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1 Introduction

Phenomenologically attractive string compactifications can be obtained by turning on back-
ground fluxes [1–5]. In the type IIB setting, the effect of fluxes is to stabilise the complex
structure moduli and axio-dilaton [5]. Furthermore, in type IIB there are various scenarios
for the stabilisation of the Kähler moduli [6–17]. This has made type IIB flux compactifi-
cations the setting for various detailed phenomenological explorations.

The introduction of fluxes also leads to the possibility of a large multitude of solutions.
Apart from construction of detailed models, string phenomenology involves developing an
understanding of the broad properties of vacua. The later has motivated the statistical
approach to string phenomenology [18–23] (see also [24–49]). The distribution of the scale of
supersymmetry breaking in the space of string vacua is of course of much interest (see [25,
39–44] for early work in this direction). The goal of this paper is to study the joint
distribution of the gravitino mass (which sets the scale of supersymmetry breaking in the
visible sector in these models) and the cosmological constant in the two most well developed
scenarios for Kähler moduli stabilisation in type IIB: KKLT [6] and LVS [7] models. In
addition to the scenario for moduli stabilisation, the quantities of interest also depend on
the uplift sector of the models. This paper will focus on models where the uplift sector is
an anti-brane at the tip of a warped throat1 (as in the construction of [6]).

The key ingredients for our analysis will be moduli stabilisation and a systematic
incorporation of the effect of the anti-brane via the nilpotent goldstino formalism. Let us
describe them in detail.

1There has been much discussion in the literature on the (meta)stability of anti-D3 branes in warped
throats, see e.g. [50–66].
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• Incorporation of moduli stabilisation (both complex structure and Käh-
ler): the values of the cosmological constant and the gravitino mass (and other
observables) in a vacuum are determined by the expectation value of the moduli
fields. Thus, in order to study the distribution of observables, it is important to
incorporate moduli stabilisation and compute the distributions sampling only over
points corresponding to the minima of the moduli potential. Early statistical analysis
of observables incorporated the stabilisation of complex structure moduli; the impor-
tance of Kähler moduli stabilisation was instead emphasised recently in [45]. Here,
the effect of Kähler moduli stabilisation on the distribution of the gravitino mass was
studied. It was found that this has a significant effect on the statistics. Following [45]
we will sample only over points corresponding to minima of the moduli potential.

• Incorporation of the uplift sector: in both KKLT and LVS, a crucial contribution
to the cosmological constant comes from the so-called uplift sector. Before the in-
corporation of this sector into the effective action, the vacua obtained are necessarily
AdS. Furthermore, the cosmological constant and the gravitino mass are correlated in
these vacua. Before considering the uplift sector, KKLT vacua are supersymmetric.
Thus (setting MP = 1)

V̂KKLT = −3m̂2
3/2 , (1.1)

where the hat indicates a quantity computed in the effective field theory before adding
the uplift sector. Similarly for LVS vacua (before uplifting)

V̂LVS ' −m̂3
3/2 , (1.2)

The relations (1.1) and (1.2) are broken solely due to introduction of the uplift sector.
Thus it is crucial to incorporate it while computing the joint distribution of the
cosmological constant and the gravitino mass.2

Of course, there are various effects that can lead to an uplift. We shall focus on
an anti-D3 brane at the bottom of a warped throat. The reasons for this are the
following:

– The nilpotent superfield formalism: the nilpotent superfield formalism al-
lows for explicit computation of the effect of an anti-D3 brane in a warped
throat. The effects of the anti-brane are captured by the introduction of a
nilpotent chiral superfield X such that X2 = 0 (see for instance [67–72] and
references therein). X has a single propagating component, the Volkov-Akulov
goldstino [73], and supersymmetry is broken by its F-term. The effective cou-
plings of such a field X were studied in [74–83] and the KKLT uplifting term
was reproduced within the supergravity framework in [84–86]. Finally, in [86]
explicit string constructions were presented in which an anti-D3-brane at the
bottom of a warped throat has only the goldstino as its light degree of freedom,
justifying the use of the nilpotent field X to describe the anti-brane. Soft masses
in KKLT and LVS were computed using this framework in [87].

2Reference [45] focused on the gravitino mass distribution before the inclusion of the uplift sector.
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– Distribution of throat hierarchies: for uplift with anti-D3 branes in warped
throats, the magnitude of the uplift term is set by the hierarchy associated
with the warped throat. Thus an understanding of the distribution of throat
hierarchies is needed to understand the distribution of physical observables in
this setting. The distribution of throat hierarchies has been studied in detail
in [33]. We will make heavy use of these results.

Our main finding is that the distribution of the gravitino mass at zero cosmological
constant is tilted towards lower values. This is not the same as the result of [40] (see
also [39]) which carried out generic estimates on supersymmetry breaking F- and D-terms
and concluded that there is a preference for high scale breaking. Note that this result
is different also from the one of [45] which found a logarithmic preference for high scales
of supersymmetry breaking after stabilising the Kähler moduli but before uplifting. The
difference arises due to the presence of the relations (1.1) and (1.2) and the form of the
distribution for throat hierarchies. Our results should not be taken as giving the generic
picture for string vacua. In fact, in some class of models such as [88] high scale breaking is
essentially in-built. At the same time, we find it very interesting that the best understood
models have distributions favouring lower masses of the gravitino.

This paper is organised as follows. In section 2 we review some material that will be
needed for our analysis. In section 3 we compute the joint distribution for the gravitino
mass and cosmological constant in LVS and KKLT models with anti-D3 brane uplifting.
We discuss our results and conclude in section 4. We will closely follow the notation and
conventions of [87].

2 Review

In this section we review material that will be needed for our analysis. We will touch
upon 3 topics: (i) warped throats in type IIB flux compactifications, (ii) the statistical
distribution of parameters that appear in the effective field theory of the Kähler moduli,
and (iii) the nilpotent goldstino formalism.

2.1 Warped throats in IIB flux compactifications

In this subsection we review some aspects of warped throats in flux compactifications that
will be useful for this paper. Type IIB flux compactifications have 3-form fluxes (NSNS
and RR) threading the 3-cycles of an orientifolded Calabi-Yau (CY). The back-reaction of
fluxes has the effect of generating warping (as in [89]). The 10D metric takes the form [2, 5]

ds2
10 = e2A(y)ηµν dxµ dxν + e−2A(y)gmn dym dyn , (2.1)

where e2A(y) ≡ h−1/2(y) is the warp factor and gmnthe CY metric. The warp factor satisfies
a Poisson-like equation which is sourced by 3-form fluxes and localised objects carrying D3-
charge. For non-vanishing fluxes, the warp factor varies over the compact directions. The
warp factor acts like a redshift factor for the objects localised in the compact directions.
In regions where e−2A is large, it can be used to generate hierarchies in physical scales.
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Regions of large warping arise when fluxes thread the 3-cycle associated with a conifold
modulus and its dual cycle. The geometry in this region is close to that of the Klebanov-
Strassler (KS) throat [90]. Our primary interest will be in the regime in which the warp
factor is almost constant over the whole compact space, except for a single throat where
the geometry is highly warped.

As pointed out in [91], a constant shift of e4A maps solutions of the Poisson equation
to solutions, and this freedom is to be identified with (a power of) the volume modulus.
Furthermore, a pure scaling of the CY metric ds2

CY to a unit-volume fiducial metric ds2
CY0

,
given by ds2

CY → λds2
CY , implies a rescaling of the warp factor e2A → λe2A, and hence

has no effect on the physical geometry. Given this, a useful parametrisation of the 10D
geometry is

ds2
10 = V1/3

(
e−4A0 + V2/3

)−1/2
ds2

4+
(
e−4A0 + V2/3

)1/2
ds2

CY0 , (2.2)

which is equivalent to:

ds2
10 =

(
1 + e−4A0

V2/3

)−1/2

ds2
4+
(

1 + e−4A0

V2/3

)1/2

ds2
CY . (2.3)

The factor
(
1 + e−4A0

V2/3

)−1/4
≡ Ω is the redshift factor. In a highly warped region, e−4A0 �

V2/3 and Ω ∼ eA0V1/6 � 1. It is important to keep the following in mind:

1. In highly warped regions generated where the local geometry of the underlying CY
is close to that of a conifold, the spacetime metric is close to the KS geometry:

ds2
10 = e2A(r) ds2

4 + e−2A(r)
(
dr2 + r2 ds2

T 1,1

)
, (2.4)

The presence of the fluxes resolves the conifold singularity, and one has a minimal
area 3-sphere at the bottom of the throat. The warp factor takes its minimal value
on this 3-sphere [5]

e4Amin ∼ e−
8πK

3gsM ≡ y , (2.5)

where gs is the string coupling and K and M are the integral fluxes that thread the
3-sphere and its dual cycle.

2. The hierarchy in (2.5) is related to the value at which the (shrinking) conifold modulus
|z| is stabilised [5]. They are related as follows:

y = |z|4/3.

Note that this relation implies that the statistical distribution of the stabilised value
of |z| determines the distribution of the hierarchy y.

3. The warped volume VW which relates the 10D and 4D Planck masses is given by

VW =
∫

d6y
√
gCY e

−4A = V
∫

d6y
√
gCY0

(
1 + e−4A0

V2/3

)
∼ V , (2.6)
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where the last approximation is valid if the volume of the throat region is small
compared to the (large) CY volume. Note that the warped volume remains finite
even when regions of large warping are present. This is related to the finiteness of
the Kähler potential in the complex structure moduli space.

4. The 10D action of an anti-D3 brane can be used to compute its contribution to the 4D
scalar potential. This crucially depends on the anti-D3 position ~rD3 in the internal
dimensions, i.e. whether it is in a warped or unwarped region:

VD3 = 2T3

∫
d4x
√
−g4 ∼

2M4
s V2/3

e−4A(rD3) + V2/3 ∼
{

e4A(rD3)

V4/3 for e−4A(rD3) � V2/3

1
V2 for V2/3 � e−4A(rD3) (2.7)

where T3 is the tension of the brane.

5. Note that in the absence of warping one has a string scale contribution to the potential
which typically will lead to a run away. Thus warped throats are necessary to obtain
stable vacua in the presence of anti-D3 branes. On the other hand, a large volume
is necessary to keep the α′ expansion valid. In the presence of both large warping
and large volume it is important to understand the interplay between these two large
quantities and the regime of validity of the effective field theory. This has been
analysed in detail in [12, 91, 92]. One finds the requirement

e−A0 � V2/3 � e−4A0 . (2.8)

We emphasise that in the very large radius limit, i.e. V2/3 � e−4A0(y) at all points in
the compact directions, the metric becomes the standard unwarped CY metric ds2

10 =
ds2

4+V1/3 ds2
CY0

= ds2
4+ds2

CY . In this limit there are no throats, and hence this region
of moduli space is not appropriate if one wants to uplift KKLT and LVS AdS vacua.

2.2 Distributions of W0, string coupling and hierarchy of throats

As emphasised in the introduction, the properties of a string vacuum are determined by
the values at which moduli are stabilised. Our focus will be on KKLT and LVS models.
Here fluxes stabilise the complex structure moduli. The Kähler moduli continue to remain
flat after the introduction of fluxes. The stabilisation of the Kähler moduli can be studied
in a low energy effective theory where the complex structure moduli are integrated out.
Although the number of fluxes can be large, their effect on the low energy effective field
theory of the Kähler moduli is encoded in terms of a small number of parameters. For the
observables that interest us, these are: the expectation value of the Gukov-Vafa-Witten
superpotential W0, the dilaton gs and the hierarchy associated with the bottom of the
warped throat y. The statistical distributions of these quantities will serve as input for
determining the distributions of the observables. The distributions of W0, gs and y have
been well studied. Below, we describe them.

• The expectation value of the Gukov-Vafa-Witten superpotential W0 is uniformly
distributed as a complex variable [21] and physical quantities will be functions of |W0|.
Given the flat distribution of W0, the distribution for |W0| is proportional to |W0|.
The distribution of W0 and its physical implications were analysed in detail in [93].
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• The distribution of the dilaton is known to be uniform [20, 21]. In terms of the
axio-dilaton S = s− iC0 with s = 1/gs

dN = dS
s2 , (2.9)

where dS = ds dC0 is the integration measure over the axio-dilaton. This has been
confirmed by various numerical and analytic studies (see e.g. [45, 94]).

• Finally, we turn to the hierarchy y. As discussed in section 2.1, the hierarchy is de-
termined by the vacuum expectation value of the shrinking conifold modulus |z|. The
distribution for |z| (as determined by stabilisation from fluxes) was studied in [21].
The fraction of vacua in which the conifold modulus takes value below |z| was found
to be

f(|z|) = − C

ln |z| , (2.10)

where C is a positive constant. The corresponding density is

N (|z|) d|z| = C d|z|
|z|(ln |z|)2 . (2.11)

It is important to keep in mind that the singularity in the density for small |z| is
benign. Arbitrarily small |z| corresponds to arbitrary large fluxes, which would be
in conflict with the D3-tadpole cancellation condition. The statistical description is
expected to break down before the singularity. Related is the fact that the fraction
of states as given in (2.10) vanishes in the limit of |z| → 0. Although, note that there
is a significant enhancement of states in comparison with the expectation from the
canonical metric of C.

This distribution was used to study the distribution of throat hierarchies and the ex-
pectations for the number of throats in [33]. It was found that throats are ubiquitous.

Before closing this subsection, we would like to record an important point in the
analysis of [33] which will be useful for our study. It was argued in [33] that if one is dealing
with a CY with a large number of flux quanta, the joint distribution of 2 (or a small number
of) quantities which are not related through a functional relation is proportional to the
product of the 2 individual distributions. For example, if one considers 2 conifold moduli
|z1| and |z2|, then these are determined by independent fluxes (hence are functionally
independent), and so the joint distribution is

N (|z1|, |z2|) d|z1| d|z2| ∝ N (|z1|)N (|z2|) d|z1| d|z2| . (2.12)

Similar considerations also apply when one is considering the joint distribution of a conifold
modulus and a quantity that is a function of a large number of fluxes. The product
structure in the joint distribution essentially follows from the fact that when there is a
large number of fluxes, fixing one quantity should not affect the distribution of another
quantity significantly unless there is a functional relation between them. See [33] for a
more detailed discussion.
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2.3 Effective field theory of the nilpotent goldstino

Spontaneous supersymmetry breaking in (effective) supergravity theories leads to the
super-Higgs effect — the gravitino eats the goldstino to become massive. If this phe-
nomenon takes place at energies which are low compared with the Planck mass, the gold-
stino couplings can be described by making use of a (constrained) independent superfield.
Supersymmetry is then non-linearly realised as in the Volkov-Akulov formalism. There
are several approaches to describe the low energy dynamics of the goldstino in terms of
spurion or constrained superfields (see for instance [71] and references therein). Our focus
will be on the approach where the goldstino is described in terms of a chiral superfield
X that is constrained to be nilpotent, i.e. X2 = 0. This has the ingredients necessary to
describe supersymmetry breaking induced by the presence of an anti-D3 brane at the tip
of a warped throat in flux compactifications [84–86].

The effective field theory involving a nilpotent chiral superfield X can be described in
terms of a Kähler potential K, a superpotential W and a gauge kinetic function f whose
general forms are:

K = K0 +K1X + K̄1X̄ +K2XX̄, W = ρX + W̃ , f = f0 + f1X, (2.13)

where K0, K1, K2, ρ, W̃ , f0, f1 are functions of other low energy fields. Higher powers of
X are absent in K and W since X2 = 0. The nilpotency condition implies a constraint on
the components of X. Expanding X in superspace

X = X0(y) +
√

2ψ(y)θ + F (y)θθ̄ , (2.14)

(where as usual, yµ = xµ + iθσµθ̄), X2 = 0 implies

X0 = ψψ

2F . (2.15)

Thus unless the fermion ψ condenses in the vacuum, the vacuum expectation value of X0
(the scalar component of X) vanishes.

For an anti-D3 brane at the bottom of a warped throat of a type IIB flux compact-
ification, the description in terms of X is very convenient. It allows to treat its effects
in terms of supergravity: its contribution to the scalar potential, the gravitino mass and
the couplings to moduli and matter fields are easily obtained. It was shown in [86] that
nilpotent superfield(s) capture all degrees of freedom of an anti-D3 brane when it is placed
on top of an orientifold plane. The presence of the fluxes and the orientifold projection
leave the massless goldstino as a low energy propagating degree of freedom, in keeping with
the use of a nilpotent superfield X to describe the system. The simplest example is that
of an O3-plane and an anti-D3 brane at the bottom of a warped throat. In this case, there
is no modulus associated with the position of the anti-D3 brane (in contrast to the case of
D3-branes in the bulk). This corresponds to the fact that the scalar component of X is not
a propagating field. Furthermore, there is no contribution from X0 to the scalar potential
and it can be consistently set to zero while looking for vacuum solutions.

Next, let us turn to the form of the Kähler potential and superpotential in (2.13).
In the case of a single Kähler modulus T (T = V2/3 + iψ ≡ τ + iψ is a complex field
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obtained by pairing the volume modulus and its axionic partner), the functions W̃ and
ρ have no dependence on T at the perturbative level, as a result of holomorphy and the
Peccei-Quinn shift symmetry T 7→ T + ic. The zeroth order term in the Kähler potential
of (2.13), K0 = −2 lnV is invariant (up to a Kähler transformation) under the full modular
transformation T → (aT − ib)/(icT + d) (which is a generalisation of the shift symmetry).
If X transforms suitably, i.e. as a modular form of weight κ, the quadratic coefficient takes
the form K2 = βτ−κ (where β is a constant). Moreover, if the term linear in X is absent,
the only contribution of X to the F-term potential is a positive definite term:

Vup = eKK−1
XX̄

∥∥∥∥∂W∂X
∥∥∥∥2

= |ρ|2

τ3−κ . (2.16)

This precisely coincides with form of the contribution of an anti-D3 brane at the tip of a
warped throat with hierarchy |ρ|2

/
β as computed from direct dimensional reduction (see

equation (2.7)), if the modular weight is κ = 1.3 Since the anti-D3 brane is localised at a
particular point in the compactification manifold, direct couplings to gauge fields located
at distant D3 or D7-branes are difficult. This implies the absence of terms linear in X in
the gauge kinetic functions. In summary, at leading order in the α′ expansion the effective
field theory is specified by:

K = −2 lnV + β
XX̄

τ
, W = W̃ + ρX, f = f0 , (2.17)

where c, ρ, W̃ , f0 are constants and |ρ|2/β is identified with the hierarchy y as defined
in (2.5), i.e. y = |ρ|2/β. Furthermore, the superpotential only receives non-perturbative
corrections. Nilpotency of X implies that the Kähler potential in (2.17) can be written as:

K = −3 ln
(
τ − β

3XX̄
)
. (2.18)

Note that in the regime where the effective field theory is valid, i.e. when the anti-D3 brane
is at the tip of a warped throat, the X superfield couples to T in the Kähler potential in
the same way a superfield φ describing the D3-brane matter fields,4 i.e. [95, 96]

KD3 = −3 ln
(
τ − α

3 φφ̄
)
∼ −2 lnV + α

φφ̄

τ
+ · · · , (2.19)

where the dots indicate terms which are higher order in the 1/τ expansion. It is then
natural to conjecture [87] that the only effect of X in the Kähler potential is to shift the
Kähler coordinate T in the same way as the field φ does. This was called the log hypothesis,
as it leads one to write the XX̄ term inside the log as in (2.18).

3If κ = 0, one has a (T + T̄ )−3 dependence which corresponds to an anti-D3-brane in an unwarped
region. The magnitude of the term is of order the string scale Vup ∼ M4

s , which if included in the low
energy theory, would lead to a runaway potential.

4Here and in the following we will take a simplified model where we write down only 1 of the 3 complex
superfields describing the D3-brane positions. Adding the other 2 would only complicate the expressions
without altering our results.

– 8 –



J
H
E
P
0
1
(
2
0
2
3
)
0
1
3

When both D3-branes and anti-D3-brane are present, generically the Kähler potential
can be written as

K = −2 lnV + α
φφ̄

τµ
+ β

XX̄

τκ
+ γ

XX̄ φφ̄

τ ζ
+ · · · , (2.20)

with modular weights µ = κ = 1 as discussed above. Moreover, if φ and X have modular
weights µ and κ respectively, the modular weight for the XX̄ φφ̄ term should be ζ = µ+κ.
In this case, ζ = 1 + 1 = 2. This agrees with the log hypothesis, i.e. a Kähler potential of
the form

Kno−scale = −3 ln
(
τ − α

3 φφ̄−
β

3XX̄
)
. (2.21)

In fact, expanding this in powers of 1/τ , one obtains (2.20) with the condition that γ = αβ
3 .

The Kähler potential in (2.21) is of the standard no-scale form [97, 98].
We conclude this subsection with comments relevant for the computation of soft

masses. In the KKLT scenario, the low energy effective theory is usually written in terms
of the fields with masses of order or below the gravitino mass. These include massless chiral
fields (arising as excitations of open strings) and the Kähler moduli. Supersymmetry is
broken at the minimum of the scalar potential. Both the F-term of X and the F-term of
T are different from zero (with F T � FX). Thus, the goldstino is a combination of the
fermion in X and the fermion in T . In LVS, even in the absence of the anti-brane, the
overall volume modulus Tb breaks supersymmetry (F Tb 6= 0). Inclusion of the nilpotent
superfield in the effective action allows one to consider the breaking of supersymmetry
induced by fluxes and supersymmetry breaking by the anti-brane on equal footing. Again,
the goldstino is a combination of the fermion components of X and of the moduli. Although
the dominant component is usually the one from the Tb-field, for sequestered models the
X component is relevant and its contribution to the soft terms must be accounted for.

3 Joint gravitino mass and cosmological constant distribution

In this section we will evaluate the joint distribution of the gravitino mass and the cosmo-
logical constant for KKLT and LVS models with anti-brane uplifting. As described earlier,
we will make use of the distributions of the axio-dilaton, W0 and y (the hierarchy) to eval-
uate these. We start by writing the expression for the number of vacua in an infinitesimal
volume in these coordinates. Making use of the results discussed in section 2.2, we have

dN = η|W0|
y(ln y)2s2 d|W0| dS dy , (3.1)

where we have made use of the fact that the hierarchy is related to the size of the shrinking
conifold modulus by y = |z|4/3 (dS is the measure for integration over the axio-dilaton:
dS = ds dC0). We have also taken the number of fluxes to be large, so justifying the
factorised form of the density. In both KKLT and LVS the cosmological constant and the
gravitino mass can be expressed in terms of |W0|, y and s. We will use these expressions
to carry out a change of variables in (3.1). This will provide us with the required densities.
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3.1 KKLT

With the complex structure moduli and the dilaton stabilised by fluxes, we will take the
low energy fields to be the Kähler moduli, chiral matter and the nilpotent superfield. For
simplicity, we will consider one Kähler modulus T and matter fields living on D3-branes
which we will collectively denote as φ. Then

K = −2 lnV + K̃i φφ̄+ Z̃i XX̄ + H̃i φφ̄ XX̄ + . . . , (3.2)

where K̃i and Z̃i are the Kähler metrics for the matter field on D3-branes and the nilpotent
goldstino. H̃i is the quartic interaction between the matter field and the nilpotent goldstino.
As per the discussion in section 2.3, these are

K̃i = α

τ
, Z̃i = β

τ
, H̃i = γ

τ2 , (3.3)

where the scaling of K̃i with τ is due to the modular weight of the matter field on D3-
branes [99, 100]. The superpotential is

W = W0 + ρX +A e−aT , (3.4)

where we have included a non-perturbative contribution in T which is needed to stabilise
the Kähler modulus. The KKLT construction requires |W0| � 1 (see e.g. [19, 101–104]
and references therein for recent works on explicit construction of vacua with low values of
|W0|). We will study the statistical distributions for fixed values of a and A.

Recall that the supergravity scalar potential is determined in terms of the Kähler
potential and the superpotential as

V = eK
(
KIJ̄DIWDJ̄W̄ − 3|W |2

)
with DIW = ∂IW +KIW , (3.5)

where the indices I and J run over the chiral superfields T, φ,X. KIJ̄ is the inverse of the
matrix KIJ̄ ≡ ∂I∂J̄K and KI ≡ ∂IK. It is often convenient to write (3.5) as

V = F IFI − 3m2
3/2 , (3.6)

where FI ≡ eK/2DIW and F I ≡ eK/2KIJ̄DJ̄W̄ are the F-terms. The gravitino mass is
instead given by m3/2 ≡ eK/2|W |.

By making use of (3.2) and (3.4) in (3.5), one finds

V = (VKKLT + Vup) + 2
3

(
(VKKLT + Vup) + 1

2Vup

(
1− 3γ

αβ

))
|φ̂|2 , (3.7)

where the scalar component of the nilpotent field is set to zero (assuming no condensation
of fermions). VKKLT is the KKLT potential in the absence of the uplifting term:

VKKLT = 2 e−2aτaA2

s V4/3 + 2 e−2aτa2A2

3s V2/3 − 2 e−aτaA W0
s V4/3 . (3.8)

To reduce clutter in the equations we have followed the standard practice of writing both
W0 and A real and positive. For general values ofW0 and A the expression for the potential
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can be obtained from the above by takingW0 → |W0| and A→ |A|. We have also neglected
the overall contribution from the Kähler potential for the complex structure moduli which is
an order one multiplicative factor. The imaginary part of T (the axion ψ) has its minimum
at ψ = π/a. This is responsible for the negative sign in the third term in (3.8). The uplift
term Vup arises from FXFX and is given by

Vup = ρ2

2βsτ2 ≡
y

2sτ2 with y = ρ2

β
. (3.9)

The third contribution in (3.7) is proportional to |φ̂|2 with φ̂ denoting the canonically
normalised matter scalar field φ. This contribution corresponds to its soft mass. For non-
tachyonic scalars, the vacuum expectation value of φ̂ would vanish, and so we will proceed
by setting φ̂ = 0. Soft masses will be discussed in section 4.5

Minimising the scalar potential, one finds that the following holds at the minimum

W0 = e−aτA

(
1 + 2

3aτ + y e2aτ

2a2A2τ

)
, (3.10)

where we have dropped subleading terms in the (aτ)−1 expansion multiplying the term
proportional to y. In what follows, we shall drop such subleading terms, but shall include
their effect in the numerical results that we will present later. Using (3.10) in the expression
for the scalar potential (3.7), its value at the minimum is found to be

Λ = −2e−2aτa2A2

3s τ + y

2sτ2 ≡
(
V

(0)
KKLT + Vup

)
. (3.11)

Note that the hierarchy y can be tuned to make the cosmological constant zero or extremely
small and positive. For a Minkowski vacuum one needs

y = 4
3 τ e

−2aτa2A2 . (3.12)

The gravitino mass becomes

m3/2 = eK/2|W | = 1√
2s

1
τ3/2

(
W0 −Ae−aτ

)
. (3.13)

Next, we turn to evaluating the joint distribution for the gravitino and cosmological con-
stant. For this, we will perform the change of variables (W0, y, S)→ (m3/2,Λ, S) in (3.1).
We need to compute the Jacobian of this transformation. The expressions for the cosmo-
logical constant and the gravitino mass ((3.11) and (3.13)) have explicit dependence on
(W0, y, s) and also implicit dependence via τ . To compute the partial derivatives of the
cosmological constant and the gravitino mass with respect to W0 and y we need to compute
the partial derivatives of τ with respect to these variables. Making use of (3.10), we find

∂τ

∂y
= − eaτ

2Aa2τf(τ) , (3.14)

5If the log hypothesis (2.21) holds, at leading order in the α′ expansion, the soft masses for D3-brane
matter vanish in KKLT. α′ corrections and anomaly mediation contributions are relevant. α′ corrections
always make a positive contribution to the square masses.
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with

f(τ) = Ae−aτ
(
−2

3a
2τ

(
1 + 1

2aτ

)
+ y e2aτ

2aA2τ

(
1− 1

aτ

))
. (3.15)

Now let us turn to the entries of the Jacobian. These are

∂m3/2
∂W0

= 1√
2s

1
τ3/2 +

( 1√
2s

1
τ3/2aAe

−aτ − 3
2τ m3/2

)
∂τ

∂W0
, (3.16)

∂m3/2
∂y

=
( 1√

2s
1
τ3/2aAe

−aτ − 3
2τ m3/2

)
∂τ

∂y
. (3.17)

We also have
∂Λ
∂W0

= ∂Λ
∂τ

∂τ

∂W0
,

∂Λ
∂y

= ∂Λ
∂τ

∂τ

∂y
+ 1

2sτ2 , (3.18)

with
∂Λ
∂τ

= 4e−2aτa3A2

3sτ

(
1 + 1

2aτ

)
− y

sτ3 , (3.19)

3.1.1 Analytical estimate

The expressions in (3.16), (3.17) and (3.18) are rather cumbersome. While we will use
them for our numerical analysis in section 3.1.2, we continue our analytic investigation in
a regime that leads to considerable simplifications. For this, we define the quantity x as

x ≡ y e2aτ

2a2A2τ
, (3.20)

which allows to write (3.11) as

Λ = −2e−2aτa2A2

3s τ

(
1− 3

2 x
)

= −3m2
3/2

(
1− 3

2 x
)(

1 + 3
2aτ x

)−2
. (3.21)

We shall now focus on the regime in which y is varied such that 0 < x . O(1) � (aτ).
Comparing with (3.21) we see that this allows for uplift to zero and positive values of
the cosmological constant. Hence, the regime covers the region of most interest since
x� 1 corresponds to an unstable situation where the uplifting contribution would yield a
runaway. Also note that in this regime, the contribution of the term involving y in right
hand side of (3.10) becomes subdominant. We can therefore take the approximation

W0 = e−aτA

(
1 + 2

3aτ + x

)
' 2

3A(aτ)e−aτ , (3.22)

and so, to leading order in the (aτ)−1 expansion, we have

τ ' −1
a

ln
( 3

2AW0

)
, (3.23)

and the gravitino mass looks like

m3/2 '
W0√
2sτ3/2 = 2

3
(aτ)A√
2sτ3/2 e

−aτ . (3.24)
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This allows us to write
τ ' −1

a
ln
(

3
√
s

2
m3/2

a3/2A

)
. (3.25)

In the regime we are considering, we can write (3.11) as

y ' 2sτ2
(
Λ + 3m2

3/2

)
. (3.26)

Combining this with (3.25) we can express y in terms of Λ, m3/2 and s. Similarly, making
use of (3.25) in (3.24) gives W0 in terms of the same quantities.

The Jacobian entries undergo significant simplifications in this regime where the func-
tion f(τ) defined in (3.15) becomes f(τ) ' −2

3a
2Ae−aττ . We then have

∂τ

∂W0
' − 3

2Aa2τ
eaτ ,

∂τ

∂y
' 3

4A2a4τ2 e
2aτ . (3.27)

Let us turn to the partial derivatives of m3/2. First note that by making use of (3.10)
and (3.13) one can write

m3/2 = Ae−aτ

τ3/2(2s)1/2

(
2
3aτ + y e2aτ

2a2A2τ

)
≡ Ae−aτ

τ3/2(2s)1/2

(2
3aτ + x

)
. (3.28)

Recall now that
∂m3/2
∂W0

= 1√
2s

1
τ3/2 +

( 1√
2s

1
τ3/2aAe

−aτ − 3
2τ m3/2

)
∂τ

∂W0
. (3.29)

Making use of (3.28), we see that( 1√
2s

1
τ3/2aAe

−aτ − 3
2τ m3/2

)
= −3

2
Ae−aτ

τ5/2(2s)1/2 x . (3.30)

Using (3.27) and (3.30) in (3.29), and the fact that in the above equation 0 < x . O(1), we
see that the term proportional to ∂τ

∂W0
is always subleading in (3.29). Therefore we have

∂m3/2
∂W0

' 1√
2s

1
τ3/2 . (3.31)

Similarly, using the above formulae, one finds

∂m3/2
∂y

' −9
√
a

8A
1√
2s

1
(aτ)9/2 e

aτx . (3.32)

Now, let us come to the derivatives of Λ. Note that the ratio of the two terms in (3.11) is
−3

4x. Given this (and the fact that 0 < x . O(1)), comparing the various terms in (3.19)
gives

∂Λ
∂τ
' 4e−2aτa3A2

3sτ . (3.33)

Combining this with (3.18) and (3.27) one finds

∂Λ
∂W0

' −2Aa3

s

e−aτ

(aτ)2 and ∂Λ
∂y
' 1

2sτ2 . (3.34)
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Combining (3.31), (3.32) and (3.34), the Jacobian is

J ' 1
(2s)3/2

1
τ7/2 . (3.35)

Finally, we have

dN = ηW0
y(ln y)2s2 dW0 dy ds = ηW0

y(ln y)2s2 |J |
−1 dm3/2 dΛ dS . (3.36)

Equations (3.24), (3.25) and (3.26) can be used to express this density in terms of the
desired quantities. We find

dN =
2τ3m3/2(

3m2
3/2 + Λ

) [
ln
(
2sτ2(3m2

3/2 + Λ)
)]2

s
dm3/2 dΛ dS . (3.37)

To get the expression for the joint distribution of m3/2 and Λ, we need to perform the
integration over the axio-dilaton moduli space. However, the important features can be
extracted by analysing the above density at fixed values of the axio-dilaton (s, C0). Note
that in the |Λ| � m2

3/2 limit (which is physically most interesting) the density scales as

ρKKLT(Λ ' 0) '
lnm3/2
m3/2

, (3.38)

implying that it is tilted favourably towards lower values of m3/2.
This result can be understood as follows. Let us think of uplifting various AdS vacua

obtained before the introduction of the uplift term. These vacua are supersymmetric and
Λ = −3m2

3/2. The introduction of the uplift term has a very small effect on the value of
m3/2. Thus, when we consider vacua with cosmological constant close to zero, a vacuum
with a low value of m3/2 also has a low value of the hierarchy y (as the associated super-
symmetric AdS vacuum before the introduction of the uplift has a Λ of small magnitude).
The distribution of throats is such that it is tilted in favour of lower values of y, and this
makes the distribution of m3/2 favourable towards lower values of m3/2.

3.1.2 Numerical results

Let us now present the numerical results which we have obtained for the joint distribution
of the cosmological constant and the gravitino mass without making any approximation.
Figure 1 shows the density of states as a function of m3/2 for different fixed values of Λ
corresponding to AdS, Minkowski and dS vacua. In the physically interesting region with
|Λ| � m2

3/2, the 3 curves approach each other, reproducing the analytical estimate (3.38)
where ρKKLT becomes independent of Λ and is inversely proportional to m3/2 (up to a
logarithmic dependence). Note that the green curve with positive Λ features a raising
behaviour of ρKKLT for m2

3/2 . Λ. However this regime can be ignored for the following
two reasons: (i) it is valid only for a small window of values of m3/2 close to m2

3/2 . Λ
since, as can be seen from (3.21), m2

3/2 � Λ would require x � 1 that yields a runaway;
(ii) the region characterised by m2

3/2 . Λ is phenomenologically irrelevant since it would
correspond to an essentially massless gravitino with m3/2 below the Hubble parameter.
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Figure 1. Density of KKLT flux vacua at fixed values of the cosmological constant Λ as a function
of the gravitino mass m3/2 in Planck units.

For completeness, in figure 2 we have also plotted the density of vacua as a function
of m3/2 and Λ. Note that the two blank regions corresponds respectively to the runaway
limit (for positive Λ) and to the violation of the supergravity lower limit Λ ≥ −3m2

3/2 (for
negative Λ).

3.2 LVS

We now turn to the LVS models. Using the same notation as in the previous subsection,
the Kähler potential can be written as

K = −2 ln
(
V + ξ s3/2

)
+ K̃i φφ̄+ Z̃i XX̄ + H̃i φφ̄ XX̄ + . . . . (3.39)

We will focus on the simplest LVS example, with two Kähler moduli Ts and Tb with real
parts τb and τs, with the CY volume having a Swiss cheese structure: V = τ

3/2
b − τ3/2

s .
The coefficients K̃i, Z̃i and H̃i are matter metric and quartic interaction coefficients. The
superpotential is

W = W0 + ρX +A e−asTs (3.40)

where W0 ∼ O(1− 10) in LVS. The supergravity scalar potential (after setting the matter
field expectation values to zero) takes the form:

V = VLVS + Vup , (3.41)

where VLVS is the LVS potential in the absence of the uplift sector

VLVS = 4
3
e−2asτs√τs a2

sA
2

s V
− 2e−asτsτs asA W0

s V2 + 3
√
s ξ W 2

0
8 V3 . (3.42)
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Figure 2. Density of KKLT flux vacua as a function of the gravitino massm3/2 and the cosmological
constant Λ in Planck units.

In LVS the minimum is non-supersymmetric before the introduction of the uplifting
term. Minimising the LVS potential VLVS, one obtains the conditions that the Kähler
moduli have to satisfy in the minimum:6

e−asτs = 3 τ1/2
s W0

4asA V
, (3.43)

and
τ3/2
s = s3/2ξ

2 . (3.44)

The value of the potential at this minimum is

V
(0)

LVS = −3
√
s ξ W 2

0
16asτs V3 . (3.45)

Next, we consider the potential (3.41) that includes the X-contribution responsible for
uplifting the AdS minimum. The minimum condition (3.43) is not modified, while (3.44)
is changed to

τ3/2
s = s3/2ξ

2

(
1 + 16

27
V5/3y

W 2
0 s

3/2ξ

)
. (3.46)

6We will work to leading order in the (asτs)−1 expansion.
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For later use, we define

xLVS ≡
16
27
y (asτs)V5/3

W 2
0 s

3/2ξ
. (3.47)

The value of the potential at the minimum now becomes

Λ = V
(0)

LVS + 5
9 Vup = − 3

√
sξW 2

0
16asτsV3 + 5

9
y

2sV4/3 = − 3
√
sξW 2

0
16asτsV3

(
1− 5

2 xLVS

)
, (3.48)

which gives a Minkowski minimum for

y = 27
40
W 2

0 s
3/2ξ

V5/3asτs
⇔ xLVS = 2

5 . (3.49)

Thus we realise that (3.48) can allow for uplift to zero and positive values of the cosmological
constant provided y is varied so that xLVS lies in the 0 < xLVS . O(1) � (asτs) regime,
with xLVS � 1 corresponding to the runaway limit. Hence from now on we shall focus just
on the interesting region where the potential is stable and the gravitino mass is given by

m3/2 = W0√
2sV

. (3.50)

Let us now perform a variable change in (3.1) to obtain the joint distribution of the
gravitino mass and the cosmological constant: (W0, y, s, C0) → (W0,Λ,m3/2, C0). Λ and
m3/2, given in (3.48) and (3.50), have explicit dependence on s and y and also implicitly
depend on the dilaton and the hierarchy via τs and V. Note that, at leading order in the
(asτs)−1 expansion, we have ∂V

∂τs
= asV and

∂τs
∂s

=

(
ξ
2

)2/3

1− 10
9 xLVS

≡

(
ξ
2

)2/3

Ψ ,
∂τs
∂y

= 32
81
V5/3τs
W 2

0 s
3/2ξ

1
Ψ = 2

3
xLVS
y as Ψ . (3.51)

Now we turn to the entries of the Jacobian (again, to leading order in the (asτs)−1 expan-
sion). They read

∂m3/2
∂s

= −asm3/2
∂τs
∂s

,
∂m3/2
∂y

= −asm3/2
∂τs
∂y

, (3.52)

∂Λ
∂s

= −3V (0)
LVSasΨ

∂τs
∂s

= −3V (0)
LVSas

(
ξ

2

)2/3
,

∂Λ
∂y

= 1
2sV4/3 , (3.53)

where we have used (3.51). These give a Jacobian of the form

J = − 5
18
m3/2as

Ψ

(
ξ

2

)2/3 1
sV4/3 = − 5

21/3 9

(
ξ

2

)2/3 asm
7/3
3/2

Ψs1/3W
4/3
0

. (3.54)

From (3.48) we can write

y = 18
5 sV

4/3
(

Λ + 3
√
sξW 2

0
16asτsV3

)
= 21/3 9

5
s1/3W

4/3
0

m
4/3
3/2

Λ +
3
√

2ξm3
3/2s

2

8asτsW0

 . (3.55)
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Figure 3. Density of LVS flux vacua at fixed values of the cosmological constant Λ as a function
of the gravitino mass m3/2 in Planck units.

In summary, we find

dN = ηW0
y(ln y)2s2 |J |

−1 dW0 dm3/2 dΛ dC0 , (3.56)

with J and y given in (3.54) and (3.55) and τs = s
(
ξ
2

)2/3
' − 1

as
lnm3/2. To get the final

form of the distribution, one should integrate over C0 andW0. Even if this is not tractable,
the interesting features of the joint distribution can be obtained by considering fixed values
of C0 and W0 (which is an O(1−10) quantity in LVS). In the physically interesting regime
where |Λ| � m3

3/2, we can also make the following approximations

|J |−1 '
(lnm3/2)1/3

m
7/3
3/2

, y−1 ' 1
(lnm3/2)4/3m

5/3
3/2

, (3.57)

which give

ρLVS(Λ ' 0) ' 1
(lnm3/2)3m4

3/2
. (3.58)

Interestingly, we find that the distribution of flux vacua with cosmological constant close
to zero is highly tilted towards lower values of m3/2. We have confirmed this analytical
estimate with an exact numerical evaluation of the density of LVS flux vacua as a function
of m3/2 and Λ. Two plots showing these results are presented in figure 3 and figure 4.
As stressed already in the KKLT case, the blank region in figure 4 for Λ > 0 would lead
to a runaway, while the blank region for Λ < 0 would correspond to a violation of the
supergravity lower limit Λ ≥ −3m2

3/2.
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Figure 4. Density of LVS flux vacua as a function of the gravitino mass m3/2 and the cosmological
constant Λ in Planck units.

4 Discussion and conclusions

In this paper we have studied the joint distribution of the gravitino mass and cosmological
constant in KKLT and LVS models with the uplift sector arising from an anti-brane at the
tip of a warped throat. We have found that, at values of the cosmological constant close to
zero, the gravitino mass distribution is tilted favourably towards lower scales. This result
is different from that based on generic expectations for the size of F- and D-terms [39,
40], including also moduli stabilisation [45]. The form of the distribution of the throat
hierarchies and the nature of the AdS vacua before the introduction of the uplift sector7

leads to this difference. This work gives strong motivation for similar studies in related
setups so that a better understanding of the joint statistics of the scale of supersymmetry
breaking and the cosmological constant in string vacua can be obtained.

Our results have several interesting implications which we now briefly discuss:

• Distribution of soft terms: supersymmetry breaking in a hidden sector leads to
the generation of soft terms in the visible sector. The strength of supersymmetry
breaking in the visible sector is characterised by the size of the scalar masses m2

0,
gaugino masses M1/2 and trilinear couplings Aijk. In both KKLT and LVS, these

7This is one of the factors that contributes to the difference in the result for KKLT and LVS models.
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depend on how the Standard Model is realised on either D3- or D7-branes. Soft
terms for both realisations were analysed in [87] (see also [86, 105–110]). In the case
of D7-branes, all soft terms tend to be of order the gravitino mass. On the other
hand, in the case of D3-branes, the models can exhibit sequestering at tree level
with non-zero soft masses generated by α′ and quantum corrections. One can find
interesting patterns in the structure of soft masses, allowing for the realisation of
MSSM-like spectra or (mini) split supersymmetry. All the soft parameters are of the
form m1+p

3/2 with p ≥ 0 or m3/2
/
(ln
(
m3/2

)
)q with q > 0. This implies that the tilt in

the distribution favouring lower values of m3/2 also corresponds to the same for the
scale of supersymmetry breaking in the visible sector.

• Comparison with data: statistical distributions of vacua have been used to con-
front classes of string vacua with data (see e.g. [111–118]) by examining the implica-
tions of the distributions of UV parameters for low energy observables. These studies
have focused on power-law and logarithmic distributions with a preference for high
scale supersymmetry. It will be interesting to carry out similar analysis with our re-
sults given that the tilt in favour of low scale supersymmetry is likely to help to make
contact with observations or even to generate some tension with data. Of course, this
line of study assumes that the distributions computed by studying the distribution
of vacua should be translated to distributions for predictions for experiments.8

• Multiple throats: the simplest generalisation of our setup is to consider multiple
throats (this was studied in the context of supersymmetry breaking in [39]). We
examine it to understand the effect of multiple supersymmetry breaking sectors.

Let us consider n throats, each with a single anti-brane. Taking n to be small, so
that the distribution in the throat sector factorises,9 we have

dNth ∝
n∏
i=1

1
yi(ln yi)2

n∏
i=1

dyi . (4.1)

The uplift term is given by

Vup = 1
2sτ2

n∑
i=1

yi . (4.2)

It is useful to make a series of variable changes: yi = w2
i , then to spherical coordinates

in wi (with r2 =
∑n
i=1(wi)2) and angular variables (θj , j = 1, . . . , (n− 1)) and finally

r̃ = r2. With this, the distribution (4.1) takes the form

dNth ∝
1

2r̃g(θi)
∏n
i=1(lnwi)2 dΩn−1 dr̃ , (4.3)

8Emergence of selection principle(s) in the space of vacua (which can arise from early universe cosmology)
can invalidate this assumption.

9Factorisation will break down if there are many throats. At present, we do not have the tools to
compute the distributions in such cases.
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where g(θi) is a function of the angular variable. In these coordinates, the uplift term
is given by

Vup = r̃

2sτ2 , (4.4)

it is independent of the angular coordinates and has exactly the same form as the
single variable case. To obtain the joint distribution of the gravitino mass and the
cosmological constant, consider the full distribution function

dN = η′W0
s2 dS dW0 dNth , (4.5)

and make the variable change (W0, r̃, s, C0, θi) → (W0,Λ,m3/2, C0, θi) for LVS and
(W0, r̃, S, θi) → (m3/2,Λ, S, θi) for KKLT. Since the uplift term has the same func-
tional form as in the single variable case, also the functional form of the Jacobian is
the same as in the single variable case. As a result, the r̃ dependence of the density
is similar to the y dependence in the single variable case. Thus in the Λ → 0 limit,
the functional dependence on m3/2 is the same as in the single throat case (up to
logarithmic terms). We conclude that the distribution function of throats is such that
adding multiple sectors (but small in number) preserves the tilt in the distribution
function in favour of lower values of m3/2.

• Sensitivity to uplift: the tilt in the distribution for m3/2 towards lower values is
tied to the distribution for throat hierarchies. In particular, the y−1 factor in the
distribution for hierarchies plays a crucial role. Thus our result should not be taken
as providing the general picture for the distribution of m3/2 and the cosmological
constant. In order to gain a general understanding, the distribution has to be stud-
ied for various uplift mechanisms (see e.g. [10, 12, 13, 15, 17, 119]). To gain a general
understanding of the joint distribution of the supersymmetry breaking and the cos-
mological constant scales in the whole flux landscape, one should then be able to
determine the relative abundance of vacua characterised by different uplifting mech-
anisms. Our work represents just the first step forward in this direction. We leave
this important direction for future work.

• Quantum corrections: the distributions that we have derived make use of the
Wilsonian effective field theory obtained at the high compactification scale after in-
tegrating out stringy and Kaluza-Klein states. Physical quantities will be however
affected by low energy quantum loops. These corrections can be large for the cosmo-
logical constant, i.e. O(m4

3/2), but the conditions used to obtain the small Λ limit of
the distributions, i.e. Λ � m2

3/2 in KKLT and Λ � m3
3/2 in LVS, are stable against

such corrections. Hence the form of the distribution functions obtained, is expected
to be stable against the incorporation of quantum effects.
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