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A Distributed Feedback-based Framework
for Nonlinear Aggregative Optimal Control

Lorenzo Sforni Student Member, IEEE, Guido Carnevale Member, IEEE,
and Giuseppe Notarstefano Member, IEEE

Abstract—In this paper, we propose a distributed, first-
order, feedback-based approach to solve nonlinear op-
timal control problems with aggregative cost functions
over networks of cooperative multi-agent systems. Taking
inspiration from a centralized, first-order optimal control
framework, named GoPRONTO, we propose a distributed
method exploiting a feedback scheme iteratively updated
according to a distributed tracking mechanism. Due to
the aggregative structure of the problem and the desired
distributed paradigm, the centralized scheme would require
global quantities that are not locally available. Thus, our
distributed method concurrently updates a proxy of the
centralized scheme with a set of local, auxiliary variables
named trackers which suitably exploit inter-agent commu-
nication to reconstruct the global quantities. By relying on
LaSalle-based arguments, we theoretically prove that our
algorithm generates a sequence of trajectories converging
to the set of trajectories satisfying the first-order necessary
conditions for optimality. Finally, we corroborate the theo-
retical results with numerical simulations on a distributed
optimal control application for a fleet of 50 quadrotors.

Index Terms— Optimal control, distributed optimization,
multi-agent systems, optimization algorithms.

[. INTRODUCTION

ptimal control problems for multi-agent systems are
emerging in a variety of automation and robotics appli-
cations, see the surveys [1], [2] for an overview. Due to the net-
work dimension (and thus the problem one) and to robustness
issues, “centralized” approaches where a single unity knows all
data and controls all the agents are often undesirable or even
not applicable. For these reasons, decentralized and distributed
solutions are becoming more and more appealing. In our paper,
we consider distributed methods meant as algorithms involving
cooperation via local communication (over a network) among
control nodes in order to accomplish a common task.
Literature Review: Existing centralized numerical methods
for the resolution of optimal control problems are typically
classified as indirect methods (see the recent works [3], [4])
and direct ones (see [5] for an overview). The distributed
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versions of these centralized strategies to the resolution of
multi-agent optimal control problem is a current area of
research. In [6], distributed optimal control problems are ad-
dressed in the context of multiscale dynamical systems, where
microscopic control laws at the agent level are derived from
the optimal macroscopic description of the system. Distributed
control schemes based on an Alternating Direction Method of
Multipliers (ADMM) approach are proposed in [7]-[11] with
applications in multi-robot systems. An extension of Differ-
ential Dynamic Programming (DDP) to a multi-agent setting
is proposed in [12], [13], where some game theoretic DDP-
based methods are presented. Distributed optimal control al-
gorithms represent a building block for cooperative distributed
Model Predictive Control (MPC) to plan feasibile trajectories.
The survey paper [14] provides an overview of distributed
(economic) MPC approaches, however in several works a
distributed algorithm for the solution of the optimal control
problem is assumed. From an algorithmic perspective, in [15]
an accelerated gradient method is proposed for distributed
cooperative MPC, while in [16] an augmented Lagrangian
method is proposed in the context of convex MPC. Augmented
Lagrangian and ADMM-based distributed optimization and
optimal control algorithms gained traction in both cost- and
constraint-coupled scenarios [17], [18]. For constraint coupled
problems, in [19], a distributed MPC scheme, GRAMPC,
is developed based on the ADMM approach. A distributed
augmented Lagrangian algorithm is proposed in [20], which
may be extended to optimal control applications. Notice that,
a coordination step is required to ensure consensus among the
dual variables. In [21], a decentralized Sequential Quadratic
Programming approach, based on ADMM methods, tailored
for nonlinear (constraint-coupled) problems. The implemen-
tation of real-time distributed MPC schemes on robotic plat-
forms is studied in [22], for constraint-coupled optimal con-
trol problems. While these works address distributed optimal
control and optimization scenarios, they are not specifically
tailored to address optimization problems with the aggrega-
tive structure considered in this paper. Indeed, algorithms
specifically designed for aggregative optimization scenarios
are particularly compelling because (i) they allow each agent
to store a solution estimate and instrumental quantities not
depending on the agents’ number itself, (ii) consensus is
enforced only on low-dimensional instrumental quantities, and
(iii) for all iterations, the agents do not know each other’s
solution estimate. On the contrary, algorithms designed for
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cost-coupled problems, while being capable of addressing op-
timization problems falling within the aggregative optimization
framework, would need to store, share, and reach consensus
on a decision variable consisting of the stack of all agents’
solutions. These advantages make the aggregative setting very
versatile, especially for robotic applications.

The proposed optimization setting takes inspiration from the
recently emerged distributed aggregative optimization frame-
work introduced in [23] for a static, unconstrained case.

In this context, differently from the aggregative games [24]—
[28], the network agents cooperate (rather than compete with
each other) to minimize the sum of local functions that depend
both on a local decision variable and an aggregation of them.
An online version of the problem is addressed in [29], [30],
while in [31] a learning-based distributed algorithm is pro-
posed to deal with partially unknown local objective functions.
In [32], [33], the aggregative framework is investigated in
a continuous-time setup. Distributed algorithms based on a
Franke-Wolfe update [34] and on ADMM [35] are proposed
for a static, constrained setup. In [36], the setup with finite bits
for communication among the agents is addressed. We remark
that, differently from the above works, our paper aims to
extend the aggregative optimization framework to the optimal
control scenario, hence addressing the task of generating a
trajectory for a nonlinear dynamical system while optimizing
a cost functional involving an aggregate variable.

Our distributed optimal control approach is inspired by
the (continuous-time) centralized approach in [37], named
PRojection Operator Newton Method for Trajectory Optimiza-
tion (PRONTO). The key idea of PRONTO is the exploita-
tion of a feedback mechanism transforming the dynamically
constrained optimization problem into an unconstrained one
addressed through a Newton’s update. PRONTO has been
extended to constrained problems [38] and Lie groups [39],
and it has been applied to several contexts as motion planning
of single and multiple vehicles, see, e.g., [40] and refer-
ences therein. In [41], a first-order, feedback-based framework,
named GoPRONTO, has been proposed for nonlinear discrete-
time optimal control.

Contributions: The main contribution of the work is the
development of a distributed scheme to address a novel class
of nonlinear optimal control problems over networks of multi-
agent systems. Such a class of problems is formulated by
adopting the problem structure introduced in the context of
aggregative optimization. The proposed approach addresses
nonlinear aggregative optimization problems within an optimal
control framework according to a peer-to-peer paradigm that
does not require any centralized unit accessing global data
and making global decisions. Inspired by the centralized Go-
PRONTO strategy, our multi-agent method uses, in each agent,
a local feedback mechanism updated according to a distributed
optimization-oriented scheme. Such an optimization scheme,
due to the aggregative terms of the local cost functions, would
require local knowledge of unavailable global quantities. Thus,
we resort to a set of local, auxiliary variables named trackers
that asymptotically reconstruct these global quantities through
suitable consensus-based dynamics relying on inter-agent com-
munication. Interlacing this mechanism with the optimization-

oriented part of the algorithm gives rise to a complex intercon-
nected system. In order to analyze its evolution, we exploit the
adopted feedback-based algorithmic structure which allows for
reformulating the multi-agent optimal control problem as an
(unconstrained) nonconvex optimization problem. Moreover,
the feedback-based nature ensures stability and, thus, allows
for analyzing the overall distributed strategy with tools from
system theory. In detail, we exploit LaSalle-based arguments
to prove that the sequence of generated trajectories converges
to the set of state-input trajectories satisfying the first-order
necessary conditions for optimality of the considered optimal
control problem. Finally, we test the proposed algorithm on a
distributed optimal control example using a team of 50 mobile
aerial robots for a surveillance task.

Organization: This paper is organized as follows. In Sec-
tion II, we state the problem setup and provide some prelim-
inaries about the single-agent case. In Section III, we present
our novel distributed algorithm and provide its convergence
guarantees. In Section IV, we analyze the proposed method-
ology. Finally, in Section V, we provide some numerical
simulations in a cooperative multi-robot framework.

Notation: Given N vectors x1,...,xy, their vertical
stack is denoted by col(zy,...,xzn). Given a function ¢ :

R™ x ... x R"™ — R, we denote its (total) gradi-
ent at a given point (Zi,...,Zq) as VU(T1,...,Tq) =
col(V1(Zy,...,Zq),...,Val(Z1,...,Tq)), where the partial

gradient of ¢ with respect to its k-th argument, for all
k =1,...,d is denoted as Vil(Z1,...,Tq) € R™. More-
over, given a vector field f : R® — R™, the gradient
of fis Vf(z) = [Vfi(x)...Vfn(x)] € R™™™. For
a given T € N, we denote the discrete-time horizon as
[0,7] := {0,1,2,...,T}. Given 2 € R™ and X C R",
we define dist(x,X) := inf,ecx ||z —y||. We denote with
diag(vy,...,v,) the diagonal matrix whose i-th diagonal
element is given by v;. 1 denotes the [N-dimensional vector
with 1 in each entry. We denote with blkdiag(M, ..., My)
the block diagonal matrix whose i-th block is M; € R™i*™i,
The symbol @ denotes the Kronecker product. A function
¢ : R™ — R is said to be radially unbounded if V¢ > 0
Jr > 0 such that, Vo € R, ||z|| > r = {(z) > c.

II. PROBLEM SETUP AND PRELIMINARIES

In this paper, we introduce the aggregative optimization
framework in the context of distributed optimal control.

We consider a network of N (possibly) heterogeneous
agents evolving according to the nonlinear dynamics

LTi,t41 = fi(xi,tyui,t)> (H

forallt=1,..., N, where f; : R" xR™ — R™, z;, € R™
is the state of agent ¢ at time ¢, and u; , € R™ is the control
input applied to agent ¢ at time ¢. The stacks of the states and
inputs of all the agents at time ¢ are denoted as

xpi=col(x1 ¢y ., TN ) ER™  wpi=col(uy ¢, .., un ) ER™,

N N
where n = Y .",n; and m = }_.", m;. Moreover, con-

sidering a time horizon of length 7' € N, for each agent
i=1,...,N, we define as x; € R™T and u; € R™7 the



stack of the states x;1,...,x; 7 and inputs u;q,...,u; 71,
respectively. For notational convenience, we denote the stack
of all x;, u; as

x = col(x1,...,xy) €ER™ wu:=col(uy,...,uy

Then, we introduce the aggregative variables o; : R™ x R™ —
RY, for all ¢t € [0,7 — 1], and op : R™® — R? that couple the
states and inputs of all the agents according to

xt7ut Z%t ﬂCz tauzt (2a)
or(rr) Nzwm (2b)
where, for all and ¢ = 1,..., N, the functions ¢;; : R™ X
R™ — R, for all t € [0,T — 1], and @; 7 : R" — R?

represent the ¢-th contribution to the aggregative variable. We
will use the symbol o (x,u) € RIT+1) to denote the stack of

all o4(-,-), for all t € [0,7 — 1], and or(-), i.e., we define
Uo(Io,UO)
. 1 N
o(x,u) = : == HERIOE
or—1(rr—1,ur-1) N;
O'T(:L’T)

where ¢;(x;,1;) = col(p; 0(2i0,%i0);---,pir(TiT)).
The agents of the network aim to cooperatively minimize

the overall cost £ : R"T x R™T x R#T+1) _ R given by
N
{x,u,0(x,u)) = Z&-(xi, u;, o(x,u)), 3)
i=1

in which, for all i = 1,..., N, the local function ¢; : R"T x
R™T x RIT+1) 5 R of agent i depends on both the local
state and input and the aggregative variable o coupling the
states and the inputs of all the agents. Specifically, ¢; reads as

T-1
bi(xi, 05, 0(x, 1)) = Z i (it Ui gy 04 (T, ut))

= + 4 (zi 7, 0r(zr)), 4)

where £;; : R™ x R™ x R? — R represents the so-called
stage cost, while /; 7 : R™ x R? — R is the terminal cost.
Overall, our goal is to design a system trajectory (x,u)
such that the global performance index (3) is minimized. More
formally, we aim at solving the optimal control problem

N T-1
i DO lia(@i, i, 00w, up)) (5)
u1: :UN i=1 t=0
+ 4 v(xir, or(xr))
subj.to ;41 = fi(zig,uie) t=0,...,7—1 (5b)
X43,0 = T4, init 1= 1, ey N, (SC)

where x; iy € R™ represents the initial condition of agent i,
forall¢=1,...,N.

Remark 1: For the sake of exposition, the algorithm pre-
sented in the paper is tailored to unconstrained optimal con-
trol problems. However, state and input constraints can be

) c RmT,

addressed by properly initializing the algorithm and adopting
smooth barrier function strategies, as in, e.g., [38]. O

Remark 2: The recent survey [42] offers an overview of
popular tasks arising in cooperative robotics (e.g., surveillance
and resource allocation) that can be cast in the framework
of distributed aggregative optimization. Moreover, applications
such as smart grids management, economic market analysis,
electric vehicles charging, and network congestion control are
modeled in the literature as aggregative games [43]-[45], i.e
a network of players that compete with each other to minimize
individual costs depending on both local quantities and an
aggregation of all of them. Therefore, problem (5) allows for
reformulating these tasks in cooperative scenarios. Remark
also that, differently from problem (5), references [42]-[45]
deal with dynamic systems (e.g., robots or energy generators)
without optimizing or considering their low-level control. [

In this work, we consider an instance of problem (5) in
which the dynamics, the cost function, and the aggregation
functions satisfy the following assumptions.

Assumption 1 (Dynamics and cost regularity): For all ¢ =

1,...,N, the dynamics function f;(z;,u;) and the cost
functions £, ¢(-,-,), i r(-,-), and ¢;(-,-) are C2. Moreover,
the cost function ¢(-,-, o (+,+)) is radially unbounded. O

In this work, we propose a distributed approach for a
network of IV agents to solve problem (5) cooperatively. To
this end, we assume the agents exchange information among
each other according to a directed graph G = ({1,...,N}, &),
where £ C {1,...,N} x {1,..., N} is the so-called edge
set. Agent ¢ receives information from agent j only if the
edge (4,7) € €. The set of in-neighbors of i is IV; := {j €
{1,...,N} | (4,9) € E}. We associate to the graph G a
weighted adjacency matrix YW € RY*N whose entries match
the graph, ie., w;; > 0 whenever (j,4) € £ and w;; = 0
otherwise. Let us introduce the following assumption about
the considered time-invariant network topology.

Assumption 2 (Network): The directed graph G is strongly
connected and the matrix WV is doubly stochastic. (]

The aggregative optimization setup with time-varying
graphs is considered in [29], which could be inspiring also
for the optimal control scenario.

Remark 3: We consider decoupled dynamics, since it typ-
ically arise in a variety of robotics applications, where each
robot has its own dynamics. The recent work [46] considers
the aggregative setting in the presence of (linear) coupling
constraints and, thus, offers a starting point for the extension
of our algorithm to scenarios involving coupled dynamics. [

A. Preliminaries on Single Agent Optimal Control

Consider the single agent optimal control problem

T-1
min Z Ce(z,up) + b (o) (62)
subj.to i1 = f(r, ur) t=0,...,T—1 (6b)
Ty = Tinit-

Our goal is to select the input sequence u in order to minimize
the performance index in (6a). Following the strategy proposed
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in [41], we adopt a feedback-based approach inspired by [37].
The underlying idea is to design a feedback policy mapping
generic elements (o, 1) of the space R™T x R™T, the so-
called curves, into the space of trajectories feasible for the
dynamics (6b). Specifically, we define as trajectory any state-
input sequence, denoted as (x,u) € R"” x R™T, which
satisfies the nonlinear dynamics (6b) with initial condition
To = . Among the different possibilities, the feedback
policy is implemented, for all ¢ = 1,...,7 — 1, via the
nonlinear tracking system

= f(xtaut)a @)

where x; : R — R™ is a suitable feedback policy exhibiting
numerical stability properties. That is, it would be an asymp-
totically stabilizing feedback if extended to an infinite horizon.
The closed-loop policy (7) can be embedded as a redundant
constraint in problem (6), thus resulting into the following
optimal control problem

up = py + we(ou — @), Ty

T-1
uin > (@i, u) + Lr(xr) (8a)
el i
Subj.tO Ti41 :f(xt,ut) t:O,7T*1 (8b)
= pu + k(o — xp), (8¢)
Ty = Tinit-

Any solution of (8) represents a unique solution of (6).

In [41], a novel feedback-based, gradient-related optimal
control framework is proposed to iteratively solve (8) and,
thus, (6). Let k € N denote the iteration index and (x*,u*)
denote the estimate at iteration k of a solution to problem (6).
Then, the proposed algorithmic scheme provides a convergent
sequence of (feasible) trajectories (x¥,u*) where x* :=
col(z¥, ... xk) and u* := col(uf, ... uk_,). This first-order
strategy is summarlzed in Algorithm 1, where the following

compact notation is adopted

a,’f = Vlét(xf,uf), bf = Vol (x ,’f ), (9a)
A? = Vlf(xf,uf)—r, = VQf(xiC Uy )Ta (9b)
= Vi), where eF :=of —2F  (9¢)

forall t € [0,7 — 1] and k € N.

In [41], it is shown that Algorithm 1 implements a numer-
ically robust gradient descent method to solve problem (8) in
the space of the curves by exploiting the beneficial effect of
the feedback operator. This algorithm, named GoPRONTO,
leverages a gradient method to solve an unconstrained re-
formulation of problem (8) in the space of curves (a, ).
Specifically, at each iteration £ € N, a descent direction is
provided by computing Aaf and Apf through a backward
integration of the closed-loop dynamics (10). This adjoint
update can be seen as a closed-loop (robustified) version of
the equation appearing in adjoint sensitivity methods. Then,
in (11), such a direction is used to update the current curve.
Finally, the new (updated) trajectory is obtained by applying
the (feedback) policy onto the updated curve (12). It can be
shown, then, that any limit point of Algorithm 1 is a stationary
point of problem (6). Notice that, although GoPRONTO
involves a forward-backward sweep typical of many Dynamic

Algorithm 1 GoPRONTO
Require: initial trajectory (x°,u’) with 28 = iy
for k=0,1,2... do
set Ak = Wik (zk)

fort=T-1,...,0do
Compute descent direction
A= (AF — BFKF) A1 +af — KPP T0F (10a)
Apf = =bf = BT (10b)
Aok = KFT AP (10c)
end for
fort=0,...,7—1do
Update the state-input curve
N ACH (11)
uf“ = pi +Ap;
Compute new (feasible) trajectory with ka = Tinit
Wl = L g (oL gk -
xfif = flat*h u ™)
end for
end for

Programming-based approaches, it differs in the sense that (i)
it does not seek to compute a value function and (ii) it retains
the flexibility of the feedback gain design in (7). Moreover,
the problem reformulation in (7) allows also for a perturbation
of the state sequence « to further improve the cost (cf. (11)).

[1l. DISTRIBUTED AGGREGATIVE OPTIMAL CONTROL

In this section, we present the main contribution of this
paper, i.e., a distributed optimal control algorithm tailored for
aggregative optimal control scenarios.

Inspired by the single agent case, we design, for each agent
1, a (local) feedback policy mapping (local) state-input curves
into trajectories for the i-th system. Operatively, such a policy
is implemented via the nonlinear tracking system

= fi(l’i,t,ui,t)a

where the feedback policy &;; : R™ — R™: depends only
on the i-th agent’s dynamics and does not involve the state of
other agents. A local approximation of the policy about a given
trajectory (x;,u;) can be designed, e.g., via the resolution of
a linear quadratic regulator problem about such trajectory.

The introduction of the feedback operator in (13) leads to
the closed-loop formulation of (14) described by

Uip = Wi+ Rie(Qig — Tig), Titt1 (13)

N T-1
x1}ngl " z;tz;&t Tip, Wi g, 04 (Ty, Ut)) (14a)
i=1,...,N i
+ 4 (zi 7, 0r(TT))
subj.to ;41 = fi(zis,uie) t=0,...,7—1 (14b)
Ui = Miy + RKig (e — i) (14¢)
Ti0 = Tijnic ¢=1,...,N. (14d)



Notice that the cost functions of problem (14) have an aggrega-
tive structure, while the constraints are local to each agent.
Remark 4: The independent decision variables of prob-
lem (14) are the local curves (i, p;). Indeed, once the curves
(ov, p;) are computed, the variables (x;,u;) are uniquely
determined by means of the (projection) policy (13). O

A. Distributed Aggregative GoPRONTO

We design a distributed algorithm to solve (14) coopera-
tively via a protocol in which each agent employs only local
data and exchanges information only with its neighbors.

At each iteration k, each agent 7 updates its local estimate
(xF, uk, ok, pk) of the i-th component of an optimal solution
to problem (14). Specifically, for each agent ¢, we first up-
date the independent variables (af, /,Lifc ), i.e., the curve, and,
then, via the feedback operator (13) projecting curves into
trajectories, we recover the corresponding trajectory (x¥, u¥).
The rationale behind the update mechanism of the curve
(af, uf) (cf. (16)) is to approximate the centralized (gradient-
related) dynamics by replacing the global information (not
locally available) with local proxies s;; and ¥;; for all
t € [0,7]. That is, for each ¢ € [0,7], agent ¢ updates
two auxiliary variables s¥, € R? and yF, € R? in order
to reconstruct the aggregative variable oy (xf, u¥) and the re-
lated gradient ZZ 1 Vgé (¥ l oury o(z, uk)), respectively.
Specifically, for all i = ,N and t € [0,T], each
variable s;; is tracking the quantity o(xF, uF) that varies
along the iterations k. To this end, we update each s;; by
combining a consensus term Z W;;s ;‘t with the correction
one @;¢(xf it uf i) — ¢ii(xF,, uf,) giving rise to the so-
called perturbed consensus dynamlcs widely adopted in the
context of distributed average tracking, see, e.g., [47], [48].
The same arguments apply also for the set of trackers y; ;.

Informally, the desired asymptotic behavior of s¥, and y, is

NZQOJt gt jf

k tracks k k k
Yit N E :V?j], gtaugt7‘7t($taut))

J  tracks
Si,t — Ot xt,ut

for all t € [0, 7—1]. Similar behaviors are desired for Si7T and
yl’-fT too. The overall strategy is presented in Algorithm 2 from
the perspective of agent ¢, and by adopting the shorthands

T k E kAT
A} it = =V fi(zF Tig U zt) ) By = Vafi(zi,uiy) s
Kl-’ft = VK (e i,t)T, where ei—‘it = aﬁt — xft,

foralli=1,...,Nand ¢t €[0,T —1].

Notice that, the computational burden for each agent is
proportional to the local state, input, and aggregate variable
dimensions and time length only. As for the communication
network usage, steps (18)—(19) require agents to exchange T’
pairs of vectors in R?. Thereby, the data exchanged between
agents consists of 2¢(7T + 1) floating point numbers, with ¢ is
the dimension of the trackers in (18)—(19).

Remark 5: Coherently with the single-agent case (cf. (12)),
the step (17) takes advantage of a feedback mechanism that

Algorithm 2 Distributed Aggregative GoOPRONTO — Agent @
for k=0,1,2... do

set )‘i‘c,T = Vléi,T(mﬁw SfT) + V‘PﬁT(xﬁT)yf,T
fort=T-1,...,0do
Compute proxy variables based on si—“t and yft

ztfv élt( 7.t3u1t? zt)+v1w( Tigr W

bz = Valii(z} Tt ufy, sy t)JrVQSO( iU
Compute local proxy descent d1rect10n

)yzt

(15a)
) yict

)‘i‘c,t = (Ai'{,t - sz,thk,t)T/\i‘C,t-t-l + &i‘c,t - Kik,i—rl;iﬁ,t (15b)
Aﬂﬁt = _bic,t - BEIAﬁHi (15¢)
Aok, = KiyT Apf, (15d)

end for

Update the local solution estimates and trackers

fort=0,...,7—1do

Update curve
k 1
+ = a T 'YAaz t 16
k+1 _ A (16)
Mg Hi,t + .U’z',t
Compute new (feasible) trajectory with a:’” = T4 init
wit =t (el el ()
k k41, k+1
zt+—i}1 fl( ;r ) ZEL ) (17b)
Update trackers
k+1 Zwlj jt_i_(p’bt fjlv k+1) pit( fﬁuq]it)
JEN;
kt1_ k k1 k1l k41 (18)
Yie = Z wiys+Valin (@7 ug sty )
N
7 = Vsl (a zt»uft75§t)
end for
f;l_ZijT—i_@lT( k+1) LPzT(k )
JEN;
k+1 _ k41 k41 (19)
Yi,r Zw”yJT'i"V?&T(vaSiT)
N
a ~ Valiz (el str)
end for

confers, together with a sufficiently small stepsize, suitable
numerical robustness properties to our distributed strategy. [

Remark 6: Notice that, although Algorithm 2 leverages on
consensus-based mechanisms to reconstruct global, unavail-
able quantities (cf. (18) and (19)), consensus among the
decision variables of problem (14) is not enforced. It is worth
noting that one could implement an algorithm tailored for
cost-coupled optimization, [49], and enforce consensus on a
decision vector of dimension (n + m)TN. O

B. Algorithm Convergence Result

In this section, we provide the convergence result charac-
terizing Algorithm 2.

For the sake of readability, let us introduce the stack vectors
sk € RITHY) | yk ¢ RUTHY “and G, 3(xF,uf, o (xF,u¥)) €
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RIT+D) defined as

k

s = col(s® 830y

7sﬁT), yf = col(yﬁo,...,yﬁT),

and

Gi,3(xk uf,sf) := col (V3€Z 0( 107 fO’ 50)

v3£i,T—1(zé€,T—17ui‘€,T—1vs?,T—l) Val; T( €Ty TvSf,T))-

Theorem 1: Consider the distributed optimal control Al-
gorithm 2. Let Assumptions 1 and 2 hold. For any initial

condition (x?,u?,s?, y?) € RT xR™T x RAUT+D) x Re(T+1)

such that (x?,u?) is a trajectory and forall i =1,..., N,
S(Z‘J = @i(x(i)’ u?)v =G; 3(X u?,s?) (20)
there exists 4 > 0 such that, for any v € (0, %), it holds

hrn dist ((x u"), = ") =0,
where the symbol =* denotes the set of trajectories (x*,u*)
satisfying the first-order necessary conditions for optimality of
the original problem (5). (I
The complete proof of Theorem 1 is provided in Section IV-D.
We underline that the result of Theorem 1 is semi-global
restricted to the set defined by conditions (20). Notice that,
as customary in nonconvex optimization (cf. Assumption 1),
Theorem 1 ensures that Algorithm 2 asymptotically converges
to a point satisfying the first-order necessary conditions of op-
timality for problem (5). Indeed, since the costs are nonconvex
and the dynamics nonlinear, the solution of problem (5) is, in
general, not unique. Namely, satisfying first-order necessary
conditions of optimality does not imply either local or global
optimality. However, as detailed extensively in Remark 7, in a
neighborhood of an (isolated) local minimum of (5) satisfying
second-order sufficient conditions of optimality, Algorithm 2
shows a linear rate of convergence.

[V. ALGORITHM ANALYSIS

The analysis of the Distributed Aggregative GoPRONTO
algorithm relies on the following cornerstone steps.

First, in Section IV-A, the local feedback-based con-
trollers (17a) allow us to reformulate (14) as a reduced
(unconstrained) optimization problem. Second, in Section I'V-
B, we show that our strategy reads as an approximation of the
gradient descent method (cf. Lemma 1) interlaced with the
dynamics of the proxies for the unavailable global quantities
(cf. Lemma 2). Third, in Section IV-C, we rewrite Algorithm 2
via a change of variables (cf. Lemma 3) that (i) highlights
the approximation error due to the proxies and (ii) removes
the influence of their average components on the algorithm
dynamics. Finally, in Section IV-D, we close the proof of
Theorem 1 via LaSalle’s based arguments.

A. Reduced Reformulation of the Optimal Control
Problem

Given an initial condition z; o € R™¢, the space of trajecto-
ries of agent ¢ 7; inic C R™T x R™T js defined as

o T T _
Ti init 1= {(Xiaui) e R™* x R"™* | 2,0 = @4 init

Tigt1 = fi(Tie, uig) VEE [O,T]},

foralli =1,..., N. Specifically, for each agent¢ =1,..., N,
the local policy (13) implements a (local) feedback-projection
operator P; : R™T x R™T — T .. which maps (local)
state-input curves into trajectories for the :-th system. More
formally, P;(a;, ;) is designed such that for any (o, p;) €
R™T x R™T and (Xi7 ui) S ﬁ,inity it holds

Q; Xi| . _ _ |Pe (aum)

where P (v, p;) and P! (e, p;) are the state and input
components of P;(a, p;). Notice that it holds P;(c;, ;) €
Tiinic and it satisfies the projection property P;(x;,uw;) =
(x4,u;). For all t € [0,7 — 1] and ¢ = 1,..., N, we can
also define the maps

= ,Pﬁt(ah l'l'l)a

— R™ and P¥, : R™7T x R™T —
R™:. We denote as Pe(-,-) and PH(-,-) the stack of all
P2 ( -) and Pf,(-,-) forall ¢ = 0,...,T—1 and, similarly, as
P(-,-), P¥(-,-) the stack of the maps PX(-, ), P¥(-,-) for all
i =1,...,N. The maps (22) are compositions of continuous
functions and thus continuous. Therefore, we can reformulate
problem (14) as

Lit = ,Pgt(aia 1), U ¢ (22)

where ’P"‘ RuT x R T

rnln

o,
My, 7I‘N

ZJ o, i, s (o, ),

i=1

(23)

J(o,p,s (o))

where

Ji(OémNi,C(a,li)) =

in which ¢(a, p) is denoted as

-yhe

x RmiT —y RIU(T+1) g defined as

o (P%(e, p), PH (e, ),

azap‘z

with @, : R

(;Di(aiv l'l'r) = COl(@i,O(Pioft(aia “7,)’ Pﬁt(aia I-‘l‘z))a
i (P (e, ), Plip (i, py)))-

Problem (23) is an unconstrained optimization problem
n (a, ). Thus, it can be addressed by a distributed im-
plementation of the gradient descent method. In this context,
each agent i iteratively updates its local estimate (¥, u¥) €
R™T x R™T about the i-th component of a solution to
problem (23), with £ € N denoting the iteration index. The
gradient method update applied to problem (23) reads as

ot =af =Dy, wt'=pi-ADL . (24)

for all # = 1,..., N, with v > 0 the so-called step-size and
descent directions DY € R™7T and D, € R™7 defined as

Dai ::VlJi(ai?’“?,g(ak’p,k)) (25a)



N
+ ¥ Vig(al, uf) Y Vsd(a, pF s(ak, u*))
j=1

T

N
+ % Vap(af, uf) Y Vs (o
j=1

Dy, :=VaJi(af, puf,s(a (25b)

ST CINTO)E
In order to implement (24), we need to overcome two main
challenges. Firstly, being the cost function in (23) a com-
position of ¢; with maps (22), we need to calculate VP&
and VP, which, in general is non trivial. Secondly, the cost
function (23) also exhibits a composition with the aggregative
variable ¢ that couples all the variables (c, ) of the network.
Consequently, the update (24) requires, for each agent, the
knowledge of unavailable global information. This issue is
tackled by properly exploiting a consensus-based strategy. The
next section provides insights into these two aspects.

B. Descent Direction and Local Proxies

In this section, we formally define a useful numerical
routine for the computation of the gradient of the reduced cost
function J(a, p, s(cx, ). Then, we show how to compensate
for the unavailable global information required by this routine.

Lemma 1: Consider a state-input curve (o, u*). For all
i = 1,..., N, the integration backward in time from ¢ =
T —1,...,0 of the closed-loop costate equation reads as

Mg = (Al —

where \;; € R™,

k ok k kT ok
Ki,tBi,t) ittt ‘*‘%t K} by,

1,5 —V2€zt( zt’uft7at('rf7uf)) (263)

+ %VQQOI'J (xf,t? uf,t) Z v3£j,t(x?,t, U;t, Ut(xfa Uf)),

j=1

and the initial condition \; 7 € R™, is set as

ANop =Vl p(xf p, or(2h)) (26b)

N
+ ¥ Veir(zir) Y Valyr(ah r,ou(ah)).
=1
Then, for all 7 = 1,..., N, the gradient of the reduced cost
function (23) with respect to ;¢ and «;; read as

[D&.Je = —bf —

[£23

BN, DR = KTAE,, @)

where the operator [-]; denotes the ¢-th block of (25) and, for
allt=0,...,T

bzt —v2€zt( ta“ft)"‘ (28)

t? zt Zv?»gjt

The proof is provided in Appendix A.

+ VQSDM 4.t jt7Jt(mf7ui€)) u

Notice that, the terms in (26) and (28) require

the local knowledge of the global quantities
N

oe( ), 2o Valie(@je, uje, 0(-50)), or(),  and

Z;VZI Vol r(xjr,or(-)). For this reason, in the computation
of each af’ £ bf’ +» and ¥, these global quantities are replaced

by the trackers s;; and y; ;. Concurrently, these trackers
are updated according to perturbed consensus dynamics
exploiting inter-agent communication (cf. (18) and (19)).

Hence, we formally show the relationship between the
directions Aa¥ and Ap¥ computed via Algorithm 2 and the
derivative of the reduced costs J; with respect to a; and ;.

Lemma 2 (Local proxy of the descent direction): Consider
Algorithm 2. Then, it holds, for all 7 =1,..., N,

Aaf = _Vl‘]i( Z’IJ’Z’ z)
k

Apf = =Vadi(af, pui,st) — Vo, (af, i) yr.
Proof At each iteration k, consider the quantities s;

and y¥ as the numerical proxies of the centralized quantities

ou(efuf) and § 307, Valie(af,, uly, on(af, uf)), respec-

tively. Con31der1ng equations (26)-(27) of Lemma 1, one can
see that the backward sweep (15) computes the approximated
gradient of the reduced cost J at the current iteration. [ ]

Vigi(af, my) yr

k

C. Algorithm Reformulation: Average and Perpendicular
Dynamics of the Trackers in Error Coordinates

Next, we provide a reformulation of Algorithm 2 used to
prove Theorem 1. The initial condition (xY, u) is a trajectory,
(s, ¥?) is such that (20) holds, and Assumptions 1 and 2 hold.

By exploiting Lemma 2, the local update describing Algo-

rithm 2 can be summarized as

a?Jrl:ak_’y(vl‘]i(afvu’?vsf)"_vl@i(a?vﬂfasic)yf)
(29a)
P = pF (Vo di(of, pb )+ Vo, (af, pub sk)yF)
(29b)
sE = 57 wyst 4+ @y (al T it — @ik, uk)  (290)
JEN;
k+1 k+1 k+1 k+1
= wiyh + Vadi(af T pf s (29d)

JEN; E ok _k
- VaJi(eg, 1i',s;)-

Now, we set W := W ® I (741 and use (29) to compactly
describe the update of all the variables of the network as

"t = o — (D (e, u*,sF) + Vip(ak, uk)y*) (30a)
u’“* —u —7( ( F ok, s) + Vag(af, pF)y") (30b)
= Ws+p(a**, ’““) e, p*) (30c)
H_Wy*+Ds(a ’“+1 Lk Dy (ak, uk s*), (30d)

where we introduced the operators D; : R"T x R™T x
Rq(TJrl)N N RnT D, : R"T « R™mT « Rq(TJrl)N N RmT’

and D5 : R™T x ]RmT x RUTHON _y Ra(TH+DN defined as
(a M, S ) = Co (vlj(azvuzasz»
DQ(a K, S ) = Co ( J(azvll‘zasl)) Z:LaN (31)
DS(a K, S ) = co (V3J (OéquaSv))
with a = col(ay,...,an), p = col(py,...,puy), and
s := col(sy,...,sn), with a; € R%T, . € R™T and

s; € RITHY forall 4 =1,...,N.
The next lemma introduces a change of coordinates which
simplifies the algorithm analysis. Before providing its formal
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statement, we introduce d = (N — 1)g(T+1), 1 := Iy ®
I,r4+1), and the operators D : R+m)T » Ra(T+ON
R(n-i-m)T’ up RM+m)T o Ra(T+N _, Rq(T-ﬁ-l)N’ and
ug : ROAMIT o Rntm)T _y R2a(T+DN defined as

;
D(€.s)i= | D S| + VO Date 1s(@)+ G20

+Ve(§ui(§;s)

U1 (£7 S) = D3(£7 S) - D3(€7 1§(£)) (32b)
. ?(§) - 2(&)
€€ = o e1de) ueaaen) O

where, with a slight abuse of notation, we joined the first two
arguments of the operators ¢, @, Dy, D2, and D3 to adapt
them for this notation using £ instead of («, wt).

Lemma 3 (Dynamics reformulation): Consider (30). Then,
there exists a set of coordinates (£, 9%) € RO+ x R2d
such that (30) is equivalent to

g =€ —D(¢", 15(€") + (R 0]9%)+

— [0 Ve(£*)RI9* (33a)
9T = A9* + Brui (6¥,16(6F)+[R 0] 9%)+

+ Bous(&F, €5, (33b)

where A, B, B are given matrices defined as

A R'WR 0

N R'TWR|’ 34
B 0 B |BT 0

V" IRTW D" T2 |0 RT|’

and R € RN@T+1))xd jg quch that RTR=1, R'1=0. O

The proof of Lemma 3 is reported in Appendix B.

The new variable 9* describes the evolution of the error
of both s* and y* with respect to the global informa-
tion ¢(p*, aF) and L S°N VaJi(uk, af, c(pF,ak)) after
a proper change of variables aimed at isolating the invariant
(average) components of s* and y* which are set to zero by
the initialization (20) (cf. proof of Lemma 3 in Appendix B).

We are now ready to give the proof of the main theorem.

D. Proof of Theorem 1

Leveraging on Lemma 3, we provide the proof of Theorem 1
by going through three main steps. In step (i), we show
that V.J, D3, and ¢ are locally Lipschitz continuous and
compute the related constants. In step (ii), we employ these
results to perform a LaSalle-based analysis demonstrating
that the sequence {a*, p*}ren generated by Algorithm 2
converges to the set of stationary points of the reduced cost
function J(e, p,s(a, ). In step (iii), we show that the
state-input trajectory (x*, u*) obtained by projecting (a*, u*)
satisfies the first-order necessary conditions for optimality in
correspondence of the costate sequence \*.

Step (i): Lipschitz continuity of VJ, D3, and @: let us define
vV RO+MT x R2 5 R as

V(€)= J(& (&) +9" PY, (35)

where P € R24%24 has the diagonal structure P := {I;l pg,z },
with P, P, € R¥? with P, = P' > 0 and P, = P, >
0, while p € (0,1] is a parameter that we will fix later. In
particular, we arbitrarily choose Q,Q2 € R?*? such that
Q1 =Q] >0and Q2 = Q4 >0 and pick P, and P, as the
solutions of the Lyapunov equations

P, —(R"WR)"P(RTWR) = Q,
P, — (RTWR)"P,(RTWR) = Q.

(36a)
(36b)

Indeed, in light of Assumption 2, the matrix RTWR is Schur
and, thus, given Q; = Q] > 0 and Q2 = QF > 0, there
always exist P; and P, solving (36). Now, let (50,190) €
R(+m)T » R24 pe the vectors corresponding to the initial
conditions x?, u?, s?, and y? assumed in Theorem 1 and,
hence, satisfying (20). Let ¥ := col(¥91,92) with 91,9, € R?
and let ¢y € R and r¢ > 0 be the smallest numbers such that

T, 5(€) + 90 P9 <o, 9 <m0 BT

Then, for any ¢ > ¢, the corresponding level set Qf C
R+m)T o RIN=1a(T+1) ig denoted as

Qf = {(&,01) | J(€°,6(€%) + 9% P <} (3B)

We underline that, as before, with a slight abuse of notation,
we joined the first two arguments of J to adapt it for the
notation using & instead of (a, p). Since J(&,¢(&)) is the
composition of C? functions (see Section IV-A and Assump-
tion 1), then it is C2. Specifically, on a compact set the function
itself and its derivatives, up to the second order, are bounded.
Moreover, being the cost function radially unbounded (cf.
Assumption 1), also the composition J(-,¢(-)) is radially
unbounded. Hence, each level set of J(-,¢(-)) is compact. The
same holds for J(£,6(€)) + 91 P;9;. Let us define

My = max{[|§]| | (§ 91) € Q5}

My = max{|[d| [ (§ 1) € QF}

M3 = max{||[D(&,1s(§) + RI1)| | (§,91) € Qi} (39)
My = max{||[V@(&)| | (& 1) € Q7}

Ms := max{||u1(§, 16(&§) + RY1)| | (§,91) € Q7}

Me := max{[|D3(&, 1s(&) + R1)|| | (§,91) € Q7},

whose existence is guaranteed since each continuous function
on a compact set is bounded, J and V are C2? functions, and
the set 2§ is compact. Now, given r > 0, we define

M7 = M3 + M4 ||R|| r,
and the related sets Bg C RM+m)T  Br c R? given by

(40a)
(40b)

Bg = {g e R™™T | |lg]| < My + My},
By = {05 € R? | ||92] < r}.

Now, assume (&,%1) € Qf and ¥,
update (33a) allows us to write the bound

€4 < 1I€ll + 7 |ID(E, s (€) + R+ | V(&) RO ||

(a)
<M; +’Y(M3 + My ||RH T) = My + M7

€ Bj. Then, the

(41)



where in (a) we exploited the bounds expressed in (39).Thus,
by combining the inequality (41) and the fact that v < 1, it
holds H£+H < M, + M, namely it holds £* € Bg (cf. (40a)).
Now, let us define Bf C Qf as

B = {(€,91) e RT™T x RY | (€,91) € O, € € Bg}.

From this definition, it holds (§,9;) € Qf for any (§,v4) €
Bf§. Moreover, such definition guarantees that, if (£,9;) € B¢,
then it holds £ € Bg. Now, let H; : R(n+m)T o RNa(T+1)
R(n+m)Tx(n+m)T and Ho R(r+m)T o RNq(T+1) N
R%(T+1)xa(T+1) pe the operators defined as

H1(€7 S) = blkdiag(V%Jl(Elvsl)v sy V%JN(€N7SN))

Ho(&,s) = blkdiag(V32J1(€;,81), ..., VaJn(En,sN)),

where £ := col(&;,...,€&€y) and s := col(s1,...,sy), with
g, € RWAmIT and s; € RITHY forall i = 1,..., N. Since
VJ, D3, and { are compositions of continuous and differen-
tiable functions (cf. Assumption 1) and B; is a compact set,
we can define the finite constants L, L, and L3 as

L :=max{||[V*J(&,s(€))] | € € Bg} (42a)
Ly := max{||H1(& 16(¢) + RY1)| | (€,91) € Bf} (42b)
Ly := max{||H2(&,15(§) + RY1)| | (€ 91) € Bi} (42¢)
Lz == max{[|[Ve(§)|| | € € Bg}. (42d)

Hence, VJ(:,), D3, and @ are Lipschitz with constants L,
Lo, and L3 , respectively, over Bf.
Step (it): LaSalle-based analysis: let us define

c:=co+ ||P| 73, (43)

and assume that (Sk, 19’1“) € Qf and 19]5 € Bi° (see (38) for the
definitions of these sets). Such an assumption will be verified
later by a proper selection of ~. Thus, for the arguments
above, it holds ¢, ¢" ! e Bg. Thus, by using the Lipschitz
continuity over BY of the functions D3(-,-) and @(-), we can
bound the norm of ul(ﬁk, 1§(£k) + R'ﬁ’f) (cf. (32)) as

Hm(fk, 16(€F) + Rﬁ’f)H < L, ||R| HglfH L 4

With the same arguments, we can bound the norm of

up (€11, €5) (cf. (32)) as

e €] = b+ e/ o e €'

< e [DIEn 166 + [ 0] 0")| +eata I 5]

(b)
< yer||VI (€5, S (€9) + yeal 95| + ves |95, (45)

where in (a) we defined ¢; := Ls + Ly |[|[117 /N|| L3, used
the update (33a), the triangle inequality, the Cauchy-Schwarz
inequality, and the Lipschitz continuity of V¢ over €25, while
n (b) we added and subtracted V.J(£¢", ¢(¢")) within the first
norm, we applied the triangle inequality and the Lipschitz
continuity of D over Qf, and defined ¢y := (L1 + LoLs3)|| R
and ¢z = c1L3||R|. With these results at hand, we use
the function V'(-,-) defined in (35) as a candidate Lyapunov
function. By evaluating AV (£¥,9%) = V(g 9F+t) —

V(&*,9%) along the trajectories of system (33), we obtain

V(g 0%) = J(€F o(g"h) — J(€F s (gh)
— 9" (P~ ATPAW (46a)
420" AT PBiuy (€%, 16(¢%) + ROY) (46b)

+ 20" AT PByus(€F, €511
+ 2u1(€ka lg(ék) + Rﬂ’f)TBIPBQUQ(gka €k+1)
+ua(€", 16(€") + ROY) T B PBius (€, 16(€") + ROY)
+uz(€, 651 T B PBaus(€", 65 (460)
Now, we consider the term ﬂkTATPBlul(ﬁk,ﬁk) and ex-
ploit the structure of AT PB; to write
T
9% AT PBiuy (¢7,16(£F) + ROY)
T
=p05 (RTWR) PRT(W — Du(€",16(&") + ROY)
(a)
< p||[RTWR)T RRT(W — I)|| L2 || RI| | 95]|[97

()
< pea 951|197, (47)

where in (a) we apply the Cauchy-Schwarz inequal-
ity and the bound (44), and in (b) we set ¢4 :=
| RTWR)TPQRTH Ly ||[RT(W —1I)||. Now we consider the
term u] (£°, 1¢(&")+ RO B PBiuy (£F, 16(£%)+ RYY). By
exploiting the structures of the matrices 51 (cf. (34)) and P
and the bound (44), we have

ui (£°,16(€") + ROT)B] PBrui (€, 16(¢") + RYY)
2
< pgs Hﬁlf‘ ) (48)

where g3 := Lo? ||R|)* (W — I)TRP,RT(W — I)]|. Now,
via (36), (47), and (48) we can bound (46a) and (46b) as

O (P — ATPAYE + 20" AT PBiuy (¥, 16(€%) + R9Y)
+uq (€°,16(€") + ROY)B] PBiuy (6F,16(€") + ROY)

T . T
< 97 QY — p¥s Q2095 + 2cap|| 95| |97

—

a)

k
pas —pea| [[19
< —[II97] ||z9’“||}{ per pqﬂ H:W;H
(b)
< —q9"|*,

where in (a) the terms are rearranged in matrix form by
introducing the smallest (positive) eigenvalues ¢; and ¢o
of the matrices ()1 and ()2, respectively, and, in (b), this
positive-definite symmetric matrix is bounded by leveraging
the Sylvester Criterion and choosing ¢ € (0, g1g2) and p such
that p < min{(q1q2 — §)/(cf + q2¢3), 1}. Thus, by leveraging
this inequality, we can upper bound (46) as

AV(E",9%) < (€51 o(€5 1Y) — J(€8,s(€"))
— 19N + 20" AT PByus(€*, €4
+2u1 (6%, 16(&") + ROY) T B] PBaus (g, 9%)
+ Uy (£k €k+1)TB;PBQUQ(€k,€k+1)

I () - J(EE <€)
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— 082 + y2es 0¥ | V(€5 (€M)
e[ 02 + e |[9F )2 + 2 2esl VT (€8, < (€)1
+ e[ VIR, (€N, (49)

where in (a) the triangle inequality, the Cauchy-Schwarz
inequality, the trivial relations ||[9%]| <||9"|| and |95 <||9" ||,
and the results (44)-(45) have been exploited and we shortened
the notation by introducing the constants

s == c1 (||ATPBy|| + L2 || R ||B) PBa)

c6 = 2(co + c3) (| AT PBs|| + L2 | R|| || Bf PB:]|)

c7 = ||B] PBy|| Lo* |R|)* + || B3 PBa|| (c3 + 3 + 2cacs)

cg = ||B;—Pl’>’2||cf7 Co ::2||B;—P82||61(02+63).
Now we consider J(£° ¢(¢51)) — J(¢",¢(£)). By per-

forming a Taylor expansion (see, e.g., [50, Theorem 2]) of
J(&F o (¢F)) around £F and by using (33a), we have

J(£k+17 §(£k+1)) - J(ﬁkv C(Sk))
= —IVIE" €I =1V I(€",o(€") Tus(€",9")
+ Ler o (—(VI(€",6(6%) +us(€",9"))), (50)
where we shortened the notation by using
uy(€* %) = [P1(E 15(€7) +R19’f)] _ [Dms’“,k(s’“))}
’ Da(€",16(€"%) + R9Y)|  [Da(€", 16(€Y)
+ V@€ ) RIS +Vp(€"ur (6" 16 (") + ROY),
(51
and the remainder term Lgk,Q(—fy(VJ(Ek,c(Ek)) +
us(&F,9%))) given by

Ler o(—v(VJ(€",5(€%)) + us(€F,9%))) ==

> 0% (€5 =7 (VI(€" <(€") + us(€", 9%)))

|a]=2
*W(VJ(ﬁ"'76(6"")}%3(6’“,19’“))

for some 7 € (0,1). By using the definition of ug (cf. (51)),
the definitions in (42), and the bound (44), we note that
ua(€,0")|| < (L2 + Ls (1 + La)) IRI 04| (52

By Lipschitz continuity of the gradients of .J, we know
that 0*J(€,0(&)) < L for all € € B¢ and |a| =
2. Thus, by applying [50, Corollary 1], we can bound

Ler o(=1(VI(E",6(€7) + us(€",9)) as
Ler o(=1(VI(E",5(7) + us(€",9)))
<72 ||VIE sleh) + us(et Y

< g2 |[Vrtet o€+ enlo e
+oPerz |[VIER €| 195, 3

where in (a) we exploited the square, applied the bound (52),
and introduced c1o 1= %, ¢11 := (Lo + L3(1 + L:))? | BRI,
c12 := 2c194/c11- Hence, we can use (53) to bound (50) as

T o(€5) — J(€",5(¢M)

< ||Vt s v et e Tus(et 9
e |V @)
o 2en|[9F17 + 2Pz || VI (F <€) 19¥)

< ITIE SEDIE A eIV €N 64

+ 7P enl|9F(P+ (yews + 7 er) IV (€5, < (€9)[[19°]],

where in (a) we use the local Lipschitz continuity of
¢, the Cauchy-Schwarz inequality, and the result (52)
to write the bound —yV.J(&* ¢(¢%))Tus(e",9%) <
yers | VI (€", (€M) [[9%] with

c13 := (Lo + La(1 + L2)) ||| -
Now, we can use (54) to upper bound (49) as
AV (£F,9%)
< [Vt sen| + e[Vt e
T Pen |08 + (rers +o%erz) [ V(€5 s(€h)| 197

= 02 4+ y2e5 [0 | | V€8, s(€"))|| + o941

2
o Perll 82 + oPes || V(€, < (€

e[| V€, (€9 | 19¥)
@ [|vIEt s V(€ <€)
2 fIrsessel e [l el

where in (a) we rearranged the inequality via

M(y) = [

v —~*c1a

2
—7C€15 — 7 Cie

2

—C15 — Y C16 ’

d —yerr — Y3es

— — . C C —
where c14:=c19+cs, c15:=c5 + c13, C16:= 12; 2. c17:= cg,

and c15:=c11+c7. By Sylvester Criterion, we know that M ()
(cf. (55)) is positive definite if and only if

72814
(ve1s +72c16)? + 2 (car + c149)
—v3(c18 + c1ac17) — Yerscrs.

v >
vq > (56)

Note that the terms on the left-hand sides of (56) are linear
in 7, while the ones on the right have higher order terms.
Then, there exists ¥ > 0 such that for any v € (0,%)
conditions (56) are satisfied. Hence, M (7) is positive definite

and we bound (55) as
AV(EF,9%) < —m(|VI(EF, (€M NIP + I19%117), 57

where m > 0 is the smallest eigenvalue of M (7). Inequal-
ity (57) implies that, for all (¢*, 9%, 95) € Q¢ x BL°, it holds

V(e 9" < v(eh, oh). (58)

By using (i) pd% P9t > 0 for any 9" and (i) p € (0, 1),
the result (58) leads to

T
J(£k+1’§(£k+1)) —‘r’l9lf+1 Pl,l?]erl

T
< J(E",<(€5) + 07 POt + || P v,



which guarantees (€811, 951) € Q¢ (see (43)). This fact,
combined with the variables’ initialization (cf. (37)), guaran-
tees that (£¥,95) € Q¢ for all k € N, which, in turns, allows
us to claim that (57) is verified for all k& € NO. However, we
point out that the inequality (57) does not implies the negative
definiteness of AV (£¥, 9") because the right-hand side of (57)
is null on the subspace E C R("+")7T x R2? defined as

E = {col(¢,9) e ROHMIT R
| IVJ(€,s(8))]l = 0,9 =0}

Studying the system (33) restricted to the subspace E it holds

(59)

£k+1 — ,'9]6
&+ OM)eE '

k k+1
—¢k 9 ‘ 60
¢k, 0%)eE ¢ (600)
By inspecting system (60), we can conclude that the E is
invariant for system (33). Thus, we can conclude by LaSalle’s

Invariance Principle (cf. [Theorem 3.7] [51]) that

¢
kli)n;o dist (Lgk] ,E) =0.

Turning out to the original coordinates (a, p,s,y), it follows
that the trajectories of the system (30), i.e., the sequence
produced by Algorithm 2, converge within the subspace

X = {(a*,u*,S*,y*) | VJ(a*, u*, s(a”, u*)) =0,

117

(a*ay‘*)’ y* = ND3(a*7“*aS*)}~ (61)

*

117
& —

Ve

Namely, the sequence {a*, p*} converges into the set of
stationary points of J(a, w,s(a, ).

Step  (i1):  first-order  necessary for
optimality: let us consider any point (a*,p*) such that
VJ(a*, p*,s(a*,u*)) = 0. Then, let us consider
the corresponding  state-input  trajectories  (x*,u*)
computed projecting (a*, ) and the costate vectors
A € R"T. Specifically, for all i = 1,..., N, we calculate
(xr,ul) = Pilar,p;) via (17). As for A* € R"T, each
Af € R™%T is computed via (15b). Next, we show that the
tuple (x*,u*, A\*) satisfies the first order necessary optimality
conditions for problem (5). Hence, for all ¢t € [0,T — 1], let
the Hamiltonian function of problem (5) given by

conditions

N
Hiy(@, e, Aden) = Y Hia (@i s M)

i=1

(62)

where
H; (@0, Wity Nit1) =i t(@i ey Uit) + it (o6 (e, ur))
+ fi(zig,wig) " N1
Next we show that, for all 1 =1,..., N,
V2H17t(xitv “f,ta )‘itﬂ)
. ~0,

* * *
v2HN,t($N,tv U ¢ )‘N,t+1)

and

Ai,t* = leiﬂf (x:,t’ u;,b /\:-i-l)v (63)

with terminal condition A} 7 = V¢; v(z} 1, o7 (27)).
Leveraging projection step in (17), the pair (x}, u}) satisfies
the dynamics (5b) by construction, i.e., it is a trajectory.
Now, let us define the shorthand for the linearization of the
cost and the dynamics about the trajectory (x},u})
T T
A;t = vlfi(mztvu:,t) ) BZt = v2fi(x;:t7uzt) )
T
K}y = Vrier,) ', where €}, := o}, — z},.

Notice that the sequence {s* y*} generated by Algorithm 2

converges to the subspace defined by (61), namely, for all

i=1,..., N, the proxies in (15a) are equal to

aiy = Vil (], ufy, o0(2],,uly)) (64a)
N

+ %Vlwi,t(lﬁta ui,t) Z V3€j7t(1’}:tv u;,ta Ot (x:a u:))

j=1
bi = Valit(x]4,uiy) N (64b)
v Vapio(@h e uie) Y Valia ()1 or(@f up)
j=1
and
a;p = Vil (@] r,0r(27)) (64c)

-

+ ¥ Veir(@ir) Y Vaoljr(ah s, or(eh)).

1

J

Then, we can define )\f as the stack of the costate vectors
A7, € R", obtained from the adjoint equation (15b) evaluated
at (af,ul), ie., forall t € [T —1,0]

T

)‘;,t = (A:,t - B;,th?tt) )‘?,t—o—l + a?,t - KZZTb?,ta (65)
with terminal condition A} . = a7 ..

Equation (65) corresponds to the gradient with respect to
x;,¢ of the Hamiltonian evaluated along the trajectory (x}, u}),
i.e., the first order necessary condition for optimality (63)
holds by construction. Now, we recall that

Vol (T} uf 4, Al iy1) = 074 + Bf,tTA;,t+1v (66)

forall ¢ = 1,...,N and ¢t € [0, — 1]. The right hand
side of (66) corresponds to the derivative of J(-,-,s(-,-)) with
respect to p; ¢ evaluated at (a*, u*). Notice that, the costate
A7, solution of (65), coincides with the Lagrange multipliers
associated to the dynamics constraints at (x*, u*). In light of
the first part of the proof, the right hand side of (66) is equal to
zero. Therefore, the first-order necessary conditions for opti-
mality are satisfied by the trajectory (x},u;), for all 7. Hence,
for any point (a*, p*) such that VJ((a*, u*),s(a*, u*)) =
0, it holds that the corresponding point (x*,u*) is such that
(x*,u*) € Z*. This concludes the proof.

Notice that, any stationary state-input curve (a*, u*) cor-
responds to a trajectory (x*,u*) satisfying the first-order
optimality conditions for (5).

Remark 7: If the reduced cost J(-,-,¢(-,-)) (cf. (23)) is
strongly convex, then problem (23) has a unique minimizer



GENERIC COLORIZED JOURNAL, VOL. XX, NO. XX, XXXX 2021

& e R+m™T  Thus, in this case, one can apply the well-
known Polyak-Lojasiewicz (PL) inequality to further bound
the right-hand side of (57) as

V(R 9%) < —mv(gF 9F), (67)

for some m > 0 depending on m and the strong convexity
parameter. In turn, global exponential stability of col(£*,0)
holds for (33) and thus linear convergence of Algorithm 2
toward the (unique) solution to optimal control problem (5).
Notice that PL inequality holds true in the neighborhood of
local minima of (5) that satisfy the second order sufficient
conditions for optimality. ]

V. NUMERICAL SIMULATIONS

In this section, we show simulations of the proposed al-
gorithm in a multi-agent cooperative robotics setting. We
consider a team of N = 50 quadrotors in a robotic surveillance
scenario. Each robot has to patrol a pre-defined area trying to
stay as close as possible to a given reference position while
keeping the formation barycenter over a (moving) target. Each
quadrotor ¢ has a continuous-time dynamics described by

Ui 1+UG 2

o Wi, 1+ U2
Pz = M,

Py,i = M;

ui,2)7

sin 6;, cosf; —

éiZQL] (uzl

where (pg ;, py.;) is the position of the robot in the z—y plane,
0; its orientation, u;; and u; 2 are the thrusts applied to the
right and left motor respectively. Agents have heterogeneous
dynamics. The mechanical parameters are randomly assigned
to each agent, i.e., for all 7, M; € {1,5,10} [kg], L; €
{0.5,1.0} [m], while J; = M;L?/12 [m - kg?].

For each agent ¢, the discrete-time dynamics, wi;h state
2y € RC with @4 = (Dayits Pasists Pysists Pysist, 0its 0i) | €
R® and input w;; = (uj1¢,ui2:) € R? is obtained via
a Runge-Kutta integrator of order 4 with sampling period
6 = 0.05 seconds. Hence, we have n, = 6, m; = 2 and
n = 60, m = 20. The time horizon is t; = 30 [s], resulting in
T = 600 samples. The network is modeled as a randomly gen-
erated Erdos-Rényi graph with edge probability p = 0.5. The
weighted adjacency matrix WV is generated via the Metropolis-
Hastings rule using DISROPT [52]. Each quadrotor ¢ wants to
track its reference signal (x%°f, u®). The team also aims to
maintain the formation barycenter, modeled via oy (¢, ut), as
close as possible to the target located at bi"** € R? at time .
Each stage cost is defined as ¢; ¢(x; ¢, u; ¢, 0(21)) = ||wie —

i NG, + luie —uiSl%, , + lo(z:) — be||g)s, where Qi €
Rmex™ Ry € R™ Xml , Q7 € RT*4, and || - HM denotes the
L2 norm weighted by matrix M. The terminal cost is defined
by lir() = llwir — 2§33, , + lo(@r) = brld, ~ where
Qi r € R™>*™ and Qis € RYI%4, The aggregate vanable is
defined as o () := Ef\il H;x; where H; = [I3 Ogx4] for
all i =1,...,N. We set @;; = diag(10, 1,10, 1,0.01,0.01),
Qlf = Qi Riy = diag(0.1,0.1), QF, = diag(100, 100),

75 = 10Q7,. The reference 51gnal consists of a randomly
generated fixed position in the x —y plane, while the reference
input is the equilibrium thrust. Formally, we define (2%, ug)
as pi , = Pa» P55, = Dy» uSS = 3Migl,,,, where p, and

Dy are drawn randomly from an uniform distribution between
ﬁx,min = 757 ﬁx,max = 57 and ﬁy,min = 757 py,max = 57
respectively. All the other reference states are set identically
equal to 0. The target position in b; € R? is defined via a
second-order polynomial between the checkpoints (0, 0), (1,1)
and (1,1.5) reached at the time 0,7/2 and T respectively.
Algorithm 2 is run with a fixed stepsize ¥ = 10~%. The
feedback policy (13) is approximated, at each iteration, as a
linear feedback policy where the sequence of gains K;; =
VEi(oue — xi’t)T are chosen by solving an LQR problem
involving the linearization of each agent’s dynamics about the
current trajectory (xj,uj) with costs Q7 = Qi R =
R;+, and a terminal cost Qreg obtained from the associated
algebraic solution of the Riccati equation. The initial trajectory
(x°,u®) is chosen as the equilibrium trajectory at the local
reference signal for each agent. The positions associated to the
optimal trajectories (x},u}) of the 50 quadrotors are depicted

in Fig. 1. In Fig. 2 and 3 we compare the cost and the
R I
|\ % o(z)

Pz
Fig. 1. Quadrotor positions in the x-y plane: optimal trajectories
(x},uy) (solid), reference position xfes (crosses), target position bt
(starred blue), formation barycenter o+ (x}) (orange diamonds).
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Fig. 2. Error between the cost J(ak, u*) with respect to the cost

Jeent computed by a centralized solver.
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Fig. 3. Error between the input sequence u* with respect to the input
sequence u®®™t computed by a centralized solver.

input trajectories of the distributed algorithm with the ones
computed by a centralized solver. Finally, from Fig. 4, we
notice that the trackers converge to the desired value.
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VI. CONCLUSIONS

In this paper, we considered nonlinear optimal control
problems over networks of multi-agent systems with ag-
gregative structure. To address this framework, we designed
a distributed method combining a feedback structure with
a first-order optimization mechanism in each agent of the
network. Moreover, we properly introduced a set of local
trackers using consensus-based dynamics to locally reconstruct
missing (global) information. The overall methodology has
been analyzed by using tools from system theory. In detail,
we proved that our distributed scheme generates a sequence
of trajectories converging to the set whose belonging points
satisfy the first-order necessary conditions for optimality. Fi-
nally, we presented the algorithm capabilities on a distributed
optimal control example for a target surveillance task.

APPENDIX
A. Proof of Lemma 1

First of all, we rewrite the equality constraints represented
by the nonlinear dynamics in (14b) and the closed-loop
structure of the control input (14c) in its implicit form A :
RMT x RmT 5 Rl 5 Rl — RraT+miT" defined as

hi(xi, a4, o, ;) = col(fi (0, ui0)

fil@ir—1,wir—1) — Tim, a0 + Kig (o

—1‘,‘71,...7

- -ri,O) — Ui 05-- -

Wi r—1 + Kig(Qro1 — T 1) — Ui T—1).

We can now introduce an auxiliary function £ : R™T x

R™T x RPT x RMT  R(n+m)T s R defined as

N
‘C(Xa u, o, u, A): Z éi(Xi,Ui,U(X,u))+hi(Xi,ui,ai,[Li)TAi7
i=1
where, for all ¢ = 1,...,N, the (multiplier)
vector A; € RmTT™T s arranged as A; =
(301()\1;717 ey >\i,T7 )\,;717 ey )\1'7T), with Ai,t € R"™ and

Aip € R™ forall t € [1,T]. By construction, for any (a, ) €
R™ xR™T it holds h; (P& (i, p;), PH (i, p;), ey ;) = 0.
Hence, the auxiliary function £(-) enjoys the property

L(P*(a, m), PH(cx, u), o, pt, A)

(PP (et 1), P (et pry 0 (P (e, ), PH(ex, 1))

I
.MZ

s
Il
—

Ji(aiau’i’g(aap’))a (68)

N
Il
-

|
\MZ

for any (a, u) and A € R?7+™7T Building on (68), one can
simplify the computation of the gradient of J evaluated at a
given (o, u*) with a proper choice of A (see [41] for further
details). The proof follows by noticing that this choice allows
to compute the ¢-th components of the descent directions

[Dfxi]t = _bi‘ft Bz t)‘z 15 [Dﬁ,i}t = KSQTAMﬁtv (69a)
via backward integration from t =T —1,...,0,

)‘?t = (Ai'ft _Kfthkt)T)‘kHl +a§t Kk betv (69b)
with initial condition ¥, = af,, where
agy = Valig (g, ugg, on(xf, up))+ (70a)

N
+ %Vl(pi,t (xf,t’ uft) Z v3€j7t (x?,t’ “,];,m Ot (xﬁa uf))

j=1
t*vQ it(T tauft)+ (70b)
+ v2<plt t’ zt Zv3éjt Gt W Jt’gt(xfauf))'
7,T =V gl T( 1T70—T(‘rl’%))+ (700)
N
+ % Voir(zir) Z Vol r(2f 1, o0(2h)).
j=1
B. Proof of Lemma 3
Let Ef := col(a, pk) for all i and er = col(é”f7 .. ,é'IfV).
Then, by using the notation in (31), we rewrite (30) as
k+1 _ ok D1(€k»sk)] ek Gk
=&" — -V 7la
3 £ —v |:D2(£k,sk) TVe(€)y (71a)
=Wk 4+ @(e") - p(gh) (71b)
yH = Wyt + Dy (€M, M) — Dy(gf,s%), (1o

where, with a slight abuse of notation, we joined the first two
arguments of the operators D; and D,. Let us introduce the
new coordinates w¥*, z¥ € RN9(T+1) defined as

k

wh = s* _¢(Sk)7 M= yk _D3(£k7sk)=
which allow us to rewrite (71) as

g = €8 —De(¢", (&) + Wh) =1V (€h)Z" (720)

whtl = Wwwk (W — Ip(¢F) (72b)
=Wk + (W — I)Ds(€", p(£") + w"), (72¢)
where the operator D¢ is defined as
. D1(£,S) - 11T
Dete.s) = D€ S|+ Ve a9

Note that the initial conditions of Theorem 1 imply w® =
20 = 0. Let S ¢ ROHT x Ra(T+1)  RI(T+1) be defined as

S:={(&w,z)|1"Tw’=0,1"2 =0} (74)

Since W is doubly stochastic (cf. Assumption 2), it holds
1"W =17 and, thus, 17 (W — I) = 0. This property allows
for verifying that S is invariant for (72). Moreover, W has
all the eigenvalues strictly inside the unit circle except for
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the (T + 1) equal to 1 with eigenvectors equal to columns
of 1. We leverage these properties to isolate the invariant
portion of (72). A suitable decomposition of W is encoded
into the transformation matrix T defined as T := [% R} T,
where R € RN@TH+D)x(N=D@(T+1) gych that R'R = I,

RT1 = 0. Moreover, the following useful relation holds true

+ | praw | Dalet 15 + [ 0] 0"

~rrw | Patet 156

+[RT OH P61 — p(€")
0 RT||(Ds(e, 16(65+1) ~Ds(€", 16(€%))) |

RR" =1- %117, (75)  The proof follows by using the operators in (32) and using the

Now, with T at hand, we perform the change coordinates

£k
¢ Wi I 0 0]/[¢& "
Wk' — /rlk' = O T 0 Wk‘ , (76)
Zk Zlavv‘g O O T Zk
¢t 2]
with 77k7 Ck S R(Nil)q(TJrl) and vag;zgvg S Rq(T+1).
System (72) in the new coordinates (76) reads as [3]
¢ =€ — D" @(€") + R + (€M) 1wy,) 14
—Ve(E") RS — V(g2 (77a)
Wﬁ; = Wz]fvg am) s
" = RTWRn* + RT(W — I)g(£") (77¢)
k+1 _ K
Zan - Zavg (77d) [6]
Ck+1 _ RTWRCk (77¢)

_ [7]
+RT(W — I)D3(€", @(&") + Rn™ + 1wh,).

We observe that RTW R is Schur and that w* _ = w®  and [8]

avg avg

szvg = zgvg for any k£ € N. Further, the choice of the initial
conditions implies w" = z = 0 and, thus, vag =0and g
zk,, = 0 for all k € N. This initialization allows us to ignore

wfvg and zf,jvg rewriting (77) as the reduced, equivalent system

g1 =" —1De(€" @(6") + Ru*) — V(e RC" (78)
W =RTWRn* + RT(W — D(¢") (78b) 111
M =RTWRC +RT(W—1)Ds(€", @(¢")+ Rn*). (78¢)

[10]

[12]
Being WV doubly stochastic (cf. Assumption 2) and using (75),
it is possible to show that, for any £" e ROEmIT the point 3

o *RTCD(ﬁk) 2
he = [—RTD;»,(& 1<<sk>>} € R, "

represents an equilibrium of (78b) and (78c) parametrized in
&£*. Hence, let the error coordinates 9° € R24 be defined as 1]

k k k
n k 01} [’7 ] k
— 9" = = —h , (79) 116]
&) o] = (6] e

which, being W doubly stochastic (cf. Assumption 2), the
definition (73) and (75), allow us to rewrite system (78) as

ki1 _ ek [Di(€"16(€5) + [R 0] 9) [18]
&= {Dz(ek,k(sm [R 0] 19’f>}

[17]

— k 11T k k — k k [19]
—Ve(&") 5 Ds(€", 16(€7)) — [0 Ve(£¥)R]Y

—Vp(€")[Ds(€,1s(6")+[R 0] 9")—Ds(£", 15(¢"))] 1201
9+ — R'WR 0 9F

) RTWR

definitions of A, By and B> in Lemma 3.
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