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KNOT QUANDLE DECOMPOSITION ALONG A TORUS

MARCO BONATTO, ALESSIA CATTABRIGA, EVA HORVAT

Abstract. We study the structure of the augmented fundamental quandle of a knot
whose complement contains an incompressible torus. We obtain the relationship between
the fundamental quandle of a satellite knot and the fundamental quandles/groups of its
companion and pattern knots. General presentations of the fundamental quandles of a
link in a solid torus, a link in a lens space and a satellite knot are described. In the last
part of the paper, an algebraic approach to the study of affine quandles is presented and
some known results about the Alexander module and quandle colorings are obtained.

1. Introduction

Thirty years ago, quandles were introduced independently by David Joyce [16] and Sergei
Matveev [18] as an algebraic structure that generalizes the knot group. Since then, a con-
siderable amount of research has aimed at using the algebra of quandles in knot theory,
while on the other hand, quandles and related structures have been intensively studied as
abstract algebraic objects. In this setting, it would be interesting to explore how the ma-
chinery developed in the algebraic setting could be used to obtain or re-obtain topological
results.

In [7], we explored the fundamental quandle as a functor from the category of oriented
tangles to a suitably defined quandle category. This implied results about construction of
the fundamental quandle of a link from the fundamental quandles of its constituent tangles.

In this paper, we are looking at a different kind of knot quandle decomposition. For
any knot K in a closed orientable connected 3-manifold M , the action of the fundamen-
tal group on the knot quandle Q(K) implies that Q(K) has a natural structure of an
augmented quandle [9]. If M is not a simply connected manifold, the augmentation map
ε : Q(K) → π1(K) is not surjective. In such case, the augmented fundamental quandle of
K is given by a general presentation, as defined in [9]. Our study is concerned with the case
when the complement of a knot K contains an incompressible torus T . Then the fact that
K is notrivially embedded in a solid torus with boundary T is reflected in the structure of
its fundamental quandle. Specifically, the fundamental quandle of K may be expressed as
an augmented quandle, whose underlying set is the quandle of a knot in the solid torus.

Date: September 29, 2020.
1991 Mathematics Subject Classification. 57K10, 57K12, 57K14.
Key words and phrases. augmented fundamental quandle, links in the solid torus, satellite knots, links

in lens spaces, Alexander quandle, quandle colorings.
1

ar
X

iv
:2

00
9.

12
86

9v
1 

 [
m

at
h.

G
T

] 
 2

7 
Se

p 
20

20
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In the classical case of knots in S3, this happens when K is a satellite knot. In Theorem
6, the fundamental quandle of a satellite knot is expressed in terms of the fundamental
quandle of its pattern and the fundamental groups of the pattern and companion knots.
Moreover, when M is a lens space, then the complement of every non-local knot K in
M contains an incompressible torus, and a presentation for the augmented fundamental
quandle of K may be expressed in a simple way. Since lens spaces may be thought of as
“building blocks” for more complicated 3-manifolds, a similar technique could be applied
to obtain a presentation for the fundamental quandle of a knot inside any 3-manifold M .

Despite finding a presentation for the knot quandle is not difficult, the general algebraic
structure of knot quandles remains quite elusive. As in group theory, abelian groups are
well understood due to their Z-module structure, affine quandles represent a better known
and probably most studied class of quandles, since they are essentially modules over the
ring of Laurent polynomials. Among them, the most important from a topological point
of view is the classical Alexander module of a knot. In the paper, we associate to each
connected quandle an affine quandle that is the quandle analogue of group abelianization
and that in the case of knot quandles equals the Alexander module. Using this approach
and the presentation of the quandle of a satellite knot, we reobtain a classical result of [17]
about the structure of the module and some results on colorings by affine quandles (see [1]).

The paper is structured as follows. In Section 2, we recall some background on quandles
themselves and on the fundamental quandle of links. Subsection 2.1 contains the basic
definitions of a quandle, an augmented quandle and related terms, while Subsection 2.2
recalls quandle presentations. In Subsection 2.3 we explain the topological meaning of
the fundamental quandle of a link and describe its presentation. In Section 3, we obtain a
general presentation of the augmented fundamental quandle of a link in the solid torus. This
result is applied in Section 4 to present the quandle of a link in a lens space. In Section 5,
we focus on satellite knots. First we recall the relationship between the fundamental group
of a satellite knot and the groups of its companion and pattern knots. Then we express
the fundamental quandle of a satellite knot in terms of the fundamental quandles/groups
of its companion and pattern knots. We obtain a general presentation of the fundamental
quandle of a satellite knot, which is illustrated in a couple of sample computations. In
Section 6, we turn our attention to affine quandles. A quick recollection of basic definitions
and properties is done in Subsection 6.1. In Subsection 6.2, we describe the construction
of the Alexander module of a connected quandle, and its relationship with the Alexander
module of a knot. Subsection 6.3 contains results about colorability of knots by affine
quandles.

2. Preliminaries

2.1. Quandles as algebraic structures. A quandle is a nonempty set Q with a binary
operation ∗ : Q×Q→ Q that satisfies the following axioms:

(1) x ∗ x = x for every x ∈ Q.
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(2) The mapping Ry : Q → Q, called right translation given by Ry(x) = x ∗ y, is a
bijection for every y ∈ Q.

(3) For any x, y, z ∈ Q the formula (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z) holds.

A set Q with a binary operation that satisfies only the axioms (2) and (3) is called a rack.
Using axiom (2), it is possible to see that a quandle (Q, ∗) admits another binary opera-

tion ∗ , given by x ∗ y := R−1
y (x) for every x, y ∈ Q. The equalities (x∗y) ∗ y = (x ∗ y)∗y = x

hold for every x, y ∈ Q. Every group G has a natural quandle structure, given by conju-
gation, that is g ∗ h = hgh−1, that will be denoted as Conj(G).

A map between quandles f : (Q1, ∗1) → (Q2, ∗2) is called a quandle homomorphism if
it satisfies f(x ∗1 y) = f(x) ∗2 f(y) for every x, y ∈ Q1. Note that in any quandle Q, the
right translation Ry(x) = x ∗ y is a quandle automorphism. An equivalence relation ∼ on
a quandle (Q, ∗) is called a congruence if the implication

x ∼ y and z ∼ w ⇒ x ∗ z ∼ y ∗ w and x ∗ z ∼ y ∗w

holds for every x, y, z, w ∈ Q. Every quandle homomorphism f : Q → Q′ defines a
congruence on Q by x ∼ y ⇐⇒ f(x) = f(y).

The subgroup of the automorphism group1, Aut(Q), generated by all right translations
is called the inner automorphism group Inn(Q), and the subgroup

Dis(Q) = 〈RxR−1
y : x, y ∈ Q〉

of Inn(Q) is called the displacement group of Q. It is a well-known fact that the groups
Inn(Q) and Dis(Q) have the same orbits: if they act transitively on Q, the quandle is
said to be connected. Many quandle theoretical properties are determined by the group
theoretical properties of the displacement group. If h : Q −→ Q′ is a surjective quandle
homomorphism, then the function

Rx 7→ Rh(x)

defined on generators of Inn(Q) can be extended to a surjective group homomorphism
Inn(Q) −→ Inn(Q′), and such homomorphism restricts and corestricts to the displacement
groups.

In this paper we are interested in quandles associated to topological structures: in this
setting, the notion of augmented quandle arises naturally. We recall it from [16].

Definition 1. An augmented quandle is given by a pair (Q,G), where G is a group,
equipped with a right action on a set Q (which we will write exponentially), and there is
a map ε : Q→ G (the augmentation map) that satisfies

(1) qε(q) = q, ∀q ∈ Q,
(2) ε(qx) = x−1ε(q)x, ∀q ∈ Q, ∀x ∈ G.

The augmented quandle (Q,G) is the set Q with a binary operation ∗ that is given by

x ∗ y = xε(y) for any x, y ∈ Q.

1For function composition we take the convention fg(x) = f(g(x)).
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It is easy to see that an augmented quandle is, indeed, a quandle. Moreover, every
quandle Q comes equipped with a natural augmentation map ε : Q → Inn(Q), defined by
ε(q) = Rq.

Definition 2. A homomorphism of augmented quandles (Q,G) and (P,H) consists of a
group homomorphism g : G→ H and a function f : Q→ P , such that the diagram

Q×G

f×g
��

// Q
ε //

f
��

G

g

��
P ×H // P

ε // H

commutes.

2.2. Quandle presentations. We recall the basics about quandle presentations from [9].

Definition 3. Denote by F (S) the free group, generated by a set S. Let ip be the smallest
equivalence relation on the product S × F (S), such that (a,w)ip(a, aw) for every (a,w) ∈
S×F (S). The free quandle on S is the augmented quandle FQ(S) = ((S×F (S))/ip, F (S)),
where the action of F (S) on (S × F (S))/ip is on the second entry, and the augmentation
map ε : (S × F (S))/ip → F (S) is given by ε([a,w]) = w−1aw. It follows that the quandle
operation is given by [a,w] ∗ [b, z] = [a,wz−1bz] for any a, b ∈ S and w, z ∈ F (S).

The free quandle generated by the set S has the universal property that for any quan-
dle Q, a given function S → Q extends uniquely to a quandle homomorphism FQ(S)→ Q.

A primary presentation of a quandle consists of two sets S (the generating set) and R
(the set of relations). Elements of R are ordered pairs (x, y) with x, y ∈ FQ(S), which we
will write as equations: x = y. The presentation defines a quandle [S : R] as follows. Let
∼ be the smallest congruence on the free quandle FQ(S) containing R (such that x ∼ y
whenever (x = y) ∈ R). Then

[S : R] :=
FQ(S)

∼
.

The notation [S : R] will be reserved for quandle presentations, while for group presen-
tations we will use the more standard notation 〈S : R〉.

In order to deal with fundamental quandles of knots in non simply connected manifolds,
we will need the notion of a general quandle presentation.

Definition 4. Given two sets S and T , the extended free quandle FQ(S, T ) is the aug-
mented quandle FQ(S, T ) = ((S × F (S ∪ T ))/ip, F (S ∪ T )), where F (S ∪ T ) acts by
the canonical right action on the second entry of (S × F (S ∪ T ))/ip, and whose aug-
mentation map is given by ε[a,w] = w−1aw. The quandle operation is thus given by
[a,w] ∗ [b, z] = [a,wz−1bz] for any a, b ∈ S and w, z ∈ F (S ∪ T ).

A general presentation of a quandle consists of four sets: the primary generating set
SP , the operator generators SO, the primary relations RP and the operator relations RO.
Elements of RP are statements of the form x = y, where x, y ∈ FQ(SP , SO), and elements
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of RO are words w ∈ F (SP ∪ SO). Given a general presentation [SP , SO : RP , RO], let ∼
be the smallest congruence on FQ(SP , SO) that contains

(1) x ∼ y for every (x = y) ∈ RP ,
(2) [z, w] ∼ [z, 1] for every z ∈ SP and w ∈ RO.

Then the quandle, generated by the presentation, is defined as

(1) [SP , SO : RP , RO] :=
FQ(SP , SO)

∼
.

Remark 1. Let Q be the quandle, presented as in (1). Note that the elements of Q are of
the form

[(x, g)] = [(x, 1)] · g
for x ∈ SP and g ∈ F (SP ∪ SO).

2.3. The fundamental quandle of a link. The fundamental quandle of a codimension
2 link was defined in [9]. For the reader’s convenience, we include a brief review of its
construction.

Let M be a closed connected oriented manifold, and let L ⊂M be a nonempty submani-
fold of codimension 2. We assume that the embedding is proper if either manifold contains
boundary, and that L is transversely oriented in M . Denote by NL a regular neighbour-
hood of L inside M , and by EL = closure(M−NL) its exterior. Choose a basepoint z ∈ EL
and define

PL = {homotopy classes of paths in EL from ∂NL to z} .
The homotopy has to fix z and may move the starting point along ∂NL. The fundamental
group π1(EL) = π1(EL, z) has a natural right action on the set PL. If a ∈ PL is represented
by a path α and g ∈ π1(EL) is represented by a loop γ, then ag is defined to be the homotopy
class of the composite path αγ.

For any point x ∈ ∂NL, denote by mx the loop based at x, which runs once around the
meridian of L in the positive direction. Now define a map ε : PL → π1(EL) by

ε([α]) = [αmα(0)α] ,

where [ζ] denotes the homotopy class, and ζ denotes the reversal of a path ζ. It is easy
to see that the pair (PL, π1(EL)) defines an augmented quandle with augmentation map ε
(see Definition 1).

Definition 5. The augmented quandle (PL, π1(EL)) defined above is called the fundamen-
tal quandle of the link L, and is denoted by Q(L).

For the sake of simplicity, we denote an element [α] of Q(L) just as α. The corre-
spondence (M,L) → Q(L) is functorial, that is a map f : (M,L) → (M ′, L′) induces an
extended quandle homomorphism at the augmented quandle level, that we still denote with
f .

The fundamental quandle of a link in S3 admits a simple presentation in terms of a
link diagram. Let DL be an oriented link diagram of a link L in S3. Figure 1 depicts the
crossing relation at a crossing of the diagram DL.
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x

y x ∗ y

Figure 1. The crossing relation

Theorem 2. [9, Theorem 4.7] Given a diagram DL of a link L in S3, let A(DL) be
the set of arcs and let C(DL) be the set of crossing relations at the crossings of DL.
Then the fundamental quandle Q(L) of the link L is given by the quandle presentation
[A(DL) : C(DL)].

Now consider a more general situation. Let L be a link in a closed connected orientable
3-manifold M . By the Lickorish–Wallace theorem, M may be obtained by rational surgery
on a framed link in S3 (see [19, §16]). The link L may thus be given by a diagram DL,
which contains also the surgery curves for M , each decorated with the framing parameter
belonging to Q∪{1/0}. In this diagram, the surgery curves will be colored by red, and the
curves belonging to L will be colored by black. Denote by Ar(DL) (respectively Ab(DL))
the set of red arcs (respectively black arcs) of the diagram DL. There are four types of
crossings that may occur in the diagram DL, and each of them determines a corresponding
crossing relation as depicted in Figure 2. Denote by Ci(DL) the set of crossing relations
at all crossings of type Ci in the diagram DL for i = 1, 2, 3, 4.

x

y x ∗ y

C1

x

a xa

C2

a

x ε(x)aε(x)

C3

a

b bab

C4

Figure 2. The four types of crossing relations in a diagram of a link in a 3-manifold

The exterior EL = closure(M −NL) of the link L in the 3-manifold M is obtained from
S3 by removing a regular neighborhood of each surgery curve, gluing back the solid torus
according to the surgery prescription (which means we attach a 2-handle according to the
framing parameter and close up with the remaining 3-handle), and removing a regular
neighborhood of each component of the link L. For each surgery curve, the attachment of
the 2-handle adds a new relation to the fundamental group π1(EL). Denote by R the set
of relations in π1(EL) that correspond to attaching maps of the 2-handles. In [9, Theorem
4.10], a presentation of the fundamental rack of L is described in terms of arcs and crossings
of DL for the case of integer surgery (i.e. the framing parameters belong to Z ∪ {1/0}).
That result easily generalizes to the following.



KNOT QUANDLE DECOMPOSITION ALONG A TORUS 7

Theorem 3. [9, Theorem 4.10] The fundamental quandle Q(L) of the link L in a closed,
orientable, connected 3-manifold M is given by the general quandle presentation

[Ab(DL), Ar(DL) : C1(DL) ∪ C2(DL), C3(DL) ∪ C4(DL) ∪R] .

3. Fundamental quandle of a link in the solid torus

In this section, we describe the fundamental quandle of a link inside the simplest 3-
manifold that is not the 3-sphere. This will be our building block for the fundamental
quandles of satellite links and of links in lens spaces.

Let L be a link in the solid torus S1×D2. Imagine the solid torus standardly embedded
in R3, so that its core coincides with the unit circle in R2×{0}. Then a regular projection
of L to the plane R2 × {0} with a hole in its center represents a diagram of L, see Figure
3. Using such diagrams, a knot atlas of knots in the solid torus was constructed in [11].

L

Figure 3. A diagram of a link in the solid torus

Compactifying R3, the z-axis becomes a circle C. The solid torus S1 ×D2 is obtained
by cutting out a regular neighborhood of C from S3. We obtain a diagram of L inside S3,
in which C represents a surgery curve, see Figure 4. A presentation of the fundamental
quandle of L may be read from this diagram. Denote by a1, . . . , ad the arcs of the surgery
curve C and by x1, . . . , xn the arcs of the link L, as depicted in Figure 4. Denote by
δi ∈ {−1, 1} the sign of the crossing with overcrossing arc a1 and undercrossing arcs xi, xd+i.
Note that our ambient manifold S1 × D2 is not closed: while the regular neighbourhood
of C is removed from S3, no solid torus is glued back along the resulting boundary. The
general presentation of Theorem 3 could be adapted to the case of M = S1 ×D2 just by
removing relations R that would correspond to the attachment of 2-handles. So the general
presentation of the fundamental quandle Q(L) is given by

[{x1, . . . , xn}, {a1, . . . , ad} : C1(DL) ∪ {(xd+i)
a1 = xi for i = 1, . . . , d},

{ε(x1)δ1a1ε(x1)δ1 = a2, ε(x2)δ2a2ε(x2)δ2 = a3, . . . , ε(xd)δdadε(xd)
δd = a1)}] ,
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L
x1

x2
x3xd

xd+1

xd+2

xd+3

x2d

a1

a2
a3

ad

C

Figure 4. Surgery diagram of a link L in the solid torus

which simplifies to a presentation with a single operator generator:[
{x1, . . . , xn}, {a1} : C1(DL) ∪ {(xd+i)

a1 = xi for i = 1, . . . , d}, {[a1, ε(x1)δ1 . . . ε(xd)
δd ] = 1}

]
,

where [a, b] denotes the commutator aba−1b−1.

4. Fundamental quandle of a link in a lens space

The lens space Lp,q is obtained from the 3-sphere by (−p/q) surgery on the unknot. In
other words, remove an unknotted solid torus V from S3. Denote by µ and λ the meridian
and preferred longitude of the remaining solid torus U , and by µ′ the meridian of V . Now
glue the removed part back by a homeomorphism φ : ∂V → ∂U , gluing µ′ along a simple
closed curve homologous to pλ− qµ.

Consider a link L in the lens space Lp,q. In the above construction, it may be assumed
that L is contained inside the solid torus U . A surgery diagram of such link is given in
Figure 5. The first step of the surgery (removal of the solid torus V ) thus yields a link
inside the solid torus, whose fundamental quandle was described in Section 3 and is given
by the general presentation[
{x1, . . . , xn}, {a1} : C1(DL) ∪ {(xd+i)

a1 = xi for i = 1, . . . , d}, {[a1, ε(x1)δ1 . . . ε(xd)
δd ] = 1}

]
.

In the second step of the surgery, the glueing of the 2-handle along the prescribed curve
adds a new operator relation to this presentation (this relation belongs to the set R in
Theorem 3). Using notation from Figure 5, the longitude of U is given by λ = a1, and the
meridian of U is given by µ = ε(x1)δ1 . . . ε(xd)

δd .
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L
x1

x2
x3xd

xd+1

xd+2

xd+3

x2d

a1

a2
a3

ad

−p/q

Figure 5. Surgery diagram of a link L in the lens space

Therefore, the augmented fundamental quandle of the link L in the lens space Lp,q is
given by the general presentation

[{x1, . . . , xn}, {a1} : C1(DL) ∪ {(xd+i)
a1 = xi for i = 1, . . . , d},{

[a1, ε(x
δ1
1 ) . . . ε(xd)

δd ] = 1, ap1 =
(
ε(x1)δ1 . . . ε(xd)

δd
)q}

] .

In [13], an analogous presentation of the fundamental rack of a link in Lp,1 was given.
By counting representations of the fundamental rack of a link into a finite rack, we obtain
the rack counting invariants. This idea was exploited to define rack invariants of links in
Lp,1.

In [8], the authors associated to each link L in Lp,1 a virtual quandle invariant V Q(L)
that is a couple (Q, f), with Q a quandle and f ∈ Aut(Q). The definition of V Q(L) is given
by describing a presentation constructed from a surgery diagram. Even if the authors find
some connection with topological invariants of the link, such as homology, the topological
meaning of V Q(L) is not clear: studying the connection between the above presentation of
Q(L) and the presentation of V Q(L) could lead to a topological interpretation of V Q(L).

5. Fundamental quandle of satellite knots

A satellite knot is a knot S, whose complement contains an incompressible torus that
is not parallel to the boundary of a regular neighborhood of S. Let S be a satellite knot,
and denote by T an incompressible, non boundary-parallel torus in the complement of S.
Denote by V the solid torus containing S, whose boundary is T . The core of V is a knot
C, that we call the companion of S. Let f : V → S1×D2 be a homeomorphism that takes
a preferred longitude and meridian of V to the preferred longitude and meridian of the
standard solid torus U = S1 ×D2 in S3. Then P = f(S) is a knot in the solid torus that
is called the pattern of S. Moreover if we orient C so that S is homologous in V to wC
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with w a non-negative integer number (there a choice to be made when w = 0), we call w
the winding number of S.

Since P can be considered both as a knot in U and a knot in S3, we will use the notation
π1(P ) = π1(S3 − NP ) and π1(U − P ) = π1(U − NP ). Analogously, Q(P ) will denote the
fundamental quandle of P in S3 and Q(U − P ) will denote the augmented fundamental
quandle of P in U .

Remark 4. The augmented fundamental quandle Q(U −P ) and the fundamental quandle
Q(P ) of the pattern as a knot in S3 have a straightforward connection. Namely, a primary
presentation for Q(P ) is obtained from the general presentation of Q(U − P ), given at the
end of Section 3, by sending the operator generator a1 to the identity:

[{x1, . . . , xn} : C1(DL) ∪ {xd+i = xi for i = 1, . . . , d}] .

It is well-known that the fundamental group of a satellite knot can be described in terms
of the fundamental groups of its companion and pattern.

Proposition 5. [6, Proposition 3.11] Let S be a satellite knot with companion C and
pattern P . Let f : V → U be a homeomorphism between a regular neighborhood of C
and an unknotted solid torus U , such that f(S) = P . Denote by i1 : ∂V → S3 − C and
i2 : ∂U → U − P the respective inclusions. Then π1(S) ∼= π1(C) ∗(π1(∂V ),i1,i2) π1(U − P ).

More precisely, the isomorphism Φ : π1(C) ∗(π1(∂V ),i1,i2) π1(U − P ) → π1(S) is defined
as follows. Choose a basepoint z ∈ ∂V that will be omitted from the fundamental groups
to simplify notation. Define Φ (c1p1 . . . crpr) = c1f

−1(p1) . . . crf
−1(pr), where ci denotes a

homotopy class of a loop in S3 − C based at z, while pi denotes the homotopy class of a
loop in U − P , based at f(z).

Since the fundamental quandle of any knot K is a generalization of the fundamental
group of K, it is plausible to expect that the fundamental quandle of a satellite knot may
as well be described in terms of the fundamental quandles/fundamental groups of its com-
panion and pattern knots. In what follows, we are going to specify this description.

Set GP,C = π1(C) ∗(π1(∂V ),i1,i2) π1(U − P ) and denote by ι : π1(U − P ) → GP,C the
inclusion into the amalgamated product. The fundamental group π1(U − P ) admits a
natural action on the fundamental quandle Q(U − P ) (see the definition of fundamental
quandle in Section 2.3). Consider the set Q(U − P )×GP,C , on which we define a relation
∼ by

(α, ι(b)g) ∼ (αb, g) for every α ∈ Q(U − P ), b ∈ π1(U − P ) and g ∈ GP,C .
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It is easy to check that ∼ is an equivalence relation on Q(U − P ) × GP,C and that the
following diagram commutes

GP,C

Φ
��

π1(S) π1(U − P )

ι
ee

(f−1)
oo

Using Φ, the equivalence relation ∼ may also be expressed in another way.

Lemma 1. For two elements (α, g), (β, h) ∈ Q(U − P )×GP,C we have

(α, g) ∼ (β, h)⇔ f−1(α)Φ(gh−1) = f−1(β) .

Proof. (⇒) Suppose that (α, g) ∼ (β, h); then there exists a c ∈ π1(U−P ) so that g = ι(c)h
and β = αc. It follows that f−1(α)Φ(gh−1) = f−1(α)Φ(ι(c)) = f−1(α)f−1(c) = f−1(αc) =
f−1(β).

(⇐) Let f−1(α)Φ(gh−1) = f−1(β) for two elements (α, g), (β, h) ∈ Q(U − P ) × GP,C .
Then the diagram above implies that gh−1 ∈ Im(ι) and therefore f(Φ(gh−1)) = ι−1(gh−1).
We have αf(Φ(gh−1)) = αι−1(gh−1) = β and thus

(β, h) = (αι
−1(gh−1), h) ∼ (α, gh−1h) = (α, g) . �

Lemma 2. The pair ((Q(U − P )×GP,C)/∼, GP,C), equipped with the map ε : (Q(U −
P ) × GP,C)/∼ → GP,C , given by ε[α, g] = g αmα(0)α g, and the canonical right action of
GP,C on the second entry, defines an augmented quandle.

Proof. The group GP,C acts on the product Q(U − P ) × GP,C by right multiplication on
the second entry, and this action descends to the quotient (Q(U −P )×GP,C)/∼. Compute

[α, g]ε[α,g] = [α, g]g αmα(0)αg = [α, αmα(0)αg] = [α ∗ α, g] = [α, g]

ε([α, g]h) = ε[α, gh] = h g αmα(0)α g h = h−1ε[α, g]h

to see that the map ε satisfies both augmentation identities from Definition 1. �

Theorem 6. The fundamental quandle of the satellite knot S is isomorphic to the aug-
mented quandle ((Q(U − P )×GP,C)/∼, GP,C).

Proof. The fundamental quandle of the satellite has a natural structure of an augmented
quandle (Q(S), π1(S)). Choose a point z ∈ ∂V , that will serve as a common basepoint for
Q(S), π1(S) and π1(C). The action of π1(S) on Q(S) is given by αg = αg for any α ∈ Q(S)
and g ∈ π1(S). As we recall from Subsection 2.3, the augmentation map εS : Q(S)→ π1(S)
is given by εS(α) = αmα(0)α.

Now consider the augmented quandle ((Q(U − P )×GP,C)/∼, GP,C), obtained in Lemma
2. We need to show that the augmented quandles ((Q(U − P )×GP,C)/∼, GP,C) and
(Q(S), π1(S)) are isomorphic (see Definition 2).
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By Proposition 5, the groups GP,C and π1(S) are isomorphic, and, as recalled, the iso-
morphism Φ: GP,C → π1(S) is given by Φ (c1p1 . . . crpr) = c1f

−1(p1) . . . crf
−1(pr). Define

a map Ψ: (Q(U − P )×GP,C)/∼ → Q(S) by

Ψ [α, g] = f−1(α)Φ(g) = f−1(α)Φ (g) .

First observe that for any α ∈ Q(U − P ), b ∈ π1(U − P ) and g ∈ GP,C we have

Ψ[α, ι(b)g] = f−1(α)Φ(ι(b)g) = f−1(α)f−1(b)Φ(g) = f−1(αb)Φ(g) = Ψ[αb, g] ,

thus Ψ is well defined. It follows from Lemma 1 that Ψ is injective.
To show that Ψ is surjective, choose an element s ∈ Q(S). Recall that s is the homotopy

class of a path γ : I → ES from γ(0) ∈ ∂NS to γ(1) = z. We may assume that the
trajectory of γ intersects the torus ∂V transversely in a finite set of points. Define

t0 =

{
min {t ∈ I : γ(t) ∈ ∂V } , if γ(I) ∩ ∂V 6= ∅
1 , otherwise.

Choose a path β : I → ∂V from γ(t0) to z. Then γ ' γ|[0,t0] β β γ|[t0,1]. Note that α :=

γ|[0,t0] β is a path in the closure(V −NS) from ∂NS to the basepoint z, while g := β γ|[t0,1]

is a loop in ES , based at z. It follows that γ ' f−1(f(α))Φ(Φ−1(g)) and thus γ =
Ψ[f(α),Φ−1(g)].

Consider the diagram

(Q(U − P )×GP,C) /∼ ×GP,C

Ψ×Φ
��

// (Q(U − P )×GP,C) /∼
ε //

Ψ
��

GP,C

Φ
��

Q(S)× π1(S) // Q(S)
εS // π1(S)

The diagram above is commutative, indeed we have

Ψ
(

[α, g]ε[β,h]
)

= Ψ [α, gε(β, h)]] = Ψ
[
α, gh βmβ(0)βh

]
(Ψ× Φ)[α, g]ε[β,h] =

(
f−1(α)Φ(g)

)Φ(ε[β,h])
= f−1(α)Φ(gh βmβ(0)βh)

Φ(ε(α, g)) = Φ
(
g αmα(0)αg

)
εS (Ψ[α, g]) = εS

(
f−1(α)Φ(g)

)
= Φ

(
g αmα(0)αg

)
for every [α, g] and [β, h] in (Q(U − P )×GP,C)/∼.

We have shown that Φ and Ψ are both bijections, thus they define an isomorphism of
augmented quandles. �

By Theorem 6, a presentation for the fundamental quandle of a satellite knot may be
recovered from the presentations of fundamental quandles of companion and pattern knots.
Note that the pattern knot is a knot in the solid torus, whose fundamental quandle has
been described in Section 3.
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Corollary 7. Let S be a satellite knot with companion C and pattern P . Let f : V → U
be a homeomorphism between a regular neighbourhood of C and an unknotted solid torus
U , such that f(S) = P . Denote by µV and λV (respectively µU and λU ) the meridian
and preferred longitude of the solid torus V (respectively U). Given a general presentation
[SP1, SP2 : RP1, RP2] of the augmented fundamental quandle Q(U −P ) and a presentation
〈SC : RC〉 of the fundamental group π1(C), the augmented fundamental quandle Q(S) has
a general presentation

[SP1, SP2 ∪ SC : RP1, RP2 ∪RC ∪ {i1(µV ) = i2(µU ), i1(λV ) = i2(λU )}] ,(2)

where i1 : ∂V → S3 − C and i2 : ∂U → U − P are respective inclusions.

Remark 8. When using the general presentation (2) to find the fundamental quandle of
a satellite knot based on a knot diagram, meridians and longitudes of the solid tori U and
V may be chosen in a standard way. Namely, in the diagram of the companion knot,
the generator of π1(C) corresponding to any arc may be chosen as the meridian µV . The
longitude λV is obtained as the product of generators corresponding to arcs one passes under
when going around the companion knot once, taking each term of the product to the power
that equals the sign of the crossing. The longitude λU corresponds to the “red” arc in the
diagram of the pattern (this is the arc a1 in Figure 4). The meridian µU corresponds to the

product ε(x1)δ1ε(x2)δ2 . . . ε(xd)
δd in Figure 4, where w =

∑d
j=1 δj is the winding number of

the knot.

Figure 6. The double of the trefoil knot

Example 9 (The double of the trefoil knot). Consider the simple satellite in Figure 6,
whose companion and pattern knots are given by Figure 7. The presentation of the funda-
mental quandle of P is given by

Q(U−P ) =
[
{x1, x2, x3, x4}, {a} : {x1 ∗ x4 = x2, x4 ∗ x1 = x3, x

a
3 = x1, x

a
4 = x2}, {[a, ε(x1)ε(x2)] = 1}

]
,
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while the fundamental group of the trefoil is given by the presentation

π1(C) = 〈{y1, y2, y3 } : {y3y1y3 = y2, y2y3y2 = y1, y1y2y1 = y3}〉.

We may assume that i1(µV ) = y3, i1(λV ) = y3y1y2, i2(µU ) = ε(x1)ε(x2) and i2(λU ) = a.
It follows that the fundamental quandle of the satellite is given by the presentation

Q(S) = [{x1, x2, x3, x4}, {a, y1, y2, y3 } : {x1 ∗ x4 = x2, x4 ∗ x1 = x3, x
a
3 = x1, x

a
4 = x2},

{[a, ε(x1)ε(x2)] = 1, y3y1y3 = y2, y2y3y2 = y1, y1y2y1 = y3, y3 = ε(x1)ε(x2), a = y3y1y2}]

that simplifies to

Q(S) = [{x1, x4}, {y1, y2 } : {(x4 ∗ x1)y1y2y
2
1y2 = x1, x

y1y2y
2
1y2

4 = x1 ∗ x4},

{y1y2y1 = y2y1y2, y
2
1y

2
2y1 = y2y

2
1y

2
2, y1y2y1 = ε(x1)ε(x1 ∗ x4)}] .

y3

y1

y2

x2 x1x4x3

a

PC

Figure 7. Companion and pattern of the knot from Example 9

Example 10 ((5, 2)-cable of the trefoil knot). A cable knot is a satellite knot whose pattern
is a torus knot. For coprime integers p and q, the torus knot of type (p, q) is the knot T (p, q),
that is ambient isotopic to the simple closed curve pµU + qλU on ∂U . The satelllite knot
with companion C and pattern T (p, q) is called a (p, q)-cable of C.

Consider the torus knot T (p, 2) lying on the boundary of the solid torus U , whose dia-
gram is shown in Figure 8. As a knot in a solid torus, its fundamental quandle admits a
presentation

Q(U − P ) = [{x0, x1, . . . , xp+1}, {a} :

{x1 ∗ x0 = xp+1, x0 ∗ xp+1 = xp, . . . , x4 ∗ x3 = x2, x
a
1 = x3, x

a
0 = x2}, {[a, ε(x2) ε(x3)] = 1}] ,
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x3

x0

xp+1

xp

x4

a

x1

x2

Figure 8. Diagram of the torus knot T (p, 2) inside the solid torus U .

that simplifies to

Q(U − P ) = [{x0, x1}, {a} : {xa1 =

p︷ ︸︸ ︷
x0 ∗ x1 ∗ . . . ∗ x0, x

a
0 =

p+1︷ ︸︸ ︷
x1 ∗ x0 ∗ . . . ∗ x0},

{[ε(x0 ∗ x1 ∗ . . . ∗ x0︸ ︷︷ ︸
p

)ε(x1 ∗ x0 ∗ . . . ∗ x0︸ ︷︷ ︸
p+1

), a] = 1}] .

The fundamental group of the trefoil knot has a presentation

π1(C) = 〈{y1, y2, y3 } : {y3y1y3 = y2, y2y3y2 = y1, y1y2y1 = y3}〉.

We may assume that i1(µV ) = y3, i1(λV ) = y3y1y2, i2(µU ) = ε(x2) ε(x3) and i2(λU ) = a.
Using Corollary 7, it is possible to obtain a presentation for the (p, 2) cable of the trefoil
knot. Just as an example, we work out computations in the case p = 5:

Q(S) = [{x0, x1}, {a, y1, y2, y3 } : {xa1 = x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0, x
a
0 = x1 ∗ x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0},

{[ε(x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0)ε(x1 ∗ x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0), a] = 1, y3y1y3 = y2, y2y3y2 = y1,

y1y2y1 = y3, y3 = ε(x1 ∗ x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0) ε(x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0), a = y3y1y2}]
that simplifies to

Q(S) = [{x0, x1}, {y1, y2 } :

{xy1y2y
2
1y2

1 = x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0, x
y1y2y

2
1y2

0 = x1 ∗ x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0},

{y1y2y1 = y2y1y2, y1y2y1 = ε(x1 ∗ x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0) ε(x0 ∗ x1 ∗ x0 ∗ x1 ∗ x0),

y1y2y1y2y1 = y2y1y2y1y2}] .

Theorem 6 describes a decomposition of the fundamental quandle of a satellite knot
along the incompressible torus ∂V that is the boundary of a regular neighbourhood of
the companion knot. The quandle of a satellite knot S may also be decomposed into
simpler pieces in a different way. By choosing a suitable 2-sphere that intersects S in a
finite number of points, the satellite knot is expressed as a closure of the tensor product
of two tangles: one of them belongs to the pattern in the other one to companion knot.
By studying the fundamental quandle functor defined in [7], the fundamental quandle of a
satellite knot was expressed in terms of quandles of tangles in its decomposition.
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6. The Alexander module of a connected quandle

6.1. Abelian and affine quandles. In [5] the authors developed a commutator theory
for quandles in the sense of Freese and McKenzie [10]. Such theory defines the notions
of abelianness and centrality for congruences of arbitrary algebraic structures and conse-
quently also the notions of abelian, nilpotent and solvable algebraic structures. For racks
and quandles, such properties are completely reflected by the group theoretical properties
of the displacement group and its subgroups. For sake of simplicity, we use the charac-
terization of abelian quandles obtained in [5] as the definition: a quandle Q is said to be
abelian if Dis(Q) is abelian and semiregular (the pointwise stabilizers are trivial).

Let us denote by γQ the smallest congruence of Q with abelian quotient (such congruence
can be defined by any algebraic structure). The quotient Q/γQ can be also defined by the
following universal property: if there exists a surjective quandle homomorphism h : Q −→
Q′ and Q′ is abelian, then h factors through Q/γQ.

Lemma 3. Let Q be a quandle, N be a normal subgroup of Aut(Q) and let ∼N be the
orbit decomposition with respect to N . Then ∼N is a congruence of Q and

πN : Aut(Q) −→ Aut(Q/ ∼N ), h 7→ πN (h)

defined by setting πN (h)([a]) = [h(a)] is a well defined group homomorphism.

Proof. Let a ∼N c and b ∼N d, i.e. c = n1(a) and d = n2(b) for some n1, n2 ∈ N . Then

R±1
c (d) = R±1

n1(a)n2(b) = n1R
±1
a n−1

1 n2R
∓1
a︸ ︷︷ ︸

∈N

R±1
a (b).

Therefore R±1
c (d) ∼N R±1

a (b) and so ∼N is a congruence.
For the latter statement, we need to prove that if a ∼N b, then h(a) ∼N h(b) for every

h ∈ Aut(Q). Let b = n(a) for n ∈ N , we have

h(b) = h(n(a)) = hnh−1h(a)

and since hnh−1 ∈ N , then h(a) ∼N h(b). �

According to [2], if Q is a connected quandle, then γQ is the orbit decomposition with
respect to the derived subgroup of Dis(Q). In such case, we can apply Lemma 3.

Corollary 11. Let Q be a connected quandle. Then

πγ : Aut(Q) −→ Aut(Q/γQ), h 7→ πγ(h)

defined by setting πγ(h)([a]) = [h(a)], is a well defined group homomorphism.

Let A be an abelian group and f ∈ Aut(A). The algebraic structure (A, ∗), where

x ∗ y = f(x) + (1− f)(y)

for every x, y ∈ A is a quandle, denoted by Aff(A, f) and we call it affine or Alexander
quandle. Affine quandles are examples of abelian quandles. On the other hand, connected
abelian quandles are affine [14].
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Affine quandles and modules over the ring of Laurent polynomials Λ = Z[t, t−1] are
essentially the same thing. Indeed, every affine quandle Aff(A, f) is a Λ-module, defined
by t±1 ·x = f±1(x) for every x ∈ A. On the other hand, if M is a Λ-module, then Aff(M, t)
is an affine quandle. Such correspondence between affine quandles and Λ-modules has been
very effective to solve quandle theoretical problems, see for instance [12].

In this setting, the orbits with respect to the action of Dis(Aff(M, t)) are the cosets with
respect to the submodule (1− t)M , indeed

(3) RxR
−1
y (z) = (1− t)(x− y) + z,

for every x, y ∈M .
The following is a particular case of [4, Theorem 3.14].

Proposition 12. Let Qi = Aff(Ai, fi) for i = 1, 2 be connected affine quandles and Mi the
associated Λ-modules for i = 1, 2. The following are equivalent:

(i) h : Q1 −→ Q2 is a quandle homomorphism, such that h(0) = b.
(ii) h(x) = g(x) + b, where g is a morphism of Λ-modules between M1 and M2.

6.2. Presentation of the Alexander module. In this section we will denote by Γn(G)
the nth element of the derived series of a group G. Let Q be a quandle, we define the
adjoint group or associated group of Q as

(4) Adj(Q) = 〈Q : {xyx−1 = y ∗ x, x, y ∈ Q}〉.

If Q is connected, we can choose x1 ∈ Q and we get that the adjoint group of Q has the
following structure

(5) Adj(Q) ∼= Γ1(Adj(Q)) o 〈x1〉 ∼= Γ1(Adj(Q)) o Z ,

where we can describe the set of generators of Adj(Q) as E(Q) = {(ex, x1) : x ∈ Q} for
some elements ex ∈ Γ1(Adj(Q)), and in particular we may assume that ex1 = 1. The
semidirect product is defined by the action of conjugation by the element x1, restricted to
Γ1(Adj(Q)), where Z is the multiplicative group generated by x1. We denote such action
by ρ.

Let C = Conj({(h, x1) : h ∈ Γ1(Adj(Q))}), and let C0 = Conj(E(Q)) ⊆ C. The map

φ : Q −→ C0, x 7→ (ex, x1)

for x ∈ Q is a surjective quandle homomorphism. It is easy to prove that Γ1(Adj(Q)) is
generated by {(ey, x1)(1, x1)−1 = (ey, 1) : y ∈ Q} and since the quandle C0 is connected,
we have that

(6) (ex, 1) = (ex, x1)(1, x1)−1 = (hx, 1)(1, x1)(hx, 1)−1(1, x1)−1 = (hxρ(hx)−1, 1)

for some hx ∈ Γ1(Adj(Q)) for every x ∈ Q.
The abelian group Γ1(Adj(Q))/Γ2(Adj(Q)) has the structure of a Λ-module, defined by

the map induced by ρ on Γ1(Adj(Q))/Γ2(Adj(Q)), i.e.

t ·h= ρ(h)
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for every h ∈ Γ1(Adj(Q)), where h = h + Γ2(Adj(Q)) for h ∈ Adj(Q). Let us denote this
Λ-module by M(Q), and we call it the Alexander module of Q. The Alexander quandle of
Q is the affine quandle, associated toM(Q), and we denote it by Alex(Q) = Aff(M(Q), t).

Lemma 4. Let Q be a connected quandle. The map

γ : Q −→ Alex(Q), x 7→ ex,

is a surjective quandle homomorphism.

Proof. Let us denote by h the image of h ∈ Adj(Q) under the canonical map Adj(Q) −→
Adj(Q)/Γ2(Adj(Q)). The map

C −→ Alex(Q), (h, x1) 7→ h

is a quandle homomorphism. The image of the restriction of this mapping to C0 is the
subquandle U = {ex : x ∈ Q}. The subquandle U is connected and it contains 0, therefore
according to [3, Lemma 3.7], U is affine over a submodule ofM(Q). According to (6), the
group Γ1(Adj(Q))/Γ2(Adj(Q)) is generated by

ex = (1− t)hx
for x ∈ Q and so (1− t)M(Q) =M(Q). Since

ex1 ∗ex = (1− t)ex ∈ U

for every x ∈ Q, then (1− t)M(Q) =M(Q) ≤ U . Thus, the mapping γ in the statement
is onto. �

Let Q = [X : R] be a presentation of the quandle Q. Every relation in R is equivalent
to one relation of this form.

(R) Rk1x1 . . . R
kn
xn(y) = z

for some {y, z, xi : i = 1, . . . , n} ⊆ X.
The group Adj(Q) is generated by the set X and the relation (R) implies that

(CR) ek1x1 . . . e
kn
xneye

−kn
xn . . . e−k1x1 = ez

holds in Adj(Q). In particular, Adj(Q) is generated by the set X modulo the relations
obtained from R as in (CR).

Accordingly, in Alex(Q) we have that the linearized relation

(LR) (1− tk1)ex1 + tk1(1− tk2)ex2 + . . .+ tk1+...+kn−1(1− tkn)exn + tk1+...+kney = ez

holds. We can obtain a presentation of M(Q) using the corresponding generators and the
linearized relations as in (LR).

Lemma 5. Let Q = [X : R] be a presentation of a connected quandle and let x1 ∈ X. The
Alexander module M(Q) is the free Λ-module, generated by the set {ex : x ∈ X \ {x1}}
modulo the relations, obtained from R as in (LR).
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Proof. According to Lemma 4, the map x 7→ ex is a surjective quandle homomorphism,
so Alex(Q) is generated by {ex : x ∈ X}, and so M(Q) is generated as a module by
{ex : x ∈ X \ {x1}}, and the relations as in (8) hold. We need to show that this set of
relations provides a presentation of M(Q).

Let N be the Λ-module, generated by the set X \ {x1} and satisfying the relations as
in (8), and define the group G = N o Z, where the action by (0, 1) is the action of t on
N . It is easy to verify that the generators of G are {(x, 1) : x ∈ X \ {x1}} ∪ {(0, 1)} and
such generators satisfy the same relations that define the group Adj(Q). Hence we have a
canonical map from Adj(Q) onto G and the following commutative diagram

Adj(Q) //

��

G

Adj(Q)/Γ2(Adj(Q))

h

55 ,

where the map h restricts and corestricts to M(Q) and N . Hence if the generators of
M(Q) satisfy a relation, then also the generators of N do and therefore such relation is a
consequence of the set of relations of the relation obtained from R as in (LR). �

In the following Proposition, we show that Alex(Q) satisfies the same universal property
as Q/γQ. This result was implicit in the main result of [15].

Proposition 13. Let Q be a connected quandle. Then Alex(Q) ∼= Q/γQ.

Proof. In order to prove that Alex(Q) and Q/γQ are isomorphic, it is enough to show that
they have the same universal property. Let R be an abelian quandle and let h : Q −→ R
be a surjective quandle homomorphism. First, let us assume that h(x1) = 0.

If Q is generated by X, then according to Lemma 5 the Alexander module M(Q) is
generated by {ex + Γ2(Adj(Q)) : x ∈ X \ {x1}} modulo the relations as in (8).

The quandle R is a connected affine quandle, and so R has a structure of a Λ-module,
generated by {h(x) : x ∈ X \ {x1}}. So, the generators of the Λ-module, associated to
R, satisfy the same relations as the set of generators of M(Q). Therefore, there exists a

module homomorphism ĥ :M(Q) −→ R, mapping ex+Γ2(Adj(Q) to h(x) for x ∈ X\{x1}.
Thus, the following diagram is commutative:

(7) Q
γ //

h

''

Alex(Q)

ĥ

��
R

.

By Proposition 12, ĥ is also a quandle homomorphism and so the map h factors through
Alex(Q).

If h(x1) = a, we can consider the map ha(x) = h(x) − a with the property ha(x1) = 0.

Therefore h(x) = ha(x) + a = ĥaγ(x) + a, and so again h factors through γ. �
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According to [9, Corollary 3.3], the adjoint group of Q(K), the fundamental quandle of a
knotK in the 3-sphere (or more generally in a homotopy 3-sphere) is the fundamental group
of K. So the module M(Q(K)) is the classical Alexander module of K (see [6] for further
reference) and is a knot invariant that will be denoted simply by M(K). Analogously, we
set Alex(Q(K)) = Alex(K) and call it the Alexander quandle of K.

Example 14. Let K be a knot in the 3-sphere, and let Q(K) = [X : R] be a presentation of
the knot quandle as in Theorem 2. Then M(Q) is generated by {ex: x ∈ X \ {x1}} modulo
the relations

(8) (1− t)ey+ tex = ez

for each crossing relation x ∗ y = z in R, where x, y, z ∈ X. We denote this particular
presentation matrix of the Alexander module of a knot by VK(t). Note that VK(t) depends
on the choice of a particular knot diagram and on the labeling of the arcs in this diagram.

In the case of satellite knots, we recover a classical result by [17] (see also [6, Proposition
8.23]).

Proposition 15. Let S be a satellite knot with pattern P , companion C and winding
number w. Then a presentation matrix of M(S) is

(9) A(t) =

[
VP (t) 0

0 VC(tw)

]
.

Proof. A presentation of the knot quandle of S is provided in Corollary 7:

Q(S) = [SP1, SP2 ∪ SC : RP1, RP2 ∪RC ∪ {i1(µV ) = i2(µU ), i1(λV ) = i2(λU )}] .
Let us denote by xi (respectively yi) the generators in SP1 (respectively SC), and let a1 be
the only remaining generator of SP2, so that the labeling in

SP1 = {x1, . . . , xd, xd+1, . . . , x2d, x2d+1, . . . xn}
agrees with Figure 4. According to Remark 8, we can choose i2(λU ) = a1, i1(µV ) = y1 and
i2(µU ) = ε(xi1)δ1 . . . ε(xin)δn with w =

∑
j δj . By Proposition 5, the fundamental group of

S is isomorphic to the group GP,C = π1(C) ∗(π1(∂V ),i1,i2) π1(U − P ).
By Remark 1, the elements of Q(S) are of the form {g(x) : x ∈ SP1, g ∈ GP,C}. Using

the notation defined in Proposition 5, we have that the elements of the module M(S)
are of the form eg(x) (recall that we have ex1 = 0). Using Corollary 11, we have that
eg(x) = πγ(g)(ex).

The relations in the presentation of the group GP,C imply that the image of the action

ρ : GP,C −→ Aut(Q(S))

lies in the inner automorphism group of Q(S) and so the image of πγ lies in the inner
automorphism group of Alex(S). The inner automorphism group of Alex(S) is isomorphic
to Dis(Alex(S))oZ and so it is solvable of length 2 (see [3, Proposition 2.7] and note that
its displacement group is abelian). The right multiplication mappings in Alex(S) are of
the form ((1− t)x, t) ( in particular Rex1

= (0, t)).
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According to [6, Proposition 3.12], λV ∈ Γ2(π1(C)) and so i1(λV ) = a1 ∈ Γ2(π1(S)).
Thus πγ(a1) = 1 and so the relations in RP1 of the form xa1d+i = xi read as xd+i = xi for

i = 1 . . . d. So we can consider just the subset S′P1, obtained from SP1 by omitting xd+i

for i = 1, . . . , n.
The relation y1 = ε(xi1)δ1 . . . ε(xin)δn with w =

∑
j δj implies that πγ(y1) = (ŷ1, t

w),

where ŷ1 = x̃ is an element in the submodule, generated by {ex : S′P1 \ {x1}}. The
generators in SC are all conjugate. So πγ(yi) = (ŷi, t

w) for some ŷi ∈ Γ1(π1(S))/Γ2(π1(S)).
Accordingly, we have that M(S) is generated as a module by the set Z = {ez : z ∈
S′P1
∪ SC \ {x1}}.

The relations in RC are of the form yiyjy
−1
i = yk and so

πγ(yiyjy
−1
i ) = ((1− tw)ŷi + twŷj , t

w) = (ŷk, t
w).

Hence we have that the generators of the module M(S) satisfy the linearized relations
obtained from RP1 as in (LR), that are exactly the same relations collected in VP (t), the
linearized relation LRC , coming from RC , and the relation ŷ1 = x̃.

Let N be a Λ-module, presented as 〈Z : VP (t) , LRC , ŷ1 = x̃〉. Then we have a canonical
surjective map

N −→M(S) ,

identifying the generators.
The group H = N oZ, where the action of 1 ∈ Z is by multiplication by t, is generated

by {(z, 1), (0, 1) : z ∈ Z} and such generators satisfy the same relations as the generators
of the group π1(S)/Γ2(π1(S)) (see Proposition 5 and note that a1 ∈ Γ2(π1(S) and xd+i =
a1xia

−1
1 ). Hence there exists a surjective group homomorphism

π1(S)/Γ2(π1(S)) −→ H

that identifies the generators. Such homomorphism induces a Λ-module homomorphism
between M(S) and N . Therefore M(S) and N are isomorphic.

Let us denote by V the module with presentation matrix (9). We have

V = 〈Z \ {y1}, |VP (t), VC(tw)〉 = 〈Z, |VP (t), LRC , y1〉.
The mapping

N −→ V, z 7→ z − x̃
for z ∈ Z preserves the relations. Therefore it can be extended to a bijective morphism of
Λ-modules (clearly the inverse is defined by z 7→ z + x̃). Then M(S) is presented by the
matrix in the statement. �

6.3. Knot colorings by affine quandles. Let K be a knot and Q be a quandle. Denote
by Arc(K) the set of arcs in a chosen diagram for K. A coloring of K by Q is a mapping

c : Arc(K) −→ Q

which respects the crossing relations as in Figure 1. A coloring is trivial if |Im(c)| = 1.
We say that K is colorable by the quandle Q, if K admits a non-trivial coloring by Q.
Colorings by Q naturally correspond to quandle homomorphisms from the knot quandle
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Q(K) to Q. Since Q(K) is a knot invariant, colorability of a knot does not depend on the
choice of a particular knot diagram. Note that Q(K) is a connected quandle and then so
is the quandle generated by Im(c). If Q is an affine quandle, then every quandle coloring
by Q factors through the map Alex(K)→ Q.

Before introducing the results, we recall the definition of Alexander polynomials of a
knot according to [6].

In a commutative ring R, the greatest common divisor (GCD) of a set of elements is
defined up to the multiplication by an invertible element, hence in Λ it is defined up to the
multiplication by a power of ±t. Let A(t) be a m×r presentation matrix for the Alexander
module M(K) of a knot K ∈ S3. We set

∆n(K) =


0, if 0 < m < r − n+ 1,

GCD{(r − n+ 1)−minors of A(t)}, if 0 < r − n+ 1 ≤ m,
1, otherwise,

and we call ∆n(K) the n-th Alexander polynomial of K (the equality has to be read up
to the equivalence mentioned above). The Alexander polynomials are independent of the
presentation matrix chosen to compute them - they are invariants of the knot, and ∆1(K)
is simply called the Alexander polynomial.

The ring Λ is a principal ideal domain (PID) and M(K) is a finitely generated module
over Λ. Hence, using the structure theory of finitely generated modules over a PID (see
[6]), we can show that the Smith normal form of the presentation matrix of M(K) is the

diagonal matrix with entries ∆i(K)
∆i+1(K) for i = 1 . . . n − 1, where n is the smallest integer,

such that ∆n(K) is invertible in Λ. Accordingly, the module structure of M(K) is the
following:

(10) M(K) =
Λ

(∆n−1(K))
⊕ Λ(

∆n−2(K)
∆n−1(K)

) ⊕ . . .⊕ Λ(
∆1(K)
∆2(K)

) .
In the following, we are using the structure of the Alexander module given in (10) to

show an alternative proof of the main results of [1] in the case of knots.

Proposition 16. Let K be a knot. The following are equivalent:

(i) K is not colorable by any affine quandle.
(ii) Γ1(π1(K)) is perfect.

(iii) K is not colorable by any solvable quandle.
(iv) ∆1(K) = 1.

Proof. (i) ⇒ (ii) Since K admits a quandle homomorphism Q(K)→ Alex(K), (i) implies
that Alex(K) is trivial. Therefore Γ1(π1(K)) is perfect.

(ii) ⇒ (iii) If Γ1(π1(K)) is perfect, then Dis(Q(K)) is also perfect, since the map

π1(K) −→ Inn(Q(K)), x 7→ Rx

can be extended to a surjective group homomorphism, which restricts and co-restricts to
Γ1(π1(K)) and Dis(Q(K)). Assume that K is colorable by a quandle Q, i.e. there exists a
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quandle homomorphism h : Q(K) −→ Q. We can assume that h is surjective. Then there
exists a surjective group homomorphism from Dis(Q(K)) −→ Dis(Q), and so also Dis(Q)
is perfect. According to [5, Lemma 6.1], Q is not solvable.

(iii) ⇒ (i) Affine quandles are abelian.
(ii) ⇔ (iv) It follows directly from the structure of M(K), displayed in (10). Indeed,

M(K) is trivial if and only if ∆i(K)
∆i+1(K) is invertible in Λ for every i = 1, . . . , n− 1. Since

∆1(K) = ∆n−1(K)
∆n−2(K)

∆n−1(K)
. . .

∆1(K)

∆2(K)
,

then this can happen if and only if ∆1(K) is invertible, i.e. ∆1(K) = 1. �

Proposition 17. Let K be a knot. If ∆1(K) 6= 1, then K is colorable by the affine quandle

Aff
(

Λ
(∆1(K)) , t

)
.

Proof. Denote by j the largest index i such that ∆i(K)
∆i+1(K) 6= 1 (such index exists since

∆1(K) 6= 1). The elements
∆j(K)

∆j+1(K) and ∆1(K)
∆j+1(K) generate the same ideal in Λ, since

∆1(K)

∆j+1(K)
=

∆1(K)

∆2(K)

∆2(K)

∆3(K)
. . .

∆j−1(K)

∆j(K)︸ ︷︷ ︸
=u

∆j(K)

∆j+1(K)

and u is invertible in Λ. Accordingly, the mapping

M(K) =
Λ

(∆n−1(K))
⊕ . . .⊕ Λ

(
∆j(K)

∆j+1(K))
−→ Λ

(∆1(K))
(11)

(x1, . . . , xj) 7→ ∆j+1 · xj + ∆1(K)

is a well-defined module homomorphism with non-trivial image. So, the map (11) is also a

quandle homomorphism from Alex(K) to Q = Aff
(

Λ
(∆1(K)) , t

)
by Proposition 12, and so

K admits a non-trivial coloring by a subquandle of Q. �

Note that the image of the map defined in (11) is the ideal I, generated by ∆j+1(K) +
(∆1(K)). Then the knot K admits a coloring by the subquandle Aff(I, t). See [1] for some
computational results about colorings of knots with crossing number at most 8.
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