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we settle a conjecture of Hameister, Rao, and Simpson. Fur-
thermore, we prove the real-rootedness of the Hilbert series
of the augmented Chow rings of uniform matroids via a tech-
nique introduced by Haglund and Zhang; and in addition, we
prove a version of a conjecture of Gedeon in the Chow setting:
uniform matroids maximize coefficient-wise these polynomials
for matroids with fixed rank and cardinality. By relying on the
nonnegativity of the coefficients of the Kazhdan—Lusztig poly-
nomials and the semi-small decompositions of Braden, Huh,
Matherne, Proudfoot, and Wang, we strengthen the unimodal-
ity of the Hilbert series of Chow rings, augmented Chow rings,
and intersection cohomologies to «y-positivity, a property for
palindromic polynomials that lies between unimodality and
real-rootedness; this also settles a conjecture of Ferroni, Nasr,
and Vecchi.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction
1.1. Overview

Starting from a loopless matroid M, one can construct various algebraic objects having
good properties that in turn can be used to answer purely combinatorial questions.
Notable examples of such objects are the Chow ring CH(M), the augmented Chow ring
CH(M), and the intersection cohomology module TH(M). These three algebraic structures
possess a number of remarkable features and play an instrumental role in the proofs of
the log-concavity of the Whitney numbers of the first kind [1], and the top-heaviness
of the Whitney numbers of the second kind of the lattice of flats £(M) [12]. Our main
objects of study in this article are the coefficients of the respective Hilbert—Poincaré
series of each of these structures.

The intersection cohomology module TH(M) is particularly relevant in the Kazhdan—
Lusztig theory of matroids. Its Hilbert—Poincaré series is known in the literature as the
Z-polynomial of the matroid M and is denoted by Zy(z). In [57] Proudfoot, Xu, and
Young introduced this polynomial using a purely combinatorial language, i.e. without
making reference to any (at that point) meaningful notion of intersection cohomology
for general matroids. Later, in the work of Braden, Huh, Matherne, Proudfoot, and
Wang a precise description of the intersection cohomology was obtained. In fact, the Z-
polynomial is strongly related to the Kazhdan—Lusztig polynomial of M, denoted Py (x)
and first studied by Elias, Proudfoot, and Wakefield in [25]. The following can be used
as a simultaneous recursive definition for both the Kazhdan—Lusztig and Z-polynomials
of matroids.

Theorem 1.1 ([57,18]). There is a unique way to assign to each loopless matroid M a
polynomial Py (x) € Z[x] such that the following properties hold:
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(i) If k(M) =0, then Pu(z) = 1.
(i) If tk(M) > 0, then deg Pu(z) < i tk(M).
(iii) For every matroid M, the polynomial

Zm(z) = Z ™) Py p(x)
Fez(M)
is palindromic.?

The original definition of the Kazhdan—Lusztig polynomials of Elias, Proudfoot, and
Wakefield is given by the following result, which provides a recursion that defines them
uniquely in terms of characteristic polynomials of restrictions M|z and Kazhdan—Lusztig
polynomials of contractions M/F for flats F € £(M). In contrast to Theorem 1.1, this
does not make any reference to the Z-polynomial.

Theorem 1.2 (/25]). There is a unique way to assign to each loopless matroid M a poly-
nomial Pw(x) € Z[x] such that the following conditions hold:

(i) If rk(M) = 0, then Pu(z) = 1.
(i) If k(M) > 0, then deg Pu(z) < i tk(M).
(iii) For every matroid M, the following recursion holds:

xrk(M)pM(xfl) = Z XM\F(I) PM/F(m)'
Fe2(M)

These results provide compact and purely combinatorial definitions of Py(x) and
Zwm(zx). However, many properties of these families of polynomials are not easy to de-
duce from such statements. For instance, a non-obvious property that these polynomials
possess is the nonnegativity of their coefficients. In fact, the second main result of [12]
establishes this by proving that the coefficients of these polynomials are given by graded
dimensions, more precisely, Zy(z) = Hilb(IH(M), z) and Py(z) = Hilb(IH(M)g, z) (see
[12, Theorem 1.9]).

We now turn history on its head. Recall that in the matroid Kazhdan-Lusztig set-
ting, the combinatorially-defined Kazhdan—Lusztig and Z-polynomials came first, and
their descriptions as Hilbert—Poincaré series of IH(M)g and IH(M) came later. For the
Chow-theoretic setting, the Chow ring CH(M) and augmented Chow ring CH(M) were
first introduced in [31] and [11], respectively. In what follows, we give an “intrinsic”
combinatorial definition of their Hilbert—Poincaré series by mirroring Theorem 1.1 and
Theorem 1.2. (Theorem 1.5 below asserts that these polynomials are indeed the cor-

3 In this context, we say that p(zx) is palindromic if p(z) = z%p(z~?!) where d = degp(x). For example,
the polynomial ¢(z) = 22 4+ x is not palindromic although it satisfies z3q(z~1) = ().
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rect Hilbert—Poincaré series.) These combinatorial definitions can be seen as the starting
point of our study.

Theorem 1.3. There is a unique way to assign to each loopless matroid M a palindromic
polynomial Hy (z) € Z[x] such that the following properties hold:

(i) Ifrk(M) =0, then Hy(z) = 1.
(ii) If rk(M) > 0, then degHy(x) = rk(M) — 1.
(iii) For every matroid M, the polynomial

Hu(z):= »  «™ Hy,p()
FeZ(M)

is palindromic.

The polynomial Hy,(x) will be sometimes referred to as the Chow polynomial of
the matroid M, whereas Hy(x) will be called the augmented Chow polynomial of M."
Similar to the case of the Kazhdan—Lusztig polynomials and the Z-polynomials, a non-
obvious property that one may observe after working out some examples is that Chow
polynomials and augmented Chow polynomials of matroids appear to have nonnegative
coefficients. (The reason for the name of these polynomials and the nonnegativity of their
coefficients is given by Theorem 1.5 below.) Additionally, given the resemblance between
Theorem 1.3 and Theorem 1.1, it is reasonable to ask for a counterpart for Theorem 1.2
in this alternative setting.

Theorem 1.4. There is a unique way to assign to each loopless matroid M a polynomial
Hy(z) € Z[z] such that the following conditions hold:

(i) If rk(M) =0, then Hy(x) = 1.
(ii) For every matroid M, the following recursion holds:

Hy(z) = Z Xmip (%) Hyyp(2).
Fe£ (M)
FA

The proof of this fact is a straightforward induction. What is less evident is that the
polynomials Hy,(z) arising from this result coincide with those arising from Theorem 1.3.
In particular, it is already an interesting conclusion that the polynomials as defined in
Theorem 1.4 are palindromic and have nonnegative coefficients, as this is not at all
hinted by the recursion since the reduced characteristic polynomial has coefficients that
alternate in sign.

4 We thank Nick Proudfoot for proposing these names.



L. Ferroni et al. / Advances in Mathematics 449 (2024) 109733 5

Somewhat against intuition, the polynomials Hy(x) and Hy(x) are from some per-
spectives less manageable than Py(x) and Zy (), especially from a computational point
of view. For example, their coefficients are much larger, and neither Hy,(x) nor Hy/(x)
behave well under direct sums of matroids; one of the many possible explanations for
this phenomenon is that the reduced characteristic polynomial of a direct sum is not the
product of the reduced characteristic polynomials of the summands and, in particular,
the arguments that Elias, Proudfoot, and Wakefield used in [25, Proposition 2.7] to prove
that Pu,em, () = Pu, (2)Pu,(2) do not hold. As a result, even simple operations within
matroid theory (such as “adding a coloop”) change the polynomials Hy,(z) and Hy(x)
in a less evident way.

The reason that the coefficients of these polynomials are always nonnegative integers
is given by the following connection with the Chow ring and the augmented Chow ring.

Theorem 1.5. Let M be a loopless matroid. The polynomial Hy,(x) is the Hilbert—Poincaré
series of the Chow ring CH(M). The polynomial Hu(x) is the Hilbert—Poincaré series of
the augmented Chow ring CH(M). In particular, both of them have nonnegative coeffi-
cients.

The proof relies on a construction by Feichtner and Yuzvinsky [31] of a certain Grobner
basis for the Chow ring of atomic lattices with respect to arbitrary building sets. The
strategy is to start with a raw expression for the Hilbert—Poincaré series of both the
Chow ring and the augmented Chow ring and prove that they satisfy the recursions of
both Theorem 1.3 and Theorem 1.4.

1.2. Real-rootedness and ~y-positivity

Naturally, one can view our previous two results as “intrinsic” combinatorial defini-
tions of the Hilbert series of CH(M) and CH(M) that avoid their explicit construction.
Another consequence is that some statements (many of which are still conjectural) re-
garding the Kazhdan-Lusztig polynomial and the Z-polynomial of matroids now admit
a “natural” counterpart for the Chow ring and the augmented Chow ring. In particular,
two outstanding conjectures posed in [35] and [57] assert the real-rootedness of both
Pu(z) and Zy(x). A well-known fact (see, e.g. [16]) is that the real-rootedness of a poly-
nomial with positive coefficients implies that the coefficients form an ultra log-concave
sequence and, in the case the polynomial is palindromic, that it is -positive. Each of
these two properties, i.e. ultra log-concavity or v-positivity, is also known to be stronger
than the unimodality of the coefficients of the polynomial.

The similarity between the defining recursions of the polynomials arising in Theo-
rem 1.1 and Theorem 1.3, along with a significant amount of experiments,” make it

5 These experiments include all matroids on up to 9 elements, all lattice path matroids on up to 14
elements, sparse paving matroids on up to 40 elements, and all the matroids of the catalog in [52] that have
cardinality at most 12.
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plausible to postulate that these desirable properties of the coefficients might hold for
Hy(z) and Hu(z) as well. Indeed, these conjectural properties have already been ob-
served in different sources.

Conjecture 1.6. For every matroid M, the following polynomials have only real roots.

¢ ([30, Conjecture 8.18]) The polynomial Hy,(z), i.e. the Hilbert—Poincaré series of the
Chow ring CH(M).

o ([65, Conjecture 4.3.3]) The polynomial Hy(z), i.e. the Hilbert—Poincaré series of
the augmented Chow ring CH(M).

e ([57, Conjecture 5.1]) The polynomial Zy(z), i.e. the Hilbert—Poincaré series of the
intersection cohomology module TH(M).

e ([35, Conjecture 3.2]) The polynomial Py(z), i.e. the Hilbert—Poincaré series of the
stalk TH(M)g at the empty flat of TH(M).

The first two of the above four assertions were observed and conjectured by June Huh
in a private communication with the third author in 2019.

Remark 1.7. We note that CH(M) and IH(M) are both modules over the graded Mdbius
algebra H(M) (see Section 4.2 for its definition). We make this point only to be able to
define TH(M)g (see Definition 4.3), which depends on the H(M)-module structure. As
the purpose of this paper is to study various Hilbert—Poincaré series, we only need to
view H(M), CH(M), CH(M), IH(M), and IH(M)g as graded vector spaces.

The main result of Adiprasito, Huh, and Katz [1, Theorem 1.4] asserts the validity of
the Kihler package for the Chow rings of matroids. In particular, Poincaré duality and
the hard Lefschetz property are valid and they respectively imply the palindromicity and
the unimodality of the coefficients of the Hilbert series of the Chow ring. On the other
hand, the K&hler package was proved for the augmented Chow ring by Braden, Huh,
Matherne, Proudfoot, and Wang in [11, Theorem 1.6] and for the intersection cohomology
module in [12, Theorem 1.6], so one can conclude analogous statements for the Hilbert—
Poincaré series of CH(M) and IH(M). Less is known regarding the Hilbert—Poincaré
series of IH(M)g, i.e. the Kazhdan—Lusztig polynomial Py(z). Although its coefficients
are nonnegative, it is not known whether they are always unimodal in general.

Another of our contributions will be to provide a proof of the ~-positivity for three
of the families of polynomials above. (The notion of v-positivity is only meaningful
for palindromic polynomials, so we only ask this question for these families.) This gives
further evidence to part of Conjecture 1.6 and resolves a problem posed in [28, Conjecture
5.6] by Ferroni, Nasr, and Vecchi that was previously known to hold only in certain cases.

Theorem 1.8. For every matroid M, the polynomials Hy (x), Hu(z), and Zm(z) are -
positive.
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The proofs of the v-positivity of each of these families depend on a recursion witnessed
by the validity of the semi-small decompositions of [11] for the Chow ring and the
augmented Chow ring. For the intersection cohomology, a recursion found by Braden
and Vysogorets [18] does the job, but a crucial requirement is the nonnegativity of the
coefficients of the Kazhdan—Lusztig polynomials.

1.8. The case of uniform matroids

Computing all of the polynomials mentioned so far is, in general, a very difficult
challenge. Even for uniform matroids, the task of producing convenient formulas is of
much interest. For the Z-polynomial and the Kazhdan—Lusztig polynomial of uniform
matroids, some explicit formulas are known, see, e.g. [34].° On the other hand, prior
to this work, no clear formulas for Hy,(z) and Hm(z) of arbitrary uniform matroids
were known. We mention, however, that the polynomials Hy,(x) for arbitrary uniform
matroids were addressed by Hameister, Rao, and Simpson in [40]. One of their main
results [40, Theorem 5.1] is useful to retrieve the fact that, for a Boolean matroid M =
Unn, one has H, (z) = A,(x), where A, is the n-th Eulerian polynomial; whereas
for uniform matroids of corank 1, it follows that H, , (z) = Ld,(x), where dy(z)
denotes the n-th derangement polynomial. Unfortunately, deducing compact expressions
for Chow polynomials of arbitrary uniform matroids via their result seems rather difficult;
although their formula is nice in terms of statistics of permutations, it is intricate from
a computational point of view.

Without making any references to augmented Chow rings of matroids, the polyno-
mial Hy (z) for Boolean matroids has been studied in detail recently in [56,8,67,42,39,13].
To be precise, one has Hy, ,(z) = A, (x) where A, () denotes the n-th binomial Eu-
lerian polynomial. Notice that, when applied to a Boolean matroid the recursion in
Theorem 1.3 (iii) asserts the known identity

n

A =3 (7)o duet.

=0\

A further motivation to study the Hilbert series of Chow rings and augmented Chow rings
is that they may be viewed as vast generalizations of the Eulerian, binomial Eulerian, and
derangement polynomials, and within this broader framework one can derive interesting
new identities relating them. The following result provides a compact expression for the
Chow polynomials and augmented Chow polynomials of general uniform matroids.

Theorem 1.9. The Hilbert series of the Chow ring and augmented Chow ring of arbitrary
uniform matroids are given by:

6 We point out that the real-rootedness of Py(z) and Zy(z) for M 22 Uy, ,, are still open problems.
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k—1
Hy, ( Z ( ) YA +z+ -4 2F 1),

Jj=
Hy, , (z 1+z2<) Y14z + - 4k ),

The first of the above two formulas, when & = n — 1 yields a recursion for the de-
rangement polynomials deduced in recent work by Juhnke-Kubitzke, Murai, and Sieg in
[43, Corollary 4.2].

On the other hand, we can leverage the parallelism between the Kazhdan—Lusztig and
the Chow-theoretic settings to produce alternative formulas that allow one to compute
Hy, , (z) and Hy, , (2), by a different method. Indeed, we imitate one of the main tricks
used in the literature to compute Py, ,(x) and Zy, ,(z), which consists of considering
the incidence algebra of the lattice of flats and the inverse Kazhdan-Lusztig polynomial
of Gao and Xie [37]. In the Chow setting this elementary idea yields useful formulas that
apply to matroids in general, and uniform matroids in particular. As an application of
this, we prove a conjecture of Hameister, Rao, and Simpson [40, Conjecture 6.2] and an
analogue for the augmented case. For the precise statements of those formulas, we refer
directly to Proposition 3.15 and Proposition 3.18.

We lend support to the part of Conjecture 1.6 stating the real-rootedness of the Hilbert
series of augmented Chow rings.

Theorem 1.10. For every uniform matroid Uy, the augmented Chow polynomial
Hy, ., (x) is real-rooted.

The proof of the preceding result relies on a combination of Theorem 1.9 and a techni-
cal tool introduced by Haglund and Zhang [42] on interlacing sequences of polynomials.

1.4. Dominance of uniform matroids

An unpublished conjecture of Gedeon states that the Kazhdan-Lusztig and Z-
polynomials of Uy, are coefficient-wise maximal among all matroids of rank k& on n
elements. This conjecture is known to hold for all paving matroids in the Kazhdan—
Lusztig setting [28, Theorem 1.5]. Here, we prove a Chow-theoretic counterpart for all
matroids.

Theorem 1.11. Let M be a loopless matroid of rank k on a ground set of size n. The
following coefficient-wise inequalities hold:

Hy(z) = Hy, ,(2),

HM (CI’,‘) j HUk,n (.’13)
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In other words, uniform matroids mazximize the coefficients of Chow polynomials and
augmented Chow polynomials among all matroids with fized rank and size.

1.5. Outline

The paper is organized as follows. In Section 2 we review all the necessary back-
ground on matroids, ~y-positivity, and the definitions of the derangement polynomials
and the (binomial) Eulerian polynomials. In Section 3 we discuss the Chow ring and
augmented Chow ring. The validity of Theorem 1.3, Theorem 1.4, and Theorem 1.5 is a
consequence of Theorem 3.10 and Theorem 3.12. We prove the part of Theorem 1.8 as-
serting ~y-positivity for Hy (x) and Hu(z) in Theorem 3.25. The discussion on incidence
algebras and the formulas for uniform matroids happens in Section 3.5; this includes
the verification of the conjecture of Hameister, Rao, and Simpson and the proof of The-
orem 1.9. The proof of Theorem 1.10 is briefly motivated in Section 5.1, but mostly
deferred to Appendix B. Theorem 1.11 is discussed in Section 3.7. In Section 4 we put
our attention on the Kazhdan—Lusztig invariants. We establish the ~-positivity of the
Z-polynomial as Theorem 4.7. In Section 5 we collect some concluding remarks revolving
around Conjecture 1.6. In particular, we prove the real-rootedness of Hy(z) when M is
a uniform matroid via a construction due to Haglund and Zhang; additionally, we pose
some conjectures and problems, discuss some aspects of total positivity, and survey the
consequences of Koszulness of the Chow ring and augmented Chow ring of a matroid
applied to the Hilbert series of our interest.

2. Background
2.1. Matroids

Although we will assume familiarity with the usual techniques and constructions in
matroid theory, in this subsection we recall some basic notions to establish the notation
we will use throughout the paper. For any undefined concept that appears, we refer to
Oxley’s book on matroid theory [52].

Definition 2.1. A matroid M is a pair (E,B), where E is a finite set and B C 2F is a
family of subsets of E that satisfies the following two conditions:

(a) B # 0.
(b) If By # Bs are members of B and a € Bj \ B, then there exists an element
b € By \ By such that (B; \ {a}) U {b} € B.

The set E is usually called the ground set and the members of B the bases of M.
The most basic example of a matroid is that of uniform matroids. We write Uy, ,, for the
uniform matroid of rank &k and cardinality n. The matroid Uy, is defined by E = [n]
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and B = ([Z]). The uniform matroid U, , of rank n with n elements will be referred to
as the Boolean matroid of rank n. The matroid Uy o, the only matroid having the empty
set as its ground set, will be called the empty matroid.

An important operation in matroid theory is that of dualization. If M = (E,B) is
a matroid, then by considering the set B* = {E \ B : B € B}, it can be shown that
M* := (E,B*) is a matroid as well—this is called the dual matroid of M. For example,
the dual of the uniform matroid Uy, ,, is precisely Uy _g r.

Definition 2.2. Let M = (E, B) be a matroid.

e If e € F is in no basis of M, then we say that e is a loop. If e is in all the bases, then
we say that e is a coloop.

e An independent set is a set I C E contained in some B € B. If a set is not indepen-
dent, we will say that it is dependent.

e A circuit of M is a minimal dependent set.

e The rank of an arbitrary subset A C F is given by

rkm(A) == max |AN B

We define the rank of M to be rk(M) := rkyv(E).

e A flat of M is a set F' with the property that adjoining new elements to F' strictly
increases its rank. The poset of all flats of M ordered by inclusion happens to be
a lattice called the lattice of flats, and we will denote it by £(M). A flat of rank
rk(M) — 1 is said to be a hyperplane.

Two operations that we will use often are those of restriction and contraction. We
briefly comment about the fact that these operations are usually written using different
notations in different articles. We therefore stick to Oxley’s notation [52] to avoid any
confusion.

Definition 2.3. Let M = (E, B) be a matroid and let A C E.

e The matroid M| 4, called the restriction of M to A, is the matroid on the ground set
A with bases B(M|4) :={BNA:B¢€Band |BnNA|=rku(4)}.
e The matroid M/A, called the contraction of M by A, is the matroid (M*|g_a)*.

Matroids of the form (M|4,)/As for some subsets Ay C A; of E are called minors of M.

If M is a loopless matroid on E, the minimum element of the lattice of flats & (M)
corresponds to the empty set &. Moreover, if A is a flat, the operations of restriction and
contraction can be understood nicely in & (M): the lattice of flats of M| 4 is isomorphic (as
a poset) to the interval [&, A] in £(M), whereas the lattice of flats of M/A is isomorphic
to the interval [A4, E] in £(M). We will use these identifications often.
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An invariant that one may associate to a bounded graded poset is its characteristic
polynomial. In the case of the lattice of flats £ (M) of a loopless matroid M, it is defined
by

(@) = xg (@) = Y p(@, F)a™F =, (1)
FEZ(M)

where p: (M) x £(M) — Z denotes the Mébius function (defined below) of the lattice
£(M). Using the above displayed formula as the definition, we have yy, ,(z) = 1 for the
empty matroid. On the other hand, it is customary to extend the definition to arbitrary
matroids by setting ym(z) := 0 whenever M has loops.

In general, we define the Mdébius function of a finite poset £ as the map y: £ x<L — Z
satisfying the recursion

0 if v Ly,
plz,y) = ! ifz=y, (2)
- Z w(z,z) ifz<y.
r<z<y

If one evaluates both sides of equation (1) at = 1, the recursion that defines the
Mobius function yields

wi= 3 u(&F):{O reze,

pCTtm 1 fE=0.

In other words, for a nonempty loopless matroid M, the polynomial ym(z) is a multiple

xm(z)
rz—1

of x — 1. In particular, when M is nonempty, the quotient is itself a polynomial.

Definition 2.4. Let M be a loopless matroid. We define the reduced characteristic poly-
nomial of M as the polynomial

-1 if M is empty,
Xm(®) = q xm(z)
z—1

otherwise.

The choice we made of how to define the reduced characteristic polynomial for empty
matroids will be useful to simplify some statements later. Since this is not a standard
definition, every time we rely on it, we will indicate that explicitly. We now state a useful
lemma that we will need later, in Section 3.4.

Lemma 2.5. Let M be a loopless matroid on E, then

S Xwypl@) =1l+az+a® 4. 42 ML

FeZ (M)
F#E
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Proof. Notice that none of the contractions is the empty matroid. In particular, after
multiplying both sides by 2 — 1 and adding 1 = xu, ,(z), proving the above identity is
equivalent to proving that

Z xXm/r(z) = 2 M,

FeZ(M)

This is obtained by applying the Mdbius inversion formula (see for example [64, Propo-
sition 3.7.2]) to the definition of the characteristic polynomial in equation (1). O

2.2. ~-polynomials and y-positivity

A polynomial f(z) = Y, a;az" is said to be symmetric with center of symmetry %,
if a; = aq—; for each i € Z (where a; := 0 for negative values of ¢). This can be
rephrased by saying that f(z) satisfies z?f(z~!) = f(z). If the center of symmetry is %
for d = deg f(z), the polynomial f(x) will be called palindromic.

It is often useful to express symmetric polynomials in different bases. For example,
the family of polynomials {mz(l +x+---+ xd*%)}ié is a basis for the space of all
symmetric polynomials with center of symmetry %. It is not difficult to see that f(x)
can be written as a nonnegative linear combination in this basis if and only if the se-
quence ay, - - ., aq is nonnegative, symmetric, and unimodal. A property stronger than

_ d
unimodality arises when changing the basis to {z(1 + x)d_zl}i:"’é.

Proposition 2.6. If f(z) € Z[z] is a polynomial such that x¢f(x~1) = f(x), then there
exist integers 7o, - . - iy such that

Proof. See [32, Proposition 2.1.1]. O

Definition 2.7. Let f(z) € Z[x] be a polynomial such that z¢f(z~!) = f(x). If
Y0, ---,7| 4 are as in equation (3), we define the y-polynomial associated to f by

1£)
v(f,x) = Z% z'.

=0

If f(x) is a palindromic polynomial of degree d, we will say that f(x) is y-positive
if all the coefficients of ~(f,x) are nonnegative. For a thorough study of ~-positivity
in combinatorics, we refer the reader to the survey [7] by Athanasiadis. As mentioned
before, being y-positive is a stronger property than having unimodal coefficients. On
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the other hand, a well-known fact is that if f(z) has only negative real roots then it is
~-positive. Let us record these observations in a proposition.

Proposition 2.8. Let f be a symmetric polynomial with nonnegative coefficients. We have
the following strict implications.

Y(f, z) is real-rooted <= f(x) is real-rooted = f(x) is y-positive = f(x) is unimodal.

The proofs of these implications, as well as counterexamples for the missing ones, can
be found in [32] and [16] or, alternatively, the reader can look at [28, Proposition 5.3].

Observe that a nonzero symmetric polynomial f(x) € Z[z] has a unique center of
symmetry. In other words, there is exactly one integer d such that x¢f(z=1) = f(z). In
particular, whenever f is symmetric there is no ambiguity in writing v(f, z), even when
the degree of the polynomial f(z) is not specified. We have the following toolbox of
basic identities that exhibit the behavior of the assignment f(x) — v(f, z) under simple
operations.

Lemma 2.9. Let f(x) and g(x) be symmetric polynomials. Then, we have:

(i
(ii

) v(fg, v(f, ) -y(g,z).

)
i)

)

v(fg,x) =
Y(xf,x) =a-y(f, ).
(@ +1)f,2) =~(f 7).

(iv) If f(x) and g(z) have the same center of symmetry, then v(f + g,2) = v(f,z) +
(9, 2).

(iii

2.8. Derangements and (binomial) Eulerian polynomials

We present three families of polynomials that will be of much importance when we
deal with Hilbert series of Chow rings and augmented Chow rings of uniform and Boolean
matroids.

2.3.1. Eulerian polynomials

One of the most pervasive objects in enumerative combinatorics is the family of Eu-
lerian polynomials. Given a permutation o € &,, n > 1, written in one-line notation
as 0 = o1 -0y, the number of descents of ¢ is defined as the cardinality of the set
{i € [n—1] : 0; > 041}, and is denoted by des(c). For n > 1, we define the n-th
Eulerian polynomial as follows:

) _ Z wdes(a)'

ceS,

We note that this differs by a factor of  from the definition in [64, p. 33]. Furthermore,
we define Ag(z) = 1. Explicitly, we have:
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1 ifn=0,1,
z+1 if n=2,

A (2) = 22 4+4dr+1 if n =3,
22+ 1122 + 11z + 1 if n =4,
xt + 2623 + 6622 + 26z + 1 if n =5,
etc.

The polynomials A, (x) are palindromic and deg A, (z) = n — 1. It is a classical result
attributed to Frobenius that these polynomials are real-rooted (for a proof, see [16,
Example 7.3]). The coefficients of the Eulerian polynomials admit several combinatorial
interpretations, many of which can be found in [64, Chapter 1].

2.8.2. Derangement polynomials

A permutation o € &,, is said to be a derangement if o; # i for all 4, i.e. if o has no
fixed points. The set of all derangements on n elements is usually denoted by ©,,. For
each n > 1, the n-th derangement polynomial, denoted d,,(z), is defined by

dp(x) := Z 2%e@)

TED,

where exc(o) := |[{i € [n] : 0; > i}| denotes the number of excedances of 0. We extend
this definition to n = 0 by taking do(x) := 1. The first few values of d,,(x) are:

1 if n =0,
0 ifn=1,
T if n =2,

dp(z) = 2?2 + 2 if n =3,
22+ 722 4 x if n =4,
xt 2123 + 2122 4+ if n =5,
etc.

We have degd, () = n — 1 for each n > 1. With only the exception of do(x), the
polynomials d,,(x) are a multiple of 2 and are symmetric with center of symmetry 7.
Derangement polynomials are known to be real-rooted (see for example [36, Theorems
3.5 and 4.1]), and therefore are in particular y-positive.

2.3.3. Binomial Eulerian polynomials

A related family of polynomials that will play an important role is that of the binomial
Eulerian polynomials, which were named this way, e.g. in [67,8]. The n-th binomial
Eulerian polynomial A, (z) is defined by
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Ap(z) =1+ xz_; <’;) A;(x).

In particular, the first few values of these polynomials are given by:

1 if n =0,
r+1 if n=1,
224+ 3x+1 if n =2,

An(x) = a3 1722+ Tx+ 1 if n =3,
x* + 1523 + 3322 + 152 + 1 if n =4,
x® + 31zt +1312% + 13122 + 3l +1 if n =5,
etc.

We note that for every n > 0, degﬁn(x) = n. It is a non-obvious fact that these
polynomials are palindromic and 7-positive, see for example [56, Theorem 11.6] or [8,
Theorem 1.1]. Furthermore, they are real-rooted, by [42, Theorem 3.1] or [13, Theorem
4.4].

3. The Chow ring and the augmented Chow ring
3.1. The definitions

In [31] Feichtner and Yuzvinsky introduced the notion of Chow ring for an arbitrary
finite atomic lattice. Their construction takes as inputs an atomic lattice & and a so-
called building set € C £, and returns a ring D(Z£,€) that they refer to as the Chow
ring of &£ with respect to §. For the definition of building set and irreducible element,
we refer to [31, Definition 1]. Let us denote by 0 and T, respectively, the bottom and top
elements of £. There are two distinguished building sets; the first, which is the one we
care the most about, is called the mazimal building set €.« and is given by &£ ~ {6}
The second is the minimal building set G, and it consists of all elements of £ ~ {6}
that are irreducible.

The terminology “Chow ring” has its roots in the classical notion of Chow ring in
algebraic geometry, and particularly in toric geometry. More precisely, if one considers
the lattice of intersections of a hyperplane arrangement, i.e. the lattice of flats of a repre-
sentable matroid, and an arbitrary building set containing the top element, the resulting
Chow ring is isomorphic to the Chow ring of the associated wonderful compactification
of De Concini and Procesi [20]. Since the notion presented by Feichtner and Yuzvinsky
is meaningful for arbitrary geometric lattices (as opposed to only “representable” ones),
we can define a notion of Chow ring for the lattice of flats of an arbitrary (loopless) ma-
troid. What is usually called the “Chow ring of a matroid” in the literature is obtained
by taking the maximal building set of its lattice of flats.
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By making a slight modification to its presentation, and following the notation of [11],
we introduce the Chow ring of a matroid using the following definition.

Definition 3.1. Let M be a loopless matroid. The Chow ring of M is the quotient
CH(M) =Qlzpr: Fe M)\ {2, E}/(I+J),
where the ideals I and J are defined respectively by

I=(zxpep : F1,F, € Z(M)\{@, E} are incomparable) ,

J=<Z$F—Z:EF : i,jeE>.

F>i F>j

In [11] and [12], Braden, Huh, Matherne, Proudfoot, and Wang introduced an “aug-
mented” version of the Chow ring of a matroid. For the interested reader, we mention
that the augmented Chow ring of a matroid M can be defined in terms of the construc-
tion of Feichtner and Yuzvinsky, namely as the Chow ring of the lattice of flats of the
free coextension of M with respect to a certain building set; we refer to [23, Lemma 5.14]
for more details regarding this perspective. The definition of augmented Chow ring that
we will use is the following.

Definition 3.2. Let M be a loopless matroid. The augmented Chow ring of M is the
quotient

CHM) =Q[zp, y; : Fe M)~ {E} and i € E|/(I+ J),

where the ideals I and J are defined respectively by

I:<yi—ZmF:i€E>,

F#i
J={(xpzp, : F1,F; € Z(M)\ {E} are incomparable)
+{yizp: Fe2ZM)N{E},i ¢ F).

For a fixed loopless matroid M of rank k, both the Chow ring CH(M) and the aug-
mented Chow ring CH(M) are graded rings, each admitting a decomposition of the form

k—1 k
CH(M) =P CH/(M),  CH(M) =) CH/(M). (4)

The generating function of the graded dimensions of these rings, i.e. their Hilbert—
Poincaré series, or just Hilbert series, are defined respectively by
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k—1
Hy(z) := Hilb(CH(M),z) = ) _ dimg (CH’ (M)) 27,
=0
k
Hy () := Hilb(CH(M), z) = ) _ dimg(CH’ (M)) 2.
j=0

Notice that both Hy,(z) and Hy(x) are polynomials, having degree k — 1 and k respec-
tively. The main result of [1] asserts the validity of the “K&hler package” in CH(M). In
particular, Poincaré duality and the hard Lefschetz property hold. This automatically
implies that the coefficients of Hy,(z) are palindromic and form a unimodal sequence.
As a consequence of [11], we have analogous statements for CH(M), which therefore
guarantee that Hy(z) is a palindromic polynomial having unimodal coefficients as well.

Example 3.3. In Section 3.5 we will address the Hilbert series of the Chow rings of
uniform matroids Uy ,. When a uniform matroid is Boolean, i.e. k = n, one has the
following formula:

HU.,L,,,L (33) = ATL (l‘),

where A,,(z) is the n-th Eulerian polynomial. A geometric way of establishing the identity
Hy, , (z) = A,(x) relies on the fact that the h-vector of the n-th permutohedron 11, is
giveh by the Eulerian numbers and that the Chow ring of U,, ,, is isomorphic to the Chow
ring of the permutohedral variety. In Hampe’s work [38], the Chow ring of U, ,, is also
referred to as “the intersection ring of matroids”.

Example 3.4. Later, in Section 3.5, we will address a general formula for the Hilbert
series of the augmented Chow ring of a uniform matroid Uy ,,. For a Boolean matroid,
one has the following formula:

Hy, , (z) = An(2),

where gn(x) is the n-th binomial Eulerian polynomial. The coefficients of these polyno-
mials coincide with the h-vector of the n-th stellahedron II,,. This is a consequence of
CH(U,, ,,) being isomorphic to the Chow ring of the stellahedral variety, see, e.g. [23] for
further details.

3.2. Flags of flats and convolutions

A natural question that arises when studying Hilbert series of (augmented) Chow rings
is how to actually compute them. A naive approach is to compute the polynomials by
constructing the full ring from the definition, but the computational cost of this method
is excessively high for all but the smallest matroids. For example, a small matroid such
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as M = Uy g has 94 flats, so both the Chow ring and the augmented Chow ring are
defined as a quotient of a polynomial ring with nearly 100 variables.

One of the main results of Feichtner and Yuzvinsky, [31, Proposition 1], simplifies the
computational challenge by providing an explicit Grobner basis for the Chow ring of an
atomic lattice with respect to an arbitrary building set. When translated into the setting
of Hilbert series of Chow rings of matroids, their result yields the following formula.

Proposition 3.5. Let M be a loopless matroid. The Hilbert—Poincaré series of the Chow
ring CH(M) is given by

m .13(1 _ xrk(Fi)—rk(Fi,l)—l)

Hy(z) = H 1— 2

B=FyCF G- CFy i=1

iNn

Here the sum is taken over all the nonempty chains of flats starting at the empty set,
ie. 3=F S CF, in (M) for every 0 <m < k—1.7

For the Chow ring of a matroid, the building set under consideration is the maximal
one. In particular, this case is worked out by Feichtner and Yuzvinsky [31, p. 526].%
In fact, the way it is stated, this formula holds true for graded atomic lattices with
an extra property: the metric d(A, A’) that Feichtner and Yuzvinsky introduce in their
Definition 4 must coincide with the difference of the ranks of A and A’. This property
holds for geometric lattices. For an alternative construction of a Grébner basis in the
case of matroids which yields a short proof of the above proposition, see alternatively a
paper by Backman, Eur, and Simpson [10, Corollary 3.3.3]. Moreover, in [10, Theorem
3.3.8] they provide an appealing interpretation for the coefficients of Hy,(z) in terms of
relative nested quotients.

The next result provides a counterpart result for the augmented Chow ring.

Proposition 3.6. Let M be a loopless matroid. The Hilbert—Poincaré series of the aug-
mented Chow ring CH(M) is given by

rk(Fo m I’(l _ zrk(Fi)fl‘k(Fi_l)fl)

(1L — )
Ho@ =1+ Y ST —

FoCFC-CFyy i=1

=

Here the sum is taken over all the nonempty chains of flats, i.e. Fy C --- C Fp, in £ (M)
for every 0 <m <k —1.

Proof. As mentioned before, one can construct the augmented Chow ring of £ (M) by
considering the lattice of flats of the free coextension of M and taking a suitable building

7 The chain consisting of only the empty flat yields m = 0, and the corresponding summand is an empty
product, which by convention will be considered as 1.

8 We point out that there is a misprint in [31, p. 526]. Namely, in the displayed formula the numerator of
one of the fractions is t(1 — ¢)"™~"-1~! and it should be (1 — " ~"i-171),
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set on it; this allows one to use the Grobner basis of Feichtner and Yuzvinsky. This
computation was carried out by Mastroeni and McCullough in [51, Section 5.1]. In par-
ticular, the basis they construct in [51, Corollary 5.4] immediately yields our claimed
formula. Alternatively, see [23, Lemma 7.8] or [48, Corollary 3.12]. O

We point out that although the formulas of Propositions 3.5 and 3.6 can be used to
compute the Hilbert series of (augmented) Chow rings of small matroids, a drawback
that they have is that they require iterating over all the chains of flats in the matroid.
The total number of chains of flats of a matroid on n elements can be as large as 10;%
(see sequence A000670 in the OEIS [61]), so this approach is also considerably slow even
for relatively small values of n.

It is of interest to produce alternative or more conceptual ways of computing both
Hy () and Hy(x). A remarkable connection between these two invariants that can be
used to compute one in terms of the other is given by the following result, which is also
the first step towards proving Theorem 1.3.

Proposition 3.7. Let M be a loopless matroid. Then

Hu(z) = Z xrk(F)EM/F(x)-
FeZ(M)

Proof. From the formula of Proposition 3.5, by considering each flat F' # & as the term
F} in the chain, we see that

.’E(]. _ xrk(F)—l) m .’E(]. _ xrk(Fi)—rk(Fi,l)—l)
Hy@) =1+ > ———— > I T
FEL(M) F=F CFG--CF,, i=2
4o
Z(l _ xrk(F) 1)
=1+ ) T (@) (5)
Fez(M)
45

The summand equal to 1 comes from considering the chain that consists of only the flat
Fy = @ separately. The last equation follows from the fact that the lattice of flats of
M/F is isomorphic to the interval [F, E] in £(M). Analogously, by applying the same
argument to the formula of Proposition 3.6, we can fix the flat F' = F{y of the chain and
write

rk(F,;)frk(Fq‘,—l)*l)

Hu(e) =1+ > == ,Hx(l_cc -z
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1 _ xrk(F))
=1+ Z -2 ‘Hy/p(2). (6)
FeZ(M)
F42

2=a") _ o=’

For each integer » > 1, we have that +a". In particular, by combining

1-x
equations (5) and (6), we obtain
1 _xrk F)— 1) X
Hu(@) =1+ Y = T Hyp(o) + ) 2™ Hy p(o)
FeZ(M FeZ(M)
F;éz F#2
+ > @™ Hyp(@)
FeZ(M)
F#2
Z wrk(F) HM/ ( )

FeZ(M)

This proves the desired recursion. O

Remark 3.8. The careful reader may notice that since Hy;(z) and Hyu(x) are palindromic
and their degrees are rk(M)—1 and rk(M) respectively, it follows from the above recursion
that

Hy, (37) :l’rk(M)HM (xfl) _ xrk(M) Z T~ rk(F) ﬂM/F(fril)
FeZ£ (M)

=l+z Z Hy,r ().
FeZ(M)
F#E

Clearly, this new recursion also implies the previous one.

Remark 3.9. It is possible to deduce Proposition 3.7 in an alternative way. In the work
of Braden, Huh, Matherne, Proudfoot, and Wang, [12, Proposition 1.8] states an iso-
morphism of modules that, when restricting to graded dimensions, yields automatically
that

Z eI Py p().

FeZ(M)

The proof they provided requires only results about filtrations that are valid for arbitrary
pure modules. One may apply a similar reasoning to the Chow ring and the augmented
Chow ring. By leveraging [12, Proposition 2.15 and Lemma 5.7], one deduces that the
stalk of CH(M) at the flat F' is isomorphic to CH(M/F). In particular, if H(M) denotes
the graded Mobius algebra (defined below, in Section 4.2), one sees that there is an
isomorphism of H(M)-modules:
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CHM) = @ CHM/F)[~rk(F)].

FeZ(M)

We refer the reader also to Remark 4.5 below.
3.8. An intrinsic definition

The goal of this subsection is to give the proof of Theorem 1.3. As was mentioned in
the introduction, this theorem highlights the similarities between the polynomials we are
studying in this section and the Kazhdan—Lusztig polynomials of matroids. For technical
reasons and clarity of the proof, we put fewer requirements in the following statement
than in the statement in the introduction.

Theorem 3.10. There is a unique way of assigning to each loopless matroid M a polyno-
mial Hy () € Z[z] satisfying the following properties:

(i) If k(M) = 0, then Hy(z) = 1.
(i) If k(M) > 0, then deg Hy(z) < rk(M) and z"™*M~1H,(2=") = Hy ().
(iii) For every loopless matroid M, the polynomial

~

Hu(z) = Y 2™ Hy p(o)
FeZ (M)

is palindromic.
In particular, for every matroid M we have Hy,(z) = Hy(x) and Hy(z) = Hy/(z).

As it turns out, although the second condition only requires that deg EM(Q:) < rk(M),
the last part of the statement will end up guaranteeing that in fact deg ﬂM(az) =
deg Hyy () = rk(M) — 1, and therefore the condition xrk(M)_lﬂM (x71) = ﬂM (z) states
that H(x) is palindromic.

The statement of Theorem 1.3 follows. In that formulation we posed stronger restric-
tions than in Theorem 3.10 and, as we know from the conclusion of this, the polynomials
resulting from the statement of Theorem 3.10 satisfy all the conditions of Theorem 1.3.

As for the proof, we rely on an elementary symmetric decomposition that is of par-
ticular interest in Ehrhart theory due to the work of Stapledon (see also [17] and [6]
for related work on real-rootedness of these decompositions). Precisely, we need a slight
modification of [63, Lemma 2.3].

Lemma 3.11. Let p(x) be a polynomial of degree d. There exist unique polynomials a(x)
of degree d and b(z) of degree at most d — 1 with the properties that a(z) = z%a(z~")

and b(x) = 297 1b(x~1), and that satisfy

p(z) = a(z) + b(z).
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Proof. Let us denote by p;, a;, and b; the coefficients of z* in each of p(x), a(z), and b(x).
The condition that dega(x) = degp(x) and degb(z) < degp(x) implies that aq = pq
and the condition that x%a(x~!) = a(x) yields that ag = pgq as well. This together with
a(x) + b(z) determines by = py — pg4, and this in turn determines by_1 = by = po — Pa-
Continuing this way, we determine all the coefficients of a(z) and b(x) inductively. Indeed,
for each ¢ the coefficients are determined by the equations

; =pd+ -+ Pd—i —Po — "~ Pi-1,
bi=po+--+pi—=pi—-—=Ppii- O

Proof of Theorem 3.10 and thus of Theorems 1.3 and 1.5. Let us prove the first part of
the statement by induction on the size of the ground set of M. We need to establish the
uniqueness of Hy,(z), as Hy(z) is determined by the former. If M has cardinality n = 0,
then rk(M) = 0 and the polynomial EM (z) is uniquely defined and equal to 1 by the first
property. Now, assume the uniqueness has already been established for matroids with
cardinality at most n — 1, and consider a matroid M of cardinality n. The polynomial

Sw(z) = > @™ Hy p(x),
FeZ(M)
F4D

is determined because all the matroids M/F for flats F' # & have ground sets with
cardinality at most n— 1. Observe that since F' = E (the ground set of M) is a nonempty
flat of M, in Sm(z) we have a summand of degree rk(M), whereas for F' C E, condition (ii)
guarantees that deg (mrk(F) ﬁM/F(x)> <1k(F)+rk(M/F)—1 = rk(M) —1. In particular
deg Sm(z) = rk(M).

Now, using Lemma 3.11, we can find unique polynomials a(z) and b(z) such that
dega(xz) = rk(M), degb(z) < rk(M) — 1, the polynomial a(z) is palindromic, the poly-
nomial b(z) satisfies b(x) = ™M) ~1p(2~1), and the following property holds:

Sm(z) = a(z) + b(x).

In particular, by defining ﬁM (x) = —b(x), which satisfies the requirements of (ii), we
obtain that

S @ Hy p(2) = Hy(x) + Su(@) = —b(z) + Su(z) = a(@),
FeZ(M)

which is palindromic, as required. Notice that the uniqueness of the decomposition of
Lemma 3.11 yields the uniqueness for EM () as we claimed. Now, since Proposition 3.7
guarantees that the Hilbert series of the Chow ring satisfies all these conditions, then
the last assertion of the statement follows. O
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3.4. More recursions and their geometry

In the matroid Kazhdan—Lusztig framework (cf. Section 4) one has an analogous con-
volution formula linking the Z-polynomial of M with the Kazhdan—Lusztig polynomial
of all the contractions of M, i.e.

Zm(z) = Z ™) Py p ().
FeZ (M)

This recursion can be used to intrinsically define Py(z) and Zy(x) for all loopless ma-
troids by proving Theorem 1.1. However, the original definition of the Kazhdan—Lusztig
polynomial of a matroid by Elias, Proudfoot, and Wakefield [25] does not make any ref-
erence to Zy(x). They introduce Pu(x) via a convolution of itself with the characteristic
polynomial, i.e.

2 MPy) = > xupe (@) Puyr(a).
FeZ (M)

It is not initially clear whether an analogue of this expression exists for Hy,(z)—the
content of the following result is precisely such a formula. After the proof of this state-
ment, we will discuss some of the geometric motivation behind it.

Theorem 3.12. Let M be a loopless matroid. Then, the Hilbert series of the Chow ring of
M satisfies

Hu(x) = Z Xmip (7) Hy g (2). (7)
iy

In particular, the above recursion and the initial condition Hy, (v) =1 uniquely define
the map associating to each loopless matroid the Hilbert series of its Chow ring.

Proof. To establish this result, we rely on Theorem 1.3. This will allow us to show that
the right-hand side of (7) indeed coincides with the Hilbert series of CH(M). It suffices
to prove that the polynomials

if M is empty,

1
Hy(z) = Z Xm| (2) Hy/p(2) if M is nonempty
FEZ(M)
F+#o
satisfy all the properties of that statement. The first two conditions are immediate to
check, and for the last, it will suffice to verify that Hy,(z) satisfies the recursion of
Remark 3.8. We have a chain of equalities:
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Lt Y Hyp@ =1tz > > Xwre@ e

Fez(M) Fe%(M) Gese(M/F)
F#E F#£E

=1+ Y. D Xwmer @ Huy@)

FEZ(M) GEZ(M)

F#E  GDF
=1+ Y Hue@) Y X, @)
GeL(M) FeZ (M)
G#D FCG
=1+z Y Huel®) D, Xmeyr@
GeZL (M) Fez(M|g)
G#D FCG
1— xrk(l\/l\g)
-1 .
+z Z Hy,q (@) 1— (8)
GeZ(M)
G#D
= HM('Z'))

where in (8) we used Lemma 2.5 and in the last step we used a formula we had obtained
in equation (6). O

The preceding proof, which also shows the validity of Theorem 1.4, resembles the
proof of [57, Proposition 2.3] and relies on a very similar lemma.

In analogy to the Kazhdan-Lusztig setting, Theorem 3.12 is not only a different
computational shortcut to compute Hilbert series of Chow rings of matroids, but also a
shadow of an algebro-geometric fact that we describe now.

Remark 3.13. Suppose a matroid M is realized by a central, essential hyperplane ar-
rangement o = (M) = {H;},eg C V over C. In this setting, the polynomial Hy,(z) is
equal to the Hilbert series of the Chow ring of the wonderful variety X . If we denote
by () = V ~ o the complement of the hyperplane arrangement, it is known that
xm(z) (after taking the absolute value of the coefficients) is equal to the Hilbert series of
A (sA) and, as a consequence, Xy (z) coincides with the Hilbert series of the projectiviza-
tion P (AL(s4)). Moreover, following the notation in [11, Section 1.5], for any nonempty
proper subset S C F we define

Hg = ﬂHi and Hg = Hg ~ U Hry.
i€S scT

Then Hg is nonempty if and only if S is a nonempty proper flat of M. This gives us a
stratification of | J,cp H; = Llp Hz € P(V). We recall that the wonderful variety X
can be realized by blowing up the points in P(V') corresponding to corank 1 flats, then
blowing up the strict transforms corresponding to corank 2 flats and so on up until (and
including) the rank 1 flats. This induces a stratification of X, with the strata labeled
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by nonempty flats, in the following way: the stratum corresponding to the flat F is given
by removing from the exceptional divisor corresponding to F' the strict transforms of the
linear spaces corresponding to flats smaller than F'. Now define, as usual, the following
two arrangements for any flat F:

o df ={H ed:H D F} is an arrangement in V/F called the localization at F. We
know that of(M|p) = o4

o dp ={HNF:H P F} is an arrangement in F called the restriction to F'. We know
that A(M/F) = dp.

It can be shown that the stratum of X, associated to the flat F' is isomorphic to
P(A(s47)) x X, . The formula for the global cohomology of X (i.e. equation (7) in
the realizable case) follows by considering the map on the Grothendieck ring of varieties
over C that takes a smooth projective variety to the Hilbert series of its cohomology.

At this point it is also of interest to produce a recursion for Hy(x) in terms of Hilbert
series of augmented Chow rings of contractions Hy,p(x) for F' € £(M), but with spe-
cific care to not making any references to Hy(z). Following the parallelism with the
Kazhdan—Lusztig framework, we underline the fact that such type of recursion is cer-
tainly complicated for the Z-polynomial.’

Fortunately, the Hilbert series of the augmented Chow ring is more tractable in this
respect.

Theorem 3.14. Let M be a loopless matroid. Then the Hilbert series of the augmented
Chow ring of M satisfies

Hu(@) = - Y w@, F)(1+z+-+a™)Hy,p(z). (9)

FeZ (M)
F#@

9 Working carefully in the incidence algebra and using the notion of inverse Kazhdan—Lusztig polynomial
of a matroid M (usually denoted Qum(x)) as introduced by Gao and Xie in [37], one has the following
expression:

Zu(x) = Y Yu,. (@) Zw/r(2),
Fe*(M)
F#0D

where for each loopless matroid M on a ground set E one defines

Yu(z) = — Z (71)rk(F)QM‘F(z)M(F7 E)Irk(M)—rk(F).
FeZ(M)
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In particular, the above recursion and the initial condition Hy, ,(x) = 1 uniquely define
the map associating to each loopless matroid the Hilbert series of its augmented Chow
ring.

Proof. Again, we will rely on Theorem 1.3, but this time we will also need Theorem 3.12.
Starting from the right-hand side of (9) (without the minus sign) and using the recursion
of Theorem 1.3, we have

2K(F)+1

1—

Z /L(@’F)ﬁHM/F(x)
Fe£ (M)

FAQ

1_xrk(F)+1 . .

= Z M(QF)ﬁ Z o O E ] (@)
Fez(M) GeZ (M)

F#D GDF

rk(F)+1
Y Huol) 3 ule, Fya@-n L=

GeZ(M) Fez(M)
G#2 PAFCG

)

1—2x

where in the last step we just interchanged the order of summation. Now, breaking the
inner sum into a difference of two sums yields

1

_ tk(G)—rk(F) _ rk(G)+1
= > Hwely—| X w@ Fa > W@, P
GeZ (M) Fe%£ (M) Fe%(M)

GAD PEFCG PEAFCG

1 r I

= Y Hwe@— ((xme@) —a™@) +o@+)

GEeZL(M)

CAD
== Y Y@ Hwe@) = D 2™ DHy ().

GEZ(M) GeZ(M)

G£D G£D

Using the recursions of Theorem 3.12 and Theorem 1.3, we obtain

= —Hy(z) — (Hu(z) — Hy(x))
= —HM(Z’),

and therefore the proof is complete. O
3.5. Incidence algebras and the case of uniform matroids

One of the goals we now pursue is determining Hy,(x) and Hy(z) whenever M is an
arbitrary uniform matroid.
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We will first produce more general formulas using the incidence algebra of the lattice
of flats £ (M). These new formulas work for arbitrary matroids, but will be of particular
use to produce the first concrete expressions for the Hilbert series of both the Chow
ring and the augmented Chow ring of arbitrary uniform matroids. In particular, we
will use these formulas to settle a conjecture posed by Hameister, Rao, and Simpson
[40, Conjecture 6.2], and we will provide a counterpart of it in the augmented case.
Afterwards, in Theorem 1.9, we will deduce alternative expressions for Hy,  (z) and
Hy
results on local h-vectors of simplicial complexes.

w. (7); these alternative formulas arise via Propositions 3.5 and 3.6, along with some

We recall some notions of poset theory and incidence algebras; for a detailed treatment
we refer to [64, Section 3.6]. Let & be a locally finite poset, and denote by Int(£) the
set of all closed intervals of &. (Recall that @ is not a closed interval.) The incidence
algebra of & over a ring R, denoted .¥(2£), is the R-module of all maps f: Int(£) — R,
where the multiplication (or “convolution”) is defined via

(f-9)(s,u): Zfst (t,u).

s<t<u

Recall that .F (2£) is associative and possesses a two-sided identity ¢ defined by d(s,t) =1
when s =t and J(s,t) = 0 when s < t. A useful fact is that if f-g¢g = J in F(Z£), then
one also has ¢ - f = 4. For a proof of this fact, see [64, Proposition 3.6.2].

In what follows we will be concerned with the case in which & = £(M) is the lattice of
flats of a loopless matroid M on a ground set F, and R is the field of rational functions on
a variable z. Recalling that we have defined the characteristic polynomial of a (loopless)
matroid of rank 0 to be —1, the identity of Theorem 3.12 can be rephrased as follows:

—0m = Ogp = ) Xwme (@ Hwr@) = Y Xor Hrm =X Biem,
FeZz(M) FeZ(M)

where X ) stands for the evaluation of X at the interval [@, F], and analogously for
Hp - In other words, —x and H are inverses in .¥(£(M)) and hence one has

—om = H X))o,z = Z Hig m Xirp = Z Hpy,. (%) Xy p (7).
FeZ(M) FEZ(M)

This proves the following alternative convolution formula.

Proposition 3.15. Let M be a loopless matroid on E. The following formula holds:

Z Hy,. () Xm, ().

FeZ (M)
F#E

This result was also achieved using an algebro-geometric perspective by Jensen, Kut-
ler, and Usatine, and it was instrumental in proving one of their main results: a recursion
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that the motivic zeta functions of matroids satisfy [44, Theorem 1.8]. Yet another way
of deducing Proposition 3.15, via tropical geometry, is by using the main result of Amini
and Piquerez [4, Theorem 1.1]; we omit the details here.

This proposition provides a recursion that is particularly useful to compute Hy,(z)
whenever M is an arbitrary uniform matroid. The reason for this is that the restriction
M|p for F € 2£(M) is always a Boolean matroid whenever M is uniform and F is a
proper flat. One of the motivations for this idea came from the Kazhdan—Lusztig theory
of matroids, where the inverse Kazhdan—Lusztig polynomial plays a role to compute the
Kazhdan—Lusztig polynomial of arbitrary uniform matroids in [37, Section 3].

Corollary 3.16. The Hilbert series of the Chow ring of a uniform matroid of rank k and
cardinality n is given by

k—1

o, 0 =3 (1) 40, @)

=0

The preceding formula can be made explicit because the reduced characteristic polyno-
mial of a uniform matroid is not difficult to compute (see Lemma A.1 below). Moreover,
it essentially resolves a conjecture posed by Hameister, Rao, and Simpson in [40] regard-
ing the face enumeration of the Bergman complex of a matroid (i.e. the order complex
of the proper part of the lattice of flats). We reformulate their conjecture here.

Corollary 3.17 ([}0, Conjecture 6.2]). Let us denote by UNCTOR n))(x) the h-polynomial
of the Bergman complex of Uy, . Then

n—i—1
hA(g Uk n)) Z ( ) HUL" (.’13)

Since the proof involves quite a bit of calculations and background, we reserve it until
Appendix A.

Regarding the augmented case, it is evident that we can use the same reasoning as
above, together with Theorem 3.14 to produce a formula similar to that of Proposi-
tion 3.15 for the Hilbert series of the augmented Chow ring.

Proposition 3.18. Let M be a loopless matroid on E. The following formula holds:

> Hupp (@) (B E) (1 4o g =),
Fez(M)

F+#E
The above proposition yields a formula for the Hilbert series of the augmented Chow
ring of arbitrary uniform matroids, via expressing them in terms of binomial Eulerian
polynomials.
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Corollary 3.19. The Hilbert series of the augmented Chow ring of a uniform matroid of
rank k and cardinality n is given by

Hy, ,(z) = ki(—l)k’lfj <n> (Z ~ 1 :j) Aj(x) A+ x4 +2F9),

i=0 J

Although Corollary 3.16 and Corollary 3.19 are explicit expressions, they are both
alternating sums, due to basic properties of the Mobius function and the reduced char-
acteristic polynomial. In the remainder of this subsection we will prove Theorem 1.9.
That result provides the cleanest way we are aware of for computing the Hilbert series
of Chow rings and augmented Chow rings of uniform matroids. The proof will be carried
out by leveraging the following lemma, whose proof relies on (and later will extend) a
recursion found by Juhnke-Kubitzke, Murai, and Sieg [43] for derangement polynomials.

Lemma 3.20. Let M = U,, ,, be a Boolean matroid on a ground set E of n > 1 elements.
Then, by considering only chains of flats that end at the top element E of (M), we
have

rk(Fz:)—rk(Fz:—l)—l)

do(z) = Z Hm(l—x — ’

F=FyC--CFp=Ei=1

rk(Fo m xrk(Fi)—I‘k(F,‘,_l)—l)

z(l—=x ) (1 —
TAn(@) = Z (11793 )H 5 1-—2z

FoC--CFn=FE i=1

Proof. Let us prove the first identity. For each n > 1, denote by 0,,(z) the sum on the
right-hand side. By considering what the penultimate element of the chain ending in £
is, we see that the sequence 0,,(z) satisfies the recurrence

(@) = nz:; <?)aj(a:)(x Fa 4TI,

In [43, Corollary 4.2], it is proved that this recursion determines the derangement poly-
nomials, and hence we have d,,(x) = d,(x) for each n > 1, as claimed.

To prove the second identity we rely on the first. Call the right-hand side a,(z).
Choosing the set Fj we obtain

n
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where the last equality follows from the locality formula for the h-polynomial of the
barycentric subdivision of the boundary of the (n — 1)-simplex, i.e. from combining [62,
Proposition 2.4] and [62, Theorem 3.2]. O

Theorem 3.21. The Hilbert series of the Chow ring and augmented Chow ring of arbitrary
uniform matroids are given by

k—1
Hy, ()= Z() YA+ 2+ 4 2,

J=
Hy, , (z 1+1:Z<> Y1+ 2+ -+ 2F ).

Proof. Let us apply the formula of Proposition 3.5 to the uniform matroid Uy ,. Each
chain of flats @ = Fy C --- C F},, appearing in the sum either has F,,, C E or F,,, = E.
Lemma 3.20 tells us that, for each flat F' C E of rank j, the sum over all chains finishing
at F yields the polynomial d;(x). On the other hand, by fixing the flat F},,_;, Lemma 3.20
also allows us to calculate the sum of all the summands for which F,, = E. This yields

Hy, (2) = kz (1) s +kz BLTE =

After rearranging, the claimed identity is proved. The formula for the augmented Chow
ring follows in a completely analogous way. O

Remark 3.22. The expression for Hy, ,(z) derived in the last statement bears an in-
triguing resemblance to the h-polynomials of the class of polytopes known as partial
permutohedra, studied recently in [9]. More precisely, compare our formula with their [9,
Theorem 3.17]. We list in Table 1 the explicit numbers for k < 7and n € {k+1,k+2}.

3.6. Semi-small decompositions and ~y-positivity

Now we turn our attention back to the general case. In [11] Braden, Huh, Matherne,
Proudfoot, and Wang found a semi-small decomposition for both the Chow ring and the
augmented Chow ring of arbitrary loopless matroids. These decompositions can be used
to prove the Kéhler package for both of these rings. Before stating this result, let us
introduce some useful notation: whenever M is a loopless matroid and ¢ is not a coloop,
we define two special families of flats of M:

1er
|

8.(M)={Fe%(M):2CFCE~{i}and FU{i} € ZM)},

8 =8;(M)={FeZM):FCE~{i}and FU{i} € Z(M)}. (10)
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Table 1
Examples of Hy (z) and Hw(z) for some uniform matroids M.
(A) Examples of Huk,k+1 (z) (B) Examples of HUk,k+1 (x)
k= 1 2 3 4 5 6 7 k= 1 2 3 4 5 6 7
1 101 1 1 1 1 1 1 101 1 1 1 1 1
x 17 21 51 113 239 x 14 11 26 57 120 247
2?2 1 21 161 813 3361 z2 1 11 66 302 1191 4293
3 1 51 813 7631 3 1 26 302 2416 15619
z? 1 113 3361 zt 1 57 1191 15619
z° 1 239 z° 1 120 4293
26 1 z0 1 247
7 1
(c) Examples of ﬂuk,k+2 (z) (p) Examples of Huk,k+2 (z)
k= 1 2 3 4 5 6 7 k= 1 2 3 4 5 6 7
1 11 1 1 1 1 1 1 11 1 1 1 1 1
z 1 11 36 92 211 457 x 1 5 16 42 99 219 466
z2 1 36 337 1877 8269 z2 1 16 117 610 2641 10204
23 1 92 1877 20155 z3 1 42 610 5637 40444
2t 1 211 8269 zt 1 99 2641 40444
z° 1 457 ® 1 219 10204
z6 1 z6 1 466
z7 1

Theorem 3.23 ([11, Theorems 1.2 and 1.5]). Let M be a loopless matroid and let i € E be
an element that is not a coloop. Then, there is an isomorphism of CH(M \ {i})-modules:

CH(M) = CH(M ~ {i}) & €D CH(M/(F U {i})) ® CH(M|r)[-1].
Fes,

Additionally, there is an isomorphism of CH(M \ {i})-modules:

CH(M) = CH(M . {i}) ® € CH(M/(F U{i})) ® CH(M|r)[1].
Fes;

We stress the fact that in the second of the above two isomorphisms, i.e. in the case
of augmented Chow rings, the terms appearing in the direct sum depend on the Chow
ring (as opposed to augmented) of certain contractions.

As a consequence of the above isomorphisms, one obtains a different set of recurrences
for the Hilbert series of the Chow rings and augmented Chow rings of matroids in terms
of single-element deletions and certain restrictions and contractions.

Corollary 3.24. Let M be a loopless matroid and let i € E be an element that is not a
coloop. Then, the Hilbert series of the Chow ring satisfies

Hy(z) = Hy ga(z) +2 Z Hyrugin (@) - Hyy . (2)-
Fes;

Additionally, the Hilbert series of the augmented Chow ring satisfies

Hu(z) = Hu iy (z) +2 Z Hu,rugiy) (@) - Huyp (2)-
Fes;
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In contrast to the previous formulas we obtained, the ones in the preceding result are
quadratic recurrences for Hy(x) and Hy(x), i.e. this is the first time we encounter two
polynomials Hy, (z) and Hy, (z) multiplying each other. To the best of our knowledge,
there is no “formal” way of deducing the above identities from the ones in the previous
subsections. A particularly fruitful application of these recursions arising from the semi-
small decomposition is that they allow us to formulate a proof of the ~-positivity for
Hy (2) and Hy(x) using a simple inductive argument.

Theorem 3.25. Let M be a loopless matroid. The polynomials Hy(z) and Hu(z) are -
positive.

Proof. We proceed by induction on the size of the ground set of M. If the matroid M has
a ground set of cardinality 1, then M 2 Uy ;. In this case, Hy(z) = 1 and Hy(z) = 2 +1.
The associated y-polynomials are v(Hy, z) = 1, and v(Hwm,x) = 1, and hence they are
y-positive.

Assuming that we have proved the validity of the statement for all matroids with car-
dinality at most n—1, let us consider a matroid M having cardinality n. If M is a Boolean
matroid, i.e. M = U, ,, for some n > 1, then Hy(z) = A,(z), the Eulerian polynomial,
whereas Hy(z) = A,(z), the binomial Eulerian polynomial. As we mentioned before,
both of these families of polynomials are known to be real-rooted and hence ~y-positive.

If M is not Boolean, then there is at least one element 7 € E that is not a coloop. Using
Corollary 3.24 in combination with Lemma 2.9, we obtain the following two recurrences:

YHu,2) =vHuopp o)+ > Y wyrogy) ) - Y H o o),
Fes,; (M)

’Y(HM,iU) = 'Y(HM\{i}ﬂI:) +x Z ’Y(EM/(FU{i})7$) "Y(HM\F,x)~
Fe8;i(M)

The induction hypothesis guarantees that each of the summands on the right-hand side
has nonnegative coefficients. The proof is now complete. O

Remark 3.26. The preceding proof relies on the y-positivity of the Eulerian and the
binomial Eulerian polynomials. Although these two results are now well-known, since
their proofs are not straightforward (see [56, Section 11]), a reasonable question that
the reader might ask is whether it is possible to circumvent the base cases of Boolean
matroids in the induction, or at least give a self-contained proof including this case.
The answer is yes; in fact, the second case of the semi-small decompositions of [11,
Theorem 1.2 and Theorem 1.5] consider the case in which the element to delete from
the matroid is a coloop. By computing the graded dimensions, one obtains formulas for
Hygu, , (z) and Hygu, , (z) when deleting the coloop corresponding to the ground set
of the direct summand Uii:
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Hygu, (@) = (1 +2)Hy(z) + = Z Hy/r(2) Hyy,. (%),
Fez(M)
OAFAE

Hygu,, () = (1+2)Hu(z)+x > Hy, p(@)Hy, (2).
Fex(M)
F#E

Therefore, by Lemma 2.9, at the level of v-polynomials one has

YHugu, , ) =vHy, z) + 2 Z Y Hp, s z) ¥(Hpyy,.» ),
Fez(M)
GEFAE

W(HMGBULNx) = V(HMv SU) +z Z V(EM/FV%) V(HM\Fax)'
Fez(M)
FAE

In particular, since all the restrictions and contractions in a Boolean matroid are again
Boolean, reasoning inductively one proves that the y-polynomial of Hy,(x) and Hyu(z)
have nonnegative coefficients for all Boolean matroids. This gives an independent proof
of the y-positivity of the families of Eulerian and binomial Eulerian polynomials.

The v-positivity for Hilbert series of Chow rings of matroids was also observed in-
dependently by Botong Wang in private communication with the authors. Continuing
with our digression about ~-positivity really being a consequence of Theorem 3.23, we
comment about what may happen if one pretends to extend this property to other posets.

Remark 3.27. Observe that for an arbitrary finite bounded graded poset P, there is no
formal obstruction in using Theorem 1.3 as the definition of two polynomial invariants
Hp(x) and Hp(x); the proof of that statement did not rely on the fact that we were
dealing with a geometric lattice.'” However, in such generality the real-rootedness and
the ~-positivity fail. For instance, the poset depicted on the left in Fig. 1 has

Hp(x) = 2* + 72 + 1122 + 72 + 1,
Hp(z) = 2° 4+ 8z* 4 1823 + 182 4 8z + 1.

We observe that Hp(x) and Hp(x) are not real-rooted since they are not even y-positive.
In this case we have y(Hp,z) = y(Hp,z) = —2? + 3z + 1.

On the other hand, in [31, p. 535], Feichtner and Yuzvinsky considered the atomic
lattice @@ depicted on the right in Fig. 1. They computed the Hilbert series of the Chow
ring D(Q, €max) With respect to the maximal building set of @, and they showed that it
equals 1 4+ 3z. Notice this is not even palindromic.

10 Analogously, it is possible to define a Kazhdan-Lusztig and Z-polynomial for an arbitrary finite bounded
graded poset; see [55, Example 2.13].



34 L. Ferroni et al. / Advances in Mathematics 449 (2024) 109733

Fig. 1. Two posets P and Q.

34 4

6 67

Fig. 2. The duals of the matroids M; and Ma.

Remark 3.28. The reduced characteristic polynomial is a Tutte—Grothendieck invariant of
a matroid in the sense of [15] (essentially, the Tutte polynomial of the matroid determines
it). A natural question is whether the Hilbert series of the Chow ring has the same
property. As we have seen, the map M — Hy,(z) is (up to a sign) the inverse of the map
M — Xp(x) in the incidence algebra of the lattice of flats, so this has some plausibility.
In spite of that, we can find two matroids M; and My of rank 4 on 7 elements having
the same Tutte polynomial but whose Chow rings have different Hilbert series. Precisely,
consider the matroids M} and M¥ depicted in Fig. 2 (the reason for depicting the duals
instead of the original matroids is that they have rank 3):
The matroids M; and My have the same Tutte polynomial:

Tw, (z,y) = T, (z,y) = o* + 32% + 222y + xy? + v° + 42? + 5y + 3y* + 22 + 2.
However, we have

Hy, (z) = 2® + 302° + 30z + 1,
Hy,, (z) = 2® + 312% + 31z + 1.

Moreover, the same example shows that the Hilbert series of the augmented Chow ring
is not a Tutte-Grothendieck invariant, because:
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Huy, (z) = z* + 372% + 9822 + 372 + 1,
Hw, () = z* + 382 + 10222 + 38z + 1.

We also mention explicitly the fact that neither Hy,(z) nor Hv(x) determines the other.
3.7. Dominance of uniform matroids

Whenever A(x) and B(x) are polynomials with real coefficients, we will write A(z) <
B(z) if the difference B(x) — A(x) has nonnegative coefficients. In other words, A(z) <
B(x) is equivalent to stating that A(z) is coefficient-wise smaller than B(x). An intriguing
conjecture in the theory of Kazhdan—Lusztig polynomials of matroids, attributed to
Gedeon (unpublished) and in the equivariant case to Proudfoot (see [49, Conjecture 1.1]
and [47, Conjecture 1.6]), asserts the following.

Conjecture 3.29. Let M be a loopless matroid of rank k£ on a ground set of size n. The
following inequalities hold:

Pu(z) 2 Py, ., (2),
Zm(z) 2 2y, ().

In other words, uniform matroids maximize coefficient-wise the Kazhdan—Lusztig and
Z-polynomials among all matroids with fixed rank and size.

This motivates us to formulate an analogous conjecture for Hy,(z) and Hy(x). In fact,
in this alternative setting we will be able to prove it, and that constitutes precisely the
content of Theorem 1.11. The main ingredients that make the proof possible are the
formulas obtained in Propositions 3.5 and 3.6. Before stating the main result of this
subsection, we start with a useful combinatorial lemma.

Lemma 3.30. Let M be a loopless matroid on a ground set E having size n and rank
k. To each chain Fy C --- C F,, of flats of M we can associate injectively a chain
Go € -+ € Gm of flats of Uy, in such a way that tkm(F;) = rky, ,(G;) for each

j=0,...,m.

Proof. Let us assume that the ground set of M is the set of integers E = {1,...,n}; the
natural total order of the ground set induces a total order for the subsets of E = [n] with
fixed cardinality given by comparing lexicographically any pair of sets. Fix a chain of
flats Fy € --- € F,, of M. Let us call rky(F};) = r; for each j =0,...,m. Among all the
independent subsets of Fy that have rank r(, consider the lexicographically minimum set
Iy. Since Ij is independent in M, it has cardinality at most k, and hence it is independent
in Uy, as well. We define the flat Gy as the closure of Iy in Uy ,,. Notice that
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rky, , (Go) = tky, , (lo) = |lo| = rkm(lo) = rkm(Fo),

as Gg = E or Gy = Iy according to whether Fy = E or Fy C E. Assume we have
already constructed Go C --- C G4 for s > 0. To construct the flat G541 we proceed
as follows. First, among all the independent sets of M contained in Fy; that have rank
rs+1 and contain I, consider the lexicographically minimum set Isyq, and now define
G411 as the closure of I;4q in Uy ,,. Since I5y; was independent in M it is independent
in Uy, as well, and hence tkm(Gsy1) = tkm(Zs41) = [Is41] = rs+1. Since Is41 2 I, the
monotonicity of the closure operator in M guarantees that G511 2 Gg. Observe that the
whole construction is injective, because each flat F; of the original chain in M can be
recovered by taking the closure of G; in M. O

Theorem 3.31. Let M be a loopless matroid of rank k on a ground set of size n. The
following inequalities hold:

Hy(z) = Hy, ,(2),

HM (.Z‘) j HUk,n (a:)

In other words, uniform matroids mazimize coefficient-wise the Hilbert series of Chow
rings and augmented Chow rings among all matroids with fized rank and size.

Proof. Consider Hy,(x) and Hw(x). The formulas of Proposition 3.5 and Proposition 3.6
express them as sums over a set of certain chain of flats of M a polynomial with non-
negative coefficients. Using the map of Lemma 3.30 we can associate injectively a chain
of flats in Uy, in which the flats have the same ranks correspondingly. In other words,
each summand appearing in the expressions of Hy () (resp. Hu(z)) appears in H,, ()
too (resp. in Hy, , (x)). This proves the desired inequalities. O 1

The following generalization of Lemma 3.30, conjectured in a previous version of this
paper, is proved in [24].

Conjecture 3.32 (Confirmed in [2/]). Consider two matroids M and N on the same ground
set, and assume that there exists a rank-preserving weak map N — M.'! Denote by
A(Z(M)) and A(Z(N)) the set of all the chains of flats in M and N, respectively. There
exists a map ¢: A(Z(M)) = A(Z(N)) such that:

(i)  is injective.
(ii) ¢ maps the only empty chain of flats of M to the only empty chain of flats of N.

1 By asserting that there is a rank-preserving weak map N — M, we mean that M and N are matroids on
the same ground set, having the same rank, and with the property that all the independent sets of M are
independent in N.
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(iii) For each m > 0, the image of a chain Fy C --- C F,,, is a chain Gy € -+ € G,,, with
the property that rkym(F;) = rkn(G;) for each 0 < ¢ < m.

Replacing Lemma 3.30 with Conjecture 3.32 in the proof of Theorem 3.31 shows that
Hilbert series of Chow rings and augmented Chow rings are both monotonic under weak
maps. Observe that it is not true in general that there is an order-preserving map from the
family of flats of N to the family of flats of M (see the example and the digression in [50,
p- 259]). An appealing feature of this line of attack is that, in contrast to other techniques
to prove that a valuation is monotone under weak maps, the content of Conjecture 3.32
is a purely combinatorial statement.

4. The intersection cohomology module
4.1. Kazhdan—Lusztig and Z-polynomials

To any Coxeter group W one can associate its Bruhat poset. The classical Kazhdan—
Lusztig theory [45] associates to each interval in this poset a polynomial encoding
fundamental representation-theoretic information. A more general procedure that at-
taches polynomials to intervals in posets (under certain assumptions) was devised by
Stanley [62], thus giving name to the Kazhdan-Lusztig—Stanley polynomials of posets
[55]. In particular, if the poset is the lattice of flats of a loopless matroid M, one can
define such polynomials.

Although the following families of polynomials were introduced with a slightly different
statement in [25] and [57], by following [18, Theorem 2.2] we define:

Definition 4.1. There is a unique way of assigning a polynomial to each loopless matroid
M, say M — Py (x) € Z[x] in such a way that the following conditions hold:

(i) If rk(M) =0, then Py(z) = 1.

. rk(M)
(ii) If rk(M) > 0, then deg Pu(z) < —5—.
(iii) The polynomial Zy(z) defined by

Zv(r) = Z ) - Pu/r(z),

is palindromic and has degree rk(M).

The polynomials Pyv(x) and Zu(z) arising from the above definition are called, re-
spectively, the Kazhdan—Lusztig polynomial and the Z-polynomial of the matroid M. In
analogy to the case of M — Hy,(z) and M — Hy(x), we can extend this definition to also
cover matroids with loops. We define Py(z) := 0 and Zm(z) := Zm {100ps} () Whenever
M has loops.
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A fundamental fact, which also resembles the case of Kazhdan—Lusztig polynomials of
intervals in a Bruhat poset [26], is that the polynomials Py(x) always have nonnegative
coefficients. In fact, the following is the second main result of [12].

Theorem 4.2 ([12, Theorem 1.2]). For every matroid M, we have the following:

(i) The polynomial Py(x) has nonnegative coefficients.
(ii) The polynomial Zy(x) has unimodal coefficients.

Both of these statements follow from interpreting the coefficients of the Kazhdan—
Lusztig and Z-polynomials as the graded dimensions of certain modules. In particular,
for the Z-polynomial, as we will explain in the next subsection, the module in question
is called the “intersection cohomology” of the matroid M. Again, the validity of the hard
Lefschetz property for this module is what guarantees the unimodality of the coefficients
of the Z-polynomial, which we will later extend to the stronger property of being ~-
positive.

4.2. Intersection cohomology of matroids

The graded Mobius algebra of M is the graded vector space

HM) = B Qur,

FeZ (M)

where yr is placed in degree rk(F). It is made into a graded algebra via the multiplication

~ Jyrve i rk(F) +1k(G) = 1k(FV G),
IOV i ek(F) 4 1k(G) > tk(F V).

We note that H(M) is a graded subalgebra of CH(M) [11, Proposition 2.18]; thus, we
may view CH(M) as a graded H(M)-module.

Definition 4.3. Let M be a matroid. The intersection cohomology module of M, denoted
by IH(M), is the unique (up to isomorphism) indecomposable graded H(M)-module direct
summand of CH(M) that contains H(M).'? The stalk at the empty flat'® of TH(M) is the
graded vector space IH(M)g := IH(M) ®@gmy Q, where Q is the one-dimensional graded
H(M)-module placed in degree zero.

Theorem 4.4 ([12, Theorem 1.9]). Let M be a loopless matroid.

12 In [12, Definition 3.2], a construction of IH(M) is given as an explicit H(M)-submodule of CH(M).
However, for the purposes of this paper, it will be sufficient to only know IH(M) up to isomorphism because
we are mainly concerned with its Poincaré polynomial.

13 We point to [12, Section 5] for more about the terminology “stalk” in this context.
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e The Kazhdan—Lusztig polynomial of M coincides with the Hilbert series of the stalk
at the empty flat of TH(M). In other words,

Pu(z) = ZdimQ(IHj(M)g) .

e The Z-polynomial of M coincides with the Hilbert series of the intersection cohomol-
ogy module of M. In other words,

Zw(x) = dimg(IH/ (M)) 2.
3>0

Remark 4.5. The similarity between the recurrence linking Py (z) to Zm(z) with the one
linking Hy(z) to Hu(z) is also hinted by the fact that CH(M)g := CH(M) ®uwm) Q,
and that the latter is isomorphic to CH(M) (see [11, Remark 1.4]). In other words, in
terms of stalks [12, Section 5], the Chow ring CH(M) is the stalk at the empty flat of
the augmented Chow ring CH(M).

4.8. y-positivity

Now our main goal is to prove that the Z-polynomial of a matroid is always a -
positive polynomial. This was conjectured in [28, Conjecture 5.6], and known to be valid
in a number of cases, see [28, Theorem 1.9].

In contrast to the Hilbert series of both the Chow ring and the augmented Chow
ring, we now lack a version of the semi-small decompositions of Theorem 3.23 for the
intersection cohomology module. However, we can use the following result of Braden
and Vysogorets, which can be stated only using the basic combinatorial theory of the
Kazhdan-Lusztig and Z-polynomials of matroids. Before formulating it, we introduce
the following notation:

" (2% Pu(z)  if tk(M) is odd,
(M) = 0 if rk(M) is even.

Theorem 4.6 (/18, Theorem 2.8]). Let M be a loopless matroid of rank k, and let i € E
be an element of the ground set that is not a coloop. Then,

Pu(x) = Puwgay (@) — 2Py (@) + S T(M/(FU{i}) & 3 Py, (2),
Fes;
Zu(z) = Zuga(@) + S T(M(FU{i}) &5 Zuy, (@),

FeS;

Recall that the family 8; of flats was introduced in equation (10). Observe that a priori
this result does not witness any decompositions at the level of (stalks of) intersection
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cohomology modules. However, this provides a counterpart for Corollary 3.24 that suffices
for our purposes. Also, note that for F' € §;, we have 7(M/(F U {i})) = 0 whenever
k —rk(F) is odd.

Theorem 4.7. For every matroid M, the polynomial Zy(z) is y-positive.

Proof. It suffices to prove the statement only for loopless matroids. We proceed by
induction on the size of the ground set of M. If the matroid M is empty, the rank of
M is zero and thus the Z-polynomial is Zy(z) = 1, and the associated y-polynomial is
v(Zw,z) = 1.

Assuming that we have proved the validity of the statement for all matroids with
ground sets of cardinality at most n — 1, let us consider a matroid M having ground set
of cardinality n. If M is a Boolean matroid, i.e. M = U, ,, for some n > 1, then Zu(z) =
(x 4+ 1)™. In this case, one obtains vy(Zw,z) = 1, which has nonnegative coefficients.

If M is not Boolean, then there is at least one element ¢ € E that is not a coloop.
Using the result by Braden and Vysogorets, we obtain the following recurrence for the
~-polynomial:

V(2w ) =y (Zugiy>2) + Y T(M/(FU{i}) 2 2 ¥(Zujp, ).
Fes;

The induction hypothesis guarantees that each of the summands on the right-hand side
has nonnegative coefficients. The proof is complete. O

Remark 4.8. We stress the fact that we are using that the 7-invariant is always a non-
negative integer. This fact is highly non-trivial and follows from the nonnegativity of
the coefficients of the Kazhdan—Lusztig polynomials of matroids. We know of no proof
of the nonnegativity of 7(M) that does not rely on that.

Remark 4.9. Although the Kazhdan-Lusztig polynomial is not palindromic in general, a
reasonable question that the reader might ask is whether it is non-symmetric v-positive
in the sense of 7, Section 5.1]. In particular, one could ask whether Py(z) is always right
or left y-positive. Unfortunately it is not the case. As Athanasiadis points out, being right
or left vy-positive implies unimodality, and the peak of the coeflicients is attained in the
middle terms. However, observe that

Py, 16 (x) =143027 + 3203225 +| 91728 |

+ 764402 + 2310023 + 264022 + 104z + 1

and the peak is not in the middle terms (which correspond to degrees 3 and 4). In fact,
experimentation suggests that the peak of Py, , () is always attained approximately at

the coefficient of degree [£].
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Remark 4.10. It is natural to ask whether the equivariant Z-polynomial (see [57, Sec-
tion 6]) is “equivariant y-positive”, in the sense of [7, Section 5.2]. The answer to this
question is negative. In fact, it is not difficult to find explicit counterexamples. One such
instance is the matroid Us o with the action induced by its full automorphism group.

5. Concluding remarks

The purpose of this section is to discuss several problems, results, and remarks re-
garding the real-rootedness of the polynomials we addressed in this article.

5.1. Haglund—Zhang polynomials

In this subsection, we will establish the real-rootedness of Hy(z) when M = Uy,
is an arbitrary uniform matroid, therefore proving Theorem 1.10. We will show that
Hy,, , () is an example of a class of polynomials introduced and proven to be real-rooted
by Haglund and Zhang in [42].

To any sequence s = (s, ... 58 sp) € Z2), Haglund and Zhang associate a generalized
binomial Eulerian polynomial Efb( ) in the following way. First, define the set

JS={e=(e1,...,en) €Z":0<¢; <s;and 0 <i<n},

where we set g = e,41 = 0 and s9 = s,4+1 = 1. Furthermore, we say that ¢ € [0, n] is

an ascent of e € J7 if & < elf and that it is a collision if ¢ = s‘i We write asc(e)

and col(e) for the number of ascents and collisions of e, respectlvely Now define the

polynomial

EZ(I) — Z (1 + I)col(e)zasc(e)'
ecys

The main result of Haglund and Zhang [42, Theorem 1.1] proves that all such poly-
nomials are real-rooted.

Theorem 5.1. Let s = (s1,...,8,) € Z%,. Then ES(x) is real-rooted.

We mention explicitly that one of the motivations of Haglund and Zhang to define
their polynomials originates in the work of Savage and Visontai [66] and Gustafsson and
Solus [36], in which they define similar real-rooted polynomials which are indexed by
vectors of positive integers.

Based on computational evidence, we first conjectured and then proved that, for
convenient choices of the vector s, one can obtain the Hilbert series of the augmented
Chow ring of arbitrary uniform matroids.
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Theorem 5.2. Fors=(n—k+2,n—k+3,...,n), we have
E;_1(z) = Hy, , (2).

In particular, Theorem 1.10 holds, i.e. the Hilbert series of the augmented Chow ring of
a uniform matroid is always a real-rooted polynomial.

Observe that the preceding statement is an extension of the real-rootedness of the
binomial Eulerian polynomials. When the uniform matroid is the Boolean matroid U, ,,
by taking s = (2,3,...,n) one has E?

s () = Ap(2) = Hy, , (x). This particular case
was precisely the content of another result of Haglund and Zhang [42, Theorem 3.1]. The
proof of Theorem 5.2 is postponed to Appendix B because it involves many intricate

calculations.

Remark 5.3. Given that the polynomials Hy, , (z) are related to the generalized binomial
Eulerian polynomials studied in [42], it is natural to ask whether the Hilbert—Poincaré
polynomials of augmented Chow rings of arbitrary matroids arise in this way. The answer
is no: if M = U 4 @ Uy 1, we can compute Hy(z) = 1 + 23z + 5522 + 232° + 2*, and

S with B3, (2) =

an exhaustive computer search shows that there is no s € Z_

HM (ac)

Remark 5.4. We do not know of any analogues of Theorem 5.2 for the usual Chow ring.
Recall that Hy  (#) = 1d,(z), and hence it is reasonable to search among known
generalizations of the derangement polynomials. Although the work of Gustafsson and
Solus [36] provides one such generalization via Ehrhart local h*-vectors, we were not
able to produce Hy , (x) as a particular case of their polynomials. In general, the
polynomials Hy (a:) do not arise as instances of the polynomials studied in [42]: if
M = Us g, then Hy,(z) = 1+ 512+ 16122 + 5123 + 2%, and an exhaustive computer search

rk

shows that there is no s € Z>(§M)_2 with Ersk(M)_Q(x) = Hy(2).

5.2. Braid matroids

The braid matroid K,, is defined as the graphic matroid associated to a complete graph
on n vertices. Equivalently, this is the matroid associated to the Coxeter arrangement
of type A, _1. Since every flat of K,, is a complete subgraph or a vertex disjoint union
of complete graphs, one may conclude that the flats of K, are in bijection with the
partitions of the set [n]. Hence, the lattice £(K,,) is also sometimes referred to as the
partition lattice of n.

One of the most intriguing problems in the Kazhdan—Lusztig theory of matroids has
been that of understanding combinatorially the Kazhdan-Lusztig polynomial and the
Z-polynomial of K,,. Recently, Ferroni and Larson [27] found a strikingly concrete de-
scription of the coefficients of Py, (z) and Zk, (). These coefficients enumerate labeled



L. Ferroni et al. / Advances in Mathematics 449 (2024) 109733 43

matroids that arise from direct sums of series-parallel networks. It is tempting to ask
whether a counterpart of that beautiful description exists for the Chow and augmented
Chow polynomials of K,,.

Problem 5.5. Study the Chow polynomial and the augmented Chow polynomial of braid
matroids.

More specifically, it would be of interest to produce recursions, explicit formulas,
combinatorial interpretations of the coefficients, and a proof of the real-rootedness for
the polynomials He () and Hg, (7).

We observe that a related object, the Chow ring of the lattice of flats of K,, using
the minimal building set (as opposed to the maximal one), i.e. D(Z(K,), Gmin), cf.
[31, Example 1], yields the (rational) cohomology ring of M ,,—1, the Deligne-Mumford
compactification of the moduli space of complex projective lines with n—1 marked points.
This space and its cohomology are of significant importance in algebraic geometry, field
theory, and the theory of operads; for more information about this, we refer the reader,
e.g. to [33,46,22,21].

Turning back towards real-rootedness, we point out that the reduced characteristic
polynomial of the braid matroid K,, satisfies X, () = (v —2) - (x —3)---(z —n + 1),
and hence is real-rooted. Also, the h-polynomial of the Bergman complex of K,,, i.e.
h A(@(Kn))(x) (see Appendix A for a more precise definition) is a real-rooted polynomial
[3, Proposition 4.2].

In [31, p. 527] Feichtner and Yuzvinsky used Proposition 3.5 to slightly simplify the
resulting expression for Hy (). Their formula can be rewritten as follows in terms of
Stirling numbers of the second kind {§ }, i.e. the number of partitions of the set [a] into
b blocks.

Proposition 5.6. The Hilbert series of the Chow ring of the braid matroid K,, is given by:

|R|

z(l—gri—ri-ih (n—r; 4
= ¥ [
RC[n] i=1 ’

In the above sum, ro := 0 and the elements of R in increasing order are r1 < rg < ---.

Using this formula, we have verified that Hy () is real-rooted for all n < 30.
5.83. More observations regarding real-rootedness

One of the standard techniques to prove that a family of polynomials is real-rooted is
that of interlacing sequences. We refer to [16, Section 7] for more details. In particular, a

phenomenon observed in this setting that we pose here as a conjecture is the following.

Conjecture 5.7. For every matroid M, the polynomial Hy,(z) interlaces Hy ().
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Notice that it is not possible to formulate an analogous conjecture in the Kazhdan—
Lusztig setting since the counterpart polynomials, i.e. Py(z) and Zy(x), have degrees
at most L%J and exactly rk(M) respectively.

Going back to a further technique, first proved by Aissen, Schoenberg, and Whitney
[5], to establish the real-rootedness of a degree d polynomial p(z) := Z;‘lzo p; 27, one may
consider the Toeplitz matriz, P := (p;—_;)o<i, j<d, Where by definition p; ;== 01if i < 0. It
is known by the main result of [5] that all the roots of p(z) are real and negative if and
only if P is a totally-positive matrix, i.e. all the minors of P are nonnegative. In the case
the polynomial p(x) is Hy(z), Hu(x), or Zm(x), the following are natural questions that
one could ask:

o Is it possible to provide a combinatorial interpretation for the minors of the Toeplitz
matrices?

e Since in CH(M), CH(M), and TH(M) the Hodge-Riemann relations hold in arbitrary
degree, can one relate them with the minors of the Toeplitz matrices of Hy,(z),
Hm(z), or Zm(z)?

A positive answer to the second of these questions would provide a combinatorial
application of the Hodge—Riemann relations in degree greater than one; this is a question
posed by Huh in [41].

5.4. Chow rings and Koszulness

Let A be a graded algebra over Q and consider a minimal free graded A-resolution of

Q,
LN L LNy U NN )

In other words, all the nonzero entries of the matrices ¢; are homogeneous and have
positive degree. Given that ¢; ® Q is identically zero in a minimal resolution, we have

Tord(Q,Q) = A% © Q = Q% = Ext!,(Q,Q).

The Poincaré series of A, denoted Poin(A, x), is the generating function of the graded
dimensions of Tor' (Q, Q). In other words,

Poin(A, z) = Z dimg Tor' (Q, Q) z* = Z dimg Ext’ (Q, Q) z*.
i=0 i=0

Shifting the degrees such that all ¢; become maps of degree zero, we produce a grading

J
on Torf‘(@7 Q) =6 >0 (Torf‘(@, Q)) ; analogously, we conclude that there is a grading

Exti, (Q, Q) = D=0 (Extf(@@))

J
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J
We say that A is a Koszul algebra if (Torf((@, Q)) = 0 for each i # j or, equivalently,

if (Extf4 (Q, Q))J = 0 for each i # j. A basic reference on Koszulness is the survey [29]
by Froberg, whose notation and terminology we follow.

In [21, Conjecture 2] Dotsenko conjectured that the Chow ring CH(M) is a Koszul
algebra for every matroid M. This, along with its version for augmented Chow rings, was
recently proved by Mastroeni and McCullough.

Theorem 5.8 ([51]). The Chow ring and the augmented Chow ring of a loopless matroid
M are Koszul.

Unsurprisingly, the property of being Koszul imposes heavy restrictions on the Hilbert
series of the graded algebra A. In fact, the following identity holds:

Hilb(A, z) - Poin(A, —z) = 1.

Particularizing this property for both Chow rings and augmented Chow rings yields
that for every matroid M,

——— and ————— are series with nonnegative coefficients.
Hy(—=) Hy(—z)

As a consequence, one concludes the validity of several inequalities satisfied by the coeffi-

cients of Hv(x) and Hy (x). For example, for a matroid M of rank 5, the Hilbert series of

its Chow ring has the form Hy (z) = 1+ az+ba? + az® +2* with a < b; a straightforward

computation reveals that in this case:

(=) =1+4+az+ (a®> = b)x? + (a® — 2ab + a)2z® + - -
In particular, the nonnegativity of the quadratic term yields a® > b, which proves that
H,,(z) has log-concave coefficients; this property also supports the real-rootedness con-
jectures because it is well-known that being real-rooted is a stronger property than having
log-concave coefficients.

In the monograph by Polishchuk and Positselski [54, Chapter 7], one finds the following
result, which essentially states a list of inequalities that the graded dimensions of a Koszul
algebra always satisfy.

Theorem 5.9 (/5/, Chapter 7, Theorem 2.1]). Let A = @, A" be a Koszul algebra, and
let a; = dimg A? for each i > 0. Consider the infinite matriz X = (aj_l-)g’f’j:() with the
convention that a; = 0 whenever i < 0. For each finite list I = (i1,...,1s) of positive
integers, the s X s square submatriz Xy of X obtained by choosing the entries on the rows
(0,471,471 +d2,...,41 + -+ +1is_1) and the columns (i1,4i1 + ia,...,41 + - - + i) satisfies:

det(Xy) > 0.
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Notice that, in the case of Hy,(z) and Hy(z), the above result asserts that certain
minors of their Toeplitz matrices are nonnegative, whereas Conjecture 1.6 is equivalent
to stating that all of them are nonnegative (again, via the main result of [5]). Observe
that, as Polishchuk and Positselski mention in [54, p. 137], the Koszulness of A in general
is not strong enough to conclude the total positivity of the matrix X in Theorem 5.9.

Also, in [60, Section 4] Reiner and Welker make several general observations that
yield the real-rootedness of Hy,(z) and Hy(z) in a number of cases. For example, as a
consequence of [60, Proposition 4.13], being Koszul guarantees that Hy(z) and Hy,(x)
have at least one real root. Additionally, since both the augmented Chow ring and the
Chow ring are Koszul, Artinian, Gorenstein algebras, and their Hilbert series are ~-
positive polynomials (in particular, the notion of Charney—Davis quantity defined in [60]
yields a nonnegative number), by using [60, Corollary 4.3 and Corollary 4.14] we conclude
the following.

Theorem 5.10. Let M be a matroid of rank k < 5. Then Hy(z) is real-rooted. If k < 4,
then Hym(x) is real-rooted.

Remark 5.11. It is natural to also ask if the graded Mobius algebra is Koszul. The
relevance of this is clear, as the Hilbert—Poincaré series of H(M) has as coefficients the
number of flats of each rank of M. In other words,

k
Hilb(H(M),z) = > 2™ =3 "Wy ok,
Fez(M) Jj=0

where W; = {F € (M) : rk(F) = j}| are the Whitney numbers of the second kind.
Although [12, Theorem 1.1] proves that these coefficients are top-heavy, i.e. W; < W;
whenever i < j < k — i, an outstanding conjecture posed by Rota [59] asserts that they
are unimodal. The Koszulness of H(M) a priori would provide interesting inequalities
between the numbers W;. Unfortunately, it does not hold in general; for example, the
uniform matroid Us 5 satisfies

Hilb(H(M),z) = 1 + 5z + 102% + 2.

However,

1

— =1 1522 + 2623 — 152 — 3202° — - -
Hilb(H(M), —) + 5z + 152~ + 26x 5x 320x ,

which yields the impossibility for Koszulness since there are negative coeflicients.
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Appendix A

In this appendix we show how Corollary 3.16 can be used to prove the conjecture
posed by Hameister, Rao, and Simpson in [40, Conjecture 6.2].

For a matroid M we denote by A(@ (M)) the order complex of the proper part of
the lattice of flats of M; this complex is also known as the Bergman compler and has
been studied for example in [2]. This is a simplicial complex whose simplices correspond
to chains of proper nonempty flats of M. One can consider its f-polynomial, defined by
fA@(M))(:U) = Zg:() fi—1 297" where each f; counts the number of i-dimensional faces

~

and d := dim A(2(M)) = rk(M) — 2. Both the f- and the h-polynomial, which is defined
by hA@(M))(:E) = fa@my @ — 1), have nonnegative coefficients (the first is clear; for
the second we refer to [14, Section 7.6]); each of them is conjectured to have only real
roots [3, Conjecture 1.2].

Hameister, Rao, and Simpson observed that the following equality holds for several
small cases of k and n:

k .
n—i—1
hA(&?(Uk,n))(x) = Z ( k—1 ) HU{,,n ($),
1=1

and conjectured that this holds for all k and n.
The work of Brenti and Welker [19, Theorem 1] provides an explicit formula for the
polynomials on the left-hand side in terms of Eulerian polynomials,'* concretely,

k—1
5 z) = "\ A () (2 — 117
ha@y, (@) ;O (j)Aa( ) (z — 1)

By applying the principle of inclusion-exclusion and the preceding formula, the conjecture
of Hameister, Rao, and Simpson is asserting that

k .
Hy, , (2) = Z(—l)k_i <n ;i; 1) ha@ i (@)

R G [ ERCTE R

4 Using Brenti and Welker’s terminology, the displayed formula is explained by considering the simplicial
complex given by the (k — 1)-skeleton of an n-simplex, and using that the barycentric subdivision yields
the order complex of the lattice of flats of the matroid Uy , without the top element.
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In what follows, we show how one can manipulate the right-hand side of Corollary 3.16
to prove this equality.

Lemma A.1. The reduced characteristic polynomial of the uniform matroid Uy, ,, is
= n—1
Yo, (o) = 0 (et
’ — J
7=0
Lemma A.2. The following identity of binomial coefficients holds:
n+p+q+1 7% (p+j> q+n—j)
n 2\ n—j )

A proof of the above identity can be found in Riordan’s book [58, p. 148]; alternatively
one can prove it just by induction. We are ready to prove the main result of this appendix.

Theorem A.3. The following identity holds:

Proof. As we have indicated before, proving the above equality is equivalent to proving
the validity of equation (11). Let us denote by (%) the right-hand side of that equation.
We can expand the term (z — 1)¥~177 to obtain

i—11 1

— 7‘]'7 . . .
i1 —1—=1\/n\[(i—1—7
%) = 71k it+i—j—1 Z(n ? ] >(>< )A'l’l’e,
(%) ;; ; (1) iei ) ' i(@)
which after interchanging the first two sums becomes

! (i | (5 T G PHE P

and after interchanging the order of the second and third sum and relabeling,
k—1k—i—1

Yy i G 1 (5 () PC PO

i=0 ¢=0 j=f+i+1

—1 i—j—1

Ty

j7
j=0i=j+1 £=0

On the other hand, by combining Corollary 3.16 and Lemma A.1, the Hilbert series of
the Chow ring of Uy ,, is given by
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Hy,  (2) = Z kj_“<—1>ﬂ' ()"

and after reindexing the second sum with { =k — ¢ —j — 1,

(-1)’”“(’2) (k’:jzi 1) Ai(z) 2. (13)

By Lemma A.2; after reparameterizing, we have the following equality:

00T

j=t+it1

which allows us to conclude that the expressions of equations (12) and (13) are equal,
and hence (x) = Hy, , (7), and the proof is complete. O

Appendix B

Let us fix integers k and n such that 2 < k < n. We can consider the vector of
consecutive integers s := (n — k +2,...,n) € Z¥~! and define the set ., := 5 ,. In
other words, we have

Fin = {(61,...,€k_1)€zk7130§6i<81 forlgigk—l},

where additionally we use the conventions eg = e, = 0 and sy = s = 1.
We are interested in proving that the polynomial

Ek,n((E) = Z (1+m)C01(U)anC(g) (14)

D'Ejkwn

is precisely the Hilbert series of the augmented Chow ring of the uniform matroid Uy .
Observe that even though the vector s = (n — k4 2,...,n) is not well-defined whenever
k=0 or k=1, we can make sense of the definition of the polynomial Ej ,(z) for those
values of k, just by setting Eq ,(z) := x + 1 and Ey () := 1. In particular, note that
E4 »(z) is consistent with equation (14) by interpreting that there is only one “empty”
vector in % ,, leading to a single collision and no descents after adding the left zero
coordinate eg = 0 and the right zero coordinate e; = 0.

The first step towards proving the result of our interest, consists of showing first that
the polynomials Ej ,,(z) satisfy the following recursion.

Lemma B.1. The polynomials Ey, ,(x) satisfy the following recurrence:

k—1
-1
Ek,n(l‘) = Ek—l,n—l(-r) +x E (nj > A](QT) Ek—l—j,n—l—j(x)-
=0
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This, along with the initial conditions Egn(z) = 1 for all n > 0, determines them

uniquely.

Proof. Since the elements of s are consecutive integers, a position ¢ € [0,k — 1] is a
collision if and only if e; = e;11 = 0. Similarly, ¢ € [0,k — 1] is an ascent if and only if
e; < e;j+1. Notice that each element e € ., can be thought of as an element of .%, ,,
by adding zeros to the left. For instance, (2,2,3) € J47 can be embedded into F7 7 as
(0,0,0,2,2,3). In particular, following the bijection ©: &,, — ., of the proof of [42,
Theorem 3.1], which is defined by 7 +— (t,—1,...,t1) where t; = #{j > i :7; <7}, we
have that the preimage of . ,, — %, , under © are precisely the permutations ¢ € &,,
such that o,, > 0,1 > -+ > 0. Let us denote this set of permutations &, j, for each
k and n. In particular, again reasoning as in the proof of [42, Theorem 3.1], we obtain

Ek,n(z) _ Z (1+x)col(e)xasc(e) _ Z (1+x)bad(a)xdes(0)’

eEJk,n O’Gank

where bad(o) = {i € [n] : 0,_1 < 0; and 0; < g for all j > i}, with the convention that
oo=0and des(o) ={i € [n—1]:0; > 0441}

Notice that if 0 = 01 --- 0, € &, has the property that oy =1, then T :=02---0,
can be thought of as an element of &,_1,_1, and des(c) = des(d), but bad(c) =
bad(@) + 1. On the other hand, if o; = 1 for j > 1, then the condition that the last n —k
elements of the permutation are in increasing order forces 2 < j < k. There are (?:11)
ways of choosing the elements o1 - - - 0_1 and, for every possible choice, this part will not
contain any bad elements; at position j — 1 we have a descent because o;_1 > 0; =1,
and the possible permutations o1 - - - 0, are in bijection with the elements of &,,_; _;.

Everything considered, we have
k
Ek’n(x) = (]_ + :E)Ekfl’nfl(l') +x Z <

=2

and, after reindexing the sum to be from j = 1 to k£ — 1 and then rearranging, we obtain
the desired recursion. 0O

A proof of the next result can be found, for example, in [53, Theorem 1.5].

Lemma B.2. The FEulerian polynomials satisfy the following recurrence:

A () = An() + xg (7) Aste) A

Now we have all the ingredients to prove the main result of this appendix.
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Theorem B.3. The polynomials Ey ,,(x) are given by

Epn(z —1+x2() YA+ x4 2hT),

In particular, they coincide with the Hilbert series of the augmented Chow ring of Uy .

Proof. Clearly, the polynomials on the right match the base cases Ey ,(z) = 1 for all
n > 0. Hence, it suffices to show that they satisfy the recurrence of Lemma B.1. Let us
focus only on the sum appearing in that recursion; later we will multiply by = and add
the expression corresponding to Ex_1 ,—1(x). We have:

k

k_l (n]_ 1) (1 e ZJ (n_ ! _‘7) As(z) (1+ --~+x’“‘2‘j‘i)>

J

noticing that (”;1) (") =0

2

) (zﬂ) and making the change of variables r = ¢ + 7,

S (TS Y (T () A A @ s,

7=0 7j=0r=j

interchanging the order of summation,
kol n—1 k2 n—1 " (r

=y ( , )Aj(x) +) ( ) (14 +2F 22 () Aj(z) A (),
§=0 J r=0 " 0

using Lemma B.2,

B ’“i (n - 1)

J

=0

k—2
ED (n . 1) e 2P (A (2) + (2 - DA(2),

=

splitting the second sum and using that (14 --- + 2 27")(z — 1) = 2k~ 17" — 1,
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canceling terms in common between the first and the third sums above,
n—1 “2n-1
_ - - k—2—r
—<k_l>Ak1(w)+§)< - )AT+1(x)(1+---+x )

k—2 n 1
- k—1—7r
AT‘ b
+Z( e

grouping the first term and the last sum,

= kz_:: (” - 1) Apr () (14 4 2F7277)

|
+ < )IleAT(ZE),

r
r=0

reindexing the first sum to start at r = 1,

1
+ ki (” R 1):::’“”&@;).

r=0

Now, to conclude the proof we multiply this expression by x and add the term corre-
sponding to Ex_1 ,—1(z) to obtain

1+sz_:: (”j 1) Aj(x) (L4 -+ 4 a727)

+x kz_‘j(”_1)Aj(x)(1+-~-+xk—1‘j)+§<n;1>ax’“—1—f'Aj(x) 7

=N

in the second summation above (the first of the second line), we can isolate the term

corresponding to #1177



L. Ferroni et al. / Advances in Mathematics 449 (2024) 109733 53

=1 e A _
# 3 (07 Astalat +3 (")),
we separate the j = 0 term from the first and the fourth sum,
=1+ (44t 4okt

+x 2( ) () (14 4+ zF279) 2(::11) @) (A A4 F 2

(S0 >z<><> |
=1 j:l

we use Pascal’s identity (”] 1) + (?:11) = (?) with the first and the second sum and with
the third and the fourth sum,

=l+az |1+ i() (@) (14 2k 279 i() (z)zh—177 ]

finally, we can group the two sums, and add the case j = 0, to obtain the desired
expression,
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