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1 | INTRODUCTION

Let £ be the mixed local-nonlocal operator £ = —A + (—A)%, where (—A)® stands for the frac-
tional Laplacian of order s € (0,1). We investigate global existence and blow-up of solutions to
semilinear parabolic equations driven by L of the following type:

du+Lu=uP inRN x(0,+c0) D
U=, in RN, .
where p > 1 and u, is a given nonnegative initial datum.
Bibliographical notes: global existence and blow-up. Global existence and blow-up of solutions
have been largely studied in the literature. Concerning the purely local case £ = —A, it has been
shown in [23], and in [35, 38] for the critical case, that

(@) ifl<p<gl+ ]% any solution of (1.1) blows up in finite-time, provided that u, # 0;

© 2024 The Author(s). Bulletin of the London Mathematical Society is copyright © London Mathematical Society. This is an open access
article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction
in any medium, provided the original work is properly cited and is not used for commercial purposes.

Bull. London Math. Soc. 2025;57:265-284. wileyonlinelibrary.com/journal/blms | 265


mailto:fabio.punzo@polimi.it
http://creativecommons.org/licenses/by-nc/4.0/
https://wileyonlinelibrary.com/journal/blms
http://crossmark.crossref.org/dialog/?doi=10.1112%2Fblms.13196&domain=pdf&date_stamp=2024-11-26

266 | BIAGI ET AL.

(b) ifp>1+ %, then there exists a global in time solution of (1.1), provided that u, is sufficiently
small.

Such a dichotomy is known as the Fujita phenomenon. We refer, for example, to [1, 18, 41] and the
references therein, for a complete account about blow-up and global existence of solutions in the
purely local case £ = —A.

This question has been addressed also on Riemannian manifolds when L is the Laplace-
Beltrami operator; in this direction, some results can be found, for example, in [2, 33, 34, 42, 46, 47,
55, 57]. Furthermore, analogue results have also been established for local quasilinear evolution
equations (see, for example, [29-32, 42-44]).

On the other hand, when £ = (—A)’ in [54] it is shown that if p < 1+ ]%5 then any solution
arising from a nontrivial initial datum u, blows up in finite time (see also [22]). Such a result
has been generalized in [40] for more general source terms. Moreover, in [37] (see also [36]), for
p>1+ ]%5 global in time solutions are considered, and the asymptotic behavior of solutions as
t - +oo has been studied.

Bibliographical notes: mixed local-nonlocal operators. Recently, the study of qualitative prop-
erties of solutions to partial differential equations, mainly of elliptic but also of parabolic type,
driven by the mixed operator £ has been attracting much attention (see [5-13, 17, 24-27]). One of
the main reasons for this interest is that mixed operators of the form £ have applications in prob-
ability; indeed, they are related to the superposition of different types of stochastic processes such
as a classical random walk and a Lévy flight. Furthermore, they are exploited to model various
phenomena in sciences, such as the study of optimal animal foraging strategies, see, for example,
[19, 20] and references therein.

Description of our results. Along the above-described line of research, in the present paper we
deal with nonnegative solutions to problem (1.1). The main result of this paper will be given in
detail in the forthcoming Theorem 3.3; however, we give here a sketchy outline of this result. In
particular, we show thatif p <1 + %, then problem (1.1) does not admit any global solution with

Uy # 0. On the other hand, if p > 1 + % then there exists a global in time solution, provided that
u, is small enough. We point out that problem (1.1) behaves like the problem with £ = (—A)*; in
other terms, for what concerns existence and nonexistence of global in time solutions the mixed
local-nonlocal operator has the same character as the nonlocal operator (—A)’. The proof of the
nonexistence of global solutions is based on a test functions argument and on suitable a priori
estimates. Furthermore, the global solution is constructed by an iteration method, which exploits
in a crucial way the estimates from above for the heat kernel of L.

Plan of the paper. The paper is organized as follows. In Section 2 we fix the notation and recall
some preliminary results concerning the fractional Laplacian, the operator £ and the heat kernel
of L. In Section 3 we give the precise definition of solution to problem (1.1) and we state our main
existence/nonexistence result, which is then proved in Section 4.

2 | MATHEMATICAL BACKGROUND

Notation. Throughout the paper, we will tacitly exploit all the notation listed below; we thus refer
the Reader to this list for any nonstandard notation encountered.

* We denote by R* (resp. IR(“)L) the interval (0, +o0) (resp., [0, +0)).
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* Given any x, € RY and any r > 0, we denote by B,(x,) the open (Euclidean) ball with center
X, and radius r; in the particular case when x, = 0, we simply write B,.

* Given any 0 < T < +00, we denote by S the (infinite) strip R x (0, T); in the particular case
when T = 400, we simply write S in place of S__ ..

* If A is an arbitrary set in some Euclidean space R™ (with m > 1), we denote by 1, the usual
indicator function of A, that is,

1.(2) 1 ifzeA
Z) =
A 0 ifzgA.

* We denote by 7, the set (vector space) of the functions ¢ € C % (S) for which there exist numbers
r, T > 0 (possibly depending on ¢) such that

@ =0outof B, X [0,T).
* Given any s € (0,1), we denote by L the tail space

N1+ [x[N+2s

L(RN) := {f:RN—>[R: ||f||1,S:=/[R |f(—x)ldx<+oo}.

* Given any open interval I C R, any Banach space (X, || - ||x) and any 1 < 6 < oo, we denote by
L9(I; X) the space of the L°-functions taking values in X, that s,

LIGX)={f : I>X : ng(H®) = If Dy € L°U)}.

If f € L9(I;X), we define || fllg; x 1= Inx (Hllzeq)-

» If X,Y are real normed vector spaces, we denote by B(X, Y) the set (vector space) of the linear,
bounder operators from X into Y.

* We denote by & the Fourier transform on L*(RM), normalized in such a way that it is an
isometry; as a consequence, for every f € L>(RN) n L'(RY) we have

-1 —1(x.£)
B = = [ e rwar

As anticipated in the Introduction, in this ‘preliminary’ section we collect several definitions
and known results, which will allow us to clearly state our main contribution (see Theorem 3.3 in
Section 3), and to make the manuscript as self-contained as possible.

2.1 | The mixed operator £ = —A + (—A)*

In order to clearly state the main result of this paper, we first need to fix some notation and to
properly define what we mean by a solution to the Cauchy problem (1.1); due to the mixed nature
of L, this will require some preliminaries.
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268 | BIAGI ET AL.

(1) The fractional Laplacian. Let s € (0,1) be fixed, and let u : RN — R. The fractional
Laplacian (of order s) of u at a point x € RV is defined as follows:

(=AY u(x) =Cy - p'V./ u(x) —u(y)

gV |x — y|N+2s
(PA))]
u(x) —u(y)

e=0% Jijx—ylze} |X — yIN¥2S

El

provided that the limit exists and is finite. Here, Cyy ; > 0 is a suitable normalization constant
which plays a role in the limit as s - 0% or s — 17, and is explicitly given by

_ 227125T((N +25)/2)
B aN/2r(1—s)

CN,s

As it is reasonable to expect, for (—A)Su(x) to be well-defined one needs to impose suitable growth
conditions on the function u, both when |y| — +o00 and when y — x. In this perspective we state
the following proposition (see [39, 51] for a proof).

Proposition 2.1. Let Q C RN be an open set. Then, the following facts hold.

() Ifo<s<1/2andu e C2$+y(Q) N Ly(RN) for somey € (0,1 — 25), then

loc

u(y) — u(x)

v X =y dy forallx € Q.

3 (=A)Yu(x) = Cy /

R

(i) If1/2<s<1landu € Cllo’is_lﬂ'(ﬂ) N Ly(RN) for some y € (0,2 — 2s), then

3 (—A)Yu(x) = —

C —z)—
Nos / u(x + z) + u(x — z) — 2u(x) dy forallx € Q.
RN

2 |z|N+2s
Moreover, in both cases (i) and (ii) we have (—A)Su € C(Q).

In the particular case when Q = RY and u € S C L(R"N) (here and throughout, S denotes the
usual Schwartz space of the rapidly decreasing functions), it is possible to provide an alternative
expression of (—A)*u (which is well defined on the whole of R, see Proposition 2.1) via the Fourier
Transform §; more precisely, we have the subsequent result.

Proposition 2.2. Letu € S C Ly(RN). Then,
3 (A u(x) =g (IE17F W) (x)  forevery x € RN, (2.2)
It should be noted that, on account of (2.2), it is immediate to recognize that the Schwartz space
S is not preserved by the fractional Laplacian (—A)* (as |£|*@u is not regular at £ = 0), that is, one

has (—A)5(S) € S; however, we have the following characterization of the image

S, = (~A)(S),
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which will be crucial to give the definition of solution of problem (1.1).
Proposition 2.3 See, for example, [53, Lemma 1]. Setting S; = (—A)*(S), we have
Sy ={p eC®®RY) : 1+ |xN**)D%) € L*(RN) for everya € (NU{OHV }.

Another consequence of the ‘representation formula’ (2.2), which plays a fundamental role in
our argument (and, in general, in the analysis of the fractional Laplace operator (—A)*), is the
possibility of realizing this operator as a densely defined, self-adjoint and nonnegative operator on
the Hilbert space L*(R"Y), whose associated heat semigroup admits a global heat kernel. Indeed,
taking into account (2.2), it is natural to define

Bg : HS(RN) C L2(RN) - L2RN),  Byw) = 1 (1E1*Fw))

where HS(RV) = {u € L2RVN) : [£]3F(w) € L2(RV)). 23)

Clearly, we have S C H5(R"), and thus Bq is densely defined; moreover, by (2.2) one has
By(uw) = (=A)Y'u foreveryu € S C H(RV),

and this shows that B is indeed a realization of (—A)* on L?(R"). We then observe that, since the
map & is an isometry of L2(RY), for every u,v € H*(RN) we get

(i) (B, v) 2, = (F(B,w). SO = (EPFW). FO))r2n)
= (@), IEPFO) 2y = (. FUEPFO) 2
= (1, B{0)) 2avy;

(i) (By(w), u) g, = (BB, W), Fa) 2w, = (EPFW, FW) 2,
= (IEFF). EPFW) 2@, > 0;

and thus B, is self-adjoint and nonnegative. As a consequence of these facts, we are then enti-
tled to apply [28, Theorem 4.9], ensuring that the operator —/3; generates a strongly continuous
semigroup on the Hilbert space L?(RYN), say {T(t)};50- By this, we mean that

(P1) for every fixed t > 0, we have T(t) € B(L>(RY), L*2(RM));
(P2) T(t + 1) =T(t)oT(t) for every t, 7 > 0;
(P3) for every fixed t > 0 and f € L>(R"), we have

im7(0)f =T@)f  in LX®RY);

(P4) for every fixed t > 0 and f € L>(RN), we have T(¢)f € H*(RY) and

= —By(T(t)f) in L*(RN).

d _ o T+h)f-TM)f
7; T = lim A
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270 | BIAGI ET AL.

This semigroup is called the heat semigroup of —(—A)%, and it is denoted by (e*t(*A)s)gO.

‘We now observe that, starting from property (P4) and exploiting the Fourier transform (together
with the very definition of B,), it is easy to show that the operator e~!(=2”" (for every t > 0) is
actually an integral operator on L*(R) with a kernel of convolution type.

Indeed, let f € L>(RV) be fixed, and let

u: [0,400) = L2RY),  u(t)(x) = e 'V f(x).

Using property (P4) and applying the Fourier transform, we see that
#) @) = %<x = %( B )<x>> = —§(x = BL Y )
= —IEPF(x = eV F () = —IEP T,

) FuO) =(x = eV @) = FO),

which is a (formal) first-order, linear Cauchy problem for t — F(u(t))(§) (for every fixed £ € RN);
as a consequence, by formally solving this problem, we derive

SWD)E) = (e ™ forall e € RN, ¢ > 0.

Since we have expressed g (u(t)) as a product of two functions, by using the well-known properties
of the Fourier transform we then conclude that

e A () = u(t)(x) = G~ (e‘”g'zs : %(f))

(2.4)
=09 = ) = /R -y,
where, for every z € RN and ¢ > 0, we have
(s) _ b 1 g eHzE)— g1
5@ = =8 ()@ = o [ a. @5)

This function (¢, z) — I)ES)(Z) is usually referred to as the heat kernel of —(—A)*, and it satisfies the
following properties (see, for example, [3, 4, 14, 15, 54] for a complete proof):

1) §® e c*®R* x RN) and §©® > 0;
(2) for every x € RN and ¢ > 0, we have

570 = hP(—x) and B (x) = — BN/ @),

N/(2s>

(3) for every fixed x € RN and ¢ > 0, we have

/ 500 dy = 1;
[RN
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LOCAL-NONLOCAL FUJITA-TYPE RESULTS 271

(4) for every fixed x € RN and t,7 > 0, we have

/ 5O — O dy = 5.0
[RN

(5) there exists C > 1 such that

1 [Nyt ) o Njes) b
C mln{t , |x|N+2S} <h, (x)SCmm{t ST

for every x € RN and every t > 0. (2.6)

(2) The heat kernel of L. Now we have reviewed a few basic concepts on the fractional Laplace

operator (—A)%, we spend a few words concerning the heat semigroup and the associated global

heat kernel of the operator —£ = A — (—A)® (we refer, for example, to [52] for a thorough investi-

gation on this topic); this kernel will be used to introduce the notion of mild solution to the Cauchy
problem (1.1) (see Definition 3.1).

Our starting point is the usual realization of the operator —A in L?(R"): denoting by H*(R™)
the classical Sobolev space W22(RN), it is very well known that the operator

A HARY) - P®RY), AW = (1E°FwW),

satisfies the following properties:

(a) A isadensely defined, positive and self-adjoint operator;
(b) A(u) = —Au for everyu € S C H*(RN)

(actually, the above properties of .A can be proved by repeating verbatim the computation
carried out in the previous paragraph with the ‘formal’ choice s = 1, see also [21, Section 4.3]).

On the other hand, by exploiting the characterization of the Sobolev spaces H*(RN) (for k > 1)
in terms of § (see, for example, [21, Section 5.8.4]), we have

H*RY) = {u e L’R"Y) : |£1°Fw) € L*(RY)} € H(RY);
thus, taking into account (2.3), we can define
P H®RY) - LRY),  Pu) =AW+ Bw) = F (1§°FwW) +F ' (157Fw).
Clearly, by combining the properties of B (discussed in the previous paragraph) with the prop-
erties of A recalled above, we immediately derive that P = A + B, is a densely defined, positive
and self-adjoint operator which realizes £ on L?>(RY): indeed, we have

P(u) = Lu foreveryu € S C H*(RN).

We can then exploit once again [28, Theorem 4.9], which ensures that also the operator —P
generates a strongly continuous semigroup in the Hilbert space L>(RY), which we denote by

—tL
(e ! )z;o
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272 | BIAGI ET AL.

(thatis, the family (e_w)zzo satisfies the same properties (P1)-(P4) in the previous paragraph, with
—P in place of —B;); this semigroup is called the heat semigroup of —L.

Now, by arguing exactly as in the previous paragraph, we see that the operator e~** (for every
fixed t > 0) is a integral operator with convolution-type kernel; more precisely, we have

L F(x) = (p, * £)(x) = / PG —Nfdy (orevery f € 2®Y),  (27)
RN

where, for every z € RN and ¢ > 0, we have

b 1 tEPHEP) Yoy = L / Kz E)—t(EP+E)
b = B (e )@ =G | g @y

(note that F(Pf) = (I€]? + |£1*)F(f)); on the other hand, by exploiting (2.5) (jointly with the
explicit expression of F~1(e "1 |2) and the properties of the Fourier transform), we obtain

__ 1 —1( —tlE? | —tlE
p,(z) = (Zn)N/Z% 1<e HER |, gt )(z)

_ 1
(27T)N/2

= 5@ B B (@)

(@0 F(e) - ) PF6) ) 2)

= (g, * b)),
where g;(z) is the usual Gauss-Weierstrass heat kernel of A, that is,

1 -z,

g:,(2) = AN/

Summing up, we conclude that

1

_ 1 [ ztrang) N
(amt)N/2 /RNe H9()dS (zeRY, 1> 0). (2.9)

Pz(Z) =

This function (¢, z) — p,(z) is referred to as the heat kernel of —L, and it satisfies analogous prop-
erties to that of §®; for a future reference, we collect these properties (which easily follow from
the ‘explicit’ expression of p in (2.8)-(2.9)) in the next theorem.

Theorem 2.4. The heat kernel p satisfies the following properties.

1) peC®®R*xRN)andp > 0.
(2) Forevery x € RN and t > 0, we have

pz(x) = pz(_x)-

(3) For every fixed x € RN and t > 0, we have

[ p-nay=1.
[RN
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LOCAL-NONLOCAL FUJITA-TYPE RESULTS 273

(4) For every fixed x € RN and t,7 > 0, we have

/[RN p(x = yp.(y)dy = pz+r(x)-

Moreover, by combining (2.6) with the ‘convolution-type’ expression of p; in (2.9), we deduce the
following upper estimate: there exists a constant C > 0 such that

0 < p,(x) < Ct 5 foreveryx € RN, t > 0. (2.10)

We finally point out that, starting from property (P4) of the heat semigroup (e™* ﬁ),zo, it is quite
standard to prove that the unique solution of the ‘abstract’ L?-Cauchy problem

du=—Lu+f inRYN x(0,+0)
u(x,0) = u, for x € RN

(for any fixed f,u, € L*(RY)) is given by

t
u(x,t) = e Luy(x) + / (e UDF f)(x) dr;
0

thus, by (2.9) we can rewrite this unique solution as follows:
w0 = [ pOuOd+ [ b= nre)dye G
R S,

Remark 2.5. It is worth mentioning that the ‘convolution-type’ formula (2.9) of p can be easily
proved by taking into account the probabilistic interpretation of the operator L.

Indeed, since L is the sum of the two operators —A and (—A)*, it is the infinitesimal genera-
tor of a stochastic process, say (X,);5(, Which is the sum of two independent processes, namely a
Brownian motion (W,),5, and a pure jump Lévy flight (J,); thus, given any ¢ > 0, we know
that the law of the process X, (which is the function p,) is the convolution of the laws of W, (the
Gauss-Weierstrass heat kernel g,) and of J; (the fractional heat kernel I)ES)).

Remark 2.6. It is important to stress that the computations carried out in the previous paragraphs
in order to obtain the ‘explicit’ expressions of I)ES) and of p; in (2.5)-(2.9), respectively, are actually
formal computations; however, starting from the mentioned expressions (2.5)-(2.9), one can prove
a posteriori that all the properties of §® and of p hold.

3 | EXISTENCE AND NONEXISTENCE RESULTS
3.1 | Veryweak and mild solutions to problem (1.1)
Taking into account all the facts recalled so far, we can now make precise the notion of solution

to the Cauchy problem (1.1). Actually, as is customary in the context of parabolic problems, we
consider two different notions of solutions, that is, very weak and mild.
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274 | BIAGI ET AL.

Definition 3.1. Let u, € L®(RN), u, > 0,and let 1 < p < oo.

(1) (Veryweak solution) We say that a function u : S - IRSr is a very weak solution to problem (1.1)
if the following properties hold:
(@) ueLf (S)
(b), given any T > 0, we have u € L®((0, T); L,(R™));
(c); given any ¢ € 7,, we have

//u(—at(p + Lo)dxdt — / Uy (xX)p(x,0) dx = //upgo dxdt. (3.1)
S RN S

(2) (Mild solution) We say that a function u : S — IR(J)r is a mild solution to problem (1.1) if the
following properties hold:
(a), u € C(S)NL=(S);
(b), forevery (x,t) € S, we have the identity

u(x,t) = / P (x — Y)uy(y)dy + //S P (x —yuP(y,7)dydr. (32)
RN f

Remark 3.2. We list, for a future reference, some remarks concerning Definition 3.1.

(1) Taking into account Proposition 2.3, it is easy to check that identity (3.1) is meaningful, that
is, for every fixed test function ¢ € 7; we have
(i) u(=9,9 + L), uPp € L(S);
(i) uop(-,0) € LI(RV)
(provided that u satisfies properties (a);-(c),).
In fact, let », T > 0 be such that ¢ = 0 out of B, X [0, T). First of all we observe that, since
by property a); one has u € LP(B, X (0,T)), we immediately get

/ [uPe| dxdt < ||§0||Loo(s)// uP dxdt < +oo.
S B,x(0,T)

On the other hand, recalling that ¢ € 7;, using Proposition 2.3 (and taking into account the
explicit proof of this proposition given in [16, Theorem 9.4]) we derive that

C
|(_A)S(x — (p(x, t))l < m l[O,T)(t) for every (x, t)es,

for some constant ¢ > 0 independent of ¢; as a consequence, since —d,¢ — Ag is (smooth and)
supported in B, X [0, T), and since u € L*((0, T); L,(RN)), we obtain

/ |u(—=0,¢ + Lo|dxdt
S

T
u
< u|6g0+Aqo|dxdt+c/ </ —dx)dt
/B,X(O,T) ! 0 RN 14 |x|N+2s

T
< C(”“”Ll(Brx(o,T)) +/ luC-, Ol dt)
0

< C(”””Ll(B,x(o,T)) + ”u”oo,(O,T),LS(RN)> < +oo,
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@)

3

where we have used the fact thatu € LP(B, x (0,T)) € L'(B, x (0,T)), and ¢ > 0 is a constant
(possibly different from line to line) only depending on ¢.
Finally, since u, € L*(RY) and ¢(-,0) € C°(RY), we immediately infer that
upp(-,0) € L'®RY).
Owing to the properties of p in Theorem 2.4, it is easy to check that also identity (3.2) is mean-

ingful (provided that u satisfies properties (a),—(b),). In fact, since by assumption we have
uy € L®(RN), for every x € RN we get

0< /N p(x = Y)ug(y) dy < llugll ooy /N pi(x —y)dy = llugll Loy < +00.
R R

Moreover, since by property a), we also have u € L*(S), for every (x, t) € S we get

0< // P (x = yuf(y,r)dydr
Si (3.3)

t
ity [ ([ el =92y Yo = 0 < oo
0 R

We explicitly note that the definition of mild solution comes from the representation of the
unique solution of the L2-Cauchy problem for £ discussed in the previous paragraph: indeed,
our Cauchy problem (1.1) can be rewritten as

du=—Lu+f inRNx(0,+00)
u(x,0) = uy(x) forevery x € RV;

where f = uP; hence, by the ‘representation formula’ (2.11) we should have
wr)= [ pou0d+ [ b= 9re)dvs
R S,

which is precisely formula (3.2) (with f = uP). B
In the particular case when u, € L®(RN) n L2(RN), if u € C(S) N L*(S) is any mild solution
of the Cauchy problem (1.1) it is easy to recognize that

u(x,0) = uy(x) forevery x € RN,

Indeed, since u, € L*(RN), by exploiting property (P3) of the heat semigroup (e~'%),,,
together with the representation (2.7) and estimate (3.3), we get

lim u(x,1/n)
n—+oo

= lim ( [ vt =ymmay+ [ pl/n_f(x—wup(y,r)dydr)
n—+oo RN Sl/n
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Jim_ ( /R B = Y 0) dy)

lim (/™ uy)(x) = uy(x)  forae. x € RN

n—+oo

(up to a sub-sequence, since e~*£u, — u, ast — 07 in L2(RN)); thus, since u € C(S), we infer
that u(x,0) = uy(x) for (a.e.) x € RN. In particular, by modifying u, on a set of zero Lebesgue
measure if needed, we conclude that
uy, € C(RYN) and u(x,0) = uy(x) for every x € RN,
(4) Owing to the properties of the heat kernel p in Theorem 2.4, and adapting the approach in
the proof of [2, Lemma 2.1], it is not difficult to recognize that any mild solution of problem
(1.1) is also a very weak solution.

3.2 | The main result

Now we have properly introduced the two types of solutions for the Cauchy problem (1.1) we are
interested in, we are finally ready to state the main result of this paper.

Theorem 3.3. Letu, € L®(RN), u, > 0, and let 1 < p < co. We define

=1+

z|5

Then, the following facts hold.

(1) (Nonexistence)If1 < p < p, there do not exist global in time very weak solutions to the Cauchy
problem (1.1) with uy # 0.

(2) (Global existence) If p > p, there exist 8,, T, > 0 such that the Cauchy problem (1.1) possesses at
least one global in time very weak solution, provided that

Ug(x) < 8y p, (x), forae x € RN, (3.4)
Remark 3.4. A careful inspection of the proof of Theorem 3.3-(1) will show that for u, = 0 there
exists a unique very weak solution identically vanishing. We stress that uniqueness results when
u, > 0 are not yet available, at least to the best of our knowledge.
Remark 3.5. As it will be clear from the proof of Theorem 3.3-(2), the solution we are able to
construct in the case p > p, when u,, # 0, is actually a mild solution to the Cauchy problem (1.1).

4 | PROOF OF THEOREM 3.3

In this section we provide the full proof of Theorem 3.3. To ease the readability, we establish the
two assertions (1) and (2) (nonexistence and global existence) separately.
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Proof of Theorem 3.3-(1) (Nonexistence). Let 1 < p < p be fixed, and suppose that there exists a
very weak solution of the Cauchy problem (1.1) (in the sense of Definition 3.1, and for some initial
condition u, € L*(RN), u, > 0). We then aim at proving that

u=0a..inS. (4.1)

Once we know that (4.1) holds, from (3.1) we infer that

/ uo(x)cp(x,O)dx=//u(—atcp+£cp)dxdt—//upgodxdt=0 VoeT,
RN s s

for which we derive that u, =0 a.e. in RN. Hence, we turn to establish (4.1). To this end, it is
convenient to distinguish the following two cases:
@l1l<p<p and ®)p=p.
Case (a). To begin with, we choose two functions { € Cg"(lRN ), P € C”(Rg) such that

(i) { =1onB;, and { =0 out of By;
(i) p=10n]0,1/2)and ) = 0on [1,+o0);
(i) 0<¢ P <L,

Then, we arbitrarily fix r > 1, and we define

£(x) = g'"(f), ¢ () = ¢’"(#)
2p

where m : = .
p-1

Since, obviously, we have ¢(x, t) = §,.(x)¢,(t) € T, we are entitled to use this function ¢ as a test
function in (3.1): recalling that (by assumption) u, > 0 a.e. in RY, this gives

//up(pdxdt=//u(—6t§0+£¢)dxdt—/ uy(x)€,.(x) dx
S S RN

< //S u(—9,9 + Ly)dxdt (4.2)

= //Su(_graﬁﬁr - ¢rA§r + ¢r(_A)s§r) dxdt.

We now turn to estimate the right-hand side of the above inequality.
To this aim we first observe that

(i) AL, = mr 2 [$™AS + (m — 12| VP (x /r);

(4.3)
(ii) 0,4, = mr=>[p"~16,3| (t/r™).
Moreover, since the function G(z) = z™ is convex, by [48, Lemma 3.2] we have
(—8)°, = (~A(Go(x = {(x/r)) < m¢™ (X ) (=AY (x = ¢(x/r)
(4.4)

= TSN/ IIAY I/ )
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Thus, by combining (4.3) and (4.4) (and since r > 1), we obtain

- gratqbr - ¢rA§r + ¢r(_A)s£r < |§rat¢r + ¢rA§r| + ¢r(_A)S§r

m—2

cr‘zs(g“(x/r)gb(t/rzs))m_2 =cr o m (4.5)

V/A)

— cr‘zsgol/P,

where we have also used the fact that (-A)’¢ € S, (as ¢ € C° (RN), see Proposition 2.3).
With estimate (4.5) at hand, we can easily conclude the proof of (4.1): indeed, by combining the
cited (4.5) with the above estimate (4.2), and by using Holder’s inequality, we get

//upgo dxdt < cr‘zs//ugol/lJ dx dt
s s

(since ¢ is supported in B, X [0, r%))

r2s
=cr'25/ / up'/P dx dt
o JB,
_ = 1/p
<cr 25+(2s+N) B (/upgodxdt> :
s

as a consequence, since ¢ = 1 on B, /2 X [0,725/2), we obtain

r23/2 N+25—2i
/ / uP dxdt < //upgo dxdt < cr p-1, (4.6)
0 B,/ s

On the other hand, since we are assuming that 1 < p < p, we have

28
N+2$——ﬂ<0;

then, by letting r — +o0 in the above (4.6) and by using the Monotone Convergence Theorem
(recall that r > 1 was arbitrarily fixed, and u > 0 a.e. in S), we derive that

//updxdt:O,
s

from which we conclude that u = 0 a.e. in S, as desired.
Case (b). In this case, we use some ideas exploited in the proof of [22, Theorem 1].
First of all we observe that, if p = p, we have

-1
& 1= 25+ (2s +N)pT =0; 4.7)

thus, by arguing as in Case (a), by (4.6) and (4.7) we get

r2 /2
/ / uPdxdt <c,
0 Br/2
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for some constant ¢ > 0 independent of r. In particular, by letting r — +o00 and by using the
Monotone Convergence Theorem, we can infer that u € LP(RN x (0, +0)).
We now define, for any r > 1, 8 > 1, the functions

o) i=em(£), a0 =vn(),

where ¢,9 and m are as in the previous case. Clearly, p(x, ) = §, 5(x)$,(t) € T;, so we can use
this function ¢ as a test function in (3.1): since u, > 0, this gives

//Supqo dxdt = //Su(—a,¢+£§0)dxdt—/RN uy(x)E, (x) dx

< //Su(—atgo + Lo)dx dt (4.8)

= //Su(—gr,ﬁé,qb, — gbrAé'rﬁ + ¢r(—A)S§’r’ﬁ) dxdt.
Moreover, by arguing exactly as in Case (a), we have the estimate
(i) 188, 5(X)| < e(Br) 2/ (x)  for every x € RY;
(i) (—A)°E, 5(x) < c(ﬁr)_zsé'rl’ép(x) for every x € RV; (4.9)

(iii) 18,¢, (1) < er 2/ P(1) - L2 jppcr2s(t)  forevery t > 0;

By combining (4.8) and (4.9), and by using Holder’s inequality, we then get

//upcp dx dt
s

<er ™ //Suqb}/p&'rﬁ g i opasy(t) dx dt + c(Br)™ //Su§r1’gp¢,(t) dx dt

1 1
5, Ne-D r2s P 5 25+ N@D r2s P
<crPfp /ZS / uPdxdt | +crp P / / uP dxdt
= B 0 B
1
Ne-v [ pr® = i P
=cf » / / uP dxdt +cf P / / uPdxdt | ,
r2s
T B 0 JBg

where we have used the fact that § = 0, see (4.7).
In particular, since = 1 on B X [0, r?s /2), we obtain
2

r2 /2
/ / uPdxdr < //upgodxdt

N(p=1) r2s p
5 p
<cB » /ZS / uP dxdt
= B

A

(4.10)

1
_ N(p-1) P
+cg <//updxdt>p.
S
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With (4.10) at hand, we can finally complete the proof of (4.1) in this case. In fact, since we have
already recognized that u € LP(RN x (0, +c0)), for any fixed 8 € (1,r) we have

r2s
s

lim/ / uP dxdt
r—+co [r2 B
Br

2

25 2
lim / / uP dxdt — lim / ’ / uP dxdt (4.11)
r—+o00 0 Bﬁr r—+oo 0 Bﬁr
+oo +0o0
/ / updxdt—/ / uPdxdt =0.
0 RN 0 RN

On the other hand, since p = p, we also have

LNp=D 2=

—2s (4.12)
p
By virtue of (4.11) and (4.12), letting r — +o00 and then § — +o0 in (4.10), we obtain
] uP dxdt =0,
s
from which we deduce that u = 0 a.e. in S, as desired. O

Proof of Theorem 3.3-(2) (Global existence). We adapt to the present situation the line of arguments
of the proof of [45, Theorem 1.1]. Let (3.4) be in force for some &, 7, > 0 to be chosen later on, and
let us introduce the following notation:

(o, 1) := /R Ry dy (@13)
and
du(x,y) := ﬂt pi_.(x —y)uP(y,7)dydr. (4.14)
Thanks to (3.4), we have that
y(x, ) < 8, /R R = P ()Y = 8y Py, ()

where in the last step we used Theorem 2.4-(4).
Exploiting (4.13), we now define the recursive sequence of functions (i, ),,cy as

Uy (X, ) 1= Tg(x, t) + @i, (x, £). (4.15)
By induction, we can prove that (i, ),,cy iS monotone increasing. Indeed,

7y (x,t) = tig(x, t) + Pidy(x, t)

= flg(x, 1) + //S Pi—c(x — )iy (v, 7) dydt > y(x, 1),
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p

41> We have

and, assuming #,, > @ and hence @i} > @

n—1»

Ty, (x, 8) = Tig(x, t) + @it (x,t) = dy(x,t) + “// P (x— y)ﬂﬁ(y, 7)dydt
Sy
> a0+ [ e Dl 0.0 dvde = 1,0
S,

In order to properly choose &, > 0, we further define the increasing (since §, > 0) sequence of
real numbers (5,,),,y aS

Spq1 1= 8o+ 0,

If we choose §, > 0 small enough, the sequence (§,,),cy is convergent, and therefore there exists
M € R such that

8, <M foreveryn eN. (4.16)
Our next goal is to choose 7, > 0 such that

i, (x,t) <6, ptﬂo(x), for every (x,t) € S and for every n € N. (4.17)

Before proceeding by induction, recalling that p>p =1+ % and thanks to both (2.10) and
Theorem 2.4(4), we note that

[ pecte =t ) dvae
‘ (4.18)

+o0
<crt Pt+ro(x)/ (t+ To)_N(p_l)/(zs)dT < pt+fo(x)’
0

provided that 7, > 0 is large enough, namely

N(p—1 25/(2s—N(p-1))
s (e (M )

Let us now go through the induction procedure. First,

me) = ) + | v Ge— b dyde

< 8o Prae, () + 87 //5 PicCr = P, () dyds

< (80 + 8 ) Pz, () = 6y Pre, ().
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Now, assuming that (4.17) holds for a certain n € N, it follows that
T, (x, 1) = d(x,t) + // P (x — y)a,f(y, T)dydrt
St

<8 pt+f0(x) + 55 // P (x— Y)Pf+T0(y) dydt
S

< (50 + 55)pr+ro(x) = 5n+1 pT+TO(x)’

where we exploited once again (4.18).
Combining (4.17) and (4.16), we find that

t,(x,t) <M pHTO(x), for every (x,t) € S and for every n € N.

Let us now consider the function u := supii,. By monotone convergence, u satisfies (3.2) and
therefore u is the desired global mild solution to (1.1). In view of Remark 3.2(4), u is also a global
in time very weak solution to (1.1). This closes the proof. O
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