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ABSTRACT: The majority of dynamical systems arising from applications show a chaotic character. This is especially
true for climate and weather applications. We present here an application of Koopman operator theory to tropical and
global sea surface temperature (SST) that yields an approximation to the continuous spectrum typical of these situations.
We also show that the Koopman modes yield a decomposition of the datasets that can be used to categorize the variability.
Most relevant modes emerge naturally, and they can be identified easily. A difference with other analysis methods such as
empirical orthogonal function (EOF) or Fourier expansion is that the Koopman modes have a dynamical interpretation,
thanks to their connection to the Koopman operator, and they are not constrained in their shape by special requirements
such as orthogonality (as it is the case for EOF) or pure periodicity (as in the case of Fourier expansions). The pure peri-
odic modes emerge naturally, and they form a subspace that can be interpreted as the limiting subspace for the variability.
The stationary states therefore are the scaffolding around which the dynamics takes place. The modes can also be traced to
the Niño variability and in the case of the global SST to the Pacific decadal oscillation (PDO).

SIGNIFICANCE STATEMENT: We compute the Koopman modes for the tropical and global SST, demonstrating
that significant dynamical modes can be identified also in complex high-dimensional datasets with continuous spectra.
The Koopman modes are then used to identify the stationary subspace, namely, the limit subspace for the invariant
evolution of the system.

KEYWORDS: Sea surface temperature; Interannual variability; Tropical variability; Data science;
Support vector machines

1. Introduction

Understanding the dynamical and physical origin of the
weather and climate variability has been a primary motivation
in the history of atmospheric and climate sciences. The fluctu-
ations originated by the turbulence were very visible, but plac-
ing them in a coherent physical paradigm of forces and
processes has been elusive. The zero order splitting of the tro-
pospheric midlatitude circulation into a large component rep-
resented by the polar vortex and smaller amplitude deviations
led to the representation of the turbulence as dominated by
instabilities growing on a “basic state” through a well-defined
life cycle. The instability model, supported by very significant
theoretical formulations, showed remarkable success in dis-
covering time scales and structures that were useful in the
understanding of the atmospheric processes. Successive gen-
eralizations were developed using more and more realistic
basic states (Simmons et al. 1983; Frederiksen 2000), and the
original formulation limited to exponential modes (normal

modes) was expanded to allow for algebraic growth modes
(Farrell 1988, 1989).

However, the linear mode representation was not very ap-
propriate to describe variability at longer time scales. Monthly
and seasonal time scales could not really be explained as lin-
ear instabilities. Furthermore, the splitting between the basic
state, usually some form of time or climatological mean, and
the deviation included a substantial arbitrariness of the choice.
Starting in the 1980s, the linear mode analysis, while still use-
ful, was reduced to specific applications, and it had exhausted
its utility as a primary conceptual tool of the atmosphere/
climate variability.

At that time, another methodology became widely used,
namely, empirical orthogonal functions (EOFs). Initially
introduced by Lorenz (1956), EOFs were shown to be a very
effective method to analyze variability in terms of decomposi-
tion of the variance. After that, they have been extensively
used to analyze observation and simulation data. Several au-
thors (Kutzbach 1970; Lau 1981; Trenberth and Paolino 1981;
Quadrelli and Wallace 2004) showed how EOFs can give use-
ful information on the main modes of variability and they
were instrumental in discovering the relations with the sea
surface temperature (SST), in the tropics and at global level.
More complex and sophisticated variants of the EOFs were
then derived (e.g., rotated EOFs, complex EOFs, multipara-
metric EOFs), resulting in extensive and almost ubiquitous
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applications [for a review (Hannachi et al. 2007)]. Extensions
have been made to the time domain through extended EOF
(Lau and Chan 1985) or singular spectrum analysis (Ghil et al.
2002), and nonlinear extensions have also been proposed and
used (Giannakis and Majda 2012b,a).

EOFs are powerful and easy to compute and manipulate,
but even the more advanced extensions have a significant
drawback: they have no obvious relation with the dynamics of
the field on which they are calculated. The physical and dy-
namical nature of EOFs is elusive, and certainly, they do not
have any relationship with linear instability modes, and their
interpretation as modes is difficult. In particular, they cannot
be used to represent the evolution or a drastic simplification
of the dynamics, as mentioned by Dommenget and Latif
(2002).

However, the old works of Koopman (1931) and Koopman
and Neumann (1932) provide an interesting alternative. These
papers show that even a nonlinear system can be expressed as
a linear system if you are willing to accept a very large num-
ber of linear modes. It is a global linearization rather than the
local linearization typical of the instability problem, and as
such, it does not require a reference basic state. Therefore, it
removes the ambiguity of the choice of the reference state
and realizes a different representation of the dynamics of the
system. In the place of the usual picture of a dynamical system
tracing a trajectory in the phase space, Koopman introduced a
linear operator that evolves the state, or functions of the state,
and he showed that this is always possible if the Koopman
operator is allowed to be infinite-dimensional.

Such a theoretical result was largely ignored, until the re-
cent development of powerful machine learning methods to
compute the estimates of the Koopman operator from data.
The Koopman operator approach (Mezić 2005, 2013; Das and
Giannakis 2020; Budišić et al. 2012; Giannakis 2019; Das and
Giannakis 2020) shows that for every dynamical system, there
is a linear operator acting on a function space whose spectral
properties completely characterize the dynamical system.

Several numerical algorithms have been then developed
to estimate the Koopman operator, from the early work of
Ulam (1960), to the recent extended dynamic mode decompo-
sition (EDMD) (Williams et al. 2015a,b; Klus et al. 2016) and
the variational approach of conformation (VAC) dynamics
(Noé and Nüske 2013; Nueske et al. 2014). A review of these
methods can be found in Klus et al. (2018), and further infor-
mation can be found in Rowley et al. (2009), Tu et al. (2014),
and McGibbon and Pande (2015). These results have allowed
the development of practical algorithms that can be used to
estimate the Koopman operator from observations and simu-
lation data. The Koopman operator approach belongs to a
class of approaches based on operator techniques that have
seen several applications in climate problems in recent years.
They have been used to investigate and identify phenomena
(Froyland et al. 2021; Giannakis et al. 2015), forecast ENSO
(Wang et al. 2020; Navarra et al. 2021), and forecast sea ice
concentration (Hogg et al. 2020), and for the analysis of tropi-
cal convective variability on diurnal to seasonal time scales
(Tung et al. 2014).

In a previous paper (Navarra et al. 2021), we have shown
that it is possible to achieve the Koopman decomposition for
a realistic observed dataset and we can set up a forecasting
system with it. In this paper, we want to use the Koopman de-
composition to investigate the dynamical significance of the
Koopman decomposition and investigate the characteristics
of the spectrum and distribution of the eigenvalues with the
objective of identifying the most interesting modes. We will
also rely on the Koopman modes (Mezić 2013), rather than the
composites used in Froyland et al. (2021), so we can obtain the
geographical distribution of the dynamical modes that will indi-
cate locally the oscillatory or decaying behavior. The Koopman
decomposition is more general than a Fourier analysis as it does
not put any structure on the mode: A Fourier analysis will force
the decomposition to be nondecaying and orthogonal, but a
Koopman decomposition for a periodic system will obtain the
same results as a Fourier analysis. Linear inverse model (LIM)
methods (Penland and Sardeshmukh 1995; Penland 1996) can
be shown to yield an approximation to the Koopman operator
(Tu et al. 2014), but the aforementioned data-driven techniques
can be extended nonlinearly using suitable kernels, resulting in
better estimation of the Koopman operator.

Section 2 will outline the Koopman spectral decomposition,
introducing the concept of the stationary modes using the al-
gorithms of Klus et al. (2020). The Koopman modes of the
tropical SST will then be shown in section 5, and those of the
global ocean, excluding polar areas, will be discussed in
section 6. Some discussion and the conclusions will close the
paper in section 8.

2. Koopman spectral decomposition

Consider a dynamical system,

dx
dt

5 H(x), (1)

where x is the n-dimensional state and H is the forcing field
representing the dynamics of the process. Usually, the state
vector represents directly some physical parameters, like tem-
perature or velocity, but sometimes, it may be that we are re-
ally interested in derived quantities, or even that in reality,
only derived quantities can be observed. Any derived quantity
then turns out to be a function of the state space quantities x;
in what follows, we will call these derived quantities observ-
ables. For instance, in case x is a velocity, the kinetic energy
[K5 (1/2)x ?x] is a one-dimensional (scalar) observable as it
is its value at a single grid point. In this context, the vector-
valued full-state observable g(x)5 x returns the n-dimensional
state vector itself. The value of a general observable g(x) at
time t (where xt is the state vector evaluated at time t), starting
from x0 at time zero is given by

g(t, x0) 5 g(xt): (2)

The Koopman operator is a linear operator and so it admits a
spectral decomposition (Mezic and Surana 2016) that contains
all the information on the properties of the dynamical system.
The spectral decomposition of a linear operator results in a
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couple of eigenvalues li and eigenfunctions fi(x) that
separate the time dependence t from the state variables x
dependence.

The Koopman operator Kt will describe the evolution of an
observable g(x) of dimension d as

Kt[g(x0)] 5 g(xt): (3)

The Koopman operator can also be expressed in terms of its gen-
erator operator L as Kt 5 exp(Lt), with eigenvalues exp(lit),
where li are the eigenvalues of the generator operator. In the
following, we will refer to the eigenvalues of the generator
Koopman operator as “Koopman eigenvalues.”

In general, if we have a scalar observable g(x), we can ex-
press it using the spectral expansion of the Koopman opera-
tor, as (Mezić 2005, 2013)

Kt[g(x)] 5 g(x) 1∑
k
ykfk(x)elkt 1 n(t): (4)

We obtain a decomposition for the observable in three parts,
the time mean g(x), an almost periodic component based on the
Koopman eigenfunctions/eigenvalues [fk(x), lk 5 sk 1 ivk]
and a completely aperiodic component corresponding to the
continuous component n(t) of the spectrum. In the case of vector
observable g(x), the decomposition applies to each component
of the vector, resulting in coefficients that are also a vector vk of
the same dimension as the observable:

Kt[g(x)] 5 g(x) 1∑
k
vkfk(x)elkt 1 n(t): (5)

The coefficients vk are the Koopman modes, and they repre-
sent the projection of each component of the vector observ-
able on the Koopman eigenfunctions.

For measure-preserving systems, the decomposition can be
written as

Kt[g(x)] 5 g(x) 1∑
k
vkfk(x)eivkt

1

�1

0
e2pivtdE(v)g(x), (6)

where E is a complex, continuous, operator-valued spectral
measure on L2, which in the last part of the expansion repre-
sents the contribution from the continuous part of the spec-
trum, and all the eigenvalues of the Koopman operator are on
the unit circle. The eigenfunctions of the Koopman operator
are then orthogonal (Mezić 2013).

The continuous part can then be expressed using a density
of states and a projection operator Pv, mg(v)Pv such that for
the case of the state vector

x(t) 5 ∑
k
vkfke

2pivkt

1

�1

0
eivtmx(v)(Pvx)dv, (7)

where the density is connected to the projection operator on
the eigenspace corresponding to the interval [v, v 1 dv].

Quadratic quantities like the variance can also be expressed in
terms of the Koopman modes. The full calculation will involve
also the continuous spectrum component, but in what follows,
we will illustrate the concept using only the discrete eigenvalues
that in any case will the result of a numerical calculation,�

x(t)x*(t)dx 5

�
∑
j
vjfje

(sj1ivj)t
[ ]

∑
k
vkfke

(sk1ivk)t
[ ]*

dx

5∑
j,k

vjv
*
ke

(sj1sk)tei(vj2vk)t
�
fjf

*
kdx: (8)

In the stationary (or purely oscillatory) case,�
fjf

*
kdx 5 djk, (9)

i.e., the eigenfunctions are orthogonal, and the relation reduces to�
x(t)x*(t)dx 5∑

k
|vk|

2
: (10)

Depending on the physical quantity, it may represent the en-
ergy or simply the variance. Under these assumptions, the
norm of the Koopman modes gives an indication of their con-
tribution to the variance.

At equilibrium, in general, the Koopman decomposition
describes the evolution of the system as quasi-periodic mo-
tions together with an aperiodic, chaotic component.

3. Koopman decomposition from data

The Koopman operator decomposition can be obtained
from the time series of data, and several techniques are avail-
able. We will use the kernelized version of EDMD (Klus et al.
2020) that has been used in a climate application previously
(Navarra et al. 2021). The EDMD uses a set of nonlinear
functions (features) F 5 [ f1, f2, … ], to lift the data through a
nonlinear transformation to another data space where a more
accurate representation of the Koopman operator can be ob-
tained. The features are then the basis to build various ap-
proximations. Features can be constructed from various
nonlinear functions, for instance, polynomials, but the explicit
computation of features can rapidly become prohibitively ex-
pensive. The state space can, for instance, be augmented by
adding, e.g., [ f 21 , f 22 , …, f1f2, …]. For a vector with n compo-
nents, using monomials of order up to k will require comput-

ing
n1 k
k

( )
columns to the data matrix, a task practically

impossible for any large dataset. Kernels make the process
more efficient by computing implicitly the features and pro-
viding a Hilbert space, the reproducing kernel Hilbert space
(RKHS), where the data can be expressed in terms of the
feature functions. The value of the features in any vector of
the data space x is obtained from the kernel function as
fi(x) 5 k(xi, x), and the representer theorem then guarantees
that any function in the RKHS induced by the kernel can be

written as g(x)5∑iaifi(x), where a are the projection of the
functions on the features.
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The kernels (Scholköpf and Smola 2002) lead to an im-
proved approximation by using a richer set of functions to
estimate the Koopman operator, allowing similarity meas-
ures more general than the standard scalar product. The
mathematical results described in Klus et al. (2016, 2020)
and the corresponding algorithms will yield the value of the
eigenfunctions on the dataset that can be used for the projec-
tions that will result in the Koopman modes for the observable
g(x). The procedure will also give us the feature coefficients
of the Koopman and Perron eigenfunctions, and therefore,
we will be able to compute their value for every vector
in the data space. The detailed procedure is described in
appendixes A and B.

The estimation of the continuous spectrum with numerical
methods is tricky, as the algorithms will always produce dis-
crete eigenvalues. However, we can still estimate the density
of states in the spectrum and identify the region where the
density is higher. Periodic systems will have distinct eigenval-
ues, and they will have sharp spectral lines; in a mixing sys-
tem, there also may exist modes that are close to periodic
modes (Cvitanović et al. 2020) that will show up as broaden-
ing of the spectral lines.

We will use in the following the Gaussian kernel
{ 1/

����
2p

√
s

( )n[ ]
exp(2‖x2 y‖2/2s2)}. The features will then be

given by

fi(x) 5
1����

2p
√

s
( )n/2 exp(2‖x 2 xi‖

2/2s2): (11)

Here, the crucial parameter is the bandwidth s, namely, the
influence radius of the data points with respect to each other.
Ideally, we would like to have a larger bandwidth in regions
where the state density is low and a smaller bandwidth in
regions where the state density is high. Such “self-tuning”
kernels have been proposed for probability density estimation
(Berry and Harlim 2016), but they have not been applied in
the present context. The choice of the Gaussian kernel, either
self-tuning or not, will generate an infinite-dimensional fea-
ture space, enlarging the class of features to an infinite set.

In a previous paper (Navarra et al. 2021), we have chosen a
bandwidth that normalized the distances to unity standard de-
viation and we will follow that choice here. The detailed value
of the eigenvalues is sensitive to the bandwidth choice, but
the properties of the modes are more robust. There is very lit-
tle sensitivity to the other free parameter: the Tikhonov regu-
larization parameter.

4. The data and methodology

We will use in this paper the 1870–2020 data from the
HadSST dataset (Rayner et al. 2003). They consist of monthly
mean SSTs on a 18 3 18 regular grid. The data have been line-
arly detrended to further isolate the interannual variability of
interest, and a running mean of 3 months has been applied to
soften the impact of high-frequency variations. The data have
then been transformed to anomalies by subtracting a monthly
climatology, which eliminates a large portion of the seasonal

cycle that would otherwise dominate the Koopman decompo-
sition together with its harmonics.

The data are then unrolled and organized in data matrices,

X 5 [x0, x1, …, xN], (12)

so that every column corresponds to a single sample point un-
rolled in a long vector.

Prior to the Koopman analysis, the data have been prepro-
cessed through a preliminary EOF analysis to reduce the compu-
tational load. The EOF analysis is used as a reduction procedure
to reduce the space dimensionality of the data from around
18000 to a few hundreds. A detailed analysis shows that retaining
a number of EOFs equal or greater than the numerically deter-
mined rank of the data matrix (around 898 for the tropical case)
will yield results identical to those obtained using the gridpoint
data without any preliminary EOF reduction. Retaining less than
the rank of EOF will start to introduce the differences in the re-
sult due to the elimination of some portion of the variance (see
more in the sensitivity analysis subsection). In what follows, we
will use the number of EOFs corresponding to the rank to get
faster calculations without the loss of information. It is probably
interesting to note that the computational effort is limited, even in
the full gridpoint case, and calculations do not require HPC re-
sources but can be done on a workstation.

The kernel EDMD algorithm will provide the coefficients
of the eigenfunctions over the features, so that the eigenfunc-
tions will be given by

fk(x) 5∑
i
wkifi(x) (Koopman), (13)

ck(x) 5∑
i
ukifi(x) (Perron): (14)

The estimated evolution of the dynamical system described
by the dataset is then given by

x(t) 5∑
k
vke

(sk1ivk)tfk(x), (15)

5∑
ik
vke

(sk1ivk)twkifi(x), (16)

where we can see that the state vector can be expressed in
terms of the Koopman or Perron modes. If the eigenfunctions
were orthogonal, the Koopman mode amplitudes would be
the projection of the field grid point by grid point on the
eigenfunctions. In general, they are not orthogonal, so we must
get them solving a linear system at t5 0,�

xf*
i (x)dx 5∑

k
vk

�
f*
k(x)fi(x)dx, for i 5 1, 2, 3, …: (17)

The kernel generalized the relation between data points. We
can understand this by considering a linear kernel, which is a
polynomial kernel of order 1 with c 5 0. In this case, the
Koopman decomposition is equivalent to a LIM (Tu et al.
2014; Tu 2013), or in more precise terms, it is the LIM that is
providing just a linear approximation of the Koopman opera-
tor for the dynamical system implied by the data. The kernel
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uses a larger set of functions yielding a better approximation.
In the linear kernel case, i.e., when the kernel is simply the
scalar product, the Koopman modes then become the LIM
modes (see appendix C).

5. Koopman modes of the tropical ocean

We will consider the tropical Pacific Ocean, between the
latitudes of 358N–358S. Figure 1 shows the eigenvalues of the
Koopman operator. We have used a regularization constant
e 5 1025, with little sensitivity with respect to the case with no
regularization. The eigenvalues are well distributed around
the circle, they are contained within the unit circle, the shad-
ing is proportional to the norm of the Koopman modes, and it
is possible to see that with few exceptions, the eigenvalues
with modulus smaller than 1 have also a small Koopman
mode amplitude.

a. Spectral density

We can investigate the density of the eigenvalues to discern
the character of the estimated spectrum. The state density is
shown in Fig. 2, where the eigenvalue density has been esti-
mated using a Gaussian density estimator. Remarkably, sev-
eral peaks appear elevated over the sea of eigenvalues.

This suggests the existence of quasi-periodic cycles in the
neighborhood of the maxima, namely, cycles that are hidden
but contribute to the large-scale structure of the phase space
(Cvitanović et al. 2020). We can easily identify the peaks
around 9.18 and 3.40 years, less evident areas around 2 years
and a more definite structure at 1.2 years. The band indicates
the interval of one standard deviation of the spectra obtained
by scrambling the original data time series and repeating the
Koopman decomposition. A more detailed analysis of the

FIG. 1. Koopman spectrum for the tropical SST. A regularization
constant of 1025 has been used in the kernel-based algorithm. Only
the eigenvalues whose oscillatory time scales are longer than
3 months are shown. The shading is proportional to the norm of the
Koopmanmodes.

FIG. 2. State density distribution of the eigenvalues. The state density distribution of the eigenvalues for (top) the trop-
ical domain and (bottom) the global domain. It is possible to see several peaks that correspond to quasi-periodic motions.
The shaded band shows one standard deviation extent over computing the spectra randomly scrambling the time series
100 times, while the red dotted lines delimit two standard deviations. The period in years is indicated next to the peak.
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3.40 peak reveals that in an interval of 6 months around that
period, there are 14 modes, whereas in an interval of 12 months
around the 9.18 peaks, there are four modes. We are showing in
Table 1 the first 10 modes in terms of the norm size. The Koop-
man decomposition yields here not only quasi-periodic modes
with long decay or growth e-folding time but also strongly
damped modes, like mode 1 that has a damping time scale
of about 2 years and an oscillatory period of about 9 years.
The evaluation is sensitive to the length of the time series,
as the precise frequency and amplitudes of the peaks may
vary somewhat, especially the longer periods that are more
sensitive to the length of the time series, but it is to be ex-
pected in an evaluation that is basically evaluating time be-
havior. The longer time series will result in peaks that are
more identifiable and significant over the uncertainty band
visible in Fig. 2.

The time variation in the first eight Koopman eigenfunc-
tions is shown in Fig. 3. It is possible to see the damping scale,
indicating that they represent some adjustment process. How-
ever, in their neighborhood, there are also modes that have
much slower decaying rates almost exactly oscillatory, like
mode 5 that with a period of 3.58 years and a decay scale of
192 years is slowly decaying.

The Koopman modes give the value of the Koopman ei-
genfunction at the grid point, so they can be represented on
a geographical map and their evolution through one cycle is
shown in the following figures. The time evolution of the jth
Koopman mode jj is computed by dividing the phase in N

steps, ignoring the exponentially decaying term of the eigen-
value as

Re(vjeivj t), (18)

for tn 5 2pnDt/Tk, where Dt 5 Tk/N is the phase increment
and Tk is the period corresponding to the kth mode. There
are several modes that contribute to the bands, but choosing
the modes with the largest norm around the 3.4-yr peak, we
can show the first one in Fig. 4. The mode is an equatorially
confined mode, with some structure in the midlatitude and
mostly limited to the Pacific. The next mode (Fig. 5), which is
almost stationary, shows a very similar structure, but with a
noticeable phase shift.

The spatial distribution of the first modes at the 9.18 peak
can be seen in Fig. 6, and as in the previous pictures, we show
the evolution over a cycle without regard for the exponential
decay. Also in this case, it is difficult to identify a possible
propagation in the strongly damped modes, whereas it is
more traceable in stationary mode 5 (Fig. 7). Both modes
show a wider distribution with respect to the higher frequency
modes suggesting an involvement of off-tropical dynamics.

The picture that results is that even with a continuous spec-
trum, there are preferred time scales that emerge as the accu-
mulation points of the eigenvalues. We can speculate that, in
general, we can have on one extreme the case of a perfectly
periodic system that will have, sharp, delta-function eigen-
value distributions and to the other extreme of a totally ran-
dom system with a flat distribution of the eigenvalues. In
between, we will have cases with preferred time scales of vari-
ability, showing as the accumulation of eigenvalues at certain
frequencies. We can also speculate that it is the interaction
among many different Koopman eigenfunction that broadens
the peaks, leading to the interesting possibility that in this
way, we can identify fundamental periodic motions that are
however continuously perturbed by the higher modes.

b. Stationary Koopman modes

The spontaneous appearance of quasi-neutral modes sug-
gests that they may play a significant role. They may define

TABLE 1. The first 10 Koopman modes ordered for norm size.

Mode Norm e-folding time (yr) Period (yr)

0 576.24 211.67 0.82
1 434.61 22.18 9.13
2 431.40 210.26 0.83
3 419.99 24.74 3.41
4 369.94 214.59 1.22
5 355.72 2192.29 3.58
6 343.90 21043.24 140.65
7 328.69 285.31 75.83
8 326.15 28.85 0.74
9 316.36 210.55 0.95

FIG. 3. Time evolution of the values taken by the first eight Koopman eigenfunctions corresponding to the largest
norms of the Koopman modes. The eigenfunctions are evaluated on the first time step, and only the real part is
shown. Some of the modes are damped with a significant e-folding time scale.
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a stationary subspace, which is a portion of the variability
that confines the evolution of the system for a long time.
The Koopman analysis does not force the stationary char-
acter on the modes in the same way that a Fourier analy-
sis does, for instance, and therefore, they identify the

“stationary modes” around which short-lived fluctuations
appear.

In a numerical estimation, we have to define a level under
which we will consider the modes stationary. Table 2 shows the
first 10 stationary modes ordered by magnitude. In this case, we

FIG. 4. Time evolution of the oscillatory component of Koopman mode 3 over a single period at different phases. The decaying component
is ignored. Contour units are in degrees.

FIG. 5. As in Fig. 4, but for mode 5 with a period of 3.58 years.
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have chosen the threshold of an e-folding time greater than
300 yr21 to retain modes that we call “stationary.” The values of
the eigenfunctions associated with the first eight stationary modes
with the largest norms are shown in Fig. 8.

The interplay between different kinds of modes is shown in
Fig. 9; here, the modes are ordered by period and normalized

such that the largest mode has unit norm. Using the chosen
threshold, we found that 76 modes and their complex conju-
gates satisfy the stationary condition. The color scale indicates
the sign of the real part of the eigenvalues. Eigenvalues with
positive real part are in blue, those with negative real part are
in light pink, and those whose real part is smaller than the

FIG. 7. As in Fig. 6, but for mode 22 corresponding to the peak of period 9.18 years.

FIG. 6. Time evolution of Koopman mode 1 close to the 9.18-yr peak. Contour units are in degrees.
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threshold corresponding to a e-folding time of 300 years are in
coral. The damped modes are the majority, but we can see
that modes with small e-folding time are also common. There
is a rare instance of a growing mode, which is attributed to nu-
merical instabilities, as physically stable systems should not
exhibit exponential growth.

We can use the Koopman decomposition to project the
data onto some subsets. We can have an idea of what this
means by looking at Fig. 10 that shows the Niño-3 index com-
puted on the SST time series reconstructed using in Eq. (16)
only Koopman modes whose periods are within a range of
6 months around the 3.4-yr peak (red line) and 12 months
(blue line). All modes in the range are used, including decaying
ones. However, if in the reconstruction, we use all the stationary
modes we obtain the green line. The groups of modes around
the 3.4 peaks follow the variation in the Niño-3 index well, but
it is only when all the stationary modes are used that we im-
prove also on the amplitude of some of the larger variations.
This figure is consistent with Froyland et al. (2021) showing that
Koopman decomposition can identify dynamically relevant
modes accurately even if we are using here a different method
to estimate the Koopman modes and a different, longer dataset.

The stationary periods have emerged spontaneously from
the analysis, and they show that the neutral modes can explain
a significant part of the Niño-3 index variability. Some mecha-
nism amplifies the stationary variation locally, causing amplifi-
cation and modulations of the variability and the stationary

modes express a rather nontrivial representation of the vari-
ability. The stationary subspace therefore reflects a funda-
mental property of the system, at least as it can be identified
from the data and within the limit of the length of time series,
but it is tempting to identify it with the internal variability of
the SST.

The almost purely oscillatory modes with very weak growth
or decay suggest that they will contribute to the stationary
portion of the variability of the SST. From a mathematical
point of view, these modes will render the Koopman operator
unitary. The deviation caused by the blue and pink modes in
Fig. 9 represents the deviation from the unitarity of the Koop-
man operator. If it was not for the presence of some residual
and spurious growing modes, which arise from numerical in-
stability, the system would eventually evolve to a subspace
spanned only by the stationary modes. It is interesting to note
that the modes with the highest norm are strongly damped
modes that really exist only for a short time during the evolu-
tion of the time series. In this scenario, the damped modes ex-
press the distance from equilibrium of the observations in the
beginning of the time series. Figure 9 shows that the station-
ary modes are distributed along the spectrum and so we can
find one in the neighborhood of all the peaks we have identi-
fied, we can then concentrate only on the stationary part of
the spectrum (Fig. 11). Often, these modes are also close to
the peaks of the eigenvalue density.

c. Overlap and interaction among the Koopman modes

It is of interest to look at the interaction between the various
Koopman eigenfunctions. Because of the Hilbert space structure,
the interaction is given by the overlapping or interaction integral,
which is the scalar product of the eigenfunctions computed nu-
merically over the values of the eigenfunctions at the data points
(Fig. 12). The picture shows the overlapping integral of the ei-
genfunctions as a matrix of interaction integrals. The ordering
is such that the first 72 modes correspond to the stationary
modes. The diagonal is the norm of the eigenfunctions normal-
ized to 1, and the colors are decreasing values with a logarith-
mic scale up to values 0.01 as smaller values are omitted.

With this ordering, the bottom left quadrant shows the inter-
actions among the stationary modes. The top right quadrant
shows instead the interactions among the transient (damped)

FIG. 8. Time evolution of the values taken by the first eight Koopman stationary eigenfunctions with the largest norms
of the Koopman modes on the data values. Only the real part is shown.

TABLE 2. The first 10 stationary Koopman modes ordered by
magnitude. The position in the general list of modes is given in
parentheses.

Mode Norm e-folding time (yr) Period (yr)

0 (6) 343.90 21043.24 140.65
1 (12) 287.85 2838.18 5.65
2 (20) 247.85 2786.32 48.55
3 (22) 237.98 21621.88 9.18
4 (24) 222.80 2998.35 13.29
5 (26) 215.15 2373.90 12.15
6 (30) 207.41 2604.13 18.48
7 (32) 202.47 2652.27 6.40
8 (38) 197.97 2724.62 4.20
9 (44) 187.20 22678.26 2.86
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modes, and the two remaining quadrants show the interaction
between the stationary and damped modes. The interactions
among the stationary modes are concentrated on the diagonal.
The off-diagonal values are small, with some exceptions. It is
also possible to observe the existence of interaction “segments”
that show up as blocks on the diagram. There are rather iso-
lated modes around 1.82 periods and a block between periods
1.82 and 1.23 that seems to involve modes that only interact
among themselves and very little with the others. Also the block
between 3.27 and 1.82 defines another such block, even if more
complex. It is interesting to note a series of short period modes
in the very top right corner that seems to be almost completely
orthogonal.

This must be contrasted with the top right quadrant of the
transient modes that instead shows less structured interactions
and more long-range interactions among the modes with dif-
ferent periods. The remarkable case of the modes that seem
to interact with every other mode corresponds to strongly
damped transient modes that result in having interactions
with most of the oscillatory modes because of their limited ex-
tent. Furthermore, the off-diagonal values are larger and de-
crease more slowly moving away from the diagonal.

The symmetrical top left and bottom right quadrant show
in general smaller values. The maximum interaction value is
of the order of 0.1. The plots confirm somewhat a local inter-
action between the stationary modes and these modes. We
can see this from the limited diagonal extent of the nonzero
values of the interactions, indicating a tendency for modes
within certain period bands to interact with stationary modes
in the same band.

d. Sensitivity analysis

As previously mentioned, the state distribution is sensitive
to the length of the analyzed time series, and the frequencies
and amplitudes of the peaks may vary to some extent, espe-
cially for longer periods that are more sensitive to the length
of the time series. Figure 2 shows several peaks that rise
above the shaded bands that represent one standard deviation
over the spectrum obtained by randomly scrambling the time
series 100 times. This analysis gives an idea of the robustness
of those peaks, which can be clearly distinguished from the
sea of eigenvalues obtained from the random time series.

FIG. 9. Koopman modes for the tropical SST normalized so that
the norm of the largest mode is 1. In the case of complex conjugate
pairs, only one mode is shown. We represent here decreasing time
scales up to 1 year. The light pink modes are the damped mode,
the blue ones are growing modes, and the coral ones are stationary
modes.

FIG. 10. Niño-3 index reconstructed from the Koopman stationary modes (in color) and the original data (black line). The red line cor-
responds to a Niño-3 index computed over the SST data series reconstructed using only the modes around a 6-month interval around the
3.4-yr peak (14 modes plus complex conjugates). The blue line corresponds to expanding the interval to 12 months (29 modes) and the
green line is obtained by reconstructing the data using all the stationary modes (78 modes). The stationary modes improve marginally
the correlation (0.61), but they increase the amplitude of the larger events. The average correlation achieved over 50 extractions of ran-
dom combinations of the same number of modes (among all of them, not just stationary) yields a correlation of 0.306 0.05.
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To further investigate this issue, Fig. 13 shows the state den-
sity distribution for the whole period (upper panel on the left,
equivalent to Fig. 2) plus 15 80-yr-long periods of the tempo-
ral domain (with a sliding window of 5 years). The colored
circles identify the appearance of the peaks identified in Fig. 2
in each subperiod, as well as two other peaks that recurrently
appear in the 80-yr-long subsamples (viz., around 6.16 and
1.69). Peaks have been considered to be the same if they lie

within a 15% distance of the value of the total period peak.
The peaks below 0.95 have not been considered, as they lie
too close to each other to properly identify them. It is possible
to see that several peaks correspond among most of the do-
mains, as well as with the whole period distribution shown in
Fig. 2. In particular, the peak around 0.95 (marked in red) can
be found in 13 out of the 15 subsamples, while the one around
1.22 appears in 14 out of the 15. Regarding the peak around
3.40, it can be found in 7 out of the 15 subsamples if we keep
the 15% band around the original peak. However, it can be
identified in 12 out of the 15 samples if we stretch it to 30%.
In fact, it is easy to see that a distinct peak appears around
3.40 in almost all the subsamples, but it seems to showcase a
higher variability in its period. It should be noted, too, that
some peaks split into two peaks. This happens more markedly
at higher frequencies, where peaks are closer among them
and, therefore, more difficult to identify. In addition, two new
frequencies emerge consistently in the 80-yr-long samples:
one around 6.16 and another around 1.69 (marked in blue
and red respectively), while the peak around 9.18 cannot be
found in any of them, which demonstrates that longer training
periods are needed for the proper identification of lower fre-
quency periods. The exact frequencies of these two new peaks
(6.16 and 1.69) have been extracted from the peaks arising
when using all the 15-period eigenvalues for the density com-
putation (not shown).

A comparison between Figs. 2 and 13 shows that most part
of the main peaks can be identified in both the total and sub-
sampled temporal domains. A further analysis with shorter
subsets (50 and 37.5 years long, not shown) shows similar re-
sults, but the peaks become increasingly more difficult to
identify, with further shifts and an increasing number of split-
ting peaks. In particular, the 9.18 peak (and 11.14 peak for the

FIG. 11. The stationary Koopman modes norm for (top) the
tropical domain and (bottom) the global domain. The amplitude is
normalized to the maximum value.

FIG. 12. Overlap integrals for the stationary and transient Koopman eigenfunctions for the tropical case. The bot-
tom left quadrant shows the stationary mode overlaps and the top right quadrant the transient Koopman mode over-
laps. The other quadrants show the interactions.
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global domain) has proved to be harder to reproduce. While
they still emerge for periods slightly shorter than the total
time series, they seem to shift to shorter frequencies or to
completely disappear for periods significantly shorter than the
total time domain. However, this is to be expected, as longer
time series result in peaks that are more significant and
identifiable.

Regarding the sensitivity to the EOF dimensional reduc-
tion, Fig. 14 shows the state density distribution for four dif-
ferent retained variances of the tropical domain. The
variances retained, from top to bottom, are equal to 0.99
(number of EOFs 5 224), 0.95 (number of EOFs 5 56), 0.90
(number of EOFs 5 31), and 0.80 (number of EOFs 5 15). It
can be observed that the peaks and the overall distributions

featured in the three first panels show a high correspondence
among them, as well as with the full-rank distribution in
Fig. 2. On the other hand, the bottom panel (which retains
only the first 15 EOFs) is considerably different. Although
some of the main peaks still can be identified, it also shows an
increasing number of less identifiable peaks. This feature be-
comes more evident if the retained variance is even lower
(0.75 and 0.6, not shown), demonstrating that the method re-
mains stable and robust as long as the retained variance is
close enough to one (even if the number of EOFs varies
greatly, i.e., from 224 at 0.99 to 31 at 0.9).

A more detailed analysis shows that the number of grow-
ing modes increases as the number of EOFs becomes con-
siderably smaller than the full rank (under 0.8), while the

FIG. 13. State density distribution for the whole period (first panel on the left, equivalent to Fig. 2), plus 15 80-yr-
long periods of the temporal domain (with a sliding window of 5 years). The colored circles identify the appearance of
the peaks identified in Fig. 2 in each subperiod. A peak has been considered to be the same if it lies within a 15% in-
terval from the value of the original peak. The peaks below 0.95 have not been considered, as they lie too close to
each other to properly identify them. It is possible to see that several peaks show in many subperiods, as well as within
the whole period distribution shown in Fig. 2.
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number of stationary modes decreases (i.e., no stationary
modes arise for a retained variance of 0.6, number of EOFs5 6).
This suggests that nonlinear dynamics and the lower tails
of variability are relevant for the identification of isolated

peaks, but further research is needed to fully investigate this
issue.

6. Koopman modes of the global SST

The previous analysis has been focused on the entire tropi-
cal belt between 358N and 358S, and it is now interesting to
see the results of the Koopman decomposition for a different
domain. In this section, we discuss the Koopman decomposi-
tion for an enlarged global domain between 608N and 608S.
Expanding the domain to higher latitudes will involve longer
time-scale processes, so we can expect to see the signature of
the different dynamics in the modal structure.

The Koopman decomposition for the global case is shown
in the bottom panel of Fig. 2, where we are comparing the
density analysis of the eigenvalues for the two cases. The
spectrum is rather consistent, and we can see that the same
modes, identified by their frequency/period, emerge in both
cases. The same mode around 3.6 years is visible and another
one at 1.7 years. The low-frequency peak shifts toward longer
periods in the global case.

The shift toward longer periods in the global domain in-
cluding the entire Pacific Ocean can probably be connected to
the long-term variability of the Pacific, as the Pacific decadal
oscillation (PDO). After the identification of the PDO as a
variability mode of the Pacific (Mantua et al. 1997), the early
interpretation favored a simple mode of variability, but fur-
ther research (Mantua and Hare 2002) revealed that the PDO
can be really a mixture of several processes and time scales
(Newman et al. 2016). This interpretation is supported by the
Koopman mode decomposition that shows a number of
modes in this spectral region. Figure 15 shows the PDO index
computed as the average over the region (208, 608N) and
(1508, 2208E) (Mantua et al. 1997) for the observations and
for the data reconstructed by the stationary Koopman modes.
It is interesting to note that in this case, it is difficult to capture

FIG. 14. State density distribution of the eigenvalues for the tropical
domain and four different EOF dimensional reductions. The variances
retained, from top to bottom, equal to 0.99 (number of EOFs5 224),
0.95 (number of EOFs 5 56), 0.90 (number of EOFs 5 31), and 0.80
(number of EOFs 5 15). It is possible to see that the peaks and the
overall distributions featured in the three first panels show a high cor-
respondence among them, as well as with the full-rank distribution
shown in Fig. 2. Although some of the main peaks can be identified
also in the last panel (which retains only the first 15 EOFs), it shows
an increased number of less identifiable peaks.

FIG. 15. PDO index reconstructed from the Koopman stationary modes (green) and the original data (black line).
The index reconstructed from the stationary modes yield a correlation of 0.69 with the observational index. The aver-
age correlation achieved computing an index over 50 extractions of random combinations of the same number of
Koopman modes yields a correlation of 0.096 0.07.
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the behavior of the index with few modes and some corre-
spondence can be obtained only using all the available sta-
tionary modes. This is to be compared with the behavior of
the Niño-3 index that is showing a tighter spectral concentra-
tion of modes with respect to the PDO.

Considering now just the stationary components, selected
using also in this case with a threshold value of 300 years21

for the stationarity (i.e., a growth rate smaller than the thresh-
old value, we can compare the Koopman modes in Fig. 11,
where we are comparing the stationary Koopman modes for
the tropical and global case. The modes have been normalized
with respect to the maximum norm. The comparison shows
how the modes at 2.86 and 3.04 years appear to be mostly
tropical, whereas the mode at 5.65 appearing in the tropical
analysis is probably due to the residual influence from the
midlatitudes. In the larger domain, this mode is absorbed in
the general shift toward longer time scales.

The structure of the global Koopman modes is shown in
Fig. 16 for the mode with a period of about 9 years. The

pattern is clearly indicating the PDO, and it is basinwide. The
second largest mode (Fig. 17) is instead for the period at 2.86.
This mode is more confined to the equatorial region. The
comparison between these two modes shows how in fact they
are not completely separable and how the slow mode, in its
evolution around the basin, interacts with the faster equato-
rial modes. Also the broader shape of the slow mode may in-
dicate the role of slower off-tropical disturbances in the
propagation from the North American West Coast to Asia.

Each monthly mean can be expanded over the eigenfunc-
tions, so we can get a different view by looking at the contri-
bution from each eigenfunction for each month, including in
this case all modes both exponential and oscillatory. There
is considerable variability from 1 month to the next, but it is
possible to get some insight by constructing appropriate
composites. Figure 19 shows the Koopman spectra for two
cases of composites. On the top, the data have been strati-
fied using the NINO34 index, compositing the cases with a
value of the index larger than 1.58C or less than 21.58C. The

FIG. 16. The global stationary Koopman mode with period 9.22 years.
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second composite is for months with a value of the index
close to 0.

We can see a basic exponential decline as the frequency in-
creases, but with notable peaks at modes with periods of 2–5 years
for the cases with a large Niño/A index. The absolute value of the
eigenfunction has no phase information and so it cannot separate
positive and negative cases. The neutral case shows no peak at
these frequencies.

The bottom panel shows similar composites but for the
PDO index, defined as the mean anomaly over the area be-
tween (208, 608N) and (1508, 2208E) (Mantua et al. 1997). In
this case, it is possible to note that the month with a high ab-
solute value (greater than one standard deviation) of the in-
dex, either positive or negative, shows a large contribution
from the slower modes, with a relatively minor component of
the interannual variability. The months with smaller values of
the index result in a rather flat distribution.

The interactions among the modes in the global case are
shown in Fig. 18. The figure is organized as in Fig. 12 so that

the meaning of the quadrants is similar. It is interesting to
note that the stationary modes are more clearly orthogonal
than in the tropical case and they are organized in well-
defined blocks that define the sections of modes that have
residual interaction among themselves but much weaker in-
teractions with others. The time scales that emerge are longer
periods up to 10–12 years

7. Discussion

The Koopman modes provide a new way of analyzing the
variance of a climate field without enforcing a preorganized
structure on the modes themselves. They do not force a
mathematical structure, as the EOF or even Fourier analy-
ses, but let the dynamically significant modes emerge natu-
rally from the dataset. Koopman-based methods provide a
global rather than local linearization and therefore allow
the usage of the well-known linear operator theory concepts
for the physical interpretation. Used in combination with

FIG. 17. As in Fig. 16, but for the stationary mode of period 2.86 years.
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kernel methods, they can provide a very powerful tool, which
can be the basis for forecasting, but these methods can also be
used to gain insight into the behavior of the system.

The vision that emerges for the tropical Pacific is consistent
with a physical scenario where the variability is made up of
several different modes, represented by the Koopman eigen-
functions and their projection on the state space, the Koop-
man modes. We propose here that, at least in the limited view
offered only by the SST, the interannual variability is com-
posed by a spectrum of patterns almost regularly oscillatory,
which are however perturbed and modified continuously by

the interaction with other eigenfunctions, often with larger
e-folding times that may amplify the amplitude of the oscilla-
tion over a relatively short period of time and then decay.
This scenario then offers a resolution to the discussion on the
oscillatory versus damped oscillatory nature of the variability.
The scenario is supported by the interaction coefficients
among the eigenfunctions (Figs. 12 and 18), which shows not
only how the stationary eigenfunctions are more orthogonal
than the rest but also how they interact with the strongly
damped eigenfunctions in a continuous interplay. The system
that is based on a number of stationary or quasi-stationary
modes that collectively define a subspace of regular oscilla-
tions and variations. The stationary subspace contributes to
the internal variability directly, but it also provides the tex-
ture around which the nonorthogonal modes can act to
amplify the variability. It is reasonable to expect that the am-
plification is generated partially by linear instabilities, but also
by the repelling and attracting properties of the stationary sub-
space itself. These ideas will need to be further investigated and
verified by extending the analysis to other parameters, from the
atmosphere and subsurface in the ocean.

The Koopman modes are estimated from data, and a theo-
retical calculation even for simple toy problems is still elusive,
so they are limited by the characteristics of the datasets, espe-
cially in the choice of stationarity criteria (the “threshold”)
and in the details of the estimating algorithm (kernel choices,
bandwidths, etc.). Some sensitivity with respect to the choice
of parameters is to be expected. Although this is somewhat
unavoidable for data-driven methods, it must be taken into
account. The presence of the continuous spectrum typical of
mixing systems, like the turbulent systems we encounter in cli-
mate and meteorological applications is a large challenge.
However, we have shown that the stationary modes provide a
guide to the phase space and also that the distribution of the
states is not trivial, revealing an underlying structure.

FIG. 18. Overlap integrals for the stationary and transient Koopman eigenfunctions for the
global domain. The bottom left quadrant are the stationary mode overlaps, and the top right
quadrant are the transient Koopman modes overlaps. The other quadrant denotes the interac-
tions. Note the increased separation between time scales in the stationary sector.

FIG. 19. The distribution of the absolute value of the values
for each Koopman eigenfunction for (top) the Niño cases and
(bottom) PDO. The Niño-31 4 have been stratified as the months
with Niño/A cases (BIG:.1.5 or,21.5) and neutral cases with an
absolute value of the index smaller than 0.025. The PDO has been
stratified as PDO . 0.15 and PDO , 20.15. The Niño/A cases
show peaks, whereas in the neutral case, it is rather a monotonous
distribution. The PDO is concentrated in a smooth quantity over
the longer time scales.
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8. Conclusions

This paper shows that the Koopman analysis can be used to
analyze the long time series of large climatic datasets easily.
The continuous part of the spectrum can be handled using den-
sity estimation techniques that identified the main frequencies.
A purely multiperiodic system would be represented by a series
of sharp lines in the spectrum, but the interaction with the con-
tinuous part causes line broadening and the appearance of
wider peaks in the eigenvalue spectrum. A possible interpreta-
tion of ENSO variability, for instance, assumes that ENSO is
the result of damped modes stochastically driven by high-
frequency (weather) noise. The speculation here is that Koop-
man modes, and in particular the most prominent ones, may
play a role as such modes.

The Koopman modes provide a theoretical framework that
allow the discovery of the underlying dynamics implied by the
(unknown) dynamical system that drives the evolution of the
dataset, in this case the SST. The analysis has separated the vari-
ability into quasi-stationary modes and decaying modes that are
in a continuous interaction. However, the stationary modes col-
lectively are the scaffolding upon which the variability is built, as
is shown by their capacity to represent a large part of the vari-
ability of Niño and PDO indices. The interactions with decaying
modes provide the amplification over relatively short time scales.
These ideas open a new avenue of investigation and will need to
be further developed and investigated, especially in their rela-
tion with other parameters and fields of the coupled tropical
system.
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APPENDIX A

Notations

An overview of the notation used in the paper (see Table A1).

APPENDIX B

Spectral Decomposition of the Koopman Operator

The decomposition of the Koopman operator into eigen-
values, eigenfunctions, and modes has been computed using
the algorithms proposed in Klus et al. (2020), described
also in Navarra et al. (2021). The usage of kernels and re-
producing kernel Hilbert spaces (Scholköpf and Smola
2002) leads to an improved approximation by using a
richer set of features to estimate the Koopman operator,
allowing similarity measures that are more general than
the standard inner product. We define a function, the so-
called kernel,

k(x, y) 5 hf(x), f(y)i,

that generalizes the notion of similarity between two states.
Such methods have been extensively used for classification,
and other machine learning problems and the properties
and the conditions to be satisfied by the kernel have been
investigated (see Steinwart and Christmann (2008) for more
details). Muandet et al. (2017) classified several possible
kernels in terms of their conservation of properties of the
basic system. Popular choices include radial basis kernels
such as the Gaussian kernel k(x, y) 5 exp(2||x 2 y||2/2s2)
or the Laplacian kernel k(x, y) 5 exp(2||x 2 y||/s). Also
polynomial kernels k(x, y) 5 (c 1 hx, yi)d have been used.
The hyperparameters c $ 0, s . 0, and d 2 N are arbitrary,
and they have to be chosen for each problem. The polyno-
mial kernel reduces to the usual scalar product for c 5 0
and d 5 1.

The mathematical derivations described in Klus et al.
(2016, 2020), and Navarra et al. (2021), and the correspond-
ing algorithms will yield the eigenvalues, eigenfunctions,
and modes. Given time series data of the form,

X 5 [x0, x1, …, xN], (B1)

where xi represents snapshots of gridpoint values of physi-
cal fields (reshaped as vectors).

TABLE A1. Notations used in the paper.

X 5 [x1, x2, … ] Data matrix
Y 5 [x2, x3, … ] Shifted data matrix
k, f Kernel and associated feature map
F 5 [ f1, f2, … ] Features matrix
K Koopman operator
Gxx Gram matrices for data matrices X
Gxy Gram matrices for data matrices X and Y

F 5 [f1, f2, … ] Matrix of the eigenfunction of the Koopman operator
C 5 [c1, c2, … ] Matrix of the eigenfunction of the Perron–Frobenius operator
wik Coefficient of the feature expansion of the Koopman eigenfunctions
uik Coefficient of the feature expansion of the Perron eigenfunctions
V 5 [v1, v2, … ] Koopman modes
m Eigenvalue of the Koopman operator
l Eigenvalue of the generators of the operators
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It can be shown that the in the kernel formulation we can
use the Gramian matrices Gxx 5 [k(xi, xj)] and Gyx 5 [k(yi, xj)],
to set up the eigenvalues problem (Klus et al. 2020),

(Gxx 1 n 2 I)21Gyxw 5 mw, (B2)

then the expression

U(X) 5 GxxW, (B3)

where the columns of W are the eigenvectors w, which will
give an estimation of the eigenfunctions of the Koopman
operator in terms of their values on the data vectors. The
Tikhonov regularization with identity matrix I can be added
in the case of singularity of Gxx, and alternatively, a pseu-
doinverse calculation can be used. The generator eigenval-
ues l can then be obtained as l 5 log(m)/Dt, where Dt is
the lag time, i.e., the difference between ti and ti11.

The algorithms will then produce the matrix

U(X) 5
u1(x1) u2(x1) u3(x1)
u1(x2) u2(x2) …

u1(x3) … …

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(B4)

of the values taken by the eigenfunctions ui(xj) at the sam-
ple points. It will also provide coefficients wik and uik for
the expansion of the eigenfunctions in the feature functions
derived from the kernel k(?, x).

Having a vector-valued observable g 5 [g1, g2, g3, … ]T

that takes values on the same sample points,

G(X) 5
g1(x1) g1(x2) g1(x3)
g2(x1) g2(x2) …

g3(x1) … …

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (B5)

the Koopman modes can be obtained from the matrix of
the value of the observable on the eigenfunctions, via the
pseudoinverse F(X)1 (Mezic and Surana 2016),

V 5 U(X)1G(X): (B6)

Then, the Koopman modes of the state vectors are

V 5 U(X)1X: (B7)

APPENDIX C

Koopman Decomposition and LIM

The computation of the Koopman modes will reduce to
DMD modes if a linear kernel is used (Klus et al. 2016). In
that case, the Koopman modes are equivalent to a LIM as
shown by Tu et al. (2014). We include a slightly different
derivation for the sake of completeness.

A numerical calculation of the Koopman modes will pro-
duce only discrete eigenvalues, so we can use the expansion
in (4) using only the discrete eigenvalues,

x(t)K 5∑
k
vke

lktuk[x(0)]: (C1)

In a LIM approximation, spatial covariance matrix B is used
to compute Green’s function to construct the predictor,

x(t 1 Dt) 5 exp(BDt)x(t), (C2)

where matrix B is obtained from the covariance matrix and
time-lagged covariance matrix as,

B 5
1
Dt

log[YXT(XXT)21], (C3)

and X is the data matrix and Y is the shifted data matrix
(Penland and Sardeshmukh 1995). We can see from this
expression that LIM constructs an approximation of the
generator of the Koopman operator using linear basis func-
tions and that

C 5 YXT(XXT)21 5 YX1

is thus an approximation of the Koopman operator with lag
time Dt. Matrix C can be regarded as an EDMD estimate
of the operator using linear basis functions, which is equiva-
lent to DMD. Note that C is the solution of the regression
problem

minA2Rd3d‖Y 2 AX‖F : (C4),

Choosing a linear kernel in (B2) allows us to write the Gra-
mians in terms of the data matrices as

Gxx 5 XTX, (C5)

Gyx 5 YTX, (C6)

and the Koopman eigenfunctions are obtained from the ei-
genvalue problem,

(XTX)21YTXW 5 WLK, (C7)

where W is the eigenvector matrix and LK is a diagonal matrix
containing the eigenvalues of the Koopman operator. The cor-
responding eigenfunctions are then given by u(x) 5 (Xw)Tx.
Note that Xw is a right eigenvector of CT since, using proper-
ties of the pseudoinverse,

(XXT)1(XYT)Xw 5 X(XTX)1(YTX)w 5 lKXw

and thus a left eigenvector of C. Note that depending on
the size of X, XXT, and/or XTX might not be invertible, and
we thus have to use pseudoinverses here. The LIM eigen-
functions, on the other hand, are obtained from the right
eigenvectors of matrix B, which are also the solutions of
the corresponding eigenvalue problem,
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CU 5 YXT(XXT)21U 5 ULL:

The difference between LIM and EDMD is thus that LIM
computes the right eigenvectors and EDMD computes the
left eigenvectors of C.

The Koopman modes V are obtained by representing the
full-state observable g(x) 5 x in terms of the Koopman ei-
genfunctions. Since in our case, the dictionary is given by
f(x) 5 x, this yields

V 5 (XW)2T

[see Klus et al. (2016) for more details]. The Koopman
modes are then the right eigenvectors of C and for this spe-
cial case equivalent to LIM. However, this equivalence holds
only if a trivial linear kernel is used. More powerful nonlin-
ear kernels lead to more accurate approximations of the
eigenfunctions since they map the data to higher-dimensional
or infinite-dimensional feature spaces. The resulting function
spaces are, under certain conditions, dense in the space of
continuous functions.
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