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Abstract

A procedure for the identification of dispersion curves and mechanical characteristics of linear and
nonlinear one-dimensional (1D) periodic structures is proposed herein. The procedure exploits the
application of Floquet—Bloch (F-B) boundary conditions to a reference subsystem (RS) extracted
from a mechanical metastructure. The dispersion curves (frequency vs. wavenumbers) are estimated
from the computation of the frequency response functions (FRFs) of the RS for different wavenum-
bers in input. The proposed procedure is applied and validated on various models, including a 1D
mass-in-mass system characterized by cubic nonlinear springs. As expected, the nonlinear system
exhibits a distinct dependence on the amplitude of the excitation. In addition, a revised applica-
tion of the subspace identification (SI) method is exploited for the identification of hardening-type
nonlinear mechanical characteristics. For the sake of completeness, the identification procedure
is also tested on a waveguide in axial and flexural vibrations. Due to its single output from a
measuring cell, and two inputs, the proposed method is particularly suitable for the experimental
characterization of periodic structures.

Keywords: Discrete periodic nonlinear systems, Euler-Bernoulli beam, Dispersion curve

identification, Floquet—Bloch theory application, Subspace identification.

1. Introduction

1.1. Background and motivation

Recent years have witnessed a growing interest in the peculiar characteristics of mechanical
metamaterials and periodic structures. Amidst an incredibly vast array of applications, spanning
from lightweight structures [1, 2, 3|, hierarchical lattices [4, 5], to dissipative systems [6, 7| and even
mechanical computers [8, 9], they have also been proposed to mitigate the effects of low-frequency
vibrations [10, 11, 12]. Periodic structures support the propagation of waves with strong dispersive

features that are not solely determined by wave speeds or wavenumbers. They arise due to material
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properties and structural design [13, 14, 15, 16]. Specifically, frequency bandgaps can arise either
from Bragg scattering [17, 18] or from the interaction of incident waves with a periodic arrangement
of locally resonant elements [17, 19, 20]. In both scenarios, this interaction leads to the blocking
of waves characterized by specific frequency ranges [21, 22, 23]. However, in the latter case, which
we refer to as mass-in-mass systems, the bandgaps form for wavelengths higher than the lattice
dimensions [24]. Along these lines, the identification of such media for crack detection and damage
quantification has become essential [25, 26, 27] and relies on the analysis of dispersion curves that,

for linear systems, establish a one-to-one correspondence between frequencies and wavenumbers.

This correspondence vanishes in the context of nonlinear mechanical metamaterials, wherein the
nonlinearity causes physical phenomena such as higher harmonics and amplitude-dependent disper-
sion relationships [28]. Concerning analysis methods, we have to distinguish between weakly and
strongly nonlinear systems [29]. Since we are interested in weakly nonlinear systems, we recall multi-
ple scales, Lidstedt-Poincaré and perturbation techniques applied to elastic metamaterials [30]. The
harmonic balance method [31], instead, has been applied to strongly nonlinear periodic systems. To
improve the performance of metamaterial-based systems, nonlinear mechanisms were adopted. For
instance, one can look at the research works that use the concept of quasi-zero or negative stiffness
[32], proposed in [33, 34, 35]; they showed that quasi-zero or negative stiffness resonant elements
could improve the system behaviour and reduce resonator sizes. Also, bistable metamaterials have
been used to control mechanical waves. In this respect, it is deemed necessary to mention: i) Xia
et al.[36], who enhanced the bandwidth of nonlinear metastructures by means of bistable nonlin-
earities in the resonators; ii) Deng et al. [37], who analyzed the behavior of waves in free-standing
bistable discrete periodic systems; iii) Guner et al., 2023, [38] who employed bistable columns to in-

crease the dissipation properties of coupled metafoundation-tank systems against seismic vibrations.

The characterization of the aforementioned nonlinear periodic systems typically requires the de-
termination of the amplitude-dependence or the wavenumber dependence. Hence, for characterizing
nonlinear waves [39], the dispersion is assumed to rise linearly and is subsequently complemented
with nonlinear terms. For instance, to study wave-wave interactions, Manktelow et al. [40] intro-
duced nonlinear dispersion relations to define curves that were corrected, w.r.t.their linear coun-
terparts. Similarly, Campana et al. [41] identified correction terms to account for the presence of
nonlinear resonators. In the remainder of this paper, though the uniqueness of dispersion curves

is lost in a nonlinear setting, we will refer to these curves as nonlinear dispersion curves. Disper-
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sion curves of both linear and nonlinear structures are commonly computed through i) numerical

responses of finite lattices, ii) experimental outputs, and iii) analytical tools.

With respect to i), several methods employ the integration of the equations of motion (EoM) of
sufficiently long finite chains, eventually employing absorbing boundaries to avoid wave reflection.
Fang et al.[42] compared the results of numerical simulations with predictions obtained from the
harmonic averaging approach and Lyapunov exponents. Additionally, they performed a linearized
estimation obtained by applying the Floquet—Bloch (F-B) theorem. The F-B theorem is a widely
employed tool for computing dispersion curves in periodic 1D, 2D, and 3D systems [43, 44]. It was
also used by Settimi et al. [45], Wang et al. [46], Sepehri et al. [47] and Campana et al. [41], in the
context of nonlinear systems; they similarly computed the nonlinear dispersion curves of periodic

structures using a perturbation approach.

Regarding ii), numerous methods are devoted to the identification of wave vectors and dispersion
curves from experimental responses [48, 49, 50, 51]. Junyi et al. [48] developed an inverse method
to calculate the band structure of 1D periodic structures. The method is called wave superpo-
sition method (WSM), because it employs the superposition of forward and back waves coming
from periodic oscillations. The proposed method is validated with numerical experiments on a
periodic bi-material beam modeled with the Timoshenko beam theory. The WSM is particularly
useful when a model of the physical structure is unavailable, but the method is accurate under
ideal conditions, hence experimental aspects of the WSM were deferred to future studies [52]. The
WSM eliminates the need for a structural model through the use of multiple measurements, con-
stituting a data-driven approach. Other data-driven methods for reconstructing dispersion curves
exist [53, 54], validated through successful numerical experiments. However, data-driven methods
may face limitations in scalability across frequency and spatial dimensions due to their reliance
on multiple measurements. Additionally, they may require substantial computational resources for
accommodating real data from large structures. In our study, we address these issues by means
of a reference subsystem (RS) consisting of a single cell of the structure. The RS, excited with
F-B boundary conditions, preserves all essential information about the periodic structure while

significantly reducing computational demand.

With regard to iii), a number of approximate analytical methods have been devoted to the pre-

diction of nonlinear dispersion curves. Among others, we recall those based on the harmonic balance
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[55, 56], the perturbation method [45, 46, 57], the homotopy harmonic balance [58], the homotopy
Padé technique [59], the multiple scales [60], and the factorization of the spatial and temporal parts
of the solution [61]. Analytical methods are advantageous because they provide closed-form solu-
tions that can be easily compared with numerical predictions in the validity range of linearization.
In this paper, we propose a perturbation approach to approximate the nonlinear FRF and validate
the identified dispersion curve. For the sake of comparison, we leverage the solution proposed by

Zivieri et al. [61].

1.2. Scope

We propose a methodology based on the FRF of an RS to define dispersion laws and mechanical
characteristics of periodic structures. The RS is extracted from a periodic mechanical metastruc-
ture and represents the prototype of an experimentally informed model. In this respect, the F-B
periodic conditions are applied to the boundaries of the RS. Following a standard approach, we
initially discuss the system identification strategy for discrete mass-in-mass systems. Then, we ex-
tend the approach to one-dimensional waveguides. Additionally, since the identification of discrete
mass-in-mass systems in a pure analytical /numerical setting is quite simple, we leverage the gener-
ality of the FRF and F-B tools and treat weakly nonlinear periodic systems. Finally, to bridge the
gap between the proposed numerical framework and future experimental activities, we incorporate

noise in the numerical examples and apply the subspace identification (SI) technique.

The remainder of this paper is organized as follows. In Section 2, we introduce the general prob-
lem including the RS, and elucidate the main identification procedure for the dispersion curves.
Section 3 reports the identification of the nonlinear dispersion curves of a nonlinear mass-in-mass
metamaterial. The SI is introduced and applied for the identification of both the linear and non-
linear stiffness constants. A brief discussion on the identification of a mass-in-mass system with
nonlinear resonators concludes Section 3. Section 4 reports a simplified methodology to identify the
dispersion curves of a linear undamped mass-in-mass system. Then, in Section 5 an application of
the dispersion curve identification procedure to a continuous beam in axial and flexural vibrations
is shown. We draw conclusions in Section 6 with possible future directions. Finally, Appendix A
provides supplementary material for the perturbation approach introduced in Section 3 while Ap-
pendix B describes the implementation details for the transfer matrix method relevant to Section
5. A MATLAB code example that solves the numerical procedure described in Section 2 is provided

as Supplementary Material.
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2. Dispersion curves identification strategy

For the sake of generality, this section introduces the basic concept behind the identification
procedure using a nonlinear discrete one-dimensional (1D) periodic structure. Notably, as demon-

strated later, the same strategy applies to both discrete and continuous linear systems.

The discrete mass-in-mass structure consists of units with external masses encasing resonating

masses, connected by means of viscous dampers and internal springs, as shown in Fig.1 (a).

(a) u,.3 U9 Uy u, Upty Up+2 Up+3

Figure 1: (a) 1D discrete mass-in-mass metamaterial modeled with nonlinear springs and dashpots, and (b) the
relevant reference subsystem (RS).

The reference subsystem (RS) is depicted in Fig.1 (b). To take into account nonlinearities, the

elastic internal force F' between two adjacent external masses is assumed as follows:

where both a linear £ and nonlinear ky, springs are considered, and where ; = u,+1 — u,, denotes
the relative displacement between the two masses. The u, displacement of the n'" unit can be
generally written as [21]:

un(t) = U(k,w) exp[i(nkd + wt)], (2)

where w is the circular frequency of the harmonic motion, x is the complex wavenumber, U is the
wave motion amplitude, d represents the distance between the periodic units, and ¢ is the imaginary
number. The exponential term defines the periodicity in space and time, as |exp [i(nkad + wt)] | <1
[62]. The real part of the wavenumber describes the phase change as the wave propagates from one
unit to the next, whereas its imaginary part defines the amplitude decay of the wave. To replicate
the infinite chain’s dynamics using the RS, we impose the F-B boundary conditions on its left- and
right-hand bounds, namely, u,_1 = wep and w,11 = Upignt, as shown in Fig. 1 (b), and monitor the

displacement output of the reference unit u, = u. The identification of the dispersion curves is
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based on the FRF of the RSs excited by imposed displacements of the F-B type. According to (2),
the output displacement w(t) should fulfill the following conditions:

w(t) = wepi(t) exp(ind) = upigne(t) exp(—ird), (3)

From (3), we derive a system of equations:

(

FRE . = vo_ exp(ik,d) exp(—kr;d),
Ule ft
(4)
FRF,igh = i = exp(—ik,d) exp(k;d),
\ right

where k, and k; are the real and imaginary part of the wavenumber, respectively; Ujs: and U,igne
are the amplitudes of the displacements imposed on the left and right boundaries of the RS that
satisfy (2). Consequently, the transmission ratios of (4) describe the output of a 1D infinite periodic

chain. By means of (4), we derive the following system:

f1(Kr, K1) = Ppopr — exp(ik,d) exp(—r;d), 5)

fo(k, ki) = Pigns — exp(—ik,d) exp(r;d),

where @ is the numerical FRF computed as the ratio between the Fourier transform (FT) of the
output and input, the subscripts left and right refer to the input and d defines the distance between

the unit cells. From (5), we formulate the corresponding model function F(x) as follows:

Fle) = |10 | (6)

fo(kr, ki)
that is nonlinear in the complex model parameter x. The solution to (5) is obtained by optimizing
k in (6) in the context of a nonlinear least squares problem, which we address using the Levenberg—
Marquardt algorithm [63, 64]. This optimization algorithm minimizes F'(x) by employing a search
direction that can be viewed as a blend of the Gauss—Newton direction and the Cauchy steepest
descent. Its convenience is notable because the Jacobian is consistently characterized by full rank at
each iteration. However, for its convergence, it is essential that the residuals evaluated in the first
step are not excessively high [64]. A pseudo-code for the identification procedure, which incorporates

this minimization process, is provided in Fig. 2.



begin

1:input: w, Uy, first guess (kr0, Ki0), max num of iter (IV), tolerance (tol)
2: for w = 0 to the maximum frequency of interest

3:n+1

4: while (n < N)
FT[U(HT,nfh K/i,nfl)]

5: q)left —

FT (ueyt)
) ) FT [u(ﬁr,nfla K'i,nfl)]
o (nght - FT(uright)
7 ’I,f (Il = N)
8 j«1

9: Kij—1 = Kin

10: while (j < N)

FT N> Kij—
11: [P ) %;(Ze;f 2 ‘
12:3f (|Vf1(krn, i)l ) < tol

13: m<—1

14: Kpm—1 = Ky N

15: while (m < N)
FT [u(/ﬁr,m,l, /ﬁ@j)]

16: Dy pp +—
left FT(uleft)
17 4f (Y f1 (K, i)l ) < tol
18: break
19: end if

20: end while

21: end if

22: end while

23: end if

2

-~

Sif (1Y f1(Rrns Bin)lloo & IV fa (s i) o) < tol
25: break

26: end if

27: end while

28: end for

Figure 2: Pseudo-code for the identification of dispersion curves.
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More precisely, for the selected w, at each iteration n the RS is excited for free-wave solutions with
input parameters k., ki, . The output FT[u| is estimated, and rows 5 and 6 are computed. If
the least-squares problem (6) is not solved after n = N iterations, that is, if row 24 is not satisfied
for (K, n, ki), the last solution &, y is imposed as known solution in an additional least-squares
problem (row 10), where only the first of the equations in (5) is employed in the unknown &; ;. Then,
the while loop in row 15, with the last solution x; ; and initial condition &, x for the unknown &,
completes the identification process. The initial guess k,( is arbitrary due to the periodic nature
of exp(+ik,d). Conversely, to prevent convergence issues, ;o should be kept relatively low. It is
advisable to initiate with a very-low value for x;( and increment it if convergence is not achieved.
Nevertheless, the order of magnitude of x; o can be easily guessed, as users generally know whether

the system is within the bandgap or the passband.

In sum, we can identify the dispersion curves of infinite 1D periodic systems with unknown
parameters using the simple RS and the procedure sketched in Fig.2. As shown later in Section
4, this process can be further simplified when a discrete linear undamped system is identified.
A MATLAB routine implementing the procedure described in Fig.2 for the mechanical system
depicted in Fig. 1 is provided as Supplementary Material.

3. Nonlinear mass-in-mass system: identification of nonlinear dispersion curves and

relevant nonlinear mechanical parameters

To capture the dispersion’s dependency on the excitation amplitude [65], researchers have fre-
quently applied the Floquet—Bloch (F-B) theorem to linearized systems [41, 42, 66]. However, when
the cubic nonlinearity in (1) is significant, the application of the F-B conditions may become inac-
curate, as it will be shown in Section 3.1. Moreover, to simulate a real-world experimental setting,
noise is introduced into time histories in Section 3.2, and treated using the subspace identifica-
tion (SI). Finally, Subsection 3.3 extends the identification approach to a mechanical metamaterial

equipped with nonlinear resonators.

3.1. Nonlinear dispersion curves identification

In this subsection, we describe the application of the proposed identification procedure to a non-
linear mass-in-mass system characterized by the restoring force expressed by (1). The nonlinearity

is of the cubic-hardening type, and the relevant reference subsystem (RS) is depicted in Fig. 3.
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Figure 3: Reference subsystem (RS) for the 1D nonlinear mass-in-mass metamaterial.

The system of EoMs reads:

(

mi + c(2u — Uleft — vright) + k(2u — Upeft — uright) + cg (u — uR)

thn(uw—ug) + by (U= wepe)® + ke (4 — Upigne)® = 0, (7)

Meily + CR(UR — u) + kR(uR — u) =0,

where ky, denotes the nonlinear spring constant. Based on the F-B boundary conditions, the

imposed displacements ¢ and u,ign: are selected as follows:
Wiepr = Upepr exp(iwt), (8)

Uright = Uleft eXp(Qi’%d)? (9)

where Ujess is the amplitude of the imposed motion and x and w are the input wavenumber and
circular frequency, respectively; d is the distance between the unit cells. To identify the dispersion

curves, we implement the identification procedure reported in Fig. (2).

The mechanical properties of the RS are shown in Fig.3: m = 2450kg, k£ = 155kN/m, m, =
3170kg, kr = 1080kN/m, ky, = 200MN/m3, d = 1m. These values describe a nonlinear me-
chanical system similar to the one investigated by Zivieri et al. [61]. Damping will be introduced
later. For this undamped case, we compare the numerical results with the approximate nonlinear

dispersion relation proposed by Zivieri et al. [61] for real wavenumbers:

mmpw* — [kp(m 4+ mg) + 2mek (1 — cos(kd)) + 2mUky,, G(rd)]w? (10
+2ky [k (1 — cos(kd)) + ky, U?G(rd)] =0,

where G(kd) = (1 — cos(3kd) + 3cos(2kd) — 3cos(rd)] is a wavenumber-dependent series, U defines

the amplitude and the distance d between the masses is equal to 1. A comparison between the



w1 identified and approximate solutions is presented in Figs.4 and 5, where an amplitude of U = 10
12 and U = 15 mm have been considered, respectively. These amplitudes can be regarded as weak

103 nonlinearities associated to weak anharmonic energies [61].
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Figure 4: Identification of the nonlinear undamped periodic system for amplitude U = 10 mm: (a) plot of the
imaginary components ; and (b) real components &, of the wavenumber. Close-up of (¢) the optical branch and
(d) the acoustic branch. The black curve defines the linear solution, the red curve depicts the nonlinear dispersion
curve from Eq. (10), and the blue circles represent the ID solutions.
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Figure 5: Identification of the nonlinear undamped periodic system for amplitude U = 15 mm: (a) plot of the
imaginary components ; and (b) real components &, of the wavenumber. Close-up of (c) the optical branch and
(d) the acoustic branch. The black curve depicts the linear solution, the red curve defines the nonlinear dispersion
curve from Eq. (10), and the blue markers represent the ID solutions.

1ws  Both Fig. 4 and 5 show that the identification process has not been impaired by the initial guesses;
s however, some outliers appear in the first passband due to failures in the integration of (5) around

106 the first natural frequency of the unit cell of the RS. Furthermore, we recognize that the dependence

10
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of the dispersion curves on the amplitude is not evident neither in Fig.4 (b) nor in Fig.5 (b), and
the nonlinear solutions seem to be pairing the linear ones. To better highlight the dependency of
the dispersive properties on the input amplitude, we zoomed in Figs.4 (c) and (d), and in Figs. 5
(c) and (d), the identified optical and acoustic branches against the linear ones. In those frequency
ranges, a tenuous deviation from the linear curves can be observed, according to the approximate

solution of Zivieri et al. [61], i.e., Eq. (10).

We further corroborate the results through simulations on a finite lattice constituted by 50 unit
cells and perfectly-matched layers (PMLs) to avoid wave reflections. The lattice is excited with a
Ricker wavelet of amplitude U; and central frequency w; = 25 [rad/s]. The time histories’ 2D FFT

and the amount of restoring force for each level of nonlinearity are reported in Fig. 6.
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Figure 6: Restoring force-displacement diagram in the range of (a) weak nonlinearity and (b) strong nonlinearity.
Finite lattice dispersion curves from the 2D-FFT for two weakly nonlinear cases, (¢) U = 10 mm and (d) U = 15
mm, and for a strongly nonlinear case (e¢) U = 100 mm. (a), (b) The blue curve depicts the nonlinear restoring force
F(U) = kU + ky,U? and the black curve defines the linear force F(U) = kU. The circles and stars in (c) and (d)
represent the identification results already reported in Figs. 4 and 5, respectively, while the continuous curves depict
the approximate solutions from (10).

28 By using simulations, it is possible to highlight different aspects of the identification problem being
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treated. Notably, when dealing with weak nonlinearities, there are minimal deviations in the non-
linear dispersion curves with respect to the linear case. On the other hand, for strong nonlinearities,
a distinct hardening effect emerges and the dispersion curve exhibits a diffusion, due to additional
frequency components and wave mode couplings [39, 67]. Beyond this amplitude, periodic solutions

are no longer found.

To further corroborate the results of the proposed procedure, we compared the numerical values
of the transmission function ®;.s; with an analytical expression of the FRF. For this purpose, we
consider a harmonic solution for the displacements u and uy in (7), and before linearization, we

apply the F-B theorem. We obtain the following expression for the nonlinear transmission:

U B k (1 + 62il€d) K(ejiﬁd) kNL €2iwt (11)
— k:2 - k2 )
Ulet —mw? + 2k + ki — m Uleft(_mw2 + 2k + kr — kaﬁmR)

where i is the imaginary unit, and the function K (e/*¢) comprises higher orders j of the wavenum-

ber,

K (/") = = U ¢y + BUUL ™ — U U™ 4 20—

BUPUepe™™ + 3UUL ;™" — U ;™" (12)

The relationship (11) indicates that for a given frequency, the output of the RS depends on the
wavenumbers jr, with 7 > 2, which are naturally associated with superharmonics. Similarly, the
dependence on the input amplitude U is evident. Because the identification procedure pro-
posed in this work relies on (4), this entails that a single complex wavenumber is associated with

a given frequency; hence, (4) ignores the components associated with higher-order wavenumbers j.

To further understand the effects of the aforementioned approximation, we utilize a perturbation
approach, based on the Lindstedt—Poincaré technique. Based on the asymptotic expansion reported

in Appendix A, we obtain:

FRE, = FRFY + ¢ FRFY 1+ O (%), (13)

12
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where FRF© and FRF® read,

k(1 + e%rd)
(0) _|_ Qk “I’ kR -

FRF© —

2 )
kR

2
—mw
kR—me(QO)

1
FRFY — <8mR W) W) (k:RQ mp + mkR2 —2mkrmg w<20> +mmg2 wﬁ))) ) 2

3kyrm (k‘R — mpg w?o))Q (1-— 62md)2 |Uest|?

(14)

The order €® equation defines the FRE of the linear system and equates the first term on the
right-hand side of (11). The expansion of Eq. (13) is arrested at order-e', and the relevant order-
e! equation is an expression that does not depend on the linear stiffness k. It also contains high
wavenumbers associated with the frequency w = w, + € w,, which was stopped at the first €' order.
A comparison between the aforementioned F'RF and the transmission obtained as the outcome of
the identification procedure based on (4) is shown herein and indicates that the involved approxi-

mation is favorable. More precisely, the numerical values of ®;.s, that satisfy the tolerance of the

identification procedure described in the pseudocode in Fig. 2 are plotted in Fig. 7; they correspond

to the set of solutions already presented in Fig. 4, for Uy = 10 mm.
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Figure 7: Comparison between the numerical transmission and the analytical |[FRF,| of Eq.(13): (a) the gray
areas highlight the bandgaps, (b) a close-up on the range of frequencies in the first bandgap and, (c) in the second
bandgap. The blue curve defines the linear |[FRF(9)|, while the orange, yellow, and violet curves depict the |F RE,|
for e =3-107% e =5-107%, and € = 8- 10~*, respectively. The black markers represent the numerical values of
|Pre pt]-

Fig.7 (a) clearly shows that the numerical values of ®,.;; and the approximate solutions of (14)
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are close. As expected, outside the bandgap the absolute value of the transmission is equal to 1.
In addition, both Fig. 7 (b) and (c) highlight the amount of approximation of @, for a range of
perturbation 3-107* < e < 8- 1074,

For the case of a damped chain, we apply a Rayleigh damping model with modal damping
ratios (1 = 17% and (; = 3.8%, leading to the viscous damping parameters ¢ = 907.2 N-s/m
and ¢ = 7.4304 - 103 N-s/m. To measure the degree of approximation, we derive an approximate
expression for the dispersion law of a damped nonlinear chain, employing the same assumptions of

[61]:

mmgwt + [—CR (m+mR)i+20mRai} w?

+[2kaa—2G(/<ad)kNLmRU2—kR(m+mR)+2ccRa]w2 (15)
15
+ (ZiG(/fd)chNLU2 —QCkRoz'—2chai) w

—2kg (ka — G(kd)U? k:NL) =0,

where o = cos(kd) — 1. The relevant results are shown in Fig. 8 for U = 15 mm.
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Figure 8: Damped periodic system identification: (a) imaginary components x; and (b) real components &, of the
wavenumbers. The numerical results are compared to the analytical solution provided by (15). The black and red
curves define the linear and nonlinear dispersion curve from Eq. (15), respectively, while the blue markers represent
the ID solutions. Identification of: (c) imaginary wavenumbers and (d) real wavenumbers for a weakly nonlinear case
with U = 5 mm and varying values of damping factor D. In particular, the blue curve represents D = 1, the solid
black curve D = 0.1, the dashed black curve D = 0.5, the tightly-dashed black curve D = 2, and the alternately
small-big dashed black curve D = 3. Finally, the black circles denote the relevant ID solutions.
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The two branches of the undamped curve depicted in Fig.5(b) here merge into a single curve,
Fig.8 (b), that features the characteristic S-shape of damped resonant metamaterials [31]. This
additional branch is characterized by a backward slope determined by a negative group velocity [21].
However, the presence of damping does not impair the identification procedure; Figs. 8 (¢) and (d),
highlight various curves characterized by a different damping multiplication factor D. The analytical
prediction (15) initially agrees with the identified curve in Fig.8 (b), but loses accuracy when the
group velocity becomes negative; in fact, (15) fails at about 10 rad/s, when the wavenumber is

complex, i.e., the bandgap of the undamped case.

3.2. Parametric identification based on subspace identification techniques

An extensive body of literature by De Moor and Van Overschee delves into subspace identifi-
cation (SI) methods. Refer, among others, to their noteworthy articles from the ’90s [68, 69, 70].
Clearly, SI methods have been used also for nonlinear SI in structural dynamics [71, 72]; therefore,
we propose their application to nonlinear periodic systems. SI methods exploit the QR factorisa-
tion and/or the Singular Value Decomposition by means of oblique projections of the row space of
matrices. The unknowns of the method are both the model order and the state-space matrices of a

discrete time model in state-space, with s measurements, as follows:

1 = Az + By, + wy, (16)

vy, = Cxy + Dvy + 24,

where, e R", yeR! and v e R™ are the state-space vector, the output vector and the input vector,
respectively; w and z are the process and measurement vectors; A ¢ R"™" and B eR"™ are the
system and the input matrices; CeR®" and D eR™™ are the output and the direct feedthrough
matrix. The characters n, [ and m symbolize the order of the system, the number of outputs
and the number of inputs, respectively. The input and output data are collected in block Hankel
matrices. To identify the unknown state-space matrices, we implemented the so-called ”subid”
algorithm developed by Van Overschee and De Moor [68, 69, 70]. Once the state-space matrices
A, B, C and D have been identified, we need to transform the system from discrete to continuous.
In this respect, we adopted the zero-order hold time conversion method, which assumes that the

control inputs are piecewise constant over the sampling period. The corresponding time-invariant
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continuous system is described by the following state-space model:

T=A.x+B_.v,
(17)

y=Cx+ Dw.

Once the state-space matrices A., B, C and D are found, the so-called “extended” transfer function

Hpg(w) of the nonlinear system can be defined as:
Y(w) = Hp(w) V(w) = [D + C(iwl — A) "' B, | V(w), (18)

where Y (w) and V(w) are the Fourier transforms of the output and the input, respectively. Ac-
cording to Marchesiello and Gandino [72], we can derive the unknown mechanical parameters, i.e.,
the linear stiffness k and the nonlinear ky;, as follows. The system of EoM of a nonlinear system

with A degrees of freedom reads:
P
Mii(t) + Ca(t) + Ku(t) + Y pLasg;(t) = F(2), (19)
j=1

where M, C and K are the mass, damping and linear stiffness matrices, respectively; w(t) is the
absolute displacement vector and f(¢) the linear force vector. The nonlinear term is expressed as
the sum of p components, each of them depending on the scalar nonlinear function g; and on the
scalar nonlinear parameter p; through the vector L,;; it is composed by only 1,0 or —1, depending
on the location of the nonlinear element. The function g; defines the class of nonlinearity. As we
deal with a cubic restoring force, see Eq.(7), we can move the nonlinear term to the right-hand
side, and consider the nonlinear force as an internal feedback force. The system parameters k& and
kx. to be identified are contained in the invariant matrix Hg(w), as shown by (18). As a result,

one can derive the parameters k and ky, from the estimated transfer function [71], as follows:
Hp(w) = [H HuL, .. H uanp], (20)
where H is the linear transfer function. For zero frequency, the estimated Hg finally becomes:

HE(w:O):[K_l KLy .. K‘luanp]. (21)
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3.2.1. Application with a white noise input

Herein, we present the application of the SI method applied to the RS depicted in Fig. 3 when the
input is a white noise (WN). The boundary conditions are applied to the left- and right-side of the
RS in the form of a zero-mean Gaussian random input whose root mean squares are U5y = 80 mm

and U,gny = 40 mm, respectively, as depicted in Fig. 9.

(b)
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Figure 9: Gaussian white noise (WN) displacements applied to the boundaries of the RS and relevant output: (a)
undamped case and (b) damped case. The blue signal defines the WN applied to the left boundary, while the orange
signal represents the WN on the right boundary. The black signal corresponds to the output.

Fig.9 (a) depicts input and output of the undamped case, while Fig. 9 (b) refers to the damped case.
For clarity, the output response of the resonator is omitted from display, despite being included in the
output vector and, consequently, in the Hankel matrix. Similarly, the input and output velocities,
which are also encompassed within the Hankel matrix, are not shown for the sake of brevity. To
assess measurement noise effects, we introduced varying levels of WN into the output. In Fig. 10,

one simulation illustrates good agreement between the identified system’s output and the original.
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Figure 10: Comparison between outputs of the identified model and of the original output: (a) undamped case, (b)
damped case. The black signal corresponds to the original output with 1% of WN, while the yellow signal defines
the simulated (identified) output.
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The added noise amounts to a certain percentage of the root mean square of the entire output. The
errors associated to the identified parameters k and ky, of the undamped RS after 200 simulations
for each output noise level are collected in Tab. 1. One may conclude that the involved errors are

small w.r.t. noise.

Noise level [%] Mean Std Mean Std
(Err k) [%] | (Err k) [%)] | (Err kni) [%] | (Err knw) [%]
0.1 0.0893 0.0045 0.2491 0.0570
0.3 0.0878 0.0146 0.2237 0.1533
0.5 0.0914 0.0246 0.2749 0.1999
1 0.0888 0.0410 0.6224 0.4393
2 0.1002 0.0716 2.8645 1.2136
3 0.1238 0.0968 6.2799 1.7438

Table 1: Error values w.r.t. the parameters k and ky, after 200 simulations for each noise level, undamped case.

Similarly, mean and standard deviation of errors for the identification of the damped RS are listed

in Tab. 2 for the damped case. One may argue that also in this case the involved errors are small.

Mean Std Mean Std
Noise level [%]
(Err k) [%] | (Err k) [%] | (Err knt) [%] | (Err knp) [%]
0.1 0.0039 0.0015 1.2105 0.1623
0.3 0.0045 0.0035 1.9626 0.5771
0.5 0.0066 0.0049 1.6027 0.8415
1 0.0108 0.0086 1.4348 1.0306
2 0.0224 0.0167 8.0911 3.1529

Table 2: Error values w.r.t. the parameters k and ky, after 200 simulations for each noise level, damped case.

3.2.2. Application with Floquet-Bloch conditions

The identification of periodic nonlinear systems by means of the SI ideally requires both a rich
frequency content of the input and of the amplitude [73]. To meet these requirements while keeping
a harmonic excitation to guarantee the application of F-B boundary conditions, we considered a

harmonic input corrupted with a Gaussian WN and shifted to a non zero mean value Uy, i.e.,

uleft = Uleft -+ Uleft eXp(th),

Uright = Ulept + (Wept — Ulepe) exp(2ikd). (22)
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50 An example is shown in Fig. 11, for Uy = 5 mm and w = 10 rad/s.
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Figure 11: Original F-B input signals and modified F-B signals to left and right boundaries of the RS, and relevant
power spectral densities (PSDs). (a) Original inputs; (b) PSDs of the original inputs; (c) Modified (shifted) inputs
with WN; (d) PSDs of the modified inputs. The blue signals correspond to the input at the left boundary, while the
orange signal represents the input on the right boundary.

A careful reader can notice that the power spectral densities (PSDs) of both the original and modified
signals remain essentially unchanged with a favourable frequency enrichment. Furthermore, the
close-up box shows that the addiction of the value Uy to the original excitation causes the PSD
to increase at zero frequency due to the d Dirac function.

Both results and relevant errors associated with the application of the SI method are reported in
Tab. 3 and Tab. 4 for the undamped and damped case, respectively. For these cases, we selected an
amplitude Ujepy = 10mm and three circular frequencies of the identified dispersion curves depicted

in Fig. 4 and Fig. 8. The complex wavenumbers were also taken from the identified dispersion curves.

Circ. frequency [rad/s] | Wavenumber [rad/m] | Err k [%] | Err knt, [%]
3 1.34-0.0051 1.233 3.490
16 1.44-3.2171 0.992 2.357
30 2.24-0.2251 1.814 4.004

Table 3: Error values w.r.t.the parameters k£ and ky, for amplitudes Uiy = 5mm and SNR = 20dB, in the
undamped case.
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Circ. frequency [rad/s] | Wavenumber [rad/m] | Err k [%] | Err kni, [%)]
6 1.34-0.0371 1.151 3.040
16 1.943.1111 0.855 1.961
30 1.94-1.5461 0.670 2.005

Table 4: Error values w.r.t.the parameters k& and ky, for amplitudes Ujers = 5mm and SNR = 20dB, in the
damped case.

We can argue that even in such instances identification errors are still limited. Clearly, the amount
of errors can be further limited by a careful reduction of the SNR that characterizes the harmonic

input and the added WN.

3.3. Identification of dispersion curves for a mass-in-mass system with nonlinear resonators

To further demonstrate the generality of the proposed method, we briefly report on the identi-
fication of a periodic mass-in-mass system with nonlinear springs connecting the resonators to the

main masses. The relevant RS of such a system is depicted in Fig. 12.

Figure 12: Reference subsystem (RS) for the 1D mass-in-mass metamaterial with embedded nonlinear resonators.

The relevant system of EoMs reads:

mi + k(2u — Wpeft — um-ght) + kR(u — uR) + kyp (u — uR)3 =0, (23)

Melig + kR(uR — u) + k:NL(uR — u)3 =0,

where k, denotes the nonlinear spring constant. while all the parameters are equal to the system
investigated in Subsection 3.1, the nonlinear spring is 1393.2 MN/m?, such that ]”];’;—Um is equal to
13% for U = 10 mm, similarly to the case of Fig.6 (a). The F-B boundary conditions are imposed

according to (8) and (9), and the free wave identification procedure is carried out following Fig. (2).

We can find a reference solution by applying a perturbation approach similar to the one detailed

in Appendix A. First, we consider a Fourier series for both v and ug. Then, after development
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and separation of the equations in the €® and €' orders, we assume a harmonic regime for v and u,
and determine the correction term, w;, which is added to the linear frequency, wy. The resulting

nonlinear dispersion curve reads:

(I)I(DO—FE(Dl, (24)
U ameban() (1 me ek n?(8))” £ 1625 s’ ()
(@0)* = S o (29)
kRm
mpk\4-
= 3| U (i) &0 (26)
8 (1 phag) (e 4 (1 - prkap)?)

where @w represents the nondimensionalized nonlinear dispersion curve over y/k/m, u = kd is the
propagation constant, and € is the perturbation parameter. The current approach shares similarities
with the works by Lazarov et al. [31] and by Campana et al. [41], where € does not assume a physical

meaning. As depicted in Fig. 13, the identified solutions reside in a range of values of e.

Circular frequency [rad/s]

10+
S5+ 4
0 1 1 1
0 1 2 3
Real wavenumber [rad/m] Real wavenumber [rad/m]

Figure 13: Mass-in-mass system with nonlinear resonators: (a) finite lattice dispersion curves from the 2D-FFT
for U = 10 mm, (b) close-up on the optical branch of the dispersion curves from Eq. (24), and (c¢) close-up of the
acoustic branch. (b) The black curve defines the linear dispersion curve (e = 0), while the red, blue, and magenta
curves correspond to € = 1-1073, ¢ =2-1073, and € = 4 - 1073, respectively. (c) The red, blue, and magenta curves
correspond to € = 0.1, e = 0.2, and € = 0.4, respectively. The circles represent the ID solutions.

For an amplitude U = 10 mm, the approximation in the optical branch is found in a range of
perturbation 1-1073 < € < 4 - 1073; whereas for the acoustic branch the range is 1- 107! < € <
2-107L. For brevity, the plot for U = 15 mm is not reported, but the range of perturbation reads

8-107* < € < 2-1073 for the optical branch, and 6 - 1072 < € < 1- 107! for the acoustic branch.
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4. Linear mass-in-mass system: a simple version of the identification procedure

The identification strategy outlined in Section 2 and applied in Section 3 is easily applicable to
linear systems. This section reports on its application to a linear undamped mass-in-mass system
and represents a simplified application. The true advantage of the proposed simple procedure lies
in its suitability for the initial stages of experimental processes, where the immediate identification
of the imaginary wavenumber is not a primary concern. The simple procedure ensures a rapid im-
plementation without requiring extensive computations to support the experiment. The dispersion
curves are identified in Section 4.1, while the relevant mechanical characteristics are identified in

Section 4.2.

4.1. Dispersion curves identification

The linear resonant undamped RS of interest is shown in Fig. 14.

urighl

Figure 14: Reference subsystem (RS) for a linear resonant undamped 1D chain.

The system of equations of motion (EoM) for the external mass and the resonator are as follows:

mu + k(2u — Uleft — um’ght) + k’R(U — UR> =0 (27)

Mellg + k’R(uR — u) =0

where u and uy denote the displacements of the external mass m and resonator my, respectively;
k and kj, are the stiffnesses; and the dot indicates the derivative with respect to time. For an
undamped periodic system, the wavenumber is real in the passband, with no amplitude decay, and
purely imaginary in the bandgap. Therefore, upon application of the F-B boundary conditions (8)
and (9), the identification of the propagating waves requires finding the frequency w for which the
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output satisfies the following equations:

)
|FRF| =

%ﬁ = |exp(ird)| =1

(28)

— 1 SU/Utest) _
\Agb = tan §R(U/U§ej:) = Kkd

where U defines the amplitude of the output and A¢ the relative phase between the left input
displacement and the output. It is important to emphasize that the system (28) is analogous to (4)
for an undamped structure, the wavenumber being either real or imaginary. Consequently, while
the use of the procedure illustrated in Fig. 2 remains viable, it becomes possible to conceive a simple

dispersion curve identification procedure, encompassing the subsequent steps:

e Step I: the RS is excited in displacement control with (8) and (9) for a fixed amplitude Uy,

a given k and a first trial frequency w, selected to be close to zero;

e Step II: the output amplitude U is evaluated in the steady state regime, and the ratio |%ﬁ|

is then computed;

e Step III: Steps I and II are repeated for increasing values of w until the first solution to (28)

is found. This solution (k, w) lies on the acoustic branch;

e Step IV: the input frequency w is further increased, and Step III is repeated until a second

solution that satisfies (28) is found. The second solution (k, w) lies on the optical branch;
e Step V: Steps I-1V are repeated for the desired & in the range 0,7 /d.

A short sampling value of w is recommended to avoid the accidental missing of the acoustic or
optical branch. Note that the two branches can be discriminated by considering the relative phase
between the external mass and resonator; the two masses vibrate in-phase along the acoustic branch

and in phase opposition along the optical branch.

The mechanical properties of the RS are the same as the nonlinear discrete structure investigated
in Section 3, with ky, = 0. To compare the numerical results with a reference solution, the FRF
of the system of interest was obtained in closed form by combining Eqs. (8) and (9) with the linear

system of EoMs (27), i.e.,
k (1 + 62ir{d)
k‘2

— 2 — "R
mw? + 2k p——

FRF =

. (29)
+ ki
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s Likewise, the application of the F-B theorem to the system of EoMs (27) and a few manipulations

32 leads to the well-known analytical dispersion relation of a locally resonant periodic lattice [21].
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Figure 15: Analytical |FRF| (29) for (a) a wavenumber £ = 1rad/m and (b) a wavenumber x = 2rad/m; (c)
analytical dispersion curves of the linear periodic undamped chain. The dotted curves in (a) and (b) indicate the
range where $(U) < 0, whereas the solid lines are for S(U) > 0. The black circles represent the identified numerical
solutions.

33 The FRF values computed using (29) for K = 1 and x = 2 rad/m are shown in Figs. 15 (a) and
s (b), respectively. In the same plot, the frequency values w satisfying (28) are marked with circles.
15 As expected, the transmissions shown in Figs. 15 (a) and (b) decrease after each resonance, with
6 F'RE'—0 for lim w—o00. This may be considered a warning when the optical branch is accidentally
s7 passed during the identification process. Note also that the wavenumber is non-zero; therefore, the

s transmission does not equal 1 for a zero frequency. On the other hand, Eq.(29) confirms that

U
Ulert

w0 satisfy (28) are compared with the analytical |[FFRF| of (29) in Fig. 16 (a); the same set of solutions

389 =1 for w = 0 and k = 0. The amplitudes of the transmissions |%ﬁ| for those solutions that

s is plotted in Fig. 16 (b) in terms of relative phase.
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Figure 16: Comparison between the analytical and numerical solutions: (a) absolute value of the transmissions, and
(b) the relative phases A¢ between the output and the input. (a) The blue curve defines the analytical solution
|FRF| from Eq. (29), while the circles correspond to the numerical values \%ﬂ| (b) The blue curve represents the

analytical solution tan’l%, while the circles correspond to the numerical values tan’lw. The gray

areas highlight the bandgaps.

As predicted by (28), the transmission is equal to 10° outside the bandgaps where purely propagative

waves exist.

4.2. Parametric identification

Once the dispersion curves are obtained, the mechanical parameters identification of the linear
structure is straightforward. In particular, each point of the dispersion curve k — w satisfies the
following eigenproblem:

det(K (k) — w’*M) = 0, (30)

where K(k) is the wavenumber-dependent stiffness matrix of the linear infinite lattice and M is the
mass matrix [21]. Therefore, it is possible to identify the four unknown mechanical parameters of

the system, namely, m, my, k, and kg, by solving a system of four equations (30):

2k (1 — cos (kd)) + kP —kIP m!P 0
et (- cos(nd)) +hi? —hi?)_ o 0, (31)
P ke 0 m

where the superscript, ID, denotes the parameters to be identified. Consequently, we retrieved a

system of four equations for the four unknowns m’”, mi”, k'” and k;”. We arbitrarily selected two
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wavenumbers and the corresponding two pairs of frequencies from the identified dispersion curve;
see, for example, the circles in Fig. 15 (c¢). Thus, the inverse eigenproblem of Eq. (31) leads us to

the identification of four unknowns.

5. Linear continuous bi-material beam: identification of dispersion curves for axial and

flexural vibrations

The proposed identification procedure is adaptable to one-dimensional waveguides. In this sec-
tion, we utilize a bi-material beam as a reference [48]. The beam operates within a frequency range
higher than those relevant to the discrete cases investigated thus far. This validates the effectiveness

of the proposed identification procedure across various frequency ranges.

The waveguide is made by repetitions of steel and lead parts and is analytically modeled with
the Euler—-Bernoulli beam theory. More specifically, for a straight axis beam z, the axial vibrations

entail:

q(x,t) = Qexp(ikgx + iwt), (32)
_ pa9e
Fy(a,t) = BAZL, (33)

where ¢ is the axial displacement, () the amplitude and Fj, the axial force. The relevant wavenumber
in (32) is k; = y/(pw?)/E, where E is the Young modulus and p is the density. Instead, flexural

vibrations entail:

w(z,t) = Wexp(iky,t + iwt), (34)
ow
O(x,t) = e (35)
0w
oM
Vi(x,t) = T (37)

where w is the transversal displacement, U the amplitude, 6 the rotation, M the bending moment
and V the shear force. The wavenumber in (34) is x,, = (pAw?)/EJ, where J and A are the moment
of inertia and the area of the cross-section, respectively. The RS of the one-dimensional waveguide

is constructed upon the n'® unit cell and is depicted in Fig. 17.
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Figure 17: Reference subsystem (RS) for the continuous beam constituted by periodic parts of steel and lead.

To carry out the dispersion curve identification procedure, we use the same approach as in Section
2, but we treat the axial and flexural as separate problems, because the relevant equations of motion
(32)-(37) are decoupled. As in the discrete case, only one wavenumber is needed to characterize the
dispersion curve of an Euler-Bernoulli beam. Nonetheless, differently from the spring-mass chains
investigated in the previous sections, the analysis of a continuous beam requires the incorporation
of rotations and boundary forces, including axial forces, shear forces, and bending moments, in

addition to displacements.

More specifically, for axial vibrations, the F-B boundary conditions are imposed on the RS as

follows:

Qeft = Quepe expliwt), (38)
Foiept = EAiK,Q exp(iwt), (39)
Qright = Qreft €XP(2ikga), (40)
Fyright = Fyiepexp(2ikga), (41)

where Qs+ is the amplitude of the imposed displacement. For a given frequency w, the amplitude
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26 of the output displacement () must fulfill the following conditions:

(
FRFq,left -

Q@ _ exp(ikig,rd) exp(—kqid),
Qleft

FRFq,right =
\ Qright

= exp(—ikg,d) exp(kgd).

(42)

Similarly, for the flexural vibrations, the F—B boundary conditions are imposed to the RS as follows:

Wiept = Wies exp(iwt),
Oieft = 1KwWiest,

Vleft = Ejiﬁf’uwleft,
Mgy = —EJ Kpwiet,
Wright = Wiept €XP(2ikya),
Oright = Oleft exp(2ik,a),
Viight = Vieft exp(2i/€wa),

Mright - Mleft exp(Qiﬁwa)a

27 where Wiy is the amplitude of the imposed transversal displacement. To identify the unknown

w8 wavenumber for a given input frequency w, we solve the following system of equations:

;

FREyjeft = W= exp(ikyrd) exp(—Ky,id),
left
(51)
FRFy right = W~ exp(—iky,rd) exp(tyid).
L right

429
430
431 To validate the dispersion curve identification procedure, in accordance with [48], material den-

s sities of steel and lead, respectively, read py; = 7800 kgm ™ and p,. = 11300 kgm >, where the

133 subscript st is for steel and le is for lead; Young’s moduli are Ey; = 200 GPa and E;. = 13 GPa.

s The cross-section is the same for both materials, thus A = 0.7854 m? is the cross-sectional area,

as J = 0.0491 m* is the moment of inertia, and [ = 1 m is the length of the single material beam part.

16 The continuous RS is discretized with 15 nodes in agreement with the Euler—Bernoulli theory and

s7 by means of a consistent mass matrix.
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The reference solution is obtained through the well-established transfer matrix method, widely
used for calculating the band structure of 1D periodic structures [48, 74, 75]. Details of the im-
plementation of the transfer matrix method using the beam theory equations Egs.(32)-(37) are
provided in Appendix B. Fig. 18 reports the results of the identification approach and the band

structures obtained with the transfer matrix method.

@ (b)
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Figure 18: Identification of the continuous bi-material beam in longitudinal vibrations: (a) plot of the imaginary
components of the propagation constant and (b) real components of the propagation constant (¢4, = Kq,r - @). The
blue markers correspond to the identified solutions and are compared to the black solid dispersion curves obtained
through the transfer matrix method.

The dispersion curves are calculated as propagation constant (u = ka) vs. frequency (f). Given a
unit cell length @ = 2 m, one can note that the results in Fig. 18 match with the axial dispersion

curves of Junyi et al. [48].

For completeness, we also considered flexural vibrations and identified the relevant dispersion

curves that are depicted in Fig. 19.
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Figure 19: Identification of the continuous bi-material beam in flexural vibrations: (a) plot of the imaginary compo-
nents of the propagation constant i, ; and (b) real components of the propagation constant fi,, . The blue markers
correspond to the identified solutions and are compared to the black solid dispersion curves obtained through the
transfer matrix method.

Very small discrepancies between the identified solutions and the transfer matrix solutions are
observed in the bandgaps: these errors come from the numerical integration of the EoMs, whereas
Junyi et al. [48] employed the analytical solutions of the beam theory to determine the response of

the system.

6. Conclusions and future outlook

We have proposed a novel procedure for the identification of linear and nonlinear 1D mechanical
metamaterials. We have employed the output of a reference subsystem (RS), comprising the sys-
tem unit cell and imposing controlled displacements that satisfy the Floquet—Bloch (F-B) periodic
conditions. With a few tools, namely the F-B conditions, the frequency response functions (FRFs)
of the RS, and the Levenberg-Marquardt algorithm, we have successfully identified the dispersion
curves, relevant eigenvalues, and various mechanical parameters for both linear and nonlinear un-
damped and damped periodic systems. In this respect, a MATLAB routine that implements the

identification procedure is available as Supplementary Material.

The main advantages of the proposed identification procedures are: i) they do not operate on
finite lattices and, therefore, numerical/experimental issues related to wave reflections, perfectly

matched layers, and so on, are avoided; ii) the identification effort is reduced because the procedure
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relies on a simple experimentally informed RS; iii) the identification of the dispersion relationship
also includes the imaginary part of wavenumbers; iv) the identified wavenumbers of the nonlinear
structure depend on the excitation amplitude and, as expected, they are more accurate in the case
of weak nonlinearities; this is particularly remarkable in the use of the subspace identification (SI)
procedure, where nonlinear stiffness terms have been clearly identified despite the presence of noisy

measurements.

The identification procedure has also been implemented for a one-dimensional waveguide, namely
a periodic bi-material beam subjected to longitudinal and flexural vibrations. Given the extensive
research conducted on these components in recent years [17, 75, 76, 77, 78, 79], the proposed novel

identification procedure can easily support their experimental validation.

In sum, we envision the application of this method to the experimental outputs of physical RSs
of mechanical metamaterials excited under displacement control. while our method leverages a
single displacement measurement of the main mass, future endeavors could explore the benefits of
directly measuring the output from nonlinear resonators [80]. Clearly, the physical realization of an
RS with the control of parameters that accurately govern nonlinear terms remains challenging and
may become critical for experimental systems that need to account for dissipation, higher harmon-

ics, and chaos.
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Appendix A. Definition of an FRF for the nonlinear periodic system

To support the developments in Section 3, this subsection provides an analytical expression for

the FRF of Eq. (13). To this end, we recall the system of EOMs relevant to the periodic 1D chain

shown in Fig.1 (a):

mil, + k(2un — Uy — un+1) + /{:R(un — uR)

+kNL(un - un—l)3 + kNL(“n - un+1)3 =0 (Al)

\mRibR + k’R(uR — un) =0

Subsequently, following the Lindstedt—Poincaré method [57], we consider the following asymptotic

expansions:

uj = u§0) + eu§1) + 0 (é%),

up =u +eull) + 0 (), (A.2)

W = W) + €w() + O (62),

s where j = {n — 1,n,n+ 1}. Then, we introduce (A.2) into (A.1) and obtain

ma? u? + k(20 — 0, — a) + ke — ul?) = 0 (A.3)
mawlyuly) + ka(uf) — uf’) =0 |
)
mw(QO)u?(ll) + k(QuS) - ug—l - u’l(ll-i)-l) + kR(ug) - Ug))
F2mewoywayul) + k[l — a4 () —ul ) =0 (A.4)
\meﬁo)u@ + k(e — V) + Qchu(o)wu)ug)) —0

s The system of equations (A.3) represents the order €” equations, whereas (A.4) represents the order

511

¢! equations. Subsequently, we consider the following harmonic wave solution:

u:

ul) = % exp(inkd) exp(iwt) +

(0) (0
0 = U7 exp(ijrd) exp(iwt) + v exp(—ijrd) exp(—iwt),
O o (A.5)

exp(—inkd) exp(—iwt),
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sz where * denotes the complex conjugate, and j = {n — 1,n,n + 1}. Then, we apply the harmonic

si3 solution to (A.4) and obtain

(

mmeE‘O)ug) + mka?O)ug) + kaw(QO)(2u7(11) IO ugl)

n—1
+mRkRW(20)u’(11) + kR(2U7(11) - Ugﬁl - U1(11+)1) =

(A.6)
= C exp(iw()t) exp(inkd) + Cs exp(3iw(pt) exp(3inkd)
\me(QO)ug) + k’R(ug) — ug)) = (' p exp(iwt) exp(inkd)
s where the coefficients C; and C5 are
— (lkr — me? _3 _ 2170 2] 7
Cy = (kkg — mpwiy k) | kkr wo)w() 2/<:NLI<;R(1 cos(kd))” [UO|"|U
ki )
+mrwown—— 5 — U,
r = Wo)Mr (A7)
1 kyok '
Cs = 3 N; *(kn — 9k:w(20)) (2cos’ (kd) + 3cos®(kd) — 1) (U(O))Z,
1
Cir=mgpk — U,
1,r = Mg K W0)W(1) e — w(go)mR

515 More precisely, we consider U©® U©)" = |U (0)|2 in (A.7). The forcing terms on the right-hand
si6 - side of the first equation in (A.6) are secular; therefore, we determine that C; is equal to 0. We then
si7 - apply the F-B boundary conditions on the left and right-hand bounds via controlled displacements
sis to the (n — 1)™ and (n + 1) masses, respectively. Consequently, we can define the analytical

s10 expression of wy), which corresponds to FRFW in the form %ﬁ Finally, we obtain Eq. (13), i.e.

1
FRFY — 2M g W) Wy (k}% mgr+m k}i —2mkrmp w<20) + mm% wé)) 2 (A5)
2 . .

Bkyrm (kr —mpw?) [1 - exp(2ikd)]? |Upes|?

20 It is easy to verify that the linear term FRF(® is obtained by substituting harmonic solutions (A.5)

sz in the form of % into (A.3).
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s» Appendix B. The transfer matrix method applied to the bi-material Euler—-Bernoulli

523 beam’s unit cell
The transfer matrix method requires the solution of the following eigenvalue problem:

Tq(u})fo = )\qfo = f‘a, (B].)

Ty (W)Wo = AP = T, (B.2)

where T is the transfer matrix, A\ = exp(ixa) are the eigenvalues, and ' and ¥ are the state vectors
containing displacements and forces, for axial and flexural vibrations, respectively. 0 and a indicate
the two ends of the unit cell, see Fig.17. The state vectors for the axial vibrations, are defined as

follows:

Lo = [q(0) F,(0)]", (B.3)
L. = lg(a) Fy(a)]", (B-4)

where T indicates the transpose. The state vectors for the flexural vibrations are defined as follows:

@ = [u(0) 0(0) V(0) M(0)]", (B.5)
@, = [u(a) 0(a) V(a) M(a)]". (B.6)

The equations are arranged by using the Euler-Bernoulli beam theory set in (32)-(37). We can
arrange the equations in matrix form while ensuring continuity and force balance, since the steel

and the lead are treated as different beams. Therefore, the relevant equations read:

Tq(w)To = Ty, (B.7)
Ty (w)To = U, (B.8)
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where T is a 8x8 matrix, Ty, is a 14x14 matrix, while I' and ¥ are defined as follows:

Lo = [gs¢(0) Fy5t(0) qse (D) Fyse(l) q1e(0) Fipie(0) Qse Qle]T7 (B.9)

Ta = [qe(a) Fye(a) 0,7, (B.10)

\IIO = [wst(o) Hst(o) ‘/st(o> Mst<0) wst<l> 93t<l> ‘/st(l> Mst<l) wle(o) 0le<0) We(o) Mle(o) Wt wle]T7
(B.11)

W = [wie(l) 01 (1) Vie(l) Mye(1) 0,]", (B.12)

where 0, and 0, are 1x6 and 1x10 matrices, respectively. To obtain the transfer matrices, the

matrices Ty and Ty, in Eq.(B.7) and Eq.(B.8) must be reduced as follows:

Tq = qu,d - TQd,e(Tq;i’TQe,d)? (B'13)
Tw = Twaia — Twae(Twee Twed), (B.14)

where d ranges from 1 to 2 and e from 3 to 12 for the axial vibrations, whereas for the flexural vibra-
tions, d ranges from 1 to 4 and e from 5 to 22. Once the eigenvalues A\, and A, have been calculated

from (B.1) and (B.2) for a selected frequency w, we can obtain the corresponding wavenumber as

follows:
1 S(N)
Ky = Eatan<%()\)>, (B.15)
In|A|
= — B.16
o= (B.16)
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