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Abstract

A new technique is presented that can be used to solve mixed boundary value problems for
Laplace’s equation and the complex Helmholtz equation in bounded convex planar domains.
This work is an extension of Crowdy (2015, CMFT, 15, 655-687) where new transform-based
techniques were developed for boundary value problems for Laplace’s equation in circular
domains. The key ingredient of the method is the analysis of the so called global relation
which provides a coupling of integral transforms of the given boundary data and of the
unknown boundary values. Three problems which involve mixed boundary conditions are
solved in detail, as well as numerically implemented, to illustrate how to apply the new
approach.



1 Introduction

The Unified Transform Method (UTM) - a method for analysing boundary value problems
for linear and integrable nonlinear PDEs - was pioneered in the late '90s by A.S. Fokas [12].
From the very beginning, the UTM has attracted a great deal of interest in the applied
mathematics community. A multitude of versions of the original method have since been
developed, each dealing with a specific family of equations.

For the Laplace, biharmonic, Helmholtz and modified Helmholtz equations in convex
polygonal domains, the UTM provides integral representations of the solutions in the com-
plex Fourier plane (Fokas & Kapaev [13], Crowdy & Fokas [7], Crowdy & Luca [8], Dimakos
& Fokas [10], Spence & Fokas [21], Davis & Fornberg [9]). Specifically, for Laplace’s equation,
Fokas & Kapaev [13] developed a transform method for solving boundary value problems in
simply connected polygonal domains. Their original approach relied on a variety of tools
(spectral analysis of a parameter-dependent ODE; Riemann—Hilbert techniques, etc.). It
was later observed by Crowdy [5] that the method can be recast within a complex function-
theoretic framework; this, in turn, lead to the development of a new transform method appli-
cable to so-called circular domains (domains bounded by arcs of circles, with line segments
being a special case). Colbrook [2] extended the UTM to curvilinear polygons and PDEs with
variable coefficients. In addition, Colbrook et al. [4] presented a hybrid analytical-numerical
technique for elliptic PDEs based on the UTM, providing a fast and efficient method to
evaluate the solution in the interior domain.

The focus of the present study is the extension of the original approach of Fokas & Kapaev
[13] for convex polygons to arbitrary convex domains. Our method is built upon Crowdy’s
[5] construction and develops a new transform-based technique which is applicable to any
convex bounded domain; this includes domains that may be non-circular or non-polygonal,
such as ellipses. In contrast to Crowdy [5], where a unique transform pair is obtained to
represent the value of the given function at any point in the domain of interest, here we
obtain what we call quasi-pairs which achieve the same goal but only for points inside a
given trapezoid inscribed in the domain of interest. (These quasi-pairs are non-unique and
non-canonical because the trapezoid is not uniquely determined and, in fact, quasi-pairs can
be constructed that represent functions at any point within a given convex polygon inscribed
in the domain. Hence for any point z in the domain, one can find an inscribed trapezoid or
convex polygon that contains it and work with the associated transform quasi-pair.) This
study was motivated by engineering applications, in particular heat exchangers (namely the
shell-and-tube exchangers) which have elliptical cross section (Saunders [18]) and the need
of mathematical tools and transform methods to analyse problems in such geometries.

In §2, we present the theoretical framework needed to formulate the new transform quasi-
pairs for analytic functions in bounded convex planar domains. The new, transform quasi-
pairs are constructed in §3. The next step involves implementing this technique in a variety
of mixed boundary value problems (§4-6). In §7, we present the formulation of transform
quasi-pairs for the complex Helmholtz equation. Finally, we conclude and discuss further
applications in §8.

2 Theoretical framework

2.1 Preliminaries

A trapezoid is defined here to be a quadrilateral with at least one pair of parallel sides (there
exist various definitions [15]). It follows from this definition that a trapezoid is a convex



domain, given that the sum of the interior angles of a trapezoid is equal to 2.

Lemma 1. Let Q C C be a bounded convexr domain. For any zy € §2, there exists a trapezoid
T = T(z9) with the following properties:

1. Point zy is contained in the interior of T.
2. Two (parallel) sides of T are each parallel to a coordinate axis.
3. The vertices of T lie on the boundary of €).

4. The closure of T is contained in the closure of Q.

Proof. First, note that a trapezoid satisfying properties 1-4 is not uniquely determined. To
construct one such trapezoid, we first find an open disk lying in 2 containing zg. In this disk,
we inscribe a rectangle that contains zg with sides parallel to the coordinate axes. Ignoring,
say, the vertical sides, we extend the horizontal sides of the rectangle until their vertices reach
the boundary of €2. There is now only one way to connect these new vertices with straight
line segments as to form a trapezoid that satisfies properties 1-4. Finally, the convexity
assumption on €2 ensures that the closure of T lies in the closure of €. O

Remark 1: Without loss of generality, we assume that a coordinate system has been fixed
where the coordinate axis of property 2 in Lemma 1 is the x-axis.

Remark 2: The vertices of T partition the boundary of €2 into four adjacent arcs, where each
arc is subtended by precisely one side of T'.

Lemma 2. For any z,( € C such that 0 < arg(z — () < m, we have

lim =% = 0. (1)
t—+o00
Here i is the imaginary unit. Hence
1 o0
— =i / =0 gy, 2)
0
Proof. The proof is a computation. O

Lemma 2 was a critical component of Crowdy’s [5] work and was used there to formulate
a unique transform pair for analytic functions in circular domains. As we shall see, when
shifting focus to convex domains, this uniqueness property is lost.

2.2 A labelling scheme

For domain Q and trapezoid T introduced in Lemma 1, we let T} and vi, &k = 1,...,4 de-
note the sides and vertices of T', respectively, where each label k is assigned as follows. We
label the lowest horizontal side 77, and then label the remaining sides in ascending order as
we travel along boundary of T' in the counterclockwise direction starting from 73. For the
vertices of T', we set v to be the leftmost vertex of the side 77 and then label the remaining
vertices in ascending order as we travel along the boundary of T" in the counterclockwise
direction. Finally, the four arcs that partition the boundary of 2 (see Remark 2) are denoted
Iy, k=1,...,4, where I is subtended by Tj; see Figures 1la—1b.

Remark 3: Since € is convex, we have that I and the interior of T lie on opposite sides of
the line determined by T} for each kK =1,...,4.
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(a) A trapezoid T (in red) inscribed in € (in ¢ I
blue), with labelling scheme.

(b) A trapezoid T (in red) inscribed in another
Q (in blue), with labelling scheme.

Figure 1: Example domains 7" and {2.
Lemma 3. Let 2 C C be a given bounded convexr domain; let T be a trapezoid as in Lemma

1, and let {I1,...,14} be the corresponding partition of the boundary of Q2. Then, for any
a €T and for any k =1,...,4 there is By € [0,2m) such that the conformal affine map

Up(w) =e Pr(w—a), wecC, (3)

has
Im (V1 (¢)) <0, (4)

and
Im (¥ (¢)) < Im(¥x(2)), (5)

for any ¢ € Iy, and for any z € int(T).

Proof. Since « is an interior point of 7', it has positive distance from the boundary of T,
including T, that is
0 < dist(a, Ty) = inf{|a — 2| : z € Ty} (6)

We now choose i, € R so that ¥y, in (3) has
Uy(Ti) C {z:Im z = —dist(a, Tj) }. (7)

But the interior of 7" and I, lie on opposite sides of T}, (Remark 3) and affine maps are rigid
motions, thus Wy (int(T)) and ¥ (Ix) must lie on opposite sides of Wi (7)) as well, and we
choose S, € [0,27) so that

Uy (I) C{w: Im w < —dist(e, T) }, (8)

whereas
Uy (int(T)) C {w: Im w > —dist(«, Tk) }. 9)
Now (4) follows from (6) and (8), while (6) and (9) give (5). O

Corollary 1. With the same notations and hypotheses as above, we have that
0 < arg (Wx(2) — Tx(C)) <, (10)
for any z € int(T) and any ¢ € Ij.

This corollary is just a reformulation of (5) in such a way that it highlights the geometric
condition needed to apply Lemma 2.



3 Transform quasi-pairs

With same notations as before, we may now give the following definitions. Let €2 be a simply
connected and bounded domain. Let Cy,C5,... be a sequence of rectifiable Jordan curves
that converges to 0f2 in the sense that each compact subdomain of €2 is eventually contained
in C, for large enough n. For 0 < p < oo, we say that a holomorphic function f € O(Q2)
is in the Hardy Space EP(2) (also known as Smirnov Class), if there is a positive and finite
constant M = M (f) such that

/C |f(O)Pdo < M < o, (11)

for all n and where do is arclength. If we further assume that €2 is bounded by a rectifiable
Jordan curve, then we have that f has a nontangential limit on 92 do almost everywhere
which we also denote by f and

/ FPdo(C) < oo. (12)
o0

Note that EP(£2) will contain O(Q) N C(Q). We have the following classical result found in
Duren [11, page 170].

Theorem 1. If f € E*(Q), then

i - L[ S©

- — d ) 13
5wt Jo € 2 ¢, zEQ, (13)

and the integral vanishes for all z outside of 02.
Conversely, if g € L'(09Q) and

¢"g(¢)d¢ =0, n=20,1,2,..., (14)
o0

then .
f(2) = 9(¢)

1
= aQC—ZdCEE (), (15)

and g coincides do almost everywhere on 92 with the nontangential limit of f.

Recall that do = d|(| denotes arclength. In particular the theorem above implies that if
f € EY(Q) then |, a0 f(€)d¢ = 0. Note that a detailed discussion on Hardy spaces over general
domains is given in [11]. In the subsequent work, we will be interested in the Hardy space
on bounded and convex domains. Convexity of a compact set in R™ implies the boundary is
rectifiable. Thus we need not mention that the boundary of €2 must be rectifiable.

Definition 1. Let 2 C C be a bounded convexr domain bounded by a Jordan curve and let
[ € EXQ). The spectral matriz {p;(t) : t € C}; has components

pu®) = [ £Qe A tee k=1, (16)
Iy,

with I, and B; defined in §2. We shall refer to functions p;,(t) as spectral functions.

The term “spectral matrix” was first coined by Crowdy [5] while the term “spectral
function” was coined earlier by Fokas and collaborators (e.g. [13]).



Lemma 4. Using the same notation and assumptions as in Definition 1 above, the spectral
functions pji(t) are entire function for all j,k=1,...,4, and

> pt)=0, teC, j=1,...,4. (17)

We refer to (17) as the global relations following the terminology introduced by Fokas
and collaborators.

Theorem 2. Let Q C C be a bounded convex domain bounded by a Jordan curve, let T be a
trapezoid as in Lemma 1, and let f € EY(Q). Then, using the same notations as above, we

have that
17 s,
=5 Z/pjj(t) o~ Bigite 2y for any z € int(T). (18)
T
Jj=1 0

We refer to (16) and (18) as the transform quasi-pair for bounded convex domains.

Proof. Fix o € T and recall the conformal affine maps obtained in Lemma 3:
e Bi(w—a)=0j(w), 1<j<4, weC. (19)

Hence
(2= () = U;(2) = ¥(Q), forany z,( € C. (20)

It follows from (20) and the definition of p;;(t) that

eiBgite iz, / F(C) e 1Bt (¥5 (-5 (21)

This can be written as
—iﬁj ite” !
e e

e, / 70 hac(t) dC, (22)
where
hac(t) = e—iﬁjeit(\yj(z) - ‘I’J'(C))7 teRT. (23)

We claim that, for each (z, (), the absolute value of the function h, ¢ (as a function of t) has
finite integral on R™; more precisely,

h.c(t) € LYRT,dt), for any (z,¢) € int(T) x I;. (24)

To see this, note that

o (t)] = et Im(W5(2) = W5(Q)) ¢ e R (25)
But (5) implies that
¢j¢ =Im(¥;(2) — ¥;(¢)) > 0. (26)
Hence - -
—tes . 1 —tes 1
hac(t)dt = [ e tGCdt = lim — [1 e ;,c} = — < oo, (27)
oo cj¢ Cj¢

thus proving the claim. Note that there exists some € > 0 such that c;¢ > € for ( € I; (this
follows from (8) and (9)).



Next we observe that since f € E(Q) then in particular f € L'(09,ds) and hence
f €LY (ljdo), j=1,...,4, where do = |d(| is the arclength measure for 9.
Using Cauchy’s integral formula, we can write

R (SN IR ((9)
)_271 C—zdc_ng/C_dea for any z € Q. (28)
o0 Jj=1 Ij
But .
1 _ e_lﬁj for —_ 7é C (29)
(=2 (O -0 e
so that

R I (S IR SR D 1 (S L .
f(z)_%i/C—zdc_m;/ q/j(g)_q/j(z)d@ for any » € €. (30)

Now, by Corollary 1, we have that
0 < Arg(¥;(z) — ¥;(¢)) <m whenever (z,(¢) € int(T) x I;. (31)

Hence we may apply Lemma 2 and invoke the definition of h, ¢(¢) to conclude that

,1/33 7oh ( )
z 32
5(0) - ¥y(z) <
0
for any (z,() € int(T") x I;. Combining all of the above, we obtain
== Z / f(¢ / he.¢(t)dtdC. (33)
=y 0

Again, note that there exists some € > 0 such that ¢; ¢ > € for ( € I; (this follows from (8)
and (9)). Thus the integrand in (33) is bounded above uniformly in ¢ € I;, hence we may
apply Fubini’s theorem to exchange the order of integration and obtain

o0

;ﬁ://f hec(t)dcdr, (34)

but by the definition of h, ¢(t) (see (21) and (22)), the latter is precisely the righthand side
of (18), completing the proof of the theorem. O

Remark 4: Given z € () there are many different choices of trapezoids T that will work,
each giving rise to a transform quasi-pair. In fact, any convex polygon inscribed in ) will
give rise to a transform quasi-pair. Each convex polygon will result in a unique partition of
the boundary of €. All such partitions (one for each choice of convex polygon) will produce
comparable outcomes.



4 Dual Fourier Series for the disc

We consider the following incomplete Dirichlet boundary value problem for analytic functions
in the unit disc D .= {z € C | |z| < 1} for a given m € N:

(0f(z) =0, |2l <1,

Re f(e?) = cosmb, 0eC=(—7r/2,m/2), (35)

[ Im f(el) = — sinmd, 0 € Cy:=(m/2,31/2).

(We refer to this problem as “incomplete”, because we only provide just the real part or
the imaginary part of the boundary data, on each piece of the boundary.) This problem
is uniquely solvable; it was originally solved by Shepherd [20] via a sequence of ingenious
manipulations of integral representations of the Fourier series and was revisited by Crowdy
[5].

Here we proceed as follows to obtain the solution. In the first step, we use one of the global
relations (17) to extend the given (incomplete) boundary data to a function f(¢) defined on
the full boundary 9. In the second step, we use our transform quasi-pair to numerically
compute at a given point z € D the (unique) solution of the completion of (35) to a Dirichlet
problem on 9.

We point out that the Dirichet problem above will have a unique solution in £°°(ID). Such
a solution cannot be expressed in closed form, but can be computed numerically by the two
steps mentioned previously. Note that the boundary data above may have other solutions
that do not belong to EP(D) for any p > 1. For instance, it is immediate to see that

fe?)=e ™ 9ec(-n/2,31/2, (36)
is an extension of the given data to the full boundary, in fact:

f(Q)=¢", (e (37)

However this choice of f(¢) has the unique harmonic extension

f(z)=z", ze€D, (38)

which does not solve (35) because it is not holomorphic. The main thrust of the global
relations (17) is that any of them drives the numerical construction of the unique extension
to 0D belonging to E°°(D) that solves (35).

The trapezoid in the transform quasi-pair derived above may be taken to be a rectangle
with sides parallel to the coordinate axis. Thus for any z € D, we may find a rectangle R as
described in the previous sentence with z € R and use the following rectangle-like transform

quasi-pair:
.

4
1 .
f(z) = G g /Cnew"tzpnn(t)dt, |z <1,
n:l[:

pin(t) = /f(()e‘icjtcdc, nj=1,....4,

In(2)

where



o cj=e, j=1,...4 where 3j =n(j —1)/2, n=1,2,3,4.

e Here we adopt the terminology that first appeared in Crowdy [5] and call £ := (0, +00)
the fundamental contour (hence ¢ € R™).

e {I,(z), n =1,...,4} is a partition of the unit circle into four disjoint “coordinate
arcs” (each subtended by two points that determine a horizontal or vertical straight
line segment) determined by the evaluation point z in D.

On (4, we write, as in [5],

f(e?) = cosmb + i(ao + Z [Gne2m0 + @e_zme] )’ 0c(—7/2,7/2), (40)

n>1

where the coefficients ag € R and {a,, € C|n = 1,2,...} are to be determined. Similarly, on
Cy, we write

fE®) =bo+Y [bne?i"‘) +Ee*21"9} —isinmd, € (n/2,37/2), (41)

n>1

where coefficients by € R and {b, € C|n = 1,2,...} are to be determined. Recall the global
relation given in (17):

4 4 ) )
Sl =3 [foeia= [foetac=o, tec (42)
n=1 oD

=1
"= I(2)

On substitution of (40) and (41) into (42), we obtain a linear system for the unknown
coefficients given by

agA(0,1) + 3 (anA(2n, t) + an A(—2n, t)>

n>1
+b0B(0,t) + Y (an(2n,t) + EB(—Qn,t)) —r(t), teC,
- . (43)
a0 A0, 1) + (@A@n, ?) + anA(—2n, t))
n>1
+06B(0,0) + Y (BaB2n, ) + buB(—2n,0)) = (1), teC,
n>1
where
w/2 e 3n/2 W .
A(n,t) = — / e el 0qg B, t) =1 / el 0 g, (44)
—7/2 w/2
and the function 7(¢) is defined by
3m/2 il s /2 il
r(t) = —/ sin(mf)e eledﬁ—i/ cos(mf)e " elfqp. (45)
/2 —7/2

The equations above hold for all + € C. To proceed, the sums (40) and (41) (for f(e))
are truncated to include only terms up to n = N, and we formulate a linear system for the
unknown coefficients {an,b,|n = 0,..., N}. The linear system comprises of conditions (43)
evaluated at points ¢t € C which are used to form an overdetermined linear system. This is



then solved using least squares. Following an approach similar to Colbrook et al. [3], points
t € C are chosen to be the origin and the concentric circles

{teClt=—j/f(9),0e€0,2n],j=1,...,M,}, (46)

for some choice of the parameter M,..

The solution of the linear system (43) shows that the coefficients {ay,bn|n = 0,...,N}
decay quickly and, therefore, we choose the truncation parameter to be N = 16. Once the
coefficients {ay,bn|n = 0,..., N} are found, the spectral functions p;;(t) can be computed.
The function f(z) can be then computed via the transform quasi-pair (39). We have verified
our numerical results with those obtained by Shepherd [20] and Crowdy [5]. Figure 2 shows
the real and imaginary parts of f(((0)), 0 € [-m/2,3n/2] along the boundary of the unit disc
computed using our new formulation, as well as Shepherd’s [20] and Crowdy’s [5] solutions.
We observe that there appear to be discontinuities in the real part of f for § = 7/2 and
§ = 3w /2 (also corresponding to § = —m/2), values at which the boundary conditions change
type. Discontinuities as such are not surprising given the solution is in E®.

05" 1
0 ] 05
S ™ n B
=05 / \ /Y Z ot
T / / =
T 4 / E ‘1
i

. : -1.5 ' : '
-m/2 0 /2 ™ 3n/2 -m/2 0 /2 T 37/2

0 0
Figure 2: Real (left) and imaginary (right) parts of f({(0)), 6 € [—7/2,37/2]
along the boundary of the unit disc, for m = 2: new formulation for N = 16
(solid lines), Crowdy’s [5] solution for the same truncation parameter (dashed

lines) and Shepherd’s [20] solution (dots). The solutions via the new formula-
tion and Crowdy’s [5] are indistinguishable.

5 Dual Fourier Series for the Ellipse

In this section, we present a generalization of the mixed boundary value problem considered
by Shepherd [20] on the disc to a problem posed on an elliptical domain D, namely

22 2
D= {zec,x:Re[z},yzlm[z] ‘ a2+b2<1}, (47)
whose boundary is
22 2
8D:{26(C,a::Re[z],y:Im[z] ’ a2+b2:1}. (48)

10



We emphasize that the new methodology can be applied to solve boundary value problems
in any convex domain; here we have chosen to focus on the ellipse. We consider the following

incomplete boundary value problem for analytic functions
(0f(2) =0, z€e D,
Ref(()=Re (", (e€dDand Re( >0,

-m

Imf({)=Im ¢, ¢ € 0D and Re( <0,

for a given m € N.
We parametrise the ellipse using polar coordinates (p, 6), with 0 < § < 27 and

ab
v/ (bcos )2 + (asinf)?

p(0) =

and write

¢(0) = p(h)e? e D.

The boundary value problem (49) can be written in terms of polar coordinates as

(0f(2) =0, zeD,

Re f = [p(0)]™ cos mb, 0ecC = (—7m/2,7/2),

[ Im f = —[p()]™ sinm, 0 € Cy = (m/2,3m/2).

On (1, we write

£(8, p(8)) = [p(6)]™ cosm + i(ao +3 [ane%"@ n @e_zme} ) .

n>1

where coefficients {a,, € Cln =0,1,2,...} are to be determined.
On (s, we write

£(0,p(0)) = (bo +y [bne%”" n Ee—MD —i[p(0)]™ sinmé.

n>1

where coefficients {b, € C|n =0,1,2,...} are to be determined.
We have the following global relation:

4 4
n — —itC s = —it¢q =0, C,
S =3 [roetac= [ soetac=o, e

n=1 In(2)

(52)

(54)

(55)

where the last identity is due to Cauchy theorem applied to F(¢) = f(¢)e ¢ which is
analytic in D for each fixed t € C. (Note that we need to strengthen our assumption on f to

ensure applicability of Cauchy theorem, e.g. f € H'(D) as in the proceeding sections.)

On substitution of (53) and (54) into the global relation (55) and evaluation of (55) at
certain values of ¢ € C, we obtain a linear system for the unknown coefficients {a,, b,|n =

11



2 ~ N
I\ 5 2 I\
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(a) Parameters: a =2, b= 1. (b) Parameters: a =3, b= 1.

Figure 3: Real and imaginary parts of f({(0)), 8 € [—n/2,37/2] along the
boundary of the ellipse, for m = 2.

0,...,N} of f. The linear system is given by (43), but now A(n,t), B(n,t) and r(t) are
defined by

w/2 ) ) 3m/2 ) )
A(n,t) =i / e HO@enfl(9)dg,  B(n,t) = / e MO@enfe()dg,  (56)
—7/2 w/2

w/ m/
r(t) = - / " 1p(0)]™ cos(m)e O (8)a8 + i / " p(0)™ sin(md)e O (9)dg.  (57)
—7r/2 /2

Note that if a = b =1, i.e. we work with the unit circle, then expressions (56)—(57) become
identical to (44)—(45).

To proceed, the sums (53) and (54) (for f(60, p(f)) are truncated to include only terms up
ton = N and we formulate a linear system for the unknown coefficients {a, b,|n =0,..., N}.
The linear system comprises of conditions (43) evaluated at points ¢t € C which are used to
form an overdetermined linear system. This is then solved using least squares. Following a
similar approach to Colbrook et al. [3], points ¢ € C are chosen to be the origin together

with the points
{t € C|t = _j/f,(eap(e))ve € [0,27T],j =1,.. '7MT}7 (58)

for some choice of the parameter M,..
Similarly to the mixed boundary value problem posed on the unit disc presented in the

previous section, we found that the coefficients {ay,bn|n = 0,..., N} decay quickly and,
therefore, we choose the truncation parameter to be N = 16. Once the coefficients {ay,, by|n =
0,..., N} are found, the spectral functions p;i(t) and f(z) can be computed via the transform
quasi-pair (39). Figure 3 shows the real and imaginary parts of f({(0)), 6 € [—n/2,37/2]
along the boundary of the ellipse, for m = 2 and different parameter choices for a and b.
Similarly to the mixed boundary value problem on the unit disc presented in the previous
section, we observe that there appear to be discontinuities in the real part of f for 6 = /2
and 6 = 37/2 (also corresponding to § = —m/2), values at which the boundary conditions
change type. Discontinuities as such are not surprising given the solution is in E!.
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6 Application in fluid dynamics: A point vortex in
the interior of an elliptical boundary

In this section, we present an application of the new formulation to a problem in fluid
dynamics, in particular within the framework of a two-dimensional, inviscid, incompressible
and irrotational (except for point vortices) steady flow. We consider a point vortex (namely,
a vortex with infinite vorticity concentrated at a point) in the interior of a boundary with
an elliptical shape and the aim is to find the resulting fluid flow satisfying the imposed
impermeability boundary condition.

6.1 Problem formulation

We consider a point vortex at point zp in the interior of the ellipse D given in (47). A
schematic of the configuration is shown in Figure 4. To begin, we introduce a complex
potential function h(z) and write

h(z) = fs(z) + f(2), (59)
where r
o) = 5 log(z — ) (60)

where I' € R is the circulation. The function f(z) is analytic in the ellipse and will be found
using the transform method (18).

T
7o)

point 20
vortex

Figure 4: Schematic of the configuration: A point vortex at zy in the interior
of an elliptical boundary.

6.2 Solution scheme
6.2.1 Boundary condition
We impose an impermeability condition on the boundary of the ellipse:
u-n=0, (61)

where u = (u,v) is the two-dimensional velocity field and n denotes the direction outward
normal to the ellipse. Condition (61) can be expressed in terms of the complex potential as

Im[h(¢)] =0, for ( € OD. (62)
Substitution of (59) into (62) gives
Im[f(¢)] = ~Im[fs(Q)],  for ¢ €dD. (63)

13



6.2.2 Function representation

We represent f({) on the boundary of the ellipse using a Fourier expansion:
7)) = (Y ane™ + 3 awe ™) —i I[£(Q)], for 6 € [0, 2], (64)
n=0 n=0

where coefficients {a, € C|n = 1,2,...} are to be determined. The parametrization of the
ellipse is given by
¢(0) =acosf +1ibsinf, 6 < [0,2n]. (65)

Note that, since the imposed boundary condition (61) is the same along the entire elliptical
boundary (in contrast to the previous problems where different conditions where imposed on
different sections of the boundary), we have used a single representation (64) for f({) to
proceed instead of different representations on different sections of the boundary.

6.2.3 Spectral analysis

On substitution of (64) into the global relation (55), we obtain (after some algebra and
rearrangement) a linear system for the unknown coefficients {a,|n = 1,..., N}. The infinite
sums are truncated to include terms up to n = N. The linear system is given by

N
3 <anP(n, ) +@P(—n,t)) = R(t), fortecC, (66)
n=0
where o
Pln,t) = / eI =itC(0) 7 (9)dg (67)
0
and
27 )
Ry =i [ Il (o)) <O ()00, (68)

The linear system comprises of (66) and its conjugate evaluated at points ¢ € C which are
used to form an overdetermined linear system. The choice of points ¢t € C is the same as
in the previous section and given by (58). We found that the coefficients {anjn =1,..., N}
decay quickly and, therefore, we choose the truncation parameter to be N = 16. Once the
coefficients are found, the spectral functions and f(z) can be computed via the transform
quasi-pair (39).

Our results were checked against an exact solution found using conformal mapping tech-
niques; introduce the conformal mapping ® from the ellipse D in the z-plane to the unit disc
D in the w-plane to be given by (Schwarz [19]):

w=®() = Vk sn (275 sin1(2), m> , (69)

where sn(-,-) is the Jacobi sn function and definition of parameters k, K and m is given in
[19, 22]. The complex potential function for a point vortex in the ellipse is given by

r w — wo
H =—1 T — with = ®(29).
(w) 5 og <w 1/w0) , ith  wo (20) (70)

We have compared our results to (70) for interior points and the error at interior points was
of the order O(10~%). To illustrate our results, Figure 5 shows the streamline pattern for a
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point vortex of strength I' = 1 at point 2y in the interior of an ellipse with parameters a and
b.

a=2, b=1,2,=0 a=2, b=1,2 -05e""8

Figure 5: Streamlines for a point vortex of strength I' = 1 at point 2 in the
interior of an ellipse with parameters a and b.

7 The complex Helmholtz equation

In this section, we discuss how to obtain a transform quasi-pair for the complex Helmholtz
equation in bounded convex planar domains.

Hauge & Crowdy [14] presented a transform method for the complex Helmholtz equation
in polygonal domains using the theory of Bessel functions and Green’s second identity. Given
the geometric results of Lemma 3, here we develop a transform quasi-pair for the complex
Helmholtz equation given by

0*  9?

— = = 2:7 _—
Ap—4o¢p =0, A=V 81:2+8y2’

oeC, (71)

for the two-dimensional field variable ¢(z,y) and 0 < arg(c) < 7 that mirrors the transform
quasi-pair for the 9 equation. Two results were pivotal in developing the transform quasi-pair
for the 0 equation: the Cauchy integral formula and the desingularized Cauchy kernel. While
a new integral representation for functions that satisfy the complex Helmholtz equation is
required, Corollary 1 is still paramount in the desingularization of the new integral kernel.

7.1 An integral representation for solutions of the Helmholtz
equation

The classical Green’s second identity:

// B —$AG]dA = / 608 s, (72)
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where D is a bounded domain with piecewise C? boundary, dA is the Lebesgue measure and
ds is the surface area measure, holds in R" for twice continuously differentiable functions ¢
and 1) that extend continuously to the boundary of D. If one restricts to n = 2, i.e. R? = C,
and uses the identities

32
020%

= 4A, d=0+0, dA = dady = —2idzdz (73)

and Stokes’ theorem, we can write Green’s second identity (72) in complex form:

w

/D[Mw—w(p}m:zi/a [ 99 paz oo (74)

The (free space) Green’s Function G(z, zp) for the complex Helmholtz equation is defined as
AG(z,20) —40G(z, 20) = d(z — 20). (75)

If we let ¢ = G = G and ¢ be the solution to the complex Helmholtz equation (i.e. A¢p = 4o¢)
n (74), then we find

// 2)AG(C,2) = G(C, 2 A<z> dA // 2)AG(C, ) — G(g,z)4g¢(c)]dA
— [[ st[acs) - 6. oa)aa

(76)
- / / H(C)0(C —
D
= ¢(2)
Hence we obtain
o 9G(¢,2) 4= 99(¢)
o) =2 | o0z ac+oi¢. )% ac) (77)

Note that the formula above gives us a way to recover interior values of ¢ by only knowing the
boundary values of ¢. Formula (77) plays for the complex Helmholtz equation the analogous
role as the Cauchy integral formula for the 0 equation. In order to compute this integral,
one needs an explicit formula for G.

7.2 The desingularization of the Green’s function

The Green’s function G for the complex Helmholtz equation can be expressed in terms of the
order-zero modified Bessel function Ky. The function K| is axisymmetric, singular as z — zg
and decays as z — co. For ¢ as above, we have

G(z, 20) = —%KO(Z\/EIZ — ). (78)

Hauge & Crowdy [14] gave an integral representation for G given by

(79)

1
Ko(2) = 5 / e/ dafa, T < arg(s) 6 < 3,

where 0 is the geometrical angle corresponding to the contour Ly, in the complex plane

joining the two essential singularities of the integrand at 0 and co. The contour must be
chosen so that the integrand decays along the contour as it approaches 0 and oco. If we let
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0y be the angle that the contour makes at the origin, we need —m/2 < arg(z) — 0y < 7/2.
If the contour approaches oo at an angle of 0, then we need —§ < arg(z) + 0o < 5. If
we choose 0y = 0, and set 6 = 6y, the two inequalities above produce the same 7-length
range of possible arguments for arg u. Letting L, be a contour that approaches 0 and co at
an angle of 6, we have that

1 —\O|Z—Z (e} « da
g(z,ZO):_E ’ e~ Volz—zol(a+1/ );. (80)

Using the change of variables

—ite!® = /oa, ¢ = arg(z — (), (81)

we define

1 . olar s dt
G(C,2) = G(C,2) = —— / =00/t 4L (82)
A7 J 1) t
where L(?) is the contour L, after the change of variables. Suppose now we pick a contour
L(()U) so that our integral representation is valid for 0 < arg(z — ¢) < w. The exact contour
does not matter, as long as we have 6y = arg(c), 0o = 0. So, we have

G(62) =~ [ eitle=0-iole=0/t L (83)
47r L(()o) t

Now suppose we wish to write the Green’s function for a different m-width range of arguments
given by x < arg(zp — z) < x + 7. Let L&U) be such a contour so that integral representation

of the Green’s function is valid for such z and zy. Again, the exact contour does not matter,

as long as 6y = argo — x, oo = —x. Then for this 7-width range of arguments, we have
1 : ~ dt
G - _ 1t(sz)710'(sz)/t7. 84
€= e t (54)

Note that we may chose L;J) to be the rotation through an angle of —x of the contour L(()U).

7.3 'Transform quasi-pair

Let 2 be a bounded convex domain in the complex plane. Let z € . Lemma 1 gives a
partition {I3,..., 14} of the boundary of Q. Using the notation established in section 2, we
have the following definition.

Definition 2. Let Q be a bounded convex domain in C and let ¢ be a C? function in some
neighborhood of ) and a solution to the complex Helmholtz equation. The spectral functions
{pj(t) :t € C\ {0}}1<j<a are defined as

p;(t) = /1 e itHoC/t [gb(g)(ia/t)d@r ag(f)dg}, teC\{0}, j=1,...,4.  (8H)

Lemma 5. With same notations and assumptions as above, we have

4

Y pit)=0 teC\{0}, j=1,... .4 (86)

j=1

We call (86) the global relation. Proof is presented in the Appendix A.1.
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Theorem 3. Let Q) be a bounded convex domain in C and let ¢ be a solution to the complex
Helmholtz equation that is C? in some neighborhood of Q. Then, with same notations as
above, we have that

dt

4
1 itz—ioz,
6 =353 [ 005 (87)
j=1"Lg;

We refer to (85) and (87) as a transform quasi-pair. Proof is presented in the Appendix
A2,

8 Discussion

We have presented a new transform quasi-pair for Laplace’s equation and for the complex
Helmholtz equation in bounded convex domains. Our work extends the work of Fokas &
Kapaev [13] for convex polygons, to arbitrary convex domains. The method was built upon
Crowdy’s [5] construction for Laplace’s equation in circular domains. We analysed mixed
boundary value problems in circular and elliptical domains with different boundary conditions
imposed on different sections of the boundary. Our results were verified against the solutions
presented by Shepherd [20] and Crowdy [5] for the mixed boundary value problem on the
unit disc.

The advantage of this study is that the new transform quasi-pairs and the approach
presented in this paper can be algorithmically adapted to solve harmonic problems in bounded
convex domains with mixed boundary conditions. We emphasise that, even though one
can use conformal mapping techniques to analyse such problems, it becomes tricky or even
impossible to find mappings for problems which involve mixed boundary conditions. We
also note that this new approach can be also used to analyse boundary value problems for
the biharmonic equation (which will involve solving for two analytic functions; Langlois [16],
Luca & Crowdy [17]), as well as the complex Helmholtz equation as discussed in §7.

There still remain some open questions related to the formulation of the quasi-pairs
presented in this study. One might argue that a convex domain can be approximated by
a sequence of convex polygons, thus leading to a sequence of transform quasi-pairs. The
following questions then naturally arise:

e Given a sequence of approximating convex polygons, does the corresponding sequence
of quasi-pairs converge in some meaningful way?

e If yes, is the limit unique, i.e. is it independent of the choice of approximating polygons?
e If yes, is this limit a transform pair in the sense of Crowdy [5]?
e What kind of convergence is obtained?

For future work, we also aim to adapt the method for solving mixed boundary value
problems in multiply connected domains. To solve such problems, one will need to construct
transform quasi-pairs for non-convex domains. Any non-convex domain that can be tiled
with a finite number of convex sub-domains can be dealt using with the present method, in
a fashion analogous to the treatment found in Crowdy [6] and Charalambopoulos et al. [1].
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A Theoretical framework for the complex Helmholtz
equation

A.1 Proof of Lemma 5
Proof. First, set

) = e THEHIC/2, (88)
Some computations show
AY =409 and 2¥ = l% (89)
a¢
Indeed, setting { = z + iy, we have
O ittariv) tiota—in/t | O iativ)tiole—i)/t
A = —— o tt@tiy)to(z—iy 7 —it(etiy)+io(z—1y
P 83;26 + 83/26
9 ( 1t+1a/t) —it(z+iy)+io(x— 1y)/t 9 (t—l— U/t)e—it(x+iy)+ia(x—iy)/t

( it + 10/t) —it(x+iy)+io(z—iy)/t + (t+U/t)2efit(:1:+iy)+ia(xfiy)/t
= ((=it +i0/t)* + (t + o /t)*)¢
=4do

(2
d
o % _ ie—itC—HUZ/t [ 0 ( 1t< + 10'{/25)] —it¢+ioC/t _ Ew (91)
¢ ¢ ¢ t

Using these two computations above, the complex version of Green’s second identity, and
A¢p = 40¢ (¢ is the solution to the Helmholtz equation), we have

: g 2. 290
St = [ 01000z + 2 ag

= [ 201t + 25 wiad]

¢ oC (92)
. 211//9 DAY — pAG)dA
_ 211//Q (4a¢¢ . 401/@) dA = 0.
O
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A.2 Proof of Theorem 3

Proof. Given a point z € {2, we inscribe a trapezoid T' as in Lemma 1 that contains z. The
vertices of T' partition the boundary of T" into 4 arcs, I;, 1 < j < 4. For each j, we have the
conformal affine map

U,(w) = e Wi(w—a). (93)

Corollary 1 states that for (z,() € int(T) x I;

0 < arg(W,(2) — ¥;(Q) < . (94)
A simple calculation shows
e (z = Q) = ¥5(2) = (0, (95)
so it follows that
Bj <arg(z—() < B; +m, (96)

where ; € [0,27), 1 < j < 4 are angles of rotation determined by the trapezoid 7' and

(2,¢) € int(T) x I;. We let L(()o) be a contour so that our integral representation for G is

valid for 0 < arg(z — ¢) < m. For each 8, 1 < j < 4, we may rotate L(()U)

by —p3; to get a
contour Lg ?) that is valid for Bj < arg(z — () < B; + m. Thus we get the following integral

representatlon for G:

__ 1 it(z—¢)—io(z—0)/t
G(CVZ) - 4.7'(' L(G) € t I (97)
Bj
that is valid when
B < arg(z —¢) < Bj +m, 0 < arg(o) < . (98)

If we let ¢ be the solution to the complex Helmholtz equation, then we have the following
integral representation for ¢ that follows from Green’s second identity:

e 9G(¢, 2) 99(C)
o) =2 | [o0 % 2T+ 60 5] (99)
A quick calculation shows that
6G(C,Z> . _i it(z—()—io(z2—C )/ io dt
5 " 47r/ et tt - (100)

J

Now that we have a valid integral representation for G and dG/9( for each I;, we can use
Fubini’s theorem and see that

—QIZ [, [0 cie G ]
%Z / / AL C o+ 2% oy

dt
itz— 1o'z/t
T omi Z/(o) )
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