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A B S T R A C T

This paper explores the development and characterization of the invariant subspaces in geometric control
theory, namely conditioned invariant, input-containing, unobservability, and detectability subspaces for
fractional-order linear systems, and the requirements for the existence of such subspaces have been established.
By utilizing these invariance notions, the pseudo-state observation problem in the presence of unknown-inputs
for fractional linear systems with Caputo derivative is formulated and solved within the geometric framework
for the first time. Furthermore, it is shown that the obtained solubility conditions for the unknown-input
pseudo-state observation problem are not confined by the choice of fractional derivative operator. Finally, the
applicability and effectiveness of the theoretical findings are further supported by two numerical simulations,
including an application to a vehicle suspension system.
1. Introduction

The theory of fractional calculus has captivated significant interest
in applied mathematics, particularly within the fields of systems and
control theory. Numerous papers and textbooks have explored this
paradigm (see, for example, [1–6] and the references therein). The
nteresting properties of fractional differential equations include the
ong-term memory effect and hereditary provided by the fractional
ntegrals by which the fractional derivatives including the Caputo
erivative and the Riemann–Liouville (RL) derivative are defined and
he non-integer differential order which allows for a greater degree
f freedom in accurately describing the real-world systems [1,7]. In
ecent decades, fractional-order (FO) systems have seen successful ap-
lications in diverse areas, e.g., biological systems [8–10], physical

systems [11–14], signal processing [15,16], multi-agent systems [17,
18]. Over the past two decades, several concepts and methods from
the control theory of integer-order systems have been extended into FO
systems. These include robust control design [19], Lyapunov method
to stabilize fractional nonlinear systems [20], feedback linearization
approach [21], sliding mode control [5], and fuzzy control [22], to
ame a few.

Although several concepts from the control theory of integer-order
ystems including stability, controllability, and observability have been
eneralized into FO systems, some major aspects of the fractional
ystems theory are yet to be explored. One such area is geometric
ontrol theory, which is considered a powerful tool in understanding
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the system-theoretic properties of dynamical systems and has been
so far scarcely addressed for fractional systems. The area of systems
and control theory known as the geometric approach was initially
developed for integer-order linear systems to address the problems of
disturbance decoupling and unknown-input observation [23,24]. The
interest in geometric control theory is motivated by its applications
to various synthesis problems, including fault detection and identi-
fication, 𝐻2 optimal regulation problems [25], and model following
problem [26]. The fundamental principles of geometric control have
also been applied to different classes of dynamic systems, including
nonlinear systems [27], impulsive systems [28], switching linear sys-
tems [29], linear parameter-varying systems [30], multidimensional
systems [31], to name just a few. The existing literature contains
only one seminal work that explores the extension of classical ge-
ometric control theory to the fractional-order time-invariant linear
(FO-LTI) systems modeled by the Caputo derivative [32]. This pio-
neering work generalizes foundational notions of 𝐴−invariance and
(𝐴,𝐵)−controlled invariance to the fractional-order context. It also
addresses disturbance decoupling problems with and without stabil-
ity. However, to use the geometric approach for solving estimation
problems in fractional-order fields, other fundamental structural tool
of the geometric control approach including conditioned invariants,
input-containing, and detectability subspaces are yet to be developed.

In the literature, there are limited number of research works ded-
icated to FO observer design for fractional systems in presence of
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unknown inputs. However, none of the proposed methods exploit the
geometric approach in the design procedure for an unknown-input FO
observer. For example, a method of designing FO observers for continu-
ous FO-LTI systems with unknown inputs was proposed in [33], where
sufficient conditions for the asymptotical stability of error dynamics
are obtained based on the linear matrix inequalities. An unknown-
input FO observer based on finite frequency 𝐻−∕𝐻∞ is developed
by Li et al. [34] to solve the fault detection problem that unknown
input cannot be completely decoupled from the generated indicative
residual signals. An unknown-input nonsingular observer for sensor
fault detection and estimation in linear FO singular one-sided Lipschitz
systems is designed by Komachali and Shafiee [35] and the asymptotic
stability the proposed FO observer are guaranteed based on the linear
matrix inequalities. In the work by Djeghali et al. [36], the authors
developed some notions including observability, left invertibility and
normalforms have not been addressed for nonlinear FO systems, by
which they could develop a sliding mode observer to estimate the fault
signal as an unknown input.

Geometric approach plays a central role in a plethora of fascinating
classes of estimation problems including unknown input observation
problem with stability (UIOPS). This problem concerns with state es-
timation when dealing with unknown inputs. Unknown inputs are of
significant importance in decentralized control schemes, particularly
in cases where single controllers possess partial information, likewise
in general control approaches, where they model disturbances [23].
Furthermore, by addressing the feasibility of solutions for the UIOP, we
can effectively tackle fault detection and isolation problems [26,37].
The UIOP has been also addressed in geometric sense for various
classes of dynamic systems including switching linear systems [38],
2−D Fornasini Marchesini systems [39], linear impulsive systems [40],
linear parameter-varying systems [41], linear hybrid systems with state
jumps [42], and singular systems [43]. The present work aims to estab-
lish the fundamental algebraic and geometric tools, namely conditioned
invariants, input-containing, and detectability subspaces, by which the
UIOPS will be addressed for FO-LTI systems for the first time. We will
demonstrate that the disturbance-to-error nature of the UIOPS ensures
our necessary and sufficient conditions hold for any choice of fractional
derivatives. This applies to systems where a solution to the associated
fractional differential equation exists and is unique. Consequently, the
main novelties and contributions of this work are elaborated as follows:

• Several fundamental notions and tools used in the classic geo-
metric control theory of the integer-order systems including con-
ditioned invariant, input-containing, and detectability subspaces
are extended to the fractional-order field.

• Several sufficient and necessary conditions for the existence of
conditioned invariant subspaces, hinging on the existence of FO
quotient observers, are established in the fractional-order context
for the first time and can be degenerated into the standard
conditions of the integer-order case.

• The UIOP with the requirement of stability is extended to the FO-
LTI systems. The newly established conditions are then employed
to solve this problem.

The remainder of this paper is organized as follows. Section 2
starts by introducing some preliminaries including useful definitions
and lemmas. The main outcomes of our study are outlined in Section 3.
In Section 4 , the unknown-input pseudo-state observation problem
and its solvability in fractional-order context is discussed. Finally,
to demonstrate the validity of the achieved theoretical findings, two
numerical examples are provided in Section 5. The concluding remarks
are given in Section 6.

2. Preliminaries

2.1. Notations

Throughout the paper, the following notations are exploited. The
0
symbols C and N denote the sets of complex numbers and natural P
numbers with zero, respectively. We define R+
𝑎 ∶= {𝑠 ∈ R ∣ 𝑠 ≥ 𝑎},

where R represents the set of real numbers. Slanted capital letters,
such as 𝐴, are used to symbolize linear maps between vector spaces
and matrices. Calligraphic capital letters ( , ,) denote sets, vector
spaces, and subspaces. The image and kernel vector spaces of a linear
map 𝐴 are denoted by im(𝐴) and ker(𝐴). Given a linear map 𝐴 ∶  →  ,
a subspace  ⊆  is called an 𝐴−invariant subspace if 𝐴 ⊆ , where
𝐴 ∶= {𝐴𝑤 ∣ 𝑤 ∈ }. The inverse image of  ⊆  under 𝐴 is the
subspace 𝐴−1 ∶= {𝑥 ∈  ∣ 𝐴𝑥 ∈  ⊆ } ⊆  . We denote by ∕ as
the quotient space of a vector space  modulo a subspace  ⊆  . The
orthogonal complement of a given subspace  of a linear space  is
denoted by ⟂ ∶= {𝑥 ∈  ∣ 𝑥T𝑤 = 0 ∀𝑤 ∈ }. The restriction of the
linear map 𝐴 to an 𝐴−invariant subspace is denoted by 𝐴 ∣  . For a
square matrix 𝐴, the spectrum of eigenvalues of 𝐴 is denoted by spec(𝐴).
The argument of a complex number 𝑧 ∈ C restricted to the interval
(−𝜋, 𝜋] is denoted by arg(𝑧). The symbol 𝐼𝑛 stands for the 𝑛-dimensional
identity matrix. For the arbitrary 𝛼 ∈ R+

0 , the symbols ⌈𝛼⌉ and ⌊𝛼⌋
denote the “ceiling” function and the “floor” function, respectively.

2.2. Caputo fractional derivative and its properties

In the following section, some fundamental concepts about FO cal-
culus are recalled, which will be useful in establishing our later results.
One is referred to Podlubny [7] and Kilbas [44] for more information.

Definition 1 (Caputo Derivative [7]). The Caputo fractional derivative
of order 𝛼 > 0 starting from 𝑡0 of a function 𝑓 ∶ R+

𝑡0
→ R is defined by

𝐶𝐷𝛼
𝑡0
𝑓 (𝑡) = 1

𝛤 (⌈𝛼⌉ − 𝛼) ∫

𝑡

𝑡0

𝑓 (⌈𝛼⌉)(𝜏)
(𝑡 − 𝜏)𝛼−⌈𝛼⌉+1

𝑑𝜏, (1)

where 𝛤 (.) designates the Gamma function. Whenever 𝑡0 = 0, we write
𝐷𝛼 for notational simplicity.

efinition 2 (Podlubny [7]). The fractional integral of order 𝛼 > 0 of a
unction 𝑓 ∶ R+

𝑡0
→ R starting from 𝑡0 ∈ R+

𝑡0
is defined by

𝐼𝛼𝑡0𝑓 (𝑡) =
1

𝛤 (𝛼) ∫

𝑡

𝑡0
(𝑡 − 𝜏)𝛼−1𝑓 (𝜏)𝑑𝜏, (2)

where 𝑚 ∈ N0∖{0} such that 𝛼 ∈ (𝑚 − 1, 𝑚).

Definition 3 (Mittag-Leffler Function [45]). The Mittag–Leffler function
of two parameters 𝛼 and 𝛽 which includes a convergent power series is
given by

𝐸𝛼,𝛽
(

𝜇
(

𝑡 − 𝑡0
)𝛼) =

∞
∑

𝑘=0

(

𝜇
(

𝑡 − 𝑡0
)𝛼)𝑘

𝛤 (𝛼𝑘 + 𝛽)
, (3)

for all 𝜇 ∈ C and 𝛼, 𝛽 > 0.

It is noted that, for the case 𝛽 = 1, we simplify the notation by
denoting 𝐸𝛼,1(⋅) as 𝐸𝛼(⋅).

Remark 1. Seeking readability, it is assumed that 𝑡0 = 0. It is worth
ointing out that the results for 𝑡0 = 0 can be simply extended to the
ase 𝑡0 ≠ 0.

emma 1. Consider the following two-parameter function

𝛼,𝛽 (𝜇, 𝑡) =
∞
∑

𝑘=0

𝜇𝑘 𝑡𝛼𝑘+𝛽−1

𝛤 (𝛼𝑘 + 𝛽)
, (4)

or all 𝜇 ∈ C and 𝛼 ∈ (0, 2), 𝛽 > 0. Then

𝐷𝛼𝜓𝛼,𝛽 (𝜇, 𝑡) = 𝜇 𝜓𝛼,𝛽 (𝜇, 𝑡). (5)

roof. The proof is presented in Appendix.
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2.3. Fractional-order linear systems

The non-autonomous multivariable commensurate FO-LTI system
can be represented by using a pseudo-state space formulation of the
following form [46]:

𝛴 ∶

{

𝐶𝐷𝛼𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡), ∀𝑡 ≥ 0

𝑦(𝑡) = 𝐶𝑥(𝑡),
(6)

henceforth, the arguments 𝑡 will often be omitted for the sake of
eadability) where 𝐶𝐷𝛼 denotes the Caputo derivative operator of
ommensurate order 𝛼 ∈ (0, 2) with the initial conditions given in
compact form as 𝑥(𝑘) (0) = 𝑥0,𝑘 for 𝑘 ∈ {0, ⌊𝛼⌋}. For all 𝑡 ≥ 0,
(𝑡) ∈  = R𝑛 is the pseudo-state, 𝑢(𝑡) ∈  = R𝑚 is the input function,
nd 𝑦(𝑡) ∈  = R𝑝 is the output of the system. 𝐴, 𝐵, and 𝐶 are constant
eal-valued matrices with appropriate dimensions

It must be noted that the fractional derivative differs from the
nteger-order derivative in that it is established over a growing finite-
nterval of time, as opposed to being based on the characterization
f the differentiable function in an arbitrarily small (“infinitesimal”)
eighborhood around the point at which the derivative is calculated. As
result, the future behavior of a fractional system is influenced by the
istorical past of the vector 𝑥. This means that the value of the vector
(𝑡) at a single instant of time does not accurately reflect the complete
ast history of the system’s behavior. Hence, the term “pseudo-state” is
sed instead of the term “state” for 𝑥 in fractional systems defined by
onlocal FO operators (see e.g. [19,46,47] for more details).

emark 2. It is remarked that fractional orders 𝛼 ≥ 2 are not taken
nto account since system (6) is not asymptotically stable or stabilizable
or these values of 𝛼 [7].

Refer now to the following autonomous commensurate FO-LTI sys-
em,

𝐶𝐷𝛼𝑥(𝑡) = 𝐴𝑥(𝑡), ∀𝑡 ≥ 0

𝑥(𝑘) (0) = 𝑥0,𝑘,
(7)

or 𝑘 ∈ {0, ⌊𝛼⌋}, then the pseudo-state response of the system (6) for
∈ (0, 2) is given by [7]:

(𝑡) =
⌊𝛼⌋
∑

𝑘=0
𝑡𝑘 𝐸𝛼,𝑘+1 (𝐴𝑡𝛼) 𝑥0,𝑘. (8)

hus, given initial conditions 𝑥(𝑘)(0) = 𝑥0,𝑘 ∈  for 𝑘 ∈ {0, ⌊𝛼⌋}
nd an input function 𝑢(𝑡) ∈  defined on [0, 𝑡), the solution 𝑥(𝑡) to
on-autonomous FO-LTI system (6) can be stated as follows [7]:

𝑥(𝑡) =
⌊𝛼⌋
∑

𝑘=0
𝑡𝑘𝐸𝛼,𝑘+1 (𝐴𝑡𝛼) 𝑥0,𝑘 + ∫

𝑡

0
(𝑡 − 𝜏)𝛼−1𝐸𝛼,𝛼 (𝐴(𝑡 − 𝜏)𝛼)𝐵𝑢(𝜏)𝑑𝜏. (9)

Thus, the corresponding system output is represented by:

𝑦(𝑡) =
⌊𝛼⌋
∑

𝑘=0
𝐶𝑡𝑘𝐸𝛼,𝑘+1 (𝐴𝑡𝛼) 𝑥0,𝑘 + ∫

𝑡

0
𝐶(𝑡 − 𝜏)𝛼−1𝐸𝛼,𝛼 (𝐴(𝑡 − 𝜏)𝛼)𝐵
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑔𝑢,𝑦(𝑡−𝜏)

𝑢(𝜏)𝑑𝜏,

(10)

where 𝑔𝑢,𝑦(𝑡) ∶= 𝐶𝑡𝛼−1𝐸𝛼,𝛼(𝐴𝑡𝛼)𝐵 represents the pseudo-state impulse
response of system (6) [48]. Since 𝑦(𝑡) depends on 𝑡, 𝑥0,𝑘 and 𝑢(𝑡) and
also on the choice of 𝛼, we will usually exploit the notation 𝑦(𝑡) =
𝑦(𝑡, 𝑥0,𝑘, 𝑢) for 𝑘 ∈ {0, ⌊𝛼⌋}.

The stability of commensurate FO-LTI system (6) can be analyzed
in terms of the eigenvalue locations of the pseudo-state matrix 𝐴. This
result was investigated for system (6) with 𝛼 ∈ (0, 2) in [49,50], and
can be stated by the subsequent Lemma.

Lemma 2 (Matignon [49] and Sabatier et al. [50]). Consider the commen-
surate FO-LTI system (6) with 𝛼 ∈ (0, 2). It is asymptotically stable if and
only if

|arg (spec (𝐴))| > 𝛼𝜋 .

2

The following lemma shows that when the initial pseudo-state 𝑥0,𝑘
s derived from an 𝐴−invariant subspace  for 𝑘 ∈ {0, ⌊𝛼⌋}, the
seudo-state trajectory will remain entirely within  for all 𝑡 > 0. This

result is generalized from the integer-order case [51] to FO systems as
follows [32].

Lemma 3 (Padula et al. [32]). A subspace  ⊆  is 𝐴−invariant under
system (7) if and only if 𝐴 ⊆ .

3. Main results

Consider the following disturbed commensurate FO-LTI system:
{

𝐶𝐷𝛼𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐸𝑑(𝑡), ∀𝑡 ≥ 0

𝑦(𝑡) = 𝐶𝑥(𝑡),
(11)

here 𝑑(𝑡) ∈  = R𝑣 represents the unknown disturbance input. For
he given initial conditions 𝑥0,𝑘 for 𝑘 ∈ {0, ⌊𝛼⌋} and disturbance 𝑑, the
utput of system (11) for 𝛼 ∈ (0, 2) is given by:

(𝑡) =
⌊𝛼⌋
∑

𝑘=0
𝐶𝑡𝑘 𝐸𝛼,𝑘+1 (𝐴𝑡𝛼) 𝑥0,𝑘 + ∫

𝑡

0
𝐶(𝑡 − 𝜏)𝛼−1𝐸𝛼,𝛼 (𝐴(𝑡 − 𝜏)𝛼)𝐸
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑔𝑑,𝑦(𝑡−𝜏)

𝑑(𝜏)𝑑𝜏,

(12)

here 𝑔𝑑,𝑦(𝑡) ∶= 𝐶𝑡𝛼−1𝐸𝛼,𝛼 (𝐴𝑡𝛼)𝐸 represents the pseudo-state impulse-
esponse between 𝑑 and 𝑦. It is obvious that the disturbance 𝑑 has
o influence on the output 𝑦 if 𝑔𝑑,𝑦(𝑡) = 0. The following lemma
haracterizes this result in a geometric sense for the FO systems.

emma 4. Consider the disturbed system (11). Let  ∶= im(𝐸) = {𝑥 ∈
∣ 𝑥 = 𝐸𝑑, 𝑑 ∈ } and  ∶= ker(𝐶) = {𝑥 ∈  ∣ 𝐶𝑥 = 0 ∈ }. Let Then

he following statements are equivalent:

(i) the output 𝑦 is unaffected by disturbance 𝑑, i.e., 𝑔𝑑,𝑦(𝑡) = 0,
(ii) there exists an 𝐴−invariant subspace  satisfying  ⊆  ⊆ 

roof. (𝑖) ⇒ (𝑖𝑖). Suppose that 𝑔𝑑,𝑦(𝑡) = 0. Then, by repeatedly applying
emma 1, it also follows that 𝐶𝐷(𝑘)𝛼(𝑔𝑑,𝑦(𝑡)) ∶= 𝐶𝐷𝛼𝐶𝐷𝛼 … 𝐶𝐷𝛼

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑘-times

(𝑔𝑑,𝑦(𝑡))

𝐶𝐴𝑘𝑡𝛼−1𝐸𝛼,𝛼 (𝐴𝑡𝛼)𝐸 = 0 for all 𝑡 > 0, which is equivalent to
∞
∑

𝑘=0
𝐶𝐴𝑘 𝑡𝛼(𝑘+1)−1

𝛤 (𝛼𝑘 + 𝛼)
𝐸 = 0 ⇔

∞
∑

𝑘=0

𝑡𝛼(𝑘+1)−1

𝛤 (𝛼𝑘 + 𝛼)
𝐶𝐴𝑘𝐸 = 0,

for all 𝑡 > 0. In light of the identity principle applied to the fractional
power-series expansion, we get 𝐶𝐴𝑘𝐸 = 0 for 𝑘 ∈ N0. In the virtue
of the Cayley–Hamilton theorem, we have that 𝐶𝐴𝑘𝐸 = 0 for 𝑘 =
0, 1,… , 𝑛−1 which can be alternatively formulated in a geometric sense
as 𝐴𝑘  ⊆  for 𝑘 = 0, 1,… , 𝑛 − 1. It in turn implies that ⟨𝐴 ∣ ⟩ =
∑𝑛−1
𝑘=0 im(𝐴𝑘𝐸) ⊆ . The subspace  ∶= ⟨𝐴 ∣ ⟩ has the invariance

roperty and is the minimal 𝐴−invariant subspace containing  .
(𝑖𝑖) ⇒ (𝑖). If  ⊆  and  is invariant under 𝐴, then we have

m(𝐴𝑘𝐸) ⊆  for 𝑘 ≥ 0. Moreover, if  ⊆ , it then follows that
𝐴𝑘𝐸 = 0 for 𝑘 ≥ 0. Hence, we have that

∞
∑

=0

𝑡𝛼(𝑘+1)−1

𝛤 (𝛼𝑘 + 𝛼)
𝐶𝐴𝑘𝐸 = 0, ∀𝑡 ≥ 0.

Consequently, we get that 𝑔𝑑,𝑦(𝑡) = 0. This concludes the proof.

3.1. Observability of FO-LTI systems

In what follows, for the sake of completeness, we go over the
possibility of reconstruction of the pseudo-state 𝑥 when the pair (𝑢, 𝑦)

in system (6) is known.
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Definition 4. Consider system (6). Let 𝑇 > 0. The pseudo-states
𝑥00,𝑘, 𝑥

1
0,𝑘 ∈  for 𝑘 ∈ {0, ⌊𝛼⌋} are indistinguishable on [0, 𝑇 ] if

𝑦
(

𝑡, 𝑥00,𝑘, 𝑢
)

= 𝑦
(

𝑡, 𝑥10,𝑘, 𝑢
)

for every 𝑢 ∈  and 𝑡 ∈ [0, 𝑇 ].

Consider first the case 𝛼 ∈ (0, 1). Two pseudo-states 𝑥00,0 and 𝑥10,0 are
indistinguishable if, for any input 𝑢 ∈  , the corresponding outputs
are equal. Hence, in order to have 𝑥00,0 and 𝑥10,0 indistinguishable over
[0, 𝑇 ], we need that

𝐶𝐸𝛼 (𝐴𝑡𝛼) 𝑥00,0 + ∫

𝑡

0
𝑔𝑢,𝑦(𝑡 − 𝜏)𝑢(𝜏)𝑑𝜏 = 𝐶𝐸𝛼 (𝐴𝑡𝛼) 𝑥10,0

+ ∫

𝑡

0
𝑔𝑢,𝑦(𝑡 − 𝜏)𝑢(𝜏)𝑑𝜏,

or all 𝑡 ∈ [0, 𝑇 ]. It is observed that 𝑥00 and 𝑥10 are indistinguishable if
nd only if

𝐸𝛼 (𝐴𝑡𝛼) 𝑥00,0 = 𝐶𝐸𝛼 (𝐴𝑡𝛼) 𝑥10,0, ∀𝑡 ∈ [0, 𝑇 ]. (13)

he relation (13) holds if and only if

𝐷(𝑘)𝛼
{

𝐶𝐸𝛼 (𝐴𝑡𝛼) (𝑥00,0 − 𝑥
1
0,0)

}

= 0, ∀𝑡 ∈ [0, 𝑇 ], (14)

nd for 𝑘 ∈ N0. Thus, by sequential using of Lemma 1, we get
𝐴𝑘𝐸𝛼(𝐴𝑡𝛼)(𝑥00,0−𝑥

1
0,0) = 0 for every 𝑡 ∈ [0, 𝑇 ]. Take 𝑡 = 0, then we have

𝐴𝑘(𝑥00,0−𝑥
1
0,0) = 0 for 𝑘 ∈ N0. Let define nonzero vector 𝑞 ∶= 𝑥00,0−𝑥

1
0,0.

In light of the Cayley–Hamilton theorem, it then follows that 𝐶𝐴𝑘𝑞 = 0
for 𝑘 = 0, 1,… , 𝑛 − 1. Hence, we get that

𝑞 ∈ ker

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐶

𝐶𝐴

⋮

𝐶𝐴𝑛−1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (15)

Let us now consider 𝛼 ∈ (1, 2). The set of pseudo-states 𝑥00,𝑘 and 𝑥10,𝑘 with
𝑘 ∈ {0, ⌊𝛼⌋} are indistinguishable if, for any input 𝑢, the corresponding
utput values are the same. Hence, we must have that
⌊𝛼⌋
∑

𝑘=0
𝐶𝑡𝑖𝐸𝛼,𝑘+1 (𝐴𝑡𝛼) 𝑥00,𝑘 + ∫

𝑡

0
𝑔𝑢,𝑦(𝑡 − 𝜏)𝑢(𝜏)𝑑𝜏 =

⌊𝛼⌋
∑

𝑘=0
𝐶𝑡𝑘𝐸𝛼,𝑘+1 (𝐴𝑡𝛼) 𝑥10,𝑘

+ ∫

𝑡

0
𝑔𝑢,𝑦(𝑡 − 𝜏)𝑢(𝜏)𝑑𝜏, ∀𝑡 ∈ [0, 𝑇 ].

Hence, the set of pseudo-states 𝑥00,𝑘 and 𝑥10,𝑘 are indistinguishable if and
only if
⌊𝛼⌋
∑

𝑘=0
𝐶𝑡𝑘𝐸𝛼,𝑘+1 (𝐴𝑡𝛼) 𝑥00,𝑘 =

⌊𝛼⌋
∑

𝑘=0
𝐶𝑡𝑘𝐸𝛼,𝑘+1 (𝐴𝑡𝛼) 𝑥10,𝑘, ∀𝑡 ∈ [0, 𝑇 ]. (16)

The relation (16) holds if and only if

𝐶𝐷(𝑘)𝛼

{

⌊𝛼⌋
∑

𝑘=0
𝐶𝑡𝑘𝐸𝛼,𝑘+1 (𝐴𝑡𝛼)

(

𝑥00,𝑘 − 𝑥
1
0,𝑘

)

}

= 0, ∀𝑡 ∈ [0, 𝑇 ], (17)

and for 𝑖 ∈ N0. Hence, by repeatedly using of Lemma 1, we get that

𝐶𝐴𝑘𝐸𝛼 (𝐴𝑡𝛼)
(

𝑥00,0 − 𝑥
1
0,0

)

+ 𝐶𝑡𝐴𝑘𝐸𝛼,2 (𝐴𝑡𝛼)
(

𝑥00,1 − 𝑥
1
0,1

)

= 0, ∀𝑡 ∈ [0, 𝑇 ],

and for 𝑘 ∈ N0. By taking 𝑡 = 0 we thus obtain that 𝐶𝐴𝑘(𝑥00,0 − 𝑥
1
0,0) = 0

for 𝑘 ∈ N0. Now similar to the case 𝛼 ∈ (0, 1), defining nonzero vector
𝑞 ∶= 𝑥00,0 − 𝑥

1
0,0 yields the inclusion in (15).

Analogous to the integer-order context [26], the space of vectors
𝑞 for which the inclusion in (15) holds is called the complementary
controllability subspace (also referred to as unobservability subspace)
that is independent of 𝑇 and can be represented in the geometric sense
as the maximum 𝐴−invariant subspace contained in  = ker(𝐶) denoted
by:

 ∶= ⟨ ∣ 𝐴⟩ =
𝑛−1
⋂

𝐴𝑘. (18)

𝑘=0

w

As a consequence, also analogous to the integer-order context, the FO-
LTI system ruled by (6) is completely observable if and only if the
ollowing geometric expression holds:

 ∣ 𝐴⟩ = {0} .

.2. Conditioned invariant subspaces for FO-LTI systems

A fundamental concept for the geometric design of an unknown-
nput observer in fractional-order context is that of conditioned invari-
nce. With this motivation, the notion of conditioned invariance (also
eferred to as (𝐶,𝐴)−invariance) for the FO-LTI systems is introduced
nd discussed for the first time.

efinition 5. A linear subspace  of the pseudo-state space  of
ystem (6) is called conditioned invariant, if there exists an output-
njection gain 𝐺 ∈ R𝑛×𝑝 such that  is 𝐴𝐺−invariant, where 𝐴𝐺 ∶=
+ 𝐺𝐶.

The set of all conditioned invariant subspaces will be referred to as
. Being 𝐺 a friend of a conditioned invariant subspace  ∈ , then the

set of friends is defined as 𝐺() ∶= {𝐺 ∈ R𝑛×𝑝 ∶ 𝐴𝐺 ⊆ }. Consider
system (6) with 𝐵 = 0. By applying the output injection 𝑣(𝑡) ∶= 𝐺𝑦(𝑡),
which is an output-to-pseudostate feedback law, we have
{

𝐶𝐷𝛼𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝑣(𝑡) = 𝐴𝑥(𝑡) + 𝐺𝑦(𝑡) = 𝐴𝐺𝑥(𝑡),

𝑦(𝑡) = 𝐶𝑥(𝑡),
(19)

here 𝑣(𝑡) serves as a function that directly impacts the pseudo state as
n input.

Thus, Definition 5 implies that a subspace  ⊆  is conditioned
nvariant if for all 𝑥0,𝑘 ∈  with 𝑘 ∈ {0, ⌊𝛼⌋} there exists an output-to-
seudostate feedback 𝐺𝑦(𝑡) that maintains 𝑥(𝑡) in , i.e.,

(𝑡) =
⌊𝛼⌋
∑

𝑘=0
𝑡𝑘 𝐸𝛼,𝑘+1

(

𝐴𝐺𝑡
𝛼) 𝑥0,𝑘 ∈  . (20)

y Definition 5 ,  is a (𝐶,𝐴)−invariant subspace (or equivalently, it is
nvariant with respect to 𝐴𝐺 in the view of Lemma 3 ).

heorem 1. A subspace  of the pseudo-state space  of system (6) is
alled conditioned invariant if and only if it satisfies the subspace inclusion:

( ∩ ) ⊆  . (21)

roof. (⇒) The proof is in the same line as the corresponding point
n [37, Theorem 5.5] and is omitted.

(⇐) Suppose that  is conditioned invariant subspace, thus by
efinition there exists an output injection map 𝐺 such that 𝐴𝐺 ⊆ .
et 𝑣 ∶= dim() and {𝑥1, 𝑥2,… , 𝑥𝑙} (𝑙 ≤ 𝑣) be a basis of  ∩ . Thus,
𝐺𝑥𝑘 ∈  for 𝑘 = 1, 2,… , 𝑙. But 𝐶𝑥𝑘 = 0. Hence, 𝐴𝑥𝑘 ∈  and
( ∩ ) ⊆ .

It turns out that the definitions of (𝐶,𝐴)−invariant subspaces given
n this paper are the duals of (𝐴,𝐵)−invariant subspaces developed in
ractional-order framework by Padula et al. [32, Theorem 5.2].

In what follows, we characterize the geometric notion of condi-
ioned invariant subspaces for the FO-LTI system (6) with 𝐵 = 0 in

terms of the existence of a fractional-order quotient observer.

Theorem 2. Consider system (6) with 𝐵 = 0. A subspace  ⊆  is
conditioned invariant if and only if there exists a FO quotient observer ruled
by

𝛴𝑜 ∶

{

𝐶𝐷𝛼𝑤(𝑡) = 𝑁𝑤(𝑡) +𝑀𝑦(𝑡),

𝜁 (𝑡) = 𝑤(𝑡),
(22)

such that for every 𝑥(𝑘)(0) and 𝑤(𝑘)(0) with 𝑘 ∈ {0, ⌊𝛼⌋}, there holds

𝑤(𝑘)(0) = 𝑃 𝑥(𝑘)(0) ⇒ 𝑤(𝑡) = 𝑃 𝑥(𝑡), ∀𝑡 ≥ 0,
here 𝑃 ∶  ⟶ ∕ is the canonical projection of .
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Proof. (⇒) Suppose that  is a conditioned invariant subspace. Then,
by Definition 5 there exist an output-injection matrix 𝐺 such that  is
𝐴𝐺−invariant subspace. Let 𝑃 ∶  ⟶ ∕ be the canonical projection
of . Let us define the matrices 𝐾 and 𝐺 as follows:

𝑁 ∶= ⟨𝐴 + 𝐺𝐶 ∣ ∕⟩ 𝑎𝑛𝑑 𝑀 ∶= −𝑃𝐺,

Assume that 𝑤(𝑘)(0) = 𝑃 𝑥(𝑘)(0) for each 𝑘 ∈ {0, ⌊𝛼⌋}. Since
𝐶𝐷𝛼𝑃 𝑥(𝑡) = 𝑃𝐴𝑥(𝑡)

= 𝑃𝐴𝑥(𝑡) + 𝑃𝐺𝐶 𝑥(𝑡) − 𝑃𝐺𝐶 𝑥(𝑡)

= 𝑃 (𝐴 + 𝐺𝐶) 𝑥(𝑡) − 𝑃𝐺 𝑦(𝑡),

= 𝑁 𝑥(𝑡) +𝑀 𝑦(𝑡),

it follows that 𝑃 𝑥(𝑡) = 𝑤(𝑡) for all 𝑡 ≥ 0.
(⇐) Let 𝛴𝑜 ruled by (22) be a FO observer for the system (6) with

𝐵 = 0. For any 𝑥(𝑘)(0) with 𝑘 ∈ {0, ⌊𝛼⌋}, the setting 𝑤(𝑘)(0) = 𝑃 𝑥(𝑘)(0) =
𝑃 𝑥0,𝑘 yields 𝐶𝐷𝛼 𝑤(𝑡)|𝑡=0+ = 𝑃 𝐶𝐷𝛼 𝑥(𝑡)|𝑡=0+ from which we get

𝐶𝐷𝛼 𝑤(𝑡)|𝑡=0+ − 𝑃 𝐶𝐷𝛼 𝑥(𝑡)|𝑡=0+ = 0

𝑁 𝑤(0)(0) +𝑀𝐶 𝑥(0)(0) − 𝑃𝐴𝑥(0)(0) = 0

𝑁𝑃 𝑥(0)(0) +𝑀𝐶 𝑥(0)(0) − 𝑃𝐴𝑥(0)(0) = 0.

Thus, we have that

𝑃𝐴 = 𝑁𝑃 +𝑀𝐶.

This implies that for any 𝑥(𝑡) ∈  ∩, equivalently, 𝑃𝑥 = 0 and 𝐶𝑥 = 0,
there holds that 𝑃𝐴𝑥(𝑡) = 0 (equivalently, 𝐴𝑥 ∈ ). By virtue of
Theorem 1 it follows that  is conditioned invariant subspace.

Remark 3. It is remarkable that if 𝐵 ≠ 0 the result in Theorem 2
still holds by adding 𝑅𝑢(𝑡), 𝑅 ∶= 𝑃𝐵 to Eq. (22) as follows: 𝐶𝐷𝛼𝑤(𝑡) =
𝑁𝑤(𝑡)+𝑀𝑦(𝑡)+𝑅𝑢(𝑡), 𝜁 (𝑡) = 𝑤(𝑡). In this case, if  is such that im(𝐵) ⊆ 
then 𝑅 = 0. That is, the FO quotient observer ruled by (22) does not
require any knowledge of the input 𝑢(𝑡) to generates a perfect estimate
up to time 𝑡.

The set of all the conditioned invariants containing a given subspace
 ∈  is closed with respect to intersection and it has an infimal
element that coincides with their intersection. It can be determined by
the following (𝐶,𝐴)−invariant subspace algorithm:
{

0 = 

𝑖 = 𝑖−1 + 𝐴(𝑖−1 ∩ ), 𝑖 ∈ N0∖{0}
(23)

where ∗ = lim𝑖 (as 𝑖 → ∞). This algorithm is strictly increasingly and
will stop after a finite number of steps (at most in 𝑛− 1 steps). That is,
the inclusion chain

{

𝑖
}

has the form 0 ⊆ 1 ⊆⋯ ⊆ 𝑖 = 𝑖+1 = ⋯ that
implies ⋆ = 𝑖 with 𝑖 ≤ 𝑛−1. This algorithm converges to ∗() as the
minimal conditioned invariant subspace which contains . This infimal
element, i.e. ∗, is also referred to as the minimal input-containing
conditioned invariant subspace of system (6) and represents the set of
nitial pseudo states for which there exist pseudo-state trajectories 𝑥
nd control 𝑢 such that 𝑦 = 0.

In the following, we present an analogous result to Padula et al.
32] for conditioned invariant subspace. We will provide a system-
heoretic interpretation for condition invariant subspace  through
utput injection, in the case that system is initialized at a generic
nstant of time 𝑡⋆ ≥ 0, assuming that 𝑥(𝑡) is equal to zero for all 𝑡 < 0.

heorem 3. Consider system (6) with 𝐵 = 0. Let  be a (𝐶,𝐴)−invariant
ubspace. Given any 𝑡⋆ > 0, 𝑥(𝑘)(𝑡⋆) belongs to  for 𝑘 ∈ {0, ⌊𝛼⌋}, then
here exists a control law by output injection 𝐺𝑦(𝑡) such that 𝑥(𝑡) ∈  for
ll 𝑡 > 𝑡⋆ if and only if 𝑥(𝑡) ∈  for almost every 𝑡 ∈ [0, 𝑡⋆].

roof. The proof is inspired by the corresponding points in [32,
heorem 5.5].
(⇐) Let 𝐺 ∈ 𝐺(). By applying the output-to-pseudostate feedback
aw 𝐺𝑦(𝑡) to system (6) and by the linearity of the Caputo derivative,
e can write

𝐷𝛼
𝑡⋆𝑥(𝑡) =

1
𝛤 (⌈𝛼⌉ − 𝛼) ∫

𝑡

𝑡⋆

𝑥(⌈𝛼⌉)(𝜏)
(𝑡 − 𝜏)𝛼−⌈𝛼⌉+1

𝑑𝜏

= (𝐴 + 𝐺𝐶)𝑥(𝑡) + 1
𝛤 (⌈𝛼⌉ − 𝛼)∫

𝑡⋆

0

𝑥(⌈𝛼⌉)(𝜏)
(𝑡 − 𝜏)𝛼−⌈𝛼⌉+1

𝑑𝜏

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
T(𝑡)

, (24)

or all 𝑡 > 𝑡⋆. Given that 𝑥(𝑡) belongs to  for every 𝑡 ≤ 𝑡⋆, applying
emma 5.4 from [32] reveals that 𝑥(⌈𝛼⌉)(𝑡) also belongs to  for almost

every 𝑡 ≤ 𝑡⋆, thus implying that T(𝑡) ∈  for every 𝑡 ≥ 𝑡⋆. The relation
(24) can be viewed as a set of 𝛼−order differential equations with the
fractional derivative defined at 𝑡0 = 𝑡⋆ and 𝑥(𝑘)(𝑡0) ∈  for 𝑘 ∈ {0, ⌊𝛼⌋}.
et take the system map 𝐴𝐺 such that 𝐴𝐺 ⊆ , the system input as
(𝑡), and the input map as 1

𝛤 (⌈𝛼⌉−𝛼) 𝐼𝑛. Since, T(𝑡) ∈ , as per Lemma

.4 in [32] concerning system (24), it can be deduced that 𝑥(𝑡) belongs
 for all 𝑡 > 𝑡⋆.

(⇒) From the linearity of the Caputo derivative we have

𝐶𝐷𝛼𝑥(𝑡) = 1
𝛤 (⌈𝛼⌉ − 𝛼) ∫

𝑡⋆

0

𝑥(⌈𝛼⌉)(𝜏)
(𝑡 − 𝜏)𝛼−⌈𝛼⌉+1

𝑑𝜏

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
T1(𝑡)

+ 1
𝛤 (⌈𝛼⌉ − 𝛼) ∫

𝑡

𝑡⋆

𝑥(⌈𝛼⌉)(𝜏)
(𝑡 − 𝜏)𝛼−⌈𝛼⌉+1

𝑑𝜏

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
T2(𝑡)

. (25)

Let 𝐺 ∈ 𝐺(). By applying the output injection 𝐺𝑦(𝑡) to system (6) and
using the property in (25) we have

1
𝛤 (⌈𝛼⌉ − 𝛼)

T1(𝑡) = (𝐴 + 𝐺𝐶)𝑥(𝑡) − 1
𝛤 (⌈𝛼⌉ − 𝛼)

T2(𝑡). (26)

ince, by assumption, 𝑥(𝑡) ∈  for all 𝑡 > 𝑡⋆, it follows that 𝐴𝐺𝑥(𝑡) ∈ 
for all 𝑡 > 𝑡⋆. Thus, 𝐶𝐷𝛼𝑥(𝑡) must also lies on  so that the fractional
differential Eq. (26) is satisfied. It follows that T2(𝑡) ∈  for all 𝑡 > 𝑡⋆.
n order to satisfy the relation (26), we must have also T1(𝑡) ∈  for
𝑡 ∈ [0, 𝑡⋆], from which, we have 𝑥(⌈𝛼⌉)(𝑡) ∈  for 𝑡 ∈ [0, 𝑡⋆]. Therefore,
by using Lemma 5.4 from [32], it follows that 𝑥(𝑡) ∈  for 𝑡 ∈ [0, 𝑡⋆].

emark 4. It is remarked that if 𝐵 ≠ 0 in (6), the result of Theorem 3
still remains valid if input 𝑢(𝑡) is such that 𝑢(𝑡) ∈ 𝐵−1.

Remark 5. It is noteworthy that the feature addressed by Theorem 3
has no analog in the integer-order case, where the system can always
evolve on a conditioned invariant from a generic time 𝑡⋆ ≥ 0 onward,
irrespective of what happens between 𝑡0 = 0 and 𝑡⋆ ≥ 0.

From the results of Section 3.1, given an input-containing subspace
 and a corresponding output-injection friend 𝐺 ∈ 𝐺(), we can
define the corresponding detectabily subspace as  ∶= ⟨ +  ∣ 𝐴𝐺⟩.
The eigenvalues of 𝐴𝐺 can be decomposed into spec (𝐴𝐺 ∣ ) and
spec (𝐴𝐺 ∣ ∕). The eigenstructure of spec (𝐴𝐺 ∣ ) relative to the
mapping 𝐴𝐺 restricted to  can be devided into the two parts: the
eigenvalues in spec (𝐴𝐺 ∣ ∕( ∩  )) which are freely assignable, i.e,
depend on 𝐺 ∈ 𝐺(), and those eigenvalues in spec (𝐴𝐺 ∣  ∩  ) which
are fixed for all the choices of 𝐺 in 𝐺(). Similarly, the eigenstructure
spec (𝐴𝐺 ∣ ∕ ) is arbitrarily assignable with a suitable choice of

∈ 𝐺(), while the eigenvalues in spec (𝐴𝐺 ∣ ∕) are fixed and
ndependent of the choice of 𝐺 ∈ 𝐺(). Thus, by Lemma 2,  is said to

be:

• inner detectability subspace, if there exist 𝐺 ∈ 𝐺() satisfying
| arg (spec (𝐴𝐺 ∣ ))| > 𝛼𝜋

2 , or, equivalently, if
| arg (spec (𝐴𝐺 ∣  ∩ ))| > 𝛼𝜋

2 for all 𝛼 ∈ (0, 2).
• outer detectability subspace, if there exist 𝐺 ∈ 𝐺() satisfying
|

|

|

arg
(

spec
(

𝐴𝐺 ∣ ∕
))

|

|

|

> 𝛼𝜋
2 , or, equivalently, if

| arg (spec (𝐴 ∣  ∕))| > 𝛼𝜋 for all 𝛼 ∈ (0, 2).
𝐺  2
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We adopt the terminology of ’detectability input-containing sub-
pace’ as an alternative designation for an input-containing subspace
hat satisfies the outer detectability condition. Analogous to the integer-
rder context, the set of detectability input-containing subspaces has an
nfimum, which we denote it by ⋆𝑔,𝛼 . An input-containing subspace 
or which there exists 𝐺 ∈ 𝐺() such that spec (𝐴𝐺 ∣ ∕) is freely
ssignable, is called an unobservability input-containing subspace. The
et of unobservability input-containing subspaces is closed with respect
o subspace intersection, and thus it contains an infimum denoted by
⋆, which satisfies ⋆ ⊆ ⋆𝑔,𝛼 ⊆ ⋆. There holds also that the

ubspace ⋆ is also the unobservability input-containing subspace on
⋆ (i.e., ⋆ = ⋆ . The invariant-zero structure 𝐼 of the system

(6) is defined as follows:

𝐼 ∶= spec(𝐴𝐺 ∣ ⋆∕⋆).

hus, a fractional system is said to be minimum-phase if we have
arg(𝑧)| > 𝛼𝜋∕2 for all 𝑧 ∈ 𝐼 and 𝛼 ∈ (0, 2).

emark 6. Consider FO-LTI system (6). Let ⋆𝑔,1 be the detectabil-
ty input-containing subspaces of the corresponding integer-order LTI
ystem. It is worth observing that ⋆𝑔,𝛼 ⊇ ⋆𝑔,1 for 𝛼 ∈ (0, 1), whereas
⋆
𝑔,𝛼 ⊆ ⋆𝑔,1 for 𝛼 ∈ (1, 2).

. Unknown-input fractional-order observer design

In this section, we apply the geometric concepts previously es-
ablished to address UIOPS in the realm of FO systems. Solving this
articular problem is crucial for dealing with numerous intricate syn-
hesis problems, such as signal reconstruction, fault detection and
solation, as well as non-interacting control for FO systems. Consider
FO-LTI system 𝛴 governed by the following differential equations:

𝑑 ∶

⎧

⎪

⎨

⎪

⎩

𝐶𝐷𝛼𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐸𝑑(𝑡),

𝑦(𝑡) = 𝐶𝑥(𝑡),

𝑧(𝑡) = 𝐻𝑥(𝑡),

(27)

here 𝑑 ∈  = R𝑣 is an unknown input which is not measurable and
s not forced with any specific assumption and limitation (e.g., bound-
dness of 𝑑). The variable 𝑧 is to be estimated output based on the
nformation collected from the measured output 𝑦. Thus, we aim to
esign a FO-LTI system 𝛴𝑑,𝑜 governed by:

𝑑,𝑜 ∶

{

𝐶𝐷𝛼𝑤(𝑡) = 𝑁𝑤(𝑡) +𝑀𝑦(𝑡),

𝜁 (𝑡) = 𝐿𝑤(𝑡) +𝐾𝑦(𝑡).
(28)

here 𝑤(𝑡) ∈  is the state of the FO-LTI observer 𝛴𝑑,𝑜. Let the overall
ystem from the disturbance input 𝑑 to the output 𝑒 ∶= 𝑧− 𝜁 is denoted
y 𝛴𝑒, as depicted in Fig. 1 (i.e., an extension of 𝛴𝑑). Then, the FO-LTI
ystem 𝛴𝑒 is given by
𝐶𝐷𝛼𝑥(𝑡)
𝐶𝐷𝛼𝑤(𝑡)

)

=
(

𝐴 0
𝑀𝐶 𝑁

)(

𝑥(𝑡)
𝑤(𝑡)

)

+
(

𝐸
0

)

𝑑(𝑡),

𝑒(𝑡) =
(

𝐻 −𝐾𝐶 −𝐿
)

(

𝑥(𝑡)
𝑤(𝑡)

)

.
(29)

et 𝑒 ∶= ⊕ represents the extended pseudostate vector space. We
an rewrite (29) in the following form:

𝛴𝑒 ∶

{

𝐶𝐷𝛼𝑥𝑒(𝑡) = 𝐴𝑒𝑥𝑒(𝑡) + 𝐸𝑒𝑑(𝑡),

𝑒(𝑡) = 𝐻𝑒𝑥𝑒(𝑡).
(30)

where 𝑥𝑒 ∶= (𝑥,𝑤) ∈ 𝑒. The maps 𝐴𝑒, 𝐸𝑒, and 𝐻𝑒 correspond to
matrices given in (29). In this paper, we address the UIOPS by seeking a
FO quotient observer 𝛴𝑑,𝑜 governed by (28). The objective is for 𝑒(𝑡) ∶=
𝑧(𝑡) − 𝜁 (𝑡) to converge to zero when 𝑡→ ∞ for all initial conditions 𝑥0,𝑘
with 𝑘 ∈ {0, ⌊𝛼⌋} and for all disturbance inputs 𝑑 (i.e., 𝑒(𝑡) is solely
dependent on 𝑥0,𝑘 with 𝑘 ∈ {0, ⌊𝛼⌋} and not on 𝑑(𝑡)). This can be also
viewed as the problem of finding an FO-LTI observer 𝛴𝑑,𝑜 such that
 f
the fractional-order impulse-response matrix between 𝑑 and 𝑒 is equal
to zero, i.e.,

𝑔𝑑,𝑒(𝑡) ∶= 𝐻𝑒𝑡𝛼−1𝐸𝛼,𝛼 (𝐴𝑒𝑡𝛼)𝐸𝑒 = 0,

and the overall FO-LTI system 𝛴𝑒 is asymptotically stable, or equiva-
lently, such that | arg (spec (𝐴𝑒))| > 𝛼𝜋∕2. Let  ∶= ker(𝐻),  ∶= ker(𝐶),
and  ∶= im(𝐸). The condition for solvability of the UIOPS in the
fractional setting is provided by the following theorem.

Theorem 4. The UIOPS admits solutions if and only if the following
subspace inclusion holds:

⋆𝑔,𝛼() ∩  ⊆ . (31)

Proof. (⇒) Let 𝑒 and 𝑒𝑔,𝛼 denote the sets of all conditioned invari-
ant and detectability subspaces associated with a given pair (𝐻𝑒, 𝐴𝑒),
espectively. Let 𝑒(𝑡) ∶= 𝑧(𝑡)−𝜁 (𝑡) and consider the dynamics of 𝑥𝑒 ∈ 𝑒

iven by (30). Suppose that 𝑔𝑑,𝑒(𝑡) = 0 which is equivalent to ⟨𝐴𝑒 ∣ 𝑒⟩ ⊆
𝑒 ∣ 𝐴𝑒⟩ =∶ 𝑒. Then, by Lemma 4, there exists an 𝐴𝑒−invariant

subspace satisfying 𝑒 ⊆ 𝑒 ⊆ 𝑒. Hence, any 𝐴𝑒−invariant subspace
elongs to 𝑒 such that 𝑒 ∈ 𝑒 and 𝑒 ∩  =∶  ∈ . It is observed

that  = 𝑒 ∩ ⊆  ⊆ 𝑒 = ker(𝐻 −𝐾𝐶) which, in the view of Lemma
5.21 in [37], implies that  ∩  ⊆ . We observe that the spectrum of
the dynamics 𝑒 equals the spec (𝐴𝑒 ∣ 𝑒∕𝑒). Hence, we have 𝑒 ⊆ 𝑒𝑔,𝛼
and thus  ⊆ 𝑔,𝛼 . Since  ⊆  ⊂ 𝑔,𝛼 it in turn implies ⋆𝑔,𝛼 ⊆ 𝑔,𝛼 .

hus, it is obvious that subspace inclusion  ∩  ⊆  implies (31).
(⇐) Let 𝑃 ∶  ⟶ ∕ be the canonical projection. Assume  ∈

𝑔,𝛼() with ⋆𝑔,𝛼()∩ ⊆ . By this last inclusion there exists mappings
𝐿, 𝑀 such that 𝐻𝑥(𝑡) = 𝐿𝑃𝑥(𝑡) + 𝐾𝐶𝑥(𝑡). Define 𝑁 ∶= 𝐴 + 𝐺𝐶 ∣ ∕
and 𝑀 ∶= −𝑃𝐺. Let 𝐺 ∈ 𝐺() and consider the FO-LTI observer
𝐶𝐷𝛼𝑤(𝑡) = 𝑁𝑤(𝑡) +𝑀𝑦(𝑡), 𝜁 (𝑡) = 𝐿𝑤(𝑡) +𝐾𝑦(𝑡), with  ∶= ∕. Define
the auxiliary variable 𝑒𝑎𝑢𝑥 ∶= 𝑃𝑥 −𝑤, then we have
𝐶𝐷𝛼𝑒𝑎𝑢𝑥(𝑡) = 𝑃 𝐶𝐷𝛼𝑥(𝑡) − 𝑃 𝐶𝐷𝛼𝑤(𝑡)

= 𝑃𝐴𝑥(𝑡) + 𝑃𝐸𝑑(𝑡) −𝑁𝑤(𝑡) −𝑀𝐶𝑥(𝑡)

= 𝑃 (𝐴 + 𝐺𝐶)𝑥(𝑡) −𝑁𝑤(𝑡)

= 𝑁𝑒𝑎𝑢𝑥(𝑡).

ence, 𝑒 ∶= 𝑧 − 𝜁 is ruled by 𝐶𝐷𝛼𝑒𝑎𝑢𝑥(𝑡) = 𝑁𝑒𝑎𝑢𝑥(𝑡), 𝑒(𝑡) = 𝐿𝑒𝑎𝑢𝑥(𝑡). It
s clearly seen that 𝑔𝑑,𝑒(𝑡) = 0 (i.e., the dynamics 𝑒(𝑡) is unaffected by
(𝑡)) and the error spectrum is stable for all initial conditions 𝑥(𝑘)(0)
nd 𝑤(𝑘)(0) with 𝑘 ∈ {0, ⌊𝛼⌋}.

emark 7. It is worth noting that UIOP does not depend on the
nitial conditions, while it only established on the disturbance-to-error
input-to-output) properties of the extended fractional system 𝛴𝑒 ruled
y (30). Let 𝑡⋆ > 𝑡0 ≥ 0 be a certain instant of time from which
he behavior of the fractional system 𝛴𝑒 is characterized. By using
nitialization function 𝜓 proposed in [52]:

(𝑒, 𝛼, 0, 𝑡⋆, 𝑡) ≡ 1
𝛤 (𝛼) ∫

𝑡⋆

0
(𝑡 − 𝜏)𝛼−1𝑒(𝜏)𝑑𝜏, 𝑡 ≥ 𝑡⋆, (32)

which serves as a time-varying function incorporated into the nonlocal
fractional-order operator to consider the effects of the system’s past
history, the overall time response of system 𝛴𝑒 is represented by:

𝑒(𝑡) = ∫

𝑡

0
𝐻𝑒𝜏𝛼−1𝐸𝛼,𝛼 (𝐴𝑒𝜏𝛼)𝐸𝑒𝑑(𝑡 − 𝜏)𝑑𝜏

− ∫

𝑡

0
𝐻𝑒𝜏𝛼−1𝐸𝛼,𝛼 (𝐴𝑒𝜏𝛼)𝜓(𝑡 − 𝜏)𝑑𝜏, (33)

here the second integral term represents the initialization response
f the system 𝛴𝑒 due to the historical past of 𝑒(𝑡) between 𝑡0 = 0
nd 𝑡⋆. It is observed that the effect of disturbance 𝑑(𝑡) on output
(𝑡) does not depend on the initialization function 𝜓 . As a result,
he solvability condition Theorem 3 remains valid for the fractional
ifferential equation of the form (27) irrespective of which definition

or fractional derivative is adopted.
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It is worth observing that the condition in Theorem 4 still remains
valid for the solvability of UIOP without stability by replacing ⋆𝑔,𝛼()
with ⋆() in (31) without the detectability requirement of the pair
(𝐻𝑒, 𝐴𝑒).

5. Numerical examples

Example 1. Let consider the FO-LTI system governed by (27) with the
following maps, pseudo-state space  = R3, and 𝛼 = 1

3 :

=
⎛

⎜

⎜

⎝

−0.6667 1.0000 0.6667
−3.0000 1.0000 2.0000
1.3333 1.0000 −1.3333

⎞

⎟

⎟

⎠

, 𝐸 =
⎛

⎜

⎜

⎝

0
1
0

⎞

⎟

⎟

⎠

, 𝐶 =
(

1 0 1
1 1 0

)

,

𝐻 =
⎛

⎜

⎜

⎝

1 0 0
0 1 0
0 0 1

⎞

⎟

⎟

⎠

.

By using the algorithm given in (23), we can find out that

⋆ = ⋆𝑔,𝛼 = ⋆ = span

⎧

⎪

⎨

⎪

⎩

⎛

⎜

⎜

⎝

1
0
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

0
1
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

0
0
1

⎞

⎟

⎟

⎠

⎫

⎪

⎬

⎪

⎭

.

Given that 𝐻 is the identity matrix, a full-order FO observer is required.
It can be easily observed that ⋆𝑔,𝛼 ∩  ⊆  when 𝛼 = 1

3 . As a result,
the condition stated in Theorem 4 is met, and the UIOPS is solvable.
Therefore, our goal is to find 𝐺 ∈ 𝐺(⋆𝑔,𝛼) (i.e., a friend 𝐺 of ⋆𝑔,𝛼) that
ensures the asymptotic stability of the FO dynamics on ∕⋆𝑔,𝛼 . The

freely assignable eigenvalues of 𝐴𝐺 are chosen to be 1
2±𝑗

√

3
2 with 𝛼 = 1

3 .
y following the procedure described in [26], we obtain the following
atrices for the FO quotient observer that solves UIOPS:

=
(

10.83 13.16
−8.165 −9.831

)

, 𝑀 =
(

12.5 −1
−8.498 −1

)

,

=
⎛

⎜

⎜

⎝

−0.6667 0.3333
0.6667 −0.3333
0.3333 −0.6667

⎞

⎟

⎟

⎠

, 𝐾 =
⎛

⎜

⎜

⎝

0.3333 −1.11𝑒−16
−0.3333 1
0.3333 −8.327𝑒−17

⎞

⎟

⎟

⎠

.

he disturbance signal 𝑑(𝑡) is represented by a random process, as
evealed in Fig. 2 (𝑎). Fig. 2 (𝑏) demonstrates the effectiveness of the
esigned quotient observer in decoupling the disturbance signal 𝑑(𝑡)
rom the error signal 𝑒(𝑡) in the case where 𝛴𝑑 is initialized at 𝑥(0)(0) =
0, 0, 0.1)T and 𝛴𝑑,𝑜 is initialized at 𝑤(0)(0) = (0, 0)T. Furthermore,
he overall system 𝛴𝑒 governed by Eq. (30) is indeed asymptotically
tabilized.

In Fig. 3, the error signals are depicted in the same configuration as
n the previous case. Here, 𝛼 = 2

3 leads to two free eigenvalues placed
on the boundary of stability region. Conversely, when 𝛼 is equal to
1, the system 𝛴𝑒 transforms into an integer-order system that is non-
stabilizing. It is noteworthy that when 𝛼 = 2

3 and 𝛼 = 1, the structural
condition specified in Theorem 4 is still satisfied. Nevertheless, the
overall system 𝛴𝑒 governed by Eq. (30) is not asymptotically stabilized.
Table 1
Suspension model parameters [53].

Parameter description Value

Sprung mass, 𝑚𝑠 250 kg
Upsprung mass, 𝑚𝑢𝑠 43.5 kg
Stiffness of car body spring, 𝑘𝑠 249 830 N∕m
Damping of car body, 𝑏𝑠 1607 N s∕m
Tire stiffness, 𝑘𝑡 191.86
Tire damping, 𝑏𝑡 112.2 N s∕m

It should be noted that the solvability of UIOPS in the presence of stable
error dynamics does not necessarily mean that any friend of ⋆𝑔,1 and
⋆
𝑔, 23

can be used. However, if stability is not required then every friend

of ⋆ solves the UIO problem.

Example 2 (Application to the Suspension System). In this example, we
frame the task of estimating the unknown road profile and the pseudo-
states of a suspension model as an observation problem with unknown
inputs and then solve it within the proposed geometric framework.
The suspension FO model being examined has with two degrees of
freedom and involves a sprung mass that represents the body frame
of the vehicle, and an unsprung mass that embodies the wheel and its
corresponding components. A spring and a damper are used to establish
the connection between these masses. Similarly, the tire, which exhibits
viscoelastic characteristics, is also represented by an equivalent spring
and damper. The model can be described as an FO-LTI system governed
by (27) with the following maps and 𝛼 = 1

2 [53]:

𝐴 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 1 0 0

0 0 0 1 0

− 𝑘𝑠
𝑚𝑠

𝑘𝑠
𝑚𝑠

− 𝑏𝑠
𝑚𝑠

𝑏𝑠
𝑚𝑠

0
𝑘𝑠
𝑚𝑢𝑠

− 𝑘𝑠+𝑘𝑡
𝑚𝑢𝑠

𝑏𝑠
𝑚𝑢𝑠

− 𝑏𝑠+𝑏𝑡
𝑚𝑢𝑠

𝑘𝑡
𝑚𝑢𝑠

0 0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, 𝐸 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0

0

0
𝑏𝑠
𝑚𝑢𝑠

1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝐶 =
(

1 0 0 0 0
0 0 0 1 0

)

and 𝐻 = 𝐼5, where 𝑥 =
(

𝑥𝑠 𝑥𝑢𝑠 𝐶𝐷𝛼𝑥𝑠 𝐶𝐷𝛼𝑥𝑢𝑠 𝑥𝑟
)T is the

seudo-state vector. We consider 𝐶𝐷𝛼𝑥𝑟 to be an unknown input that
s inaccessible for measurement. In order to account for the system’s
tarting position at rest, we establish the initial velocities and displace-
ents as zero. Table 1 lists the vehicle dynamics parameters employed

in the simulations.
In order to achieve more realistic riding scenarios, we incorporate

two distinct categories of road irregularities: deterministic and random.
The deterministic irregular excitation is simulated by implementing two
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Fig. 2. Unknown-input FO observer performance for 𝛼 = 1
3
: (a) unknown disturbance 𝑑(𝑡) and (b) error 𝑒(𝑡).
Fig. 3. Unknown-input FO observer performance for (a) 𝛼 = 2
3

and (b) 𝛼 = 1.
consecutive bumps on the road surface as follows:

𝑥𝑟(𝑡) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

ℎ
(

1 − cos
(

2𝜋𝑣
𝑙 𝑡

))

𝑡𝑏1 ≤ 𝑡 ≤ 𝑡𝑏1 +
l
𝑣 ,

ℎ
2

(

1 − cos
(

2𝜋𝑣
𝑙 𝑡

))

𝑡𝑏2 ≤ 𝑡 ≤ 𝑡𝑏2 +
l
𝑣 ,

0 Otherwise,

(34)

here 𝑙 and ℎ are the length and height of the bump, 𝑡𝑏1 and 𝑡𝑏2 denote
he start times of the first and second bump over a total travel time
. In addition, when conducting robustness evaluation, we take into
onsideration the random road irregularities profile attributed to class
, commonly known as poor road quality. Assuming a constant vehicle

peed 𝑣, the integral white noise random pavement is represented by
he model described in [54]:

𝑟(𝑡) ∶=
√

𝑘∫

𝑡

0
𝑤(𝑡)𝑑𝑡, (35)

where 𝑘 denotes the spectral density constant, which is defined as
in [54], and 𝑤(𝑡) stands for the white noise. It is easy to see that

⋆ = ⋆𝑔,𝛼 = ⋆ = span

⎧

⎪

⎨

⎪

⎩

⎛

⎜

⎜

⎝

1
0
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

0
1
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

0
0
1

⎞

⎟

⎟

⎠

⎫

⎪

⎬

⎪

⎭

.

By using the GA algorithm [26], the following matrices are obtained
for the full-order FO unknown-input observer ruled by (30) which
geometrically solves the formulated UIOPS (see Figs. 4 and 5):

𝑁 =

⎛

⎜

⎜

⎜

⎜

−11.57 6.379𝑒−13 1 −5.532𝑒−16
−0.1921 9.271𝑒−14 −6.004𝑒−16 −1.27𝑒−16
−29.62 999.3 −6.428 −3.818𝑒−14

⎞

⎟

⎟

⎟

⎟

,

⎝

−77.7 155.5 −0.9996 −0.1194
⎠

𝑀 =

⎛

⎜

⎜

⎜

⎜

⎝

11.57 3.074𝑒−15
0.1921 1
−969.7 6.428
−77.7 1.066

⎞

⎟

⎟

⎟

⎟

⎠

, 𝐾 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.5 0
−5.553𝑒−17 1.17𝑒−18
2.32𝑒−19 −5.776𝑒−32
3.006𝑒−18 0.02707
5.553𝑒−17 1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

𝐿 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.5 −2.138𝑒−50 −2.106𝑒−34 5.585𝑒−33
5.553𝑒−17 1 −7.613𝑒−17 −5.622𝑒−17
−2.32𝑒−19 5.738𝑒−17 1 4.689𝑒−16
−5.553𝑒−17 7.225𝑒−19 −4.154𝑒−18 −1.049𝑒−16
−3.006𝑒−18 1.363𝑒−16 −2.534𝑒−16 1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

6. Conclusion

The paper provides a detailed characterization of (𝐶,𝐴)−invariant
subspaces in fractional-order setting. It has been stressed that the condi-
tioned invariance of a subspace hinges on the existence of a FO quotient
observer, which is responsible for rendering an estimate of the pseu-
dostate modulo the specified subspace. Moreover, the unknown-input
pseudo-state observation problem with stability has been addressed
within the context of fractional systems and solved by using the devel-
oped geometric notions. Moving forward, the research aims to tackle
the fault detection and identification problem by resorting these geo-
metric tools. This will involve the development of geometric residual
filters in the fractional-order setting.
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Appendix. Proof of Lemma 1

Proof. It should be emphasized that the upcoming lemma will be
necessary to establish the proof of Lemma 1.

Lemma A.1 (Wei [55]). For the Beta function

𝐵(𝑧,𝑤) = ∫

1

0
𝑟𝑧−1(1 − 𝑟)𝑤−1𝑑𝑟, (Re(𝑧) > 0, Re(𝑤) > 0),

e have

(𝑧,𝑤) =
𝛤 (𝑧)𝛤 (𝑤)
𝛤 (𝑧 +𝑤)

.

ow we continue with the proof of Lemma 1 . For 𝛼 ∈ (0, 1), the proof is
given by Wei [55]. Consider now 𝛼 ∈ (1, 2). We have that

𝐶𝐷𝛼𝜓𝛼,𝛽 (𝜇, 𝑡) =
1

𝛤 (2 − 𝛼) ∫

𝑡

0

𝜓 (2)
𝛼,𝛽 (𝜇, 𝜏)

(𝑡 − 𝜏)𝛼−1
𝑑𝜏

= 1
𝛤 (2 − 𝛼)

∞
∑

𝑘=0
∫

𝑡

0

𝜇𝑘𝜏𝛼𝑘+𝛽−3(𝛼𝑘 + 𝛽 − 1)(𝛼𝑘 + 𝛽 − 2)
(𝑡 − 𝜏)𝛼−1𝛤 (𝛼𝑘 + 𝛽)

𝑑𝜏

= 1
𝛤 (2 − 𝛼)

∞
∑

𝑘=0
∫

𝑡

0

𝜇𝑘𝜏𝛼𝑘+𝛽−3

(𝑡 − 𝜏)𝛼−1𝛤 (𝛼𝑘 + 𝛽 − 2)
𝑑𝜏

= 1
𝛤 (2 − 𝛼)

∞
∑

𝑘=1
∫

𝑡

0

𝜇𝑘+1𝜏𝛼(𝑘+1)+𝛽−3

(𝑡 − 𝜏)𝛼−1𝛤 (𝛼(𝑘 + 1) + 𝛽 − 2)
𝑑𝜏

=
∞
∑

𝑘=1
∫

1

0

𝜇𝑘+1𝑟𝛼(𝑘+1)+𝛽−3𝑡𝛼(𝑘+1)+𝛽−3

𝛤 (2 − 𝛼)𝑡𝛼−1(1 − 𝑟)𝛼−1𝛤 (𝛼(𝑘 + 1) + 𝛽 − 2)
𝑡𝑑𝑟

=
∞
∑

𝑘=1

𝜇𝑘+1𝑡𝛼𝑘+𝛽−1

𝛤 (2 − 𝛼)𝛤 (𝛼(𝑘 + 1) + 𝛽 − 2)

× ∫

1

0
𝑟𝛼(𝑘+1)+𝛽−3(1 − 𝑟)(−𝛼+1)+1−1𝑑𝑟

(36)

y applying Lemma A.1 to the integral term in (36), we get that

𝐷𝛼𝜓𝛼,𝛽 (𝜇, 𝑡) =
∞
∑

𝑘=1

𝜇𝑘+1𝑡𝛼𝑘+𝛽−1

𝛤 (2 − 𝛼)𝛤 (𝛼(𝑘 + 1) + 𝛽 − 2)
𝐵(𝛼(𝑘 + 1) + 𝛽 − 2, 2 − 𝛼)

= 𝜇
∞
∑

𝑘=0

𝜇𝑘𝑡𝛼𝑘+𝛽−1

𝛤 (𝛼𝑘 + 𝛽)

= 𝜇 𝜓𝛼,𝛽 (𝜇, 𝑡). □
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