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On-Policy Data-Driven Linear Quadratic Optimal Control of SISO
Systems via Model Reference Adaptive Reinforcement Learning

Alessandro Bosso1, Marco Borghesi1, Andrea Serrani1, Giuseppe Notarstefano1, and Andrew R. Teel2

Abstract— In this paper, we address the problem of on-policy
data-driven linear quadratic optimal control for continuous-
time single-input single-output systems. Assuming that the plant
is minimum phase and has relative degree one, we propose
model reference adaptive reinforcement learning – an approach
with theoretical guarantees that combines learning and model
reference adaptive control. The developed algorithm features an
adaptive output-feedback controller that tracks a parameter-
varying reference model, whose behavior is shaped by a
discrete-time optimizer. For the resulting hybrid closed-loop
system, we establish semi-global boundedness of the solutions
and show that, under persistency of excitation induced by a
dither signal, the applied policy converges to the optimal one.

I. INTRODUCTION

Over the years, the control community has increasingly
moved from model-based to data-driven approaches. Using
data as a substitute for model information has been a central
theme in adaptive control [1], which aims at stabilization and
tracking, and more recently in reinforcement learning (RL)
[2], which focuses on optimal control. A historical overview
of these trends is given in [3]. In this context, our goal is to
study linear quadratic (LQ) optimal control of single-input
single-output (SISO) linear time-invariant systems.

Several algorithms have been proposed for data-driven LQ
optimal control in the state-feedback setting. Among these,
we find off-policy approaches that compute the optimal gain
offline from a dataset [4]–[6] or online while controlling the
system with a suboptimal feedback law [7]. Early on-policy
techniques include [8]–[10], where the data are generated
under the current policy estimate, but an initial stabilizing
gain is needed and the closed-loop interconnection of plant
and control/learning dynamics is not fully analyzed. Other
on-policy methods, such as [11], [12], provide closed-loop
stability guarantees but still rely on an initial stabilizing gain.
In contrast, the continuous-time value iteration approach of
[13] establishes stability of the learning dynamics without
such a requirement. Similarly, [14] introduces model ref-
erence adaptive reinforcement learning (MR-ARL), which
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combines model reference adaptive control (MRAC, see
[1], [15]) for stabilization and value iteration to achieve
optimality, without any need for an initial stabilizing policy.
A related approach is found in [16], which also combines
MRAC and RL, but without ensuring optimality as in [14].

In the output-feedback setting, [17] proposes an observer
to implement and compute the optimal policy without state
measurements, although without proving closed-loop stabil-
ity during the learning transient. Recently, [18] applied the
value iteration method of [13] within adaptive pole placement
schemes for continuous-time SISO systems [1, Ch. 7], estab-
lishing closed-loop stability and optimality under persistency
of excitation. However, without excitation, this scheme may
suffer from the loss of stabilizability of the estimates, so their
good behavior is assumed rather than enforced by design.

In this work, we extend the MR-ARL approach of [14]
to continuous-time, minimum-phase, SISO systems with
relative degree one. The proposed on-policy algorithm is
an actor-critic architecture that does not require an initial
stabilizing policy. Specifically, a continuous-time observer-
based adaptive controller (actor) stabilizes the system and
tracks a parameter-varying reference model, while a discrete-
time optimizer (critic) adjusts the reference model by solving
an LQ problem based on the observer parameters. To pre-
vent any loss of stabilizability, we employ a non-minimal
realization of the plant, known in the adaptive literature [15,
Ch. 4] and revisited here in a novel state-space setting. The
closed-loop system combines continuous- and discrete-time
dynamics and is modeled as a hybrid dynamical system [19].
We show that: (i) the solutions remain bounded from any
compact set of initial conditions if the optimizer’s sampling
time is sufficiently large; (ii) if a dither signal is injected to
ensure persistency of excitation, the applied policy becomes
optimal and the reference model converges to the optimal
closed-loop behavior for the plant.

The paper is organized as follows. In Section II, we discuss
the control problem. In Section III, we present the non-
minimal realization. Then, Sections IV and V are dedicated
to MR-ARL and its analysis. Section VI provides a numerical
example and Section VII concludes the paper. Due to space
constraints, some proofs are omitted.

Notation: we use R to denote the set of real numbers, and
for any a ∈ R, we let R≥a := [a,∞). Ij denotes the identity
matrix of dimension j. Given a symmetric matrix M , M ⪰ 0
denotes that it is positive semidefinite. For any square matrix
M , we indicate its spectrum with σ(M). Given vectors v1,
v2, we often use (v1, v2) for [v⊤1 v⊤2 ]

⊤. Finally, we refer to
[19] for the notation and tools of hybrid dynamical systems.



II. PROBLEM STATEMENT

A. On-Policy Data-Driven LQ Control of SISO Systems

Consider a continuous-time SISO LTI system of the form

ẋ = Ax+ bu

y = c⊤x,
(1)

where x ∈ Rn is the state, with dimension n known, u ∈ R is
the control input, y ∈ R is the measured output, and A, b, and
c are unknown matrices satisfying the following assumption.

Assumption 1. The pair (A, b) is controllable and the pair
(c⊤, A) is observable.

We associate to the model (1) the cost functional:

J(x0, u(·)) :=
∫ ∞

0

(y2(t, x0, u(·)) + ru2(t))dt, (2)

where r > 0 is a known scalar weight and y(t, x0, u(·)) is
the output trajectory of system (1) at time t, subject to the
initial condition x0 ∈ Rn and the control sequence u(·). The
infinite-horizon LQ optimal control problem involves finding
a policy π⋆ : Rn → R such that u(t) = π⋆(x(t)) minimizes
the cost functional (2) for all x0 ∈ Rn.

Under Assumption 1, the optimal policy is given by

π⋆(x) := −r−1b⊤P ⋆x, (3)

where P ⋆ ∈ Rn×n is the unique symmetric and positive
definite solution of the algebraic Riccati equation (ARE):

A⊤P + PA− r−1Pbb⊤P + cc⊤ = 0. (4)

Our goal is to obtain the optimal policy when A, b, and c are
unknown and x is not available. Also, (1) may be unstable
and no initial output-feedback stabilizing policy is known. To
address this scenario, we consider the following problem.

On-Policy Data-Driven LQ Optimal Control Problem

Design a controller having state ς and control policy

u = π(y, ς, d), (5)

where d is a probing signal (dither), such that:
1) Exploration: the policy (5) is applied to the system

(1) to learn from the data acquired online.
2) Exploitation: the policy π(y, ς, d) converges to

π⋆(x) + d, with π⋆(x) the optimal policy in (3).
3) Boundedness: given a specified compact set of

initial conditions of x and ς , the resulting closed-
loop signals are bounded.

B. LQ Control via Model Reference Adaptive Control

We propose to tackle the above problem with an MRAC
architecture. Thus, we introduce some standard assumptions.

Assumption 2. System (1) has relative degree one. In
particular, a scalar β0>0 is known such that β :=c⊤b ≥ β0.

Assumption 3. System (1) is minimum phase, i.e., all zeros
of the transfer function c⊤(sIn−A)−1b have strictly negative
real part.

While future work will relax Assumption 2 to address the
case of arbitrary relative degree, Assumption 3 is necessary
for any model reference control design.

Consider a reference model for system (1) of the form

ẋm = Amxm + bmur

yr = c⊤mxm,
(6)

where xm ∈ Rµ is the state, ur ∈ R and yr ∈ R are the
reference input and output, while Am, bm, and cm are design
matrices. In classical MRAC [15], the objective is to design a
controller of the plant (1) that, by processing y(t), xm(t), and
ur(t), ensures that: (i) the closed-loop signals are bounded;
(ii) the error y(t)− yr(t) converges asymptotically to zero.

Since this architecture solves the stabilization part of our
problem, one may wonder if also learning could be achieved.
It turns out that π⋆ can be learned by appropriately shaping
the behavior of the reference model, instead of modifying the
underlying stabilizing controller. In particular, we will show
that our problem is solved if (6) is replaced by a parameter-
varying system that converges to a non-minimal realization
of (1). We now introduce such a realization and its properties.

III. NON-MINIMAL REALIZATION OF THE PLANT

Following classical adaptive observer design [15, Thm.
4.3], a non-minimal realization of (1) is given by

ξ̇ = Fξ + gu

y = h⊤ξ,
(7)

with input and output u, y ∈ R as in (1), state ξ ∈ R2n−1,
and matrices defined as

F :=

 Λ 0 ℓ
0 Λ 0
θ⊤1 θ⊤2 θy

, g :=

0ℓ
β

, h :=

00
1

, (8)

where Λ ∈ R(n−1)×(n−1) and ℓ ∈ Rn−1 are tuning gains
described later, β := c⊤b, and

θ :=
[
θ⊤1 θ⊤2 θy

]⊤
∈ R2n−1 (9)

are parameters matching the transfer functions of (1) and (7).
Instead of using the transfer-function framework of [15],

we study the properties of (7) in a state-space setting. In
particular, the next result is a reinterpretation of the non-
minimal realization (7) from a point of view closely related
to the original Luenberger’s paper on observer design [20].

Lemma 1. For any controllable pair (Λ, ℓ) such that no
eigenvalue of Λ is a zero of the plant transfer function
c⊤(sIn − A)−1b, there exist parameters θ and a similarity
transformation (η, x) = Tξ such that system (7) becomes:[
η̇
ẋ

]
=

[
Λ ℓc⊤

0 A

][
η
x

]
+

[
0
b

]
u, y =

[
0 c⊤

][
η
x

]
. (10)

Proof: Under Assumption 2, there exists a similarity
transformation such that system (1) can be rewritten in
normal form [21, Ch. 2]:

ż = Azz + bzy, ẏ = c⊤z z + αy + βu, (11)



where z ∈ Rn−1. From the PBH test, (Az, bz) is control-
lable and (c⊤z , Az) is observable. Also, Az is Hurwitz by
Assumption 3 and σ(Λ) ∩ σ(Az) = ∅ by hypothesis. Let
X ∈ R(n−1)×(n−1) be the unique solution of the following
Sylvester equation:

ΛX −XAz = ℓc⊤z β
−1. (12)

From the proof of [22, Lemma 1.5.6], X is nonsingular since
(Λ, ℓ) is controllable and (c⊤z , Az) is observable. Define:

χ := Xz + ℓβ−1y, (13)

and rewrite (11) in the coordinates (χ, y):

χ̇ = Λχ+ bχy + ℓu, ẏ = θ⊤χ χ+ θyy + βu, (14)

where bχ := Xbz + (αIn−1 − Λ)ℓβ−1, θ⊤χ := c⊤z X
−1, and

θy := α−c⊤z X−1ℓβ−1. If the plant parameters were known,
a reduced-order observer of z could be obtained by copying
the dynamics of χ in (14) and using the transformation (13).

We now show that ξ can be transformed as follows:ηχ
y

 =

In−1 0 0
Y In−1 0
0 0 1

 ξ, (15)

where Y ∈ R(n−1)×(n−1) is a suitable matrix, while χ and
y satisfy (14). Using (7), (14), we compute the derivative on
both sides of (15) to obtain, after some simplifications,

ΛY = Y Λ, Y ℓ = bχ (16a)

θ⊤χ
[
Y In−1

]
=

[
θ⊤1 θ⊤2

]
. (16b)

From [23, Appendix II], (16a) has a unique solution because
(Λ, ℓ) is controllable. Then, once Y is found, (θ1, θ2) is com-
puted from (16b). The existence of T follows by combining
(13), (15), and the transformation from (z, y) to x.
With Lemma 1, we obtain the following key properties.

Lemma 2. Consider Λ, ℓ, and θ from Lemma 1, and let
Λ be Hurwitz. Then, the pair (F, g) is controllable and the
pair (h⊤, F ) is detectable.

Lemma 3. Consider Λ, ℓ, θ, and T from Lemma 1, and let
Λ be Hurwitz. Then, the ARE obtained from (7) and (2):

F⊤Q+QF − r−1Qgg⊤Q+ hh⊤ = 0, (17)

admits a unique symmetric, positive semidefinite solution:

Q⋆ := T⊤
[
0 0
0 P ⋆

]
T, (18)

where P ⋆ is the matrix in (3). Thus, the optimal policy for
(7) with cost (2) is −r−1g⊤Q⋆ξ = −r−1b⊤P ⋆x = π⋆(x).

IV. MODEL REFERENCE ADAPTIVE REINFORCEMENT
LEARNING

The proposed scheme, named model reference adaptive
reinforcement learning (MR-ARL) for SISO systems, is sum-
marized in Algorithm 1 and illustrated in Fig. 1 in the next
page. In particular, we consider an actor-critic architecture
combining MRAC and a parameter-varying reference model
whose updates are triggered in discrete time by the clock
(19). We now describe the building blocks of MR-ARL.

Algorithm 1 MR-ARL for SISO Systems
Initialization:

Tuning: τs > 0, (Λ, ℓ) as in Lemma 1 with Λ Hurwitz,
λ > 0, k > 0, γ > 0, ϵ > 0, β0 > 0 from Assumption 2.
Inputs: dither d (continuous, bounded, stationary, suffi-
ciently rich of order 3n [1, Def. 5.2.3]), plant output y.
States: τ ∈ [0, τs], ξm ∈ R2n−1, ζ̂ ∈ R2n−2, ŷ ∈ R,
(θ̂a, β̂a) ∈ R2n−1 ×R≥β0 , (θ̂c, β̂c) ∈ Rϵ, with Rϵ in (29).

Clock: {
τ̇ = 1, τ ∈ [0, τs]

τ+= 0, τ = τs.
(19)

Reference model (continuous time):
Reference dynamics:

ξ̇m = F̂ (θ̂c)ξm + ĝ(β̂c)ur, yr = h⊤ξm, (20)

with F̂ , ĝ, and h defined in (26).
Reference input:

ur = −r−1ĝ⊤(β̂c)Q̂ξm + d. (21)

Actor (continuous time):
Adaptive observer:

˙̂
ζ =

[
Λ 0
0 Λ

]
ζ̂ +

[
ℓ 0
0 ℓ

] [
y
u

]
˙̂y = ϕ⊤a θ̂a + β̂au− λ(ŷ − y), ϕa := (ζ̂, y)

˙̂
θa = −γϕa(ŷ − y),

˙̂
βa = Proj≥β0

{−γu(ŷ − y)},

(22)

with Proj≥β0
{·} defined in (28).

Control input:

u = β̂−1
a (ξ⊤m θ̂c − ϕ⊤a θ̂a + β̂cur − k(ŷ − yr)). (23)

Critic (discrete time):
Critic update during jumps:

(θ̂c, β̂c)
+ =

{
(θ̂a, β̂a), if |det R̂(θ̂a, β̂a)| ≥ ϵ

(θ̂c, β̂c), otherwise,
(24)

with R̂ defined in (29).
Algebraic Riccati equation: find Q̂ = Q̂⊤ ⪰ 0 such that

F̂⊤(θ̂c)Q̂+ Q̂F̂ (θ̂c)− r−1Q̂ĝ(β̂c)ĝ
⊤(β̂c)Q̂+ hh⊤ = 0.

(25)

Reference model: This continuous-time block specifies the
target behavior for the controlled plant (1). In particular, the
matrices of system (20) are defined as

F̂ : θ̂ 7→

 Λ 0 ℓ
0 Λ 0

θ̂⊤

, ĝ : β̂ 7→

0ℓ
β̂

, h :=

00
1

. (26)

Thus, (20) has the same structure of (7), with (θ, β) replaced
by the estimates (θ̂c, β̂c) received from the critic. Moreover,
the reference input (21) is the sum of a dither signal d and
a feedback law that yields the following closed-loop matrix,



ξm ζ̂, ŷ, θ̂a, β̂a

θ̂c, β̂c

Reference
model

Actor

Critic

d ur, ξm

θ̂c, β̂c

u

x

Plant y

θ̂a, β̂a

�τ

Fig. 1. Interconnection of MR-ARL with the controlled plant.

whose properties are determined by the critic:

Fcl(θ̂c, β̂c) := F̂ (θ̂c)− r−1ĝ(β̂c)ĝ
⊤(β̂c)Q̂(θ̂c, β̂c). (27)

Actor: This continuous-time block is an adaptive con-
troller based on MRAC design that ensures that y(t)− yr(t)
converges to zero. The scheme comprises the adaptive ob-
server (22), with parameter estimates (θ̂a, β̂a), and the control
input (23). In (22), Proj≥β0

{·} is a projection operator that
enforces the constraint β̂a ≥ β0 along flows:

Proj≥β0
{v} :=

{
v, (β̂a>β0)∨((β̂a=β0)∧(v ≥ 0))

0, (β̂a=β0)∧(v < 0).
(28)

Critic: This discrete-time module is used for updating the
reference model according to the estimates generated by the
actor. In particular, the critic samples the weights (θ̂a, β̂a)
whenever they belong to the set Rϵ defined as

Rϵ :={(θ̂, β̂) ∈ R2n : |det R̂(θ̂, β̂)| ≥ ϵ}

R̂(θ̂, β̂) :=
[
ĝ(β̂) F̂ (θ̂)ĝ(β̂) · · · F̂ 2n−2(θ̂)ĝ(β̂)

]
,

(29)

i.e., the estimated non-minimal plant is controllable with a
margin ϵ. Otherwise, the block freezes the values of (θ̂c, β̂c)
until the next jump. The weights are then used in (25) to
compute an estimate Q̂ of the matrix Q⋆ in (18). As a result,
Fcl in (27) is Hurwitz at all times.

Given (Λ, ℓ) from Algorithm 1, consider θ and T from
Lemma 1. It is worth noting that, if: (i) the parameter
estimates satisfy (θ̂a, β̂a) = (θ̂c, β̂c) = (θ, β); and (ii)
the observer tracks the plant and the reference model, i.e.,
(ζ̂, ŷ) = ξm and (η̂, x̂) := T (ζ̂, ŷ) is such that x̂ = x, then
the control input in (23) becomes, due to Lemma 3:

u = −r−1g⊤Q⋆ξm + d = −r−1b⊤P ⋆x+ d. (30)

In the next section, we will show semi-global boundedness of
the closed-loop solutions and, under persistency of excitation
induced by d, convergence to these conditions.

V. ALGORITHM ANALYSIS

We study the closed-loop system by reformulating it as
a well-posed hybrid inclusion. First, we present its building
blocks based on Lemma 1 and its proof.

A. Dither Dynamics

To aid with the analysis, it is convenient to model d as the
output of an autonomous system (exosystem) of the form

ẇ ∈ S(w), w ∈ W
d = ∆(w),

(31)

where W ⊂ Rnw is a compact set, ∆ : W → R is
a continuous function, and S : W ⇒ Rnw is an outer
semicontinuous and locally bounded set-valued map with
non-empty, convex values on W . Also, we assume that every
solution of (31) is forward complete. Note that (31) can
generate a wide range of bounded signals beyond sums of
sinusoids.

B. Stabilization Dynamics

Observer estimation error: Consider θ from Lemma 1.
Here, we study the performance of the observer (22) in
reconstructing the plant state x and the parameters (θ, β).
Instead of using x, we consider the plant in the coordinates
(χ, y) as in (14). Using (15), define the estimation errors:

χ̃ :=
[
Y In−1

]
ζ̂ − χ, ỹ := ŷ − y

θ̃ := θ̂a − θ, β̃ := β̂a − β.
(32)

Also, define the set-valued map P : R≥β0
× R ⇒ R as

P(β̂a, v) :=

{
v, (β̂a>β0) ∨ ((β̂a=β0)∧(v ≥ 0))

[v, 0] (β̂a=β0) ∧ (v ≤ 0),
(33)

which is a regularized version of the projection operator
Proj≥β0

{·} in (28). Combining (14), (16a), (22), and (33),
we obtain the differential inclusion:[

˙̃χ
˙̃y

]
=

[
Λ 0
θ⊤χ −λ

] [
χ̃
ỹ

]
+

[
0
1

]
(ϕ⊤a θ̃ + uβ̃)

˙̃
θ = −γϕaỹ,

˙̃
β ∈ P(β̃ + β,−γuỹ),

(34)

with (χ̃, ỹ, θ̃, β̃) ∈ R3n−1 × R≥β0−β .
Tracking error: We are now interested in studying how

(ζ̂, ŷ) in (22) tracks the reference state ξm of (20). Recalling
(15), consider the following mismatch errors:

η̃ :=
[
In−1 0

]
ζ̂ −

[
In−1 0 0

]
ξm, e := ŷ − yr. (35)

Using (20), (22), and (23), we obtain[
˙̃η
ė

]
=

[
Λ ℓ
0 −k

] [
η̃
e

]
−
[
ℓ
λ

]
ỹ, (36)

with (η̃, e) ∈ Rn.
Finally, we denote with xs := (χ̃, ỹ, θ̃, β̃, η̃, e) the overall

state in error coordinates and by Xs := R3n−1×R≥β0−β×Rn

the flow set of the stabilization dynamics (34), (36).

C. Optimization Dynamics

We include the remaining states in the optimization dy-
namics. Define xo := (τ, ξm, z, θ̂c, β̂c), Xo := [0, τs] ×
R3n−2 ×Rϵ, and let Co := Xo and Do := {xo ∈ Xo : τ =
τs}. Then, the interconnection of the clock (19), the reference
model (20), the reference input (21), the critic (24), (25), and



the z-subsystem of (11) is given by following hybrid system:

τ̇ = 1

ξ̇m = Fcl(θ̂c, β̂c)ξm + ĝ(β̂c)d

ż = Azz + bz(h
⊤ξm + e− ỹ)

(
˙̂
θc,

˙̂
βc) = 0

xo∈Co



τ+= 0

ξ+m = ξm

z+= z

(θ̂c, β̂c)
+∈

{
(θ̂a, β̂a), |det R̂(θ̂a, β̂a)| ≥ ϵ

(θ̂c, β̂c), |det R̂(θ̂a, β̂a)| ≤ ϵ

xo∈Do,

(37)

where Fcl(θ̂c, β̂c) has been defined in (27).

D. Main Results

The interconnection of the dither dynamics (31), the stabi-
lization dynamics (34), (36), and the optimization dynamics
(37) can be compactly rewritten as follows:

ẇ ∈ S(w)

ẋs ∈ Fs(∆(w),xs,xo)

ẋo = Fo(∆(w),xs,xo)

wxs
xo

∈ W×Xs×Co


w+= w

x+
s = xs

x+
o ∈ G(xs,xo)

wxs
xo

∈ W×Xs×Do.

(38)

By inspecting the defined sets and maps, it can be verified
that (38) satisfies the hybrid basic assumptions [19, As. 6.5].

We provide a useful result for the stabilization dynamics.

Lemma 4. There exist a continuously differentiable function
Vs : Xs → R≥0, two positive scalars ν1, ν2, and a continuous
function U : W ×Xs × Co → R≥0 such that

ν1|xs|2 ≤ Vs(xs) ≤ ν2|xs|2, ∀xs ∈ Xs, (39)

and, for all (w,xs,xo) ∈ W ×Xs × Co,

max
f∈Fs(∆(w),xs,xo)

⟨∇Vs(xs),f⟩≤−U(w,xs,xo), (40)

where U(w,xs,xo) = 0 if and only if (χ̃, ỹ, η̃, e) = 0.

With Lemma 4, we obtain the first main result of this paper,
which ensures the boundedness requirement of Section II.

Theorem 1. For any compact set K ⊂ W ×Xs ×Xo, there
exists a minimum sampling time τ⋆s > 0 such that, for all
τs ≥ τ⋆s , all maximal solutions of (38) initialized in K are
precompact, i.e., they are bounded and forward complete.

Remark 1. Note that if (w,xs,xo) is bounded, then x and all
the states in Algorithm 1 are bounded. This fact is obtained
by using (32), (35), and recalling (13).

From Lemma 4, we also obtain the following technical result,
which is a straightforward application of [19, Cor. 8.4].

Lemma 5. Let ψ be any precompact solution of (38), and
let S be such that1 rgeψ ⊂ S. Also, define V (w,xs,xo) :=
Vs(xs), with Vs given in Lemma 4. Then, for some ρ ∈ V (S),
ψ approaches the non-empty set that is the largest weakly
invariant subset of:

E := V −1(ρ) ∩ S ∩ {(w,xs,xo) ∈ W ×Xs ×Xo :

(χ̃, ỹ, η̃, e) = 0}.
(41)

On the set E , the solutions of (38) satisfy the clock dynamics
(19) and the following differential inclusion

ẇ ∈ S(w)

ξ̇m = Fcl(θ̂c, β̂c)ξm + ĝ(β̂c)∆(w)

ż = Azz + bzh
⊤ξm

(
˙̂
θc,

˙̂
βc) = 0, (

˙̃
θ,

˙̃
β) = 0,

(42)

with (w, ξm, z, θ̂c, β̂c, θ̃, β̃) ∈ W × R3n−2 ×Rϵ × R2n−1 ×
R≥β0−β , and the following constraint, derived from the right-
hand side of ˙̃y in (34):

ϕ⊤a θ̃ + uβ̃ = 0. (43)

From (42), (43), we derive the next convergence result.

Theorem 2. Suppose that, for any solution of the system
(42), there exist positive scalars δ, ϱ such that:∫ t+δ

t

ϕ̄(s)ϕ̄⊤(s)ds ⪰ ϱI2n, ϕ̄ :=
[
η⊤m z⊤ yr ẏr

]⊤
, (44)

for all t ∈ R≥0, where ηm := [In−1 0 0]ξm. Then, every
precompact solution of system (38) satisfies

lim
t+j→∞

(θ̃(t, j), β̃(t, j)) = 0. (45)

Additionally, if ϵ > 0 in (37) is sufficiently small,

lim
t+j→∞

(θ̂c(t, j), β̂c(t, j)) = (θ, β), (46)

and u converges to (30), thus the LQ problem is solved.

Remark 2. Due to space limitations, we only briefly discuss
how to obtain (44) with d. Similar to Lemma 2, the systemη̇m

ż
ẏr

 =

Λ 0 ℓ
0 Az bz
0 0 0

ηm
z
yr

+

00
1

 v (47)

is controllable. Therefore, by [1, §5.6.3], condition (44) holds
if the input v = ẏr is sufficiently rich of order 2n, e.g., if
it consists of n sinusoids at distinct frequencies. From the
proof of [15, Thm. 4.3], we obtain that the transfer function
of system (20) has n− 1 zeros determined by θ̂c and n− 1
stable pole-zero cancellations. Since the zero dynamics are
invariant under state feedback, the transfer function from d
to yr has at most n− 1 zeros on the imaginary axis, which
become n considering ẏr as an output. To avoid any blocking
effect, we then require that d be rich of order 3n.

1rgeψ denotes the closure of the range of the hybrid arc ψ.
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Fig. 2. Simulation run of MR-ARL applied to system (48). In the plot (a),
the plant parameters are reported as dashed lines.

VI. NUMERICAL RESULTS

We test MR-ARL on a system having input-output model

G(s) =
s+ 1

(s− 1)(s− 2)
, (48)

which we represent with a state-space realization in con-
troller canonical form (n = 2). Our goal is to find the optimal
controller associated with (48) and (2), with weight r = 1.

The tuning parameters are Λ = −2, ℓ = 2, τs = 3, λ =
k = γ = ϵ = 1, β0 = 0.1, while we let d(t) = 5(sin(t) +
sin(5t)+sin(10t)), which is sufficiently rich of order 6 = 3n.

Using the proof of Lemma 1, the “true parameters” of
the non-minimal realization (7), used for analysis, are θ =
(−6,−0.5, 5) and β = 1. In Fig. 2, we show a simulation
run of MR-ARL with θ̂c(0, 0) = (−2, 1, 2), β̂c(0, 0) = 3,
β̂a(0, 0) = 0.3, ŷ(0, 0) = 3, and all other states initialized
to 0. In plot (a), we see that (θ̂a, β̂a) converges to (θ, β). In

plot (b), we use the Frobenius norm |Q̃|F :=
√
Tr(Q̃⊤Q̃)

to show that Q̂ converges to Q⋆. In plot (c), we provide the
output estimation and mismatch errors, while in plot (d) we
show that the applied policy converges to the optimal one.

VII. CONCLUSION

We proposed an algorithm for the LQ optimal control
of SISO minimum-phase systems, combining an adaptive
controller, a parameter-varying reference model, and an
optimizer. For the resulting hybrid closed-loop dynamics,

we established semi-global boundedness of the solutions
and provided persistency of excitation conditions ensuring
convergence to the optimal control policy. Future work will
aim at extending the approach to systems with arbitrary
relative degree and to multi-input multi-output systems.
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