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1 Introduction

The cosmological constant problem has haunted theoretical physics ever since Pauli cal-
culated the effect of the zero-point energy of the electron on the curvature of spacetime,
declaring that the universe would “not even reach to the moon” [1]. The situation hasn’t re-
ally improved in the century that followed. When we apply standard quantum field theory
methods, radiative corrections to the vacuum energy are extremely sensitive to ultra-violet
physics, scaling like the fourth power of the cut-off. Vacuum energy gravitates just like a
cosmological constant presenting a major issue for cosmology. The observed value of the
cosmological constant lies sixty orders of magnitude below the expected value predicted
from vacuum energy calculations with a TeV cut-off, set by the scale of modern collider
experiments. If we push the cut-off all the way up to the Planck scale, the discrepancy
extends to 120 orders of magnitude. For reviews of the cosmological constant problem,
see [2–5].

Recently, Kaloper [6] and later, Kaloper and Westphal [7] have constructed a simple
dynamical model in which the cosmological constant is relaxed to near zero through the
nucleation of membranes, charged under a pair of three-forms. Membrane nucleation trig-
gers a jump in the effective cosmological constant that is controlled by the corresponding
charges. Crucially, these charges are not assumed to be exponentially small. Instead, they
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are assumed to have an irrational ratio, which guarantees a dense landscape of vacua,
including those whose cosmological constant is close to zero. Given a more modest up-
per bound on the charge (which may be in some tension with the weak gravity conjec-
ture [10, 11]) transitions between vacua are rapid, at least until the system finds a vacuum
with a small positive cosmological constant, at which point, the vacuum is very long lived.
This latter result has its roots in Hawking’s famous solution to the cosmological constant
problem in which he computes the Euclidean action for a landscape of vacua and argues
that the most probable configuration is the one with the smallest absolute curvature [8].

Dynamical neutralization of the cosmological constant via membrane nucleation was
first explored by Brown and Teitelboim [12, 13], although there the membrane charge is
assumed to be extremely small. As a result, the transition from a very high energy de Sitter
vacuum to near Minkowski occurs slowly via a series of small steps, resulting in the so-
called empty universe problem [14]. Thanks to the irrational charge ratio in [6, 7] the
transition from a very high energy de Sitter vacuum to near Minkowski can occur quickly
via a single membrane nucleation and the empty universe problem is said to be avoided.

The simple set-up presented in [7] is a clever generalisation of Henneaux and Teit-
elboim’s covariant formulation of unimodular gravity [9], with a pair of four-form field
strengths that enter only through a bilinear mixing with a dual scalar field, and charged
membranes (for a review of unimodular gravity, see [16]). Although the model is phe-
nomenologically interesting, its embedding within fundamental theory is likely to prove
challenging. However, in this paper we will show that key aspects of the relaxation mech-
anism apply far more generally, increasing the likelihood that it could apply in some of
the four-dimensional effective theories obtained from string theory compactifications. Re-
markably, this is true of the famous Bousso-Polchinski set-up [24], offering a probabilistic
explanation for the small observed value of the cosmological constant instead of an an-
thropic one.

We consider a very general set-up involving Einstein-Hilbert gravity coupled to three-
forms fields and their dual scalars, with membrane sources charged under the three-forms.
This includes the Kaloper-Westphal model [7] as a special case but also other effective
theories including those expected to appear in compactifications of string theory, such as
the Bousso-Polchinski set-up [24]. A key feature of the entirely family of models is that
in vacuum, the scalars and the three-forms always gravitate like a cosmological constant,
even in the presence of a non-trivial flux. The flux of the four-field strength is quantised,
giving rise to a landscape of vacua. To have any hope of solving the cosmological constant
problem, this landscape must be sufficiently dense in and around Minkowski space in order
to admit vacua that match observations.

Tunnelling between vacua is achieved through membrane nucleation. This is described
by instantons, solutions to the Euclidean equations of motion with vacua of different vac-
uum energies, separated by charged membranes. The geometry of the instantons depends
on the curvature of the corresponding vacua and the membrane tensions. Many configura-
tions are physically irrelevant because the membranes would have to have negative tension
or because the corresponding tunnelling rate is infinitely suppressed. As in [6, 7], those
instanton solutions that are physically relevant can be dissected even further. In our gen-
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eral setting, this dissection depends on the value of a parameter X = 4M4
pl∆k2/T 2, where

∆k2 is the jump in vacuum curvature and T is the membrane tension. We consider several
example theories where the bounds on this parameter can be related to bounds on other
microscopic parameters such as the membrane charges. This is important since the value
of X not only controls which instanton geometries are allowed but also the corresponding
tunnelling rates. In particular, when |X| < 1, any near Minkowski vacua become very long
lived and robust against the nucleation of anti-de Sitter bubbles. Thus, if you find yourself
in a near Minkowski vacuum, chances are you will stay there.

Of course, by itself, this is not enough to solve the cosmological constant problem.
One must show that we avoid the so-called empty universe problem. This occurs when
the universe descends to the current vacuum incrementally, via a slow cascade of de Sitter
vacua, the curvature jumping by a small amount each time, forever diluting away any
matter excitations. The density of the landscape and the abundance of dangerous de Sitter
vacua render this a real possibility in generic theories of this type. However, through
a detailed study of the kinematics and an analysis of tunnelling rates we show that the
empty universe problem can often be avoided: one is able to transition quickly from a high
scale de Sitter vacuum to near Minkowski via a single transition. All of this suggests a
wide-ranging mechanism for solving the cosmological constant problem, inspired by, but
extending far beyond, the original proposal of [6, 7].

The rest of this paper is organised as follows: in section 2, we present the generalised
set-up along with the corresponding field equations and junction conditions. Since they
will play an important role in the evaluation of tunnelling rates later in the paper, we
dwell a little on the choice of boundary conditions and corresponding boundary terms. In
section 3, we present the landscape of Lorentzian vacuum solutions. In section 4, we Wick
rotate to Euclidean signature and solve the Euclidean field equations to find the corre-
sponding instanton solutions and compute the corresponding transition rates. In section 5,
we demonstrate the role of the parameter X in controlling the stability of near Minkowski
vacua, protecting them from decay into anti de Sitter. We also discuss conditions to avoid
the empty universe problem. In section 6, we run through four different models, including
Brown-Teitelboim, Bousso-Polchinski, Kaloper-Westphal, and a fourth model including a
single three-form (with standard kinetic term) and its dual scalar. In the latter three cases,
we show how the parameters of the theory can be chosen to successfully implement the
mechanism for solving the cosmological constant problem originally proposed in [6]. In
section 7, we conclude.

2 The generalised set-up

We begin with a general four-dimensional effective theory on a manifold, M, with a dy-
namical metric gµν and a family of three-form fields, Ai, and dual scalars φi,

S =
∫
M
d4x

√
|g|
[
M2

pl
2 R− 1

2ω
ij(φ)∇µφi∇µφj − V (φ)

]

+
∫
M

[
−1

2Zij(φ)F i ∧ ?F j + σi(φ)F i
]

+ Sboundary + Smembranes (2.1)
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where R is the Ricci scalar. The four-form field strengths are given in terms of the three-
form fields F i = dAi and ? denotes the Hodge star operator on the manifold M. In
components, the three-form is written as Ai = 1

3!A
i
µναdx

µ∧dxν∧dxα and the corresponding
field strength as F i = 1

4!F
i
µναβdx

µ∧dxν∧dxα∧dxβ where F iµναβ = 4∂[µA
i
ναβ]. When acting

on the four-form, the Hodge star operator yields ?F i = εµναβF
iµναβ , where εµναβ is the

Levi-Civita tensor on the manifold.
The action is also equipped with boundary terms which depend on the choice of bound-

ary conditions. These are integrals over the boundary, ∂M, which we take to be a co-
dimension one surface described by the embedding xµ = Xµ(ξa). The induced metric and
the pullback of the three-forms on the boundary are given respectively by γab = gµνX

µ
,aX

ν
,b

and αi = 1
3!A

i
µναX

µ
,aX

ν
,bX

α
,cdξ

a∧dξb∧dξc, where Xµ
,a = ∂Xµ/∂ξa are the boundary tangent

vectors. We also define the extrinsic curvature of the boundary, Kab = 1
2Lnγab, as the Lie

derivative of the induced metric with respect to the outward pointing unit normal, nµ. If
K = γabKab is the trace of the extrinsic curvature on the boundary, the boundary action
is given by

Sboundary = M2
pl

∫
∂M

d3ξ
√
|γ|K −

∫
∂M

µpiφi + λχiα
i (2.2)

where we define “conjugate momenta”,

pi = −d3ξ
√
|γ|ωijnµ∇µφj , χi = σi − Zij(?F j). (2.3)

The extrinsic curvature piece ensures that the action can be extremised under metric varia-
tions with Dirichlet boundary conditions, δγab = 0 [17]. Meanwhile, the parameter λ allows
us to interpolate between Dirichlet (λ = 0) and Neumann (λ = 1) boundary conditions on
the three-forms, while the parameter µ allows us to interpolate between Dirichlet (µ = 0)
and Neumann (µ = 1) boundary conditions on the scalars. To see this, note that variation
of the action with respect to all fields yields a boundary contribution [17, 18],

−
M2

pl
2

∫
∂M

d3ξ
√
|γ|(Kab−Kγab)δγab +

∫
∂M

(1− λ)χiδαi− λδχiαi + (1− µ)piδφi− µδpiφi
(2.4)

that is required to vanish under the appropriate choice of boundary conditions.
Finally we consider the membrane contributions. We can include contributions from

membranes and anti-membranes, ΣI , charged under any of the three-forms, such that

Smembranes = −
∑
I

{
ηiIqi

∫
ΣI
αiI + τi

∫
ΣI
d3ξ
√
|γI |

}
. (2.5)

Membranes charged under Ai carry a fundamental charge ±qi depending on whether they
are branes or antibranes and tension τi. In the action (2.5), ηiI = 0, ±1 depending on
whether the membrane ΣI carries positive (ηiI = 1), negative (ηiI = −1) or vanishing
charge (ηiI = 0) under Ai.1 The induced metric and the pullback of the three-forms

1In what follows we will assume that any given membrane, I, is charged under just one of the three
forms, namely Ai? for some particular value of i?. This means that ηi?I = ±1 and ηi 6=i?I = 0. In forthcoming
work we will generalise this assumption.
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on ΣI are given in a similar way to the boundary, by γIab = gµνXI
µ
,aXI

ν
,b and αiI =

1
3!A

i
µναXI

µ
,aXI

ν
,bXI

α
,cdξ

a∧dξb∧dξc, where XI
µ
,a = ∂XI

µ/∂ξa are the tangent vectors on ΣI .
Throughout this paper we will restrict attention to timelike membranes so that their unit
normal, nµI is spacelike.

Away from the membranes, the field equations resulting from variation of the ac-
tion (2.1) with respect to the metric, three-forms and scalars are given by

M2
plG

µν = TµνF + Tµνφ (2.6)

∇µχi = 0 (2.7)

∇µ
(
ωkj∇µφj

)
= V ,k + 1

2ω
ij ,k∇µφi∇µφj −

[1
2Zij

,k(?F i)(?F j)− σi,k(?F i)
]

(2.8)

where V ,k = ∂V/∂φk etc. The energy momentum tensors for the three-forms, the scalar
and the membranes are

TµνF = Zij
3!

(
F iµαβγF jναβγ −

1
8g

µνF iαβγδF
jαβγδ

)
(2.9)

Tµνφ = ωij
(
∇µφi∇νφj −

1
2g

µν∇αφi∇αφj
)
− V gµν . (2.10)

At the membranes, we can derive junction conditions which determine how the conjugate
momenta of the system jump across the membranes. The momentum conjugate to γIab
is proportional to the following combination of the extrinsic curvature πabI = M2

pl(Kab
I −

KIγabI ). As we pass over ΣI this jumps in accordance with the Israel junction conditions [19]

M2
pl∆πabI = −|ηiI |τiγabI . (2.11)

The momentum conjugate to the three-forms also jumps

∆χi = −ηiIqi (no sum over i) (2.12)

while the scalar momenta remains continuous ∆pi = 0. The metric and the three-form
potentials are assumed to be continuous at ΣI in order for the membrane action to be well
defined. Note that the junction condition (2.12) is consistent with the momentum χi quan-
tised in units of the fundamental membrane charge, χi = −Niqi (no sum) where Ni ∈ Z.

3 Vacua

We take vacua to be real Lorentzian solutions with constant scalars, four-forms of constant
flux ?F i = ci, and a maximally symmetric metric with constant curvature k2, corresponding
to de Sitter (k2 > 0), Minkowski (k2 = 0) or anti de Sitter (k2 < 0) spacetime. Away from
any membranes, the field equations imply that

3M2
plk

2 = V + 1
2Zijc

icj (3.1)

V ,k = 1
2Zij

,kcicj − σi,kci (3.2)
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while the conjugate momentum,
χi = σi − Zijcj (3.3)

is locally constant. At membranes, we get a jump in χi according to (2.12), generically
triggering a jump in the spacetime curvature. This means we have a landscape of possible
vacua with different cosmological constants, scanned through membrane nucleation.

In order to be compatible with observations, this landscape must include vacua whose
curvature is of order the Hubble scale today, H2

0 . This suggests a dense landscape with
vacua separated by no more than this very low scale. In the original Brown-Teitelboim sce-
nario [12, 13], this required the membrane charge to be exponentially small in Planck units.
That condition was lifted in Bousso-Polchinski [24] where a sufficiently dense landscape fol-
lows from a family of O(100) three-form fields coupled to membranes with incommensurate
charges. In Kaloper-Westphal [6, 7] the dense landscape follows from an irrational ratio
for the fundamental membranes charges.

Of course, the density of the landscape raises the possibility that transitions between
vacua of similar curvature are possible. If this is the case, we may encounter an empty uni-
verse problem where the universe arrives at a low scale vacuum via a slow cascade through
higher-curvature vacua, cooling the universe down through many efolds of exponential ex-
pansion. Although the empty universe problem is known to be an issue for the original
Brown-Teitelboim scenario, we will show how it is avoided in the other cases we consider.

Membrane nucleation, necessary for scanning the landscape of vacua, is a quantum
process. When we compute transition rates we do so between eigenstates of constant χi.
This suggests a path integral formalism equipped with Neumann boundary conditions,
fixing χi in both the in-state and in the out-state [18]. We will compute these transition
rates in the next section. Corresponding formulae for Dirichlet boundary conditions, fixing
Ai in in and out-states, are presented in the appendix.

4 Nucleation rates

To compute the rate at which membranes are nucleated, mediating transitions between
vacua, we analytically continue to Euclidean signature, setting

t→ −itE, S → iSE (4.1)

where SE is the Euclidean action. Following [12, 13], we assume that scalars are unchanged
under this Wick rotation, including the dual of the four-forms ?F → ?F . It follows that
the three-forms should be analytically continued as A → iA.2 The resulting Euclidean
action now takes the form

SE = −
∫
M
d4xE

√
|g|
[
M2

pl
2 R− 1

2ω
ij(φ)∇µφi∇µφj − V (φ)

]

+
∫
M

[
−1

2Zij(φ)F i ∧ ?F j + σi(φ)F i
]

+ SEboundary + SEmembranes (4.2)

2If η and ηE = iη are the volume forms for Lorentzian and Euclidean signature respectively, then
F = −(?F )η and FE = (?F )EηE. Setting ?F = (?F )E, as desired, we infer that F = iFE. This is consistent
with our choice of A = iAE.
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where the boundary terms are chosen to be consistent with Neumann boundary conditons
on the three-form fields (λ = 1). Since we will only be considering bounce configurations
that transition between two vacua, we assume that there is a single membrane, Σ, which
is charged under Ai for some particular choice of i = i∗. The membrane charges under Ai
are given by Qi = δii∗Qi∗ where Qi∗ = ±qi∗ and the membrane tension is T = τi∗ . As a
result, the (Euclidean) membrane action is given by

SEmembranes = −Qi∗
∫

Σ
αi∗Σ + T

∫
Σ
d3ξE

√
|γΣ| . (4.3)

We consider O(4) symmetric Euclidean field configurations, with metric

ds2 = dr2 + ρ(r)2dΩ3 (4.4)

where dΩ3 = hijdξ
idξj is the metric on a unit 3-sphere, Euclidean three-form potentials

Ai = Ai(r)
√
|h|d3ξ (4.5)

and scalars φi = φi(r). The radial coordinate is assumed to run from rmin to rmax (to
be determined) and the membrane lies at r = 0. We label the interior geometry, where
rmin ≤ r < 0, byM− and the exterior, where 0 < r < rmax, byM+.

With this ansatz, the field equations away from the membrane simplify to the following

3M2
pl

[
1
ρ2 −

(
ρ′

ρ

)2]
= V − 1

2ω
ijφ′iφ

′
j + 1

2Zij
Ai′Aj ′

ρ6 (4.6)

M2
pl

[
1
ρ2 −

(
ρ′

ρ

)2
− 2ρ

′′

ρ

]
= V + 1

2ω
ijφ′iφ

′
j + 1

2Zij
Ai′Aj ′

ρ6 (4.7)

χ′i = 0 (4.8)
1
ρ3

(
ρ3ωkjφ′j

)′
= V ,k − 1

2Zij
,kA

i′Aj ′

ρ6 + Ai′

ρ3 σi
,k (4.9)

where χi = σi − Zij A
j ′

ρ3 .
Assuming all scalars are locally constant and satisfy the constraints listed from (3.1)

to (3.3), this system is solved by

ρ = sin(k(εr + r0))
k

, ε = ±1 (4.10)

where the curvature k2 matches the curvature of the Lorentzian solution (3.1), and three-
form potentials

Ai(r) = Ai(0) + ci
∫ r

0
drρ(r)3. (4.11)

Note that the solution for ρ extends to k2 ≤ 0 by analytic continuation. The parameter r0
is an integration constant, setting the radius of the 3-sphere at the membrane.

For k2 > 0, the geometry is that of a section of a 4-sphere and it turns out that ρ
is invariant under ε → −ε, r0 → π/k − r0. This allows us to set ε = +1, WLOG, while
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also assuming r0 ∈ [0, π/k]. The poles of the 4-sphere are located at rmin = −r0 and
rmax = π/k − r0.

For k2 = 0 and k2 < 0, the geometry is that of a section of a four-dimensional Euclidean
plane or hyperboloid respectively. Since ρ is assumed to be non-negative at the membrane,
we take r0 ≥ 0. Note that we can no longer fix ε WLOG, and must consider each sign
separately. For ε = +1, rmin = −r0 corresponding to the point where the 3-spheres shrink
to zero size, while rmax =∞ corresponding to where they diverge. For ε = −1, the reverse
is true: rmin = −∞ corresponding to the point where the 3-spheres diverge, while rmax = r0
corresponding to where they shrink to zero size.

At the membrane, the induced metric ds2
Σ = ρ2(0)dΩ3 and the pullback of the three-

forms αiΣ = Ai(0)
√
|h|d3ξ are well defined. Note that for the induced metric this gives us

a continuity constraint
∆ρ(0) = ∆

[sin kr0
k

]
= 0 , (4.12)

where we introduce the notation ∆x = x+ − x− and 〈x〉 = 1
2(x+ + x−) corresponding

respectively to the difference and average of some quantity x defined on either side of the
membrane. We also have the following junction conditions on the conjugate momenta,

6M2
pl∆

[
ρ′(0)
ρ(0)

]
= −3T (4.13)

∆χi = −δii∗Qi∗ . (4.14)

Physically realistic membranes always carry non-negative tension, resulting in the following
constraint on the allowed configurations

∆ [ε cos kr0] ≤ 0 . (4.15)

The instanton solutions can also be classified according to the value of

X =
4M4

pl∆k2

T 2 (4.16)

with X > 0 in downward transitions and X < 0 in upward transitions. More importantly,
however, it turns out that some configurations are kinematically allowed only when |X| ≤ 1
with the remainder allowed when |X| ≥ 1. An analogous result given explicitly in terms of
membrane charges was shown to be true in [6, 7]. Here we show how it is generalised to
a much wider class of models which could, in principle, include the Bousso-Polchinski set-
up [24]. Indeed, we can always relate X to the charge of the membrane and the curvature of
the parent vacuum using equations (3.1) to (3.3), along with the junction condition (4.14),
although the relationship is not always a simple one.3

3In principle, this can be done as follows for a generic model. First, we use (3.2) and (3.3) to express
the fluxes ci and the scalars φi in terms of χi. Plugging this into (3.1) we obtain an expression for the
bulk cosmological constant of the form k2 = K(χi). For example, for tunnelling from near Minkowski
into AdS, we then have χ+

i fixed such that k2
+ = K(χ+

i ) ≈ 0, with χ−i = χ+
i + Qi fixed by the junction

conditions (4.14). Finally we have that X2 = 4M4
pl∆k2/T 2 = 4M4

pl[K(χ+
i )−K(χ+

i +Qi)]/T 2.
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To see how X relates to the geometry of the instanton we use the junction conditions,

∆ρ(0) = 0, ∆[ρ′(0)] = − T

2M2
pl
ρ(0) (4.17)

along with the expression ρ′2 = 1− k2ρ2 to prove the following useful relations

〈ρ′(0)〉 =
M2

pl
T

ρ(0)∆k2 (4.18)

and

ρ(0) =
T
M2

pl√
(∆k2)2 + T 2

M4
pl
〈k2〉+

(
T 2

4M4
pl

)2
. (4.19)

We now take the ratio of (4.17) and (4.18) to see that

X = − 2〈ρ′(0)〉
∆[ρ′(0)] = 1 + z

1− z , z = (ε cos kr0)+
(ε cos kr0)−

. (4.20)

The value of X now corresponds to a kinematic constraint on the geometry. As an illustra-
tive example, consider an instanton describing a dS+ → dS− transition with (kr0)+ ≥ π

2 ≥
(kr0)− and, of course, ε± = 1. Since (cos kr0)+ ≥ 0 ≥ (cos kr0)− it immediately follows
that this solution has T ≥ 0 and z ≤ 0, or in other words, −1 ≤ X ≤ 0.

A summary of these classifications is presented for all potential instanton geometries in
table 1. The table also lists those geometries for which the corresponding tunnelling rates
are infinitely suppressed and so can be ignored. As we will see presently, these correspond
to configurations with k2

+ ≤ 0 and ε+ = −1. Table 1 mirrors the ‘Baedeker’ of [6], although
we emphasize again how it applies to a much broader set of models.

In semi-classical theory of vacuum decay, transition rates between vacua M+ →M−
are given by [21–23]

Γ
Vol ∼ e

−B/~ (4.21)

where
B = SE(instanton)− SE(parent). (4.22)

Here SE(instanton) is the Euclidean action evaluated on the bubble configurations described
above, interpolating between the vacua M+ and M−. In contrast, SE(parent) is the
Euclidean action evaluated on the complete parent vacuum,M+, with no bubbles.

The tunnelling exponent can be computed in all cases after a relatively lengthy calcu-
lation and plenty of heart warming cancellations, giving

B = −2M2
plΩ3∆

{ 1
k2

[
ρ′(r)3

]0
rmin

}
+ Ω3Tρ(0)3 (4.23)

where rmin denotes the minimal value of the radial coordinate and Ω3 is the volume of
the unit 3-sphere. Note that this is quantitatively identical to the tunnelling exponent
computed in General Relativity for the same geometry, reflecting the fact that the scalars
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dS+ Minkowski/AdS+ Minkowski/AdS+

ε+ = +1 ε+ = +1 ε+ = −1

dS−
ε− = +1

(kr0)+ ≥ π
2 ≥ (kr0)− (kr0)+ ≥ (kr0)− ≥ π

2

allowed for |X| ≤ 1 allowed for X ≤ −1
π
2 ≥ (kr0)+ ≥ (kr0)− (kr0)+ < (kr0)−
allowed for X ≥ 1 negative tension

negative tension (kr0)− ≥ π
2

π
2 ≥ (kr0)−

kinematically kinematically
allowed for X ≤ −1, allowed for −1 ≤ X ≤ 0,
infinitely suppressed infinitely suppressed

Minkowski/AdS−
ε− = +1

(kr0)+ ≥ π
2

π
2 ≥ (kr0)+

allowed for 0 ≤ X ≤ 1 allowed for X ≥ 1
|k−| ≥ |k+| |k−| < |k+|

allowed for X ≥ 1 negative tension
kinematically allowed for |X| ≤ 1,

infinitely suppressed

Minkowski/AdS−
ε− = −1

negative tension negative tension |k−| > |k+| |k−| ≤ |k+|
negative tension kinematically

allowed for X ≤ −1,
infinitely suppressed

Table 1. Summary of transitionsM+ →M− whereM is de Sitter, Minkowski or anti de Sitter,
as indicated. If a transition is forbidden because it violates the condition of non-negative tension,
we mark it accordingly. For the remaining transitions, we mark whether they are kinematically
allowed for |X| ≤ 1 or |X| ≥ 1 where X = 4M4

pl∆k2/T 2. In some of these cases, the transition
may be kinematically allowed but is ruled out because the transition rate is infinitely suppressed.
Recall that we can take ε = +1 for all dS configurations WLOG, so any examples contrary to this
are not applicable. For a given model, equations (4.14) and (4.17) can be used to determine, X
and identify precisely where we are on the Baedeker.

are constants in vacuo, while the three-forms gravitate like a cosmological constant. When-
ever we have a parent AdS or Minkowski vacuum with ε+ = −1, there are configurations
with non-negative membrane tension whose tunnelling exponents contain divergent contri-
butions at rmin. These correspond to exotic configurations where an infinite asymptotic
space is removed by membrane nucleation. The corresponding tunnelling rates are either
infinitely suppressed, ruling out the transition, or infinitely enhanced, signalling a catas-
trophic instability. As we have imposed Neumann boundary conditions on the three-forms,
these particular configurations are always infinitely suppressed.4

As expressed in table 1, there are now only three configurations that avoid any prob-
lems with negative brane tension or infinitely suppressed tunnelling rates. These are the
configurations of physical interest corresponding to

• dS+ → dS−

• dS+ → Minkowski/AdS−
• Minkowski/AdS+ → Minkowski/AdS− (|k−| ≥ |k+|)

each with ε± = 1 and so ρ′(rmin) = 1. To simplify the corresponding formulae for the
tunnelling rates, we make use of equations (4.17) to (4.19). The tunnelling exponents for
the three configurations of interest can now be written as

B =
2M2

plΩ3

k2
+k

2
−

{
−∆k2 +

M2
pl
T

ρ(0)
[
(∆k2)2 + T 2

2M4
pl

〈
k2
〉]}

. (4.24)

4For AdS+ → AdS− configurations with ε± = −1, there are divergent contributions to the tunnelling
exponent for both vacua. If we assume that the divergence in the proper distance occurs at the same rate
in each case, |r+

min| ∼ |r
−
min| → ∞, then the positivity of the membrane tension ensures that |k|+ > |k|−,

and the dominance of the divergent contribution of the + vacuum.
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If we recall that X = 4M4
pl∆k2/T 2 and introduce

Y (X) =
√

(X − 1)2 + 16k2
+M

4
pl/T

2 (4.25)

we can rewrite the tunnelling exponent in the following simple form

B =
4M2

plΩ3

k2
+

[ 1 + Y −X
Y (1 + Y +X)

]
. (4.26)

5 Cascades, bungees and the stability of the Minkowski vacuum

Armed with a general expression for the tunnelling exponent and a detailed understanding
of the instanton geometries as shown in table 1, we are ready to take a more in-depth
look at the tunnelling dynamics. In particular, we are interested in what happens if the
universe begins in a high scale de Sitter vacuum with curvatures far above the current
Hubble scale. Can we descend into the current low scale vacuum in a single jump, avoiding
the empty universe problem, or do we need to cascade into it via a series of incremental
changes in curvature? Is there a danger we fall deep into an anti-de Sitter vacuum, so that
the universe is driven to a apocalyptic crunch? How long is the current vacuum expected
to survive before it gives way to these apocalyptic AdS vacua?

Consider tunnelling from a parent vacuum with a non-negative curvature, so that
k2

+ ≥ 0. It follows that Y ≥ |X − 1| ≥ 0, and so rewriting the tunnelling exponent as

B =
4M2

plΩ3

k2
+

[
Y − (X − 1)

Y (2 + Y +X − 1)

]
, (5.1)

we see that it is everywhere positive.5 Further, for k+ fixed, it is monotonically decreasing
from 4M2

plΩ3/k
2
+ as X → −∞ to zero as X → +∞.6 For a given parent de Sitter vacuum,

this means that transitions towards smaller values of the curvature are likely to be the most
rapid, provided they are kinematically allowed. This raises the possibility of decay deep
into anti de Sitter space, which would be incompatible with the current low scale vacuum,
with curvature no larger than the current Hubble scale.

Generically we find that descent into AdS is kinematically forbidden for parent vacua
with very large de Sitter curvatures. This is because the membrane doesn’t carry enough
charge to trigger a sufficiently large jump in the cosmological constant. For parent vacua

5This contradicts [6] where it is claimed that the bounce action can be negative when the membrane
radius is close to the de Sitter radius of the two vacua. This involved neglecting terms that we said to be
small compared to a “leading” term, equal to the difference in curvature. However, this “leading” term is
just as small as the neglected terms in the relevant limit.

6The quickest way to see this is to define ζ ∈ (−∞,∞) such that X ≡
4M4

pl∆k
2

T2 = 1 +
4M2

plk+
T

sinh ζ.
The tunnelling exponent then reduces to the following simple form

B =
4M2

plΩ3

k2
+(1 + e2ζ)

(
1 +

2M2
plk+

T
eζ
) .

This is clearly monotonically decreasing between the two limits stated in the text.
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with curvature less than some critical value, k2
+ ≤ k2

c , descent into AdS is kinematically
allowed. This is potentially dangerous if the tunnelling rates are too high. One way to
avoid this is as follows: first we choose the parameters of the model such that 0 < X < 1
for all downward transitions from parent vacua below the critical curvature, k2

+ ≤ k2
c . It

follows that

B > B(X = 1) =
2M2

plΩ3

k2
+

(
1 + 2M2

plk+
T

) >
M2

plΩ3

k2
c

= Bc (5.2)

where we have also used the fact that 4M4
plk

2
+/T

2 < 1 + 4M4
plk

2
−/T

2 ≤ 1 for k2
+ ≤ k2

c and
k2
− ≤ 0. Since we typically expect kc . Mpl, we can choose parameters such that Bc is

large, and all vacua in danger of decay into anti de Sitter are long lived. Furthermore, the
lifetime of these vacua increases as we reduce the curvature of the parent vacuum, with B
containing a pole as k+ → 0.

We can see the importance of the proposed bound on X by taking a closer look at
transitions from parent vacua near Minkowski space. For these transitions, we have

XM+→AdS− ≈ −
4M4

plk
2
−

T 2 . (5.3)

Note that XM+→AdS− = |XM+→AdS− | since the daughter vacuum is AdS and so k2
− < 0.

The tunnelling exponent for the transition goes as

BM+→AdS− ∼
2M2

plΩ3

k2
+

(1− S(X)) +
8M6

plΩ3

T 2X(X − 1)2

[
(X − 1)2(1− S(X)) + 2S(X)

]
(5.4)

where S(X) = sgn(X − 1) and we understand that X = XM+→AdS− here and in the
remainder of this section. The lifetime of the parent near Minkowski vacuum is clearly
determined by the sign of X − 1. In particular, when X > 1, we have

BM+→AdS− ∼
16M6

plΩ3

T 2X(X − 1)2 , X > 1. (5.5)

For tunnelling into deep AdS so that X is large, this exponent is suppressed and the
transition is quick, rendering the near Minkowski vacuum short lived. In contrast, if
X < 1, the tunnelling exponent goes as

BM+→AdS− ∼
4M2

plΩ3

k2
+

, X < 1. (5.6)

As the parent vacuum approaches Minkowski, this exponent diverges, suppressing any
transition into AdS and ensuring a long lived Minkowski vacuum. This is the key ingredient
for addressing the cosmological constant advocated in [6, 7], although we now see how it
can apply more generally, as long as the microscopic details of transition from Minkowski
into AdS enforce XM+→AdS− = −4M2

plk
2
−

T 2 < 1.
Of course, it is not enough for the near Minkowski vacuum to be long lived. We need

to show that we are likely to reach it from a generic initial state corresponding to a high
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scale de Sitter vacuum. There are two ways in which this might happen. The first involves
a bungee jump, a single transition from a high scale de Sitter vacuum towards a near
Minkowski vacuum, k2

+ � H2
0 & |k−|2. If a bungee jump is kinematically possible, the

tunnelling exponent goes as

BdS+→M− ∼
4M2

plΩ3

k2
+

(
1 + 4M4

plk
2
+

T 2

)2 . (5.7)

For de Sitter vacua, the larger the value of k+, the more this exponent is suppressed and the
faster the transition. Bungee jumps avoid the empty universe problem [14]. As explained
in [24], the inflaton is significantly displaced from its minimum by quantum diffusion before
the transition. After the transition, the inflaton is in slow roll and follows the classical
evolution towards the minimum, at which point it begins to oscillate and reheating occurs.
However, because the vacuum energy is now no larger than the current Hubble scale, there
is no rapid cooling.

The second way in which we might finally arrive at the current vacuum is via a cascade,
several transitions in which the cosmological constant descends from a high scale in small
increments, each with ∆k2 . H2

0 . For small incremental transitions where the vacuum
energy changes by a small amount, k2

+ → k2
− = k2

+(1 − ε), for ε � 1, the tunnelling
exponent goes as

BdS+→dS−≈dS+ ∼
4M2

plΩ3

k2
+

√
1 + 16M4

plk
2
+

T 2

. (5.8)

Unfortunately, these cascades do run into the empty universe problem [14]. As the cos-
mological constant slowly descends, quantum diffusion effects are scaled down, allowing
the inflaton to settle into its minimum and reheat the universe. However, this happens
too soon, before the vacuum energy has settled into its current value. The universe then
spends far too long in de Sitter vacua at scales above the current Hubble scale, and any
matter produced after reheating is diluted away by exponential expansion.

To avoid the empty universe problem, it is clear that bungee jumps with k2
+ � H2

0 &
|k−|2 must be kinematically allowed. Furthermore, a cascade of incremental transitions
with ∆k2 . H2

0 , should either be kinematically forbidden, or suppressed relative to a
bungee jump. If this is the case, the universe initially in a high scale de Sitter vacuum is
expected to find the current vacuum before inflation has ended and reheating has begun.
Furthermore, if we can consistently impose a condition |X| < 1 for a parent vacuum close
to Minkowski, then the current vacuum is long lived, and the catastrophe of descent into
AdS is delayed until the far future, or avoided altogether.

6 Examples

As we have seen, the key features for addressing the cosmological constant problem pro-
posed in [6, 7] could apply quite generally to a large class of models under consideration.
This is because the scalars and the four-form field strengths all gravitate as cosmological
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constants in the vacuum. Consequently, the tunnelling exponent, B, takes a universal
form which we can express in terms of the tension of the membrane and the curvature of
the two vacua involved in the transition. Things only become model dependent when we
ask how the quantities relate to other model parameters, such as the membrane charge. In
particular, the condition |X| < 1 will mean different things for different models. Kinematic
considerations can also vary. We shall now explore a few cases of particular interest.

6.1 The Brown-Teitelboim set-up

We begin with the pioneering model of this class, originally proposed by Brown and Teitel-
boim [12, 13]. As is well known, this model runs into problems with the empty universe and
cannot be taken seriously as a solution to the cosmological constant problem.7 However,
we include a discussion of its main features as a warm up to the more interesting models.
In the Brown-Teitelboim set-up, there are no scalars and a single four-form, corresponding
to the case where i, j = 1 only and

ωij = σi = 0, Zij = 1, V = VQFT (6.1)

where VQFT is the renormalised vacuum energy. In the absence of scalars, the bulk con-
straints (3.1) to (3.3) yield

3M2
plk

2 = VQFT + 1
2c

2 (6.2)

χ = −c (6.3)

from which it follows that
k2 =

VQFT + 1
2χ

2

3M2
pl

. (6.4)

Membrane nucleation triggers a jump ∆χ = −Q = −ηq, where q is the fundamental
membrane charge and η = +1 for branes and η = −1 for anti-branes. This is consistent
with the quantisation condition χ = −Nq for N ∈ Z, so that membrane nucleation gives
∆N = η. The spectra of vacua are now characterised by the following curvature

k2(N) =
VQFT + 1

2N
2q2

3M2
pl

. (6.5)

For this to include near Minkowski vacua, we assume VQFT < 0, which is easy to engineer
in string compactifications. The smallest possible separation in curvature, δk2, occurs
between neighbouring vacua and takes the value

δk2 = k2(N ± 1)− k2(N) = (1± 2N)q2

6M2
pl

. (6.6)

This density varies with where we are in the landscape, through the dependence on N .
For a near Minkowski vacuum, N = NMink ≈ ±

√
2|VQFT|/q and the separation takes two

7A variant of this setup that circumvents the empty universe problem by allowing for the nucleation of
brane stacks was proposed in [15].
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possible values

δk2|k2=0 ≈
q2 ± q

√
8|VQFT|

6M2
pl

. (6.7)

To be compatible with observation, we require the absolute value of both to be no larger
than the current Hubble scale, H2

0 . Assuming |VQFT| � M2
plH

2
0 , this imposes an upper

bound on the membrane charge

q .
6M2

plH
2
0√

8|VQFT|
. (6.8)

Nucleation of a membrane triggers a jump N+ → N− = N+ ± 1, where we take the + for
a brane and the − for an anti-brane. In the Brown-Teitelboim setup, this corresponds to
a minimal change in curvature

∆k2 = (1∓ 2N−)q2

6M2
pl

= (−1∓ 2N+)q2

6M2
pl

. (6.9)

In a general set-up, adjacent vacua in flux space are separated by a curvature, ∆k2, which
is generically not the same as the smallest jump in curvature, δk2. Crucially, however, in
the Brown-Teitelboim set-up, the simplicity of the model renders the two to be equivalent:
∆k2 = δk2. By the density assumption, nearest neighbour jumps are now no larger than the
current Hubble scale whenever the transitions include the current vacuum. More explicitly,
consider the transition from a parent de Sitter vacuum to a near Minkowski vacuum. For
this to the arise from the nucleation of a single membrane, the parent vacuum will have
curvature

k2
+ = (1 + 2|NMink|)q2

6M2
pl

≈ q

6M2
pl

√
8|VQFT| . H2

0 (6.10)

where we have used the fact that |NMink| & |VQFT|/M2
plH

2
0 � 1 along with the density

constraint (6.8) on the fundamental charge. This demonstrates the fact that bungee jumps
to the current vacuum cannot be mediated by single membrane. As is well known, this
suggests that the Brown-Teitelboim set-up suffers from an empty universe problem [24].
Tunnelling rates in this set-up are easily computed and can be shown to agree with [12, 13].
This can also be obtained from the corresponding analysis in the next section by taking
the limit of a single three-form potential.

6.2 The Bousso-Polchinski set-up

We now switch to a set-up with no scalars and a large number of four-forms as originally
proposed by Bousso and Polchinski [24] as a way to overcome the limitations of [12, 13].
This corresponds to the case where

ωij = σi = 0, Zij = δij , V = VQFT (6.11)

with i, j running from 1 to N . In the absence of scalars, the bulk constraints (3.1)
to (3.3) yield

3M2
plk

2 = VQFT + 1
2δijc

icj (6.12)

χi = −δijcj (6.13)
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from which it follows that
k2 =

VQFT + 1
2δ
ijχiχj

3M2
pl

. (6.14)

Recall the quantisation condition χi = −Niqi (no sum), for some Ni ∈ Z. Assuming
nucleation of a brane or anti-brane of type i∗, this is consistent with the membrane junction
condition (4.14), ∆χi = −δii∗Qi∗ , with Qi∗ = ±qi∗ (no sum), or equivalently, ∆Ni = ±δii∗ .
The spectra of vacua is therefore characterised by curvature

k2 =
VQFT + 1

2
∑N
i=1N

2
i q

2
i

3M2
pl

. (6.15)

For this to include near Minkowski vacua, we must once again assume that VQFT < 0.
The vacua span an N dimensional grid with spacing qi. Surfaces of constant vacuum
curvature correspond to spheres centred at Ni = 0. Consider two such surfaces of curvature
k2 = VQFT+ 1

2 r
2

3M2
pl

and k′2 = VQFT+ 1
2 r
′2

3M2
pl

. The corresponding spheres form the boundary of a

shell of volume Vshell ≈ 1
2ΩN−1r

N−2δr2 where δr2 = r′2−r2 and ΩN−1 = 2πN/2/Γ(N/2) is
the volume of a unit (N −1)-sphere. To estimate the density of vacua, we require that this
shell should contain at least one grid point (or if there is degeneracy D, it should contain
D grid points), setting a bound Vshell & D

∏N
i=1 qi. This now translates into vacua with a

typical curvature separation of [24]

δk2 ≈ D
∏N
i=1 qi

3M2
plΩN−1rN−2 , r =

√
6M2

plk
2 − 2VQFT . (6.16)

For this model, we assume the qi are incommensurate so that D ∼ 2N , arising from the
vacuum degeneracy Ni → −Ni. As in the Brown-Teitelboim set-up, the density of vacuum
energies depends on where you are in the landscape. Near Minkowski, the density is

δk2|k2=0 ≈
2N ∏Ni=1 qi

3M2
plΩN−1(2|VQFT|)N/2−1 . (6.17)

If we assume that there are no hierarchies in the membrane charges, qi ∼ O(q) for all i,
whilst remaining incommensurate, it turns out that

δk2|k2=0 ∼
2|VQFT|

3M2
pl

√
π

N

(
N q2

eπ|VQFT|

)N/2
. (6.18)

Provided N q2 < eπ|VQFT|, by taking N sufficently large, we can achieve a density well
within the desired observational bound δk2|k2=0 . H2

0 where H0 ∼ 10−60Mpl is the current
Hubble scale. For example, if |VQFT| ∼ M4

pl and q ∼ 0.02M2
pl then we can achieve the

desired density of vacuum energies for N ≈ 100.
Nucleation of a membrane of type i∗ triggers a jump in one of the flux integers, N+

i∗
→

N−i∗ = N+
i∗
± 1, while leaving the remaining Ni 6=i∗ unchanged. This translates into a jump

in vacuum curvature

∆k2 =
(1∓ 2N−i∗ )q

2
i∗

6M2
pl

=
(−1∓ 2N+

i∗
)q2
i∗

6M2
pl

. (6.19)
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As in the previous example, this is sensitive to where we are in the landscape through the
dependence on N±i∗ , a consequence of the curvature having quadratic four-form dependence.

Let us consider descent from a parent de Sitter vacuum with curvature k2
+ ≥ 0 and

compute the important quantity, X = 4M4
pl∆k2/T 2. To do this, we first relate the curva-

ture to the integer fluxes using the relation
N∑
i=1

(N+
i )2q2

i = r2
+, r+ =

√
6M2

plk
2
+ − 2VQFT. (6.20)

Since ∆k2 ≥ 0, it now follows that

X =
2M2

plq
2
i∗

3τ2
i∗

(2|N+
i∗
| − 1) ∼

2M2
plq

2

3τ2 (2|N+
i∗
| − 1) (6.21)

where we have used the fact there are no hierarchies, qi ∼ O(q), τi ∼ O(τ) for all i. Further,
equation (6.20) now implies that | ~N |2 ∼ r2

+/q
2, where | ~N |2 = ∑N

i=1N
2
i ≥ |Ni∗ |2 and so

X .
4M2

plqr+

3τ2 ≡ Xmax(k+) . (6.22)

Dangerous transitions into AdS are kinematically forbidden if Xmax(k+) < X0(k+), where
X0(k+) = 4M4

plk
2
+/τ

2 represents the critical value of X for which the daughter vacuum is
approximately Minkowski. For the largest values of k2

+ � |VQFT|/3M2
pl, it is clear that

r+ ≈
√

6Mplk+ and so

Xmax ≈
4
√

6M3
plqk+

3τ2 <
4M2

plk+

3τ2

√
6eπ|VQFT|
N

� X0(k+) (6.23)

where we have used the density condition N q2 < eπ|VQFT|. It is, therefore, kinematically
impossible for parent vacua with k2

+ � |VQFT|/3M2
pl to decay directly into AdS.

What about parent vacua with k2
+ . |VQFT|/3M2

pl? These have r+ ∼
√

2|VQFT| and so

Xmax ∼
2M2

plq

3τ2

√
8|VQFT|. (6.24)

For sufficiently small k2
+ < k2

c = q
√

8|VQFT|/6M2
pl, we can have Xmax > X0(k+) and so

decay into AdS is now kinematically possible.
The potential for decay into AdS might be troubling at first glance. However, as we

hinted in the previous section, we can impose the condition

2M2
plq

3τ2

√
8|VQFT| < 1 (6.25)

ensuring that 0 < X < 1 whenever the parent vacuum has k2
+ < k2

c and is therefore
vulnerable to this dangerous decay. However, the lifetime of these vacua can be made large
by ensuring that Bc � 1, where Bc is defined by equation (5.2). Inputting the value of kc
we have just derived for the Bousso-Polchinski set-up, we find that

Bc &
6M4

plΩ3

q
√

8|VQFT|
. (6.26)
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For our canonical example, with |VQFT| ∼ M4
pl, q ∼ 0.02M2

pl and N ≈ 100, we have Bc &
2000, and so vacuum decay into AdS is heavily suppressed in all instances. Furthermore,
the condition (6.25) ensures that |XM+→AdS− | < 1, guaranteeing the presence of a pole in
the transition rate as the parent vacuum approaches Minkowski, rendering it arbitrarily
long-lived.

All of this suggests that the current vacuum can be selected using probabilistic argu-
ments, similar to those presented in [6, 7]. This is a significant departure from the anthropic
arguments usually presented for the Bousso-Polchinski set-up [24]. There is a small price
to pay for this success: the condition (6.25) is in violation of the weak gravity conjecture
for membranes [11], which requires

τi . giMplqi (6.27)

where gi is the strength of the three-form coupling. To see this, note that we have two
inequalities on the charge, √

eπ|VQFT|
N

> q >
2M2

plq
2

3τ2

√
8|VQFT| (6.28)

and so
Mplq

τ
<

( 9eπ
32N

)1/4
< 1 (6.29)

in violation of (6.27).
If we assume sub-Planckian membrane tension consistent with a well-defined effective

theory and the maximum charge, qmax, tolerated by the density constraint δk2 . H2
0 (where

δk2 is given by equation (6.18)), the stability condition (6.25) is also incompatible with an
arbitrarily large underlying vacuum energy |VQFT|. To see this, we note that

qmax =

√
eπ|VQFT|
N

3M2
plH

2
0

2|VQFT|

√
N
π

 1
N

≈

√
eπ|VQFT|
N

ε(N ), (6.30)

where, in the last step, we have taken a limit of large N and defined ε(N ) =
(
H2

0
M2

pl

) 1
N
< 1.

We include the ε(N ) correction to the large N limit to allow for the fact there is a large
hierarchy betweenH0 andMpl. For q ∼ qmax, the stability condition (6.25) now implies that

2|VQFT|
3M4

pl

√
8eπ
N

3M2
plH

2
0

2|VQFT|

√
N
π

 1
N

.
τ2

M6
pl
< 1 (6.31)

where we have also used the condition of sub-Planckian membrane tensions. This can be
used to place a limit on the scale of the QFT contribution to the cosmological constant.
For large N , this bound on |VQFT| takes on a particularly simple form

|VQFT| .
3

2ε(N )

√
N

8eπ ×
τ2

M2
pl
. (6.32)
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N Upper bound on |VQFT| Upper bound on qmax

10 1012 × τ2

M2
pl

10−7 × τ
Mpl

60 102 × τ2

M2
pl

10−2 × τ
Mpl

100 10× τ2

M2
pl

10−1 × τ
Mpl

Table 2. Maximum scale of QFT contribution to the cosmological constnat (in units of τ2/M2
pl)

compatible with the quantum mechanical stability of low scale de Sitter space. We also show the
corresponding upper bound on the brane charges (in units of τ/Mpl). The quoted numbers are
order of magnitude estimates.

This is quadratically sensitive to the brane tension and not especially restrictive as can be
seen from the numerical examples in table 2. Note, in particular, the case where N = 100,
corresponding to the benchmark point in [24]. Here we can have Planckian |VQFT| with the
current vacuum being both natural and quantum mechanically stable if the brane tensions,
τ ∼ 0.2M3

pl and the charges, q ≤ 0.02M2
pl.

The last thing we need to check is already well known: is it possible to transition from
a high scale de Sitter vacuum to the current vacuum in a single jump? Near Minkowski
daughter vacua satisfy

N∑
i=1

(NMink
i )2q2

i ≈ 2|VQFT|. (6.33)

If this is the daughter vacuum generated by the nucleation of a brane of type i∗, then the
parent vacuum has curvature

k2
+ =

∑N
i=1(1 + 2|NMink

i∗ |)q2
i∗

6M2
pl

∼
q
√

8|VQFT|
6M2

pl
= k2

c (6.34)

For physically allowed configurations with positive brane tension this will be positive,
corresponding to a high scale de Sitter vacuum provided q is not tuned to exponentially
small values. In particular, for our canonical parameter values, |VQFT| ∼M4

pl, q ∼ 0.02M2
pl

and N ≈ 100, we have a bungee jump from vacua of curvature k2
+ ∼ 0.01M2

pl to the current
vacuum. This enables us to avoid the empty universe problem in the Bousso-Polchinski
set-up, as is well known.

To summarise, if we are prepared to accept some violation of the membrane weak
gravity conjecture, we can select the near Minkowski vacuum using probabilistic methods
even for the Bousso-Polchinski set-up. This offers a tantalising alternative to the standard
anthropic arguments used to recover a vacuum consistent with observation.

6.3 The Kaloper-Westphal set-up

We now switch to the original motivation for our work: the Kaloper-Westphal set-up [7].
This corresponds to the case where there are just two three-forms (so i, j runs from 1
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to 2) and
ωij = Zij = 0, V = VQFT +M2

pl(φ1 + φ2), σi = −2φi. (6.35)

Crucially, the membrane charges are assumed to have an irrational ratio, q1/q2 = w /∈ Q.
The bulk constraints on the vacua (3.1) to (3.3) now give

3M2
plk

2 = VQFT +M2
pl(φ1 + φ2) (6.36)

M2
pl = 2ck (6.37)
χi = −2φi (6.38)

from which it follows that

k2 =
VQFT −

M2
pl

2 (χ1 + χ2)
3M2

pl
. (6.39)

Recall that the nucleation of the membrane of type i∗ triggers a jump ∆χi = −δii∗Qi∗ ,
where Qi∗ = ±qi∗ , consistent with the quantisation condition on χi = −Niqi (no sum) for
some Ni ∈ Z. The spectra of vacua is characterised by the curvature

k2 =
VQFT + M2

pl
2 (N1q1 +N2q2)
3M2

pl
. (6.40)

The irrational ratio in membrane charge ensures that this landscape of vacua is dense and
passes arbitrarily close to the Minkowski vacuum. The nucleation of our membrane triggers
a consistent jump N+

i∗
→ N−i∗ = N+

i∗
±1 leaving Ni 6=i∗ unchanged. This gives rise to a jump

in the vacuum curvature
∆k2 = ±qi∗6 (6.41)

giving

X = ±
2M4

plqi∗
3τ2
i∗

. (6.42)

If we start in a parent de Sitter vacuum with curvature k2
+, transitions to AdS are only

possible for k2
+ < k2

c = q/6, where q = max{q1, q2}. In [7], the authors impose the
condition,

2M4
plqi

3τ2
i

< 1, i = 1, 2 (6.43)

which is equivalent to |X| < 1 in all cases. In particular, as we have seen in the previous
section, this type of condition ensures that those vacua vulnerable to decay into anti de Sit-
ter can be long lived. More precisely, when k2

+ < k2
c = q/6, we recall that the tunnelling

exponent B ≥ Bc, where Bc is computed using (5.2),

Bc ∼
6M2

plΩ3

q
. (6.44)

As long q is sub-Planckian, this remains large. Indeed, for qmax ∼ 0.1M2
pl, the low scale

de Sitter vacua can be made very long lived, with Bc & 1000. Since |X| < 1, we also
have absolute stability of the Minkowski vacuum thanks to the presence of the pole in
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the tunnelling exponent as k+ → 0. Note that unlike in the Bousso-Polchinski setup,
the condition (6.43) is independent of |VQFT| or, in other words, the quantum mechanical
stability of the Minkowski vacuum can be guaranteed whatever the depth of the bare
AdS vacuum.

The Kaloper-Westphal model also avoids the empty universe problem. This is because
we can bungee jump to the current vacuum from a parent de Sitter vacuum with curvature
k2

+ ∼ q/6, where q is not constrained to be exponentially small in Planck units. Assuming
sub-Planckian brane tension, we might worry that the one condition we do have (6.43) is
at odds with the weak gravity conjecture for membranes (6.27). However, in the absence
of kinetic terms for the three-forms in the Kaloper-Westphal set-up, it is not immediately
clear how one should implement the weak gravity condition in the first place. Of course, the
absence of the kinetic terms would itself present a challenge to string theory model builders.

6.4 More fun with irrationals

The key ingredients of the Kaloper-Westphal set-up can be realised in a simple model of a
single axion coupled to a four-form. In particular, we consider an action of the form

S =
∫
M
d4x

√
|g|
[
M2

pl
2 R− 1

2∇µφ∇
µφ− V (φ)

]

+
∫
M

[
−1

2F ∧ ?F − µφF
]

+ Sboundary + Smembranes (6.45)

with V (φ) = VQFT−m4 cos(φ/f). In terms of our generalised model described earlier, this
corresponds to the case where i, j = 1 only and ωij = 1, Zij = 1, σi = −µφ. The bulk
constraints (3.1) to (3.3) imply that

3M2
plk

2 = VQFT −m4 cos(φ/f) + 1
2c

2 (6.46)

m4

f
sin(φ/f) = µc (6.47)

χ = −µφ− c. (6.48)

It follows that

k2 =
VQFT −m4 cos(φ̄(χ)/f) + m8

2µ2f2 sin2(φ̄(χ)/f)
3M2

pl
, (6.49)

where φ̄ solves the equation

χ = −µφ̄− m4

µf
sin(φ̄/f) . (6.50)

Nucleation of the membrane leads to a jump ∆χ = −Q = −ηq, where q is the fundamental
membrane charge and η = +1 for branes and η = −1 for anti-branes. This is consistent with
the quantisation condition on χ = −Nq for some N ∈ Z, with the membrane nucleation
giving ∆N = η. We can rewrite (6.50) as

N = µ

q
φ̄(N) + m4

qµf
sin(φ̄(N)/f) , (6.51)
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with the vacuum spectrum characterised by curvature

k2(N) =
VQFT −m4 cos(φ̄(N)/f) + m8

2µ2f2 sin2(φ̄(N)/f)
3M2

pl
. (6.52)

If the cosine potential were generated by non-perturbative corrections to the axion φ, and
nothing else, we would expect the decay constant and therefore the periodicity of the
potential, to be set by the fundamental membrane charge. This corresponds to the critical
choice, fcrit = q/2πµ. The problem is that in such a set-up, the vacuum curvature (6.52) is
single valued, making it of no use in addressing the cosmological constant problem. To see
this note that if f = fcrit, then (6.50) is invariant under N → N + n, φ̄→ φ̄+ 2πnfcrit. It
follows that nucleation of a membrane simply triggers a shift in φ̄ of size ±2πfcrit, leaving
the curvature unchanged.

Inspired by the Kaloper-Westphal model, we consider instead the case where f = wfcrit
for some w /∈ Q. This could have arisen from integrating out the heavier of two sectors in a
doubled system with an irrational ratio of membrane charges, reinforcing the connection to
Kaloper and Westphal’s original set-up. The curvature spectrum is now dense over a finite
range of values. To see this, we assume a rational approximation for w ≈ p1/p2, accurate
to order ε,

w = p1
p2

(1 + ε) (6.53)

for coprimes p1 and p2. If φ(N) solves (6.51), then we can show that

φ(N + p1) ≈ φ̄(N) + 2πfp2 −
2πfp1ε

2πm4

qµf cos(φ̄(N)/f) + w
. (6.54)

We now compare the vacuum curvature for the vacuum with flux number N and that with
number N + p1,

δk2 = k2(N + p1)− k2(N) ≈ −

2πp1m
4 sin(φ̄(N)/f)

(
1 + m4

µ2f2 cos(φ̄(N)/f)
)

3M2
pl

(
2πm4

qµf cos(φ̄(N)/f) + w
)

 ε. (6.55)

Since we can make ε arbitrarily small but non-zero with better and better choices of p1 and
p2, it is clear that the distance between vacua can be made arbitrarily small and that the
spectrum is dense. It turns out that the curvature lies in a range k2 ∈ [k2

min, k
2
max], where

k2
min = 1

3M2
pl

(
VQFT −m4

)
(6.56)

and

k2
max = 1

3M2
pl

VQFT +m4 + 1
2m

4
(
m2

µf
− µf

m2

)2

θ

(
m2

µf
− 1

) (6.57)

where

θ

(
m2

µf
− 1

)
=

1 m2 ≥ µf
0 m2 < µf .

(6.58)
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We now require that VQFT, µf and m4 are such that the range of curvature passes from
large and positive, k2

max � H2
0 > 0, to large and negative values, k2

min � −H2
0 < 0, with

respect to the current Hubble scale. Once this is guaranteed, the density of the spectrum
ensures that vacua exist whose curvature are sufficiently close to observations.

Requiring the curvature of vacua to scan either side of the observed value directly
constrains the size of the QFT contribution to the vacuum energy. In particular, we
find that

3M2
plH

2
0 −m4 − 1

2m
4
(
m2

µf
− µf

m2

)2

θ � VQFT � −3M2
plH

2
0 +m4. (6.59)

Assuming m4 �M2
plH

2
0 , we can satisfy this just by imposing an upper bound on the scale

|VQFT| . m4. Typically we expect m4 ∼ Λ4
UVe

−S , where ΛUV is some UV scale8 and S > 1
is the action for the instanton that generates the potential. Although we cannot extend
the scale of the underlying vacuum energy to arbitrarily large values in this model, we can
easily accommodate scales just a few orders of magnitude below the Planck scale.

As ever, nucleation of a membrane triggers a jump in one of the flux integers, N+ →
N− = N+ ± 1, translating into a jump in vacuum curvature

∆k2 = −m
4∆[cos(φ̄/f)]

3M2
pl

[
1 + m4

µ2f2 〈cos(φ̄/f〉)
]

(6.60)

where
∆[cos(φ̄/f)] = cos(φ̄(N+)/f)− cos(φ̄(N+ ± 1)/f) (6.61)

and
〈cos(φ̄/f)〉 = 1

2
[
cos(φ̄(N+)/f) + cos(φ̄(N+ ± 1)/f)

]
. (6.62)

This depends implicitly on where we are in the landscape through the dependence on N+.
Descent from parent de Sitter vacua with curvature k2

+ > 0 is characterised by the value
of X = 4M4

pl∆k2/T 2 > 0. If τ is the fundamental membrane tension, we can use the fact
that ∆[cos(φ̄/f)] ≥ −2 and 〈cos(φ̄/f)〉 ≤ 1 to show that

X ≤
8M2

plm
4

3τ2

[
1 + m4

µ2f2

]
= Xmax . (6.63)

As in our analysis for the Bousso-Polchinski set-up, dangerous transitions into AdS are
kinematically forbidden if Xmax < X0(k+) = 4M2

plk
2
+/τ

2. This introduces a critical curva-
ture k2

c = 2
3
m4

M2
pl

[
1 + m4

µ2f2

]
beyond which we cannnot descened into AdS through a single

membrane nucleation. For k2
+ . k2

c , descent into AdS may be possible. However, if we
impose the modest constraint

8M2
plm

4

3τ2

[
1 + m4

µ2f2

]
< 1 (6.64)

8In QCD, this is set by the QCD scale, or more precisely, by the scale of the quark condensates and the
quark masses. In string compactifications it is typically a few orders of magnitude below the Planck scale,
being suppressed by the volume of the Calabi-Yau.

– 23 –



J
H
E
P
1
0
(
2
0
2
3
)
0
1
4

we are guaranteed to have 0 < X < 1 for all downward transitions. This ensures that the
lifetime of these vacua is determined by a tunnelling exponent B ≥ Bc where

Bc =
3M4

plΩ3

2m4

[
1 + m4

µ2f2

]−1

. (6.65)

By choosing parameters so that this is large we can ensure that the metastable vacua are
very long-lived. Furthermore, the condition (6.64) also ensures that |XM+→AdS− | < 1. As
we saw previously, this guarantees the presence of a pole in the transition rate as the parent
vacuum approaches Minkowski, rendering it arbitrarily long-lived.

Interestingly, this set-up seems to avoid any issues with the membrane weak gravity
conjecture. To see this, note that f = wfcrit = wq

2πµ , and so we can rewrite the condi-
tion (6.64) as

8M2
plm

4

3τ2

[
1 + 4π2m4

w2q2

]
< 1 (6.66)

which does not indicate any violation of (6.27). The last thing we need to do is to check
that we can indeed transition to a near Minkowski vacuum in a single bungee jump and
avoid the empty universe problem. Using equation (6.52), we see that the flux integer for
the near Minkowski vacuum satisfies

cos
[
φ̄
(
NMink

)/
f
]

= −µ
2f2

m4 (1± υ) (6.67)

where

υ = 1
µf

√
2
(
VQFT + 1

2µ
2f2 + 1

2
m8

µ2f2

)
≥
√

6Mplkmax
µf

(6.68)

where in the inequality we have used the formulae for kmax for both µf ≤ m2 and µf > m2

given in equation (6.57). If Minkowski is the daughter vacuum, it is generated by membrane
nucleation in a parent de Sitter vacuum of curvature

k2
+ = m4

3M2
pl
|∆[cos(φ̄/f)]|

(
υ − m4

2µ2f2 |∆[cos(φ̄/f)]|
)

(6.69)

where now
∆[cos(φ̄/f)] = cos(φ̄(NMink ∓ 1)/f)− cos(φ̄(NMink)/f) . (6.70)

Let us now assume that υ � m4/Mplµf > H0 and ω = f/fcrit > 1. As we will show, these
are a set of sufficient conditions that allow us to avoid the empty universe problem. First
up, note that ω > 1 implies |∆[cos(φ̄/f)]| ∼ O(1).9 For υ � m4

µ2f2 and |∆[cos(φ̄/f)]| ∼ O(1)
9To show that |∆[cos(φ̄/f)]| ∼ O(1) for ω > 1, consider the case where |∆[cos(φ̄/f)]| � 1. It follows

that φ̄(NMink∓ 1) ≈ σφ̄(NMink) + 2nπf for some n ∈ Z and σ = ±1, which is consistent with the condition
on the flux integers (6.51) if and only if

∓ 1 ≈ nω + (σ − 1)NMink (6.71)

For σ = 1, this implies ω ≈ 1/|n|, contradicting the requirement that ω > 1. For σ = −1, the condi-
tion (6.71) depends explicitly on NMink and is destabilised by radiative corrections to VQFT. We therefore
ignore this possibility.
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the curvature of the parent vacuum is bounded from below as follows

k2
+ ∼

m4υ

3M2
pl
≥ m4kmax

Mplµf
, (6.72)

where in the second inequality we have neglected O(1) factors and used equation (6.68). As
mentioned before, the absence of finely tuned cancellations between the various contribu-
tions to the curvature requires kmax � H0. If we further assume that the axion parameters
satisfy the inequality m4/Mplµf > H0, as stated above, we find that

k2
+ �

m4H0
Mplµf

� H2
0 . (6.73)

Thus, the curvature of the parent vacuum vastly exceeds that of its offspring, the current
vacuum. It follows that we can bungee jump from a high scale vacuum to the current
vacuum with a single bubble nucleation and the empty universe problem is avoided.

We conclude that this model of a single four-form scalar pair addresses the cosmolog-
ical constant problem in much the same way as the Kaloper-Westphal model. However,
there are some differences. For example, in the Kaloper-Westphal model, the quantum
mechanical stability of Minkowski is independent of |VQFT|, whereas here we find it can
only be achieved for |VQFT| < m4. This is not a significant limitation since we can easily
imagine m lying just below the Planck scale. This new model also contains certain features
that are appealing from the perspective of fundamental theory, including a standard kinetic
term for the four-form without any violation of the weak gravity conjecture for membranes.

Of course, the form of the axion potential may be further constrained by the axion
weak gravity conjecture [25]. Naively, this would correspond to the condition fS < Mpl
which is not especially restrictive here. However, we think a more careful analysis in the
context of a particular UV completion of the model would be worthwhile.

Finally, it is worth noting that besides the vacuum transitions mediated by the nucle-
ation of fundamental membranes charged under the four-form, the present model also allows
for transitions between local minima while holding the four-forms fixed. These correspond
to the well known Coleman-de Luccia instantons [23], where local vacua are separated by
domain walls, and provide an extra channel for the relaxation of the cosmological constant.

7 Conclusions

Within the standard framework of quantum field theory, radiative corrections to the vac-
uum energy are large, scaling like the fourth power of the cut-off. If we assume naturalness,
this scale should determine the overall size of the renormalized vacuum energy. Corrections
to the cosmological constant from other sectors are now required to bring this result in line
with observations, bringing the corresponding vacuum curvature down to the present Hub-
ble scale. In an effective four-dimensional description of the universe in which gravity is
coupled to four-form field strengths, four-form flux provides a correction to the cosmo-
logical constant. Nucleation of membranes charged under the corresponding three-form
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potential, then allows the flux to jump by a single quantised unit, changing the value of
the cosmological constant. This yields a landscape of possible vacua labelled by the quan-
tised flux, scanned through quantum tunnelling. To make contact with observation the
landscape should be sufficiently dense, with the curvature of vacua separated by no more
than the current Hubble scale. Furthermore, to avoid becoming lost in a cold and empty
universe, we must be able to reach the current vacuum from a high scale de Sitter vacuum
in a single nucleation event.

In Bousso and Polchinski’s seminal paper [24], there are a large number of four-forms,
realising the required density of the landscape without running into the empty universe
problem. However, this is not enough to address the cosmological constant problem. We
also need to ask how the observed vacuum is selected from the landscape of possibilities.
Bousso and Polchinski argue that the current vacuum should be selected using anthropic
arguments: if the vacuum curvature were too large and positive, structure could not have
formed due to the rapid exponential expansion; if it were too large and negative, the
universe would have started contracting before stars, planets and complex life had ever
come into existence. Anthropic arguments have also been used in the context of the elec-
troweak hierarchy problem where, like in the cosmological constant case, naturalness is
under pressure. For example, a coupling between the Higgs-squared and one [26, 27] or
more four-forms [28] yields a landscape of electroweak vacua, from which the current vac-
uum is selected through anthropics.

In the recent history of string cosmology, anthropic ideas have indubitably become the
dominant explanation for the small value of the cosmological constant seen in nature. We
now seek to challenge that assertion, showing how the current vacuum can often be selected
on probabilistic grounds for a wide class of string-like models of four-forms coupled to scalar
fields, including Bousso and Polchinski’s original set-up. With this new perspective, our
world exists independently of mankind or some other complex species. It is born from
probability.

The main idea was inspired by the recent proposal of Kaloper [6] and Kaloper and
Westphal [7], although we have shown how it can be readily extended. In the wide class of
models under consideration, we have identified a parameter that controls the lifetime of low
scale vacua, similar to the current vacuum we observe. If this parameter can be suitably
bounded, a pole appears in the corresponding bounce actions as the curvature of the parent
vacuum goes to zero. This guarantees the quantum stability of the Minkowski vacuum, and
the longevity of those vacua close to Minkowski in Planck units. In the Kaloper-Westphal
model, this bound corresponds to an absolute bound on the membrane charge in terms
of its tension. In the Bousso-Polchinski model, the bound is also sensitive to the scale
of the renormalised vacuum energy. However, the sensitivity is not too severe: one can
easily accommodate a Planckian energy density for the QFT vacuum, with the membrane
tension and charge lying just an order of magnitude or two below the Planck scale. That
said, in both the Kaloper-Westphal and the Bousso-Polchinski set-ups, these probabilistic
arguments seem to require a mild violation of the membrane weak gravity conjecture. With
this in mind, we have presented a new model where the same probabilistic methods are
used but where there is no such violation.
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This new approach offers some hope for addressing the cosmological constant prob-
lem using probabilistic methods. Notwithstanding some concerns associated with various
swampland considerations, this could be relevant to a wide class of four-dimensional effec-
tive field theories whose underlying structures are compatible with string compactifications.
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A Tunnelling rates for general boundary conditions

For a general choice of boundary condition on the three-forms, the tunnelling exponent
computed from the geometry of the bounce is given by

B = λBN + (1− λ)BD (A.1)

where BN is the tunnelling exponent computed for Neumann boundary conditions (λ = 1),
given by (4.23), and BD for Dirichlet boundary conditions, given by

BD = BN − Ω3
∑
i

QiA
i(0) + Ω3∆

{∑
i χic

i

3k4

[
3ρ′(r)− ρ′(r)3

]0
rmin

}
. (A.2)

Recall that for Neumann boundary conditions (λ = 1), configurations with k2
+ ≤ 0

and ε+ = −1 are always infinitely suppressed; for Dirichlet boundary conditions (λ = 0),
they will also be infinitely suppressed provided (2V +∑i σic

i)+ < 0. If this is not the case,
there will be a catastrophic instability.

For configurations of physical interest, the tunnelling exponent simplifies. Indeed, BN
is now given by (4.24) for Neumann boundary conditions on the three-forms, and

BD = BN + Ω3

[
M2

pl
3T ρ(0)3

(
v∆k2 − T 2

2M4
pl
u

)
−
∑
i

QiA
i(0)

]
(A.3)

+ 2Ω3
3k2

+k
2
−

{
(u∆k2 − v〈k2〉)

(
1−

M2
pl
T

ρ(0)∆k2
)

+ T

4M2
pl
ρ(0)

[
v∆k2 − 2u〈k2〉

]}

for Dirichlet boundary conditions, where u = −6M2
pl + 〈(2V + ∑

i σic
i)/k2〉 and v =

∆
[
(2V +∑

i σic
i)/k2].
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