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Tunneling spectra of unconventional quasi-two-dimensional superconductors
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Superfluid condensation can fundamentally be different from that predicted by the Bardeen-Cooper-Schrieffer
(BCS) theory. In a broad class of low-carrier-density superconductors, such as granular aluminum, doped
nitrides, and high-Tc cuprates, tunneling experiments reveal strong rather than weak coupling, as well as a
conductance that does not return to that of the normal state upon approaching the critical temperature Tc. Here,
we show that this behavior is in quantitative agreement with a tunneling theory that takes into account the
large pairing-fluctuation effects that occur in the crossover region from weak-coupling BCS to strong-coupling
Bose-Einstein condensation, provided the coherence energy scale rather than the single-particle energy gap is
used to evaluate the coupling ratio. We also propose that the tendency toward strong coupling is a generic
property of quasi-2D low-carrier-density superconductors.
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Introduction. Lately, in condensed matter there has been an
upsurge of interest in the Bardeen-Cooper-Schrieffer (BCS) to
Bose-Einstein condensation (BEC) crossover owing to grow-
ing experimental evidence for its occurrence in iron-based
materials [1], magic-angle twisted trilayer graphene [2], gran-
ular aluminum (grAl) [3], and high-Tc superconductors [4,5].
For a recent review, see Ref. [6]. These studies have fol-
lowed the well-established achievements on the BCS-BEC
crossover in ultracold Fermi gases obtained over the last
twenty years [7].

In particular, in Ref. [4] a number of thermodynamic mea-
surements on high-Tc cuprates have been organized in terms of
the coupling ratio 2�/kBTc (where � is the low-temperature
gap parameter and kB the Boltzmann constant), in such a
way that the paired-fermion condensate was found to become
optimally robust at the “magic gap ratio” 2�/kBTc ≈ 6. In
that work, the gap parameter was taken as the single-particle
excitation energy �p obtained, for instance, from tunneling
experiments. We wish to point out here that this choice is
by no means obvious because in the cuprates there is an
additional energy scale that characterizes the condensed state.
This is the coherence energy scale �c obtained, for instance,
from Andreev–Saint-James point contact spectroscopy [5].
We argue that this is actually the correct energy scale to
be used to evaluate the coupling ratio 2�/kBTc, because
this parameter is meant to characterize the condensed state.
We show that if this choice is made, the tunneling con-
ductance theory that we present is in good agreement with
data from a variety of nonconventional superconductors, in-
cluding (besides the cuprates) granular aluminum, Li-doped
nitrides, and graphene, with values of the coupling ratio
that do not exceed about 8. This implies that known un-
conventional superconductors are essentially all on the BCS

side of the BCS-BEC crossover region, contrary to the con-
clusion reached in Ref. [4]. Examples about this important
issue are given in Table I, where the values of 2�/kBTc for
La2−xSrxCuO4 obtained when using for � either �c or �p

are compared. (Additional comparisons will be given in Fig. 4
below for the materials reported therein.) The link between the
coupling ratio 2�/kBTc and the coupling parameter (kF aF )−1,
used to describe the BCS-to-BEC crossover in ultracold Fermi
gases and utilized in our numerical calculations, is discussed
in Supplemental Material [9].

In this Letter, we present a number of tunneling spectra
taken in grAl under a variety of physical conditions and or-
ganize them in terms of the coupling ratio 2�/kBTc as above
specified. Our key finding is that the zero-bias conductance
(ZBC) close to Tc decreases as the coupling factor increases.
This pseudogap effect is already clearly observed at moderate
values of the coupling ratio. It is not to be confused with the
large pseudogap observed, for instance, in some underdoped
cuprates. In addition, we also report data extracted from the
literature for the zero-bias conductance close to Tc in Bi2212
and graphene. All these transport measurements are shown to
compare favorably with theoretical calculations for the differ-
ential conductance, that take into account the effects of pairing
fluctuations throughout the BCS-BEC crossover, provided the
coherence energy scale �c is used to evaluate the coupling
ratio. Our suggestion, for a crossover between weak-coupling
BCS to strong-coupling BEC revealed in grAl and other quasi-
2D unconventional superconductors, thus rests on the basis of
a quantitative comparison between experimental and theoret-
ical tunneling conductances. This comparison represents the
main contribution of this work.

From our analysis we conclude that in condensed-matter
samples the crossover region between BCS and BEC regimes
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TABLE I. Values of 2�/kBTc, obtained when � is either �c

(from Andreev spectroscopy [8]) or �p (from tunneling experi-
ments [8]), for different x values of La2−xSrxCuO4 samples. (Asterisk
(*) indicates value extrapolated from Fig. 3 of Ref. [8]).

x �c (meV) �p (meV) Tc (K) 2�c/kBTc 2�p/kBTc

0.08 4.0 9.6 9.6
0.10 6.5 25.3 6.0
0.12 6.0 26.0 5.4
0.13 8.0 18.0* 29.2 6.4 14
0.15 7.0 15.0 35.1 4.6 9.9
0.2 6.5 7.0 27.8 5.4 5.8

is essentially exhausted for 2�/kBTc � 8. We believe that
the absence of condensed-matter samples with 2�/kBT c � 8,
which would be far deep in the BEC regime of tightly bound
pairs, is due to the charged nature of the fermions expected to
pair up. In this respect, we will also point out that the quasi-2D
nature of the materials here considered makes the values of
2�/kBTc somewhat larger than those expected for strictly 3D
materials [9] (an issue that was not considered in Ref. [4]).

Comparison between experiment and theory. The quantity
to be calculated and compared with the experimental data is
the differential conductance [3,39]

dI

dV
(eV ) = B

∫ +∞

−∞
dE Ns(E )

[
−∂ fF (E + eV )

∂E

]
, (1)

where eV is the difference in the chemical potential across the
superconducting-normal junction with an applied voltage V ,
Ns(E ) the quasiparticle density of states (DOS) at energy E ,
fF (E ) = 1/(eE/kBT + 1) the Fermi function at temperature T ,
and B a constant whose value we shall not be concerned with
(and set equal to unity for simplicity). In the following, we
shall not distinguish between energy E and frequency ω by
setting h̄ = 1. The DOS function Ns(ω) in Eq. (1) can, in turn,
be expressed in terms of the single-particle spectral function
A(k, ω) by integrating it over the wave vector k:

Ns(ω) =
∫

dk
(2π )3

A(k, ω). (2)

Results for A(k, ω) in the superfluid phase, over the whole
temperature range below Tc and throughout the BCS-BEC
crossover, were first obtained in Ref. [14] in terms of a t-
matrix approach, as an extension of an analogous approach in
the normal phase above Tc [36]. Recently, a refined version
of this t-matrix approach was implemented to include the
Gorkov-Melik-Barkhudarov (GMB) correction [40] across
the BCS-BEC crossover, both in the normal [15] and super-
fluid [16] phases. This extended GMB approach has resulted
in quite accurate comparisons with the experimental data for
ultracold Fermi gases across the BCS-BEC crossover, both
for the gap parameter �0 at low temperature [41] and the
critical temperature [22]. Here, we shall rely on this extended
GMB approach to obtain the required single-particle spec-
tral function for various couplings and temperatures [42].
Our theoretical analysis for a dynamical quantity like the
differential conductance (1) complements that utilized in
Ref. [4] to compare with thermodynamic data, and is
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FIG. 1. DOS spectra Ns(ω) vs ω at T = 0.85Tc for two different
couplings in 3D (solid lines). In both panels, the noninteracting
form N0(ω) = m3/2

√
2(ω + μ)/(2π 2) is shown for comparison (dot-

ted lines), which corresponds to a noninteracting system with the
value of the chemical potential μ of the interacting system for given
coupling. Plots are normalized by N0(ω = 0) = mkF /(2π 2) where
we have set μ = EF = k2

F /(2m). Each panel also shows the associ-
ated background function Nb(ω) (dashed lines), obtained from the
normalization procedure described in Ref. [9]. The insets report the
ratio Ns(ω)/Nb(ω) (solid lines) together with the corresponding nor-
malized differential conductance (dash-dotted lines), obtained from
Eq. (1) with B = 1 and Ns(ω)/Nb(ω) replacing Ns(ω). (See Ref. [9]
for further details.)

justified because for dynamical quantities the non-self-
consistent t-matrix approach is expected to be more reliable
than its fully self-consistent counterpart [43].

Theoretical results obtained for the DOS spectra Ns(ω) in
3D are shown in Fig. 1 at T = 0.85Tc for two couplings on
the BCS side of unitarity. In both cases, a dip is seen to occur
in Ns(ω) about ω = 0, accompanied by a two-peak struc-
ture which is more visible for negative ω. Like in Ref. [14],
we associate the dip to a finite value of the thermodynamic
gap parameter, and the two-peak structure to the presence of
a pseudogap which develops upon approaching the normal
phase. Both features become progressively more pronounced
for increasing coupling. To highlight these features, in the
insets of Fig. 1 the DOS spectra are normalized by the back-
ground function Nb(ω) described in Ref. [9], which aims at
eliminating any irrelevant reference to the 3D background of
the theoretical DOS spectra. This is achieved by taking Nb(ω)
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FIG. 2. Normalized differential conductance vs voltage for two
characteristic measured samples, identified by their resistivity ρn and
coupling ratio 2�/kBTc. Open circles are experimental data and solid
lines are theoretical results calculated for the values (kF aF )−1 =
(−0.75, −0.25) of the nominal coupling (from top to bottom). Ex-
perimental and theoretical data are compared with each other by
normalizing the frequency by the respective values of the gap pa-
rameter �0 at low temperature. Results for the larger temperatures
are shifted upward for clarity. (See Ref. [9] for further details).

to coincide with Ns(ω) at large frequencies, where kinetic
energy dominates over interaction, with a simple interpolation
at low frequencies. This procedure enables us to extract in an
effective way the quasi-2D character of the spectra, with the
pseudogap associated with pairing fluctuations being regarded
as a local quantity that should not appreciably differ in 3D and
quasi-2D [31] (cf. also the discussion below and Ref. [9]).
Further results for the temperature dependence of the DOS
spectra at fixed coupling are reported in Ref. [9], where the
persistence of the pseudogap upon approaching Tc is evident.

To draw a meaningful comparison between experiment
and theory, the experimental differential conductance dI/dV
spectra have been normalized by fitting the data in the range of
1.5 < |V | < 3.0 mV to the form dI/dV ∝ |V | and then divid-
ing the measured dI/dV by the extrapolated values obtained
from the fit for |V | < 3.0 mV. The experimental differential
conductances below Tc for two representative samples are
shown in Fig. 2 at two selected temperatures, where they are
plotted as a function of bias normalized by their respective
zero-temperature gap �. The lower resistivity sample (with
Tc = 2.31 K and 2�/kBTc = 4.33) appears to be close to
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FIG. 3. Zero-bias conductance (ZBC) vs reduced temperature for
the same samples of Fig. 2. Crosses and empty squares with error
bars are experimental data, and filled circles are theoretical results
obtained for the same values of the nominal coupling (kF aF )−1 of
Fig. 2. In all cases, the temperature is in units of the respective value
of the critical temperature Tc.

the BCS side (upper panel), while the higher resistivity sam-
ple (with Tc = 1.37 K and 2�/kBTc = 6.77) to be close to
the unitarity regime (lower panel), with the estimated value
�/EF � 0.35 [10,16]. In all cases, the experimental data are
seen to closely match the overall theoretical trend, signaling
further that the behavior of both considered samples deviates
from what would be expected in the BCS weak-coupling limit.
The procedure for associating to a given sample the nomi-
nal value of the coupling (kF aF )−1 is discussed in Ref. [9],
where the quasi-2D character of the samples is taken into
account in an effective way. Note how, for the differential
conductance, the convolution with the derivative of the Fermi
function in Eq. (1) smears out the two-peak structure of Fig. 1
for Ns(ω). Note further that, by comparing tunnel and optical
gaps, in Ref. [3] we concluded that atomic disorder effects are
negligible in grAl. This excludes disorder effects [44] as an
explanation for the pseudogap observed in grAl.

A further measurable quantity of interest is the zero-bias
conductance (ZBC), obtained as the limit dI/dV |V →0. Fig-
ure 3 shows the dependence of ZBC on temperature for the
same samples of Fig. 2. (For the higher ρn, the ZBC value
extrapolated to T = 0 from the measured ones has been sub-
tracted off to avoid spurious (leakage) effects at the contacts.
Additional spurious effects, possibly arising from the forma-
tion of pinholes in the Al oxide barrier layer, are minimized by
our oxidization procedure [3]). The corresponding theoretical
dependence, calculated for the same nominal couplings of
Fig. 2, is seen to follow the same trend as the experiment.
For the higher ρn, note the strong depletion of ZBC for both
experiment and theory, which extrapolates to a value less than
0.5 upon approaching Tc. For the lower ρn, this extrapolation
gets instead close to unity, a value which is expected to be
reached in the BCS limit of the BCS-BEC crossover.

Finally, Fig. 4 shows the experimental values for ZBC
versus the coupling ratio 2�/kBTc for several samples at
T = 0.85Tc, together with the corresponding theoretical re-
sults also at T = 0.85Tc. In this way, we avoid entering the
critical region close to Tc, where the theory would need to
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FIG. 4. ZBC vs coupling ratio. The dependence of the zero-
bias conductance (ZBC) on the coupling ratio 2�/kBTc for grAl
at 0.85Tc (filled circles) is compared with the theoretical results
obtained by the extended GMB approach also at 0.85Tc (crosses and
solid line). Further experimental values are shown for Bi2212 (filled
squares) (from Ref. [45]) and for twisted trilayer graphene (filled
diamond) (from Ref. [13]), both at 0.85Tc. The arrow signals the BCS
mean-field result at 0.85Tc for coupling (kF aF )−1 = −1.5. The upper
horizontal axis reports the values of the nominal coupling (kF aF )−1

associated with the values of the coupling ratio 2�/kBTc according
to the procedure summarized in Fig. 5 of Ref. [9].

be refined by including additional fluctuation corrections [9].
This critical region is larger at unitarity than in the BCS
regime [21], as implicitly confirmed by the different exten-
sions toward Tc of the theoretical results reported in Fig. 3
for the two samples. One sees from Fig. 4 that the ZBC
decreases as the coupling ratio increases in good agree-
ment with the theoretical trend, being reduced by about
half when reaching 2�/kBTc � 6. Figure 4 also shows that
the above overall trend is not unique to grAl by consider-
ing ZBC values for two other compounds, Bi2212 [45] and
twisted trilayer graphene (TTG) [13]. For both of them the
tunneling gap is substantially larger than the coherence en-
ergy scale obtained by point contact spectroscopy, such that
for TTG 2�c/kBTc = 6 while 2�p/kBTc = 15–19, for under-
doped Bi2212 2�c/kBTc = 8 while 2�p/kBTc = 10, and for
overdoped Bi2212 2�c/kBTc = 5.5 while 2�p/kBTc = 8.7.
Good agreement with theory is only obtained if the �c is used
to evaluate the coupling ratio. On the other hand, Table I sug-
gests that for our grAl samples, for which the coupling ratio as
measured by tunneling does not exceed 7, differences between
�p and �c should be minor. We further note that, besides
Bi2212 and TTG, grAl is also a quasi-2D superconductor [46].
In this respect, one should mention that, away from the
weak-coupling (BCS) regime, the values of the coupling ratio
2�/kBTc change appreciably when calculated in 3D or in the
strictly 2D case of a Berezinskii-Kosterlitz-Thouless transi-
tion. This change is here taken into account when associating
the experimental value of 2�/kBTc with the nominal coupling
(kF aF )−1 used for theoretical calculations [9].

We note that when the proper energy scale is used to
evaluate the coupling ratio, this ratio never exceeds the value
of about 8 which corresponds to the unitary limit, suggesting

that this is a universal property of quasi-2D superconductors
close to a Mott transition, triggered by Coulomb interaction.

Discussion and outlook. The extensive comparison we
have presented of the experimental and theoretical spectra
for the differential conductance is made between experimen-
tal samples (like grAl films) that are quasi-2D systems and
theoretical calculations that are performed for a 3D system.
However, there is intrinsically no contradiction in making
this comparison, inasmuch as the experiment seems to have
access to a pseudogap phase related to pairing fluctuations
which survive across Tc. On physical grounds, what should,
in fact, be important is the local behavior of pairing corre-
lations occurring inside a Cooper pair (or, at most, among
nearby Cooper pairs). Under these circumstances, pseudogap
phenomena occurring in a fermionic superfluid should be en-
visaged as due to persistency of “local-pairing order” across
Tc, that survives even when (off-diagonal) long-range order
is lost. Accordingly, one expects that there should not be too
much of a difference between 3D and quasi-2D calculations
for this local property. In this context, one should mention
a recent experimental work [31] where it was shown that
dimensionality has only limited influence on the stability of
strongly interacting fermionic superfluids, in the sense that
there is nothing significantly new in the superfluid properties
of 3D and 2D Fermi superfluids.

These arguments are reinforced by the theoretical work
of Ref. [47] where the effect of a weak interlayer coupling
on BE condensates was studied, with the result that a small
interlayer coupling was found sufficient to preserve BEC with
an only slightly reduced condensation temperature, as well as
by the analogy with a layered antiferromagnet mentioned in
Ref. [9], where local antiferromagnetic correlations surviving
above the Néel temperature were also seen not to markedly de-
pend on the ratio between the intra- and interlayer couplings.
In all cases, local correlations do eventually allow achieving
symmetry breaking at a slightly reduced temperature.

Our results corroborate the mounting experimental evi-
dence that a combination of small carrier density and reduced
dimensionality acts to favor superconductivity [48]. This is
the case for systems as diverse as the high-Tc cuprates, grAl,
and twisted trilayer graphene. Nitrides such as LixHfNCl were
not considered in Fig. 4 because their coherence energy scale
has not been reported so far, but the same combination holds
for them too. One is thus led to look for a general (yet sim-
ple) argument to explain these observations. This argument
may be provided by the jellium model for superconductiv-
ity [49–51]. In this model, the electron-electron attraction
V increases as the carrier density decreases. In 3D this in-
crease is counterbalanced by a reduced density of states, so
that the BCS parameter N0V and the critical temperature get
eventually reduced for decreasing carrier density. This is not
the case in 2D when the density of states remains constant,
such that both N0V and V should increase for reduced carrier
density. As a consequence, the interaction parameter V might
be strong enough to promote a crossover from BCS to BEC.
There are, however, a few problems with this argument. In
2D localization sets in even for extremely small disorder and
might prevent superfluidity. In addition, BEC does not occur
in strictly 2D at finite temperature. These difficulties are in
principle removed by the quasi-2D approach.
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Conclusions. The detailed experimental tunneling results
on quasi-2D grAl, Bi2212, and twisted trilayer graphene
presented in this work appear to exhibit the main features
expected for a BCS-BEC crossover—namely, a coupling ratio
2�/kBTc that evolves continuously from the weak-coupling
(BCS) limit value to larger values typical of the crossover
regime, and at the same time monotonically decreasing values
of zero-bias conductance close to Tc with increasing cou-
pling ratio. We have further shown that for three families of

small-carrier-density quasi-2D systems here considered, there
appears to be a universal correlation between the coupling
ratio and the zero-bias conductance, and that this correlation
is in agreement with theoretical results obtained for the BCS-
BEC crossover provided the coherence energy scale is used to
evaluate the coupling ratio.
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