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Abstract

We propose a new semi-Lagrangian scheme for the game co-Laplacian. We demonstrate
the convergence of the scheme to the viscosity solution of the given problem, showing its
consistency, monotonicity, and stability. The proof of this result is established following the
Barles-Souganidis analysis. This analysis assumes convergence at the boundary in a strong
sense and is applied to our proposed scheme, augmented with an artificial viscosity term.
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1 Introduction

We focus on the numerical investigation of the following Dirichlet problem associated with
the game oo-Laplacian:
—ASu(x) = f(x) forxeOCQ, (1)
u(x) = F(x) forx € Q\ O,

where © and €2 are bounded open domains in R? with 32 N 90 = @, F : Q\O — R and
f : O — R are continuous functions, and, additionally, f is either identically equal to zero
or never zero (cf. [17]). The function u : € — R is the unknown in this problem, which is
given at the boundary in a strong sense, i.e. u(x) = F(x) on Q \ O.
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Dynamic Games and Applications

The game oo-Laplacian operator, introduced in [16] to model a stochastic game called
tug-of-war with noise, is defined as

du du  0%u

Bix,a 8x,~8xj’

AGu(x) := [Du(x)| 7>y @
i

where Du(x) denotes the gradient of u(x). At points where |Du(x)| # 0, the game oco-
Laplacian can be viewed as the second derivative in the direction of Du(x), given by

AS u(x) = o (Du(x))! D*u(x) o (Du(x)), 3)
where o : R? — R? is defined by

L (p
= — 4
o(p) = <p2), @)

and D%u(x) denotes the Hessian matrix.

A generalization of problem (1) has been explored in [5] as an image inpainting model.
Indeed, the game oco-Laplacian can be regarded as a specific case of the game p-Laplacian.
More generally, the game oo-Laplacian operator, expressed as the second derivative in the
direction of the gradient, has also found applications in edge detection (see [6, 14] for
references).

Regarding the numerical approximation of the game oco-Laplacian operator, several con-
vergent numerical schemes have been proposed (e.g. in [9, 14, 15]). These methods are, on
the one hand, based on stencils composed of a large number of grid nodes, on the other hand,
the convergence analysis, as in [9], is limited to a semi-discrete scheme, specifically in the
case where f = 0.

In this work, our focus is on a theoretical investigation of the numerical scheme presented
in [5], considering only the game co-Laplacian operator. Our aim is to establish a convergence
result for a novel semi-Lagrangian scheme, employing the Barles-Souganidis analysis [3]. In
our case, we demonstrate both the consistency and monotonicity of a fully discrete scheme,
along with proving its convergence, in particular for the case where f = 0. In addition, we
make use of a smaller stencil than those adopted in the works mentioned above.

Our study can be easily extended to the game p-Laplacian, as defined in [5], along the
same line of the following argument.

1.1 Preliminary Results

We recall here the definition of viscosity sub- and super-solutions in O for our problem (1).
The interested reader can refer to the works [2, 7, 11-13] for more details on the related
theory.

Definition 1 Let us consider a bounded open domain @ C R?. Let f : ©® — R be a continu-
ous function. We say that an upper semicontinuous (usc) (respectively, lower semicontinuous
(Isc)) function u : O — R is a viscosity subsolution (respectively, supersolution) of

~ASu(x) = f(x) xeO, ®)

ifforany ¢ € C2%(0) such that u(x) — ¢ (x) has a local maximum (local minimum) atx € O,
the following inequalities hold:

() if Dp(x) #0, —AGp(x) < f(x) (—AZP(x) > f(x)),
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(i) if D¢ (x) = 0 and A; < Ay, where A, A> denote the eigenvalues of the Hessian matrix
D2¢(x), then:

“ = f(x)  (—A1 = f(x).
A function u is a viscosity solution of (5) if u is both a subsolution and a supersolution in O.

For the existence and uniqueness results of problem (1) with f = 0, we refer interested
readers to [2, 11, 13] and the references therein.
Finally, we recall the following comparison principle (Cf. [10, Theorem 3.11]).

Theorem 1 Ifu : O — R is a usc subsolution of (5) and v : O — R is a Isc supersolution
of S) with f =0, then

sup(u — v)(x) = sup (¥ — v)(x).
xeO x€dO

2 Construction of a Semi-Lagrangian Scheme for the Game
oo-Laplacian

We derive a semi-Lagrangian scheme for the problem (1) by approximating the second order
operator with a directional finite difference, supposing Du # 0. Hence, let us introduce a
discretization parameter A and let us consider the following approximation:

G(Du(x))TDzu(x) o(Du(x)) ~ % (u(x + Ao (Du(x)))
+ u(x — Ao (Du(x))) — 2u(x)) . 6)

From now on, we suppose 2 a square domain, i.e. 2 = (0, L)x (0, L).Given M € N, letus
define a space discretization parameter / := L/M and the multi-index set .7 := {0, ... M}
We introduce a uniform grid

Gn = {x; = (jih, ) 1 j = (j1, j2) € T},
and the sets of indexes
Q:={j € Jsuchthatx; € O}, B:={j€ Jsuchthatx; € Q\ O}.
Let us define

os(p) :=0(p+é), @)

where o is defined as in (4), and & := (1, 1)7 with ¢ > 0 being a positive parameter. This
definition ensures that the map o is Lipschitz continuous with a constant L,, = O (g™ 1) (cf.
[8]). Moreover, let us denote the central finite difference approximation of Du at the node
x;j with step & as D;[u] := (D j[ul, D> ;[u]) ", where

_Whtlp T UL Wil T UGy -
Dl,j[u] = 1 2 2h 1 2 , DZ,/[”] = 1,J2 2h 1,J2 .
We denote by B(Gj,) the space of functions defined on Gy, . For a given function f € B(Gp),
we represent the value of f at the node x; as f;.
Following [4, 8], we propose the following approximation scheme for (1):
Find u, , € B(Gy) solution to

Gg(,o,xj,uj,u)=0, (8)
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where

—Se(p,xj uj,u)— fj if j € Q,

e ©
u(xj) — F(x;) if j € B,

Ge(p,xj,uj,u) ;:{

with p := (h, A) representing a vector of discretization parameters. The map S : [0, 1) x
[0,1) x Gy x R x B(Gr) — R is defined as

1
Se(p, xj,uj,u) = Az (ITu)(xj + Aoe(Dj[uD) + Iul(x; — Aoe(Dj[ul)) — 2uj)
(10)
where I[u](x) denotes the bi-linear Lagrange interpolation of a given function u € B(Gy,).

Remark 1 For A small enough, the scheme (IOLis well-defined, since the discrete character-
istics x; & Ao (D [u]) never exit the domain 2.

3 Convergence Analysis

We prove a convergence result by showing that the scheme (8) is consistent and, thanks to
the addition of an artificial viscosity term, it is also monotone and stable.
We denote by ¢ a generic test function, ¢ € C°, and ¢ := (¢;), where ¢; = ¢ (x;).

3.1 Consistency

Let us recall the definition of consistency, as introduced in [3, 14].

Definition 2 For any x € O, let us consider a sequence of discretization parameters p,, =
(hm, Ap), a sequence of nodes (x;,,) € Gp,, such that, as m — oo:

Ppm — (0,0), &, — 0, and x;, — x. (11

Additionally, let ¢ € C°°(O) and define am = (¢(xj,))x;eg,- The scheme (8) is said to be
consistent if

= dim_Se, (o Xjy s B B) = f (x5,) = =ALS () = f (), (12)
for D¢ (x) # 0, and

— 2(D*¢(x)) — f(x) < —limsup S, (P, Xjpys Djrs Om) — (X))

< —liminf Se, (Pm. Xjpy- G- Pn) = f(xj,,)
< =2 (D*(x) — f(x), (13)

for D¢ (x) = 0.
We can now state and prove the following theorem.

Theorem 2 Assume that there exist four constants Cy, Ca, r, q > 0, independent of ¢ and h,
such that

1) — ¢ (Voo < C1A, (14)
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-~

ID;[¢p] — Dp(xj)| < C2h?, forany j € Q, (15)
and that
21
h=A% &=AP here a>max{7,ﬂ},ﬂ>0. (16)
r q

Then, as A — 0, the scheme (8) satisfies the consistency conditions (12)—(13).

Proof From now on, we neglect the subscript m and we denote D¢; = D¢ (x;) and D% ;=
D¢ (x ;) for a better readability. To check consistency, let us consider the following cases.

Casel : D¢ (x) # 0, x € O. For m big enough, we can also suppose that D¢; # 0. In
this first case, consistency analysis may be carried out by essentially the same arguments
in [4]. By using assumptions (14), (15), the Lipschitzianity of o,, and a third order Taylor
expansion of ¢ (x; + Ao.(D¢;)) and ¢(x; — Ao (D¢;)) with respect to the node x;, we
get,for j € Q,

e T 2 h h? 2
Se(p.xj,¢j. ) = 0:(D¢j)" D¢pj o:(Dpj) + O Az +0 a>+0(A)~ a7

Choosing the parameters 4, € as in (16), S¢(p, xj, ¢;, a) verifies the condition (12). As a
consequence, also the scheme G (p, x;, u;, u) defined in (8) verifies (12).

Case2 : Dp(x) =0,x € O.

Using assumptions (14) and a third Taylor expansion of ¢ (x; + Ao, (D ;[w])) and ¢ (x; —
Ao (D;[w])) with respect to the node x; we get, for j € Q,

r
-~ -~

-~ T 2 h 2
Se(p,xj,¢j, ) = 0e(Dj[@])” D¢ oe (D, ])+0<p>+0(A ). (18)

Since in this case 0, (D [a]) is singular in the limit for (e, p) — (0, 0, 0), S, can be bounded
only by its lim inf and lim sup. Using the following eigenvalue properties:

MD*p(x) = min 0T D*p(x)0, r(D*¢(x))= max 67 D*¢p(x)6,
9eR2,16|=1 HeR2,|0

,101= |=

and, by assuming (16), we obtain:
A (D2p(x)) < liminf Se,, (Om, X s P> Prn)
m—0Q0

< imsup Se,, (Om. X+ Bjs bm) < 22(D?(x)). (19)

m—0o0

From (19), we can easily derive
—32(D?p(x)) — f(x) < iminf G, (O, X+ B s )
m— 00

= —lim sup ng (,Om, Xjm ¢.in1 ’ am) - f(‘x]m)

m— 00

< —liminf S, (o, Xjpy» Bjry» Bm) — LX)
m—00
= lim sup Gem (om, Xjms ¢j,,,a Om)
m—0o0
< =2 (D*p(x)) — f(x),

Under assump)\tion (16) the equality 1" = 0(A?) holds. Then, condition (13) is satisfied by
Se(p, xj, 9}, $), hence by the scheme G (p, x;, uj, u) defined in (8).
O
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Remark 2 This setup allows for various options. For instance, one could consider backward,
forward, or higher-order finite difference approximations of the gradient, along with higher-
order or weighted essentially non-oscillatory interpolation for reconstructing u# along the
characteristics. However, our primary focus is on developing a convergence theory for the
scheme in two specific scenarios: the centered finite difference scheme for the gradient,
as detailed in Sect.2, which implies ¢ = 2, and linear or bilinear interpolation for /[-],
resulting in r = 2. Although it would be interesting to explore higher-order schemes, and
the consistency result formulated in Sect. 3.1 would still be valid, the artificial viscosity term
may not be sufficient to ensure monotonicity in general and, hence, a more in-depth study
would be required to guarantee convergence.

3.2 Monotonicity

Let Ly denote the Lipschitz constant of the function ¢ € C*°(R).
To establish the monotonicity of (8), we follow the idea in [8] and introduce an artificial
vanishing viscosity term. The resulting scheme is given by

ég(p,xj,uj,u)zo, (20)
where
ég(p,xj,uj,u) — {;(‘ii()p;x;(;‘jj) u) — fj ij 2 LQ?,’ 21
Here
§S(p, Xj,uj,u):=S(0,xj,uj,u)+ Ve(p,xj,uj,u, (22)
and

2Weh u; — 4u;
VS(pv'xjsujﬁu) = A Z 2 )
ieD(j)

where W, is a positive constant, and for j € Q, D(j) is the set of indices of the nodes defined
as

D) ={(1+ L j2), (G — 1, j2), G, 2 + D, (1, j2 — D}

The new scheme G preserves the consistency property of the original scheme G, as shown
in the next proposition.

Proposition 3 Ler us assume (14), (15), and (16). Additionally, let us suppose that the
following condition holds:
Weh
A

= o(1). (23)
Then, the scheme G ¢ satisfies the consistency condition (12)—(13).

Proof Since by definition Vi (p, x;, ¢;, a) — 0 as (g, p) — (0,0,0), the thesis follows
straight. O

Let us recall the generalized monotonicity property (see [4]).
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Definition 3 The scheme (20) is said to be monotone if it satisfies the following conditions:

ifu <@ then Ge(p,xj,t,u) > Gs(p,xj,1,0) +o(l), (24)
ifg <u then Ge(p.x;.1.9) > Gelp.xj.t.u) +o(1), (25)

forany u € B(Gp), ¢ € C®°(RQ), p > (0,0),e > 0,x; € Gp,and t € R.
The monotonicity property of the scheme (20) follows from the next theorem.

Theorem 4 Let us suppose

W, > —2, (26)
and

) 2
h =AY with a > — 27)
r
for C > 0, and A — 0. Then, the scheme (20) is monotone, in the sense that it satisfies
(24)—(25).
Proof In order to prove that CN}E is monotone, it is enough to prove that :S'; 1S monotone, i.€.,

if u<g¢ then Se(p.xj.t,u) < 5Sc(p.xj.1.0) +o(l), (28)
if ¢<u then S.(p,xj,1,8) < Se(p,xj,1,u) +o(1), (29)
forall p > (0,0),e >0, j € Q,and t € R. We suppose u; < ¢; forall j € J.

In the following, we will use the shorthand notation w(a £ b) = w(a + b) + w(a — b). The
forthcoming inequality holds

~ 1 ~ 2Weh u; — 4t
Se(p, xj, t,0) < 55 (191(x; £ Aoe(D;lul)) = 21) + = P

A . .
ieD(j)

S (16 b 2Weh i — 4t
i€D(j)

-~

1 -~ ~
t (1[61(xj £ Aoe(Dj[ul)) — Ig](x; £ Aoe(D;[9])))

ZWSh Z u; —(,b,'.

. . (30)
i€D(j)
Let us prove that
1~ ~ -~ 2W,h ui — @i
Az (111(xj £ Aoe(D;[ul)) —1[](x; + Ace(D;[¢])))+ AE Z lhz - < o(l).
i€D(j)
€1y}
Recalling that L,, is the Lipschitz constant of o (p), defined in (7), we have L,, < &,
C > 0. Using assumption (14), and the fact that ¢ € C*°, we have that
1 -~ -~ -~ 2Weh u; — ¢;
vl (111(xj £ Aoe(Djlul)) — I$](x; + Aoe(D;[$])) + ; > = 2¢”
i€D(j)
1 -~ 2Weh u; — ¢; h"
= 13 (0() £ A0e(Dj[uD) — ¢ (xj + Ace(D;[P1) + Ag > lhfl +0 (Az)
i€D(j)
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2 -~ 2Weh u; — ¢; h"
< 23LpALo, |Djlu] — D[]l + A€ > ¢’+0(—>

2 2
i€D(j) h A
2L4L P — Uj 2Weh i — @; h"
< qu 0% ‘max. <¢z ; “z) + As Z uj h2¢z +0 (p)
i€D(j) ieDj)

Then, by (26), we get (31). Now, since (27) implies h" = 0(A?), using (31) in (30) we get
(28).
Analogously, supposing ¢ < u, it is possible to prove (29). O

Remark 3 1If the function F : Q\© — R is Lipschitz, the solution of problem (1) inherits
a Lipschitz constant denoted as L, (see [10, Corollary 3.14], [1, 19]). This enables the
application of the monotonicity result using test functions with a slightly higher, yet uniformly
bounded, Lipschitz constant, such as 2L, (see [4, Remark 3.3]).

3.3 Convergence

Let iy, € B(Gy) represent the solution to (20). Our goal is to establish the existence of
solutions and demonstrate their convergence towards the solution described by (1).

Theorem 5 Assume that F : Q\O — R is a continuous function, then there exists a bounded
solution U, € B(Gp) to (20), such that

max |u X < max |F(x;)]|.
i j' e,p( /)| =4 |F( /)|
umformly with iespect to P and €.

Proof Existence is established using the Leray-Schauder fixed-point theorem (see [18]).
Letus defineamap T : B(G,) — B(Gy) as

T (&+5%) 1(AlznuuxjiA%(D,[um+W> jeo
F(x;) j € B,
and let 7 := max jep |F(x;)].
The map T from B, := {u € B(Gy) : max; |u;| < r} to B(Gy) is continuous since
composition of continuous functions. Assuming that u € d B, then there exists at least one
index io such that |u;,| = r. Using the monotonicity of the interpolation, i.e. [/[u](z)] <

max; |u;| <r,forany u € B, and z € 2, we obtain the following:

-1 2We Y epii 7
2 8We 2 e 2.ieD(j) .
(T); < (P+Ah) (Krz+$) J€Q,
r j € B.

Observing that in the first inequality the right-term is equal to r, we get
(T())j <r, forany jeJ.

This implies that, if u;, = r, then (T (1)), # Au;, for all A > 1. Analogously, if u;, = —r,
then (T (u))i, > —r.

In conclusion, T (1) # Au forall A > 1 and u € 9 B,. By the Leray-Schauder fixed-point
theorem, 7 admits a fixed point in B;.. O
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Let oy = (hm, Am), &m be a sequence ¢ of discretization parameters, such that p, —
(0,0), &, — 0asm — oo. For any x € €, let us define

ut(x) = ligigp ey omVm)s  Us(x ) = l}}lrgggf ey, pm Vm)-
ghsym—;x Ghoym—x

From the convergence analysis of [3], we get the following result.

Theorem6 Let F : Q \ O — R be uniformly Lipschitz. Let us assume (14), (15), (16),
(26) and % = 0(A). Then u* and u, are respectively a viscosity subsolution and a viscosity
supersolution of

—ASu(x)=f forxeo.

Proof Let us observe that assumption % = o(A) implies (23), hypothesis required by Propo-
sition 3. Since also Theorems 4 and 5 hold true, we can follow the proof of Theorem 2.1 in
[3] to obtain the desired result. ]

Corollary 1 Let the assumptions of Theorem 6 hold true. If, furthermore, f = 0 and u* =
u, = F on Q\O, then i, , € B(Gy), solution to (20), converges locally uniformly to the
unique continuous viscosity solution of (1).

Proof Since f = 0 and F is _uniformly Lipschitz, problem (1) admits a unique bounded
viscosity solution u € WLoo(Q) (see [11, 12, 17]). Using Theorem 6 and Theorem 2.1 in
[3], we get the thesis. O

Remark 4 Let us assume that the conditions (14) and (15) are verified with r = 2 and
g = 2, choosing for instance respectively a bilinear interpolation operator and a central finite
difference approximation of the gradient. Now, assuming = %, assumptions (16) and (23)
are verified when o > %.
Remark 5 1t is important to note that the assumptions in Corollary 1, related to the conver-
gence to the boundary data F', have not been verified in this study. Additional investigation

are required to justify the convergence in a strong sense to the specified boundary values.

4 Conclusions

In this work, we have proposed a new numerical scheme for a Dirichlet problem associated
with the game oco-Laplacian, based on a semi-Lagrangian approximation. We have demon-
strated that the new scheme converges to the viscosity solution of the problem. Specifically,
we have proved that the scheme is consistent, and, thanks to the addition of an artificial
viscosity term, we ensure it is also stable and monotone. The proof of the convergence result
follows the approach developed by Barles-Souganidis analysis. With respect to other numer-
ical method for the game oco-Laplacian, the scheme here proposed is fully discrete and make
use of a smaller stencil. In the future, an extension of a similar study on the game p-Laplacian
could be conducted, by observing that this operator can be expressed as a convex combination
of the oo-Laplacian and 1-Laplacian.
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