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Abstract

This paper provides a pedagogical introduction to the classical nonlinear stability analysis of
the plane Poiseuille and Couette flows. The whole procedure is kept as simple as possible by
presenting all the logical steps involved in the application of the energy method and leading
to the Euler-Lagrange equations. Then, the eigenvalue problems needed for the evaluation
of the nonlinear energy threshold of the Reynolds number for stability are formulated for
transverse modes and for longitudinal modes. Such formulations involve the streamfunction
and, in the case of longitudinal modes, also the streamwise component of velocity. An
accurate numerical solution of the eigenvalue problems, based on Galerkin’s method of
weighted residuals with the test functions expressed in terms of Chebyshev polynomials,
is discussed in details. The numerical codes developed for the software Mathematica 14
(© Wolfram Research, Inc.) are also presented. A critical analysis of the obtained results
is finally proposed.

1 Introduction

The hydrodynamic instability of shear flows is a cornerstone topic in fluid dynamics. A viscous
fluid flow may become unstable and, eventually, turbulent due to increasingly intense velocity
gradients. This phenomenon is crucial to understand manifold natural or industrial processes.
One may mention atmospheric circulation and oceanic currents, but also engineering appli-
cations such as the design of aircrafts or pipelines for oil or gas transport. There are many
textbooks describing the mathematical modelling of shear flows and their stability/instability
transition, by employing either a linear analysis based on the dynamics of infinitesimal ampli-
tude perturbations or a nonlinear analysis where the evolution of perturbations having a finite
amplitude is investigated. Among them, we mention the classical treatises by Joseph [1], by
Schmid and Henningson [2] and by Drazin and Reid [3].

There are many mathematical methods that may be employed to gather information on the
stability/instability of shear flows. On one hand, the linear instability analysis monitors the time
evolution of perturbations acting upon the basic shear flow and having an infinitesimally small
amplitude. Such a type of analysis leads to the detection of the lowest parametric threshold
above which stability is ruled out. On the other hand, the energy method is appropriate to detect
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the highest parametric threshold below which no instability (linear or nonlinear) may happen.
In cases where the two thresholds are distinct, the linear method and the energy method cannot
provide directly any information for the parametric region in between such thresholds [1, 2].
There is an important exception to this general rule which is grounded on the transient growth
analysis. Indeed, a linearly stable basic flow might show a transient growth when the evolution
of the perturbations is described by a non-normal linear operator, so that its eigenvectors are
non-orthogonal [4]. This is a case where a purely linear analysis may provide insights into a
subcritical instability. However, such a use of the linear analysis will not be developed further in
this paper, as our purpose is a pedagogical introduction to the energy method in all its aspects
including the numerical implementation and the coding via a weighted residual method based
on Chebyshev polynomial series. Furthermore, the linear analysis of the transition to instability
will not be discussed here as its details together with the coding of a numerical solver for its
exploitation have been already presented in a previous paper [5].

The focus of our paper is on the nonlinear stability analysis of the plane Couette and
Poiseuille flows in a plane parallel channel as carried out with the energy method. The main
purpose is not to convey new result, but to provide a step-by-step primer to all the assumptions,
methodology and numerical solution, including all the coding needed to obtain numerical data
via the software Mathematica 14 (© Wolfram Research, Inc.). This pedagogical aim will be
accomplished relying on the well-settled knowledge on this subject resulting from the less recent
literature, as well as on the more recent results provided in the papers by Xiong and Chen [6],
Fuentes et al. [7], Nagy [8] and by Cui and Tang [9]. Further recent research on this topic
features the critical analysis of the role played by transverse and longitudinal modes in the
solution of the Euler-Lagrange equation and the evaluation of the nonlinear stability upper
bound as defined by the energy method [10–12]. A gap in the huge literature available on
this subject is the detailed description of all the logical-deductive steps needed to formulate
the energy method analysis of the nonlinear stability of Couette and Poiseuille flows in a plane
channel, leading to the Euler-Lagrange equations and the eigenvalue problem achieved when the
optimisation of the energy bound to stability is performed. We mention that also the coding
details of the numerical solution for such an eigenvalue problem are hardly exploited in the
existing literature. The latter feature is shared with a couple of recent papers [5, 13], where the
latter provides a detailed description of the τ -method and its coding.

This paper is structured as follows. Section 2 provides a detailed outline of the Couette
and Poiseuille flows in a parallel plane channel, together with their nonlinear stability analysis
grounded on the energy method. Section 3 shows the subtleties of the optimisation process in the
definition of the upper bound to stability as defined by the energy method, leading eventually
to the statement of the Euler-Lagrange equations. Section 4 provides the formulation of the
stability eigenvalue problem based on the Euler-Lagrange equations when specialised to the
transverse modes, or T-modes. Section 5 is the dual of Section 4 when longitudinal modes,
or L-modes, are employed instead of T-modes. The numerical solution tool and its coding,
developed through the weighted residual method and Chebyshev polynomials expansions, are
presented for the software Mathematica 14 in the Appendices A and B. Section 6 provides a
thorough and critical description of the numerical results obtained with hints for their physical
interpretation.

2 Governing equations

The study focusses on the plane Poiseuille and Couette flows. For the sake of simplicity, we will
start from the dimensionless governing equations where the reference scales employed are:
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• Cartesian coordinates are scaled by the channel half-width;

• Velocity components are scaled by the maximum velocity of either Poiseuille flow or Cou-
ette flow;

• Pressure is scaled by the product between the density and the square reference velocity.

Consistently, time is scaled by the ratio between the reference length and the reference velocity,
while the Reynolds number is defined by dividing the product of the reference velocity and the
reference length by the kinematic viscosity.

The dimensionless governing equations for the shear flows in a channel with (x, y) ∈ R and
z ∈ [−1, 1] express the local mass balance and the local momentum balance for incompressible
flow,

∂Uj

∂xj
= 0,

∂Ui

∂t
+ Uj

∂Ui

∂xj
= − ∂P

∂xi
+

1

Re
∇2Ui, (1)

where U with ith component Ui is the velocity field, P is the pressure field, xi and t are the
ithe coordinate and time, while Re is the Reynolds number. Einstein’s notation for implicit
sums over repeated indices is used.

2.1 Basic shear flows

Stationary basic solutions of (1) can be found having the form

U = f(z), V = 0, W = 0,
∂P

∂x
= − 2σ

Re
,

∂P

∂y
= 0,

∂P

∂z
= 0, (2)

where σ is a constant, (U, V,W ) denotes the Cartesian components of the velocity Ui and f(z)
is determined so that (1) is satisfied, namely

f ′′(z) = −2σ. (3)

One can devise two focus cases,

f(z) = 1− z2 σ = 1 (Poiseuille flow),

f(z) = z σ = 0 (Couette flow). (4)

2.2 Dynamics of perturbations

One can perturb the basic state given by (2) and (4). Let us define

U = f(z) + u, V = v, W = w,
∂P

∂x
= − 2σ

Re
+
∂p

∂x
,

∂P

∂y
=
∂p

∂y
,

∂P

∂z
=
∂p

∂z
. (5)

By substituting (5) in (1), one obtains

∂uj
∂xj

= 0,

∂u

∂t
+ f(z)

∂u

∂x
+ wf ′(z) + uj

∂u

∂xj
= −∂p

∂x
+

1

Re
∇2u,

∂v

∂t
+ f(z)

∂v

∂x
+ uj

∂v

∂xj
= −∂p

∂y
+

1

Re
∇2v,

∂w

∂t
+ f(z)

∂w

∂x
+ uj

∂w

∂xj
= −∂p

∂z
+

1

Re
∇2w, (6)
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where ui is the ith component of the velocity perturbation (u, v, w). The boundary and initial
conditions are

ui(x, y,±1, t) = 0, ui(x, y, z, 0) = ũi(x, y, z), (7)

where vector ũi is solenoidal and vanishes at z = ±1.
We further assume that the perturbations are periodic both in the x and in the y directions

with periods 2π/αx and 2π/αy, respectively, where αx and αy are the wavenumbers.
We introduce the shortcut notation for the scalar product and for the norm,

⟨g, h⟩ =
∫
Ω

g h d3x, ∥g∥2 =
∫
Ω

|g|2 d3x, Ω =

[
0,

2π

αx

]
×
[
0,

2π

αy

]
× [−1, 1], (8)

with g, h ∈ L2(Ω).
We multiply the second (6) by u, the third (6) by v and the fourth (6) by w. Then, we

integrate over Ω,

1

2

d

dt
∥u∥|2 +

〈
u, f

∂u

∂x

〉
+
〈
u,wf ′

〉
+

〈
u, uj

∂u

∂xj

〉
+

〈
u,
∂p

∂x

〉
− 1

Re

〈
u,∇2u

〉
= 0,

1

2

d

dt
∥v∥2 +

〈
v, f

∂v

∂x

〉
+

〈
v, uj

∂v

∂xj

〉
+

〈
v,
∂p

∂y

〉
− 1

Re

〈
v,∇2v

〉
= 0,

1

2

d

dt
∥w∥2 +

〈
w, f

∂w

∂x

〉
+

〈
w, uj

∂w

∂xj

〉
+

〈
w,
∂p

∂z

〉
− 1

Re

〈
w,∇2w

〉
= 0. (9)

Let us sum the three equations (9)

1

2

d

dt
∥u∥2 +

〈
uj , f

∂uj
∂x

〉
+
〈
u,wf ′

〉
+

〈
ui, uj

∂ui
∂xj

〉
+

〈
uj ,

∂p

∂xj

〉
− 1

Re

〈
uj ,∇2uj

〉
= 0, (10)

where

∥u∥2 = ∥u∥2 + ∥v∥2 + ∥w∥2. (11)

Term

〈
uj , f

∂uj
∂x

〉
The second term on the left hand side of (10) can be rewritten as〈

uj , f
∂uj
∂x

〉
=

∫
Ω

f(z)uj
∂uj
∂x

d3x =
1

2

∫
Ω

f(z)
∂|u|2

∂x
d3x

=
1

2

∫
[0,2π/αy ]×[−1,1]

f(z)|u|2dy dz

∣∣∣∣∣∣∣
x=2π/αx

−1

2

∫
[0,2π/αy ]×[−1,1]

f(z)|u|2dy dz

∣∣∣∣∣∣∣
x=0

= 0, (12)

where the periodicity conditions at x = 0 and x = 2π/αx have been employed.
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Term

〈
ui, uj

∂ui
∂xj

〉
We can write〈

ui, uj
∂ui
∂xj

〉
=

∫
Ω

uiuj
∂ui
∂xj

d3x =
1

2

∫
Ω

uj
∂|u|2

∂xj
d3x =

1

2

∫
∂Ω

|u|2u · n d2x

−1

2

∫
Ω

|u|2∂uj
∂xj

d3x = 0, (13)

where ∂Ω is the boundary of Ω with n the unit outward normal to ∂Ω, Gauss’ theorem has
been used together with (7) and the periodicity conditions over x and y. Finally, the first (6)
has been invoked.

Term

〈
uj ,

∂p

∂xj

〉
This term can be rewritten as〈

uj ,
∂p

∂xj

〉
=

∫
Ω

uj
∂p

∂xj
d3x =

∫
∂Ω

pu · n d2x−
∫
Ω

p
∂uj
∂xj

d3x = 0, (14)

where Gauss’ theorem together with (7), the periodicity conditions over x and y and the first
(6) have been employed.

Term
〈
uj ,∇2uj

〉
By employing again Gauss’ theorem together with (7), the periodicity conditions over x and y
and the first (6), one has

〈
uj ,∇2uj

〉
=

∫
Ω

uj ∇2uj d3x =

∫
∂Ω

ujni
∂uj
∂xi

d2x−
∫
Ω

∂uj
∂xi

∂uj
∂xi

d3x

= −
〈
∂uj
∂xi

,
∂uj
∂xi

〉
= −∥∇u∥2. (15)

The last equality of (15) is to be intended as a notational definition. An alternative expression
is

∥∇u∥2 = ∥∇u∥2 + ∥∇v∥2 + ∥∇w∥2. (16)

3 Energy method

We are now ready for rewriting (10) as the Reynolds-Orr equation,

1

2

d

dt
∥u∥2 +

〈
u,wf ′

〉
+

1

Re
∥∇u∥2 = 0. (17)

Furthermore, we introduce the dimensionless kinetic energy, hereafter called energy for brevity,

E(t) =
1

2
∥u∥2. (18)
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Thus, (17) can be rewritten as

dE

dt
= −

〈
u,wf ′

〉
− 1

Re
∥∇u∥2 =

(
−⟨u,wf ′⟩
∥∇u∥2

− 1

Re

)
∥∇u∥2. (19)

We define

m = max
S

(
−⟨u,wf ′⟩
∥∇u∥2

)
= max

S

(
−⟨u,wf ′⟩

∥∇u∥2 + ∥∇v∥2 + ∥∇w∥2

)
, (20)

with S a subspace of the Sobolev space H1(Ω). The elements of S are the kinematically
admissible velocity fields, u = (u, v, w), namely those satisfying the conditions u = 0 at z = ±1,
the periodicity conditions along x and y, and the constraint of zero divergence given by the first
(6). As a consequence of (19) and (20), one obtains

dE

dt
≤

(
m− 1

Re

)
∥∇u∥2. (21)

From (21), it is evident that the energy is monotonically decreasing with time when

Re <
1

m
. (22)

We now assume the validity of (22), and we make use of the Poincaré inequality,

∥∇u∥2 ≥ ξ ∥u∥2, (23)

where ξ is a positive constant. Thus, (21) and (23) yield

dE

dt
≤ ξ

(
m− 1

Re

)
∥u∥2, (24)

or equivalently

E(t) ≤ E(0) exp

[
2ξ

(
m− 1

Re

)
t

]
. (25)

Inequality (25) shows that not only E(t) is a monotonically decreasing function, but its asymp-
totic value for t→ +∞ is zero. This result implies that (22) is a sufficient condition for stability.
The energy threshold for stability is

ReE =
1

m
. (26)

3.1 Properties of m

On account of (20), the value of m is invariant under an overall scaling of the vector field u,
namely m does not change if

u → Cu, (27)

for every constant C ∈ R. This means that m is not influenced by the overall scale of the
perturbations. Roughly speaking, one can consider small or large amplitude perturbations with
no effects on the value of m and hence of the threshold Reynolds number, ReE . Another way
to formulate such a result is that the nonlinearity of (6) does not impact on the value of m.
Should one have neglected the nonlinear terms in (6), the evaluation of m would not have been
any different.
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3.2 Evaluation of m

Let û = (û, v̂, ŵ) be the element of S yielding the maximum defined by (20), namely

m =
−⟨û, ŵf ′⟩
∥∇û∥2

. (28)

Let us define the functions

I(ϵ) = −
〈
û+ ϵ u1, (ŵ + ϵw1)f

′〉 = −
〈
û, ŵf ′

〉
− ϵ

( 〈
û, w1f

′〉+ 〈
u1, ŵf

′〉 )
− ϵ2

〈
u1, w1f

′〉 ,
D(ϵ) = ∥∇(û+ ϵ u1)∥2 + ∥∇(v̂ + ϵ v1)∥2 + ∥∇(ŵ + ϵw1)∥2

= ∥∇û∥2 + ∥∇v̂∥2 + ∥∇ŵ∥2 + 2ϵ
(
⟨∇û,∇u1⟩+ ⟨∇v̂,∇v1⟩+ ⟨∇ŵ,∇w1⟩

)
+ ϵ2

(
∥∇u1∥2 + ∥∇v1∥2 + ∥∇w1∥2

)
, (29)

with ϵ ∈ R and u1 = (u1, v1, w1) ∈ S. If û satisfies (28), then ϵ = 0 must be a stationary point
of the ratio I(ϵ)/D(ϵ), namely

d

dϵ

[
I(ϵ)

D(ϵ)

]∣∣∣∣
ϵ=0

= 0. (30)

In other words, one has

1

D(0)

dI(ϵ)

dϵ

∣∣∣∣
ϵ=0

− I(0)

[D(0)]2
dD(ϵ)

dϵ

∣∣∣∣
ϵ=0

= 0. (31)

We multiply (31) by D(0) and recall that I(0)/D(0) = m. Thus, (31) can be rewritten as

dI(ϵ)

dϵ

∣∣∣∣
ϵ=0

−m
dD(ϵ)

dϵ

∣∣∣∣
ϵ=0

= 0,〈
ûf ′, w1

〉
+
〈
ŵf ′, u1

〉
+ 2m

(
⟨∇û,∇u1⟩+ ⟨∇v̂,∇v1⟩+ ⟨∇ŵ,∇w1⟩

)
= 0. (32)

If one considers the terms multiplying 2m in (32) they can be easily rewritten by employing
Gauss’ theorem and the boundary conditions on ∂Ω. In fact, we have

⟨∇û,∇u1⟩ =
∫
∂Ω

u1 n · ∇û d2x−
〈
∇2û, u1

〉
= −

〈
∇2û, u1

〉
. (33)

Just the same reasoning can be applied to ⟨∇v̂,∇v1⟩ and ⟨∇ŵ,∇w1⟩. Thus, (32) now reads〈
ûf ′, w1

〉
+
〈
ŵf ′, u1

〉
− 2m

( 〈
∇2û, u1

〉
+

〈
∇2v̂, v1

〉
+
〈
∇2ŵ, w1

〉 )
= 0,〈

ŵf ′ − 2m∇2û, u1
〉
+
〈
− 2m∇2v̂, v1

〉
+
〈
ûf ′ − 2m∇2ŵ, w1

〉
= 0. (34)

3.3 Lagrange multiplier

On account of (34), we have a vector Y = (Yx, Yy, Yz) with

Yx = ŵf ′ − 2m∇2û, Yy = − 2m∇2v̂, Yz = ûf ′ − 2m∇2ŵ, (35)
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such that

⟨Yx, u1⟩+ ⟨Yy, v1⟩+ ⟨Yz, w1⟩ = 0. (36)

It is easily verified that, with any differentiable scalar field λ, Y = −∇λ satisfies (36). The
scalar field λ is the Lagrange multiplier. In fact, u1 ∈ S must satisfy the zero velocity and
periodicity conditions at the boundary ∂Ω, so that Gauss’ theorem allows one to rewrite the
left hand side of (36) as

−
〈
λ,
∂u1
∂x

〉
−
〈
λ,
∂v1
∂y

〉
−
〈
λ,
∂w1

∂z

〉
= −

〈
λ,
∂u1
∂x

+
∂v1
∂y

+
∂w1

∂z

〉
= 0. (37)

where the equality to zero is a consequence of u1 being solenoidal. As it is shown in Appendix
B2 of the book by Joseph [1], the second fundamental lemma of the calculus of variations implies
that Y = −∇λ is not only a sufficient condition, but also a necessary condition for (36) to be
satisfied.

On account of (35), together with the necessary and sufficient condition for (36), namely
Y = −∇λ, we can write the system of Euler-Lagrange equations,

2m∇2û− ŵf ′ =
∂λ

∂x
,

2m∇2v̂ =
∂λ

∂y
,

2m∇2ŵ − ûf ′ =
∂λ

∂z
.

(38)

On account of (7), û satisfies the boundary conditions

û(x, y,±1, t) = 0, v̂(x, y,±1, t) = 0, ŵ(x, y,±1, t) = 0, (39)

while the initial condition (7) is not relevant as system (38) is time-independent. This means
that, without any loss of generality, solutions can be sought which have no explicit dependence
on time.

4 T-modes eigenvalue problem

Let us assume that û and the Lagrange multiplier λ are independent of y. Hereafter, such a
case will be termed transverse modes and abbreviated with T-modes. Then, the zero-divergence
condition on û can be expressed as,

∂û

∂x
+
∂ŵ

∂z
= 0, (40)

which is identically satisfied on defining a streamfunction ψ such that

û =
∂ψ

∂z
, ŵ = −∂ψ

∂x
. (41)

By employing (41), the first and the third (38) yield
2m∇2∂ψ

∂z
+
∂ψ

∂x
f ′ =

∂λ

∂x
,

2m∇2∂ψ

∂x
+
∂ψ

∂z
f ′ = −∂λ

∂z
.

(42)
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Figure 1: Poiseuille flow and T-modes: Solution of (46) in the plane (α,ReE)

By deriving the first (42) with respect to z, the second (42) with respect to x and summing the
two resulting equations, we encompass the dependence on the Lagrange multiplier λ and we get

2m∇4ψ + 2
∂2ψ

∂x∂z
f ′ +

∂ψ

∂x
f ′′ = 0, (43)

where ∇4 denotes the Laplacian of the Laplacian, ∇4 = ∇2∇2.
On account of (39) and (41), the partial differential equation (43) is subjected to the bound-

ary conditions

z = ±1 :
∂ψ

∂x
= 0,

∂ψ

∂z
= 0. (44)

4.1 Normal modes

We introduce a normal mode expression for the solution of (43) and (44),

ψ(x, z) = Ψ(z) ei αx, (45)

where α = αx is the wavenumber and the time dependence has been ignored as (43) and (44)
are time independent. By substituting (45) in (43) and (44) and by employing (26), we obtainΨ′′′′ − 2α2Ψ′′ + α4Ψ+ i αReE

(
f ′Ψ′ +

1

2
f ′′Ψ

)
= 0,

Ψ(±1) = 0, Ψ′(±1) = 0.

(46)

The T-modes eigenvalue problem (46) can be solved by a series expansion of Ψ(z) based on
Chebyshev polynomials and Galerkin’s weighted residuals method, following the steps described
in Barletta et al. [5] and reported in Appendix A. In fact, we employ the expansion

Ψ(z) =
(
1− z2

)2 ∞∑
n=0

qn Tn(z), (47)
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Figure 2: Couette flow and T-modes: Solution of (46) in the plane (α,ReE)

Poiseuille flow Couette flow

±87.7435 ±44.4126

±168.486 ±188.554

±802.943 ±534.833

±1179.97 ±1176.01

±3026.08 ±2204.94

±3918.81 ±3714.59

±7638.66 ±5797.92

Table 1: T-modes eigenvalue problem with α = 2: lowest seven
eigenvalues ReE , ordered by increasing absolute value

where qn are constant complex-valued coefficients that uniquely determine the eigenfunction
Ψ(z). The results of the numerical solution are reported graphically in Figs. 1 and 2 for Poiseuille
flow and Couette flow, respectively.

The effective upper bound to nonlinear stability is defined by the minima of the curves
displayed in the (α,ReE) plane. Hence, the T-modes eigenvalue problem yields ReE = 87.5937
for Poiseuille flow and ReE = 44.3035 for Couette flow. Such minima are achieved with α =
2.09860 and α = 1.89337 for Poiseuille and Couette flows, respectively.

4.2 Further remarks

Equation (38) entails v̂(x, z) being a solution of the Laplace equation subject to the boundary
conditions (39), together with periodicity over x ∈ [0, 2π/α]. By a Fourier series expansion in
x, it can be proved that the only possible case is v̂(x, z) = 0, meaning that the velocity field
for the T-modes eigenvalue problem is two-dimensional with just two nonzero y-independent
components.

An interesting property of the eigenvalue problem defined by (46) is obtained by taking its
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complex conjugate,Ψ̄′′′′ − 2α2Ψ̄′′ + α4Ψ̄− i αReE

(
f ′Ψ̄′ +

1

2
f ′′Ψ̄

)
= 0,

Ψ̄(±1) = 0, Ψ̄′(±1) = 0,

(48)

where Ψ̄(z) is the complex conjugate of Ψ(z). Hence, one may justify the mathematical reason
behind the eigenvalue pairs ReE , reported in Table 1, having the same absolute values but
opposite signs. In fact, for every given α, (46) and (48) yield eigenvalues ReE and their opposites
−ReE with eigenfunctions given by Ψ(z) and Ψ̄(z), respectively.

5 L-modes eigenvalue problem

Let us now assume that both û and λ are independent of x. Hereafter, such a case will be
termed longitudinal modes and abbreviated with L-modes. Then, the zero-divergence condition
on û can be expressed as,

∂v̂

∂y
+
∂ŵ

∂z
= 0, (49)

which is identically satisfied on defining a streamfunction ψ such that

v̂ =
∂ψ

∂z
, ŵ = −∂ψ

∂y
. (50)

By employing (50), (38) yield

2m∇2û+
∂ψ

∂y
f ′ = 0,

2m∇2∂ψ

∂z
=
∂λ

∂y
,

2m∇2∂ψ

∂y
+ û f ′ = −∂λ

∂z
.

(51)

By deriving the second (51) with respect to z, the third (51) with respect to y and summing
the two resulting equations, we encompass the dependence on the Lagrange multiplier λ and
we get

2m∇2û+
∂ψ

∂y
f ′ = 0,

2m∇4ψ +
∂û

∂y
f ′ = 0.

(52)

On account of (39) and (50), the system of partial differential equations (52) is subjected to
the boundary conditions

z = ±1 : û = 0,
∂ψ

∂y
= 0,

∂ψ

∂z
= 0. (53)
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Figure 3: Poiseuille flow and L-modes: Solution of (55) in the plane (α,ReE)

5.1 Normal modes

We introduce a normal mode expression for the solution of (52) and (53),

û(y, z) = η(z) ei αy, ψ(y, z) = Ψ(z) ei αy, (54)

where α = αy is the wavenumber which, in this case, serves to model the periodicity along
the y axis. Again, the time dependence has been ignored as (52) and (53) define a stationary
problem. By substituting (54) in (52) and (53) and by employing (26), we obtain

2
(
η′′ − α2 η

)
+ i αReE Ψ f ′ = 0,

2
(
Ψ′′′′ − 2α2Ψ′′ + α4Ψ

)
+ i αReE η f

′ = 0,

η(±1) = 0, Ψ(±1) = 0, Ψ′(±1) = 0.

(55)

The L-modes eigenvalue problem (46) can be solved by employing series expansions of both η(z)
and Ψ(z) based on Chebyshev polynomials and Galerkin’s weighted residuals method, according
to

η(z) =
(
1− z2

) ∞∑
n=0

sn Tn(z),

Ψ(z) =
(
1− z2

)2 ∞∑
n=0

qn Tn(z), (56)

where sn and qn are complex-valued series coefficients determined by (55). As a consequence
of (56), both η(z) and Ψ(z) satisfy the boundary conditions specified in (55).

The results of the numerical solution are reported graphically in Figs. 3 and 4 for Poiseuille
flow and Couette flow, respectively. For every assigned α, one has a sequence of eigenvalues
where eigenvalue pairs exist sharing the same absolute value with both the plus and minus signs.
Table 2 reports such a sequence ordered by increasing absolute values and limited to the lowest
seven pairs. The threshold curves in the (α,ReE) plane shown in Figs. 3 and 4 are obtained by
taking for each α the smallest positive eigenvalue ReE .
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Figure 4: Couette flow and L-modes: Solution of (55) in the plane (α,ReE)

Poiseuille flow Couette flow

±49.6203 ±21.6752

±61.7493 ±70.1509

±285.569 ±173.451

±342.711 ±354.460

±931.242 ±636.330

±1057.86 ±1042.27

±2207.40 ±1595.52

Table 2: L-modes eigenvalue problem with α = 2: lowest seven
eigenvalues ReE , ordered by increasing absolute value

The effective upper bound to nonlinear stability is defined by the minima of the curves
displayed in the (α,ReE) plane (see Figs. 3 and 4). Hence, the L-modes eigenvalue problem
yields ReE = 49.6036 for Poiseuille flow and ReE = 20.6625 for Couette flow. Such minima are
achieved with α = 2.04370 and α = 1.55816 for Poiseuille and Couette flows, respectively. The
results for Poiseuille flow agree completely with the data reported by Xiong and Tao [14].

5.2 Further remarks

5.2.1 Three-dimensional velocity field

The eigenfunctions of problem (55) are such that η(z) and, hence, also û(y, z) do not vanish
identically. In fact, if η(z) were zero, then the first (55) would imply that Ψ(z) is also identically
zero, which means the trivial solution of (55). Therefore, the solution of the eigenvalue problem
involves a three-dimensional velocity field û which, however, depends on just two coordinates,
namely (y, z).
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5.2.2 The Rayleigh-Bénard analogy

If one considers Coutte flow, f ′(z) = 1, by defining

Φ = 2 i αReE Ψ, ξ =
z + 1

2
, β = 2α, (57)

then (55) can be rewritten as

d2η

dξ2
− β2 η +Φ = 0,

d4Φ

dξ4
− 2β2

d2Φ

dξ2
+ β4Φ− 4β2Re2E η = 0,

ξ = 0, 1 : η = 0, Φ = 0,
dΦ

dξ
= 0.

(58)

In the form (58), L-modes eigenvalue problem coincides with the Rayleigh-Bénard eigenvalue
problem for the linear instability in a horizontal fluid layer with heating from below and sub-
jected to rigid-wall no-slip conditions at the plane isothermal boundaries (see, for example,
Section 7.5 of Barletta [15]). The coincidence is perfect if we define

Ra = 4Re2E , (59)

instead of the Rayleigh number. As is well-known, the numerical solution for the linear insta-
bility analysis relative the Rayleigh-Bénard problem yields the critical values [15]

βc = 3.11632, Rac = 1707.76, (60)

corresponding to the minimum of the neutral stability curve in the (β,Ra) plane. By using
these numerical data, on account of (57) and (59), one has

α =
3.11632

2
= 1.55816, ReE =

1

2

√
1707.76 = 20.6625, (61)

in perfect agreement with the data for the minimum of the curve in the (α,ReE) plane reported
in Fig. 4. Incidentally, (58) and (59) offer a pretty simple justification for the eigenvalues found
for problem (55). In fact, when such a problem is rewritten in the form (58), the eigenvalue ReE
is present only through its square so that both ±|ReE | are allowed. This reasoning holds for
the Couette flow, but one may write an eigenvalue problem analogous to (58) for the Poiseuille
flow, 

d2η

dξ2
− β2 η − 2 (2 ξ − 1)Φ = 0,

d4Φ

dξ4
− 2β2

d2Φ

dξ2
+ β4Φ+ 8 (2 ξ − 1)β2Re2E η = 0,

ξ = 0, 1 : η = 0, Φ = 0,
dΦ

dξ
= 0,

(62)

so that the argument to justify the eigenvalue pairs ±|ReE | can be promptly extended also to
the case of Poiseuille flow.
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Figure 5: A sketch of the stability and instability information gathered
from the linear analysis and from the energy method analysis

6 Discussion of the results

The first obvious argument to be pointed out is that the energy method defines parametric
thresholds in terms of the Reynolds number completely different from the critical values obtained
through the linear instability analysis [5, 16, 17]. A schematic description of the stability and
instability information gathered from the linear analysis and from the energy method analysis
about plane Poiseuille and Couette flows is provided in Fig. 5. As is well-known [5, 16, 17], the
linear analysis provides the critical Reynolds number, Rec, for the onset of the linear instability
relative to transverse modes perturbing the Poiseuille flow. On the other hand, no such critical
values exist either for Poiseuille flow with longitudinal modes or for Couette flow whatever
might be the type of linear perturbing modes [18]. The cloud of question marks in Fig. 5 fills
the ranges of Reynolds number left undetermined by either the linear method or the energy
method. In fact, for such intermediate Reynolds numbers, one may well have finite amplitude
(nonlinear) instability which, however, cannot be detected with the linear analysis or the energy
method. There is evidence documenting such a nonlinear instability coming, for instance, from
experiments [19–24].

The correct interpretations of the linear stability analysis and of the energy method analysis
are that the former defines a lower bound to the parametric region where a stable evolution of
perturbations is impossible, while the latter defines an upper bound to the parametric region
where an unstable evolution of perturbations is impossible. What happens in between those
parametric bounds is merely undetermined from both the linear method and the energy method
standpoints.

A much subtler aspect of the energy method regards the role played by the Euler-Lagrange
equations (38). They were obtained as a consequence of a maximum problem formulation where
the qualifying point is the specification of the set S where the functional maximum m defined
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by (20) is sought. The elements of S have been called the kinematically admissible velocity
fields u = (u, v, w). The term kinematically admissible means two requirements that must be
satisfied by u, the fulfilment of the boundary conditions and the condition of a zero divergence.
The solution of the Euler-Lagrange equations, û = (û, v̂, ŵ) obviously must be an element of
S, but should û also be a solution of the local momentum balance equations given by (6) with
a suitable pressure field p̂ ? The general answer is no, meaning that a kinematically admissible
velocity field, in general, is not a dynamically admissible velocity field satisfying all equations
(6). The proof can be found with reductio ad absurdum. In fact, let û = (û, v̂, ŵ) be a solution
of (38) for m = 1/ReE and let us assume that û = (û, v̂, ŵ) be dynamically admissible so that
it satisfies the local momentum balance given by (6) with Re = ReE . Due to the argument
presented in Section 3.1, we can well neglect the nonlinear terms in (6) as their contribution
does not impact on the evaluation of m and, hence, on the Euler-Lagrange equations and their
solution. Furthermore, on carrying out the substitution of û = (û, v̂, ŵ) into (6), the time-
dependence turns out to be important, whereas it had been immaterial on dealing with the
Euler-Lagrange equations (38). Thus, we introduce a factor eγt, with γ ∈ C, multiplying the
otherwise stationary solution û = (û, v̂, ŵ). With such specifications, the substitution of û eγt

and p̂ eγt, where p̂ is a stationary pressure field, into (6) leads us to the following system of
momentum balance equations

γ û+ f
∂û

∂x
+ ŵf ′ = −∂p̂

∂x
+

1

ReE
∇2û,

γ v̂ + f
∂v̂

∂x
= −∂p̂

∂y
+

1

ReE
∇2v̂,

γ ŵ + f
∂ŵ

∂x
= −∂p̂

∂z
+

1

ReE
∇2ŵ.

(63)

Since û is a solution of (38), we can employ (38) to express ∇2û and substitute it into (63),

γ û+ f
∂û

∂x
+

1

2
ŵf ′ = −∂Λ

∂x
,

γ v̂ + f
∂v̂

∂x
= −∂Λ

∂y
,

γ ŵ + f
∂ŵ

∂x
− 1

2
ûf ′ = −∂Λ

∂z
,

(64)

where

Λ = p̂− 1

2
λ. (65)

We now multiply the first (64) by the complex conjugate of û, the second (64) by the complex
conjugate of v̂ and the third (64) by the complex conjugate of ŵ, we integrate over Ω and we
sum the three resulting equations. The result is

γ ∥û∥2 + i αx

〈
f, |û|2

〉
+ i Im

(〈
û, ŵ f ′

〉)
= 0, (66)

where Im(·) denotes the imaginary part of a complex quantity. On writing (66), the scalar
product ⟨· , ·⟩ is meant to be defined as

⟨g, h⟩ =
∫
Ω

ḡ h d3x, (67)
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and |û|2 is the square modulus of a complex-valued vector field. Furthermore, (66) relies on a
modal form of the eigenfunction û where the dependence on x and y can be factored out with
an exponential term, exp(i αx x+ i αy y). Finally, the term〈

ûj ,
∂Λ

∂xj

〉
can be proved to be zero with a reasoning similar to that reported in (14). In (66), all the
quantities ∥û∥2,

〈
f, |û|2

〉
and Im(⟨û, ŵ f ′⟩) are evidently real. Thus, one can deduce that the

real part of the complex growth rate γ must be zero so that û eγ t does not decay in time as
predicted by the linear stability analysis for the subcritical regime [5, 16, 17]. Indeed, we have
found that ReE is smaller than Rec both for Poiseuille flow and for Couette flow. Hence, our
conclusion is that forcing û eγ t to be dynamically admissible leads to a contradiction.

The proof reported above applies to plane shear flows, but one can devise a general idea that
the Euler-Lagrange equations obtained for the determination of the energy method threshold
for stability are generally incompatible with the linearised perturbation equations employed for
the determination of the linear threshold to instability, or neutral stability condition. There
is an obvious exception to the rule: those cases where the two thresholds coincide, meaning
that the critical value to instability coincides with the energy method threshold to stability.
Such exceptions are quite important as they address situations where no subcritical instability
is possible. A well-known example is the Rayleigh-Bénard problem, as shown for instance in
Joseph [25] or in Straughan [26].

Another observation is that the classical results reported above, i.e. the critical nonlinear
Reynolds numbers ReE obtained on L-modes and on T-modes do not solve the maximum prob-
lem in the general case for 3-dimensional perturbations (three components of the velocity field
dependent on the three variables x, y, z), but are limited only to the case of dependence on two
spatial variables, the limiting cases 2.5-dimensional, u(y, z), v(y, z), w(y, z), and 2-dimensional,
u(x, z), 0, w(x, z). To be sure that the critical Reynolds energy value obtained is the optimal
one, it is necessary to first test on which perturbations the maximum is obtained. Recent works
by Mulone [12], Falsaperla, Mulone and Perrone [11] prove that this maximum is obtained on
the 2-dimensional transverse perturbations (see Orr [27]). For Reynolds numbers lower than
this critical value all 3-dimensional, 2.5-dimensional and 2-dimensional perturbations have an
energy that decreases monotonically with time. This leads to the validity also for the nonlinear
system of a Squire theorem. Furthermore, for the longitudinal case in Falsaperla, Mulone and
Perrone [11] and in Mulone [12], it is proven that the longitudinal dynamic perturbations are
always stabilizing (as in the linear case). Classical results giving sufficient conditions of nonlin-
ear stability for critical Reynolds numbers lower than the critical value found for L-modes are
compatible with these recent results. This interesting problem still requires careful examination
and in-depth analysis, also with a view at finding the critical perturbations that can give values
close to those of the numerical analysis and experiments [10].

7 Conclusions

A pedagogical introduction to the energy method and its exploitation for the nonlinear stability
analysis of the Couette and Poiseuille flows in a plane-parallel channel have been provided.
The details in the determination of the time evolution undergone the energy functional and
the fundamental inequality satisfied by the time derivative of the energy have been presented
step-by-step. The optimisation of such inequality as achieved by functional methods leading to
an extremum condition and, thus, to the Euler-Lagrange equations has been discussed. Finally,
the two cases of transverse modes and longitudinal modes have been treated, showing up all
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the details of the numerical solutions yielding the energy bound to the stability region. This
tutorial is intended to provide all the needed information to understand the topic, together
with the numerical tool and software code necessary to gather the relevant numerical data. The
results obtained in terms of threshold conditions in the parametric (α,ReE) plane have been
critically examined in order to disclose the subtleties and possible misunderstandings regarding
their physical meaning. The main message that, sometimes, is not so neatly outlined is that
the linear threshold to instability, also known as neutral stability condition, and the energy
method threshold to stability are insufficient to support any statement regarding the existence
of subcritical instability. Then, any statement about the onset of a subcritical instability for
either the Couette or the Poiseuille flows is a pure conjecture. Making such a conjecture a
deduction means going beyond the modal linear instability analysis and the nonlinear stability
analysis carried out via the energy method. One should rely on the transient growth analysis
of non-modal perturbations or on the weakly nonlinear analysis of the instability or, possibly,
on the direct numerical simulation of the nonlinear time-evolution of the flow. In particular,
the diverse energy method thresholds to stability achieved by considering transverse modes or
longitudinal modes do not imply a priori that the onset of a possible subcritical instability
happens necessarily through those modes whose energy method threshold is the lowest.
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number of terms ReE ReE

8 + 1 87.74360857601487 168.5289905466895
10 + 1 87.74349216899427 168.4871619060524
12 + 1 87.74349116538390 168.4859740388069
14 + 1 87.74349115949544 168.4859578335054
16 + 1 87.74349115946921 168.4859576616534
18 + 1 87.74349115946914 168.4859576604801
20 + 1 87.74349115946914 168.4859576604742
22 + 1 87.74349115946914 168.4859576604742

Table A.1: T-modes eigenvalue problem for the Poiseuille flow, with α = 2:
the smallest two positive eigenvalues ReE , with increasing

number of terms in the series approximation

Appendix A Solution of T-modes eigenvalue problem

In order to solve (46), we introduce test functions that identically satisfy the boundary condi-
tions at z = ±1,

φn(z) = (1− z2)2 Tn(z), n = 0, 1, 2, 3, . . . , (A.1)

where Tn(z) is the Chebyshev polynomial of order n. We expand Ψ(z) as shown in (47). Then,
the ordinary differential equation (46) can be rewritten approximately as a sum over the first
N + 1 terms, where N is the truncation order,

N∑
n=0

qn

[
φ′′′′
n − 2α2φ′′

n + α4φn + i αReE

(
f ′φ′

n +
1

2
f ′′φn

)]
= 0. (A.2)

We now multiply (A.2) by φm(z) and then we integrate over z ∈ [−1, 1], so that we obtain

N∑
n=0

Amn qn = ReE

N∑
n=0

Bmn qn, namely A · q = ReE B · q, (A.3)

where symbols A, B and q denote N + 1 dimensional square matrices and array. Within this
appendix, symbolm is meant to denote a non-negative integer just as n, as there is no possibility
to confuse it with the same symbol m defined by (20) and not relevant for this appendix. The
matrix elements of A and B are given by

Amn =
〈
φm, φ

′′′′
n

〉
− 2α2

〈
φm, φ

′′
n

〉
+ α4 ⟨φm, φn⟩ ,

Bmn = −i α
(〈
φm, f

′φ′
n

〉
+

1

2

〈
φm, f

′′φn

〉)
. (A.4)

Here, the scalar product ⟨· , ·⟩ is just meant to be an integration over z ∈ [−1, 1]. The generalised
eigenvalue problem defined by (A.3), where ReE is the eigenvalue, can be solved by employing
the software Mathematica 14 (© Wolfram Research, Inc.). We refer to the Poiseuille flow, as
the case of Couette flow differs just in the expression of f(z). The first step is defining the
matrix elements of A and B after fixing a maximum value for N , say N = 10,

NN=10; f[z_]:=1-z^2; phi[n_,z_]:=(1-z^2)^2 ChebyshevT[n,z];
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Do[A0[m,n]=Integrate[phi[m,z] phi[n,z],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[A2[m,n]=Integrate[phi[m,z] D[phi[n,z],{z,2}],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[A4[m,n]=Integrate[phi[m,z] D[phi[n,z],{z,4}],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[AU1[m,n]=Integrate[phi[m,z] f’[z] D[phi[n,z],z],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[AU2[m,n]=Integrate[phi[m,z] f’’[z] phi[n,z],{z,-1,1}],{m,0,NN},{n,0,NN}];

AA[alpha_,M_]:=Table[A4[m,n]-2 alpha^2 A2[m,n]+alpha^4 A0[m,n],{m,0,M},{n,0,M}];

BB[alpha_,M_]:=Table[-(I alpha AU1[m,n]+1/2 I alpha AU2[m,n]),{m,0,M},{n,0,M}];

If the value of N is fixed, one can always test the accuracy of the approximation for every
truncation order less or equal than N . For instance, one may obtain the eigenvalues for α = 2
and a truncation to the first 8 + 1 terms,

NumberForm[SortBy[With[{alpha=N[2,40],M=8},Chop[Eigenvalues[{AA[alpha,M],BB[alpha,M]}]]],

N[Abs[Re[#]]]&],6]

The output for ReE is

{-87.7436,87.7436,-168.529,168.529,-836.388,836.388,-1581.69,1581.69,Infinity}

The eigenvalue ReE = ∞ may just be ignored. By comparing these data with Table 1, one
immediately sees that with such a few terms, the approximation of the smallest eigenvalue
pair ±|ReE | is good, while the accuracy for eigenvalues with a larger absolute value rapidly
decreases. A test of the convergence in the evaluation of the smallest two positive eigenvalues
is reported in Table A.1.

Appendix B Solution of L-modes eigenvalue problem

In order to solve (55), we introduce test functions that identically satisfy the boundary condi-
tions at z = ±1,

φn(z) = (1− z2)2 Tn(z), φ̃n(z) = (1− z2)Tn(z), n = 0, 1, 2, 3, . . . . (B.1)

We now expand η(z) and Ψ(z) according to (56). Then, the system of two ordinary differential
equations (55) can be rewritten approximately as a sum over the first N + 1 terms, where N is
the truncation order,

N∑
n=0

sn
(
φ̃′′
n − α2 φ̃n

)
+ i

α

2
ReE f

′
N∑

n=0

qn φn = 0,

N∑
n=0

qn
(
φ′′′′
n − 2α2 φ′′

n + α4 φn

)
+ i

α

2
ReE f ′

N∑
n=0

sn φ̃n = 0.

(B.2)

We multiply the first (B.2) by φ̃m(z) and then we integrate over z ∈ [−1, 1]. We multiply the
second (B.2) by φm(z) and then we integrate over z ∈ [−1, 1]. Within this appendix, symbol m
is meant to denote a non-negative integer, as there is no possibility to confuse it with the same
symbol m defined by (20) and not relevant for this appendix. Hence, we can write

N∑
n=0

sn
(〈
φ̃m, φ̃

′′
n

〉
− α2 ⟨φ̃m, φ̃n⟩

)
+ i

α

2
ReE

N∑
n=0

qn
〈
φ̃m, f

′ φn

〉
= 0,

N∑
n=0

qn
(〈
φm, φ

′′′′
n

〉
− 2α2

〈
φm, φ

′′
n

〉
+ α4 ⟨φm, φn⟩

)
+ i

α

2
ReE

N∑
n=0

sn
〈
φm, f

′ φ̃n

〉
= 0.

(B.3)
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number of terms ReE ReE

8 + 1 49.62031330610141 61.74928015480069
10 + 1 49.62030652892564 61.74927602800918
12 + 1 49.62030651974471 61.74927601048756
14 + 1 49.62030651973459 61.74927601045481
16 + 1 49.62030651973426 61.74927601045474
18 + 1 49.62030651973426 61.74927601045474
20 + 1 49.62030651973426 61.74927601045474

Table B.1: L-modes eigenvalue problem for the Poiseuille flow, with α = 2:
the smallest two positive eigenvalues ReE , with increasing

number of terms in the series approximation

Here, the scalar product ⟨· , ·⟩ is just meant to be an integration over z ∈ [−1, 1]. The linear
algebraic system (B.3) can be rewritten in terms of (2N + 2)× (2N + 2) block matrices,(

A(1) 0

0 A(2)

)(
s
q

)
= ReE

(
0 B(1)

B(2) 0

)(
s
q

)
, (B.4)

where

A(1)
mn =

〈
φ̃m, φ̃

′′
n

〉
− α2 ⟨φ̃m, φ̃n⟩ ,

A(2)
mn =

〈
φm, φ

′′′′
n

〉
− 2α2

〈
φm, φ

′′
n

〉
+ α4 ⟨φm, φn⟩ ,

B(1)
mn = −i α

2

〈
φ̃m, f

′ φn

〉
,

B(2)
mn = −i α

2

〈
φm, f

′ φ̃n

〉
. (B.5)

We note that B(2) is the transpose of B(1). The generalised eigenvalue problem defined by
(B.4), where ReE is the eigenvalue, can be solved by employing the software Mathematica 14
(© Wolfram Research, Inc.). We consider only the case of the Poiseuille flow, as the Couette
flow differs just in the expression of f(z). The first step is defining the matrix elements after
fixing a maximum value for N , say N = 10,

NN=10; f[z_]:=1-z^2;

phi[n_,z_]:=(1-z^2)^2 ChebyshevT[n,z]; phit[n_,z_]:=(1-z^2) ChebyshevT[n,z];

Do[E0[m,n]=Integrate[phit[m,z] phit[n,z],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[E2[m,n]=Integrate[phit[m,z] D[phit[n,z],{z,2}],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[EU0[m,n]=Integrate[phit[m,z] f’[z] phi[n,z],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[A0[m,n]=Integrate[phi[m,z] phi[n,z],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[A2[m,n]=Integrate[phi[m,z] D[phi[n,z],{z,2}],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[A4[m,n]=Integrate[phi[m,z] D[phi[n,z],{z,4}],{z,-1,1}],{m,0,NN},{n,0,NN}];

Do[AU0[m,n]=Integrate[phi[m,z] f’[z] phit[n,z],{z,-1,1}],{m,0,NN},{n,0,NN}];

EE0[alpha_,M_]:=Table[E2[m,n]-alpha^2 E0[m,n],{m,0,NN},{n,0,NN}];

AA0[alpha_,M_]:=Table[A4[m,n]-2 alpha^2 A2[m,n]+alpha^4 A0[m,n],{m,0,NN},{n,0,NN}];

AA[alpha_,M_]:=ArrayFlatten[BlockDiagonalMatrix[{EE0[alpha,M],AA0[alpha,M]}]];

BB[alpha_,M_]:=ArrayFlatten[{{ConstantArray[0,{M+1,M+1}],

Table[-I alpha/2 EU0[m,n],{m,0,M},{n,0,M}]},

{Table[-I alpha/2 AU0[m,n],{m,0,M},{n,0,M}],ConstantArray[0,{M+1,M+1}]}}];

If the value of N is fixed, one can always test the accuracy of the approximation for every
truncation order less or equal than N . For instance, one may obtain the eigenvalues for α = 2
and a truncation to the first 8+1 terms which, in this case, means square matrices of dimension
2(8 + 1),
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NumberForm[SortBy[With[{alpha=N[2,40],M=8},Chop[Eigenvalues[{AA[alpha,M],BB[alpha,M]}]]],

N[Abs[Re[#]]]&],6]

The output for ReE is

{-49.6203,49.6203,-61.7493,61.7493,-285.696,285.696,-342.821,342.821,-947.831,947.831,

-1092.80,1092.80,-3375.90,3375.90,-3934.38,3934.38,Infinity,Infinity}

In this case, with 8 + 1 terms in the series expansion, we get 18 eigenvalues. The eigenvalues
|ReE | = ∞ may just be ignored. We note that the approximation of the smallest eigenvalue
pair ±|ReE | is good, while the accuracy for eigenvalues with a larger absolute value gradually
decreases. A test of the convergence in the evaluation of the smallest two positive eigenvalues
is reported in Table B.1.
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