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Abstract. Primordial black holes (PBHs) generated by gravitational collapse of large primor-
dial overdensities can be a fraction of the observed dark matter. In this paper, we introduce
a mechanism to produce a large peak in the primordial power spectrum (PPS) in two-field
inflationary models characterized by two stages of inflation based on a large non-canonical
kinetic coupling. This mechanism is generic to several two-field inflationary models, due to a
temporary tachyonic instability of the isocurvature perturbations at the transition between
the two stages of inflation. We numerically compute the primordial perturbations from largest
scales to the small scales corresponding to that of PBHs using an extension of BINGO (BI-
spectra and Non-Gaussianity Operator). Moreover we numerically compute the stochastic
background of gravitational waves (SBGW) produced by second order scalar perturbations
within frequencies ranging from nano-Hz to KHz that covers the observational scales cor-
responding to Pulsar Timing Arrays, Square Kilometer Array to that of Einstein telescope.
We discuss the prospect of its detection by these proposed and upcoming gravitational waves
experiments.
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1 Introduction

Primordial Black Holes (PBHs), black holes formed in the Early Universe, before Big Bang
nucleosynthesis [1], could explain a fraction of the observed cold dark matter (CDM) abun-
dance. The CDM fraction in the form of PBHs is tightly constrained by current cosmological
and astrophysical observations and in the ideal case of a monochromatic distribution, only
PBHs of masses around 10−12 and 10−16M� can account for the total amount of the CDM.
However, the recent detection of ∼ 30M� black holes coalescence [2] has renewed the interest
for PBHs [3–5] and it has also been realized that a small PBH-to-CDM fraction could still
be phenomenologically important.

Possible mechanisms of PBHs formation include domain walls, vacuum bubbles nucle-
ation and cosmic string loops (see [6] and references therein). However, the standard mech-
anism to produce PBHs within the inflationary scenario is the gravitational collapse during
radiation era of large small-scale overdensities produced during the last stages of inflation,
close to its end.

A variety of models that produce a large peak in the curvature power spectrum during
inflation exist in the literature. This can be achieved in single-field inflation scenarios by
using a local feature in the inflaton potential like a rapid change of its amplitude or a break
in its first derivative [7–9], an inflection point [10–18] or a tiny bump superimposed on
it [19, 20], non-trivial inflaton sound speed [21–23]1. More possibilities arise in multiple-
field inflationary models, where large peaks in the power spectrum leading finally to PBHs
can be generated both with curvature (adiabatic) perturbations [27, 28] and isocurvature
ones [28–32]. Among these we mention hybrid inflationary models, where a second waterfall
field triggers the growth of fluctuations near to the end of inflation [33–37], models with

1See also Refs. [24–26] for the effects of quantum diffusion in the PBH abundance.
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couplings of the inflaton to scalaron fields [32, 38, 39] or with explosive production of gauge
fields [40–42].

In this paper, we build on our previous work [43] and study the generation of PBHs
in a two-field model consisting of a canonical scalar field (say, φ) and a second scalar field
(say, χ) with a non-canonical kinetic term of the form f(φ)(∂χ)2. As a specific example
of this general mechanism, we choose a setting in which φ (χ) is the effectively heavier
(lighter) field driving the first (second) stage of inflation, highlighting the role of the non-
canonical coupling between the two scalar fields in sourcing a bump in the curvature power
spectrum. As shown in Ref. [43], when inflation consists of two stages, the effective mass
of isocurvature perturbations can become temporarily negative around the transition from
the first to the second stage of inflation if the non-canonical kinetic term is appropriately
chosen. Therefore, a temporary tachyonic growth of isocurvature perturbations enhances
the curvature fluctuations, resulting in a bump in their primordial power spectra (PPS) at
the scales that cross the Hubble radius around transition, as necessary to produce PBHs.
Depending on the duration of the second stage of inflation, the bump occurs at different
scales and PBHs of different masses can form.

Such a bump in the PPS, however, does not only lead to the production of PBHs. In
fact, large scalar overdensities act as a source for a stochastic background of gravitational
waves (SBGW) at the second order in perturbation theory [44–47]. The peak of such GWs
is related to the mass of the produced PBHs and, in turn, to the scale at which the PPS
peaks. For example, the collapse of large scalar fluctuations at scale k ∼ 1012 Mpc−1 into
MPBH ∼ 10−12M� PBHs leads to a SBGW that peaks in the frequency band targeted by the
future space based GW interferometer LISA [48, 49]. According to these results, the duration
of the second stage of inflation becomes critical in determining how the resulting SBGW falls
into the sensitivity range of different forthcoming experiments. Note that the production of
SBGW is independent of whether PBHs are formed or not. In fact, a tiny decrease in the
peak in the PPS can drastically affect the PBHs mass fraction, without sizeably changing
the SBGW predictions.

This paper is organized as follows. In the following section, we introduce our toy model
and analyze its background evolution, discussing the main features that will lead to the
growth of scalar perturbations. In section 3, we present the results of our numerical com-
putation for the PPS of scalar and tensor perturbations. In order to fully take into account
the coupling between curvature and isocurvature perturbations, we resort to a numerical
computation. From the scalar PPS, we compute the PBH mass fraction in section 4 and the
resulting SBGW in section 5 and comment on the role of the different parameters at play.
In section 6, we comment on the consequences on the PBHs mass fraction and SBGW signal
of choosing different functional forms for the non-canonical coupling between the two fields.
We discuss our results in the concluding section 7. In Appendix A, for completeness, we pro-
vide an additional scan of the parameter space for the model presented in section 3 and we
collect some analytical results about the background behavior of our model in Appendix B.
All the results presented in this paper are obtained with a two-field extension of the code
BINGO [50], also used in Ref. [43], which we have further modified to compute the mass
fraction of PBHs and the relic density of GWs.

2 Theoretical construction
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In this section, we introduce our two-field toy model of inflation. We do not present the
equations governing the perturbations in this paper. We would refer the reader to our earlier
paper [43] as well as the original efforts for further details in this regard [32, 51–54]. We
would also refer the reader to Appendix B for the equations and some analytical expressions
for the background to better understand our numerical results.

The dynamics of the two scalar fields is governed by the following action

S[φ, χ] =

∫
d4x
√
−g

[
M

Pl
2

2
R− 1

2
(∂φ)2 − f(φ)

2
(∂χ)2 − V (φ, χ)

]
(2.1)

and we work with the spatially flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) universe
described by the line-element

ds2 = −dt2 + a2(t) dx2, (2.2)

where a(t) is the scale factor and t is the cosmic time. Note that, while φ is a canonical scalar
field, χ is a non-canonical scalar field due to the presence of the function f(φ) in the term
describing its kinetic energy. Evidently, apart from the potential V (φ, χ), through which the
fields can in principle interact, the function f(φ) also leads to an interaction between the
fields. In order to connect with the equations of Refs. [52, 53] we define f(φ) ≡ e2b(φ).

As a toy model, we consider the following decoupled potential where the φ has the
KKLTI form [55] and χ has a simple quadratic potential:

V (φ, χ) = V0
φ2

φ2
0 + φ2

+
m2
χ

2
χ2. (2.3)

Note that this is the same used in Ref. [43] with φ ↔ χ. We stress that the potential used
in Equation 2.3 is only a toy model and the results of this paper do not rely on this particular
realization. We consider two different non-canonical couplings in the rest of the paper:

fA(φ) = e2bA(φ) ≡ e2b1φ, (2.4)

fB(φ) = e2bB(φ) ≡ e2b2φ2 . (2.5)

We define the Hubble Flow Functions (HFFs) or slow-roll parameters as follows [56]:

εi+1 ≡
dεi
dN

, (2.6)

with

ε0 ≡
Hin

H
(2.7)

where Hin is the value of the Hubble parameter at some initial time during inflation, and
N =

∫
dtH represents the number of e-folds. We refer to the regime wherein all the Hubble

flow functions are small (i.e. εi � 1, for all i > 0) as the slow-roll regime.
In Figure 1, we plot the relevant background quantities for the illustrative case of

φ0 =
√

6Mpl, V0/(mχMpl)
2 = 500 and V0 fixed to produce the correct COBE normalization

at CMB scales (see next section). For definiteness, we use fA(φ) and vary b1 in order to
highlight the effects of the coupling with the χ kinetic term. We choose φi = 7.0Mpl and
χi = 7.31Mpl for the initial values of the scalar fields and we fix their initial time derivatives
by imposing slow-roll initial conditions on φ̇i and χ̇i. We discuss sets of parameters that are
relevant for observations in the next section.
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Figure 1. [Top] Evolution of the scalar fields (left) and the effective mass of isocurvature perturba-
tions m2

eff as defined in Equation 3.5. [Bottom] Evolution of the first two slow-roll parameters ε (left)
and ε2 ≡ η (right). The parameters used are the ones for the LISA case are provided in the text,
while b1 is varied for a continuous range of values.

As can be easily seen from Figure 1, the heavier of the two fields, i.e. φ, rolls down its
potential driving a first phase of inflation while the lighter field χ remains frozen. When the
first stage of inflation dominated by φ finishes, φ undergoes a few damped oscillations around
its effective minimum and the field χ starts a second inflationary phase that lasts around
∼ 20 e-folds. In the central panels of Figure 1, the first slow-roll parameter ε1 ≡ ε shows a
bump between the two phases and the slow-roll conditions are violated, i.e. ε2 ≡ η > 1.

With this choice of parameters, the non-canonical kinetic term affects the the isocurva-
ture mass (see Equation 3.5 for its definition and next section for a discussion) that becomes
temporarily negative at the transition between the first and the second stage of inflation, as
shown in Figure 1. This plays an important role in the production of PBHs and GWs.
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3 Generating features in the primordial power spectrum

We now compute numerically the scalar and tensor power spectra at the end of inflation. We
evolve the curvature and isocurvature perturbation defined as:

R =
H

σ̇
Qσ, S =

H

σ̇
Qs. (3.1)

Qσ and Qs are the Mukhanov-Sasaki variables associated to the perturbations that are par-
allel and orthogonal to the field-space trajectory, i.e. [52]

δσ = cos θ δφ+ sin θ eb δχ, (3.2)

δs =− sin θ δφ+ cos θ eb δχ, (3.3)

where cos θ ≡ φ̇/σ̇, sin θ ≡ ebχ̇/σ̇ and σ̇ =

√
φ̇2 + e2bχ̇2. They are given by Qσ = δσ +

( ˙σ/H) Φ, where Φ is the Newtonian gauge potential, and Qs = δs and we should point out
that δs is an intrinsically gauge-invariant quantity.

The curvature and isocuvature power and cross power spectra are given by:

PR(k) =
k3

2π2

(
|R1|2 + |R2|2

)
= PR1(k) + PR2(k), (3.4a)

PS(k) =
k3

2π2

(
|S1|2 + |S2|2

)
, (3.4b)

CRS(k) =
k3

2π2
(R∗1S1 +R∗2S2) . (3.4c)

where the subscript 1 denotes the set of solutions integrated by imposing the Bunch-Davies
initial conditions on Qσ and assuming the initial value of δs to be zero, whereas the subscript
2 implies vice versa. We evaluate all the spectra at the end of inflation. For the full set
of equations governing the dynamics of R and S, and a more detailed explanation of the
numerical procedure, we refer the interested reader to Ref. [43]. As in Ref. [43], we normalize
the scale factor a(N) so that the pivot scale k∗ = 0.05 Mpc−1 crosses the Hubble radius
N∗ = 50 e-folds before the end of inflation.

We present the results of our analysis in Figure 2, where we have plotted four different
examples2 using the same potential parameters used in the last section and changed V0 to
produce the correct COBE normalization for each case.

All the power spectra consist of a nearly scale-invariant part at large scales and at
very small that cross the Hubble radius during the first and the second stage of inflation
respectively and a bump at the scales that cross the Hubble radius during the transition
between the two stages. Depending on the duration of the second stage of inflation, which in
turn depends on the initial condition on the lighter field χ, the peak in the power spectrum
changes location and the predictions at CMB scales change.

The initial field values for each case, together with the spectral indices ns and the
tensor-to-scalar ratio at the scale k = 0.002 Mpc−1, are given in Table 1.

2The name of each example is chosen according to the frequency regime of their associated SBGW (see next
section). SKA, LISA, BBO and ET stand for Square Kilometer Array, Laser Interferometer Space Antenna,
Big Bang Observer and Einstein Telescope respectively.
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φi [Mpl] χi [Mpl] ns r

SKA 7.0 9.3 0.9184 0.042
LISA 7.0 7.31 0.9537 0.020
BBO 7.0 6.55 0.9601 0.017
ET 7.0 5.6 0.9640 0.014

Table 1. Initial conditions on the scalar fields φ and χ and spectral index and tensor-to-scalar for
the spectra in Fig. 2.

10-11

10-8

10-5

10-2

P
R
(k

)

SKA LISA BBO ET

10-6 10-3 100 103 106 109 1012 1015 1018

k   [Mpc−1]

10-12

10-11

10-10

P
T(
k
)

6.4

7.4

8.4

b 1
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l
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Figure 2. [Top] scalar and [bottom] tensor power spectra at the end of inflation. The parameters
used are given in the Table in the main text and b1 is varied over a continuous range of values.

We note that the spectral index becomes more red as χ increases and the peak in
the power spectrum moves to larger scales. Indeed, for scales that cross the Hubble radius
far from the transition the prediction are essentially those of single field inflation Ref. [43].
Therefore, as the second stage of inflation gets longer, CMB scales cross the horizon when
the inflaton φ is in a less flat region of its potential and the spectral index gets redder.

In particular, note that the SKA example is in tension with the constraints on ns from
current cosmological CMB data [57]. However, we emphasise that choosing a different form
for V (φ) that gives a bluer power spectrum can improve the agreement of the SKA example
with CMB constraints.

The crucial finding of this work is the large bump in the power spectra at small scales.
As shown in Ref. [43], when the coupling f1(φ) is large enough, the isocurvature mass defined
as

m2
eff ≡ Vss + 3θ̇2 + b2φg(t) + bφf(t)− bφφσ̇2 − 4

V 2
s

σ̇2
, (3.5)
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Figure 3. Evolution of the perturbed modes k3/2|R| and k3/2|S| for the representative LISA case.
We plot the evolution for the modes with kL = 10−2 Mpc−1 [Left], kI = 1012 Mpc−1 [Center] and
kS = 1016 Mpc−1 [Right]. The blue vertical lines signal the e-folds when the modes cross the Hubble
radius. We also plot the ε parameter in black lines. The light red shaded region is the one where
m2

eff < 0.

where, according to Ref. [52],

g(t) = −σ̇2(1 + 3 sin2 θ), (3.6a)

f(t) = Vφ(1 + sin2 θ)− 4Vs sin θ, (3.6b)

Vs = −Vφ sin θ + e−b Vχ cos θ, (3.6c)

Vss = Vφφ sin2 θ − e−bVφχ sin 2θ + e−2bVχχ cos2 θ, (3.6d)

Vσs = −Vφφ cos θ sin θ + e−bVφχ(cos2 θ − sin2 θ) + e−2bVχχ cos θ sin θ, (3.6e)

becomes temporarily negative at the transition between the two stages of inflation and leads
to a transient tachyonic amplification of the isocurvature perturbations3 and the sourcing to
the curvature perturbation is more efficient, leading to a larger peak in PR. The tachyonic
growth of isocurvature perturbations and the feedback to the curvature perturbations can
also be appreciated from Figure 3, where we plot the evolution of three perturbed modes
in the representative LISA case, for the scales of kL = 10−2 Mpc−1, kB = 1012 Mpc−1

and kS = 1016 Mpc−1. As it is easy to see, isocurvature modes are amplified when m2
eff

becomes negative. Even though this happens for all the modes in Figure 3, only for the
central plot this results in an effective amplification of the curvature perturbations. In fact,
in the left panel, the isocurvature growth occurs much after Hubble crossing and it is not
important, since the isocurvature modes have already decayed. In the opposite case, i.e. kS ,
the amplification occurs when the mode is still inside the Hubble radius and there is not any
amplification of the curvature perturbation. The only region where the PPS is enhanced is
thus the one of the scales that cross the Hubble radius during slow-roll violation.

Note that, despite the tachyonic amplification, super-horizon isocurvature modes soon
decay after the transition and their power spectrum at the end of inflation is therefore very
small.

The crucial result in Figure 2 is that the amplitude of the peak can easily be of the
order PR(kpeak) ∼ O(0.01). This will be important in section 4 and 5, when we will consider
the phenomenology of PBH formation and SBGW.

3See also Refs. [58–67] for models of multi-field inflation where a temporary tachyonic instability of isocur-
vature pertburbations is induced by non-canonical kinetic terms.
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Note that the spectral shape of the power spectra is very similar in all the four examples
in Figure 2. In particular, we note that tha maximal rate of growth is ns = 4, in agreement
with the generic causality condition for local physical processes producing inhomogeneities
[68]. We show in Appendix A that a distinct shape can be obtained by varying the potential
ratio.

For completeness, we also plot the spectrum of tensor perturbations PT (k). As can be
seen from the Table above, our toy model produces a tensor power spectrum with r . 0.065,
as the KKLTI predictions for r from the first stage of inflation are not modified by the
isocurvature perturbations. The spectrum does not have bumps and is similar to that found
in [69] in the case of two-field inflation driven by two massive inflaton fields with the standard
kinetic terms and in the absence of a pronounced intermediate power-law stage between the
two periods of inflation.

4 Primordial Black Hole formation

As mentioned above, if an overdensity in the early Universe is large enough, it can collapse to
form a PBH when it re-enters the Hubble radius during radiation dominated era [33, 70]. A
useful parameter to investigate the PBH abundance is the mass fraction at formation β(M)
defined (for a Gaussian distribution of primordial fluctuation) as [6]

β(M) = 2γ

∫ ∞
δc

dδ√
2πσ

e−ν
2/2 = 2γErfc(ν/

√
2), (4.1)

where δc is the threshold energy contrast perturbation to PBH formation, ν ≡ δc/σ and

σ2(M) ≡
∫ ∞

0
d ln kW 2(kR)

16

81
(kR)4 PR(k) (4.2)

is the variance of the density fluctuation δ. Note that these results are obtained by assuming
a linear relation between the curvature perturbation and the gauge invariant density pertur-
bations (see [71] for a discussion on the dependence of the PBHs abundance on the shape of
the PPS in this context), which matches the results obtained with the full non-linear anal-
ysis when the power spectrum is very peaked [72]. The parameter γ is a correction factor
that we set to be γ = 0.2 (as suggested by simple analytic calculations [70]). We assume a
conservative value of δc = 0.35 [6] in what follows and we shall comment on other values in
the concluding section. The total fraction of PBHs against CDM is given by

f tot
PBH ≡

ΩPBH

ΩCDM
=

∫
d lnM

dfPBH(M)

d lnM
, (4.3)

where
dfPBH(M)

d lnM
= ν(M)2

∣∣∣∣∣d ln ν(M)

d lnM

∣∣∣∣∣ fPBH(M) (4.4)

and [6]

fPBH(M) = 2.7× 108

(
0.2

γ

M

M�

√
g∗,f

10.75

)−1/2

β(M), (4.5)

where g∗,f is the number of relativistic degrees of freedom, is the fraction of PBHs against
CDM at a given mass scale today. Given the mass of the formed PBH, it can be translated

– 8 –



into a comoving scale k using the relation:

M(k)

M�
= 30

( γ

0.2

)( g∗,f
10.75

)−1/6
(

k

2.9× 105Mpc−1

)−2

. (4.6)

Thus, using this formula we can estimate that the power spectra in Figure 2, which have
a peak around kSKA ∼ 2 × 106 Mpc−1, kLISA ∼ 1012 Mpc−1, kBBO ∼ 8 × 1013 Mpc−1 and
kET ∼ 6×1015 Mpc−1 correspond to a f(M) peaked at MSKA ∼ 35M�, MLISA ∼ ×10−12M�,
MBBO ∼ 3 × 10−16M� and MET ∼ 7 × 10−20M� respectively. We plot fPBH for the four
examples in Figure 4 together with cosmological and astrophysical constraints [73]. Note
that the constraints in Figure 4 are derived assuming a monochromatic distribution of PBHs,
whereas fPBH, though very narrow, is extended over a small range of a masses. However, a
discussion of how our results are affected by constraints for broad mass functions (see e.g.
Refs. [74–76]) is not the purpose of this paper. As can be seen from the colorbar in Figure 4,
we can tune b1 and χi to obtain the maximum fraction f tot

PBH allowed by the constraints. In
particular we obtain f tot

SKA = 0.01 and f tot
LISA = f tot

BBO = 1. PBHs lighter than 10−19M� would
have already evaporated by today and thus we had to tune our parameters, so that f tot

ET ' 0.
We note that f tot

SKA is in agreement with the limit arrived at by Refs. [3–5] though the spectral
index of this configuration is significantly lower than the present 95% bounds from Planck.

5 Generating Gravitational Waves at small scales

We now investigate the consequences of the bumps in Figure 2 concerning the production of
SBGW. Indeed, large scalar overdensities behaves as a (second order) source for a SBGW
through second order perturbations [94, 95]. The energy density of the gravitational waves
is given by [96, 97]:

ΩGW =
Ωr,0

36

∫ 1√
3

0
dd

∫ ∞
1√
3

ds

[
(d2 − 1/3)(s2 − 1/3)

s2 − d2

]2

· PR

(
k
√

3

2
(s+ d)

)
PR

(
k
√

3

2
(s− d)

)
[Ic(d, s)2 + Is(d, s)2], (5.1)

where Ωr,0 ' 8.6× 10−5 is the density of radiation today and the functions Ic,s are given in
Eqs. (D.1) and (D.2) of Ref. [97].

In Figure 5, we plot ΩGWh
2, where we assume h2 = 0.49, computed using Equation 5.1

and the power spectra in Figure 2 together with the sensitivity of the various forthcoming
GW experiments. We plot four families of GW density corresponding to four frequency
windows of future observations. In each family the variations in the peak height and position
of the density are controlled by b1 shown in the colorbar. It is evident that the PTA limits
on SBGW [98–100] already exclude some of the lines. This means that it is not possible
to produce the f tot

SKA = 0.01 quoted in the last section within the framework of our model.
Nevertheless, there exist some values of the coupling b1 for which ΩGW h2 falls within the
sensitivity of the PTA search with SKA [101]. Moving to higher frequencies ΩGW h2 peaks
well inside the range of detectability of LISA [102, 103] and its tail can also be detected
by DECIGO/BBO [104] for certain values of b1. Also, in the BBO case, it peaks in the
frequency range targeted by BBO and DECIGO. We stress that in the LISA and BBO
cases, as can be seen from Figure 4, the large scalar density perturbations that source the
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Figure 4. Fraction of PBH fPBH as a function of the mass of the formed PBHs in solar masses
and [g] units, computed from the spectra in Figure 2. b1 is varied for the same continuous range
of values. The observational constraints represent those from extra-galactic radiation (EG bkg) [77],
microlensing by the Subaru Hyper Suprime-Cam (HSC) [78], Kepler [79], EROS [80], survival of ultra-
faint dwarf galaxies (UFD) [81] and the accretion on the CMB [82–85]. We do not show constraints
from long-livedness of white dwarfs (WD) [86], the presence of neutron stars in globular clusters around
M ∼ 10−13M� [87] and femtolensing around M ∼ 10−15M� [88] since they have been contested in
the literature, see e.g. Refs. [89] and [90]. Moreover, we do not show constraints from the 511 keV
gamma-ray line from positrons in the Galactic center [91, 92], which, although most stringent than the
EG bkg, do not constrain our results further and constraints from 2nd order gravitational waves [93],
since they depend on additional assumptions, see [75]. Note that all these constraints are constantly
updated and improved.

stochastic background of GWs can also be responsible for the seeding of PBHs of ∼ 10−12M�
and ∼ 10−16M� PBHs respectively, that can constitute up to the totality of the observed
CDM in our Universe. A detection of such a signal from future space based intereferometers
would be a strong hint of this possibility [49, 105]. Finally, in the ET case, we show how our
mechanism can operate even at higher frequencies. We have already taken care in section 4
that the parameter chosen do not lead to PBH production as PBHs with those masses would
have already evaporated today, leaving traces in the extragalactic γ ray background [77]. In
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Figure 5. Relic energy density of gravitational waves computed from the spectra in Figure 2. b1 is
varied for the same continuous range of values.

this range we found the striking result that ΩGW h2 (at least for the highest values of b1) can
be detected simultaneously by the DECIGO/BBO, Magis-AION-space [106], the Einstein
Telescope [107], Advanced Ligo + Virgo [108] and CE [109].

We stress again that the height of the peak in ΩGW is only logarithmically dependent
on f tot

PBH and thus detectable GWs can be produced even when there are no PBHs [110].
For this reason, the production of small scales GWs is even more robust phenomenological
prediction than PBH for our model.

6 Changing the non-canonical coupling

In this section, we explore the sensitivity of the results of the previous sections to the func-
tional form of the coupling. We assume fB(φ) = exp(2b2φ

2) as in Equation 2.5 and, to
facilitate the comparison, we restrict to the LISA case. Besides the different form of b(φ) and
bφ, the main difference between this coupling and fA(φ) is a non-vanishing second derivative
bφφ = b2 = const. A non-vanishing bφφ adds a new contribution to the change of curva-
ture perturbation R and also modifies the effective mass of the isocurvature perturbations
in Equation 3.5.

In Figure 6, we show the results for the scalar power spectrum, PBHs mass fraction and
induced SBGW for a range of values of the non canonical coupling b2. As stated above, we
have used the same parameters as the LISA case except for the initial conditions on the second
inflaton χi that we have fixed to the lower value χi = 6.8Mpl, in order for the peak in PR(k)
to be at the same scale in the fA and fB case. Indeed, although the background evolution is
essentially the same in the two cases, a non vanishing bφφ makes the isocurvature tachyonic
instability more prominent during the transition between the two stages of inflation. As a
result a broader range of scales feel the isocurvature feedback and the peak has a broader
structure. This affects both the large and small scale phenomenology of the model. At CMB
scales, a smaller χi reduces the duration of the second stage of inflation and the spectral
index is now given by ns = 0.9628, which is no more in tension with the CMB constraints.
On the other hand, such a broad peak in the power spectrum modifies the mass fraction of
primordial black holes. This is important as a broader mass function that extends to a larger
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Figure 6. [Left] Scalar power spectra [Center] PBHs mass function and [Right] relic energy density
of GWs for the fB model. We plot the results for the correspondent case in the fA model with
b1 = 8.4Mpl−1 in solid black lines. b2 is varied for a continuous range of values.

mass range can lead to the totality of CDM in form of PBHs, that is fTOT
PBH = 1, even with

a smaller peak. Finally, we see from the right panel in Figure 6 that also ΩGW extends to
a broad range of frequencies and, for some values of the coupling, falls in the sensitivity of
several future experiments at the same time. The different shape of the GWs relic density
ΩGW can therefore be used to confirm or reject this scenario (or even tell the difference
between the two non-canonical coupling) by reconstructing the GW signal in the lucky event
of a detection of a SBGW by future GW experiments [111, 112].

7 Discussion

We have presented a generic mechanism that operates in models where inflation consists of
two stages. The first stage of inflation is driven by an effectively heavier scalar field that
eventually settles in its minimum and the second stage is driven by a non-canonically coupled
lighter one. For large enough non-canonical coupling, a temporary tachyonic instability of the
isocurvature perturbation feedbacks on the curvature perturbation and sources a large bump
in the primordial power-spectra, with a maximal rate of growth of ns = 4. If the bump is
larger than a certain threshold, such large perturbations collapse into PBHs when re-enter the
Hubble radius during radiation dominated era. Furthermore, these large scalar fluctuations
can source a SBGW to second order in perturbation theory. We have developed an extension
of BINGO where we numerically solve for the primordial perturbations induced by two field
inflationary scenario in a non-canonical Lagrangian. Using the obtained primordial spectrum
we have computed the predicted mass fraction of the PBHs and and relic energy density of
GWs for a coupling of the form e2b1φ in the case of four configurations representative for
SKA, LISA, BBO and ET according to the frequency at which the resulting ΩGW peaks.
We have shown that PBHs can be a significant fraction of CDM in the LISA and BBO case,
although the former case is in slight tension with the CMB observations. On the other hand,
the PBHs abundance is exponentially sensitive to the amplitude of PR(k) and even a small
decrease in its amplitude can lead to a significantly smaller PBHs abundance, still producing
a detectable SBGW, which is possible in all the four cases.

We have also analyzed the dependence of our results on the functional form of the
coupling in the non-canonical kinetic term in the specific LISA case. We have found that for
a coupling of the form e2b2φ2 , the isocurvature feedback to curvature perturbation is more
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efficient and a broader peak is produced, with important consequences on the resulting PBHs
mass function and SBGW. Furthermore, for the broad bump to peak at the same frequency of
the first coupling case, the second stage has to last shorter, reconciling the CMB predictions
of the LISA case with observations.

Even though we assumed a particular model for the potential, our mechanism is generic
and works with every potential provided that it has an effective minimum for the heavy field
to settle in. In particular our results on ns show that models with slightly bluer spectra
are preferred as the peak shifts towards larger scales. It would be interesting to study
a realistic model that naturally predicts our mechanism from a theoretical rather than a
phenomenological point of view.

Finally, we have assumed a Gaussian statistics of primordial scalar fluctuations. It is
well known that non-Gaussianity strongly affect the primordial abundance of PBHs [113–119]
and the SBGW [120]. It would thus be of extreme importance to extend the findings of this
paper to the computation of the non-Gaussianities generated by our two-field model [121].
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Note added: While this project was nearly complete, two related papers [122, 123], also
studying the production of PBHs from turns in the field space, appeared on the arXiv. These
works discuss the enhancement of the power spectrum due to turning trajectories in multi-
field inflation and, in addition to numerical results, provide approximate analytical solutions
assuming a top hat [122] and Gaussian profile [123] for θ̇ that are found to be adequate
for a sharp and smooth gradual turn respectively. Differently from those papers, we focus
here on a concrete example of an inflationary model consisting of two stages. As can be
seen from Figure 1, the oscillations of the field induce an oscillatory pattern for θ̇ for which
the analytical results of [122, 123] are only qualitatively applicable and only a numerical
integration can give accurate results. In addition to that, we have computed the GW energy
density at all scales relevant to future observations, which is one of the key results of this
paper.

A Varying the ratio of the potentials

In this Appendix, we analyze the effect of changing the potential ratio R ≡ V0/(mχMpl)
2 in

our model. As in section 6, we focus on the LISA case. We vary the parameters according
to Table 2,

and keep the initial condition on the inflaton driving the first inflationary stage fixed to
the value used in the main text. We have chosen the parameters to get fTOT

PBH ' 1 in all the
cases considered.
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χi [Mpl] V0 [10−10M4
pl] R b1[Mpl]

−1

1 3.2 6.4 30 9.466
2 7.31 7.08 500 7.837
3 8.1 7.6 1050 7.382
4 8.5 8.21 3800 6.233

Table 2. Parameters used to reproduce Fig. 7.
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Figure 7. [Top-left] ε parameter, [top-right] Scalar power spectra, [bottom-left] PBHs mass func-
tion and [bottom-right] relic energy density of GWs for the fB model. We plot the results for the
correspondent case in the fA model with Using the values in the Table in the main text.

We show our results in Figure 7. As can be seen, the slow-roll violation gets more violent
when the ratio between the two potential is higher. In fact, for the case 3 and 4, ε becomes
larger than 1 and inflation ends at the transition to start again driven by the second lighter
scalar field. This resembles a phase of intermediate matter-domination that is well known to
occur in the case of two massive inflaton when the mass ratio is large enough [27, 31].

The different pattern of the slow-roll violation is clearly imprinted in the scalar power
spectrum. For larger values of the potential ratio R, in fact, we note an oscillatory the
bump splits in a series of different peaks. This multi-peaked shape modifies the PBHs mass
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function, that becomes sharper as R increases. In the extremal case 4, the first two peaks
in the scalar power spectrum have a comparable amplitude and give rise to an interesting
PBHs mass function with a larger peak around M ∼ 10−10M� and a smaller one around
M ∼ 3× 10−12M�.

Furthermore, also the spectral shape of the relic GWs energy density is very different
in the four cases considered. We stress again the phenomenological importance of predicting
distinct different shapes for ΩGW view of the signal reconstruction program with future GWs
experiments [112].

B Background equations and analytical results

In this Appendix, we review the basic background equations and collect some useful analytical
results that are valid before and after the transition between the first and second stage of
inflation.

From Equation 2.1, the equations of motion governing the homogeneous scalar fields
and the Friedmann equations are given by

φ̈+ 3Hφ̇+ Uφ = bφe
2bχ̇2, (B.1a)

χ̈+ (3H + 2bφφ̇)χ̇+ e−2bWχ = 0, (B.1b)

H2 =
1

3M
Pl

2

[
φ̇2

2
+ e2b χ̇

2

2
+ V

]
, (B.2a)

Ḣ = − 1

2M
Pl

2

[
φ̇2 + e2bχ̇2

]
. (B.2b)

where, we write our potential Equation 2.3 as V (φ, χ) = U(φ) + W (χ). When φ and χ are
slow-rolling, the equations above can be simplified by neglecting second time derivatives and
products of squared first time derivatives and are approximated by (using

.
= to denote an

equality that is valid only assuming slow-roll for φ and χ):

φ̇
.
= −

Uφ
3H

, (B.3a)

χ̇
.
= −e−2b(φ)Wχ

3H
, (B.3b)

H2 .
=

1

3M
Pl

2V, (B.3c)

− Ḣ

H2
≡ ε

.
= (εφ + εχ) (B.3d)

where

εφ ≡
M2

pl

2

(
Uφ
V

)2

(B.4)

εχ ≡
M2

pl

2

(
Wχ

V

)2

e−2b(φ). (B.5)
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Figure 8. [Left] Evolution of φ and χ during the first and [Right] second stage of inflation. We use
the parameters for the LISA case with b1 = 7.3M−1

pl .

During the first stage of inflation both φ and χ are slowly rolling. Using the slow-roll
equation for φ Equation B.3a, we obtain:

φ1(N) =

√
−φ2

0 +

√
−8Nφ4

0 +
(
φ2
i + φ2

0

)2
, (B.6)

where φi = φ(0). We plot this solution in the left panel of Figure 8, in which we have
considered the LISA case with b1 = 7.3M−1

pl as an example. As can be seen, the analytical
solution captures very well the numerical behavior. We note that the agreement can be make
even better by shifting the argument in Equation B.6 by a constant, which can be obtained
by considering higher order slow-roll corrections to Equation B.3a.

During the first slow-roll stage we have bA(φ) � 1 (or bB(φ) � 1) and the term
exp(−2b(φ)) may be taken as 0 in Equation B.1b, leading to a constant χ1(N) = χi, in
perfect agreement with numerical results as shown in the left panel of Figure 8.

The first and the second stage are separated by a transition which lasts, during which
φ undergoes damped oscillations around the minimum, behaving as a massive scalar field,
and H and the field χ experience a jump as can be seen from the first panel in Figure 1,
for which is not possible to obtain an analytical solution. Nevertheless, it is easy to obtain
approximate expression after the decay of the oscillatory part of φ, at, say, N2.

To arrive at an expression for χ during this slow roll regime, we first note that the field φ
approaches a constant value, given by the minimum of its effective potential, that we denote
by φmin. Denoting also the value of χ at the onset of this period as χ2, i = χ1 −∆χ, where
∆χ is the jump in χ, we can solve Equation B.3b and write:

χ2(N) =
√
χ2

2, i + 4M2
pl (N2 −N) e−2b(φ2). (B.7)

We can then insert Equation B.3b in the equation of motion of the φ, that is Equation B.1a,
and the ansatz φ2(N) = φmin + ∆φ(N) to obtain:

φmin =

{
b1m2

χφ
2
0M

2
pl

3V0
for bA(φ)

0 for bB(φ).
(B.8)
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Note that, for the B case, a second solution also exists, which is given by exp(2b2φ
2
min) =

2b2m
2
χφ

2
0M

2
pl/3V0 which, however, is not possible in our case since rhs of this equation is less

than unity for the numbers used in the paper.
The equation for ∆φ is instead given by

∆φ′′ +
(
3 + (lnH)′

)
∆φ′ +

m2
∆φ

H2
∆φ = 0 (B.9)

where a prime ′ denotes a derivative with respect to the number of e-folds N . The effec-
tive mass square m2

∆φ can be obtained by assuming b1φ � 1 (b2φ
2 � 1) and linearizing

exp[b(φmin + ∆φ)] to arrive at

m2
∆φ =

2V0
φ20

+
4b21m

2
χφ

2
0M

2
pl

3 for bA(φ)

2V0
φ20

+
4b2m2

χφ
2
0M

2
pl

3 for bB(φ).
(B.10)

Note that m2
∆φ is always positive so that φ never experiences a tachyonic instability.

The evolution of φ and χ after the oscillations have decayed is shown in the right panel
of Figure 8, showing an overall good agreement.
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[4] S. Clesse and J. Garćıa-Bellido, The clustering of massive Primordial Black Holes as Dark
Matter: measuring their mass distribution with Advanced LIGO, Phys. Dark Univ. 15 (2017)
142 [1603.05234].

[5] M. Sasaki, T. Suyama, T. Tanaka and S. Yokoyama, Primordial Black Hole Scenario for the
Gravitational-Wave Event GW150914, Phys. Rev. Lett. 117 (2016) 061101 [1603.08338].

[6] M. Sasaki, T. Suyama, T. Tanaka and S. Yokoyama, Primordial black holes—perspectives in
gravitational wave astronomy, Class. Quant. Grav. 35 (2018) 063001 [1801.05235].

[7] A. A. Starobinsky, Spectrum of adiabatic perturbations in the universe when there are
singularities in the inflation potential, JETP Lett. 55 (1992) 489.

[8] P. Ivanov, P. Naselsky and I. Novikov, Inflation and primordial black holes as dark matter,
Phys. Rev. D50 (1994) 7173.

[9] H. Motohashi, S. Mukohyama and M. Oliosi, Constant Roll and Primordial Black Holes,
JCAP 2003 (2020) 002 [1910.13235].

[10] J. Garcia-Bellido and E. Ruiz Morales, Primordial black holes from single field models of
inflation, Phys. Dark Univ. 18 (2017) 47 [1702.03901].

[11] H. Motohashi and W. Hu, Primordial Black Holes and Slow-Roll Violation, Phys. Rev. D 96
(2017) 063503 [1706.06784].

[12] C. Germani and T. Prokopec, On primordial black holes from an inflection point, Phys. Dark
Univ. 18 (2017) 6 [1706.04226].

– 17 –

https://doi.org/10.1038/s41586-018-0542-z
https://doi.org/10.1038/s41586-018-0542-z
https://arxiv.org/abs/1810.01668
https://doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/1602.03837
https://doi.org/10.1103/PhysRevLett.116.201301
https://arxiv.org/abs/1603.00464
https://doi.org/10.1016/j.dark.2016.10.002
https://doi.org/10.1016/j.dark.2016.10.002
https://arxiv.org/abs/1603.05234
https://doi.org/10.1103/PhysRevLett.121.059901, 10.1103/PhysRevLett.117.061101
https://arxiv.org/abs/1603.08338
https://doi.org/10.1088/1361-6382/aaa7b4
https://arxiv.org/abs/1801.05235
https://doi.org/10.1103/PhysRevD.50.7173
https://doi.org/10.1088/1475-7516/2020/03/002
https://arxiv.org/abs/1910.13235
https://doi.org/10.1016/j.dark.2017.09.007
https://arxiv.org/abs/1702.03901
https://doi.org/10.1103/PhysRevD.96.063503
https://doi.org/10.1103/PhysRevD.96.063503
https://arxiv.org/abs/1706.06784
https://doi.org/10.1016/j.dark.2017.09.001
https://doi.org/10.1016/j.dark.2017.09.001
https://arxiv.org/abs/1706.04226


[13] G. Ballesteros and M. Taoso, Primordial black hole dark matter from single field inflation,
Phys. Rev. D 97 (2018) 023501 [1709.05565].

[14] M. Cicoli, V. A. Diaz and F. G. Pedro, Primordial Black Holes from String Inflation, JCAP
06 (2018) 034 [1803.02837].

[15] C. T. Byrnes, P. S. Cole and S. P. Patil, Steepest growth of the power spectrum and primordial
black holes, JCAP 06 (2019) 028 [1811.11158].

[16] S. Passaglia, W. Hu and H. Motohashi, Primordial black holes and local non-Gaussianity in
canonical inflation, Phys. Rev. D 99 (2019) 043536 [1812.08243].

[17] I. Dalianis, A. Kehagias and G. Tringas, Primordial black holes from α-attractors, JCAP 01
(2019) 037 [1805.09483].

[18] N. Bhaumik and R. K. Jain, Primordial black holes dark matter from inflection point models
of inflation and the effects of reheating, 1907.04125.
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[85] Y. Ali-Häımoud and M. Kamionkowski, Cosmic microwave background limits on accreting
primordial black holes, Phys. Rev. D 95 (2017) 043534 [1612.05644].

[86] P. W. Graham, S. Rajendran and J. Varela, Dark Matter Triggers of Supernovae, Phys. Rev.
D 92 (2015) 063007 [1505.04444].

[87] F. Capela, M. Pshirkov and P. Tinyakov, Constraints on primordial black holes as dark
matter candidates from capture by neutron stars, Phys. Rev. D 87 (2013) 123524 [1301.4984].

[88] M. Ricotti, J. P. Ostriker and K. J. Mack, Effect of Primordial Black Holes on the Cosmic
Microwave Background and Cosmological Parameter Estimates, Astrophys. J. 680 (2008) 829
[0709.0524].

[89] A. Katz, J. Kopp, S. Sibiryakov and W. Xue, Femtolensing by Dark Matter Revisited, JCAP
12 (2018) 005 [1807.11495].

[90] P. Montero-Camacho, X. Fang, G. Vasquez, M. Silva and C. M. Hirata, Revisiting constraints
on asteroid-mass primordial black holes as dark matter candidates, JCAP 08 (2019) 031
[1906.05950].

[91] R. Laha, Primordial black holes as a dark matter candidate are severely constrained by the
galactic center 511 kev γ -ray line, Phys. Rev. Lett. 123 (2019) 251101 [1906.09994].

[92] B. Dasgupta, R. Laha and A. Ray, Neutrino and positron constraints on spinning primordial
black hole dark matter, 1912.01014.

[93] Z.-C. Chen, C. Yuan and Q.-G. Huang, Pulsar Timing Array Constraints on Primordial Black
Holes with NANOGrav 11-Year Data Set, 1910.12239.

[94] V. Acquaviva, N. Bartolo, S. Matarrese and A. Riotto, Second order cosmological
perturbations from inflation, Nucl. Phys. B667 (2003) 119 [astro-ph/0209156].

[95] K. Inomata, M. Kawasaki, K. Mukaida, Y. Tada and T. T. Yanagida, Inflationary primordial
black holes for the LIGO gravitational wave events and pulsar timing array experiments, Phys.
Rev. D95 (2017) 123510 [1611.06130].

– 21 –

https://doi.org/10.1088/1475-7516/2019/10/031
https://arxiv.org/abs/1908.03596
https://doi.org/10.1103/PhysRevD.81.104019
https://arxiv.org/abs/0912.5297
https://doi.org/10.1038/s41550-019-0723-1
https://arxiv.org/abs/1701.02151
https://doi.org/10.1103/PhysRevLett.111.181302
https://doi.org/10.1103/PhysRevLett.111.181302
https://doi.org/10.1051/0004-6361:20066017
https://arxiv.org/abs/astro-ph/0607207
https://doi.org/10.3847/2041-8205/824/2/L31
https://arxiv.org/abs/1605.03665
https://arxiv.org/abs/1612.07264
https://doi.org/10.1103/PhysRevD.96.083524
https://arxiv.org/abs/1707.04206
https://doi.org/10.1088/1475-7516/2017/05/017
https://arxiv.org/abs/1612.06811
https://doi.org/10.1103/PhysRevD.95.043534
https://arxiv.org/abs/1612.05644
https://doi.org/10.1103/PhysRevD.92.063007
https://doi.org/10.1103/PhysRevD.92.063007
https://arxiv.org/abs/1505.04444
https://doi.org/10.1103/PhysRevD.87.123524
https://arxiv.org/abs/1301.4984
https://doi.org/10.1086/587831
https://arxiv.org/abs/0709.0524
https://doi.org/10.1088/1475-7516/2018/12/005
https://doi.org/10.1088/1475-7516/2018/12/005
https://arxiv.org/abs/1807.11495
https://doi.org/10.1088/1475-7516/2019/08/031
https://arxiv.org/abs/1906.05950
https://doi.org/10.1103/PhysRevLett.123.251101
https://arxiv.org/abs/1906.09994
https://arxiv.org/abs/1912.01014
https://arxiv.org/abs/1910.12239
https://doi.org/10.1016/S0550-3213(03)00550-9
https://arxiv.org/abs/astro-ph/0209156
https://doi.org/10.1103/PhysRevD.95.123510
https://doi.org/10.1103/PhysRevD.95.123510
https://arxiv.org/abs/1611.06130


[96] D. Baumann, P. J. Steinhardt, K. Takahashi and K. Ichiki, Gravitational Wave Spectrum
Induced by Primordial Scalar Perturbations, Phys. Rev. D76 (2007) 084019 [hep-th/0703290].

[97] J. R. Espinosa, D. Racco and A. Riotto, A Cosmological Signature of the SM Higgs
Instability: Gravitational Waves, JCAP 1809 (2018) 012 [1804.07732].

[98] L. Lentati et al., European Pulsar Timing Array Limits On An Isotropic Stochastic
Gravitational-Wave Background, Mon. Not. Roy. Astron. Soc. 453 (2015) 2576 [1504.03692].

[99] R. M. Shannon et al., Gravitational waves from binary supermassive black holes missing in
pulsar observations, Science 349 (2015) 1522 [1509.07320].

[100] K. Aggarwal et al., The NANOGrav 11-Year Data Set: Limits on Gravitational Waves from
Individual Supermassive Black Hole Binaries, Astrophys. J. 880 (2019) 2 [1812.11585].

[101] W. Zhao, Y. Zhang, X.-P. You and Z.-H. Zhu, Constraints of relic gravitational waves by
pulsar timing arrays: Forecasts for the FAST and SKA projects, Phys. Rev. D87 (2013)
124012 [1303.6718].

[102] LISA collaboration, P. Amaro-Seoane et al., Laser Interferometer Space Antenna,
1702.00786.

[103] C. Caprini et al., Science with the space-based interferometer eLISA. II: Gravitational waves
from cosmological phase transitions, JCAP 1604 (2016) 001 [1512.06239].

[104] K. Yagi and N. Seto, Detector configuration of DECIGO/BBO and identification of
cosmological neutron-star binaries, Phys. Rev. D83 (2011) 044011 [1101.3940].

[105] N. Bartolo, V. De Luca, G. Franciolini, M. Peloso, D. Racco and A. Riotto, Testing primordial
black holes as dark matter with LISA, Phys. Rev. D99 (2019) 103521 [1810.12224].

[106] MAGIS-100 collaboration, J. Coleman, Matter-wave Atomic Gradiometer
InterferometricSensor (MAGIS-100) at Fermilab, PoS ICHEP2018 (2019) 021 [1812.00482].

[107] B. S. Sathyaprakash and B. F. Schutz, Physics, Astrophysics and Cosmology with
Gravitational Waves, Living Rev. Rel. 12 (2009) 2 [0903.0338].

[108] LIGO Scientific, Virgo collaboration, B. P. Abbott et al., Upper Limits on the Stochastic
Gravitational-Wave Background from Advanced LIGO’s First Observing Run, Phys. Rev. Lett.
118 (2017) 121101 [1612.02029].

[109] LIGO Scientific collaboration, B. P. Abbott et al., Exploring the Sensitivity of Next
Generation Gravitational Wave Detectors, Class. Quant. Grav. 34 (2017) 044001
[1607.08697].

[110] N. Orlofsky, A. Pierce and J. D. Wells, Inflationary theory and pulsar timing investigations of
primordial black holes and gravitational waves, Phys. Rev. D95 (2017) 063518 [1612.05279].

[111] S. Kuroyanagi, T. Chiba and T. Takahashi, Probing the Universe through the Stochastic
Gravitational Wave Background, JCAP 1811 (2018) 038 [1807.00786].

[112] C. Caprini, D. G. Figueroa, R. Flauger, G. Nardini, M. Peloso, M. Pieroni et al.,
Reconstructing the spectral shape of a stochastic gravitational wave background with LISA,
1906.09244.

[113] S. Young and C. T. Byrnes, Primordial black holes in non-Gaussian regimes, JCAP 08 (2013)
052 [1307.4995].

[114] J. Garcia-Bellido, M. Peloso and C. Unal, Gravitational Wave signatures of inflationary
models from Primordial Black Hole Dark Matter, JCAP 09 (2017) 013 [1707.02441].

[115] G. Franciolini, A. Kehagias, S. Matarrese and A. Riotto, Primordial Black Holes from
Inflation and non-Gaussianity, JCAP 03 (2018) 016 [1801.09415].

– 22 –

https://doi.org/10.1103/PhysRevD.76.084019
https://arxiv.org/abs/hep-th/0703290
https://doi.org/10.1088/1475-7516/2018/09/012
https://arxiv.org/abs/1804.07732
https://doi.org/10.1093/mnras/stv1538
https://arxiv.org/abs/1504.03692
https://doi.org/10.1126/science.aab1910
https://arxiv.org/abs/1509.07320
https://doi.org/10.3847/1538-4357/ab2236
https://arxiv.org/abs/1812.11585
https://doi.org/10.1103/PhysRevD.87.124012
https://doi.org/10.1103/PhysRevD.87.124012
https://arxiv.org/abs/1303.6718
https://arxiv.org/abs/1702.00786
https://doi.org/10.1088/1475-7516/2016/04/001
https://arxiv.org/abs/1512.06239
https://doi.org/10.1103/PhysRevD.95.109901, 10.1103/PhysRevD.83.044011
https://arxiv.org/abs/1101.3940
https://doi.org/10.1103/PhysRevD.99.103521
https://arxiv.org/abs/1810.12224
https://doi.org/10.22323/1.340.0021
https://arxiv.org/abs/1812.00482
https://doi.org/10.12942/lrr-2009-2
https://arxiv.org/abs/0903.0338
https://doi.org/10.1103/PhysRevLett.118.121101, 10.1103/PhysRevLett.119.029901
https://doi.org/10.1103/PhysRevLett.118.121101, 10.1103/PhysRevLett.119.029901
https://arxiv.org/abs/1612.02029
https://doi.org/10.1088/1361-6382/aa51f4
https://arxiv.org/abs/1607.08697
https://doi.org/10.1103/PhysRevD.95.063518
https://arxiv.org/abs/1612.05279
https://doi.org/10.1088/1475-7516/2018/11/038
https://arxiv.org/abs/1807.00786
https://arxiv.org/abs/1906.09244
https://doi.org/10.1088/1475-7516/2013/08/052
https://doi.org/10.1088/1475-7516/2013/08/052
https://arxiv.org/abs/1307.4995
https://doi.org/10.1088/1475-7516/2017/09/013
https://arxiv.org/abs/1707.02441
https://doi.org/10.1088/1475-7516/2018/03/016
https://arxiv.org/abs/1801.09415


[116] V. Atal and C. Germani, The role of non-gaussianities in Primordial Black Hole formation,
Phys. Dark Univ. 24 (2019) 100275 [1811.07857].

[117] V. De Luca, G. Franciolini, A. Kehagias, M. Peloso, A. Riotto and C. Ünal, The Ineludible
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