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Abstract

A novel ES-BGK-based model of non-polytropic rarefied gases in the framework of kinetic
theory is presented. Key features of this model are: an internal state density function
depending only on the microscopic energy of internal modes (avoiding the dependence on
temperature seen in previous reference studies); full compliance with the H-theorem; feasibil-
ity of the closure of the system of moment equations based on the maximum entropy principle,
following the well-established procedure of rational extended thermodynamics. The structure
of planar shock waves in carbon dioxide (CO,) obtained with the present model is in general
good agreement with that of previous results, except for the computed internal temperature
profile, which is qualitatively different with respect to the results obtained in previous studies,
showing here a consistently monotonic behavior across the shock structure, rather than the
non monotonic behavior previously found.
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1 Introduction

The kinetic description of the nonequilibrium flow of rarefied polyatomic gases has been
given much attention in recent years [1-4], and its importance for various applications, such
as atmospheric re-entry problems, is now recognized [5, 6].

One possible extension of the kinetic theory of monatomic gases to polyatomic gases was
made, for the case of polytropic fluids, by Borgnakke and Larsen [7]. According to the model
presented in [7], the distribution function f = f(¢, x, &, I) depends, in addition to time 7,
the space variable x, and the molecular velocity &, on an additional continuous variable /
representing the microscopic energy of the internal modes of a molecule, accounting for the
energy exchange (other than the translational one) due to rotational and vibrational molecular
motions. This model, initially developed for Monte Carlo simulations of polyatomic gases,
was later applied to the derivation of the generalized Boltzmann equation by Bourgat et al.
[8].

In this model, along the energy variable /, the state density function ¢ (/) needs to be
introduced when constructing the macroscopic fields as moments of the distribution function
f integrated over the phase space of the velocity and the newly introduced microscopic energy
variable. Being ¢ a state density, ¢ (/) d represents the number of internal states between
I and I + d1, and it is defined as recovering the macroscopic total specific internal energy
&. Therefore, the quantity f (¢, x, &, I) ¢ (I) dxd&d ] represents the number of molecules in
the 7-dimensional phase space around a point (x, &, /) at time #.!

The internal energy for polyatomic gases is given by the sum of the specific translational
energy, X, and the specific internal energy due to rotational and vibrational modes, &’

8=€K+81,
ek 1/ /ool C>fo(I) dI d&
= — —m B
ol )y 2 ¢ (1

e’=1f foolfw(ndlds,
P Jr? Jo

where C = & — v is the relative (peculiar) velocity, p is the mass density, v is the macroscopic
(bulk) velocity, and m denotes the molecular mass. For polytropic gases the specific internal
energy ¢ is a linear function of the temperature:

D kg
=—-2T, 2
E=- (@)
and the state density function ¢ (/) has the following expression:
o () =102, 3)

where the gas-specific constant D (> 3) represents the degrees of freedom of a molecule, kp
is the Boltzmann constant, and 7 denotes the absolute temperature.

1 It should be remarked that the distribution function adopted by other authors, as for example in [9], which
is written as f here, is related to the distribution function f of the present paper as follows:

fet,x, &, D) =m?f (%, E 1) ¢ (I).
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At the kinetic level, it is assumed that the distribution function f satisfies the Boltzmann

equation

af af

- P s 4

8t+élaxi Q) “
which is formally the same as the Boltzmann equation for monatomic gases, but with a
collision integral Q (f) taking now into account the influence of the internal degrees of
freedom through the collisional cross-section. This model was proven to satisfy the H-theorem
[8].

At the macroscopic level, in the framework of rational extended thermodynamics (RET)
[10], the system of 14 moments associated with Eq. (4) was closed by Pavi¢ et al. [117?
making use of the maximum entropy principle (MEP) [13-15], stating that the distribution
function is the one that maximizes the entropy density

h:/ f H(f) o(I)dl dE. )
R3 JO
with

H (f) = —kg f log . ©)

under the constraint of prescribed moments (see for a brief history of MEP the Appendix A). It
is proven the equivalence of this approach to the one in which the system of model equations
is obtained by means of a phenomenological closure by Arima et al. [16]. In subsequent
years, the theory was successfully applied to the study of wave propagation, such as shock
wave propagation in polyatomic gases (see [10] and reference therein).

The extension of the kinetic model of polytropic gases to non-polytropic gases, for which
the internal energy depends on the temperature in a non-linear fashion, was undertaken by
various authors following significantly different approaches.

Kosuge etal. [9] proposed to replace, in Egs. (2) and (3), the constant D with a temperature-
dependent function, D (T'), allowing to model any arbitrary nonlinear dependence on the
temperature of the internal energy ¢ (T') (a brief review of this reference model will be
outlined in Sect. 2). This idea has the advantage of being simple, but it has two major weak
points: Firstly, the resulting model equations with a model of the collisional term, which is
discussed later, do not fulfill the H-theorem, as the authors themselves point out [9]; second, in
the framework of this model, it is not possible to construct a closure of the moment equations
in the spirit of RET by means of the usual procedure of MEP. This is because ¢ (I, T) is
now a function not only of the microscopic energy [ but also of the temperature 7', which is,
of course, a macroscopic field variable and therefore a moment of the distribution function
itself.

In addition to that, the quantity ¢ (1) dI loses its neat physical meaning, since it does not
represent anymore the number of internal states between / and I 4 d 1.

A different approach was proposed by Ruggeri and collaborators [10, 17, 18], who noticed
that ¢ (7), which should not depend on any field variables, is actually the inverse Laplace
transform of a quantity that is related to the caloric equation of state of the internal modes,
therefore leading to a state density depending only on /, but different from the one given
in Eq. (3). In the framework of this model, the system of moment equations can be closed
by means of the MEP, as well-established in RET, and field equations are indeed derived

2 In this paper there are some typos that was corrected in [12] and Chapter 7 of [ 10] considering the polytropic
case as particular case of nonpolytropic one.
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for non-polytropic gases in particular cases [10, 19] including the 14 moment case [12]. It
is worth noticing that, in general, the procedure of the Laplace inversion required by this
approach has to be carried out numerically, except for simple cases for which the Laplace
inversion can be done analytically. However, it is also worth noticing that—as it will be
pointed out in Remark 1—the Laplace inversion is actually not required explicitly as long as
the field equations of macroscopic variables are needed [10, 12, 19].

When we deal with the Boltzmann equation, another critical model assumption has to be
made concerning the explicit form of the collisional term Q (f). For polyatomic gases, several
models of simplified collisional terms have been proposed. We mention, among the others, the
extension of the Bhatnagar—Gross—Krook (BGK) model [18, 20-23], the ellipsoidal statistical
BGK (ES-BGK) model [24-26], and the Fokker-Planck model [27-29], all of which were
originally developed for monatomic gases. Among the above-mentioned models, the BGK-
type collision term is—due to its simplicity—one of the most appealing and used models, but
it has the well-known drawback of inducing by construction a Prandtl number equal to 1. In
order to avoid this inconvenience in non-polytropic gases, Kosuge et. al., in their previously
mentioned research paper [9], proposed a model based on the ES-BGK collision term which
allows to induce the correct Prandtl number, and studied in the framework of kinetic theory
the structure of standing plane shock waves characterized by a large bulk viscosity, such as
carbon dioxide (CO»).

A model in which the molecular internal processes are treated in a more detailed way
by accounting separately for the rotational and vibrational modes has been proposed by
Arima et al. in [30, 31]. In this model, two separate internal microscopic energies, / R for the
rotational mode and IV for the vibrational mode, are introduced. In this case, two internal
state densities, ¢ (I®) and vy ("), are accordingly introduced. To model such processes,
a generalized BGK model with 3 relaxation times that satisfies the H-theorem is proposed
[30].

In the context of the ES-BGK model, a similar extension has been done by Dauvois et
al. [32] and Mathiaud et al. [33]. In these models, the H-theorem is satisfied; however, in
contrast to the general case considered in [30] some particular assumptions were made: the
contribution of the vibrational mode is treated as in the non-polytropic gas case, while it
is assumed that the rotational mode behaves as in a polytropic gas. Since in these models
the microscopic vibrational energy is assumed, by construction, to have only discrete energy
levels, the state density function does not come into play. Although these models with separate
internal modes allow to investigate the role of the molecular internal modes, the assumption
of the relaxation equations of energies is needed in the construction of the ES-BGK model.

While previous studies have contributed significantly to the kinetic theory of non-
polytropic gases, the development of an ES-BGK model with microscopic continuous energy
levels is a task that remains to be accomplished: this is indeed the aim of the present paper.
Specifically, we present here an ES-BGK model based on the microscopic continuous energy
levels, I, compatible with a state density of non-polytropic gases, ¢ (1), independent of the
temperature as it should be. The proposed model is conceptually different from all the models
proposed in the above-mentioned papers [9, 32, 33], and it is proven to satisfy the H-theorem.
At this stage of development of this new model, in order to avoid the assumption of the relax-
ation equations of the macroscopic rotational and vibrational energies as in [32, 33], the
microscopic rotational and vibrational modes are treated as a whole for simplicity. This
feature of the model has the additional advantage of allowing an easy integration of the
model with experimental data concerning the total internal energy of the non-polytropic gas.
However, this assumption will be eliminated in a forthcoming refinement of the model.
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A comparison of the numerical results pertaining planar shock waves obtained by adopting
the present model to those obtained by adopting the reference model by Kosuge et al. [9]
has been performed. Specifically, it will be shown that the model presented in [9] predicts
a non-monotonic profile of the internal temperature through planar shock wave structures,
while the correspondent profile obtained by the newly developed model, under the same
conditions, is monotonic. All other macroscopic quantities appear to be, in all the examined
cases, in a very good agreement with results presented in [9].

The paper is organized as follows. After summarizing, in Sect.2, the relation between
the state density and the internal energy, we introduce in Sect.3 the new ES-BGK model
for non-polytropic gases. In Sect.4 the reduced ES-BGK model—useful for reducing the
computational cost of the numerical implementation of the model—is introduced. Based on
the reduced model, in Sect.5 we show the comparison of two ES-BGK models when the
profiles of plane shock wave structures are computed. In Sect. 6, concluding remarks will be
outlined.

2 Internal State Density Function

Introducing the mass density p, the momentum density pv;, and the energy density pv? /24 pe
as the first five moments of f:

pi = [ ma | rexen e s,
ipe) 0 \afl

then from Eq. (4), taking into account the existence of the collision invariants

T
1 2
<m7 mgia Emg +I) s

we obtain the conservation laws of mass, momentum, and energy.
The total (specific) internal energy,

e =1/ /w(lmczﬂ)fgo(l)dldg
pJr3Jo \2

- %/Rs /Ooo (%mc2 + 1) FB (1) dI d§ = e, @)

is an equilibrium quantity, while the (specific) translational energy, ¢X, and the (specific)
internal mode energy, &/, defined in Eq. (1) are non-equilibrium ones:

8:5K+8128§+8§, ®)

where eg and eé are, respectively, the equilibrium specific translational energy and the
specific internal mode energy defined by

1 |
S / f L 1 ® g (1) ar as. ©)
pJrdJo 2

eé=l/ /ml.f(E)w) dl dE, (10)
P Jr Jo

FE) being the equilibrium distribution function, which was obtained in [8] with con-
siderations based on the H-theorem, and in [10-12] requiring (similarly to the case of
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monatomic gas) the maximization of the entropy under the constraints of prescribed first
five moments:

f(E)zip " 3/23Xp _‘1* lmCz-i-I =f(M)f(l) (11)
mA(T) \2nkpT kpT \2 ’

where ™) denotes the Maxwellian distribution function, and f () is the distribution function
related to the internal mode:

32 2
oy _ P (_m _mC oo (L 12
f m(2nkBT) exP( 7)) T T A P ) 12

being

o° I
A(T) =/0 exp (—kB—T> o) dl (13)

a normalization factor such that
o0
/ FD ) dI =1. (14)
0

The function A (T') can therefore be regarded, using the language of statistical mechanics,
as the partition function for the molecular internal mode.

For a rarefied non-polytropic gas, the total internal energy ¢ is a non-linear function of
the temperature, the expression of which is given by the caloric equation of state’:

e=¢cp(T). (15)

Once the specific heat ¢, (T') = de/dT is known as a function of the temperature 7', either
as a result of statistical mechanics calculations, or by experimental measurements, the total
internal energy ¢ is obtained as a function of the temperature 7' by:

T
e (T) :/ cy (1) dt,

where 7 is a reference temperature. From Eqs. (10), (11) and (13), it is found (see [10] and
references therein):

1 [ kg ,dlogA(T)
€F = €f (T):%/o 1fP @) dl = 2T =0 (16)
Since it is known that
3k
ek =k (T)zifT, (17)

if the caloric equation of state is given, the expression of the internal energy from Eq. (8) is
obtained as

eb (T)=¢e(T) — ek (1), (18)
and, from Eq. (16), it is found
T .1
A(T) = Agexp ﬂ/ AR (19)
kB " 1'2

3 The temperature 7" at kinetic level in the non-polytropic gas can be defined as the inverse function of (15)
with e given by Eq. (7).
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where Ay is an inessential constant. Letting s = 1/ (kpT) and 811“ (s) = 6‘2 (k;—s) Eq. (19)
can be written as

1 1/kps
As(s) = A (—) = Agexp (—/ mek (o) da) . (20)
kBS 1/kps* ’

On the other hand, according to Eq. (13) the function Ay is

o0
As (s) = / e oI dl,
0
from which it is seen that the function Ay is the Laplace transform of ¢ (1) [10, 17, 18]:

As () = LIe (D] ().

The internal state density function, ¢ (1), is therefore obtained as the inverse Laplace trans-
form of the the function A defined in Eq. (20):

o () =LA ()1 2D

The inverse Laplace transform prescribed in Eq. (21) can be carried out analytically in
simple cases, such as the case of a gas with constant specific heat ¢, (i.e. a polytropic gas), or
the case of a gas with a specific heat ¢, which is a linear function of the temperature, which
we show below.

Remark 1 Except for the cases of a gas with constant specific heat or linearly varying specific
heat, in general (and realistic) cases of a gas with a specific heat which is a generic function
of the temperature, the inverse Laplace transform prescribed by Eq. (21) is difficult (if even
possible) to perform analytically, and we can perform it only numerically. On the other hand,
it is remarkable that, in order to close—making use of MEP—the system obtained by taking
moments of the Boltzmann equation, the explicit expression of ¢ (1) is actually not needed.
In fact, it is proven that all coefficients in the constitutive equations are expressed by the
integral of the equilibrium distribution function and, as a consequence, only the following
type of integral appear:

A :/wﬂ” - r(p(I)dI reN
r 0 kBT ) )

which is a generalization of the moments appearing in Egs. (14) and (16). By differentiating
Eq. (16) with respect to T, it is possible to find a recurrence formula such that the integrals
A, are determined for any r € N by gé (T) and its derivatives [19]. See also [10, 12] for
particular cases.

Remark 2 Tt is seen that the physical dimension of A (T') /¢ (1) is the same as that of /—as it
can be deduced from Eqgs. (12),, (13) and (14)—which in turn corresponds to the dimension
of kp T . Furthermore, we notice that the physical dimension of A (7') hinges on an inessential
constant Ag, as shown in Eq. (19). In the case of a polytropic gas, which is discussed in the
following, this physical dimension is deduced from Eq. (23).
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2.1 Constant Specific Heat (Polytropic Gas)

For a polytropic gas, the specific heat ¢, is constant, and it is expressed in terms of the
molecular degrees of freedom D as follows:

Cy D

kg/m 2"
As shown in Eq. (2), the total internal energy ¢ is a linear function of the temperature; the

internal energy due to the translational motion, sg , and the internal energy related to the
internal degrees of freedom, 82, are given, respectively, by:

3kp 3kp

ep (1) =2—"T, sg(T)=T—T—<1+>
where
_D-5 @>—1)
o = 2 s o =z s
or,
D =5+ 2a. (22)

From Eq. (19) it is readily seen that

T 1 T 1+o
A(T)=Aoexp</ +adr>=A0<—> :
Ty T T

A, (s) = Ao (%*)Ha.

and

From Eq. (21) it is obtained:
I(X

I)=A
o= AT T (1t )’

and, letting,
Ao = (kT T (1 +a), (23)
it is found:
o) =1 AT = kD) T (1 +a), (24)

which is compatible with Eq. (3).

2.2 Linearly Varying Specific Heat

In the case of a specific heat, ¢,, linearly depending on the temperature,

() 5 T
2 2
kp/m 2 a0t

where o9 and o are dimensionless constants, on the basis of Eq. (2)—which is valid only
for polytropic gases—we may write:

e =20 ;T) ks q,
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where D, in contrast to Eq. (22), is now a function of the temperature 7'
T
D(T):5+2ao+2a1?. (25)
*

The energy of the internal modes can now be written as:

8115(7"):%@]":(

T\ kg
1 — | =T, 26
> - +ap + @17 ) (26)

Y/ m

and, taking into account Eq. (19), and choosing Ag as in Eq. (23), we obtain:

T/
A(T):Aoexp{/ (ﬂJrﬂ) dr}
Ty T T*

= (kgT)'T T (1 + ap) exp {a] (Tz - 1)} ,

*

and

1+ao Sy
Ay (5) = exp (—a) T (1 + ag) <;> exp (oq ?) . 27)

It can be proven that Eq. (27) has the following exact inverse Laplace transform:

.
_ o ol ol
o) =exp(—a) ' (1 +ap) 1% (‘,kBT*) Zoy (2‘/ kBT*> ; (28)

being Z, (z) the modified Bessel function of the first kind of order . It can also be proven
that

¢ (1) 925 g,
and the state function ¢ (1) for a polytropic gas given in Eq. (24) is recovered as expected.
As discussed in Sect. 1, in the model presented in [9], the state density function—based

on Eq. (26)—would be defined for a gas with a linearly varying specific heat, as
¢, T)=1PD=I2 (29)

with D (T') given in Eq. (25). Itis clearly seen that, despite corresponding to the same internal
energy, the state density function ¢ given in Eq. (28) is independent of the temperature 7,
while the state density function ¢ given in Eq. (29) depends on the temperature 7.

3 Novel ES-BGK Model for Non-polytropic Gas

In this Section, our novel ES-BGK model for non-polytropic polyatomic gases with
temperature-dependent specific heat is described. In this model, the state density function
¢ (I) is not assumed to be given by Eq. (24), which is valid only for polytropic gases; rather,
¢ (I) is obtained as the inverse Laplace transform of the function A (s) given in Eq. (21), in
a fully consistent way.
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3.1 Nonequilibrium Temperatures

Before discussing the novel ES-BGK model, we introduce the nonequilibrium temperatures,
TX and T!, associated, respectively, to the molecular translational and internal modes. The
temperatures TX and 7/ are implicitly defined by the internal energies of each mode, Eq. (1),
via the caloric equations of state of each mode:

ek :eg (TK), el :82 (TI),

ie.

K K.-1( K 2¢% I I,—=1(.1
N G = CO B (30)

m

K- =1 and ef: 7! being the inverse functions of, respectively, X and &L, given in Egs. (17)

and (18). We remark that the translational temperature TX is related to the stress tensor

oo
t,'jz—/ / mC;C;fo(I) dl dé&, (31)
R3 Jo
which is decomposed as follows
tij = —P&ij + oyijy, (32)

where oy is the shear stress* and P is the total pressure, the latter being the sum of the
equilibrium pressure p, expressed as

2,0 kB
p=ppT)= ?85 (T) = —pT,
m

and the dynamic pressure (nonequilibrium part of pressure) [T = P — p. From Egs. (1)2 and
(31), it is seen that the nonequilibrium energy of the translational mode is expressed in terms
of the total pressure P as follows:

1 3

K K (1K
=K (T ) =y =P
¢ SE( 2p i 2p

Recalling the functional form of sg , given in Eq. (17), we have
k
Pz—BpTsz(p,TK),
m

which, together with Eq. (32), shows the relation between the stress tensor ;; and the trans-
lational temperature TX .

3.2 Model of Collisional Term

The newly proposed ES-BGK model for non-polytropic polyatomic gases is the natural
extension of the original model studied in [25]. The collision integral Q is given by

1
QN =—E—-1)., (33)
TES

4 Angular brackets denote the symmetric traceless part (deviatoric part) with respect to these indices.
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where the relaxation time 7gg is a positive function of p and 7', and the distribution function
% is determined as follows.

Let .7 be the set of all non-negative, integrable distribution functions such that for any
G e 7, the following relations hold:

:/ /Oomﬁp(l)dldng /wmgfgo(l)dldg,
R3 JO R3 Jo

pvl:/ /ooms,-fwn dldszf /oomsis%m a1 . (34)

,oe_/w/ c2+1 f(p([) dId’;'_/ / c2+1) Go (1) dI dE,

i.e. the first five moments of ¢ are equal to the corresponding moments of f. It is important
to mention that defining the set . as the set of the distribution functions ¢ for which Eq. (34)
holds, guarantees that the conservation laws are satisfied. In fact, multiplying the Boltzmann

equation (4) with Eq. (33) by each of the collision invariants (m, mé&;, m (E 24 2%))T and
integrating over the phase space with respect to molecular velocity and internal energy vari-
able, the conservation laws of mass, momentum and energy are obtained:

8p ad
ar " ax; (pvs) =0.

0
(,01)1) + (/OU: Vj — tij) =0, (35)
Xj
d 2 d 2
= (ov” +2p¢) + P (pv°vj +2pevj — 2t v +2g;) =0,
J
where ¢; is the heat flux defined by

q; = /w/ <cz+2 >C‘,-f(p(1) dl dé.

The distribution function ¢ is determined by the following theorem.
Theorem 1 Let us consider the following eleven moments of ¢ € .%:
P
7 oV -
F’ = :m/ / YY) dldé, (36)
vj R3 JO

pTij + Pvl
2pel

rel

withy = (1, &, &&j, 21/m)T, where we have introduced the second-order symmetric and
positive definite tensor:

:l/ / mC;C; 9 (I) dI d§, (37
R3 JO

and the relaxation internal energy srel

arle]=f/ /001%(1) dI dg. (38)
P Jr3 Jo

Defining the entropy density in . as follows:

_ [e)e]
Y = —k3/3/0 GlogGy (I) dI dE, (39)
R
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the distribution function ¥ € . that maximizes the entropy (39) under the constraint that
the eleven moments of 4 defined in Eq. (36) are prescribed, is

g =4® g0 (40)
with
@K — L exp —l(é,-—v,‘)(Tfl)“(g»—v‘)
m (27r)>/% (det T)1/2 2 A
41
P ey S
A(Thy) kT

where Trél is the relaxation temperature defined via the caloric equation of state given in
Egq. (18):

Ty =ep " (k) (42)

The entropy density given in Eq. (39) maximized by ¢ has the following expression:

kg 0 mel (T! 3
hg =—"p log 7 7 ~ = E ( Irel) i (43)
m m (2m)*% (detT)'/* A (T])) kgTL 2

Proof MEP states that the distribution function ¢ € . which maximizes the entropy density
(39) with prescribed eleven moments (36) is the solution of a variational problem with
constraints associated to the functional

L(@:—kB/ /wglogg;¢(1)d1d§+A-(Fg—m/ /oou/fg’w(l)dldg),
R3 Jo R3 Jo
(44)

where A = (A, Ay Aij, M) is the vector of the Lagrange multipliers. In order to have an

extremum the first variation with respect to ¢ must be equal to zero, i.e.’

SL o _ m
7_=—k3/ / logd + 1+ —A ¥ ) o) dldé =0, 45)
89 R? Jo kg

and the distribution function ¢ maximizing the functional (44) is [10, 34, 35]:

where

x=A-¥y =49, (46)
with a hat on a quantity indicating its velocity independent part: 1} = (1, Ci, CiCj, 21 /m) T
and A = (i ii, ):i s ﬂ) The identity in (46) is proved in [36], and it is evident also by the
fact that ¢ is a scalar independent of the frame. For later convenience, we write ¢ as

R TP}
G = Qe HiCie MGG (47)

5 We observe that the MEP cannot be done in the form (45) in the case in which the state density ¢ (7, T') also
depends on the temperature 7.
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where

m . ~ m . ~ m
Q = exp -1 - ki)h B A.l' = 7)”.’ Aii = 7)”.].'
B

Given that

1
2

/ e—iijcicjdc = 73/2 (det X) ,
R3

. 32, 1
/ ckc,e—kfjcfcjdcz”—(x 1) (detk) ?
R3 2 kl

where X is the matrix the elements of which are 1; j»and inserting Eq. (47) into the right-hand
side of Eq. (36), we obtain %i = 0 and®

-\ —1/2 1
0 = mQr? (det x) A ( ) ,
2[

1 - 12 (1
pTyj = msr™/? (x ‘)“ (detx) A <2—> :
ij 1

ipdA ()
Y
2pely = —2kpQr?? (detd) T — 222

)

L
d(2pn)
and then
Q= ~,0 y) ’
mm3/? (det X) A (%)
o
(i”) =0Ty, (48)
ij
k d 1
I B
gy =————logA| — . 49
rel m d (211) g <2M) ( )
From Eq. (48), we have (det ):)_1 = 23 det T and, since it can be seen that [ has the physical

dimension of inverse temperature, we introduce a new temperature Trél defined as

1
T = ﬁ

Recalling Egs. (16), and (49) suggests:
grlel = 8{? (Tré1> ;

in other words, Trél is determined by Erlel from the inverse function of the caloric equation of
the state of internal mode, as introduced in Eq. (42).

The explicit expression of the entropy density maximized by ¢, i.e. n?, given in Eq. (43),
is derived by substituting ¢ into Eq. (39). O

6 Hereafter, T;j and erI o) are given in Egs. (37) and (38) by substituting < with 4.
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3.3 Derivation of Tj; as a Function of Physical Quantities

Following the discussion in [26], we find that the tensor T;; is related to the physical macro-
scopic variables. We can draw a parallel with the results of the standard BGK model.
Specifically, for the collisional term given by Eqgs. (33) and (40), we require that the fol-
lowing six relations hold:

P ( K (K K
0 2 —2—= e \T" ) —eg (T)
’"/f (?)(%—f)gou)dldh g (1 ) ) . (50)
r3Jo \&iép

TES —
7 (ij)

where T = 7 (p, T) and t, = 1, (p, T) are relaxation times. In the standard BGK model
this is an identity but with a common relaxation time. In contrast, we now require that X and
oyij) have different relaxation times; in such a way, we can have a physically more appropriate
Prandtl number when we take the hydrodynamic limit.

Although we will explore the hydrodynamic limit in detail in Sect. 3.5, to clarify the
meaning of the production terms in Eq. (50), we present the field equations for ¢X and o; i)
obtained by multiplying the Boltzmann equation (4) by (mE 2, mé ;& j>)T and integrating each
of the two resulting equations over the phase space with respect to the molecular velocity
and the internal energy variable:

9 2 K 9 2 10 K 70
) D — - H
5 (,ov +2pe™ ) + ™ (,ov vk + 3 PET Uk 20y + Hyjy

- (e (1) ek ).

9 ) 4 5 0
(pvivj) — ouiy) + =— | pravjve + FPET VB Hk = OlijVk — 20uiyvj) + Hje

at X
1
= Za(ij%
(51)
where
A 00 2
H) = / / mC*Cy fo (I) dI d&,
R3 Jo
AO 0
H<ij)k=/R3/0 mC(iCj)CkfglJ (1) d]dg.
Equations (8) with (35)3 and (51); provide an equation for the relaxation of &’:
] d N 2
— (2p81) + — <2p81vk — Hl(l)k + 2qk) - (82 (T[) — 82— (T)) . (52)
at Xy T

From Egs. (51) it is seen that ¢X and oy;jy relax to the equilibrium state with relaxation times
7 and 7,, respectively. The role of the relaxation times is easily found when we consider the
spatially homogeneous case. In this case, Egs. (51) and (52) reduce to:

@ Springer



A Novel ES-BGK Model for Non-polytropic Gases Page150f34 95

dep (T5) _ _% (5 (75) - ek ).

dt
del (T") 1
o = (e (1) e ).
dd(,’j} 1
dt - ;a(l]>'

Theorem 2 The tensor T;; compatible with the requirement (50) has the following form:

2 P;i 2
T, = gesg (T) 8ij +(1—0) {v% +30- v)ek (TK) 5[.,-} , (53)
where P;j = —1;; is the pressure tensor and the two parameters 6 and v are related to T, T,
and tgs by
1 0 1 1
-=—, —=—[1-v({d-06)]. (54)
T TES Ty TES

Since T;j is definite positive, the ranges of these parameters are restricted to v € [—%, 1]
and 0 € [0, 1].

Proof By substituting Egs. (31) with (32) and Eq. (37) into the left-hand-side of Eq. (50), we
have

272 (ef (1) — et )
( T — Py ): 2 T p(% T ep (1)
PTij) — Pij o)

o

Recalling that P;; = 3P = 2,08[E( (TK) and P(;jy = —oy;j), we have
T=2(1- TE—S) ek (TK) +2 5K (1,
T

T
1 TES
Tin=—[—-1+2 .
W) = ( + - ) lij)
In order to have correspondence with previous studies [9, 25, 26], the parameters 6 and v are
defined as
B e, Boi_va-o, (55)
T s
which provide Eq. (54). With these parameters, from Eq. (55), T;; = T;;8;;/3 + Ty;jy has the
form of Eq. (53).

Contrasting with the macroscopic-level determination of T;;, expressed in Eq. (53), the
microscopic expression of T;; defined in Eq. (37) (with ¢ in place of &), ensures the definite
positiveness of T;;. This difference between the macroscopic and microscopic descriptions
is recognized in the literature as the issue of realizability [37]. To maintain consistency in
these different levels of description, the parameter ranges of v and 6 are restricted. Let us
rewrite T;; defined in Eq. (62) as follows

RH
T =026+ —0)"L,
p P
with

Rij = vPij + (1 —v) Pé;;. (56)
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We may notice that T;;, R;;, and P;; have diagonal form. Let AT AR AP (i =1,2,3) be the
eigenvalues of, respectively, T;;, R;;, and P;;. From Eq. (56), we have

M=l +a-vr. (57)

Since P = P;;/3 = ()\5’ + k; + Ag) /3, Eq. (§7) can be rewritten as follows:

14+ 2v 1—v . .
=Sl e (). £ #b.

Sufficient condition for R;; to be positive definite is —% < v < 1. Similarly, we have
R

P A

A =054+ 1—-0) %,
o o

from which it is seen that the sufficient condition for T;; to be positive definite is 0 < 6 < 1,
in addition to —% <v<<l O
Corollary 2.1 Defining the relaxation energy of the translational mode £
given in Eq. (38), as:

1
o1 N analogy to &,

ek = fw / 2290 (1) dl d, (58)
the following relation holds
eK = (1-6) &K (TK) +0eK (1), (59)
and we have
£ =¢p (Trel) + 8119 (Trel) (60)
where the relaxation temperature of translational mode T, 1 is defined by

-1 K
Trel - SE (grel> .

Similarly, ErIel satisfies
ety = (1= 0) el (T7) + 025 (). 61)

Proof From Eq. (37), we have erlgl = T;;/2. Then, by taking the trace part of Eq. (53), we have
Eq. (59). Since Eq. (34)3 is sum of Eqgs. (58) and (38), we have Eq. (60). After subtracting
Egs. (60) from (59), and taking into account Eq. (8), we obtain Eq. (61). ]

Remark 3 The tensor T;; can also be expressed with the functional form of the pressure
pp,T)= 2,08§ (T) /3, as follows:

pTij =0pdi; + (1 —6) {VP,'j-l-(l—v)Pﬁij}. (62)

Moreover, from the Corollary 2.1, it is seen that the tensor T;; can be expressed as

2 o
T =3¢ <Trel> §ij —v(1—0) =L
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Remark 4 Equations (61) and (59), given that 6 € [0, 1], define 8{61 and srlgl as convex
combinations, respectively, of eé(TI) and si- (T), and of eg (TX) and 8115( (T). On the other
hand, from Eq. (62) it is seen that T;; is a convex combination of p (p, T') §;; and vP;; +
1 —=v) plp, TK)Sij, but the latter is not a convex combination of P;; and p(p, TK)Sij since

RS [—%, 1].

Remark 5 The difference between the present model and the model proposed by Kosuge et
al. [9] is not limited to the state density ¢ (/) and the normalization function A (T'), but
also involves the definition of Tél and the introduction of Trg. In the previous model, Trél
is introduced as a convex combination of 7 and T, i.e., Trél =60T +(1-06) T! with
6 € [0, 1]. On the other hand, here, the relaxation temperatures are defined through the
energy as shown in Eq. (60). The two definitions of Trél coincide in the case of polytropic

gases. These definitions of the relaxation temperatures Tr§1 and Trél also appear in [32, 33].

3.4 H-theorem and Properties of the Novel ES-BGK Model

Over the parameter domain v € [—% l] and 0 € [0, 1], which ensures that T;; is positive-
definite, we can prove the H-Theorem:

Theorem 3 The Boltzmann equation (4), with the collisional term given in Egs. (33), (40),
(41), and (53) satisfies the H-theorem:

s=——ta [ [T @-progromara=o
TES R3 JO

Proof From the Boltzmann equation, by taking the moment of Eq. (5), we have the entropy
balance law

oh N oh; =

ot 0x; o
where the entropy density /4 is defined in Eq. (5), and the entropy flux /; and production X
are defined as follows:

hi

// & H(f) o) dldé,
R? Jo

)y

1 o0
L. f f & — f)log f ¢ (I) dI d§ (63)
TES R3 JO
R
TES

// @ — fYH' (f) ¢ (1) dI dE.
R3 JO

Since H (f) is a concave function, we have

@~ HH (f)=H(E)~H(f). (64)
From Eq. (63), taking into account (64) the following inequality holds
1 o 1 @
2>—/ / (H @)~ H () o) dldg=— (h" ~h). (65
Tes JR3 Jo TES

Let #D be the maximized entropy under the constraints that the first eleven moments
of f are (p, pvi, PV + 2pe, pu; v + Pij) (see also Remark 6). These eleven moments
correspond to the substitution of ¢ with f in Egs. (34) and (37), which results in replacing
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the macroscopic quantities from T;; to P;; /o and from Tré1 to T'1. Similarly to the derivation

of ¢4 shown in Eqs. (40) and (41), we obtain a distribution function f (1) that maximizes the
entropy density for eleven moments:

a1 _ p L e (oY) (E — ,_L}
f o e I A 5 G =) (/D)) (& =) = o
(66)

and then we obtain the maximized entropy A'D from Eq. (5) as follows:

1 1
=k, (1 P e (TT) 3) .6

m P\ %% 2m)3/? Jdet P/p)A (T1) kpT! 2

For any number of truncation N, using the MEP, the entropy A that is maximized under
the constraints that the first N moments are prescribed satisfies the inequality

AN > p (68)
(see Appendix A for the proof), therefore in particular we have:
D > p. (69)

Moreover, we can prove that 1Y > hD_ First, we note that A (T) given in Eq. (19) may be
dek ()

expressed with the specific heat of internal mode, c{} (T) = > as follows:
I I T I
m [en(T) & (Ty) m ¢, (1)
A(T)=A —— £ - E — f 2 ‘dry}. 70
(T) OCXP{ k3< T T )—i—kB - T (70)

From Eq. (70) and the explicit expressions of (1" and 1 | given respectively in Eqs. (67)
and (43), we have

RD _ 9 _ILBp log det T +log A(Ty) _ mej (TII) n mej, (Y;rél)
m det (P/p) A(TT) kpT ksT,,
(

_ ks | det(P/p) /T’ b (1)

dT’. 71
2m "% T et o T b
Given the following inequality:
3
K (7K
T

et /o) (Sf;( K)> : (72)

detT ) (Trel)
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which is proven in Appendix B, and introducing the specific heat of the translational mode,
K
ck = dep @) _ 3k Eq. (71) satisfies

v aT ~—2m’
3 I
lk 8K TK T CI T/
p(D _ 9 <23plog(§( K)) +p/ u(/ )dT/
m ) (Trel) Tril r
TK K T! CI T/
:p/ chT,H/ o ()
Trgl T/ Trél T/
K 1

& &
= p/ ;dgl(, +p/ I;dsll
o ep (X)) o ep (1)
—p

1
rel
K I K I
= ps (10,8 , € ) s (pﬂgrel’grd)’
K,E‘[)

where we have adopted Eq. (17), and s (p, &
generalized Gibbs relation [30]:

is a function which satisfies the following

1
ds (p,SK,EI) = 7[1’81( + —de’ — ——

K,—1 1,—1
ep’ (eX) ep (e7)
It remains to be proven that s (,o, ek gl ) <s (p, erlél, srlcl), and we follow the procedure
proposed in [32]. To this aim, recalling that erlgl and ¢!, depend on 6 (see Egs. (59) and (61)),

we introduce

rel

s =s(p el ely),
which satisfies
S0)=s (,o,eK,gI).

The function S (@) is a concave function of 6 because we have

s ) = M D¢ + M De ey
96 de 96 del, 20
! ( K K (1K Lo/ I (0
= — SE(T)—SE<T ))-i-f(eE(T)—gE(T)),
T T
3%s 1 ) | ,
g7 @ = (e D —ef (1)) = o (k) — e (1)) <
“ T cf (Tar) Tee
where in the last inequality, we have usedc > Oandc! (Tél) 0. Moreover, since T a=T

and T’ et = T when 0 =1, we have (l) = 0 from Eq. (8). Therefore, S is an increasing
functlon of 0 on the interval [0, 1], and the following relation holds

SO)<S@O).
Since s (,o, L 81) <s (,0, erlgl, er’el) is proven, we conclude that
h? = nh. (73)
Combining Egs. (73) with (69), we conclude that
W >,
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and therefore, from Eq. (65), it is proven that ¥ > 0. O
Dividing the range of 6 into 6 € (0, 1] and & = 0, we have the following propositions.

Proposition 1 When 6 € (0, 11, the distribution functions f and 4 reduce to fE) at the
equilibrium (see Eq. (11)) where Q (f) = 0.

Proposition2 When 8 = 0, the distribution functions f and 4 reduce to f©, which is
defined by

3/2 2
© _ 14 m _ﬂ _ L 74
I = A <2ﬂkBTK> ‘”‘p( 2kpTK " kpTT)" "
at the equilibrium where Q (f) = 0.

Proof of Proposition T We follow the procedure outlined in [9]. At an equilibrium state where
0 =0, we have f = ¢. Then, from Egs. (58) and (37), we have

Tk =1% 1L =T1"

rel — rel —

Moreover, since T;; = P;;/p from Egs. (31) and (37), Eq. (62) provides
I=v+0v)P;j={p+1—-0)1—-v)P}J;.

This indicates that o(;jy = —pT(;;) = 0 and that 6 (TK — T) = 0. The latter relation, being
0 # 0, gives TX = T. Similarly, from Eq. (61), we obtain T/ = T'. Therefore, the following
relation holds

T =71" = r§l = Trﬁ:l =T, (75

and T;j = “£7;;. From Eq. (40), 4 = f*) and then f = f(©).

Inversely, assuming f = ), Eqgs. (30) with (9) and Eq. (10) gives TX = T/ = T.
Then, Eqgs. (59) and (61) provide Eq. (75). Recalling o;;y = 0 in this case, from Eq. (62) we
have T;; = p/pé;;. Therefore, 4 = f® and then f = ¢, which provides Q = 0. O

Proof of Proposition 2 Since 6 = 0, we have TX = TX and T’ = T/, from Egs. (59) and
(61), respectively. Therefore, we have

f/ooméz(%—f)tp(l)dld£=0, /fool(%—f)fp(l)dld5=0,
R3 JO R3 JO

which indicate that the collisional invariants are now (m mé&;, mé& 27 ) (or
(m, m&, m@E* +21/m), m&*) or (m, m&, m(E*>+21/m), I)). For the 6-moments
(,o, pv;, pv2 +2pek, 2,081) (see Remark 7) that correspond to the moments of the present
collisional invariants, by exploiting MEP, we have Eq. (74).

In an equilibrium state, for which Q = 0, we have f = ¢, which provides T;; = P;;/p
from Egs. (31) and (37). Then, Eq. (62) gives P;; = P§;; whichresultsin oy;j, = 0. Therefore,
we have T;; = %BTK(SU. From Eq. (40), 4 = f®), and then f = f&),

Inversely, when we suppose [ = f ©) we notice o(ijy = 0. This results in, from Eq. (62),
Tij = %BTK(SU. Therefore, 4 = f(6), and then f = ¢, which provides Q = 0. O

Remark6 The 11 moments of f, namely (p, pv;, pv* + 2pe, pvjvj + P;;), form the sys-
tem of 11 moments as specified by Eqgs. (35) and (51). By employing f (D as presented in
Eq. (66), we obtain Hi(;'k =0andg; = 0.
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Remark 7 The system of the equations of 6 moments of f, thatis, (p, pU;, pv2+2peK, 2,081),
constitute Egs. (35) and (51);. With the use of f ©) given in Eq. (74), the constitutive func-
tions are closed with I-}l(l)k = 0, o(;j) = 0 and g; = 0. See [17, 38] for the closure of the
present case.

3.5 Chapman-Enskog Expansion

When the Knudsen number is small, one can formally derive the fluid-dynamic equations
by means of the standard Chapman-Enskog procedure. Equations (4) with (33) reduce, after
straightforward calculations (see [25] for its details in the case of the ES-BGK model), to the
Navier—Stokes—Fourier equations

d V(i d V] aT

oy =2u—-, =—u,—, P = —K—,
(ij) " 8Xj> b x) qi ax;

with the shear viscosity w, bulk viscosity , and heat conductivity «, given by

P TES 1 2 1 kB N
== = (Z-+ : =2 , (6
R v 9<3 CU)PTES w=—(1+é&)pws, (76

where ¢, = mc,/kp is the dimensionless specific heat. These expressions of the transport
coefficients are consistent with the ones obtained in [9]. With these expressions, we can
express the Prandtl number Pr = cp,u/k, being ¢, = ¢, + kp/m the specific heat at
constant pressure, as the function of the two parameters:
1
Pr=——.
1—v+6v

Moreover, the ratio of the viscosities is given by

mpy L—v+60v 2 1\ Pr(2 1
W 0 3 &) 6\3 &)

In this way, the transport coefficients are determined by 6, v and tgs under a given value of
cy. On the other hand, when the data of ¢, k, i and u; are available, we can evaluate the
values of 7gs, 6, v. However, since data of u; are generally not available, we may set jtp /1t
as an adjustable parameter [39, 40] (see also Sect. 5).

4 Reduced ES-BGK Model

In order to reduce the computational cost of the numerical implementation of the ES-BGK
model, the so-called reduced model is usually introduced [32, 33]. After defining the marginal
distribution functions ®,,, and ®; as follows:

oo

¢>m(t,xy’s')=/0 m fol)dl, <I>1(I,X7E)=/0 IL'fo)dl, (7"

and introducing

[ee)

o0
v, (t,x,‘;'):/(; me((DHdl =my®, (t,x,i;‘):/o 199 dl =m@Bel
(78)
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the evolution equation of the marginal distribution functions ® = (®,,, ;) are obtained
from the Boltzmann equation with ¥ = (¥,,,, W) as follows:

0P 0P 1
—+&—=—(V-0d). (79)
at 0x; TES

The macroscopic fields are expressed as moments of ®,, or ®; with respect to & as fol-
lows:

P :/ @, dE,
R3

PV :/ d)mEidE,
R3

1
pef (T%) = /R 3 6 =) & — ) Pudé,

/ &, d§,
R3

—/ E —vi)Ej —v)P,dE,
R3

he)
o
oy~
—~
ﬂ
~
~
Il

N
<
I

BS)
~
I

1
/ {E(gi —v) & —v) Py +<I>1} (& — vj) d&.
]R3

5 Study of Standing Planar Shock Waves

A shock wave structure in one-space dimension is a traveling wave depending on x| and ¢
through z = x; — s ¢, where s is the shock velocity. As the Boltzmann equation is Galilean
invariant, as usual we can consider the reference frame moving with the shock front for which
s = 0. Then, in order to investigate the structure of standing planar shock waves obtained
with the novel ES-BGK model, Eq. (4) is written in its steady one-dimensional form as
follows:

g2 _ o0, (80)

axl -

and then suitably put in dimensionless form.

For a rarefied CO, gas, since the shear viscosity u is well approximated by a power of the
temperature [41], recalling Eq. (76); and following the notation in [9], it is useful to write
the relaxation time tgs as

1

TES = — 0>
pAc(T)

where the explicit expression of A.(7) as a power of T will be given later (see
Sect. 5.4).
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5.1 Dimensionless System

Adopting the following dimensionless variables, as suggested in [42],

P L - LS A )
X=—, &= ip=—, p=—,
L ap’ ao £0
) p R P, R T A e
pP=——= ij = g , Tij: lé » €= —5—,
poag/2’ poag/2 poag/2 a;/2
2K _ X ol — el oK — e ol — e G = q1
a2’ 22 T2 YT poag /2’
K I K I
O S S B A QU S R R
To ’ To ’ T, ’ rel T, ’ rel T, ’
(K)
fzwy ({é(K)zmg_ gf(I)ZA(TO)g(I)7 I = 12 ,
P04 04y mag /2
n A (T R A(T . mae
(1) = D (1) = 2D ()=
Ac (To) A (To) 2A (To)

where po and T are reference values for, respectively, the density and temperature; ap =

1/2
(2570)
equilibrium state with density pg and temperature Ty, Eq. (80) takes the form

G222 6(7). o) =A(1)a(d- ). Q)

8x1

, L = 2agy/ (rrl/ 2 PoAc (To)) is the mean free path of the gas molecules in the

where 4 = 4K G (D) with

0 Lo (5 -0) (1), (6 -0)].

and

=[/ 7o (1) aidé.
R?
f/ Efo dldg
R3
A P;
Tj=01-0) |:(1—v)T 8,J+vpi|+9T(S,]

Moreover, we have
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where T, = T, /To. The dimensionless translational temperature 7K is readily given by

. 2
7K = 3s’< (82)

while the dimensionless internal temperature 7' and the dimensionless temperature Ty are
obtained as implicit solutions of

ep (11) =8'. &h (Th) =08k (T)+a-orep (77). (83)
5.2 Similarity Solution
Since in the following we shall be interested in studying the structure of plane shock waves

traveling along the x| direction (i.e. 0, = v3 = 0), it is useful to introduce the similarity
solution of the form

N Al A A A R 20 2o\ 172
f=F(e b 0), &=(8+8)
Under this assumption, the distribution function 4 K) is written as

N 2

N 5 <§1 — ﬁl) 22

g0 = — L exp SRR 7 (84)
73/2 (—i-”> T Tt T

where the involved macroscopic quantities are written as follows:
00 +00 0 R A N
,6:271/ [ [ e (i) didddé,
+00
o =2 [T [ [T ks (1) ai déiaé.
A +CXJ ~ /\ ~ ~ ~ ~ ~
by =4n/ [ AR (1) ai b dé;,
+0o0 23
Py =Py = 271/ / / 319 dl dé, dé.,

Py
T11:0T+(1—0)<(1—V)TK+VA),
0

. . . . P
T22=T33=9T+(1—9)((1—v)TK+v§2>,
p

R 2 +o0
K =

“e ((6-0) +§3) 79 (7) i dé dé;.
¢l = //m/ &11¢ (1) ai aé dt;,
= [ [ [Te(-n) ((él—fn) +§3+f>f¢(i) al b d

and

Isij207 T-IJ=O for i # j.
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5.3 Reduced ES-BGK Model for Similarity Solution

In the present case, it is possible to introduce the marginal distribution function from Eq. (77)

as follows:

o=2n &b db=2n [T [Té 7o (1) aidé,
=2 [ 8y db =2 [ [T 870 (1) aldé.
0 0 0

~

A A A oo oo A ~ ~ A A
o3 = 2nf £ b dt, = 2n[ 8176 (1) aidé,.
0 0 0

where <i>m = &,/ (,ooao_ 3) and <i>1 = 2a9®;/po. Moreover, similarly to Eq. (78), we

introduce
o0 R n R o0 n n n
Y1 =27 / &, dé, =2n / £ 9N dg,,
0 0
o0 R n n o0 R n n
va=2m [ £, db=2n [ 890 d,
0 0

o0 R n n o0 N N N
va=2n [ &b db —mily [ 890 di,
0 0

(85)

where \ilm =,/ (/00616 3) and \f/l = 2aoV;/po. Recalling Eq. (84) and the Gaussian

integrals fooozexp (—%) dz = 5 and fooo 3exp (—%) dz = &, Eq (85) is written as

follows:
2 51 - v1
Y = N2 exXp / Er exXp dgr
(HTU) T BT
A N\2
5 (51 - Ul)
= exp ~ ,
12
<JTT11) Tll
A N\2
2 (G-0)) >, (8
1/’2 = R 1/2 exXp ~ / sr eXp\ —z dsl’
(7,1—11> ) Tt 0 2
. \2
T (S] - Ul)
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and the following system is obtained from Eq. (81) (see also Eq. (79)):

~ 0@k 24 AN,
e =z (T) =g, k=123 (86)

It is also noted that the macroscopic quantities o, vy, I311, and I322 involved in Eq. (86) may
be written in terms of the marginal functions ¢y, ¢, and @3 as follows:

+o00 . 1 +<>oA R
P =/ p1d&, V)= 7/ E1p1 dé&y,

—0 -0
. +oo 2 . « +00 -
P = 2/ (“;‘1 - f)1) p1déy, P 2/ @2 déy,

—00 —00

while the translational internal energy, £X, the internal energy associated to internal modes,
!, and the heat flux §; are given by

. 1 [T /0 . \2 A 1 [t .
8K=7/ ((51—111) <ﬂ1+§02) dé,, 8127/ @3 déy.
P J—o00 P J-oo
o0 n R 2 n
412/ & — 1y (51—131 901+<p2+903> dg;.
G- ((E-o)

The translational and internal temperatures, TK and T! , are directly obtained from &K and
#! from Eqgs. (82) and (83), respectively.

and

5.4 Numerical Results

In order to obtain the structure of planar shock waves for various values of the Mach number
My, the system of integro-differential equations given in Eq. (86) is numerically solved on a
one-dimensional finite computational domain.

Provided the quantities pg, vi,0, and Ty representing, respectively, the density, xj-
component of the velocity, and temperature in the unperturbed equilibrium state (x; — —o0),
the corresponding density, p1, x1-component of the velocity, vy,1, and temperature, 77, in
the perturbed equilibrium state (x; — +00) are obtained as a one-parameter solution of the
Rankine-Hugoniot equations, being the Mach number M the parameter.

In terms of dimensionless variables, the equilibrium distribution function in the unper-
turbed state (x| — —00), fo, and in the perturbed state (x; — +400), f1, are, respectively,

N S
R 20 (-’?1 - Ul,O) +§; 1 i
_— ) exp | — ,

fo 5 exp | - n
~\3/2 ~ /A
(TFT[)) T A(TO

To

and

c o\
N b1 (51 - v1,1) +5§; 1 I
fi= —3p P | — = ———exp|——= |,

(7‘[ fl)
where po = Ty = 1 due to the choice of the quantities pg and Tp as reference values, respec-
tively, for the density and the temperature in the definition of the dimensionless variables.
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Table 1 Values of v and 6 for

Pr=073andr = "= (Mb/M)T:TO v 0

(p/ 1)1 =T, = 300,1000,2000 55 —0.3702 1.034 x 1073
1000 —0.3701 5.169 x 1074
2000 —0.37 2.585 x 1074

From the above expression of fo and f 1, the corresponding marginal distribution functions
©1,0, 92,0, and @3 o in the unperturbed equilibrium state, and ¢j 1, ¢2.1, and ¢3 1 in the
perturbed equilibrium state are obtained (i = 0, 1):

2
bi (%‘1 - z)
(pl,i = N\1/2 eXp | — A 3
(=) "
é: R 2
:5T < 1= Ul,i)
@i = i o 75 €Xp | — 7 ) (87)
(=) |
~ R 2
AN R
Q3. = 172 p f
i

()

The previous expressions in Eq. (87) are used as boundary conditions in the process of
numerically solving the system of equations outlined in Eq. (86).

In order to compare the results obtained by means of the model proposed by Kosuge et
al. [9] to the model proposed here, calculations have been carried out adopting the same
model parameters as those used in [9], which in turn used model parameters discussed in
[40, 43]. A carbon dioxide (CO;) gas is considered, for which the temperature dependence
of the specific heat, ¢, = ¢,/ (kp/m), may be approximated at around room temperature as
follows [40]:

G (T) = 1412+ 8.697 x 1073T —6.575 x 107°T2 + 1.987 x 107°T3.  (88)

The temperature dependence of the shear viscosity is approximated as o oc 79933 [40].
Therefore, from Eq. (76)1, we set A (T) o« T909 ie., A (f") = 70065, Following [9], the
values of v and 6 are suitably chosen as to match a value of the Prandtl number equal to 0.73
and a ratio r of the bulk viscosity, 1, and the viscosity, i, in the unperturbed equilibrium
state varying in the range from 500 to 2000, as shown in Table 1.

In order to facilitate the comparison of the results obtained by means of the two models,
the profiles of the density, velocity, temperature, translational temperature and internal tem-
perature in a planar shock wave, shown in Figs. 1 and 2 for My = 1.3, and Figs. 3 and 4 for
My =5, are normalized, following [9], as follows:

s P—p A D=1 v T—Ty 2 TK — Ty = 7! — T,
P=M, U=%, T=A7AO» TK=A7AO, T1=A7AO-
P1 — PO V1,0 — V1,1 T, — Ty T — Ty T — Ty

Despite the relevant differences in the model proposed in [9] and the novel model presented
here, the numerical results obtained by means of the two models are very similar except for a
remarkable difference in the profile of the internal temperature, 7. Being the profiles of all
the other macroscopic quantities very similar to those already published in [9], the comparison
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Fig. 1 Profiles of the normalized density ,f) (a); normalized velocity ) (b); normalized temperature 7 (c);

normalized translational temperature Tk (d); normalized internal temperature 71 (e); dimensionless pressure

difference I311 — p (f); dimensionless pressure difference Iszz — p (g); dimensionless heat flux —g (h) for a
plane shock wave corresponding to My = 1.3, for three different values of the parameter r = (1p/ WT=T,

is not reported here, and only the profiles obtained with the novel model presented in Sect. 3
are shown in Figs. 1 and 3; the only comparison between the results obtained with the two
models that we show pertains to the profile of the internal temperature, shown in Figs. 2 and 4.
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Fig.2 a Profiles of the normalized internal temperature, 77, fora plane shock wave corresponding to My =
1.3, for three different values of the parameter r = (up/ PL)T:TO; b zoom of the profiles of the normalized
internal temperature near the foot of the shock. Results obtained with the model presented in [9] are represented
by dash lines; results obtained with the model presented in Sect. 3 are represented by solid lines. Panel b shows
a zoom of the region

In Fig. 2, corresponding to the case with My = 1.3, it may be appreciated that the model
proposed in [9] leads to a profile of the internal temperature dropping to values below the
unperturbed one in the region close to the foot of the shock profile. In Fig. 4, the same

profile of the normalized internal temperature, 77, is shown for the case corresponding to a
larger Mach number, M = 5. In this case, values of the internal temperature lower than the

unperturbed values (i.e. negative values of the normalized internal temperature 7'/ ) obtained
by the model presented in [9] are even more noticeable than in the previous case shown in
Fig. 2. In both cases, the profiles of the internal temperature obtained by means of the model
proposed here are physically meaningful, since the profiles show that the internal temperature
is monotonically non-decreasing through the shock profile.

As an additional consideration, it might be observed that the results presented in [9]
pertaining the case & = 0 (i.e. r — 00), seem to show that the internal temperature, T!,
takes on values different from the unperturbed value of the temperature, Tp, across the shock

structure (specifically, the results show that 7! < 0,i.e. T! < Ty across the shock structure).
On the other hand, the results presented here obtained with the newly developed model
suggest that, as r increases, the internal temperature 7'/ across the shock structure tends to

remain constant and equal to the unperturbed temperature 7y (i.e. 71 = 0 across the shock
structure). The latter result is in agreement with the fact that » — oo corresponds to the
physical situation in which the internal molecular mode is frozen and, as such, no variation
in the internal temperature 7/ should be expected in the non-equilibrium region.

6 Conclusions

In this study, we introduced a novel ES-BGK model of non-polytropic polyatomic gases that
incorporates an internal state density function depending solely on the microscopic energy
of internal modes and is, therefore, independent from the temperature. This model adheres to
conservation laws and is capable of inducing the correct Prandtl number; moreover it upholds
the H-theorem, distinguishing it from a model recently proposed in [9]. Additionally this
model allows to obtain a closed system of macroscopic equations making use of the maximum
entropy principle (MEP) in the spirit of Rational Extended Thermodynamics (RET).

We also introduced the so-called reduced version of this model by incorporating marginal
distribution functions. The numerical implementation of the reduced model enabled us to
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Fig. 3 Profiles of the normalized density ,(2) (a); normalized velocity ) (b); normalized temperature T (c);

normalized translational temperature TK (d); normalized internal temperature 71 (e); dimensionless pressure

difference Isll — p (f); dimensionless pressure difference f’zz — p (g); dimensionless heat flux —q (h) for a
plane shock wave corresponding to My = 5, for three different values of the parameter r = (i / M)T:TO

investigate the structure of planar shock waves in carbon dioxide (CO») and to make compar-
ative assessments against results obtained from the previous model [9]. It is noteworthy that,
for the reduced model and shock waves, we did not need to calculate ¢ (/) explicitly through
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Fig.4 a Profiles of the normalized internal temperature, 77 fora plane shock wave corresponding to My = 5,
for three different values of the parameter r = (up/ MWT=Ty" b zoom of the profiles of the normalized internal
temperature near the foot of the shock. Results obtained with the model presented in [9] are represented by
dash lines; results obtained with the model presented in Sect. 3 are represented by solid lines

the inverse Laplace transform. Nevertheless, for general solutions of the kinetic model, we
must compute the expressions of ¢ (1), which can be challenging also numerically.

Future studies will delve into areas not covered in this paper. In particular, they will
include:

(i) The closure via MEP for this model is now possible and an evaluation of the production
terms appearing in the macroscopic field equations obtained in the framework of RET
using the collisional term proposed here;

(ii) An extension of the ES-BGK model proposed here in order to model separately the
molecular internal modes of rotation and vibration. Preliminary investigations on this
point can be found in the BGK model for collisional processes presented in [30], and
in the development of an ES-BGK model accommodating for rotational and discrete
vibrational modes [32, 33];

(iii) An analysis of the structure of standing planar shock waves in gases with a different
interpolating function for the specific heat ¢, (T') than the one defined in Eq. (88), and
considering other interesting physical cases of ¢, (T') for different gases.

Appendix A: MEP and Proof of Inequality (68)

We first recall a brief history of the maximum entropy principle (MEP) that was developed
by Jaynes in the context of the theory of information [44, 45].

The applicability of MEP to nonequilibrium thermodynamics was originally proposed in
1967 by Kogan [13]. A precise equivalence between MEP and RET, in the 13 moment case,
was proved in 1987 by Dreyer [14]; then, the MEP procedure was applied in 1993 by Miiller
and Ruggeri [15], also for degenerate gases, to the general case of any number of moments,
where it was proved for the first time that the closed system is symmetric hyperbolic if
one chooses the Lagrange multipliers as field variables. The MEP was proposed again and
popularized three years later by Levermore [46]. The complete equivalence between the
entropy principle and the MEP was finally proved in 1997 by Boillat and Ruggeri [35].
More details are found in [10]. For non degenerate gases, the distribution function ) that
maximizes the entropy (5) under the constraint that the first N moments are prescribed is
expressed by [10, 15, 34]:

SN = exp (—1 - %x““), (A1)
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where x ) is the generalization of Eq. (46) to the case with N moments.
Concerning the inequality (68), since the function H(f) defined in (6) is concave, we
have the following inequality:

H (f) < H (fo)+ H' (fo) (f = fo)- (A2)

Let us choose fy as the distribution function f () then, from Egs. (A2), (A1) and (5), we
have

h<h™ +m/ /Oox“’) (f - fW)) o (I) dI dE. (A3)
R3 JO

As the first N moments of f and fV) are equal, the second term on the right-hand side of
Eq. (A3) disappears and then, the inequality (68) holds.

Appendix B: Proof of Inequality (72)

As the proof closely follows the elegant method proposed by Dauvois et al. [32], we provide
a concise presentation. The primary distinction in our approach is the adoption of a single
internal mode, unlike the original work.

Since det T is characterized by a parameter v, let us introduce

3
0 (1) = log (detT) = Zlog{@% +(1-06) % (mf +(— v)P)} .
i=1

This is a concave function because the argument of the logarithm function is positive due
to the definite positiveness of T, and has a maximum at v = 0 since ¢’ (0) = 0. With the
use of the arithmetic and geometric means, we can prove ¢ (—%) > ¢ (1), and therefore
¢ (v) = ¢ (1). The derived inequality provides

3
I
detT}iI;!Z(Hp—}—(l—O)kip),

then, we have
det (P/p) _ [T
detT [T, (0p+ (1 —0)2P)
From this inequality, we obtain

3 3
og M < log Hi:l )\'f — Zlog )"—?
detT [T @p+a=0)2f) o “\op+U -0

3 3
TK K TK

< 3log <L> = log (K) = log (M) :
6’p + (1 - Q)P Trel eE (Trel)

Here we adopt Z? —1 )\f = 3P and utilize the Jensen inequality for a concave function in the
second inequality. Then, the inequality Eq. (72) is proven.
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