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ARTICLE INFO ABSTRACT

Editor: G.F. Giudice We show how to reliably calculate quantum gravitational corrections to cosmological models using the unique
effective action formalism for quantum gravity. Our calculations are model independent and apply to any ultra-
violet complete theory of quantum gravity that admit general relativity as a low energy theory. We show that it is

important to consider the full effective action to obtain renormalization group invariant solutions. We investigate

the validity range of our techniques within simple cosmological models.

1. Introduction

In this paper we use the unique effective action of quantum gravity
[1-6] to calculate quantum gravitational corrections to several cosmol-
ogy models.! There have been previous studies of quantum gravitational
effects in cosmology using the concept of effective action but these stud-
ies have limited themselves to either the local part of the effective action
[8] or its non-local part [8-11] and these results are thus inconsistent as
they are not renormalization group invariant. In [12], the collapse of a
dust ball has been considered using the Oppenheimer-Snyder model. The
interior metric is given by the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric. This paper obtained for the first time quantum grav-
itational corrections to the FLRW metric which are renormalization
group invariant. Note that in this model the classical singularity is in
the future and these results are thus not directly applicable to standard
cosmological models. The aim of our new paper is to extend these re-
sults to cosmology to demonstrate how to calculate reliably quantum
gravitational corrections to cosmological models and to discuss their
applicability domain.

2. A lightning review of the unique effective action

The quantum corrections to classical solutions of general relativity
are reliably calculable using quantum corrected field equations obtained
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from the variation of the unique effective action of quantum gravity.
This effective action is obtained by integrating out the fluctuations of
the graviton (and any other massless fields). It is formulated in terms of
a curvature expansion. At second order in curvature, the effective action
is given by [1-6]
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and where I'| .., describes the energy-momentum tensor of the cos-
mological model under consideration. We use the following standard

notations: Mp = \/hc/(8 7 Gy) =2.4 x 10'8 GeV denotes the reduced
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1 The derivation of an effective action involves the splitting of the metric g = g + & in to a background g and a perturbation /. The perturbation # is then integrated
out. To perform this h-integration, one must fix a gauge. In general, this gauge choice will also fix the gauge for g and it thus results in an effective action that is
gauge dependent. This problem can be resolved using DeWitt’s method of mean-field gauges. A further complication that arises is that the off-shell effective action in
gauge theories depends on the choice of parameterization of the quantum fields. A solution to this issue was proposed in [7], leading to the unique effective action.
For gravity, this effective action is constructed using covariant perturbation theory or the generalized Schwinger-DeWitt technique.
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Table 1

Non-local Wilson coefficients for differ-
ent fields. All numbers should be divided
by 1152072. Here, ¢ denotes the value
of the non-minimal coupling for a scalar

theory.
a s Y
Scalar 56612 =2 2
Fermion =5 8 7
Vector -50 176 -26
Graviton 250 —244 424

Planck mass, A the cosmological constant (which we set to zero for sim-
plicity) and ¢; and @, § and y are Wilson coefficients.

While the Wilson coefficients of the non-local part of the action are
calculable from first principles and given in Table 1, those of the local
part of the action remain undetermined from the unique effective action
point of view. Furthermore, the parameter u is a renormalization scale.

The renormalization scale y in the effective action is a free parame-
ter. We note that physical observables should not depend on the renor-
malization scale. The renormalization group equations for the Wilson
coefficients of the local part of the effective action are given by
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where y, is the scale at which the effective action is matched to the
ultra-violet complete theory of quantum gravity [5].

It was shown in [13-16] that in models with a large number of
fields, the scale at which quantum gravitational effects become strong
depends on the number of fields in the model and the non-minimal cou-
pling to curvature of scalar fields. The effective Planck mass is given
by Mp+/160z/N where N =1/3Ng+ N +4N,, (Ng, Np and Ny,
are the numbers of real scalar fields, fermions and vector fields in the
model). A large non-minimal coupling of scalar fields to curvature re-
duce the effective Planck mass to M p /. Furthermore, the local Wilson
coefficients are expected to be of order N because of their renormaliza-
tion group equations.

The quantum gravitational field equations to second order in cur-
vature can be derived from the unique effective action. They are given
by

1
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where Gy is Newton’s constant, T, is the energy-momentum tensor,
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If the physical system under consideration has weak space-time
curvature, perturbation theory can be applied to solve these coupled
partial differential equations. We can obtain a controlled approxima-
tion by using perturbation theory around the classical solution. We set
8uv = gfw + gﬁv where gfw is the classical solution and gﬁv the quantum
solution one is solving Eq. (7) for.

3. Quantum gravitational corrections to FLRW cosmology

In the spatially flat FLRW cosmological models, the metric is defined
by the line element

ds* =dr* — a(t)? (dx* + dy* + dz?), (10

t being the cosmic proper time, a(t) the scale factor and {x,y,z} the
spatial comoving coordinates. The matter content filling this universe is
taken to be a perfect fluid with an equation of state p = wp. For such a
classical background, the 00-component of the Einstein equations is the
Friedmann constraint,

,  8nGy

c=—x P
(where the subscript stands for classical) which must hold along with
the continuity equation

an

p==-3H(1+ w)p, (12)

which is obtained from imposing the conservation of energy and mo-
mentum, i.e. V, T#¥ =0. The classical solutions for the scale factor a(7)
and the Hubble function H(f) = d/a read:
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where a, and t, are arbitrary initial conditions and ¢ € [0, + o] for ex-
panding solutions (we will also consider contracting ones in the follow-
ing). We will focus mainly on non-relativistic matter or dust for which
w =0 and a(r) ~ /3 but we will also briefly discuss the case of radia-
tion for which w = 1/3 and a(?) ~ t'/2 and on a cosmological constant
component w = —1 characterised by H = y/A/3 = const. and a scale
factor

a, (= aOeH(t_’U). (15)

For FLRW spacetimes the Weyl tensor C =0, hence Hbv and

HVpo
NL . .
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where ¢ = ¢, + (¢, +¢3), and d=a + 3 (B +7).

In order to find the explicit form of the quantum corrections to
the scale factor a(¢) (and the Hubble function H(t)), we take the 00-
component of (7), which is a quantum corrected version of the Fried-
mann constraint equation (11), and solve it using perturbation theory
around the classical solutions i.e. a(t) — a.(t) + a,(1). We find

162Gy [, 1 NL Gy
3 [Hoo(ac)+Hoo (a))] = 3

where H> = H? +2H H, + O(H_) with

H>+ P, (18)
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H,=a'(a,- H.a,) + 0O 19
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and substituting Gy = tp2, tp being the Planck time, we arrive at

167tp? L NL
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The local term in (16), evaluated on a spatially-flat FLRW back-
ground with w # —1, is given by
Hy, =18¢,(u) (6H?H, — H: +2H,H,),
8(1 = 3w) & ()
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While it vanishes for w =1/3 and for w = —1, for w =0 we have
8¢ (1)
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We now compute the non-local term H%L. In the case w =0, we
distinguish between an expanding and a collapsing flat FLRW universe
with time domain ¢ € [0,+oc0] and ¢ € [-00,0] for the expanding and
collapsing case respectively. Note that H (I)b =0and H, (I)\g“ =0forw=1/3
and w = —1 only holds to second order in the curvature expansion. They
do not vanish at higher order in this expansion.

Using the representation given in [17] for the distribution log [], one
has

1
=12
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where

, , . O(t-1'-¢)
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and pg = y - '8, yg being the Euler constant.

For radiation, w = 1/3, and for a cosmological constant, w = —1, the
non-local quantum corrections vanish. Note that this was pointed out in
[8] previously. Note as well that our results differ from those obtained in
[9] and [10] as we used a different expansion of the non-local function
L(t — t') which is consistent with our unique effective action approach.

For an expanding dust-filled flat FLRW universe, we find

8 t
F(t)=§ [log<l—i—l>+log(;4Et)] , (25)

where #; corresponds to the lower integration cut-off to avoid integrating
out over the singularity at r =0.
We then obtain
16a (2 t t
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and substituting the above expressions for HOL0 and H(l)\(l)L evaluated on
the classical solution in (20) we find:
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We find the following ODE for the leading order quantum correction to
the scale factor

2
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Its solution is given by

2
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where C, is an arbitrary integration constant which we set to zero.

We emphasize that a(f) is renormalization group invariant. The scale
dependence of the non-local part is cancelled by the scale dependence
of the Wilson coefficient ¢; (¢). This can be checked explicitly using

&1 = & () = 2irlog <ﬁ) 30)
Hi
Note that this is the main result of this work, previous works had consid-
ered the local or non-local part, but this is the first one to emphasize that
a consistent quantum gravitational correction can only be obtained by
adding the local and non-local corrections. The solution obtained using
our framework is renormalization group invariant and thus physically
relevant.

The value of the non-local coefficient @ depends on the number of
fields N; contributing to the graviton self energy where the index i can
stand for scalar (.S), fermion (F), vector (V) and spin-2 (G) fields:

1
@=——— (Ngbg+ Npop+ Nyay, + Ngag),
11520”2( s&s FOF % GG)

1
"~ 1152072

where ¢ is the non-minimal coupling between the scalar field and the
Ricci scalar, the values of &; are calculated using the values of «;, f;
and y; given in Table 1. In particular, we note that & = &, =0, hence
fermions and photons do not affect the value of @ which, independently
of the scalar field coupling £ and their number N, is always positive.
In general relativity, N; = 1.

For a collapsing dust-filled flat FLRW universe, we obtain

(5(6¢ = 1’ Ng +310Ng)., (31)
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where C is an integration constant which we again set to zero.

Note that we have performed two expansions: a curvature expan-
sion at the level of the effective action and a perturbative expansion
around the classical solution, i.e. an expansion in 4. We are thus lim-
ited by two criteria in terms of validity of our approximations, we need
to impose that ¢ > 10/(1/160z/N)tp (it has been shown in [18] that
the semi-classical regime can be trusted up to ~ Mp(4/160z/N)/10).
Furthermore, we need to require that |a,(1)| < |a.(1)| (equivalently
|H, ()| < |H()|) because of the perturbative theory used to solve the
ODE.

We now plot the scale factors for an expanding, Fig. 1, and col-
lapsing, Fig. 2, dust-filled flat FLRW universe. We vary ¢, (u,) and fix
the parameters: yf = u, - et ~ 1.78u,, C; =5 =0, Ng=4, Ng =1,
which are the Standard Model values, (u, yl=M p\V 1607 /N, a5 =1
and tp = +1, 1y = +100, for the expanding and contracting case respec-
tively. Note that times are in Planck time units.

The difference between the expanding and collapsing universes
arises from the non-local integral. While for the collapsing FLRW uni-
verse we are not integrating over the singularity at t = 0 and thus do
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§=0,Ns=4,Ng=1

£=0,Ny=4,Ng=1
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Fig. 1. Expanding spatially-flat dust-filled FLRW universe.
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Fig. 2. Collapsing spatially-flat dust-filled FLRW universe.

not need to cut-off the integral, in the expanding FLRW we need to in-
troduce a cut-off #; to avoid integrating over the singularity at t =0. In
these plots we have set #; = 107 to cut-off the singularity.

In both figures, we display beside the scale factor a(?), its first and
second time derivatives a(f) and d(¢): while the former enables us to
detect a bounce that can happen at ¢ = ¢, for which 4(z,) =0, the latter
enables us to check if a phase of accelerated expansion can originate
just from the quantum corrections to a spatially-flat dust-filled FLRW
universe.

In an expanding universe, for negative values of ¢, (u,), we observe
both a bounce and an early-time phase of positive acceleration of the
universe. While the former lays outside the regime of validity of per-
turbation theory as can be seen from the |a,/a,.| plot, the latter phase

seems to happen when the ratio |a,/a.| < 1, hence when perturbation
theory can still be trusted. At later times the quantum corrections be-
come small and the acceleration converges to the negative value given
by the classical dust-filled case. A collapsing universe has an analogous
behaviour for negative values of ¢,(y,): we observe both a bounce and
a late-time phase of positive acceleration. However, this happens in a
time region where we cannot trust our approximations.

The validity range of our approximations is constrained by the re-
quirement to remain in the semi-classical regime ie. ¢ >
10/(4/160x/N)tp ~ tp for N =4. The validity of perturbation theory
can be visualised in the plot of |aq /ac| in Fig. 1 and Fig. 2. Whenever
the quantum correction becomes of the same order as the classical so-
lution, we need to stop trusting our approximative solution. These plots



X. Calmet, R. Casadio and M. Sebastianutti

show that the validity range depends on the physical parameters of the
universe under consideration.

4. Conclusions

In this paper we have shown how to reliably calculate quantum grav-
itational corrections to cosmological models. We have shown that it is
important to consider the full effective action to obtain renormaliza-
tion group invariant solutions. We have investigated the validity range
of our techniques within simple cosmological models. Any large effect
such as bounces cannot be described reliably within our approximations
as by definition in such cases, the quantum corrections dominate over
the classical solution. However, our results can be considered as tan-
talising hints that quantum corrections could indeed lead to bounces in
the late-time cosmological models and accelerated expansion in the past
of the universe. Note that our work could easily be extended to a multi-
component cosmological model or even models with a general perfect
fluid with a variable equation of state. However, given the smallness
of the effect, there is little value in doing actual phenomenology. The
main contribution of our work is to show that quantum gravitational
corrections in cosmology are calculable from first principles.
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