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A Distributed Feedback-based Framework
for Nonlinear Aggregative Optimal Control

Lorenzo Sforni Student Member, IEEE , Guido Carnevale Member, IEEE ,
and Giuseppe Notarstefano Member, IEEE

Abstract— In this paper, we propose a distributed, first-
order, feedback-based approach to solve nonlinear op-
timal control problems with aggregative cost functions
over networks of cooperative multi-agent systems. Taking
inspiration from a centralized, first-order optimal control
framework, named GoPRONTO, we propose a distributed
method exploiting a feedback scheme iteratively updated
according to a distributed tracking mechanism. Due to
the aggregative structure of the problem and the desired
distributed paradigm, the centralized scheme would require
global quantities that are not locally available. Thus, our
distributed method concurrently updates a proxy of the
centralized scheme with a set of local, auxiliary variables
named trackers which suitably exploit inter-agent commu-
nication to reconstruct the global quantities. By relying on
LaSalle-based arguments, we theoretically prove that our
algorithm generates a sequence of trajectories converging
to the set of trajectories satisfying the first-order necessary
conditions for optimality. Finally, we corroborate the theo-
retical results with numerical simulations on a distributed
optimal control application for a fleet of 50 quadrotors.

Index Terms— Optimal control, distributed optimization,
multi-agent systems, optimization algorithms.

I. INTRODUCTION

O ptimal control problems for multi-agent systems are
emerging in a variety of automation and robotics appli-

cations, see the surveys [1], [2] for an overview. Due to the net-
work dimension (and thus the problem one) and to robustness
issues, “centralized” approaches where a single unity knows all
data and controls all the agents are often undesirable or even
not applicable. For these reasons, decentralized and distributed
solutions are becoming more and more appealing. In our paper,
we consider distributed methods meant as algorithms involving
cooperation via local communication (over a network) among
control nodes in order to accomplish a common task.

Literature Review: Existing centralized numerical methods
for the resolution of optimal control problems are typically
classified as indirect methods (see the recent works [3], [4])
and direct ones (see [5] for an overview). The distributed
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versions of these centralized strategies to the resolution of
multi-agent optimal control problem is a current area of
research. In [6], distributed optimal control problems are ad-
dressed in the context of multiscale dynamical systems, where
microscopic control laws at the agent level are derived from
the optimal macroscopic description of the system. Distributed
control schemes based on an Alternating Direction Method of
Multipliers (ADMM) approach are proposed in [7]–[11] with
applications in multi-robot systems. An extension of Differ-
ential Dynamic Programming (DDP) to a multi-agent setting
is proposed in [12], [13], where some game theoretic DDP-
based methods are presented. Distributed optimal control al-
gorithms represent a building block for cooperative distributed
Model Predictive Control (MPC) to plan feasibile trajectories.
The survey paper [14] provides an overview of distributed
(economic) MPC approaches, however in several works a
distributed algorithm for the solution of the optimal control
problem is assumed. From an algorithmic perspective, in [15]
an accelerated gradient method is proposed for distributed
cooperative MPC, while in [16] an augmented Lagrangian
method is proposed in the context of convex MPC. Augmented
Lagrangian and ADMM-based distributed optimization and
optimal control algorithms gained traction in both cost- and
constraint-coupled scenarios [17], [18]. For constraint coupled
problems, in [19], a distributed MPC scheme, GRAMPC,
is developed based on the ADMM approach. A distributed
augmented Lagrangian algorithm is proposed in [20], which
may be extended to optimal control applications. Notice that,
a coordination step is required to ensure consensus among the
dual variables. In [21], a decentralized Sequential Quadratic
Programming approach, based on ADMM methods, tailored
for nonlinear (constraint-coupled) problems. The implemen-
tation of real-time distributed MPC schemes on robotic plat-
forms is studied in [22], for constraint-coupled optimal con-
trol problems. While these works address distributed optimal
control and optimization scenarios, they are not specifically
tailored to address optimization problems with the aggrega-
tive structure considered in this paper. Indeed, algorithms
specifically designed for aggregative optimization scenarios
are particularly compelling because (i) they allow each agent
to store a solution estimate and instrumental quantities not
depending on the agents’ number itself, (ii) consensus is
enforced only on low-dimensional instrumental quantities, and
(iii) for all iterations, the agents do not know each other’s
solution estimate. On the contrary, algorithms designed for
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cost-coupled problems, while being capable of addressing op-
timization problems falling within the aggregative optimization
framework, would need to store, share, and reach consensus
on a decision variable consisting of the stack of all agents’
solutions. These advantages make the aggregative setting very
versatile, especially for robotic applications.

The proposed optimization setting takes inspiration from the
recently emerged distributed aggregative optimization frame-
work introduced in [23] for a static, unconstrained case.

In this context, differently from the aggregative games [24]–
[28], the network agents cooperate (rather than compete with
each other) to minimize the sum of local functions that depend
both on a local decision variable and an aggregation of them.
An online version of the problem is addressed in [29], [30],
while in [31] a learning-based distributed algorithm is pro-
posed to deal with partially unknown local objective functions.
In [32], [33], the aggregative framework is investigated in
a continuous-time setup. Distributed algorithms based on a
Franke-Wolfe update [34] and on ADMM [35] are proposed
for a static, constrained setup. In [36], the setup with finite bits
for communication among the agents is addressed. We remark
that, differently from the above works, our paper aims to
extend the aggregative optimization framework to the optimal
control scenario, hence addressing the task of generating a
trajectory for a nonlinear dynamical system while optimizing
a cost functional involving an aggregate variable.

Our distributed optimal control approach is inspired by
the (continuous-time) centralized approach in [37], named
PRojection Operator Newton Method for Trajectory Optimiza-
tion (PRONTO). The key idea of PRONTO is the exploita-
tion of a feedback mechanism transforming the dynamically
constrained optimization problem into an unconstrained one
addressed through a Newton’s update. PRONTO has been
extended to constrained problems [38] and Lie groups [39],
and it has been applied to several contexts as motion planning
of single and multiple vehicles, see, e.g., [40] and refer-
ences therein. In [41], a first-order, feedback-based framework,
named GoPRONTO, has been proposed for nonlinear discrete-
time optimal control.

Contributions: The main contribution of the work is the
development of a distributed scheme to address a novel class
of nonlinear optimal control problems over networks of multi-
agent systems. Such a class of problems is formulated by
adopting the problem structure introduced in the context of
aggregative optimization. The proposed approach addresses
nonlinear aggregative optimization problems within an optimal
control framework according to a peer-to-peer paradigm that
does not require any centralized unit accessing global data
and making global decisions. Inspired by the centralized Go-
PRONTO strategy, our multi-agent method uses, in each agent,
a local feedback mechanism updated according to a distributed
optimization-oriented scheme. Such an optimization scheme,
due to the aggregative terms of the local cost functions, would
require local knowledge of unavailable global quantities. Thus,
we resort to a set of local, auxiliary variables named trackers
that asymptotically reconstruct these global quantities through
suitable consensus-based dynamics relying on inter-agent com-
munication. Interlacing this mechanism with the optimization-

oriented part of the algorithm gives rise to a complex intercon-
nected system. In order to analyze its evolution, we exploit the
adopted feedback-based algorithmic structure which allows for
reformulating the multi-agent optimal control problem as an
(unconstrained) nonconvex optimization problem. Moreover,
the feedback-based nature ensures stability and, thus, allows
for analyzing the overall distributed strategy with tools from
system theory. In detail, we exploit LaSalle-based arguments
to prove that the sequence of generated trajectories converges
to the set of state-input trajectories satisfying the first-order
necessary conditions for optimality of the considered optimal
control problem. Finally, we test the proposed algorithm on a
distributed optimal control example using a team of 50 mobile
aerial robots for a surveillance task.

Organization: This paper is organized as follows. In Sec-
tion II, we state the problem setup and provide some prelim-
inaries about the single-agent case. In Section III, we present
our novel distributed algorithm and provide its convergence
guarantees. In Section IV, we analyze the proposed method-
ology. Finally, in Section V, we provide some numerical
simulations in a cooperative multi-robot framework.

Notation: Given N vectors x1, . . . , xN , their vertical
stack is denoted by col(x1, . . . , xN ). Given a function ` :
Rn1 × · · · × Rnd → R, we denote its (total) gradi-
ent at a given point (x̄1, . . . , x̄d) as ∇`(x̄1, . . . , x̄d) :=
col(∇1`(x̄1, . . . , x̄d), . . . ,∇d`(x̄1, . . . , x̄d)), where the partial
gradient of ` with respect to its k-th argument, for all
k = 1, . . . , d is denoted as ∇k`(x̄1, . . . , x̄d) ∈ Rnk . More-
over, given a vector field f : Rn → Rm, the gradient
of f is ∇f(x) := [∇f1(x) . . .∇fm(x)] ∈ Rn×m. For
a given T ∈ N, we denote the discrete-time horizon as
[0, T ] := {0, 1, 2, . . . , T}. Given x ∈ Rn and X ⊆ Rn,
we define dist(x,X) := infy∈X ‖x− y‖. We denote with
diag(v1, . . . , vn) the diagonal matrix whose i-th diagonal
element is given by vi. 1N denotes the N -dimensional vector
with 1 in each entry. We denote with blkdiag(M1, . . . ,MN )
the block diagonal matrix whose i-th block is Mi ∈ Rni×ni .
The symbol ⊗ denotes the Kronecker product. A function
` : Rn → R is said to be radially unbounded if ∀c > 0
∃r > 0 such that, ∀x ∈ Rn, ‖x‖ > r ⇒ `(x) > c.

II. PROBLEM SETUP AND PRELIMINARIES

In this paper, we introduce the aggregative optimization
framework in the context of distributed optimal control.

We consider a network of N (possibly) heterogeneous
agents evolving according to the nonlinear dynamics

xi,t+1 = fi(xi,t, ui,t), (1)

for all i = 1, . . . , N , where fi : Rni×Rmi → Rmi , xi,t ∈ Rni
is the state of agent i at time t, and ui,t ∈ Rmi is the control
input applied to agent i at time t. The stacks of the states and
inputs of all the agents at time t are denoted as

xt :=col(x1,t,. . ., xN,t)∈Rn ut :=col(u1,t,. . ., uN,t)∈Rm,

where n =
∑N
i=1 ni and m =

∑N
i=1mi. Moreover, con-

sidering a time horizon of length T ∈ N, for each agent
i = 1, . . . , N , we define as xi ∈ RniT and ui ∈ RmiT the
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stack of the states xi,1, . . . , xi,T and inputs ui,0, . . . , ui,T−1,
respectively. For notational convenience, we denote the stack
of all xi, ui as

x := col(x1, . . . ,xN ) ∈ RnT u := col(u1, . . . ,uN ) ∈ RmT ,

Then, we introduce the aggregative variables σt : Rn×Rm →
Rq , for all t ∈ [0, T − 1], and σT : Rn → Rq that couple the
states and inputs of all the agents according to

σt(xt, ut) =
1

N

N∑
i=1

ϕi,t(xi,t, ui,t) (2a)

σT (xT ) =
1

N

N∑
i=1

ϕi,T (xi,T ), (2b)

where, for all and i = 1, . . . , N , the functions ϕi,t : Rni ×
Rmi → Rq , for all t ∈ [0, T − 1], and ϕi,T : Rni → Rq
represent the i-th contribution to the aggregative variable. We
will use the symbol σ(x,u) ∈ Rq(T+1) to denote the stack of
all σt(·, ·), for all t ∈ [0, T − 1], and σT (·), i.e., we define

σ(x,u) :=


σ0(x0, u0)

...
σT−1(xT−1, uT−1)

σT (xT )

 =
1

N

N∑
i=1

ϕi(xi,ui),

where ϕi(xi,ui) := col(ϕi,0(xi,0, ui,0), . . . , ϕi,T (xi,T )).
The agents of the network aim to cooperatively minimize

the overall cost ` : RnT × RmT × Rq(T+1) → R given by

`(x,u,σ(x,u)) :=

N∑
i=1

`i(xi,ui,σ(x,u)), (3)

in which, for all i = 1, . . . , N , the local function `i : RnT ×
RmT × Rq(T+1) → R of agent i depends on both the local
state and input and the aggregative variable σ coupling the
states and the inputs of all the agents. Specifically, `i reads as

`i(xi,ui,σ(x,u)) :=

T−1∑
t=0

`i,t(xi,t, ui,t, σt(xt, ut))

+ `i,T (xi,T , σT (xT )), (4)

where `i,t : Rni × Rmi × Rq → R represents the so-called
stage cost, while `i,T : Rni × Rq → R is the terminal cost.

Overall, our goal is to design a system trajectory (x,u)
such that the global performance index (3) is minimized. More
formally, we aim at solving the optimal control problem

min
x1,...,xN
u1,...,uN

N∑
i=1

T−1∑
t=0

`i,t(xi,t, ui,t, σt(xt, ut))

+ `i,T (xi,T , σT (xT ))

(5a)

subj. to xi,t+1 = fi(xi,t, ui,t) t = 0, . . . , T − 1 (5b)
xi,0 = xi,init i = 1, . . . , N, (5c)

where xi,init ∈ Rni represents the initial condition of agent i,
for all i = 1, . . . , N .

Remark 1: For the sake of exposition, the algorithm pre-
sented in the paper is tailored to unconstrained optimal con-
trol problems. However, state and input constraints can be

addressed by properly initializing the algorithm and adopting
smooth barrier function strategies, as in, e.g., [38]. �

Remark 2: The recent survey [42] offers an overview of
popular tasks arising in cooperative robotics (e.g., surveillance
and resource allocation) that can be cast in the framework
of distributed aggregative optimization. Moreover, applications
such as smart grids management, economic market analysis,
electric vehicles charging, and network congestion control are
modeled in the literature as aggregative games [43]–[45], i.e.,
a network of players that compete with each other to minimize
individual costs depending on both local quantities and an
aggregation of all of them. Therefore, problem (5) allows for
reformulating these tasks in cooperative scenarios. Remark
also that, differently from problem (5), references [42]–[45]
deal with dynamic systems (e.g., robots or energy generators)
without optimizing or considering their low-level control. �

In this work, we consider an instance of problem (5) in
which the dynamics, the cost function, and the aggregation
functions satisfy the following assumptions.

Assumption 1 (Dynamics and cost regularity): For all i =
1, . . . , N , the dynamics function fi(xi,t, ui,t) and the cost
functions `i,t(·, ·, ·), `i,T (·, ·), and ϕi(·, ·) are C2. Moreover,
the cost function `(·, ·,σ(·, ·)) is radially unbounded. �

In this work, we propose a distributed approach for a
network of N agents to solve problem (5) cooperatively. To
this end, we assume the agents exchange information among
each other according to a directed graph G = ({1, . . . , N}, E),
where E ⊂ {1, . . . , N} × {1, . . . , N} is the so-called edge
set. Agent i receives information from agent j only if the
edge (j, i) ∈ E . The set of in-neighbors of i is Ni := {j ∈
{1, . . . , N} | (j, i) ∈ E}. We associate to the graph G a
weighted adjacency matrix W ∈ RN×N whose entries match
the graph, i.e., wij > 0 whenever (j, i) ∈ E and wij = 0
otherwise. Let us introduce the following assumption about
the considered time-invariant network topology.

Assumption 2 (Network): The directed graph G is strongly
connected and the matrix W is doubly stochastic. �

The aggregative optimization setup with time-varying
graphs is considered in [29], which could be inspiring also
for the optimal control scenario.

Remark 3: We consider decoupled dynamics, since it typ-
ically arise in a variety of robotics applications, where each
robot has its own dynamics. The recent work [46] considers
the aggregative setting in the presence of (linear) coupling
constraints and, thus, offers a starting point for the extension
of our algorithm to scenarios involving coupled dynamics. �

A. Preliminaries on Single Agent Optimal Control

Consider the single agent optimal control problem

min
x,u

T−1∑
t=0

`t(xt, ut) + `T (xT ) (6a)

subj. to xt+1 = f(xt, ut) t = 0, . . . , T − 1 (6b)
x0 = xinit.

Our goal is to select the input sequence u in order to minimize
the performance index in (6a). Following the strategy proposed



4 GENERIC COLORIZED JOURNAL, VOL. XX, NO. XX, XXXX 2021

in [41], we adopt a feedback-based approach inspired by [37].
The underlying idea is to design a feedback policy mapping
generic elements (α,µ) of the space RnT × RmT , the so-
called curves, into the space of trajectories feasible for the
dynamics (6b). Specifically, we define as trajectory any state-
input sequence, denoted as (x,u) ∈ RnT × RmT , which
satisfies the nonlinear dynamics (6b) with initial condition
x0 = xinit. Among the different possibilities, the feedback
policy is implemented, for all t = 1, . . . , T − 1, via the
nonlinear tracking system

ut = µt + κt(αt − xt), xt+1 = f(xt, ut), (7)

where κt : Rn → Rm is a suitable feedback policy exhibiting
numerical stability properties. That is, it would be an asymp-
totically stabilizing feedback if extended to an infinite horizon.
The closed-loop policy (7) can be embedded as a redundant
constraint in problem (6), thus resulting into the following
optimal control problem

min
x,u,α,µ

T−1∑
t=0

`t(xt, ut) + `T (xT ) (8a)

subj. to xt+1 = f(xt, ut) t = 0, . . . , T − 1 (8b)
ut = µt + κt(αt − xt), (8c)
x0 = xinit.

Any solution of (8) represents a unique solution of (6).
In [41], a novel feedback-based, gradient-related optimal

control framework is proposed to iteratively solve (8) and,
thus, (6). Let k ∈ N denote the iteration index and (xk,uk)
denote the estimate at iteration k of a solution to problem (6).
Then, the proposed algorithmic scheme provides a convergent
sequence of (feasible) trajectories (xk,uk) where xk :=
col(xk1 , . . . , x

k
T ) and uk := col(uk0 , . . . , u

k
T−1). This first-order

strategy is summarized in Algorithm 1, where the following
compact notation is adopted

akt := ∇1`t(x
k
t , u

k
t ), bkt := ∇2`t(x

k
t , u

k
t ), (9a)

Akt := ∇1f(xkt , u
k
t )>, Bkt := ∇2f(xkt , u

k
t )>, (9b)

Kk
t := ∇κ(ekt )>, where ekt := αkt − xkt , (9c)

for all t ∈ [0, T − 1] and k ∈ N.
In [41], it is shown that Algorithm 1 implements a numer-

ically robust gradient descent method to solve problem (8) in
the space of the curves by exploiting the beneficial effect of
the feedback operator. This algorithm, named GoPRONTO,
leverages a gradient method to solve an unconstrained re-
formulation of problem (8) in the space of curves (α,µ).
Specifically, at each iteration k ∈ N, a descent direction is
provided by computing ∆αkt and ∆µkt through a backward
integration of the closed-loop dynamics (10). This adjoint
update can be seen as a closed-loop (robustified) version of
the equation appearing in adjoint sensitivity methods. Then,
in (11), such a direction is used to update the current curve.
Finally, the new (updated) trajectory is obtained by applying
the (feedback) policy onto the updated curve (12). It can be
shown, then, that any limit point of Algorithm 1 is a stationary
point of problem (6). Notice that, although GoPRONTO
involves a forward-backward sweep typical of many Dynamic

Algorithm 1 GoPRONTO
Require: initial trajectory (x0,u0) with x00 = xinit

for k = 0, 1, 2 . . . do
set λkT = ∇`kT (xkT )
for t = T − 1, . . . , 0 do

Compute descent direction

λt = (Akt −BktKk
t )>λt+1 + akt −Kk,>

t bkt (10a)

∆µkt = −bkt −Bk,>t λt (10b)

∆αkt = Kk,>
t ∆µkt (10c)

end for
for t = 0, . . . , T − 1 do

Update the state-input curve

αk+1
t = αkt + γ∆αkt

µk+1
t = µkt + γ∆µkt

(11)

Compute new (feasible) trajectory with xk+1
0 = xinit

uk+1
t = µk+1

t + κt(α
k+1
t − xk+1

t )

xk+1
t+1 = f(xk+1

t , uk+1
t )

(12)

end for
end for

Programming-based approaches, it differs in the sense that (i)
it does not seek to compute a value function and (ii) it retains
the flexibility of the feedback gain design in (7). Moreover,
the problem reformulation in (7) allows also for a perturbation
of the state sequence α to further improve the cost (cf. (11)).

III. DISTRIBUTED AGGREGATIVE OPTIMAL CONTROL

In this section, we present the main contribution of this
paper, i.e., a distributed optimal control algorithm tailored for
aggregative optimal control scenarios.

Inspired by the single agent case, we design, for each agent
i, a (local) feedback policy mapping (local) state-input curves
into trajectories for the i-th system. Operatively, such a policy
is implemented via the nonlinear tracking system

ui,t = µi,t+κi,t(αi,t − xi,t), xi,t+1 = fi(xi,t, ui,t), (13)

where the feedback policy κi,t : Rni → Rmi depends only
on the i-th agent’s dynamics and does not involve the state of
other agents. A local approximation of the policy about a given
trajectory (xi,ui) can be designed, e.g., via the resolution of
a linear quadratic regulator problem about such trajectory.

The introduction of the feedback operator in (13) leads to
the closed-loop formulation of (14) described by

min
xi,ui,αi,µi
i=1,...,N

N∑
i=1

T−1∑
t=0

`i,t(xi,t, ui,t, σt(xt, ut))

+ `i,T (xi,T , σT (xT ))

(14a)

subj. to xi,t+1 = fi(xi,t, ui,t) t = 0, . . . , T − 1 (14b)
ui,t = µi,t + κi,t(αi,t − xi,t) (14c)
xi,0 = xi,init i = 1, . . . , N. (14d)
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Notice that the cost functions of problem (14) have an aggrega-
tive structure, while the constraints are local to each agent.

Remark 4: The independent decision variables of prob-
lem (14) are the local curves (αi,µi). Indeed, once the curves
(αi,µi) are computed, the variables (xi,ui) are uniquely
determined by means of the (projection) policy (13). �

A. Distributed Aggregative GoPRONTO
We design a distributed algorithm to solve (14) coopera-

tively via a protocol in which each agent employs only local
data and exchanges information only with its neighbors.

At each iteration k, each agent i updates its local estimate
(xki ,u

k
i ,α

k
i ,µ

k
i ) of the i-th component of an optimal solution

to problem (14). Specifically, for each agent i, we first up-
date the independent variables (αki ,µ

k
i ), i.e., the curve, and,

then, via the feedback operator (13) projecting curves into
trajectories, we recover the corresponding trajectory (xki ,u

k
i ).

The rationale behind the update mechanism of the curve
(αki ,µ

k
i ) (cf. (16)) is to approximate the centralized (gradient-

related) dynamics by replacing the global information (not
locally available) with local proxies si,t and yi,t for all
t ∈ [0, T ]. That is, for each t ∈ [0, T ], agent i updates
two auxiliary variables ski,t ∈ Rq and yki,t ∈ Rq in order
to reconstruct the aggregative variable σt(xkt , u

k
t ) and the re-

lated gradient
∑N
i=1∇3`i(x

k
i,t, u

k
i,t, σt(x

k, uk)), respectively.
Specifically, for all i = 1, . . . , N and t ∈ [0, T ], each
variable si,t is tracking the quantity σt(x

k
t , u

k
t ) that varies

along the iterations k. To this end, we update each si,t by
combining a consensus term

∑
j wijs

k
j,t with the correction

one ϕi,t(x
k+1
i,t , uk+1

i,t ) − ϕi,t(x
k
i,t, u

k
i,t) giving rise to the so-

called perturbed consensus dynamics widely adopted in the
context of distributed average tracking, see, e.g., [47], [48].
The same arguments apply also for the set of trackers yi,t.

Informally, the desired asymptotic behavior of ski,t and yki,t is

ski,t
tracks−→ σt(x

k
t , u

k
t ) =

1

N

N∑
j=1

ϕj,t(x
k
j,t, u

k
j,t)

yki,t
tracks−→ 1

N

N∑
j=1

∇3`j,t(x
k
j,t, u

k
j,t, σt(x

k
t , u

k
t )),

for all t ∈ [0, T−1]. Similar behaviors are desired for ski,T and
yki,T too. The overall strategy is presented in Algorithm 2 from
the perspective of agent i, and by adopting the shorthands

Aki,t := ∇1fi(x
k
i,t, u

k
i,t)
>, Bki,t := ∇2fi(x

k
i,t, u

k
i,t)
>,

Kk
i,t := ∇κi,t(eki,t)>, where eki,t := αki,t − xki,t,

for all i = 1, . . . , N and t ∈ [0, T − 1].
Notice that, the computational burden for each agent is

proportional to the local state, input, and aggregate variable
dimensions and time length only. As for the communication
network usage, steps (18)–(19) require agents to exchange T
pairs of vectors in Rq . Thereby, the data exchanged between
agents consists of 2q(T + 1) floating point numbers, with q is
the dimension of the trackers in (18)–(19).

Remark 5: Coherently with the single-agent case (cf. (12)),
the step (17) takes advantage of a feedback mechanism that

Algorithm 2 Distributed Aggregative GoPRONTO – Agent i
for k = 0, 1, 2 . . . do

set λki,T = ∇1`i,T (xki,T , s
k
i,T ) +∇ϕki,T (xki,T )yki,T

for t = T − 1, . . . , 0 do
Compute proxy variables based on ski,t and yki,t

âki,t=∇1`i,t(x
k
i,t, u

k
i,t, s

k
i,t)+∇1ϕ(xki,t, u

k
i,t) y

k
i,t

b̂ki,t=∇2`i,t(x
k
i,t, u

k
i,t, s

k
i,t)+∇2ϕ(xki,t, u

k
i,t) y

k
i,t

(15a)

Compute local proxy descent direction

λki,t = (Aki,t −Bki,tKk
i,t)
>λki,t+1 + âki,t −Kk,>

i,t b̂
k
i,t (15b)

∆µki,t = −b̂ki,t −Bk>i,t λki,t+1 (15c)

∆αki,t = Kk,>
i,t ∆µki,t (15d)

end for
Update the local solution estimates and trackers
for t = 0, . . . , T − 1 do

Update curve

αk+1
i,t = αki,t + γ∆αki,t

µk+1
i,t = µki,t + γ∆µki,t

(16)

Compute new (feasible) trajectory with xk+1
i,0 = xi,init

uk+1
i,t = µk+1

i,t + κi,t(α
k+1
i,t − xk+1

i,t ) (17a)

xk+1
i,t+1 = fi(x

k+1
i,t , uk+1

i,t ) (17b)

Update trackers

sk+1
i,t =

∑
j∈Ni

wijs
k
j,t+ϕi,t(x

k+1
i,t ,uk+1

i,t )− ϕi,t(xki,t,uki,t)

yk+1
i,t =

∑
j∈Ni

wijy
k
j,t+∇3`i,t(x

k+1
i,t , uk+1

i,t , sk+1
i,t )

−∇3`i,t(x
k
i,t, u

k
i,t, s

k
i,t)

(18)

end for

sk+1
i,T =

∑
j∈Ni

wijs
k
j,T + ϕi,T (xk+1

i,T )− ϕi,T (xki,T )

yk+1
i,T =

∑
j∈Ni

wijy
k
j,T +∇2`i,T (xk+1

i,T , sk+1
i,T )

−∇2`i,T (xki,T , s
k
i,T )

(19)

end for

confers, together with a sufficiently small stepsize, suitable
numerical robustness properties to our distributed strategy. �

Remark 6: Notice that, although Algorithm 2 leverages on
consensus-based mechanisms to reconstruct global, unavail-
able quantities (cf. (18) and (19)), consensus among the
decision variables of problem (14) is not enforced. It is worth
noting that one could implement an algorithm tailored for
cost-coupled optimization, [49], and enforce consensus on a
decision vector of dimension (n+m)TN . �

B. Algorithm Convergence Result
In this section, we provide the convergence result charac-

terizing Algorithm 2.
For the sake of readability, let us introduce the stack vectors

ski ∈ Rq(T+1), yki ∈ Rq(T+1), and Gi,3(xki ,u
k
i ,σ(xk,uk)) ∈
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Rq(T+1) defined as

ski := col(ski,0, . . . , s
k
i,T ), yki := col(yki,0, . . . , y

k
i,T ),

and

Gi,3(xki ,u
k
i , s

k
i ) := col

(
∇3`i,0(xki,0, u

k
i,0, s

k
i,0), . . . ,

∇3`i,T−1(xki,T−1, u
k
i,T−1, s

k
i,T−1),∇2`i,T (xki,T , s

k
i,T )
)
.

Theorem 1: Consider the distributed optimal control Al-
gorithm 2. Let Assumptions 1 and 2 hold. For any initial
condition (x0

i ,u
0
i , s

0
i ,y

0
i ) ∈ RniT×RmiT×Rq(T+1)×Rq(T+1)

such that (x0
i ,u

0
i ) is a trajectory and for all i = 1, . . . , N ,

s0i = ϕi(x
0
i ,u

0
i ), y0

i = Gi,3(x0
i ,u

0
i , s

0
i ), (20)

there exists γ̄ > 0 such that, for any γ ∈ (0, γ̄), it holds

lim
k→∞

dist
(
(xk,uk),Ξ?

)
= 0,

where the symbol Ξ? denotes the set of trajectories (x?,u?)
satisfying the first-order necessary conditions for optimality of
the original problem (5). �
The complete proof of Theorem 1 is provided in Section IV-D.

We underline that the result of Theorem 1 is semi-global
restricted to the set defined by conditions (20). Notice that,
as customary in nonconvex optimization (cf. Assumption 1),
Theorem 1 ensures that Algorithm 2 asymptotically converges
to a point satisfying the first-order necessary conditions of op-
timality for problem (5). Indeed, since the costs are nonconvex
and the dynamics nonlinear, the solution of problem (5) is, in
general, not unique. Namely, satisfying first-order necessary
conditions of optimality does not imply either local or global
optimality. However, as detailed extensively in Remark 7, in a
neighborhood of an (isolated) local minimum of (5) satisfying
second-order sufficient conditions of optimality, Algorithm 2
shows a linear rate of convergence.

IV. ALGORITHM ANALYSIS

The analysis of the Distributed Aggregative GoPRONTO
algorithm relies on the following cornerstone steps.

First, in Section IV-A, the local feedback-based con-
trollers (17a) allow us to reformulate (14) as a reduced
(unconstrained) optimization problem. Second, in Section IV-
B, we show that our strategy reads as an approximation of the
gradient descent method (cf. Lemma 1) interlaced with the
dynamics of the proxies for the unavailable global quantities
(cf. Lemma 2). Third, in Section IV-C, we rewrite Algorithm 2
via a change of variables (cf. Lemma 3) that (i) highlights
the approximation error due to the proxies and (ii) removes
the influence of their average components on the algorithm
dynamics. Finally, in Section IV-D, we close the proof of
Theorem 1 via LaSalle’s based arguments.

A. Reduced Reformulation of the Optimal Control
Problem

Given an initial condition xi,0 ∈ Rni , the space of trajecto-
ries of agent i Ti,init ⊆ RniT × RmiT is defined as

Ti,init :=

{
(xi,ui) ∈ RniT × RmiT | xi,0 = xi,init

xi,t+1 = fi(xi,t, ui,t) ∀t ∈ [0, T ]

}
,

for all i = 1, . . . , N . Specifically, for each agent i = 1, . . . , N ,
the local policy (13) implements a (local) feedback-projection
operator Pi : RniT × RmiT → Ti,init, which maps (local)
state-input curves into trajectories for the i-th system. More
formally, Pi(αi,µi) is designed such that for any (αi,µi) ∈
RniT × RmiT and (xi,ui) ∈ Ti,init, it holds[

αi
µi

]
7−→

[
xi
ui

]
:= Pi(αi,µi) :=

[
Pαi (αi,µi)
Pµi (αi,µi)

]
, (21)

where Pαi (αi,µi) and Pµi (αi,µi) are the state and input
components of Pi(αi,µi). Notice that it holds Pi(αi,µi) ∈
Ti,init and it satisfies the projection property Pi(xi,ui) =
(xi,ui). For all t ∈ [0, T − 1] and i = 1, . . . , N , we can
also define the maps

xi,t = Pαi,t(αi,µi), ui,t = Pµi,t(αi,µi), (22)

where Pαi,t : RniT ×RmiT → Rni and Pµi,t : RniT ×RmiT →
Rmi . We denote as Pαi (·, ·) and Pµi (·, ·) the stack of all
Pαi,t(·, ·) and Pµi,t(·, ·) for all t = 0, . . . , T−1 and, similarly, as
Pα(·, ·), Pµ(·, ·) the stack of the maps Pαi (·, ·), Pµi (·, ·) for all
i = 1, . . . , N . The maps (22) are compositions of continuous
functions and thus continuous. Therefore, we can reformulate
problem (14) as

min
α1,...,αN
µ1,...,µN

N∑
i=1

Ji(αi,µi, ς(α,µ))︸ ︷︷ ︸
J(α,µ,ς(α,µ))

, (23)

where

Ji(αi,µi, ς(α,µ)) :=

`i(Pαi (αi,µi),Pµi (αi,µi),σ(Pα(α,µ),Pµ(α,µ))),

in which ς(α,µ) is denoted as

ς(α,µ) :=
1

N

N∑
i=1

ϕ̄i(αi,µi),

with ϕ̄i : RniT × RmiT → Rq(T+1) is defined as

ϕ̄i(αi,µi) := col(ϕi,0(Pαi,t(αi,µi),Pµi,t(αi,µi)),
. . . , ϕi,T (Pαi,T (αi,µi),Pµi,T (αi,µi))).

Problem (23) is an unconstrained optimization problem
in (α,µ). Thus, it can be addressed by a distributed im-
plementation of the gradient descent method. In this context,
each agent i iteratively updates its local estimate (αki ,µ

k
i ) ∈

RniT × RmiT about the i-th component of a solution to
problem (23), with k ∈ N denoting the iteration index. The
gradient method update applied to problem (23) reads as

αk+1
i = αki − γDk

αi , µk+1
i = µki − γDk

µi
, (24)

for all i = 1, . . . , N , with γ > 0 the so-called step-size and
descent directions Dk

αi ∈ RniT and Dµi ∈ RmiT defined as

Dαi :=∇1Ji(α
k
i ,µ

k
i , ς(α

k,µk)) (25a)
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+ 1
N∇1ϕ̄(αki ,µ

k
i )

N∑
j=1

∇3J(αk,µk, ς(αk,µk))

Dµi :=∇2Ji(α
k
i ,µ

k
i , ς(α

k,µk)) (25b)

+ 1
N∇2ϕ̄(αki ,µ

k
i )

N∑
j=1

∇3J(αk,µk, ς(αk,µk)).

In order to implement (24), we need to overcome two main
challenges. Firstly, being the cost function in (23) a com-
position of `i with maps (22), we need to calculate ∇Pαi
and ∇Pµi , which, in general is non trivial. Secondly, the cost
function (23) also exhibits a composition with the aggregative
variable ς that couples all the variables (α,µ) of the network.
Consequently, the update (24) requires, for each agent, the
knowledge of unavailable global information. This issue is
tackled by properly exploiting a consensus-based strategy. The
next section provides insights into these two aspects.

B. Descent Direction and Local Proxies
In this section, we formally define a useful numerical

routine for the computation of the gradient of the reduced cost
function J(α,µ, ς(α,µ)). Then, we show how to compensate
for the unavailable global information required by this routine.

Lemma 1: Consider a state-input curve (αk,µk). For all
i = 1, . . . , N , the integration backward in time from t =
T − 1, . . . , 0 of the closed-loop costate equation reads as

λki,t = (Aki,t −Kk
i,tB

k
i,t)
>λki,t+1 + aki,t −Kk,>

i,t b̂
k
i,t,

where λi,t ∈ Rni ,

aki,t := ∇2`i,t(x
k
i,t, u

k
i,t, σt(x

k
t , u

k
t )) (26a)

+ 1
N∇2ϕi,t(x

k
i,t, u

k
i,t)

N∑
j=1

∇3`j,t(x
k
j,t, u

k
j,t, σt(x

k
t , u

k
t )),

and the initial condition λi,T ∈ Rni , is set as

λki,T = ∇`i,T (xki,T , σT (xkT )) (26b)

+ 1
N∇ϕi,T (xki,T )

N∑
j=1

∇2`j,T (xkj,T , σt(x
k
T )).

Then, for all i = 1, . . . , N , the gradient of the reduced cost
function (23) with respect to µi,t and αi,t read as

[Dk
αi ]t = −bki,t −Bki,tλki,t+1, [Dk

µi
]t = Kk,>

i,t ∆µki,t, (27)

where the operator [·]t denotes the t-th block of (25) and, for
all t = 0, . . . , T ,

bki,t := ∇2`i,t(x
k
i,t, u

k
i,t)+ (28)

+ 1
N∇2ϕi,t(x

k
i,t, u

k
i,t)

N∑
j=1

∇3`j,t(x
k
j,t, u

k
j,t, σt(x

k
t , u

k
t )). �

The proof is provided in Appendix A.
Notice that, the terms in (26) and (28) require

the local knowledge of the global quantities
σt(·, ·),

∑N
j=1∇3`j,t(xj,t, uj,t, σt(·, ·)), σT (·), and∑N

j=1∇2`j,T (xj,T , σT (·)). For this reason, in the computation
of each aki,t, b

k
i,t, and λki,T , these global quantities are replaced

by the trackers si,t and yi,t. Concurrently, these trackers
are updated according to perturbed consensus dynamics
exploiting inter-agent communication (cf. (18) and (19)).

Hence, we formally show the relationship between the
directions ∆αki and ∆µki computed via Algorithm 2 and the
derivative of the reduced costs Ji with respect to αi and µi.

Lemma 2 (Local proxy of the descent direction): Consider
Algorithm 2. Then, it holds, for all i = 1, . . . , N ,

∆αki = −∇1Ji(α
k
i ,µ

k
i , s

k
i )−∇1ϕ̄i(α

k
i ,µ

k
i ) yki

∆µki = −∇2Ji(α
k
i ,µ

k
i , s

k
i )−∇2ϕ̄i(α

k
i ,µ

k
i ) yki .

Proof: At each iteration k, consider the quantities ski
and yki as the numerical proxies of the centralized quantities
σt(x

k
t , u

k
t ) and 1

N

∑N
i=1∇3`i,t(x

k
i,t, u

k
i,t, σt(x

k
t , u

k
t )), respec-

tively. Considering equations (26)-(27) of Lemma 1, one can
see that the backward sweep (15) computes the approximated
gradient of the reduced cost J at the current iteration.

C. Algorithm Reformulation: Average and Perpendicular
Dynamics of the Trackers in Error Coordinates

Next, we provide a reformulation of Algorithm 2 used to
prove Theorem 1. The initial condition (x0

i ,u
0
i ) is a trajectory,

(s0i ,y
0
i ) is such that (20) holds, and Assumptions 1 and 2 hold.

By exploiting Lemma 2, the local update describing Algo-
rithm 2 can be summarized as

αk+1
i =αki −γ

(
∇1Ji(α

k
i ,µ

k
i , s

k
i )+∇1ϕ̄i(α

k
i ,µ

k
i , s

k
i )yki

)
(29a)

µk+1
i =µki −γ

(
∇2Ji(α

k
i ,µ

k
i , s

k
i )+∇2ϕ̄i(α

k
i ,µ

k
i , s

k
i )yki

)
(29b)

sk+1
i =

∑
j∈Ni

wijs
k
j + ϕ̄i(α

k+1
i ,µk+1

i )− ϕ̄i(αki ,µki ) (29c)

yk+1
i =

∑
j∈Ni

wijy
k
j +∇3Ji(α

k+1
i ,µk+1

i , sk+1
i ) (29d)

−∇3Ji(α
k
i ,µ

k
i , s

k
i ).

Now, we set W :=W⊗ Iq(T+1) and use (29) to compactly
describe the update of all the variables of the network as

αk+1 = αk − γ(D1(αk,µk, sk) +∇1ϕ̄(αk,µk)yk) (30a)

µk+1 = µk − γ(D2(αk,µk, sk) +∇2ϕ̄(αk,µk)yk) (30b)

sk+1 = W sk+ϕ̄(αk+1,µk+1)−ϕ̄(αk,µk) (30c)

yk+1 =Wyk+D3(αk+1,µk+1, sk+1)−D3(αk,µk, sk), (30d)

where we introduced the operators D1 : RnT × RmT ×
Rq(T+1)N → RnT , D2 : RnT × RmT × Rq(T+1)N → RmT ,
and D3 : RnT × RmT × Rq(T+1)N → Rq(T+1)N defined as

D1(α,µ, s) := col(∇1Ji(αi,µi, si)),

D2(α,µ, s) := col(∇2Ji(αi,µi, si)),

D3(α,µ, s) := col(∇3Ji(αi,µi, si)),

i = 1, . . . , N (31)

with α := col(α1, . . . ,αN ), µ := col(µ1, . . . ,µN ), and
s := col(s1, . . . , sN ), with αi ∈ RniT , µi ∈ RmiT , and
si ∈ Rq(T+1) for all i = 1, . . . , N .

The next lemma introduces a change of coordinates which
simplifies the algorithm analysis. Before providing its formal
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statement, we introduce d = (N − 1)q(T + 1), 1 := 1N ⊗
Iq(T+1), and the operators D : R(n+m)T × Rq(T+1)N →
R(n+m)T , u1 : R(n+m)T × Rq(T+1)N → Rq(T+1)N , and
u2 : R(n+m)T × R(n+m)T → R2q(T+1)N defined as

D(ξ, s) :=

[
D1(ξ, s)
D2(ξ, s)

]
+∇ϕ̄(ξ)

11>

N
D3(ξ,1ς(ξ))+ (32a)

+∇ϕ̄(ξ)u1(ξ, s)

u1(ξ, s) := D3(ξ, s)−D3(ξ,1ς(ξ)) (32b)

u2(ξ, ξ′) :=

[
ϕ̄(ξ)− ϕ̄(ξ′)

D3(ξ,1ς(ξ))−D3(ξ′,1ς(ξ′))

]
, (32c)

where, with a slight abuse of notation, we joined the first two
arguments of the operators ς , ϕ̄, D1, D2, and D3 to adapt
them for this notation using ξ instead of (α,µ).

Lemma 3 (Dynamics reformulation): Consider (30). Then,
there exists a set of coordinates (ξk,ϑk) ∈ R(n+m)T × R2d

such that (30) is equivalent to

ξk+1 =ξk−γD(ξk,1ς(ξk)+[R 0]ϑk)+

− γ[0 ∇ϕ̄(ξk)R]ϑk (33a)

ϑk+1 =Aϑk + B1u1(ξk,1ς(ξk)+
[
R 0

]
ϑk)+

+ B2u2(ξk, ξk+1), (33b)

where A, B1, B2 are given matrices defined as

A :=

[
R>WR 0

0 R>WR

]
,

B1 :=

[
0

R>(W − I)

]
, B2 :=

[
R> 0
0 R>

]
,

(34)

and R ∈ RN(q(T+1))×d is such that R>R = I , R>1 = 0. �

The proof of Lemma 3 is reported in Appendix B.
The new variable ϑk describes the evolution of the error

of both sk and yk with respect to the global informa-
tion ς(µk,αk) and 1

N

∑N
i=1∇3Ji(µ

k
i ,α

k
i , ς(µ

k,αk)) after
a proper change of variables aimed at isolating the invariant
(average) components of sk and yk which are set to zero by
the initialization (20) (cf. proof of Lemma 3 in Appendix B).

We are now ready to give the proof of the main theorem.

D. Proof of Theorem 1

Leveraging on Lemma 3, we provide the proof of Theorem 1
by going through three main steps. In step (i), we show
that ∇J , D3, and ϕ̄ are locally Lipschitz continuous and
compute the related constants. In step (ii), we employ these
results to perform a LaSalle-based analysis demonstrating
that the sequence {αk,µk}k∈N generated by Algorithm 2
converges to the set of stationary points of the reduced cost
function J(α,µ, ς(α,µ)). In step (iii), we show that the
state-input trajectory (x?,u?) obtained by projecting (α?,µ?)
satisfies the first-order necessary conditions for optimality in
correspondence of the costate sequence λ?.

Step (i): Lipschitz continuity of ∇J , D3, and ϕ̄: let us define
V : R(n+m)T × R2d → R as

V (ξ,ϑ) := J(ξ, ς(ξ)) + ϑ>Pϑ, (35)

where P ∈ R2d×2d has the diagonal structure P :=
[
P1 0
0 pP2

]
,

with P1, P2 ∈ Rd×d with P1 = P>1 > 0 and P2 = P>2 >
0, while p ∈ (0, 1] is a parameter that we will fix later. In
particular, we arbitrarily choose Q1, Q2 ∈ Rd×d such that
Q1 = Q>1 > 0 and Q2 = Q>2 > 0 and pick P1 and P2 as the
solutions of the Lyapunov equations

P1 − (R>WR)>P1(R>WR) = Q1 (36a)

P2 − (R>WR)>P2(R>WR) = Q2. (36b)

Indeed, in light of Assumption 2, the matrix R>WR is Schur
and, thus, given Q1 = Q>1 > 0 and Q2 = Q>2 > 0, there
always exist P1 and P2 solving (36). Now, let (ξ0,ϑ0) ∈
R(n+m)T × R2d be the vectors corresponding to the initial
conditions x0

i , u0
i , s0i , and y0

i assumed in Theorem 1 and,
hence, satisfying (20). Let ϑ := col(ϑ1,ϑ2) with ϑ1,ϑ2 ∈ Rd
and let c0 ∈ R and r0 > 0 be the smallest numbers such that

J(ξ0, ς(ξ0)) + ϑ0
1

>
Pϑ0

1 ≤ c0,
∥∥ϑ0

2

∥∥ ≤ r0. (37)

Then, for any c ≥ c0, the corresponding level set Ωc1 ⊂
R(n+m)T × R(N−1)q(T+1) is denoted as

Ωc1 := {(ξ,ϑ1) | J(ξ0, ς(ξ0)) + ϑ0
1

>
P1ϑ

0
1 ≤ c}. (38)

We underline that, as before, with a slight abuse of notation,
we joined the first two arguments of J to adapt it for the
notation using ξ instead of (α,µ). Since J(ξ, ς(ξ)) is the
composition of C2 functions (see Section IV-A and Assump-
tion 1), then it is C2. Specifically, on a compact set the function
itself and its derivatives, up to the second order, are bounded.
Moreover, being the cost function radially unbounded (cf.
Assumption 1), also the composition J(·, ς(·)) is radially
unbounded. Hence, each level set of J(·, ς(·)) is compact. The
same holds for J(ξ, ς(ξ)) + ϑ1

>P1ϑ1. Let us define

M1 := max{‖ξ‖ | (ξ,ϑ1) ∈ Ωc1}
M2 := max{‖ϑ1‖ | (ξ,ϑ1) ∈ Ωc1}
M3 := max{‖D(ξ,1ς(ξ) +Rϑ1)‖ | (ξ,ϑ1) ∈ Ωc1}
M4 := max{‖∇ϕ̄(ξ)‖ | (ξ,ϑ1) ∈ Ωc1}
M5 := max{‖u1(ξ,1ς(ξ) +Rϑ1)‖ | (ξ,ϑ1) ∈ Ωc1}
M6 := max{‖D3(ξ,1ς(ξ) +Rϑ1)‖ | (ξ,ϑ1) ∈ Ωc1},

(39)

whose existence is guaranteed since each continuous function
on a compact set is bounded, J and V are C2 functions, and
the set Ωc1 is compact. Now, given r > 0, we define

M7 := M3 +M4 ‖R‖ r,

and the related sets Bcξ ⊂ R(n+m)T , Br2 ⊂ Rd given by

Bcξ := {ξ ∈ R(n+m)T | ‖ξ‖ ≤M1 +M7}. (40a)

Br2 := {ϑ2 ∈ Rd | ‖ϑ2‖ ≤ r}. (40b)

Now, assume (ξ,ϑ1) ∈ Ωc1 and ϑ2 ∈ Br2 . Then, the
update (33a) allows us to write the bound∥∥ξ+∥∥ ≤‖ξ‖+ γ ‖D(ξ, ς(ξ) +Rϑ1)‖+ γ ‖∇ϕ̄(ξ)Rϑ2‖

(a)

≤M1 + γ(M3 +M4 ‖R‖ r) = M1 + γM7 (41)
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where in (a) we exploited the bounds expressed in (39).Thus,
by combining the inequality (41) and the fact that γ ≤ 1, it
holds

∥∥ξ+∥∥ ≤M1+M7, namely it holds ξ+ ∈ Bcξ (cf. (40a)).
Now, let us define Bc1 ⊆ Ωc1 as

Bc1 := {(ξ,ϑ1) ∈ R(n+m)T × Rd | (ξ,ϑ1) ∈ Ωc1, ξ ∈ Bcξ}.

From this definition, it holds (ξ,ϑ1) ∈ Ωc1 for any (ξ,ϑ1) ∈
Bc1. Moreover, such definition guarantees that, if (ξ,ϑ1) ∈ Bc1,
then it holds ξ ∈ Bcξ. Now, let H1 : R(n+m)T ×RNq(T+1) →
R(n+m)T×(n+m)T and H2 : R(n+m)T × RNq(T+1) →
Rq(T+1)×q(T+1) be the operators defined as

H1(ξ, s) = blkdiag(∇2
1J1(ξ1, s1), . . . ,∇2

1JN (ξN , sN ))

H2(ξ, s) = blkdiag(∇2
2J1(ξ1, s1), . . . ,∇2

2JN (ξN , sN )),

where ξ := col(ξ1, . . . , ξN ) and s := col(s1, . . . , sN ), with
ξi ∈ R(ni+mi)T and si ∈ Rq(T+1) for all i = 1, . . . , N . Since
∇J , D3, and ϕ̄ are compositions of continuous and differen-
tiable functions (cf. Assumption 1) and B1 is a compact set,
we can define the finite constants L, L2 and L3 as

L := max{‖∇2J(ξ, ς(ξ))‖ | ξ ∈ Bcξ} (42a)

L1 := max{‖H1(ξ,1ς(ξ) +Rϑ1)‖ | (ξ,ϑ1) ∈ Bc1} (42b)
L2 := max{‖H2(ξ,1ς(ξ) +Rϑ1)‖ | (ξ,ϑ1) ∈ Bc1} (42c)
L3 := max{‖∇ϕ̄(ξ)‖ | ξ ∈ Bcξ}. (42d)

Hence, ∇J(·, ·), D3, and ϕ̄ are Lipschitz with constants L,
L2, and L3 , respectively, over Bc1.

Step (ii): LaSalle-based analysis: let us define

c := c0 + ‖P2‖ r20, (43)

and assume that (ξk,ϑk1) ∈ Ωc
1 and ϑk2 ∈ Br02 (see (38) for the

definitions of these sets). Such an assumption will be verified
later by a proper selection of γ. Thus, for the arguments
above, it holds ξk, ξk+1 ∈ Bc

ξ . Thus, by using the Lipschitz
continuity over Bc

1 of the functions D3(·, ·) and ϕ̄(·), we can
bound the norm of u1(ξk,1ς(ξk) +Rϑk1) (cf. (32)) as∥∥∥u1(ξk,1ς(ξk) +Rϑk1)

∥∥∥ ≤ L2 ‖R‖
∥∥∥ϑk1∥∥∥ . (44)

With the same arguments, we can bound the norm of
u2(ξk+1, ξk) (cf. (32)) as∥∥∥u2(ξk+1, ξk)

∥∥∥ ≤ (L3 + L2

∥∥11>/N
∥∥L3)

∥∥∥ξk+1 − ξk
∥∥∥

(a)

≤ γc1

∥∥∥D(ξk,1ς(ξk) +
[
R 0

]
ϑk)
∥∥∥+ γc1L3 ‖R‖

∥∥∥ϑk2∥∥∥
(b)

≤ γc1‖∇J(ξk, ς(ξk))‖+ γc2‖ϑk1‖+ γc3‖ϑk2‖, (45)

where in (a) we defined c1 := L3 + L2

∥∥11>/N
∥∥L3, used

the update (33a), the triangle inequality, the Cauchy-Schwarz
inequality, and the Lipschitz continuity of ∇ϕ over Ωc

1, while
in (b) we added and subtracted ∇J(ξk, ς(ξk)) within the first
norm, we applied the triangle inequality and the Lipschitz
continuity of D over Ωc

1, and defined c2 := (L1 +L2L3)‖R‖
and c3 := c1L3 ‖R‖. With these results at hand, we use
the function V (·, ·) defined in (35) as a candidate Lyapunov
function. By evaluating ∆V (ξk,ϑk) := V (ξk+1,ϑk+1) −

V (ξk,ϑk) along the trajectories of system (33), we obtain

∆V (ξk,ϑk) = J(ξk+1, ς(ξk+1))− J(ξk, ς(ξk))

− ϑk>(P −A>PA)ϑk (46a)

+ 2ϑk
>A>PB1u1(ξk,1ς(ξk) +Rϑk1) (46b)

+ 2ϑk
>A>PB2u2(ξk, ξk+1)

+ 2u1(ξk,1ς(ξk) +Rϑk1)>B>1 PB2u2(ξk, ξk+1)

+ u1(ξk,1ς(ξk) +Rϑk1)>B>1 PB1u1(ξk,1ς(ξk) +Rϑk1)

+ u2(ξk, ξk+1)>B>2 PB2u2(ξk, ξk+1). (46c)

Now, we consider the term ϑk
>A>PB1u1(ξk,ϑk) and ex-

ploit the structure of A>PB1 to write

ϑk
>A>PB1u1(ξk,1ς(ξk) +Rϑk1)

= pϑk2
>

(R>WR)>P2R
>(W − I)u1(ξk,1ς(ξk) +Rϑk1)

(a)

≤ p
∥∥(R>WR)>P2R

>(W − I)
∥∥L2 ‖R‖ ‖ϑk2‖‖ϑk1‖

(b)

≤ pc4‖ϑk2‖‖ϑk1‖, (47)

where in (a) we apply the Cauchy-Schwarz inequal-
ity and the bound (44), and in (b) we set c4 :=∥∥(R>WR)>P2R

>
∥∥L2

∥∥R>(W − I)
∥∥. Now we consider the

term u>1 (ξk,1ς(ξk)+Rϑk1)B>1 PB1u1(ξk,1ς(ξk)+Rϑk1). By
exploiting the structures of the matrices B1 (cf. (34)) and P
and the bound (44), we have

u>1 (ξk,1ς(ξk) +Rϑk1)B>1 PB1u1(ξk,1ς(ξk) +Rϑk1)

≤ pq3
∥∥∥ϑk1∥∥∥2 , (48)

where q3 := L2
2 ‖R‖2

∥∥(W − I)>RP2R
>(W − I)

∥∥. Now,
via (36), (47), and (48) we can bound (46a) and (46b) as

ϑk
>

(P −A>PA)ϑk + 2ϑk
>A>PB1u1(ξk,1ς(ξk) +Rϑk1)

+ u>1 (ξk,1ς(ξk) +Rϑk1)B>1 PB1u1(ξk,1ς(ξk) +Rϑk1)

≤ −ϑk1
>
Q1ϑ

k
1 − pϑk2

>
Q2ϑ

k
2 + 2c4p‖ϑk2‖‖ϑk1‖

(a)

≤ −
[
‖ϑk1‖ ‖ϑk2‖

] [q1 − pq3 −pc4
−pc4 pq2

] [
‖ϑk1‖
‖ϑk2‖

]
(b)

≤ −q̃‖ϑk‖2,
where in (a) the terms are rearranged in matrix form by
introducing the smallest (positive) eigenvalues q1 and q2
of the matrices Q1 and Q2, respectively, and, in (b), this
positive-definite symmetric matrix is bounded by leveraging
the Sylvester Criterion and choosing q̃ ∈ (0, q1q2) and p such
that p < min{(q1q2− q̃)/(c24 + q2q3), 1}. Thus, by leveraging
this inequality, we can upper bound (46) as

∆V (ξk,ϑk) ≤ J(ξk+1, ς(ξk+1))− J(ξk, ς(ξk))

− q̃‖ϑk‖2 + 2ϑk
>A>PB2u2(ξk, ξk+1)

+ 2u1(ξk,1ς(ξk) +Rϑk1)>B>1 PB2u2(ξk,ϑk)

+ u2(ξk, ξk+1)>B>2 PB2u2(ξk, ξk+1)

(a)

≤ J(ξk+1, ς(ξk+1))− J(ξk, ς(ξk))
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− q̃‖ϑk‖2 + γ2c5‖ϑk‖
∥∥∥∇J(ξk, ς(ξk))

∥∥∥
+ γc6‖ϑk‖2 + γ2c7‖ϑk‖2 + γ2c8‖∇J(ξk, ς(ξk))‖2

+ γ2c9‖∇J(ξk, ς(ξk))‖‖ϑk‖, (49)

where in (a) the triangle inequality, the Cauchy-Schwarz
inequality, the trivial relations ‖ϑk1‖≤‖ϑk‖ and ‖ϑk2‖≤‖ϑk‖,
and the results (44)-(45) have been exploited and we shortened
the notation by introducing the constants

c5 := c1
(∥∥A>PB2∥∥+ L2 ‖R‖

∥∥B>1 PB2∥∥)
c6 := 2(c2 + c3)

(∥∥A>PB2∥∥+ L2 ‖R‖
∥∥B>1 PB2∥∥)

c7 :=
∥∥B>1 PB1∥∥L2

2 ‖R‖2 +
∥∥B>2 PB2∥∥ (c22 + c23 + 2c2c3

)
c8 :=

∥∥B>2 PB2∥∥ c21, c9 := 2
∥∥B>2 PB2∥∥ c1(c2 + c3).

Now we consider J(ξk+1, ς(ξk+1)) − J(ξk, ς(ξk)). By per-
forming a Taylor expansion (see, e.g., [50, Theorem 2]) of
J(ξk+1, ς(ξk+1)) around ξk and by using (33a), we have

J(ξk+1, ς(ξk+1))− J(ξk, ς(ξk))

= −γ‖∇J(ξk, ς(ξk))‖2 − γ∇J(ξk, ς(ξk))>u3(ξk,ϑk)

+ Lξk,2(−γ(∇J(ξk, ς(ξk)) + u3(ξk,ϑk))), (50)

where we shortened the notation by using

u3(ξk,ϑk) :=

[
D1(ξk,1ς(ξk) +Rϑk1)

D2(ξk,1ς(ξk) +Rϑk1)

]
−
[
D1(ξk,1ς(ξk))

D2(ξk,1ς(ξk))

]
+∇ϕ̄(ξk)Rϑk2+∇ϕ̄(ξk)u1(ξk,1ς(ξk)+Rϑk1),

(51)

and the remainder term Lξk,2(−γ(∇J(ξk, ς(ξk)) +

u3(ξk,ϑk))) given by

Lξk,2(−γ(∇J(ξk, ς(ξk)) + u3(ξk,ϑk))) :=∑
|α|=2

∂αJ
(
ξk−τγ(∇J(ξk, ς(ξk)) + u3(ξk,ϑk))

)
−γ(∇J(ξk,ς(ξk))+u3(ξ

k,ϑk))
α! ,

for some τ ∈ (0, 1). By using the definition of u3 (cf. (51)),
the definitions in (42), and the bound (44), we note that∥∥∥u3(ξk,ϑk)

∥∥∥ ≤ (L2 + L3(1 + L2)) ‖R‖
∥∥∥ϑk∥∥∥ . (52)

By Lipschitz continuity of the gradients of J , we know
that ∂αJ(ξ, σ(ξ)) ≤ L for all ξ ∈ Bξ and |α| =
2. Thus, by applying [50, Corollary 1], we can bound
Lξk,2(−γ(∇J(ξk, ς(ξk)) + u3(ξk,ϑk))) as

Lξk,2(−γ(∇J(ξk, ς(ξk)) + u3(ξk,ϑk)))

≤ γ2L
2

∥∥∥∇J(ξk, ς(ξk)) + u3(ξk,ϑk)
∥∥∥2

(a)

≤ γ2c10

∥∥∥∇J(ξk, ς(ξk))
∥∥∥2 + γ2c11‖ϑk‖2

+ γ2c12

∥∥∥∇J(ξk, ς(ξk))
∥∥∥ ‖ϑk‖, (53)

where in (a) we exploited the square, applied the bound (52),
and introduced c10 := L

2 , c11 := (L2 + L3(1 + L2))
2 ‖R‖2,

c12 := 2c10
√
c11. Hence, we can use (53) to bound (50) as

J(ξk+1, ς(ξk+1))− J(ξk, ς(ξk))

≤ −γ
∥∥∥∇J(ξk, ς(ξk))

∥∥∥2 − γ∇J(ξk, ς(ξk))>u3(ξk,ϑk)

+ γ2c10

∥∥∥∇J(ξk, ς(ξk))
∥∥∥2

+ γ2c11‖ϑk‖2 + γ2c12

∥∥∥∇J(ξk, ς(ξk))
∥∥∥ ‖ϑk‖

(a)

≤ −γ‖∇J(ξk, ς(ξk))‖2 + γ2c10‖∇J(ξk, ς(ξk))‖2 (54)

+ γ2c11‖ϑk‖2+ (γc13 + γ2c12)‖∇J(ξk, ς(ξk))‖‖ϑk‖,
where in (a) we use the local Lipschitz continuity of
ϕ̄, the Cauchy-Schwarz inequality, and the result (52)
to write the bound −γ∇J(ξk, ς(ξk))>u3(ξk,ϑk) ≤
γc13‖∇J(ξk, ς(ξk))‖‖ϑk‖ with

c13 := (L2 + L3(1 + L2)) ‖R‖ .
Now, we can use (54) to upper bound (49) as

∆V (ξk,ϑk)

≤ −γ
∥∥∥∇J(ξk, ς(ξk))

∥∥∥2 + γ2c10

∥∥∥∇J(ξk, ς(ξk))
∥∥∥2

+ γ2c11‖ϑk‖2 + (γc13 + γ2c12)
∥∥∥∇J(ξk, ς(ξk))

∥∥∥ ‖ϑk‖
− q̃‖ϑk‖2 + γ2c5‖ϑk‖

∥∥∥∇J(ξk, ς(ξk))
∥∥∥+ γc6‖ϑk‖2

+ γ2c7‖ϑk‖2 + γ2c8

∥∥∥∇J(ξk, ς(ξk))
∥∥∥2

+ γ2c9

∥∥∥∇J(ξk, ς(ξk))
∥∥∥ ‖ϑk‖

(a)

≤ −
[∥∥∥∇J(ξk, ς(ξk))

∥∥∥
‖ϑk‖

]>
M(γ)

[∥∥∥∇J(ξk, ς(ξk))
∥∥∥

‖ϑk‖

]
, (55)

where in (a) we rearranged the inequality via

M(γ) :=

[
γ − γ2c14 −γc15 − γ2c16

−γc15 − γ2c16 q̃ − γc17 − γ2c18

]
,

where c14 :=c10+c8, c15 :=c5 + c13, c16 := c12+c9
2 , c17 := c6,

and c18 :=c11+c7. By Sylvester Criterion, we know that M(γ)
(cf. (55)) is positive definite if and only if

γ > γ2c14

γq̃ > (γc15 + γ2c16)2 + γ2(c17 + c14q̃)

−γ3(c18 + c14c17)− γ4c14c18.
(56)

Note that the terms on the left-hand sides of (56) are linear
in γ, while the ones on the right have higher order terms.
Then, there exists γ̄ > 0 such that for any γ ∈ (0, γ̄)
conditions (56) are satisfied. Hence, M(γ) is positive definite
and we bound (55) as

∆V (ξk,ϑk) ≤ −m(‖∇J(ξk, ς(ξk))‖2 + ‖ϑk‖2), (57)

where m > 0 is the smallest eigenvalue of M(γ). Inequal-
ity (57) implies that, for all (ξk,ϑk1 ,ϑ

k
2) ∈ Ωc

1×Br02 , it holds

V (ξk+1,ϑk+1) ≤ V (ξk,ϑk). (58)

By using (i) pϑk2
>
P2ϑ

k
2 ≥ 0 for any ϑk and (ii) p ∈ (0, 1),

the result (58) leads to

J(ξk+1, ς(ξk+1)) + ϑk+1
1

>
P1ϑ

k+1
1

≤ J(ξk, ς(ξk)) + ϑk1
>
P1ϑ

k
1 + ‖P2‖ r20,



11

which guarantees (ξk+1,ϑk+1
1 ) ∈ Ωc

1 (see (43)). This fact,
combined with the variables’ initialization (cf. (37)), guaran-
tees that (ξk,ϑk1) ∈ Ωc

1 for all k ∈ N, which, in turns, allows
us to claim that (57) is verified for all k ∈ N0. However, we
point out that the inequality (57) does not implies the negative
definiteness of ∆V (ξk,ϑk) because the right-hand side of (57)
is null on the subspace E ⊂ R(n+m)T × R2d defined as

E := {col(ξ,ϑ) ∈ R(n+m)T × R2d

| ‖∇J(ξ, ς(ξ))‖ = 0,ϑ = 0}. (59)

Studying the system (33) restricted to the subspace E it holds

ξk+1
∣∣∣
(ξk,ϑk)∈E

= ξk, ϑk+1
∣∣∣
(ξk,ϑk)∈E

= ϑk. (60a)

By inspecting system (60), we can conclude that the E is
invariant for system (33). Thus, we can conclude by LaSalle’s
Invariance Principle (cf. [Theorem 3.7] [51]) that

lim
k→∞

dist

([
ξk

ϑk

]
, E

)
= 0.

Turning out to the original coordinates (α,µ, s,y), it follows
that the trajectories of the system (30), i.e., the sequence
produced by Algorithm 2, converge within the subspace

X :=

{
(α?,µ?, s?,y?) | ∇J(α?,µ?, ς(α?,µ?)) = 0,

s? =
11>

N
ϕ̄(α?,µ?), y? =

11>

N
D3(α?,µ?, s?)

}
. (61)

Namely, the sequence {αk,µk} converges into the set of
stationary points of J(α,µ, ς(α,µ)).

Step (iii): first-order necessary conditions for
optimality: let us consider any point (α?,µ?) such that
∇J(α?,µ?, ς(α?,µ?)) = 0. Then, let us consider
the corresponding state-input trajectories (x?,u?)
computed projecting (α?,µ?) and the costate vectors
λ? ∈ RnT . Specifically, for all i = 1, . . . , N , we calculate
(x?i ,u

?
i ) = Pi(α?i ,µ?i ) via (17). As for λ? ∈ RnT , each

λ?i ∈ RniT is computed via (15b). Next, we show that the
tuple (x?,u?,λ?) satisfies the first order necessary optimality
conditions for problem (5). Hence, for all t ∈ [0, T − 1], let
the Hamiltonian function of problem (5) given by

Ht(xt, ut, λt+1) =

N∑
i=1

Hi,t(xi,t, ui,t, λi,t+1), (62)

where

Hi,t(xi,t, ui,t, λi,t+1) := `i,t(xi,t, ui,t) + gi,t(σt(xt, ut))

+ fi(xi,t, ui,t)
>λi,t+1.

Next we show that, for all i = 1, . . . , N , ∇2H1,t(x
?
1,t, u

?
1,t, λ

?
1,t+1)

...
∇2HN,t(x

?
N,t, u

?
N,t, λ

?
N,t+1)

 = 0,

and

λi,t
? = ∇1Hi,t(x

?
i,t, u

?
i,t, λ

?
t+1), (63)

with terminal condition λ?i,T = ∇`i,T (x?i,T , σT (x?T )).
Leveraging projection step in (17), the pair (x?i ,u

?
i ) satisfies

the dynamics (5b) by construction, i.e., it is a trajectory.
Now, let us define the shorthand for the linearization of the

cost and the dynamics about the trajectory (x∗i ,u
∗
i )

A?i,t := ∇1fi(x
?
i,t, u

?
i,t)
>, B?i,t := ∇2fi(x

?
i,t, u

?
i,t)
>,

K?
i,t := ∇κi,t(e?i,t)>, where e?i,t := α?i,t − x?i,t.

Notice that the sequence {sk,yk} generated by Algorithm 2
converges to the subspace defined by (61), namely, for all
i = 1, . . . , N , the proxies in (15a) are equal to

a?i,t = ∇1`i,t(x
?
i,t, u

?
i,t, σt(x

?
i,t, u

?
i,t)) (64a)

+ 1
N∇1ϕi,t(x

?
i,t, ui,t)

N∑
j=1

∇3`j,t(x
?
j,t, u

?
j,t, σt(x

?
t , u

?
t ))

b?i,t = ∇2`i,t(x
?
i,t, u

?
i,t) (64b)

+ 1
N∇2ϕi,t(x

?
i,t, ui,t)

N∑
j=1

∇3`j,t(x
?
j,t, u

?
j,t, σt(x

?
t , u

?
t ))

and

a?i,T = ∇1`i,T (x?i,T , σT (x?T )) (64c)

+ 1
N∇ϕi,T (x?i,T )

N∑
j=1

∇2`j,T (x?j,T , σT (x?T )).

Then, we can define λ?i as the stack of the costate vectors
λ?i,t ∈ Rn, obtained from the adjoint equation (15b) evaluated
at (α?i ,µ

?
i ), i.e., for all t ∈ [T − 1, 0]

λ?i,t =
(
A?i,t −B?i,tK?

i,t

)>
λ?i,t+1 + a?i,t −K?,>

i,t b
?
i,t, (65)

with terminal condition λ?i,T = a?i,T .
Equation (65) corresponds to the gradient with respect to

xi,t of the Hamiltonian evaluated along the trajectory (x?i ,u
?
i ),

i.e., the first order necessary condition for optimality (63)
holds by construction. Now, we recall that

∇2Hi,t(x
?
i,t, u

?
i,t, λ

?
i,t+1) = b?i,t +B?>i,t λ

?
i,t+1, (66)

for all i = 1, . . . , N and t ∈ [0, T − 1]. The right hand
side of (66) corresponds to the derivative of J(·, ·, ς(·, ·)) with
respect to µi,t evaluated at (α?,µ?). Notice that, the costate
λ?i , solution of (65), coincides with the Lagrange multipliers
associated to the dynamics constraints at (x?,u?). In light of
the first part of the proof, the right hand side of (66) is equal to
zero. Therefore, the first-order necessary conditions for opti-
mality are satisfied by the trajectory (x∗i ,u

∗
i ), for all i. Hence,

for any point (α?,µ?) such that ∇J((α?,µ?), ς(α?,µ?)) =
0, it holds that the corresponding point (x?,u?) is such that
(x?,u?) ∈ Ξ?. This concludes the proof.

Notice that, any stationary state-input curve (α?,µ?) cor-
responds to a trajectory (x?,u?) satisfying the first-order
optimality conditions for (5).

Remark 7: If the reduced cost J(·, ·, ς(·, ·)) (cf. (23)) is
strongly convex, then problem (23) has a unique minimizer



12 GENERIC COLORIZED JOURNAL, VOL. XX, NO. XX, XXXX 2021

ξ? ∈ R(n+m)T . Thus, in this case, one can apply the well-
known Polyak-Lojasiewicz (PL) inequality to further bound
the right-hand side of (57) as

∆V (ξk,ϑk) ≤ −m̃V (ξk,ϑk), (67)

for some m̃ > 0 depending on m and the strong convexity
parameter. In turn, global exponential stability of col(ξ?, 0)
holds for (33) and thus linear convergence of Algorithm 2
toward the (unique) solution to optimal control problem (5).
Notice that PL inequality holds true in the neighborhood of
local minima of (5) that satisfy the second order sufficient
conditions for optimality. �

V. NUMERICAL SIMULATIONS

In this section, we show simulations of the proposed al-
gorithm in a multi-agent cooperative robotics setting. We
consider a team of N = 50 quadrotors in a robotic surveillance
scenario. Each robot has to patrol a pre-defined area trying to
stay as close as possible to a given reference position while
keeping the formation barycenter over a (moving) target. Each
quadrotor i has a continuous-time dynamics described by

p̈x,i =
ui,1+ui,2

Mi
sin θi, p̈y,i =

ui,1+ui,2
Mi

cos θi − g
θ̈i = Li

2Ji
(ui,1 − ui,2),

where (px,i, py,i) is the position of the robot in the x−y plane,
θi its orientation, ui,1 and ui,2 are the thrusts applied to the
right and left motor respectively. Agents have heterogeneous
dynamics. The mechanical parameters are randomly assigned
to each agent, i.e., for all i, Mi ∈ {1, 5, 10} [kg], Li ∈
{0.5, 1.0} [m], while Ji = MiL

2
i /12 [m · kg2].

For each agent i, the discrete-time dynamics, with state
xi,t ∈ R6 with xi,t := (px,i,t, ṗx,i,t, py,i,t, ṗy,i,t, θi,t, θ̇i,t)

> ∈
R6 and input ui,t := (ui,1,t, ui,2,t) ∈ R2 is obtained via
a Runge-Kutta integrator of order 4 with sampling period
δ = 0.05 seconds. Hence, we have ni = 6, mi = 2 and
n = 60, m = 20. The time horizon is tf = 30 [s], resulting in
T = 600 samples. The network is modeled as a randomly gen-
erated Erdós-Rényi graph with edge probability p = 0.5. The
weighted adjacency matrixW is generated via the Metropolis-
Hastings rule using DISROPT [52]. Each quadrotor i wants to
track its reference signal (xref

i ,u
ref
i ). The team also aims to

maintain the formation barycenter, modeled via σt(xt, ut), as
close as possible to the target located at btarget

t ∈ R2 at time t.
Each stage cost is defined as `i,t(xi,t, ui,t, σt(xt)) = ‖xi,t −
xdes
i,t ‖2Qi,t + ‖ui,t − udes

i,t ‖2Ri,t + ‖σ(xt)− bt‖2Qσi,t where Qi,t ∈
Rni×ni , Ri,t ∈ Rmi×mi , Qσi,t ∈ Rq×q , and ‖ · ‖M denotes the
L2 norm weighted by matrix M . The terminal cost is defined
by `i,T (·) = ‖xi,T − xdes

i,T ‖2Qi,f + ‖σ(xT ) − bT ‖2Qσi,f where
Qi,f ∈ Rni×ni , and Qσi,f ∈ Rq×q . The aggregate variable is
defined as σ(xt) :=

∑N
i=1Hixi,t where Hi = [I2 02×4] for

all i = 1, . . . , N . We set Qi,t = diag(10, 1, 10, 1, 0.01, 0.01),
Qi,f = Qi,t, Ri,t = diag(0.1, 0.1), Qσi,t = diag(100, 100),
Qσi,f = 10Qσi,t. The reference signal consists of a randomly
generated fixed position in the x−y plane, while the reference
input is the equilibrium thrust. Formally, we define (xdes

i,t , u
des
i,t )

as pdes
x,i,t = p̄x, pdes

y,i,t = p̄y , udes
i,t = 1

2Mig1mi , where p̄x and

p̄y are drawn randomly from an uniform distribution between
p̄x,min = −5, p̄x,max = 5, and p̄y,min = −5, p̄y,max = 5,
respectively. All the other reference states are set identically
equal to 0. The target position in bt ∈ R2 is defined via a
second-order polynomial between the checkpoints (0, 0), (1, 1)
and (1, 1.5) reached at the time 0, T/2 and T respectively.

Algorithm 2 is run with a fixed stepsize γ = 10−4. The
feedback policy (13) is approximated, at each iteration, as a
linear feedback policy where the sequence of gains Ki,t =
∇κi,t(αi,t − xi,t)> are chosen by solving an LQR problem
involving the linearization of each agent’s dynamics about the
current trajectory (xki ,u

k
i ) with costs Qreg

i,t = Qi,t, R
reg
i,t =

Ri,t, and a terminal cost Qreg
i,f obtained from the associated

algebraic solution of the Riccati equation. The initial trajectory
(x0,u0) is chosen as the equilibrium trajectory at the local
reference signal for each agent. The positions associated to the
optimal trajectories (x?i ,u

?
i ) of the 50 quadrotors are depicted

in Fig. 1. In Fig. 2 and 3 we compare the cost and the

−4 −2 0 2 4

−4

−2

0

2

4

px

p
y

bt
σ(xt)

Fig. 1. Quadrotor positions in the x-y plane: optimal trajectories
(x?

i , u
?
i ) (solid), reference position xdes

i (crosses), target position bt
(starred blue), formation barycenter σt(x?

t ) (orange diamonds).
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Fig. 2. Error between the cost J(αk, µk) with respect to the cost
Jcent computed by a centralized solver.
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Fig. 3. Error between the input sequence uk with respect to the input
sequence ucent computed by a centralized solver.

input trajectories of the distributed algorithm with the ones
computed by a centralized solver. Finally, from Fig. 4, we
notice that the trackers converge to the desired value.
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Fig. 4. Tracking error for the tracking variables sk, yk. We define as
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i,3 := Gi,3(x
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i , σ(x

k,uk)).

VI. CONCLUSIONS

In this paper, we considered nonlinear optimal control
problems over networks of multi-agent systems with ag-
gregative structure. To address this framework, we designed
a distributed method combining a feedback structure with
a first-order optimization mechanism in each agent of the
network. Moreover, we properly introduced a set of local
trackers using consensus-based dynamics to locally reconstruct
missing (global) information. The overall methodology has
been analyzed by using tools from system theory. In detail,
we proved that our distributed scheme generates a sequence
of trajectories converging to the set whose belonging points
satisfy the first-order necessary conditions for optimality. Fi-
nally, we presented the algorithm capabilities on a distributed
optimal control example for a target surveillance task.

APPENDIX

A. Proof of Lemma 1
First of all, we rewrite the equality constraints represented

by the nonlinear dynamics in (14b) and the closed-loop
structure of the control input (14c) in its implicit form h :
RniT × RmiT × RniT × RmiT → RniT+miT defined as

hi(xi,ui,αi,µi) := col(fi(xi,0, ui,0)− xi,1, . . . ,
fi(xi,T−1, ui,T−1)− xi,T , µi,0 + κi,t(αi,0 − xi,0)− ui,0, . . . ,

µi,T−1 + κi,t(αi,T−1 − xi,T−1)− ui,T−1).

We can now introduce an auxiliary function L : RnT ×
RmT × RnT × RmT × R(n+m)T → R, defined as

L(x,u,α,µ,λ):=

N∑
i=1

`i(xi,ui,σ(x,u))+hi(xi,ui,αi,µi)
>λi,

where, for all i = 1, . . . , N , the (multiplier)
vector λi ∈ RniT+miT is arranged as λi :=
col(λi,1, . . . , λi,T , λ̃i,1, . . . , λ̃i,T ), with λi,t ∈ Rn and
λ̃i,t ∈ Rm, for all t ∈ [1, T ]. By construction, for any (α,µ) ∈
RnT×RmT , it holds hi(Pαi (αi,µi),Pµi (αi,µi),αi,µi) = 0.
Hence, the auxiliary function L(·) enjoys the property

L(Pα(α,µ),Pµ(α,µ),α,µ,λ)

=

N∑
i=1

`i(Pαi (αi,µi),Pµi (αi,µi,σ(Pα(α,µ),Pµ(α,µ))))

=
N∑
i=1

Ji(αi,µi, ς(α,µ)), (68)

for any (α,µ) and λ ∈ RnT+mT . Building on (68), one can
simplify the computation of the gradient of J evaluated at a
given (αk,µk) with a proper choice of λ (see [41] for further
details). The proof follows by noticing that this choice allows
to compute the t-th components of the descent directions

[Dk
αi ]t = −bki,t −Bki,tλki,t+1, [Dk

µi
]t = Kk,>

i,t ∆µki,t, (69a)

via backward integration from t = T − 1, . . . , 0,

λki,t = (Aki,t −Kk
i,tB

k
i,t)
>λki,t+1 + aki,t −Kk,>

i,t b̂
k
i,t, (69b)

with initial condition λki,T = akT , where

aki,t = ∇1`i,t(x
k
i,t, u

k
i,t, σt(x

k
t , u

k
t ))+ (70a)

+ 1
N∇1ϕi,t(x

k
i,t, u

k
i,t)

N∑
j=1

∇3`j,t(x
k
j,t, u

k
j,t, σt(x

k
t , u

k
t ))

bki,t = ∇2`i,t(x
k
i,t, u

k
i,t)+ (70b)

+ 1
N∇2ϕi,t(x

k
i,t, u

k
i,t)

N∑
j=1

∇3`j,t(x
k
j,t, u

k
j,t, σt(x

k
t , u

k
t )).

aki,T = ∇1`i,T (xki,T , σT (xkT ))+ (70c)

+ 1
N∇ϕi,T (xki,T )

N∑
j=1

∇2`j,T (xkj,T , σt(x
k
T )).

B. Proof of Lemma 3
Let ξki := col(αki ,µ

k
i ) for all i and ξk := col(ξk1 , . . . , ξ

k
N ).

Then, by using the notation in (31), we rewrite (30) as

ξk+1 = ξk − γ
[
D1(ξk, sk)

D2(ξk, sk)

]
− γ∇ϕ̄(ξk)yk (71a)

sk+1 = W sk + ϕ̄(ξk+1)− ϕ̄(ξk) (71b)

yk+1 = Wyk + D3(ξk+1, sk+1)−D3(ξk, sk), (71c)

where, with a slight abuse of notation, we joined the first two
arguments of the operators D1 and D2. Let us introduce the
new coordinates wk, zk ∈ RNq(T+1) defined as

wk := sk − ϕ̄(sk), zk := yk −D3(ξk, sk),

which allow us to rewrite (71) as

ξk+1 = ξk − γDξ(ξk, ϕ̄(ξk) + wk)− γ∇ϕ̄(ξk)zk (72a)

wk+1 = Wwk + (W − I)ϕ̄(ξk) (72b)

zk+1 = Wzk + (W − I)D3(ξk, ϕ̄(ξk) + wk), (72c)

where the operator Dξ is defined as

Dξ(ξ, s) :=

[
D1(ξ, s)
D2(ξ, s)

]
+∇ϕ̄(ξ)

11>

N
D3(ξ, s). (73)

Note that the initial conditions of Theorem 1 imply w0 =
z0 = 0. Let S ⊂ R(n+m)T×Rq(T+1)×Rq(T+1) be defined as

S := {(ξ,w, z) | 1>w0 = 0,1>z0 = 0}. (74)

Since W is doubly stochastic (cf. Assumption 2), it holds
1>W = 1> and, thus, 1>(W − I) = 0. This property allows
for verifying that S is invariant for (72). Moreover, W has
all the eigenvalues strictly inside the unit circle except for
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the q(T + 1) equal to 1 with eigenvectors equal to columns
of 1. We leverage these properties to isolate the invariant
portion of (72). A suitable decomposition of W is encoded
into the transformation matrix T defined as T :=

[
1
N R

]>
,

where R ∈ RN(q(T+1))×(N−1)(q(T+1)) such that R>R = I ,
R>1 = 0. Moreover, the following useful relation holds true

RR> = I − 1
N 11>. (75)

Now, with T at hand, we perform the change coordinates

 ξkwk

zk

 7−→

ξk

wk
avg
ηk

zkavg

ζk

 :=

I 0 0
0 T 0
0 0 T

 ξkwk

zk

 , (76)

with ηk, ζk ∈ R(N−1)q(T+1) and wk
avg, z

k
avg ∈ Rq(T+1).

System (72) in the new coordinates (76) reads as

ξk+1 = ξk − γDξ(ξk, ϕ̄(ξk) +Rηk + ϕ̄(ξk)1wk
avg)

− γ∇ϕ̄(ξk)Rζk − γ∇ϕ̄(ξk)1zkavg (77a)

wk+1
avg = wk

avg (77b)

ηk+1 = R>WRηk +R>(W − I)ϕ̄(ξk) (77c)

zk+1
avg = zkavg (77d)

ζk+1 = R>WRζk (77e)

+R>(W − I)D3(ξk, ϕ̄(ξk) +Rηk + 1wk
avg).

We observe that R>WR is Schur and that wk
avg = w0

avg and
zkavg = z0avg for any k ∈ N. Further, the choice of the initial
conditions implies w0 = z0 = 0 and, thus, wk

avg = 0 and
zkavg = 0 for all k ∈ N. This initialization allows us to ignore
wk

avg and zkavg rewriting (77) as the reduced, equivalent system

ξk+1 =ξk − γDξ(ξk, ϕ̄(ξk) +Rηk)− γ∇ϕ̄(ξk)Rζk (78a)

ηk+1 =R>WRηk +R>(W − I)ϕ̄(ξk) (78b)

ζk+1 =R>WRζk+R>(W−I)D3(ξk, ϕ̄(ξk)+Rηk). (78c)

BeingW doubly stochastic (cf. Assumption 2) and using (75),
it is possible to show that, for any ξk ∈ R(n+m)T , the point

h(ξk) :=

[
−R>ϕ̄(ξk)

−R>D3(ξk,1ς(ξk))

]
∈ R2d,

represents an equilibrium of (78b) and (78c) parametrized in
ξk. Hence, let the error coordinates ϑk ∈ R2d be defined as[

ηk

ζk

]
7−→ ϑk :=

[
ϑk1
ϑk2

]
:=

[
ηk

ζk

]
− h(ξk), (79)

which, being W doubly stochastic (cf. Assumption 2), the
definition (73) and (75), allow us to rewrite system (78) as

ξk+1 = ξk − γ
[
D1(ξk,1ς(ξk) +

[
R 0

]
ϑk)

D2(ξk,1ς(ξk) +
[
R 0

]
ϑk)

]
− γ∇ϕ̄(ξk)

11>

N
D3(ξk,1ς(ξk))− γ[0 ∇ϕ̄(ξk)R]ϑk

− γ∇ϕ̄(ξk)
[
D3(ξ,1ς(ξk)+

[
R 0

]
ϑk)−D3(ξk,1ς(ξk))

]
ϑk+1 =

[
R>WR 0

0 R>WR

]
ϑk

+

[
0

R>(W − I)

]
(D3(ξk,1ς(ξk) +

[
R 0

]
ϑk)

−
[

0
R>(W − I)

]
D3(ξk,1ς(ξk)))

+

[
R> 0
0 R>

][
ϕ̄(ξk+1)− ϕ̄(ξk)

(D3(ξk+1,1ς(ξk+1))−D3(ξk,1ς(ξk)))

]
.

The proof follows by using the operators in (32) and using the
definitions of A, B1 and B2 in Lemma 3.
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[25] G. Belgioioso, A. Nedić, and S. Grammatico, “Distributed generalized
Nash equilibrium seeking in aggregative games on time-varying net-
works,” IEEE Transactions on Automatic Control, vol. 66, no. 5, pp.
2061–2075, 2020.

[26] D. Gadjov and L. Pavel, “Single-timescale distributed gne seeking
for aggregative games over networks via forward–backward operator
splitting,” IEEE Transactions on Automatic Control, vol. 66, no. 7, pp.
3259–3266, 2020.

[27] F. Fabiani, M. A. Tajeddini, H. Kebriaei, and S. Grammatico, “Local
Stackelberg equilibrium seeking in generalized aggregative games,”
IEEE Transactions on Automatic Control, vol. 67, no. 2, pp. 965–970,
2021.

[28] G. Carnevale, F. Fabiani, F. Fele, K. Margellos, and G. Notarstefano,
“Tracking-based distributed equilibrium seeking for aggregative games,”
IEEE Transactions on Automatic Control, 2024.

[29] X. Li, X. Yi, and L. Xie, “Distributed online convex optimization with
an aggregative variable,” IEEE Transactions on Control of Network
Systems, vol. 9, no. 1, pp. 438–449, 2021.

[30] G. Carnevale, A. Camisa, and G. Notarstefano, “Distributed online
aggregative optimization for dynamic multi-robot coordination,” IEEE
Transactions on Automatic Control, 2022.

[31] G. Carnevale and G. Notarstefano, “A learning-based distributed algo-
rithm for personalized aggregative optimization,” in IEEE Conference
on Decision and Control, 2022, pp. 1576–1581.

[32] G. Carnevale, N. Mimmo, and G. Notarstefano, “Aggregative feedback
optimization for distributed cooperative robotics,” IFAC-PapersOnLine,
vol. 55, no. 13, pp. 7–12, 2022.

[33] M. Chen, D. Wang, X. Wang, Z.-G. Wu, and W. Wang, “Distributed
aggregative optimization via finite-time dynamic average consensus,”
IEEE Transactions on Network Science and Engineering, 2023.

[34] T. Wang and P. Yi, “Distributed projection-free algorithm for constrained
aggregative optimization,” International Journal of Robust and Nonlin-
ear Control, vol. 33, no. 10, pp. 5273–5288, 2023.

[35] P. D. Grontas, M. W. Fisher, and F. Dörfler, “Distributed and constrained
H2 control design via system level synthesis and dual consensus admm,”
in IEEE Conference on Decision and Control, 2022, pp. 301–307.

[36] Z. Chen and S. Liang, “Distributed aggregative optimization with
quantized communication,” Kybernetica, vol. 58, no. 1, pp. 123–144,
2022.

[37] J. Hauser, “A projection operator approach to the optimization of
trajectory functionals,” IFAC Proceedings Volumes, vol. 35, no. 1, pp.
377–382, 2002.

[38] J. Hauser and A. Saccon, “A barrier function method for the optimization
of trajectory functionals with constraints,” in IEEE Conference on
Decision and Control, 2006, pp. 864–869.

[39] A. Saccon, J. Hauser, and A. P. Aguiar, “Optimal control on lie groups:
The projection operator approach,” IEEE Transactions on Automatic
Control, vol. 58, no. 9, pp. 2230–2245, 2013.

[40] A. P. Aguiar, F. A. Bayer, J. Hauser, A. J. Häusler, G. Notarstefano,
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