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1. Introduction

One of the most important observables of the spectrum of an elliptic operator is
the spectral zeta function. For a complex Hilbert space H and a densely defined linear
operator P : H — H, we denote the set of the eigenvalues (repeated by multiplicity) of
P by Spec P. When Spec P is discrete we can define the spectral zeta function of P as
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Cp(s) = Y A%

AESpec P

for any given complex number s for which it makes sense. In particular, if P is an elliptic,
selfadjoint and positive global pseudodifferential operator of order p > 0 on R™, then s —

Cp(s) is holomorphic for Res > 2n/u since the defining series is absolutely convergent
z? -2

(see Corollary 4.4.4. in [19]). For instance, if we denote by P = the harmonic
oscillator defined as the maximal operator in L?(R), then Spec P = {k +1/2; k € Z }
with multiplicity 1, and

Cp(s) =D (k+1/2)7° = (2° = 1)¢(s),

k>0

where ((s) denotes the Riemann zeta function. Note that (p is holomorphic for Re(s) > 1,
and has a meromorphic continuation to the whole complex plane. Furthermore, (p has
the only pole at s = 1, and we have (p(s) = 0 for s = —2k, k € Z which are, thus,
called trivial zeros. Moreover, the spectral zeta function entangles information about the
spectrum of P in its analytical properties. For instance, the residues of the zeta function
at its poles give the coefficients of the Weyl Law for P by the Ikehara Tauberian theorem
(see Section 14 of Shubin [28]. See also Proposition (IV.6) in [7] and the references in
Tvrii [13]).

The notion of spectral zeta function was introduced for the first time for the Laplacian
on a two-dimensional Euclidean domains €2 by Carleman [4] who studied the Dirichlet-
type series

> P, (T1)Pr, (72)

)\‘; , T1,To € (1)

AjESpec A

where ¢, is the eigenfunction of A associated to the eigenvalue A;. Later, in the case
of a bounded Euclidean domain V of arbitrary dimension N, Minakshisundaram [16]
showed through a method different from Carleman’s that (1) is an entire function of s
with zeros at negative integers and that

o, (1)
3 %

AjESpec A J

can be continued as a meromorphic function of s with a unique simple pole at N/2 and
negative integer zeros. Next, the analytic continuation of the spectral zeta function was
studied by Minakshisundaram and Pleijel [17] for the Laplacian on a general compact
manifold by a method that is a generalization of Carleman’s. Seeley [26] studied the
spectral zeta function of an elliptic ¥ do on a compact manifold without boundary
through the trace of complex powers of ¥ dos, furthermore giving the value of the zeta
function at 0.
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Many different techniques have been used to obtain properties of the spectral zeta
function. Duistermaat and Guillemin [5] (see also, [6] and the references in Hormander
[10]) studied systematically the spectral zeta function of ¢ dos on compact boundery-
less manifolds basing their approach on the construction of a parametrix for the wave
equation. Robert [23] (see also Aramaki [1]) extended meromorphically the spectral zeta
function of an elliptic ¢ does on R™ to the whole complex plane with simple poles that
he computed along with the corresponding residues. He generalized to the global setting
the techniques by Seeley to construct the parametrix of the resolvent by complex powers.

An import distinction to show the relevance of the results in this paper is the one
between regular and semireqular symbols. Since the natural homogeneity of the Poisson
bracket of homogeneous symbols is the sum of the orders minus 2, it is natural in the
global calculus to call “regular” those symbols whose asymptotic expansion is made of
homogeneous symbols for which the j-th term has order p — 2j where p is the order
of the principal term. We will call “semiregular” those symbols whose j-th term in the
asymptotic expansion has order p — j. This is indeed parallel to the use of “semiregular”
appearing in the paper by Boutet De Monvel [2] on the hypoellipticity of the d operator.
For a semiregular system of order p we will call semiprincipal symbol the term of degree
1 — 1 in the asymptotic expansion of its symbol while we call principal symbol the one
of order p.

Moreover, following the discussion by [19], [20], [21], and [22], we call second order
regular Non-Commutative Harmonic Oscillators (NCHOSs) the class of the regular global
partial differential systems of second order with polynomial coefficients. From now on
we will omit the expression “second order” since all the NCHOs considered will be of
second order.

Ichinose and Wakayama [12] obtained a meromorphic continuation of the spectral
zeta function of a subclass of regular NCHOs and determined some of its special values.
In addition, they showed that such a spectral zeta function has only a simple pole at
1 and that the sequence of its trivial zeros coincides with the one of the Riemann zeta
function, the non-positive even integers. Their approach is based on the Mellin transform
of the heat-semigroup of the operator in the approximation given by a parametrix which
they computed directly, without using the one for the resolvent, obtaining its asymptotic
expansion (see (15) and (16) in their paper). Later, Parmeggiani [19] generalized that
approach to obtain the meromorphic continuation of the spectral zeta function of all the
regular NCHOs. Nevertheless, while gaining in generality unfortunately his result did
not explicitly locate the trivial zeros of the continuation of the spectral zeta function as
could Ichinose and Wakayama.

Ichinose and Wakayama’s and Parmeggiani’s papers deal with regular systems. Re-
garding the semiregular systems, Sugiyama explored in [29] the Hurwitz-type spectral
zeta function for the quantum Rabi model (describing the interaction of light and matter
of a two-level atom coupled with a single quantized photon of the electromagnetic field,
see the seminal papers [24] and [25] by Rabi, see also [3] by Braak).
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In this paper we study the properties of the spectral zeta function associated with
a positive elliptic semiregular positive partial differential systems with polynomial co-
efficients, including also models of semiregular NCHOs in the class of the Semiregular
Metric Globally Elliptic Systems (SMGES) as those introduced in Section 3 of Malagutti
and Parmeggiani [15]. The class of the SMGES is given by those matrix-valued symbols
with a scalar principal part (that is the “metric” part) and a smoothly diagonalizable
semiprincipal part. This class contains models relevant to Quantum Optics, such as the
Jaynes-Cummings model (which describes the interaction between an atom and the elec-
tromagnetic field in a cavity and can be derived as an approximation of Rabi’s by rotating
waves approximation provided that the coupling strength is sufficiently weak, see [27]
and the seminal paper [14] by Jaynes and Cummings). Here we follow the construction
of the zeta function provided by Ichinose and Wakayama, in analogy to the approach by
Parmeggiani in Theorem 7.2.1 of [19].

We will prove a result about the continuation of the spectral zeta function (4w which
turns out to be a meromorphic function whose poles are real and accumulate at —oo.
Namely, we will give the continuation as a linear combination of the meromorphic func-

tions s — j > 0and h = 0, 1, modulo a function that is holomorphic

on a complex half-plan. Notice that even if in principle our extension can have poles in
all the negative semi-integers, unlike the results in [12], [19] and [29] where the poles
are all positive, we prove in this paper that only the positive integers are poles for the
spectral zeta function of a differential operator with polynomial coefficients. The mero-
morphic continuation is obtained by following the approach of Theorem 7.2.1 in [19]

tAY

where the parametrix approximation Ua(t) of the heat-semigroup e **" is used. More

precisely, by the Mellin transform we can write (4w as s — ﬁ 0+°O t>~1Tre~tA" dt for

Res > 2n/2 = n and, at this point, the asymptotic expansion Zb_j(t) (in the sense
Jj=0

of Remark 6.1.5 at p. 83 of [19]) of Ua(t) with ¢ € R, becomes crucial. In fact, the

approximation of s ﬁ f0+oo t>~ITr e~ 4" dt by s — ﬁ O+Oo t57ITr Ua(t) dt leads

to the study of integrals of the form

(2m)™" / X(X)Tr(b_gj—n(t, X)) dX, j €N, h =0,1, (2)
R2»

where x is a chosen excision function and Tr is the classical matrix trace. In fact the
computation of (2) will give the coefficients of the linear combination of the afore-
mentioned meromorphic functions. These coefficients will contribute to determine the
residues and zeros of the spectral zeta function. Now one needs to go through a Taylor
expansion argument as the time variable t — 0+ of the terms arising from the study of

v 1
Tre tA" — Z ZTr B_5;_p(t) (where B_j with principal symbol b_y). (The behavior
=0 h=0
of e7*4" as t — +oo does not affect the result.)
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This is a delicate argument since the behavior of the coefficients of the linear combi-
nation of the above meromorphic functions must be controlled as t — 0+.

The plan of the paper is the following. First of all, the notation adopted will be intro-
duced in Section 2 along with the parabolic v differential calculus needed to define the
heat-semigroup parametrix which will be constructed directly in Section 3 by comput-
ing the terms of its asymptotic expansion through the solution of eikonal and transport
equations. After that, in Section 4, we will control the behavior of the coefficients. We
will give the proof of our theorem in Section 5. Actually, in Section 5 we will also obtain
a meromorphic continuation for the Hurwitz spectral zeta function (aw,,5 for all 7 > 0.
Next, in Section 6 by using our results in this paper we will compute the meromorphic
continuation of the spectral zeta function for the Hamiltonians of Jaynes-Cummings and
its generalization to a 3-level atom in one cavity. For these Hamiltonians we will show
that the meromorphic continuation has only a simple pole at s = 1 and no other (even
if, recall, the general formula allows all the negative semi-integer as poles). Finally, in
Section 7 we prove that the spectral zeta function of a differential operator with poly-
nomial coefficients does not have semi-integer poles as a corollary of the previous results
of this paper.

2. Parabolic calculus

In this section, similarly to what is done by Parenti and Parmeggiani in [18] (see also
Section 6.1 of [19]), we will introduce a class of symbols suitable for the construction of a
pseudodifferential approximation of e *4". Let us recall R, = [0, +00). We will be using
the following notation for the Hérmander metric and admissible weight (see Hérmander
[11]): with X = (,€), Y = (y,n) etc. belonging to the phase-space R™ x R"™, and
m(X) := (X) = (14 |X|?)"/? the usual “Japanese bracket”, we consider the Hérmander
metric gx = |dX|?/m(X)?. Then m is an admissible function (and so is m* for any given
1 € R), and we may exploit the full power of the Weyl-Hérmander pseudodifferential
calculus.

Definition 2.1. Let My denote the algebra of N x N complex matrices. A symbol
a € S(m*, g;My) is said to be semiregular (see Remark 3.2.4 of [19]) and we write
a € Ssreg(m?, g; My ) if it possesses an asymptotic expansion ijo a,—; in isotropic (i.e.
positively homogenous and smooth outside the origin) terms a,_; positively homoge-
neous of degree u — j.

Moreover, we define also a class of symbol depending on the time variable ¢.

Definition 2.2. Let 7 € R and m(X) := (X) for all X € R?" where (X) := /1 + |X|. By
S(p,r) we denote the set of all smooth maps b: R, x R” x R® — My satisfying the
following estimates: for any given a € Z3" and any given p, j € Z, there exists C' > 0
such that
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t*( d )jag‘(b(t,X)‘ < Cm(X)T*\aH(jfp)u. (3)

sup %

For b € S(u,r) we then consider the pseudodifferential operator
w _ —-n i(z—y,£) T+y n N
bY (t, z, D)u(z) = (2m) e b(t, T,f)u(y)dyd§, ue SR, CY),

and we shall say that B € OPS(u,r) if B = b¥(¢,x, D) + R, where R is smoothing. In
this setting, a smoothing operator R is any continuous map

R: 'R CY) — Z(Ry; L (R™CN)).

Then we introduce the “classical operators”: in this case the key is to take in account

the correct homogeneity properties. The basic example to keep in mind is the matrix
—ta,(x,€)
et .

Definition 2.3. We say that the operator B € OPS(u,r), B = b¥+ R is classical, and write
B € OPSu(p,r), if there exists a sequence of functions b,_o; = by_9;(t, X), j > 0,t >0
and X # 0, such that:
1. One has the homogeneity
br_oj(t, 7X) = 77" 2b,_o;(tHt, X), V7 > 0, Vj > 0; (4)
2. The function

R2" \ {0} 535X +— bT_Qj(',X) S y(ﬁ_ﬁ MN),

is smooth for all j > 0;
3. Forallv>1

—

v=

b(t, X) = > x(X)by—2;(t, X) € S(p,r — 2v), (5)
j=0
where x is an excision function.

Remark 2.4. We call b, = 0,.(B) the principal symbol of B.

Remark 2.5. Semi-regular classical symbols are defined accordingly, considering also
terms with odd degree of homogeneity in the expansion formula (5), and the class of
pseudodifferential operators associated to them is denoted by OPSgeq (14, 7).
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3. Parametrix of the heat-semigroup

In this section we will construct the parametrix of the heat-semigroup of a semiregular
positive elliptic pseudodifferential operator.

Lemma 3.1. Let A = A*, with A ~ ijo as—; € Ssreg(m?,g;Mn), be an elliptic second
order system such that AV > 0. Then, there exists Ua € OPSgeg(pt,0) such that

d

ZUa+ AU, - SR CN) = SRy SR CNY))

is smoothing, and
Uali=o — In : &' (R™;CY) —» # (R CY)
is smoothing. Moreover, the principal symbol of U, is
Ry x (R¥"\ {0}) 3 (t, X) = et (X),
Proof. We will prove the lemma by constructing the terms of the expansion of the symbol

of Uy. In fact, we determine those terms by solving a sequence of transport equations.
Let

Ry x (R*\{0}) 3 (£, X) = bo(t, X) := e~ (),
and let By € OPSgeq(pt,0) with principal symbol given by by. Hence, by Lemma 6.1.3
at p. 81 of [19] we have that %Bo + AVBy € OPSgreq(pt, it — 1) with principal symbol
Tu—1 := au—1bg. Moreover, Byli—o — Iy is a pseudodifferential system with symbol in
Ssreg(m ™1, g;My) and we denote its principal symbol by p_;.

Next, we look for a symbol b_; (¢, X), positively homogeneous of degree —1 (in the
sense of (4)), such that

%b_l + aub_l = —Tu-1,
b_ili=o = —p—1.

The solution of (6),

t
boy(t,X) = —e toauX)p /e (=tenlX)p (¢, X) dt,
0

is easily seen to be smooth and have the required homogeneity properties since
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t
boi1(t,7X) =—e Xy (7X) — / e~ =Xy (¢ 7X) dt!
0

t
— G_Tuta“(X)T_lpfl(X) _ /€_Tu(t_t/)a“(X)TM_1T#,1(Tutl,X) dt’
0

THE

:7'_1 —e_THta“(X)pfl(X) _ e—(THt—t/)au(X)Tufl(t:X) at’

o

=711 (7", X),

where the last equality follows from the change of variable ¢ — 77#¢ in the integral.
Taking B_1 € OPSgeg(p, —1) with principal symbol given by b_; gives

d
E(Bo + 371) + AW(BO + Bfl) € OPSsreg(u, n— 2).

Moreover, (By + B_1)|t=0 — In is a pseudodifferential system with symbol in
Sareg(m™2,9; My) and we denote its principal symbol by p_s.

Iterating the above procedure gives a formal series

> " B_k, B_g € OPSaeg(ps, k).
k>0

Hence, there exists an operator Ug € OPSgeq(1t,0) for which

v—1

Ua—Y By € OPS(p,—v), Vv > 1,
k=0

by an adaptation of Proposition 3.2.15 at p. 32 of [19] and therefore we obtain the
required parametrix. 0O

Remark 3.2. In the applications of Lemma 3.1 we shall always consider a parametrix

~tA" where b_j|4—o = 0 for j > 1,

approximation of e
B—j = (Xb—j)w(ta €T, Dm))

for all t € R, where Y is a chosen excision function. Hence, consider the symbol ¢ A(t, X)
of Ua(t), i.e. Ua(t) = % (t,x, D), given by

ca(t, X) = ZXJ(X)b*j(th% (7)

Jj=0
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where xo(X) := x(X) and x;(X) := x(X/R;), j > 1, with 1 < R; /400, as j — +o0,
sufficiently fast (for instance, see the proof of Proposition 3.2.15 at p. 32 of [19]). Thus,
the series (7) is locally finite in X and, hence, ca(t,-) € C* for all t € R, . Hence,

v—1
cA— ijb,j € S(pu,—v), Vv > 1 and we shall write cq4 ~ 3 ;50—
j=0
v—1

Therefore, if Uy := ¢ then Uy — ZB,k € OPS(u, —v), Vv > 1 and we shall write

k=0
Us~>» B

7>0
4. Vanishing property

Let AY be as in the previous section. In this section we prove the technical proposition
that we need to control the behavior of the b_; constructed in Lemma 3.1 as t — 0+,
that is, its vanishing property, for a class of positive and self-adjoint elliptic differential
systems with symbol in Sgeg(m?, g; My). Hence, we will suppose the symbol of A" to
be as + a1 + ag where a; is an N x N matrix-valued function on R2" with homogeneous
polynomial of degree j entries for all j =0, 1, 2.

Proposition 4.1. Let A = as+ai+ap be an elliptic of second order where a; is an N x N
matriz-valued function on R?™ with homogeneous polynomial of degree j entries for all
j=0,1,2, let A >0, and let Uy be the heat-semigroup e~ A" parametriz constructed

by Lemma 3.1. Then, denoting again by ZB_j the expansion of Ua constructed in the
Jj=0

proof of Lemma 5.1 and by b_; the principal symbol of B_;, we have for all j > 0 and

h=0,1

bogj_n(t,w) = OHTh), t — 0+,
and for all o, B € 2"}, with || =2k +1, k> 0 and [B| < 1 we have:

O g p(t,w) = O@W MBIy 1y 0

where the constants in O(-) do not depend on w € S*~1.
Proof. We prove this theorem by induction taking into account the definition of the
terms b_; and making straightforward computations.

We won’t be writing the dependence on w, and we will write b(_e;- for a generic O%b_;
with |o| = £.

First of all, we remind that given two pseudodifferential operators with symbol a and
b, then by the composition law for pseudodifferential operators (see, for instance, formula
(3.3) at p. 19 of [19]) a™b™ has symbol
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N7
a#bwab+z (;) {a,b}(j),

]>1

where {-,-}(1) = {-,-} is the Poisson bracket.
The terms ro_;, j > 1 obtained in the proof of Lemma 3.1 are

.\ 2
1/ —i
r2—j =aob-(j—2) +a1b_(j-1) + 3 <7> {az,b- -0} (8)

- §{a2>b—(j—2)} - §{a1»b—(j—3)}a Jj >0,

where we set by, = 0 for all £k = 1,...,4 and we recall that ag is a constant N x N
Hermitian matrix. Therefore, by the construction in the proof of Lemma 3.1,

{bo(t,X) = e~taz(X) o)

boj(t, X) = — [T e~ (=tap, (¢ X)dt, j > 1.

In fact, p_; = 0 for any j > 1 under our hypotheses.

Denote by E(aéQ), b(_Q;), resp. E(agl), b(lj)), a generic expression obtained by taking the
(matrix) product of derivatives of order 2, resp. order 1, of as with derivatives of order
2, resp. order 1, of b_;. Hence for all j > 0,

{az,b_;} = B(a$”, 01, and {as,b_;}(2) = E(as”, ).

Therefore, in {az,b_;} o) = E(ag)7 b(fj)) we have a constant coefficient matrix (given
by partial derivatives of order 2 of as) times partial derivatives of order 2 of b_j.

We proceed by induction. We start with the case 7 = 0 and h = 0. In this case by is
the solution of

O bo=0
{to+a20 ) (10)

bolt=0 = In,

whence by(t) = O(1) as t — 0+.
Next, by induction on ¢ we show that bg@) has the claimed property.
For ¢ = 1 we take a 1st-order partial derivative with respect to X of (10) and have

3:bY + agb(t = —al b,
bél ‘t:() = 07

whence
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For ¢ = 2 we take a 1st-order partial derivative with respect to X of (11) and have

t t

ng) (t) _ /(67<t7t/)a2)(l)aél)bg(tl) dt' — /ef(tft')azagQ)bO(t/) dt’
0 0
t

B /e—(t—t’)agagl)bo(t/)(l) dt’
0
=0(t*) + O(t) + O(t*) = O(t), t — 0+.
N (2k—14+8) 1\ _ k _

ext, suppose b (t) = O(t") as t = 0+, for £ = 0,1 and k& > 0. We want to
prove that béQkHH)(t) = O(t**1), as t — 0+, for £ = 0,1. Using (10) and taking a
2k + 1-st partial derivative with respect to X we obtain (recall that aép ) =0 for all p>3
since as has polynomial of degree 2 entries)

{atbff’““) + a7 = —alVF) — aPFTY = O(tF) + O(tF) = O(tF),

b(()2k+1) o = 0,

whence b(()zkﬂ)(t) = O(t**1) as t — 0+. Then, as before,

b((f’“”)(t) (e—(t—t/)az)(l)(agl)bézk) (t’)) + agz)bézkA)(t/))dt/

e—(t—t')@ax(ag)bgk)(t')) + a§2)bg2k*1)(t’)) dt’

/
/

=0(t* ) L O(t* 1) = O(t*™h), t — 0+.

Hence, the result is proved for by.
Next, we prove the result for the case j =0 and h = 1. In this case by (9)

t

b_l(t) = — /ei(tit/)@’l"g_l(t,) dt/

0
t
=— / e~ (t=azg, bty dtf (12)
N——"
0 =0(1),t' =0+
=0(t), t — 0+.

By taking the derivative in X of (12)
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(e=(=1e2) Mgy by (¢') dt’

e~ (t=thaz g, bél)(t’) dt’
N——
=0(t'),t' =0+

t

O/

t
f‘/e*(tft/)(”agl)bg(t/) dt’

0

t

O/

=0(t*) +O(t) + O(t*) = O(t), t — 0+,

and by taking another derivative in X we obtain that b} (£) = O(#2) (recall that a{" =0

for all p > 2 since a; has polynomial of degree 1 entries).
Next, suppose b (2k—1+6) (t) = O(t*+%), as t — O+, for £ = 0,1 and k > 0. We want to

prove that b(zkHH) (t) = O(t*+*1), as t — 0+, for £ = 0, 1. First of all, we notice that,
by (9), b_1 is the solution of the Cauchy problem

{atbl + a2b,1 = -7 = _albOa (13)

—1 |t:0 = 0
By using (13) and taking a 2k 4 1-st partial derivative with respect to X

ot U N RN O HE S IR

= O(tF1) + O(tF) + O(t),
b(_2f+1)|t:0 = 07

whence b(ffﬂ)(t) = O(tF*1) as t — 0+. Then, as before,
¢
2k+2 —(t=t)a 1), (2k 2); (2k—1 1), (2k
bﬁﬁ’(t):—/(e 00D @OV () + a0 + o WP (1)

/ —(t— ”“26 (1)b(_2f)(t’)+a§2)b(_2f_1)(t/)+a§1)b§)2k)(t’)) dt’
0

=0(t"2) + O(t"*?) = O(t"1?), t — 0+.

Hence, the result has been proved for b_1.
Next, suppose, by induction, that for all £ =0,1, all h = 0,1 and all j' < j

o+, phH1+D O Tty 4 0y

bgjr—n = 2j'—h



M. Malagutti / Bull. Sci. math. 187 (2023) 103286 13

We want to prove b_sj11) = O('T!) and b(%(?rlr)e = O(FHHFD) for ¢ = 0,1, as
t — 0+, that is, the case h = 0 (after that, we will prove that b_s(;11)—1 = Ot/ T1H1)
and b 25;;:{)@) = O 1R+ for + — 0+, i.e. the case h = 1). To do it, we have to

examine ro_o(j11y (see (9)). In the first place we have from (8)

1

To_o(j+1) =aob—2; +a1b_ogj 1+ -

N\ 2 .
—1 1
5 <7> {a2,b_5;_1)}2) — §{a2,b72j}

1
- 5{01,17—(23‘—1)}
—O(t7) + O(FF 1) + O(H 1) + O(H+1) + O 1+1)
=0(), t— 0+.

Consider next, keeping into account that agp ) = 0 for all p > q+1 since a4 has polynomial

of degree ¢ = 1, 2 entries,

2k+1 2k+1 2k+1 1 2k 2 2k+3 1 2k+2
i) =aob% Y + a5 + BV 0%) ) + Bl 0%, ) + B, 0%

2 2k+1 2k+2
+B(as? 0%5Y) + Baf 0257
:O<tj+k+1)+0(tj+k+l)+O(tj+k—1+1+1)+O(tj—1+k+1+1)+0(tj+k+1)
4 O(tj+k+1) + O(tj’H’“H“)

=0t THYY 0+,
Taking an extra derivative, one immediately sees also that

2k+2 ;
P = 0@, 0+

Hence, for all £ =0,1 and for k > —1

rf_’“;(;jf; = O(tHY) 04

(when k = —1 we take £ = 1). Since b_5(;41) is the solution of the Cauchy problem
{3t 2(j+1) T @2b_2(j11) = —T2_2(j+1), (14)
b_a¢j+1)lt=0 = 0,

we obtain b_o(;j11)(t) = O(t'*1) as t — 0+. As before, taking one partial derivative with
respect to X yields

(1) (1) j j
875 2(]+1) + agb 2(]+1) —Qy b,g(j+1) — T2—2(j+1) = O(t]+1) —+ O(t]-i-l)’
b(l) |t 0 =0,

2(5+1)
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whence it follows that b’ %(jﬂ)(t) = O(t7*2), and, taking an extra derivative, also that,
as t — 0+,

t

2 —(t—t"a 1 1 ;
b )( 1y (t) = —0x /6 B (ag )b—2(j+1) +réj2(j+1)) dt' | = O0(t"*?).
0

Supposing then by induction the estimates up to order 2k — 1 and using

(2k+1) (2k4+1) 1) ,.(2k) 2) ,(2k—1) (2k+1)
0eb g1y T a2b 54y = —Elag 075G 40y) — Elag s b25000) = a4y

= O(EHIHR=1H1) L Q(H+IHk=141) L O(4i+k+1),
2k+1
|t 0 =0,

we obtain b(%(-;«lk)l)(t) = O(t/H1HF+1) "as t — 0+, and using

t
(2k+2) _ (¢! 1) ,(2k) (2) ,(2k—1) (2k+1)
P2 () = —0x /e e (E( B0 )+ Bas? 0 D)+ )dt’ :
0

also that

DT () = O TR, b 04,

which proves the result for the case h = 0.
Now, to complete the proof of this proposition we need to prove the result for the case
h =1, that is, for all £ =0, 1

j k4144 i
b_o(jt1)-1 = O(t]“), b(—22(J;_1|:))—1 _ O(t”HkHH), £ = 0.

To do it, we have to examine ra_3(j41)—1 and its derivatives, that is,

—1

1 2 i
Ta—2(j+1)—1 =0ob_2j_1 + arb_s(j41) + 5 ( 5 ) {a2,0_o-1)-1}(2) — §{a2,b—2j—1}

i
= 5lan, bz}
=0 ) + o) + o) o) + Ot
=0(t7Y), t — 0+,
and

(2k+1) (2k+1) (2k+1) e (2k)
2a(j1)—1 =00 g 1 + @b 0 + Elay b7y

+ B(d 1) b(2§J+21))+E( b(2§J+11))+E( b(2k+2))

2) 2k+3
)+ E(a? 0802 )
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:O(tj-l—k-l—l) +O(tj+1+k+1) +O(tj+1+k—1+1) +O(tj_1+k+1+1)
£ O@ITRHIFLY L Otk 4 (IRt

=0t ), t — 0+.
Taking an extra derivative, one immediately sees also that

o = O(F) s 04

Hence, for all £ = 0,1 and for all £k > —1

’”éﬁﬁf;—l = QIR ¢y 0
(again, when k = —1 we take £ = 1). Since b_5(j;1)—1 is the solution of the Cauchy

problem
a b_ 1 — a b_ i -1 — To_ 1 —1s
{ tV—-2(j+1)—1 20-2(j41)—1 2—2(j+1)—1 (15)

b_a(j+1)—1lt=0 = 0,

we obtain b_s(j11)—1(t) = O 1) as t — 0+. As before, taking one partial derivative
with respect to X yields

1 (€] __,M (1) _ j j
{8tb2(j+1)1 + a2b72(j+1)71 = —Qq b_g(j+1)_1 - 7"272(j+1)71 = O(tJJ"Q) + O(t-}"rl)’

) _
b ai1)-1le=0 =0,

whence it follows b'*) (t) = O(#'*2), and, taking an extra derivative, also that, as

—2(j41)-1
t — 04,
t
2 —(t—t")a- 1 1 i
b(_%(j-&-l)—l(t) = —0x /6 (t=%)az (ag "b_a(jn)—1 + ré_)Q(j-i-l)) dt’ | = O*?).
0

Supposing then by induction the estimates up to order 2k and making use of

(2k+1) (2k+1)
O g 1y—1 207510y

_ (1) 3(2k) (2) 5 (2k—1) (2k+1)
= —E(ay ", bZ540y—1) — Blag ™ bl 50y 1) — Tasain

= QI FIHR—1H L) 4 Qg+ LHk— 1L+ L) 4 (gt Lkl

b(ff-‘rl) |t:0 - 07

we obtain b(_QS(J;i)l)_l(t) = O(t'+F*+2) as t — 0+, and using
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t

b(2k+2) () = — dx /e—(t—t/)a2 (E(agl),b(f;)

(2) p(2k-1)
—2(j+1)-1 (j+1)—1) + Efay ", 07 )> dt'

2(j+1)-1

t
_ (2k+1)
— Ox /e (t— t)a2 Ty 2(j+1)— 1) dt’ s
0
also that

b(f;(;i)nq(t) _ O(tj+l+k+1+1)’ t— 0+,

which proves the proposition. O
5. Meromorphic continuation of ¢ 4w

Let AY be as in the Section 3. In this section we will use the parametrix approx-
imation of the heat-semigroup construct in Lemma 3.1 to prove the result about the
continuation of the spectral zeta function of the class of positive and self-adjoint elliptic
operators AW satisfying the hypotheses of Proposition 4.1. Namely, (4w can be rewritten
modulo a term holomorphic on a half plane of C as a linear complex combination of
meromorphic functions. Moreover, we will give explicit formulas for the coefficients of
this linear combination.

Theorem 5.1. Let A = as + a1 + ag be an elliptic system of second order where a; is an
N x N matriz-valued function on R?™ with homogeneous polynomial of degree j entries
for all j =0,1,2. Moreover, suppose AY > 0.

There exist constants c_gj—pn with 0 < j<n—1, h=0,1, and constants c_2j_1 n,
C_g; with j > n, such that, for any given integer v € Z4 with v > n,

1 n-1 v
1 C—2j—h,n €-2j-1,n
Caw(s) = 1= + s 16
() I'(s) hZOJZOS_ (n—j)+h/2 ;s—(n—j)+1/2 (16)

B P

s (n—j)

where I'(s) is the Euler gamma function, and H, is holomorphic in the region Res >
(n —v) — 1. Consequently, the spectral zeta function (aw is meromorphic in the whole

complex plane C with at most simple poles at s=n,n—1,n—2, ..., 1 and s =n — %,
n— %, n— %, .... One has
+oo
C—2j—hn = (2m)7" / / Tr (b—2j—h(ﬁ)2,w)) P2 =D=I=h qy dp, (17)

0 S2n-—1
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where 0 < j <n—1, h=0,10rj>n, h=1.In (17) the b_s;_}, are the terms in the
symbol of the parametriz Uy € OPSqeg(2,0) constructed in the proof of Lemma 3.1 and
Remark 3.2,

Ua~> B_j.

Jj=0

Proof. The proof follows they idea to make use of the asymptotic expansion given by
Lemma 3.1 to obtain an asymptotic expansion for the continuation of (4w. To do that
we write (4w by the Mellin transform which gives it in terms of the heat-semigroup of
AY. Now the semi-group can be approximated via Lemma 3.1. Hence, we compute an
approximation of (4~ whose asymptotic terms, given by integrals, are the % in
(16), obtained by a Taylor expansion argument. Actually, we need the integrals defining
the c_oj_p,n to converge. That is why we use Proposition 4.1 to have a control on the
vanishing of the asymptotic terms of the parametrix of the heat-semigroup as t — 0+.
Finally, we take into account the residuals given by the approximations made and we sum
their contributes. Namely, we notice that they do not affect the values of the c_z;_p n
for j <n —1 and those for h =1 if j > n.

By the properties of the heat semi-group 0 < t — e~ t4"

we may use the Mellin
transform and write

“+o0
(AY)™ = % / 5 1e™ " dt, Res > 2n/2 = n,
S
0
so that
1 e
s> Cav(s) = Tr(AY) ™ = i5) / 51 Tr A" dt.
0

Let hence Ugq ~ ZB,]» € OPSgeg(2,0) be the parametrix approximation of e tAY
j=0
constructed in Lemma 3.1. We write

1 “+o0
Caw(s) = ﬁ /+ / 57 T e 7Y dt =2 Zo(s) + Zoo(s).
0 1

In the first place we claim that Z.(s) is holomorphic in C. In fact, on the one hand,
since ¢ — TrR(t) is rapidly decreasing for ¢ — +oo (where R(t) := e~ #4" — Ua(t)), we
have that for all p € N and for all t > 1

ITr R(t)| <P
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On the other, given any v > 0 and any symbol b € S(2, —2v), we have (by definition of
the class S(p,v) at p. 79 of [19]) that for all ¢ > 1 and all p € N

(277)_”/Trb(t,X)dX =|(2m)™" +/Oo/ Tr b(t, pw)p®"~ dw dp

R2n 0 S2n-—-1
+oo
=t"P|(2m)"" / / tPTrb(t, pw)p*™ L dw dp
0 S2n-—1
Foo p2n+1
<t7P —
~ / (T+ppzrz
0
St
: X 2n—1
(Here, we use the polar coordinates 0 # X = |X|m with p € Ry, w € S %, and dw

is the induced Riemann measure on S2"~1.) It thus follows that for all p € N and for all
t>1

Tr Ua(t)| StP.
In conclusion, since
Tre " = Tr Ux(t) + Tr R(t),
for every p > 1 there exists C, > 0 such that
I Tre 7| < Cpt P, Wt > 1,

which proves the claim, since the term 1/I'(s) is already holomorphic in C. Therefore
the crux of the matter lies in the study of the function Zy(s). To study it we need a
better understanding of the terms Tr B_5;_p, j > 0, h = 0, 1. Hence, we recall that by
the homogeneity of the b_5;_, for £ >0, j > 0,and h =0,1

Tr B_Qj_h(t) :(271')771 / X(X)Tr (b_gj_h(t,X)) dX

=(2m)™" X(p) Tr (b—zj—n(t, pw)) p*" " duw dp
f

=(2m)™" / / X(pw)Tr (b_oj_n(p*t,w)) PP Gy dp.
0
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We consider

+oo

C9j—nm = (2m)7" / / Tr (b—2j—h(ﬂ2,w)) P2 =D=1=h gy dp.
0 S2n-1

We claim that
|C—2j—h,n| < 400, Vj€Zy, h=0,1.

In fact, the integral is convergent at p = +oo for all j since Tr (b_2;_p(-,w)) is a Schwartz
function, it is clearly convergent at p = 0 for 0 < 25 + h < 2n — 1, and finally it
is convergent at p = 0 also when 25 + h > 2n, for the singularity at 0 of the factor
p?(n=)=1=h i compensated by Tr (b_aj_n(t,w)) = O(F'+") as t — 0+.

We define now the function

fo2j—n(t) == —(Qﬂ)_”/ / (1= x(pw))Tr (b_oj—n(t, pw)) p*" L dwdp, j € Z.

0 s2n-1
Then f_; € C*([0,400);C), for all j' € Z, and by Proposition 4.1
foajon(t) =0 *™h), t — 0+, (18)
It follows that
TrB_oj_p(t) = C,Qj,hmt_(n_j)-i_h/g+f72j7h(t) = szjfh,nt_(n_j)—’_h/?+O(tj+h)a (19)
as t — 0+, for all j§ > 0, h =0, 1, and that (by the proof of Proposition 3.2.15 at p. 32

of [19] adapted to the present setting),

Tr Ua(t ZZT&«B_2] p(t) =: Tr Ryyqo(t) = O 1), t — 04,
h=0 7=0

YveZy, h=0,1
However, the information contained in (19) alone is not yet sufficient to obtain the
continuation of (4w, and We need a better control of f_5;_. Notice that for all j,k € Z,

denoting 9f f_o;_p(t) by %) 9;—n(t):

1
fEkQ)jfh( / / X(pw))Tr (9Fb_2j_n(t, pw)) p*"~ " dw dp,
0

S2n—1
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so that fﬁ’;)]_ »(0) is finite and can be computed through (8), and through the differential
equations (10), (13), (14), and (15) used to construct the b_s;_,. Note, in particular,
that

1
fék)(o) = (=1)k+(2m)” X (pw))Tr (ag(pw) ) =1 dw dp.
e

SZn 1

We next apply Lemma 7.2.3 at p. 99 of [19] to the functions f_s;_j, so that for any
given v € Z we may write, by (18),

1 v U o) )
F o = [t o () dt = J F ooiny
2j—h(5) / f-2j-n(t) Z(]—I—h+k:)s+j+h+k+ 2j—hw(8),
0
where F_g;_},,, is holomorphic for Res > —j —h —v — 1.
Using this in (19) we have that for each j > 0, h =0, 1, for any given v € Z,

1

_ C_2j—hn
5Ty B_oi () dt = il
o AR L e e

0
J-‘rh-‘rk

(]+h+k) S+]+h+k —2j—h,v(S),

where F_g;_p, is holomorphic for Res > —j —h —v — 1.
Analogously, since 0 < t +— Tr R(t) € /(R ;C) and by Lemma 7.2.3 at p. 99 of [19]
we also have, with fr(t) := Tr R(t), that for any given v € Z

1

) (g
/ts‘lf t)dt = Zf ! 4F (),

0

where F'p, is holomorphic for Res > —v — 1.
We therefore obtain that for any given v € Z .

Zo(s) :ﬁ ZZ/t “ITr B oj_u(t) dt

h=0j=0 {
1 1

+/ts_1Tr Royya(t) dt—l—/ts_lTr R(t) dt
0 0

Since the function s — fol t5"ITr Ry, 12(t) dt =: Fy,yo(s) is holomorphic for Res >
—v — 1, we thus obtain that, for any given v € Z, with v > n,



M. Malagutti / Bull. Sci. math. 187 (2023) 103286 21

j+h+k) (0)

(
C_2 h,n fQ h 1
ZZs—njj +h/2 ZZ —ih—&-k's—i—j—i-h—i-k

h=0 j=0 hOkO

Zo(

v (k) 1 v
AV (0) 1 SN Fsjinnls) | + Fruls) + Pasals)

|
k=0 kst k h=0 j=0
1 1 n—-1 c v c
—2j—h,n —2j—1n
= E - + E -
I'(s) hzoj:os—(n—])+h/2 j:ns—(n—j)+1/2

v

C_zj ~
+ ——— | + H,(s)],
j;l s —(n—7j) )
with s + H,(s) holomorphic for Res > (n — v) — 1. Since the function 1/I'(s) is
holomorphic in C and has zeros at the non-positive integers —k, k € Z, this proves the
theorem. O

Remark 5.2. An interesting problem can be to use the asymptotics for resolvent expan-
sions and trace regularizations by [8] and [9].

Theorem 5.1 has the following corollary for the Hurwitz-type spectral zeta function
of AV.

Corollary 5.3. Let A = as + a1 + ap be an elliptic system of second order where a; is an
N x N matriz-valued function on R?™ with homogeneous polynomial of degree j entries
for all 5 =0,1,2. Moreover, suppose AV > 0.

For all 7 > 0 there exist constants c_oj_pn(7) with 0 < j < n—1, h = 0,1, and
constants c_oj_1n(7), C_2;(T) with j > n, such that, for any given integer v € Z with
v>mn,

o L () ~  Cogj1a(7)
Cavsrr () =Ty Z;Si(ninh/Q + ;sf(nfj)Jrl/Q (20)

where I'(s) is the Fuler gamma function, and s — H,(7)(s) is holomorphic in the region
Res > (n — v) — 1. Consequently, the spectral zeta function Cawyrr 18 meromorphic in

the whole complex plane C with at most simple poles at s=n,n—1,n—2, ..., 1 and
s:n—%, n—%, n— 2, .... One has

c—2j—nn(T) =
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+oo
e [ [ T s () 2 ddp (21)
0 §2n-1
+o0 I
—7(2m)™" e~ =0T by o (', w))p? DT A dwdp
0 s2n-1 0

where 0 < j<n—1,h=0,10orj>n, h=1. In (21) the b_gj_;, are the terms in the
symbol of the parametriz Uy € OPSqeg(2,0) constructed in the proof of Lemma 3.1 and
Remark 3.2,

Ug ~ ZB_j,

Jj=0
where we set by =0 for all k =1, 2.

Proof. The proof follows from the demonstration of Theorem 5.1. In fact, we use of the
equations in the proof of Lemma 3.1 and (9) to link the asymptotic expansion of the
parametrix of the heat semi-group of A¥ +71I to the one of AY. Let b;, 72—; be the terms
constructed in the proof of Lemma 3.1 (see also (8) and (9)) for A and b_;(7), ro—;(7)
those for AY + 71. Then,

bor(7)(t, X) = [y ey (', X) dt!,
b_;i(T)(t, X) = — fot e—(t—taz,., (', X)dt' — Tfot e—(t—t’)a2b27j(t/,X) dt', j > 2,
(22)
since for all j > 2
{%bg‘(ﬂ +agb_;(1) = —ry—j(7) = —ra—j — Tha—j,
by (7m0 = 0.
Now, we apply Theorem 5.1 to (gw4s, obtaining (20) with coefficients
+oo
C—2j—nn(T) = (2m)"" / / Tr (b—oj—n(7)(p?,w)) P71 dw dp. (23)
0 S2n-1

Actually, substituting in (23) the expressions for b_;(7) given by (22), we obtain (21)
which completes the proof. O
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6. Examples

6.1. The meromorphic continuation of Jayne-Cumming model spectral zeta function
m=1, N=2)

The Jaynes-Cumming (JC) model is the model of a two-level atom in one cavity, given
by the 2 x 2 system in one real variable € R (see 3.1 in [15])

A¥(2,D) = ap} (2, D)o + B( 04" (2, D) + 04" (2, D)) + 703, a > 0,8,7 € R,

where (x, D) := 92 o, = %(0'1 +i02) with o, j = 0,...,3, the Pauli-matrices,

V2
10— |1t 0
y g2 1= i 0 ) o3 = 0 -1 ’

and the atom levels are given by 4.

i.e.

0 1

0'02212, 01:[1 0

To apply Theorem 5.1 we need to compute the terms b_; of the asymptotic expansion
of the semi-group parametrix construct in Lemma 3.1. First of all, if A is the Hamiltonian
of the JC model and, in the notations of the previous sections, A = as + a1 + ag, then

2 2
ajap = —apai, ag = ]27 and ay = P2, (24)

where ps is the harmonic oscillator symbol. Hence, the product of any number of factors
equal to aj or ag can be rewritten as the multiple (by a function in C*°(R; C*°(R?")))
of a1, ag, apar or Iy by using iteratively the identities (24). This fact motivates the
following definition.

Definition 6.1. Given a linear combination of products of any number of a¢ and a;, we
say that it is written in irreducible form if it is a linear combination of a1, ag, apa; and

I with coefficients in C°°(R;; C*°(R?")).

We are going to prove a lemma determining the structure of the b; as linear combi-
nation with coefficients in C*°(Ry; C*°(R?")) of a1, ag, aga; and Io.

Lemma 6.2. Let A = as+a1+ag be the Hamiltonian of the JC model with a; homogeneous
of degree j. Then, the b_; can be written in irreducible form. Moreover,

j odd = the coefficients of ag, Iz in the irreducible form of b_; are 0, (25)

Jj even = the coefficients of a1, apar in the irreducible form of b_; are 0. (26)

Proof. The proof is by induction, follows the construction of the parametrix in
Lemma 3.1 and here we will use the same notations of that lemma. First of all,



24 M. Malagutti / Bull. Sci. math. 187 (2028) 103286

bo(t, X) = e P2 by (t, X) = ~te™ 2 (X,

(see also (9)). Hence, by and b_; are already written in irreducible form and satisfy (25)
and (26). Now, we suppose that for all 5/ < 25 — 1 (§ > 2) the thesis is verified and
we want to prove the result for ba; and bs;i1. By the construction in Lemma 3.1 and
since A is a differential operator (that is, its expansion contains only terms with degree
of homogeneity > 0),

%b—%’ + pab_oj = —agba_2; — a1b1_2;,
b_2jli—0 = 0.
Hence, since by inductive hypothesis
aoba—2j + a1bi—2j =ao(frao + fol2) + a1(gia1 + gaaoar)

:flag + fQCL() + glaf + geai1apaq

=f1lz + faao — g1p2d2 — g2p2ao,

where the third equality follows from (24) and where the f; and g; are function in
C>(R4; C*°(R?™)). Hence, the claim is verified for b_;. Repeating the argument for
b_2;_1, we have

d
Eb72j71 +p2b72j71 = —006272]'71 - a1b172j71»
b—2j—1|t:0 =0,

which, since

apb1_2j + a1b_o; =ao(frar + faapar) + a1 (grag + G2 I)
:flaoal + fgagal + qr1ai1ag + goaq

=fiaoa1 + faa1 — Graoar + Gaa1,
shows that the claim is verified also for b_»;_; and completes the proof. O

Remark 6.3. By Lemma 6.2 we have that Tr (b_2;_1) = 0 since it is a linear combination
of matrices with zeros on the principal diagonal. Hence, by (25) and (17) we have that

+o00 27

R / /Tr (b—2j-1(p*,w)) p~ ¥ dwdp =0, j >0,
0 0

and
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“+o0 27

o =(2m)! / / Tr (bol?,)) pdeo dp

+oo 2
=2(2m) 1//6_” 12pdw dp
0 0
+o0
—2/6 Ppdp =2
0

Therefore, if A is the JC Hamiltonian, by (16) the spectral zeta function associated to
AY is
v

s = 1 |24 Z% +H,(s)|,
j=1

where v > 1, H, is holomorphic in the region Res > —v and the c_5 1, C_s; has been
defined in Theorem 5.1. Consequently, the spectral zeta function (4w is meromorphic in
the whole complex plane C with a simple pole at s = 1. Thus, (4w has a meromorphic
continuation to C.

6.2. The JC-model for one atom with 3-level and one cavity-mode in the so called
=Z-configuration

This generalization of the JC model (that we will denote by 3-E-JCM) describes a
3-level atom in one cavity, given by the 3 x 3 system in one real variable x € R? (see
3.2 in [15]). In this configuration every level of energy can interact only with the ones
near to it, that is the electron can absorb (or emit) a photon moving from the jth level
of energy to the j 4 1st (or from the j 4 1st level of energy to the jth) for j = 1, 2.
That is mathematically represented by the following Hamiltonian operator. For o > 0,

B1, B2 € R\ {0}, 71,72,73 € R with 71 < 72 <3,

2
1
A" (2, D) =apy (@, D)Is + 5 3 B (¥" (2, D) B +4"(2, D) B )
k=1

+ ) B,
k=1

with
Ejk::ez&)ej, 1<5,k<3

forming the basis of the 3 x 3 complex matrices, where Ej; acts on C? as
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Ejpw = (w,ep)ej, w€E C3,

and ¢¥(x, D) = %.

Lemma 6.4. Let A = as+a1+ag be the Hamiltonian of the 3-E-JCM with a; homogeneous
of degree j. Then,
J odd = the principal and secondary diagonal entries of b_; are 0, (27)
J even = the subdiagonal and superdiagonal entries of b_; are 0. (28)

Proof. Again the proof is by induction, follows the construction of the parametrix in
Lemma 3.1 and here we will use the same notations of that lemma. First of all,

bo(t,X) — e*tp?(X)127 b_l(t,X) — _te*tPQ(X)al.

Hence, by and b_; satisfy (27) and (28). Now, we suppose that for all j* <2j—1 (§ > 2)
the thesis is verified and we want to prove the result for by; and bo;41. By the construction
in Lemma 3.1 and since A is a differential operator

Lp_oj+ pab_oj = —agba_o; — arbi_sj,
b_2j]t=0 = 0.

Therefore, by inductive hypothesis agba_2; subdiagonal and superdiagonal entries are 0
since ag is a diagonal matrix. Moreover, a1b;_2; subdiagonal and superdiagonal entries
are 0 since the principal and secondary diagonal entries of b;_o; are 0. Hence, the claim
is verified for b_o;. Repeating the argument for b_»;_1, we have

d
2i0—2j—1 +p2b_oj 1 = —agba_2j-1 — a1bi_2;5_1,
b_2j—1]t=0 = 0.

Thus, by inductive hypothesis agbi—2; has principal and secondary diagonal entries that
are 0 since ag is diagonal. Moreover, a;b_o; principal and secondary diagonal entries are
0 since b_p; diagonal entries are 0. Hence, the claim is verified also for b_g;_1. O

Remark 6.5. By Lemma 6.4 we have that Tr (b_2;_1) = 0 since b_y;_1 principal diagonal
entries are 0. Hence, by (27) and (28) we have that

400 27
c2i-10 = (217 / / Tr (b_gj—1(p?w)) p~2 dwdp =0, j >0,
0 0

and
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“+o0 27

o =(2m)! / / Tr (bol?,)) pdeo dp

+oo 2
=3(27) 1//6_” 12pdw dp
0 0
400
23/67"2/2pdp:3.
0

Therefore, if A is the 3-2-JCM Hamiltonian, by (16) the spectral zeta function associated
to AW is

G (5) = 75 | 727 + Z% +H(5)]

where v > 1, H,, is holomorphic in the region Res > —v and the c_5 1, C_3; has been
defined in Theorem 5.1. Consequently, the spectral zeta function (4w is meromorphic in
the whole complex plane C with a simple pole at s = 1. Thus, (4~ has a meromorphic
continuation to C.

7. Non-existence of semi-integer poles

In this section we prove, as a corollary of Theorem 5.1, that for a differential operator
of order 2 with polynomial coefficients there are no semi-integer poles.

Corollary 7.1. Let A = as + a1 + ap be an elliptic system of second order where a; is an
N x N matriz-valued function on R*® with homogeneous polynomial of degree j entries
for all j =0,1,2. Moreover, suppose AY > 0. Then, c_gj_1,, =0 in (16) for all j > 0.

Proof. We prove this corollary by showing that for j > 0 the b_o;_1 (respectively, b_s;)
in the construction of the parametrix in Lemma 3.1 are odd (respectively, even) functions
in the phase variable X by an induction argument on j. In fact, this completes the proof
since in (16) Tr(b—2j_1) is again an odd function of X and in the integral over S?"~! is
0. First of all,

bo(t, X) = e 2L, b_y(t, X) = —te”P2(X)g,

(see also (9)). Hence, by and b_; are, respectively, an even and odd function of X since
a1 is an homogeneous polynomial of degree —1. Now, we suppose that for all j' <25 —1
(j > 1) the thesis is verified and we want to prove the result for by; and byj41. By the
construction in Lemma 3.1 and since A is a differential operator (that is, its expansion
contains only terms with degree of homogeneity > 0),
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d _
2025 +p2b_2; = —apba_2; — a1b1_2;,

b—2j|t:0 =0.

Hence, by the inductive hypothesis ba_s; and bi_o; are, respectively, an even and odd
function of X. Therefore, the claim is verified for b_,;. Repeating the argument for
b_sj_1, we have

d
2i0—2j—1 +p2b_oj1 = —agba_2j-1 — a1b1_2;_1,

b_2j—1]t=0 =0,

which completes the proof since by inductive hypothesis b1_2;_1 and ba_9;_1 are, re-
spectively, an even and odd function of X. O
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