path-dependent models in the prior
support needed for this setting.
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I conclude with two corollaries. Corollary 2 shows that if the learning problem is
correctly specified p¥8 merges with the truth. That is, p™V® converges to the truth
qualitatively as fast as p® does. This result strengthens the weak merging result of
Epstein et al. (2010)

Corollary 2 Forall o € (0, 1], for all 0 € ®, pNB merges with my, mg—a.s.

Corollary 3 verifies that under the conditions of Theorem 2*, the likelihood ratio
between p® and p™® converges to zero P-a.s.

P8

NB(gty 0 P-a.s.

Corollary 3 Under the conditions of Theorem 2*,

B.1 Proofs of results in Appendix B

Proof of Lemma 1 Note that for all (¢, o)

AR CHEE R AR (]!
6e®

can be equivalently rewritten as

PV o) =" polarhu B @10" ),
0e®

and recognize the Bayesian mixture dynamic with respect to the model class {pyp :
0 € ®}. Specifically, for all « € (0, 1],

v(t,0), pVB(o")

t
=[] p"*(oelo™™h

=1
t—1
= (Z pa(otw"m”(mo”)) [1p"5clo™
He® =1
— (Zpewzlo"l)pe(m1|af‘2)uNB<9|o’_2))
by Def.3 \W€O

t—1

1 _
[1p"%(clo™h
=1

X —
PVB(@ ]2 L

t—2
= (Z po(oilo’ ") po (i1 |a’—2>uNB<9|o’—2)) [1p"Pclo™h

fe® =1
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t
=> [ retoclo™ Huo®)

0e® =1
=Y po(oHuo(®) € [max Po (") o (), max pe (a’)}
0co 0e® 0e®

Finally, note thate = 1 = VY(¢,0), p? = pNB and Vo € ©, py, = .

So, ¥(t,0), pPe") =) m(c o) € [ropeag 79 (0" ) o (6), max 7T9(Ut):|

fe®
O
Proof of Lemma 2
t
V(1,0),¥0 €O, Inpy@") =[] ((1 = a)p"P(@:)) +ami(on))
=1
t
=Y (1 —ap"Poe) +ami(on))
=1
t
> (=) ) Inp"* (o))
by concavity of In(-) r=1
t
+ «a Zln 7o (07)
=1
=(1—-a)lnp"B") +alnmy(c?h)
t 1 — NB( t
Vo Ve, mPe) Um0, prTe)
7 (o!) o po(oh)
. (I-a) In Zg/e@ PG’(UI),U«O(Q/)
—— o ot
by o ) po(col)
(I-a)
>1 i 0
> n(gg({)luo( )>
1
=V(,0),V0 €0, poc’) > (?i8“°(9)> mg(a").
s
O

Proof of Theorem 1* The result follows from Lemmas 1 and 2

pYBey  Ygeo Po(a)po(®)

pBo!) =~ o e (0o (®)
by Lemma 1

Y(t, o),
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maxge po(o")io(d)
maxg e 7o (o)

maxgee 79 (o) o (0) <

—— maxg e 7o (o)

1
. ” !
min 110(6")
by Lemma 2

e

maxge@ g (o) mingree po(0") (

1
1_
o
min 1o(8")
maxgy e 7o (07)

e

> (22(3“0(9)) > 0.

Proofof Lemma 3 Let @(o’) be the argmaxg: g po+(o’), and assume WLOG that is
a singleton: ©(c") = f(c").1*

v, o) Ph(ony (@) Poer @)
1,o), —wvp, o =
) ) NB t —— o (Tl 9
pNB (1) By Ea) 2 0eco Po(@)ro®)
B 1
= A . _po(ah)
no(0) + 2968\9 Pé(at)(gt)MO(e)
B 1
= In Pg(rf’)z
. PN
GG +Z€e(~)\ée KCORBITING)!
. Pg(ot)((ft) 1
N lim supsex 1) pNB(glt) = mingeo 120®)
o Pjst (o")
llmlnf(gez’t) % > 1
. Pé((,t)(Ut) 1
N limsupsey ;) In PVEoT) =M Mingeo 1o @)
liminf g ez In 22607 >
s p (O't) -
t
. 1 pé(a’)(a )

. 1 1 (Ot) 1 (Ot)
\ — —1 =0
= (l‘,a),tllm : <ln NB( t) n é( 1)( l)

. 1 P(o7) ! NB 1 d NB
= zgrgo|:z |:Z]npNB(ar|) —Zdr(PHP )}th;dr(Pllp )

=1 =1
t t
. 1 P(or)
= lim | - Zlni— Zdr(PHPé ' ):|

=00 |:[ |:‘[=1 pé(Ur)(UTI) =1 @

1 1
+? Zdr(P||Pé((,/))i|

=1

14 This assumption can be disposed of by re-defininig Mo(é )= 5c o ©
<6
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= acp||pNB) =d_(P||pé) P-as..

The last implication follows from the strong law of large number for martingale dif-
ferences (see also Sandroni 2000) that, in our setting, guarantees that for p = pV8
(for the LHS), and p = Phon) (for the RHS)

p(oz))

1<, Plor) «

. T

zlglolo; |: E 11r1 _— = E ]d,(P||,0):| =0, P-a.s.
= T=

I suppressed the dependence on o/, because d(-||-) exists by assumption and the
equality holds for all models in {§ € 6 argming..q d(Pllps<)} C {0 : ps €
argmaxg«cq po+(o') infinitely often}. o

Proofof Lemma4 e Weak inequality: for all, (z,0), forall & € ®,and for all ¢ €
0, 1),

di(Pllpe) = di(P|(1 = ) p"P +amp))
<@ (1 — )i (P||p"B) + adi(P||mg)  : by strict convexity of d; (P||-)
= d(P|lpy) < (1 —a)d(P||pNB) + ad(P||7g) : summing and averaging over ¢
= d(P||py) <d(P||mg) P-as. :because d(P|/pN5B) = d(P||pg)
by Lemma 3

e Strict inequality:
By continuity and strict convexity of d(P||-)

IPNE — 7]l > € = 36 > 0: dy(P]|(1 — ) pV® + amy))
< (1 —a)d, (Pl p"B) + ad, (P||7g) — 8.

Thus, if there existsane > Oandann > 0 : liminf7_ o % Zthl I||I7NB—7T€||>€
t

1 then the inequalities () are strict for a positive fraction of periods 7, which, by
definition, implies that d(P||pg) < d(P||mg) — né < d(P||mg).

>

O

Proof of Theorem 2*

dPip"t) = d(Pllpp) < d(Pllmp) = dPlipP)

By Lemma 3 By Lemma 4 By Lemma 3

Lemma5

Condition C3 = Je > 0 : ||p,NB — 14|l > € a positive fraction of periods, P-a.s.
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Proof

Fora < @, C3 implies d(Pp+||7y) > min_d(Py+||(1 — a)7y + amp) P-ass.
0eO\d

I prove the contrapositive statement

||p,NB — 74|l = 0 in most periods P-a.s. = d(Py=||my)

< min d(Pp+||(1 — @)y + amg) P-as.

0eO\d
in four steps.
First:
||pr3 — 75|l = 0 in most periods P-a.s.
NBy\| _ . .
= |di(P||my) —di(P||p™7)| = 0 in most periods

by continuity

= d(Pllmy) =d(P|Ip"P) “)
Second:

||ptNB — né|| = 0 in most periods P-a.s.

= | min_d;(P||(1 7ot)pNB +amg) — min _d;(P[|(1 — a)rré + amg)| = 0 in most periods P-a.s.
6

0eO\d 0O\
= | min_d;(P||pg) — min d,(PH(l—a)né—kwrg)\:Oinmostperiods P-as.
—  peo\d 0eO\d
by definition
= min_d(P||py) = minAJ(Pll(lfa)ﬂé + amy) ®))
0eO\d 0eO\d
Third:
d(P||w;) = d(P||pNB = mind(P < min d(P
(Pllmy) (PlIp™7) min (Pllpo) S (Pllpo)
Eq.(4) by Lem.3
= min d(P||(1 — a)m; + amp) 6)
" 9ecO\h o

Eq.(5)

Fourth, I have to move from the true probability to the empirical frequencies (i.e. from
P to Py+) and from an empirical measure of accuracy d (-|]-) to a static one d(-||-).
Note that all 7y € © are all independent of ¢ by assumption and Py+ is independent
of ¢ by construction, since, for all sy € S, Py« (sr) 1= lim;_ oo % Ztr=1 I, =, . Thus,
forall o : ||pN® — 7;|| = 0 in most periods Equation 6 implies

d(Pl|mz) < d(P||(1 — )y + amg)
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t t
P(or) 1 P(o7)
& lim - In < lim — In
5 1 Z o) ot Z; (1~ a)my(or) + amg(or)
o lim - Zl —O()T[@(O‘T) + amg(or) <0

t—00 t ﬂé(ar)

—ot)né(sj) + amy(s;)
<f’>t1—l>lglot ZZI{Ut Y!}ln 7T§(S]) SO
t=1s5;€S

l—ao)m; +an
= EPH*ln()—GQS
~——

TH
By the SLLN
& Ep,In—— < Ep, 1 Bor
* n I n——
o s P D A= aymy + amg
& d(Pylimg) < d(Pys||(1 — @) + arg)
where all the double implications are by definition. O

Proof of Theorem 3* By Lemma5C3= 3¢ > 0 : ||ptNB —mp|| > € a positive fraction
of periods, P-a.s. and the result follows from Theorem 2*. O

Lemma 6

Condition C2 holds < argmax min d(Py«||(1 —a)my +amg) :=a >0
acl0,1] 0e®\d

Proof Strict convexity of d(-||-) guarantees that

min_ d(Pp+||7g) < d(Pp+||5) = Jw € int(A®) :
6eConv(0®)
> whe" =0 and d(Py+||mg) < d(Ps||my).
k

Furthermore, it also guarantees that, locally (i.e., for small «), the accuracy of each
parameter (9 in our case) can be strictly improved by moving in the direction of one
other parameter.

The reverse implication is obtained fixing an &’ € (0, @) giving weights only to 0
and models satisfying the RHS condition with &’. O
Proof of Corollary 2

0 € ® = my is absolutely continuous with respect to pB
= pB merges with g, mg-a.s.;
PN
Yo, ——— > 0= pB(Ul) is absolutely continuous with respect to pNB, pB-a‘s.;
pB (0’) <~
by Theorem 1*

thus, & € ® = my is absolutely continuous with respect to pN B
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NB

= p"' "merges with 7y, my-a.s.

Proof of Corollary 3 By Theorem 2%, d(P||p?) > d(P||p"®) P-as..
By the strong law of large number for martingale differences (see the application in
Lemma 3)

APIp) = APl Pas. = L@ g p
> -a.S. —_— > -a.s.
p p a.s VB (o0) a.s
O
C Proofs
Proof of Proposition 1 By Definition 3,
_1. polor])
Y(o,1),¥0 € ©, uNB©@10") = uNB @0 S
( 1B o) ey
T ITEN ((1 - a)p“;;m) +ome(ot)>
pYP(or])
_ _ 79 (07)
:(1_a NB(@O'I 1 +Ot NB(QO'I 1 < )
e lo" ) +aun lo" ) VB
_ _ e (07)
=1 —auB@l0"™") + anE @0 1)( )
Y g mo(o)uNB(@lo' 1)

By assumption, £V 8(@o'"1) = uB(#|o'""); substituting on the right hand side of
the equation, we obtain:

V(o,1),V0 € ©, uVB@lo") = (1 —a)uB@lo" ") + anf @10

< ( 7y (07) )
> o (o) uB@lo'—1)
=1 —-apuB@lo"™ +au@lo").

Where the last equality holds by definition of Bayes’ rule (Definition 2):

B . 79 (01) B —1
D S A EA T L
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Proof of Proposition 3 The Lagrangian problem associated with each trader’s maxi-
mization problem is

(0.¢]
Li=Ey Y B'u'(ci(e)+n (Z D qh (c§<a> - eé(o))) :
t=0 t=0oles’
By equating the derivatives of this Lagrangian to 0, I get, for all (¢, o),
aL;

i =0= B'p (o' (ci(0) = rig(oh)
ac; (o)

Letting go = 1 (the price of one unit of consumption at =0 equals 1) I find that
Ai = u'(c()’. Thus, on every equilibrium path o/,

WBelo)y —  pVPeh) uPe)
uNB(eNBo)y pBe) uNB(c) By

(N

e Now I show that

PN
I >0:Vt,~———> >ponpathe = Iy’ >0:Vz, 8 > 5 onpatho
pB(ah)
NB (.t B/ .B /
p" (") u’(c; (o))
Vt, ————— >nonpathc = Vi, ——————— > 0 onpatho
PP TP uNB (VB () b
= Vi, u"B (N8B (o)) < oo onpath o
= 3y’ >0:Vt, 8 >y onpatho.

by Al
e and its reverse implication

pNB(o.t)
pE(e")

N

In > 0:Vr, >nonpatho <3y >0:Vt, 8 >y onpath o

Ve, VB > ' onpatho = Vi, uMB(cVB(0)) < 0o onpatho
by Al
uB(cf o)y

- MNB CNB o))
e (P (0))

> 0 on path o

pNB(O't)

———— > nonpatho.
pP(a”)

= dn > 0:V1,
O
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pVEeh) : L
Proof of Theorem 1 By Theorem 1%, V(¢t, o), L5~ > (minge@ 1o(0))« . Thus, the

pBo’)
sufficient condition for an agent to survive with positive consumption-share of Propo-
sition 3 is satisfied by agent N B on every path. O

Proof of Theorem 3 By Proposition 2, under A1- A3 agent B vanishes if d (P||p" %) <
d(P||p®), P-as.; i i
By Theorem 2%, C1- C3 = d(P||p"8) < d(P||p?), P-as.. o
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