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LIPSCHITZ REGULARITY OF ALMOST MINIMIZERS IN ONE-PHASE
PROBLEMS DRIVEN BY THE p-LAPLACE OPERATOR

SERENA DIPIERRO, FAUSTO FERRARI, NICOLO FORCILLO, AND ENRICO VALDINOCI

2n

ABSTRACT. We prove that, given p > max { e

1}, the nonnegative almost minimizers of the

nonlinear free boundary functional

T(w.9) = [ (I9u@l + X0 @) da

are Lipschitz continuous.

1. INTRODUCTION

In this article we consider a nonlinear free boundary problem and we establish the Lipschitz
continuity of its almost minimizers. The classical motivations for free boundary problems of
these types stem from flows with jets and cavities (see e.g. Section 1.1 in |[CS05]). In this
context, the conditions arising from a free boundary problem can be seen as the variational
counterpart of Bernoulli’s law according to which pressure is prescribed on the free streamline
as a balance with the velocity (or the kinetic energy) of the fluid.

The nonlinear feature of the corresponding differential operator aims at modeling possibly
non-Newtonian fluids, in which linear relations between physical quantities are replaced by
power-laws.

Similar models also appear in the study of electrical impedance tomography (see [AP98]),
optimal heat flows (see [Ack77]), electrochemical machining (see [LS87]) and high activation
energy in combustion theory (see [BCN9O,DPS03/Kar(6]). Also, free boundary problems can be
used as a sharp-interface approximation of phase coexistence models (see e.g. [PV05al[PV05bl,
Val06], roughly speaking as a replacing for phases modeled by a smooth state parameter with
a merely continuous one).
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The setting of almost minimizers is also classical in the calculus of variations (dating back, at
least up to a certain extent, to a famous sentence in Leibniz’s Specimen Geometriae Luciferae,
probably written in the mid-1690s, “pro minimis adhiberi possunt quasi minima”, that is “the
almost minimizers can be exploited in place of minimizers”).

More specifically, the mathematical setting that we consider here goes as follows. Let 2 C R™
be a given domain and p > max nz—J:‘Q, 1}. We consider the energy functional

(1.1) Jp(u, Q) = /Q (|Vu(:£)|p + X{u>0}(:)3)) dx

for all w € WHP(Q) with u > 0.

The condition that u is nonnegative corresponds, in the framework of free boundary problems,
to considering “one-phase” solutions (solutions which may change sign being related to “two-
phase” problems).

The precise notion of almost minimizers that we use in this paper is the following one:

Definition 1.1. Let k > 0 and 8 > 0. We say that u € W'P(Q) is an almost minimizer for J,,
wn Q, with constant k and exponent B, if u > 0 a.e. in Q and

(1.2) Jp(u, Bo(z)) < (1 + “Qﬁ)Jp(Ua B,(z)),

for every ball B,(z) such that By(x) C Q and for every v € W'P(B,(z)) such that v = u
on 0B,(z) in the sense of the trace.

In some sense, Definition [[.T] is one of the possible modern formalizations of Leibniz’s initial
intuition reported at the beginning of this paper: namely, almost minimizers are natural objects
to look at, for instance, to deal with minimizers of “perturbed” functionals. As a concrete
example, if we consider

Jp(u, ) = Jy(u, ) + //M O(u(y)) ©(u(2)) (uly) — u(z)) dy dz

for a function ® : R — [0,1] with & = 0 in (—o0,0], we readily see that J,(u, B,(z)) <

Jp(u, B.(x)) and

Jp(u’ Br(l’)) < ‘]p(u> Br(x)) + // ®) ( )X{u>0}(y) X{u>0}(z) dy dz
()X Br(x

< Jp(u, Br(z)) + IBTI/ ( )x{u>0}(y) dy < (L+[By|r")Jy(u, By (x)).
By (x

Accordingly, a minimizer for the “complicated” functional j;, turns out to be an almost mini-
mizer for the “simpler” functional .J,,.

As usual, the constants depending only on n and p are called universal. If u is an almost

minimizer, the structural constants may depend on x and 3 as well.
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Our main result establishes the Lipschitz regularity of the one-phase almost minimizers as
follows:

Theorem 1.2. Let p > max {n2—f2, 1} and u be an almost minimizer for J, in By with constant k
and exponent [3.
Then,

||Vu||Loo(Bl/2) < C( ||VUHL7’(31) + 1)’

where C' > 0 is a constant depending on n, p, k and .

In addition, u is uniformly Lipschitz continuous in a neighborhood of {u = 0}, namely if u(0) =
0 then

IVu| < C in By,

for some C > 0, depending only on n, p, k and 3, and ro € (0,1), depending on n, p, k,
and ||Vu||Lp(Bl).

We stress that Theorem is new for p # 2, the case p = 2 being treated in [DSS20b].

We recall that, when p = 2, minimizers of (L)) were studied in [AC81], where the Lipschitz
regularity of minimizers and the regularity of flat free boundaries were established. In [Caf87,
Caf89,[Caf88|] Caffarelli developed a viscosity approach to the free boundary problem for p = 2
in the two-phase setting (see also [DS11] and the references therein for related free boundary
regularity properties). For one-phase problems the viscosity approach for operators governed
by the p-Laplace or p(z)—Laplace operators has been developed in [LR18,[FL21] and in [FL22]
as well, where Lipschitz regularity of viscosity solutions of inhomogeneous one-phase problems,
governed by the p(z)—Laplace operator and some regularity properties of their free boundaries
were established.

The Lipschitz regularity of the minimizers of the functional in (I.I)) has been obtained
in [DK18a], which has also provided a proof of the Lipschitz regularity when p = 2 with-
out using monotonicity formulae. We refer to [DK18b|] as well, where a discrete version of the
Weiss monotonicity formula for the functional in (1) has been established for p close to 2.

Minimizers of the functional in (1)) have been also considered in [DP05], in which the
regularity of the free boundary near flat points was established. See also [DP06, Kar08,MWOS|,
LN10,LN12|MW14BM14|LAQT15,Kar21] for regularity results on p-Laplacian free boundary
problems.

Regarding the setting of almost minimizers, the case p = 2 has been investigated in [DT15,
DET19,[DSS20b]. The case of almost minimizers for p # 2 was, to the best of our knowledge,
not fully investigated, hence Theorem aims at starting a research line in this direction, and
the results presented in this article are part of the PhD thesis of the third author [For21]. In

this paper we take inspiration from the approach used in [DSS20b], see also [DSS20alDSS21].
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We point out that the case p # 2 provides significant technical complications, especially due
to the fact that the sum of two solutions is not a solution any longer, thus making it difficult
to develop an exhaustive theory of harmonic replacements in the nonlinear scenario.

We highlight the fact that the regularity results put forth in this paper do not follow from
the classical ones in the calculus of variations, since the integrand of the functional that we
consider here is a discontinuous function, due to the presence of the term xy,~0 (instead, the
classical cases dealt with require the integrand to be continuous, or even Lipschitz continuous,
see e.g. assumption (8.48) in [Giu03]).

The paper is organized as follows. In Section 2] we recall the notion of p-harmonic replacement
and put forth some basic energy estimates needed in our main arguments.

Then, in Section B, we develop a dichotomy theory according to which, roughly speaking,
the average of the energy of an almost minimizer decreases in a smaller ball, unless we are
arbitrarily close to the case of linear functions.

In Section 4 we show that almost minimizers of .J,, are Lipschitz continuous, namely we prove
Theorem .2

2. THE p-HARMONIC REPLACEMENT

One of the classical ingredients in nonlinear partial differential equations is the notion of p-
harmonic replacement, which we now recall:

Definition 2.1. Let r > 0, 29 € R™ and u € W'P(B,(z0)). We say that v € WHP(B,(z9)) is
the p-harmonic replacement of u in B.(xo) if

/ |Vol|P do = min / |Vw|” d.
By (o) u=weW " (Br(20)) J By(20)

We remark that if v is the p-harmonic replacement of u in B,(zg), then in particular it
satisfies

(2.1) /B( : \Vo(z)[P > Vou(z) - V(z) dz =0

for all p € Wy (B,(x0)), namely v is a weak solution of Ayv =0 in B,(x).

We now provide some energy estimates of classical flavor for the p-harmonic replacement
that we will use in the sequel.

Lemma 2.2. Let 29 € R™, r > 0 and u € W'P(B,(zy)). Let v be the p-harmonic replacement
of u in B,(xg). Then,
4



(i) if 1 <p <2, then

/ |Vu(z) — Vo(x)[” dx
(2.2) O )
<c ( /  (Vup = Ve)) dz)2

for some positive universal constant C;
(i) if p > 2, then

s

</BT(%> (IVu@) + V()| )pdl") i :

(2.3) / |Vu(z) — Vo(x)|P de < C (IVu(@)[" = [Vv(2)[") dz,
By (z0) By (zo)
for some positive universal constant C'.

Proof. For all s € [0, 1], we consider the family of functions u,(z) := su(z)+ (1 —s)v(x). Notice
that ug = v and u; = u. As a consequence,

/Br-(:co) (\Vu(g;)\l’ - |W($)‘p> do = /Br(xo) </01 % V(@) d8> dx

1
= / </ p|Vus(2) P72 Vg () - V(u — v)(z) ds) dz.
By (o) 0
This and (21)) (used here with ¢ := u — v) lead to

[ (wwtar - 1vp) i
-7 [/Eir(wo) (/o1 [Vus(@)"™ V() - V(w —v)(2) dS) dx

— /0 1 ( /B - IVo(z)[P > Vo(z) - V(u—v)(z) d:)s) ds}
= p/ol (/Br(mo) (|Vu5(x)|p_2 Vu,(z) — |Vo(z) P~ Vo(z)) - V(u—v)(z) dx) ds.

We also point out that
(2.4) us(z) —v(z) = s(u(z) —v(z)),

and therefore we arrive at

/Br(:vo) (IVu(x)y) - |V“($)|p> dx

= p/ol 1(/Br(mo) (|Vu5(x)|p_2 Vus(z) — |Vo(z) P~ Vo(z)) - V(us — v)(x) dI) ds.

S

(2.5)
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Now we recall the inequality

p2 P2 €= P+ ¢ ifl<p<2,
(1€ ¢—1¢| <)-<£—c>>v{|§_dp oo

for any &, ¢ € R™\ {0}, for some positive universal constant 7, see e.g. page 100 in [DP05].
Thus, using this inequality with £ := Vug and ¢ := Vo into (2.5]), we obtain that

/Br(x : <|Vu(x)|p _ |Vv(x)|p> dr

'
p'y/ B (/ |Vus(z) — Vv(x)|2 (|Vus(z)| + [Vo(z)])P~2 dx) ds, ifl<p<2,
0 Br(mo)

= 1 1
pv/ — (/ |Vug(x) — Vo(z) |’ dx) ds, if p > 2.
0 S \JBr(z0)
Furthermore, recalling (2.4]), we conclude that
(2.6)

[ (wuor = 9utop) a
pv/Ol i (/B<x ) [Vu(z) = Vo(@)* (IVu ()] + [Vo())P 2 d:c) ds, ifl<p<?2,

1
py/ st </ |Vu(z) — Vo(x)P d:z:) ds, if p > 2.
0 By (zo)

Now, if 1 < p < 2, since s € [0, 1] we have that

=

Vu| + [Vo| < s|Vul + (1 = s) [Vu| + |Vo| = s|Vu| + (2 — 5) [Vv| <2 (|Vu| + [Vv]).
Hence, plugging this information into (2.6)), we find that

/B( )<|Vu(x)|p— V(@) ) d
(2.7) >p72p—2/0 s</3( )\vu(x)—W(x)\?(\vu(x)\+|w<x)\)”‘2dx> ds
:pyzp—?)/ Vu(z) - V(@) (|Vu(@)] + [Vo(@)] )2 da.
By (o)

We now apply the Hélder’s inequality with Holder exponent 2/p and conjugate exponent

(2)’_ 2/p 2
p 2/p—1 2-p
6




to see that

/ |Vu(z) — Vo(x) " dz
By (zo)

p(p—2)

) B
— /B( )IVu(a:) — Vo) (|Vu(@)| + [Vo(@)]) 2 (|Vul@)| + |Vo@)])” 2 de

s

2

< ([ 19 = Vel (19u(a)] + 1900l )

1—
X (/ (|Vu(z)| + |Vo(z)| )pda:)
By (zo)
This and (2.7) yield that

/ |Vu(z) — Vou(x)[” dx
By (z0)

P
2

p
2

<[ PRGICIEET da:)g (f PRGIEIEAE! >”dx)l_ ,

for some universal constant C' > 0, which proves the desired result in (22)) when 1 < p < 2.
If instead p > 2, we deduce from (2.0]) that

/BT(IO) (IVu(z)]” — |Vo(z)]”) do > p7/01 -1 (/Br(xo) Vu(z) — Vo(z)|” d:c) s

- / Vu() — Vo)l dr,
By (z0)

which establishes (2.3]) when p > 2 and completes the proof of Lemma 2.21 O

3. SOME DICHOTOMY RESULTS

With the preliminary work carried out so far, we can now provide a dichotomy statement.
Roughly speaking, either the average of the energy of an almost minimizer decreases in a smaller
ball, or the distance of its gradient and a suitable constant vector becomes as small as we wish
(that is, linear functions are the “only ones for which the average does not improve in small
balls”). The precise result goes as follows:

Proposition 3.1. There ezists g9 € (0,1) such that for every e € (0,eq) there exist n € (0,1),
M > 1 and o¢ € (0,1), depending on €, n and p, such that if o € [0,00] and a = M then the
following statement holds true.

Let w € WYP(By) be such that

(3.1) Jp(u, By) < (1 +0)J,(v, By)
7



for allv € WYP(By) such that v = u on OBy, with

(3.2) 0= (]é V() d:c) ”

Then, either

1/p
(3.3) (7{9 V() d:v) <3

or

1/p
(3.4) ( |Vu(z) — qf” dx) < ea,
B,

with ¢ € R™ such that

a
< |Q| < COCL,

(3.5) 7

and Cy > 0 universal.

Proof. Let v be the p-harmonic replacement of v in By. By Theorem 3.19 in [MZ97] we have
that, for every z € By,

V()" < sup [Vol’ <C Vo)l dy < C [Vu(y) dy.
Bi4(z) By 2(z) B
As a consequence, for all x € B; 9,

(3.6) IVu(x)| < Cya,

for some positive universal constant Cj.

Accordingly, we denote by ¢ := Vv(0) and we deduce from (B.6) that |¢| < Cpa. This,
together with Theorem 2 in [Man86], gives that, for all n € (0,1/2],

«a p
Ui
f v -ar < f ({5 IVile, ) do

Cn™ || Vol|7e
Cin“?aP,

(3.7)

< Biy2)
<

for some « € (0,1) and C; > 0 universal.



Furthermore, using (3.1]) we have that

/B (IVu(z)]” = |Vo()|") de < Jp(u, By) —/B |Vou(z)|P dx

<+ )0, - [ [Vol@)f da

<C (a /B V() do + 1)

<C (O’ |Vu(z)|” do + 1)
By

(3.8)

We distinguish two cases, p > 2 and 1 < p < 2.
If p > 2, then from (2.3)) and ([B.8) we deduce that

|Vu(z) — Vo(x)]” de < C <O’ ; |Vu(z)|” do + 1) .

Taking the average over B, we thereby obtain that

B

|Vu(z) — Vou(x)[” de < C(oad” + 1).

By
Using this and (3.7]), we get that

]{B |Vu(z) — q|’ do < 2”_1]{3 (|Vu(z) — V()" + |Vo(z) — ¢ ) dx

n

‘Bl| p a
59 <o ([P0 f, 9ute) - VeGP do+ e

<2t <C’n_ (oa” +1) + C’la”no‘p>,
= 27Oy "gaP + 2P7ICnT" + 2P CLaP .
This yields that

(3.10) \Vu(z) P de < 22~ V0 "oaP + 22~V Cn= 4+ 220=DC aPyeP + 2P~ 1| g|P .
B"?

If instead 1 < p < 2, by virtue of (2.2)) and (B.8]), we obtain that

|Vu(z) — Vo(x)]” dx

By

<c(a/&\w< \pdxﬂ) (/B V()| + [Vo(a)] )" d )

<C <a§ ( ; |Vu(z)|? d:)s : + 1) ; (|Vu(z)[” + |Vv(a:)|p)da7) : :

9
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Thus, since v is the p-harmonic replacement of u in By,

|Vu(z) — Vou(x)[” dx

B1

<C <g’£ ( 5 V() d:):)% + 1) ( 5 Vu(z)[” dx)l_%

1-5
=C (o> [ |Vu(a)P de+ ( |Vu(z)[? d:):) .
B1 Bl
Consequently, taking the average integral, we have that

|Vu(x) — Vou(x)[P de < C (Ugap + |Bl|_§ap(1_§)> <C (agap + ap(1_§)> :
By
From this and (3.7]), we obtain that
][ \Vu(z) — q|f do < 2”_1][ (|Vu(z) — V()" + |Vo(z) — ¢ ) dx
By

By

(3.11) <o (1B L 9u@) - Vo) do + Coper o
|B77‘ By

< ?7On ot aP + 2”_16’7]_”611’(1_3) + 2071 CraPn .
This gives that
(3.12) \Vu(z)|P de < 220~ V0n o aP + 22(p_1)0n_nap(1_g) + 220D aPyoP 4 2071 |gfP
By
ow, given g9 € (0, , we claim that for every ¢ € (0,g9) there exists 7 small enoug

N i 0,1/4 laim that fi 0 h i 11 h
(depending on ) such that if o is chosen sufficiently small and a sufficiently large (depending
on 7, and thus on ¢) then
'22(p—1)0n—ngap + 22—V Oy 4 22D gPyer L 2P PP < 2211
ifp > 2,

(3.13)
22(p_1)0n_no'§ap _'_ 22(p_1)0n_nap(1_g) —'— 22(p_1)01ap77ap < 2p_1€pap < QZil
\ﬁ1<p<2

To prove this we distinguish two cases. If p > 2, we pick n > 0 sufficiently small such that e —
2P=1Cn > 2P~1C n°P. This allows us to define

2p—1C -n 1/p
M = i :
ep — 2p—10n — 21!7—1017704)
Note also that we can suppose M > 1 by taking n small enough. Let also

. n+l
gg =1 .
10



With this setting, we obtain that, for every a > M and for every 0 < o < oy,
22(10—1)0,7—”0&10 + 22(17—1)077—” + 22(”_1)C'1ap77°‘p
aP (22(10—1)077 + 22(:1)—1)0177&:0) + 22(:0—1)077—“

/A

= aP <22(p—1)0n + 22(10—1)0177043) 4 o=l ppp <€p _ 2”_1077 _ 2p—1cmap>
< aF <22(p—1)0n + 22(10—1)01770::0) 4ol <6p — P10y — 2;0—101770::0)
— Qp=lgpgp 4 P (22(1)—1)077 + 22(1)—1)017]«117 _ 22(1)—1)07] _ 22(1)—1)017]«11))
_ 2p—1€pap’
which proves (B13) when p > 2.
If instead 1 < p < 2, we pick n > 0 small enough such that e? > 2°P=1Cn + 2P~1Cn°P. In this

way, we can define
2
M e C2p—177—n 2/p
- \er — 20710 — 20 1Cper ’

Let also 0g := n("H)%. Then, whenever a > M and 0 < o < 0y it follows that

22D Cn ™o aP 4 22(p_1)C77_"ap(1_g) + 220=1 Oy PP
22— CpaP + 22(p—1)0n—nap(1—§) + 22e=D gPpor

2
= 207 1g? (2”_16’7] + 270 ™a T 4 2”_101770‘*”)

N

2
< 27 aP <2p—1cn +277On M + 2p‘101n“p)
— op=lgp <21’_1C7] +ef — 2*”_107] — 2p_10177ap + 2p_10177ap>
= 27 1ePgP,

which establishes (8.13) in the case 1 < p < 2 as well.

In order to complete the proof of Proposition [3.1, we now distinguish two cases according to
the size of |q|. More precisely, we first suppose that

gl < 5
q <7
Then, we use either (3.10) (if p > 2) or (B.12) (if 1 < p < 2), and (B.13)) to conclude that
aP aP aP a? a?
\V/ P p—1 _ —
Vu(@)]" de < op+1 +2 922p  9p+l + op+l — 9p’

B"?
and thus

1/p
( V()| daz) <2
B, 2

11



which is the first alternative in (3.3)).
Otherwise, it holds that
a
Z < |Q| < CYO a,

and therefore, by either (3.9) (if p > 2) or (BII) (if 1 < p < 2), and (B.I3)), we have that

1/p
<][ Vu(z) — gl dx) < ea,
By

which is the second alternative in (3.4]). The proof of Proposition 3] is thereby complete. [

We will now show that the alternative in (3.4]) can be “improved” when € and o are sufficiently
small. This result is the counterpart of Lemma 2.3 in [DSS20b] in the more general setting
dealt with in this paper. The main difficulty here with respect to Lemma 2.3 in [DSS20b] relies
on the fact that the problem is not linear when p # 2, and therefore, if v; and vy are the p-
harmonic replacements of u; and us in By, then it is not true that v; 4+ vy is the p-harmonic
replacement of u; + us, unless p = 2.

We will overcome this difficulty by showing that a “uniformly elliptic” equation is still satisfied
from the sum of p-harmonic replacements. More precisely, we will show the following result:

Lemma 3.2. Let ¢ € R" and let 1) : R* — R" be such that |n(z)] < 4. Let F(2) := |2|P~%2
and

A(x) := /01 DF(q+ tn(x)) dt.

Then,
Mal™2 S AE- €< A g2,
for all € € OBy, for some A > X\ > 0, depending on p.

Proof. We notice that, for all t € (0,1),

lql  3lq|

lg +tn| < gl +n| < |q|+7 =5

(3.14) ol
qa g

and g+ 1tn| = |q| — In| > |€I|—7:7~

Furthermore, we observe that
DF(z) = (p—2)|2l""2 @ 2 + [["~"1d,
where Id denotes the identity matrix in dimension n, and therefore, for all £ € 0By,
DF()-€ = (p—2)J2"4(z- )2 + |=12¢]?
> —(2=p) |+ P
= [1-(2-p)7] ¢l

= [1-C2-p*] P2
12



Consequently,

1
A6 €= [1-(2-p)*] / g+ tn|P~* dt.
0
Accordingly, we can use ([3.14) to find that

1—2-p)"
A§'§>%\Q|p2

if p > 2, and
3\"°
agex - oo (3) W
if p € (1,2).
Similarly, since
DF(2)€-& < (p—2) |7 + [P
= [1+(p-2)7] 2P
= [1+ -2l

we have that

1
AE-E< 1+ (p—2)+]/0 \q +tn|P~2dt.

Hence, making again use of ([3.14]),

ACE< [+ (0 =2)7] (é)p_z g2

2
if p > 2, and
1+ (p - 2)+ p—2
Ag : 6 X op—2 | |
if p e (1,2).
These considerations complete the proof of Lemma [3.2] O

With this, we can now state the following result:

Lemma 3.3. Let a; > ag > 0 and

2n
3.15 > —1>.
(3.15) pomax{ 21}

There ezist ap € (0,1] and C > 0, depending on n and p, such that for every o € (0, ap)
there exist

e p€(0,1), depending on n, p and «,
e 50 € (0,1), depending on n, p, ag, a; and «,
e co > 0, depending on n, p, ag, a; and «,

13



such that, if € € (0,g0] and o € (0,coe?], with P := max{p,2}, then the following statement
holds true.

Let u € WYHP(By) be such that u > 0 in By and

(3.16) Jp(u, B1) < (1 +0)Jy(v, By)
for all v € WYP(By) such that v =u on 0B;.
Let
1/p
(3.17) a:= ( |Vu(x)[? d:z:)
B
and suppose that
(318) a € [ao,al].
Assume also that
1/p
(3.19) ( |Vu(z) — q|” d:z) < ea,
By
for some q € R™ such that
(3.20) < <lal <200,
where Cy > 0 is the universal constant given by Proposition 3.1l
Then

1/p
(3.21) ( |Vu(z) —q|” d:z:) < pea,
By

with ¢ € R™ such that
(3.22) lg—q| < Cea.

The quantity o in the statement of Lemma measures the oscillation of Vu, see [Ura68],
[DiB83]|, [Tol84] or, specifically for our case, Theorem 2 in [Man86]. When p = 2, we have
that ag = 1, according to the full regularity of harmonic functions, but when p # 2 in general

we only know that oy € (0, 1) (but when n = 2 a sharp regularity exponent has been determined
in [IM89]).

Proof of Lemmal3.3. Let ¥ denote the p-harmonic replacement of u in By and let v be defined
as

¥ in 39/107
3.23 V= :
( ) {u mn Bl \ BQ/lO-

Then, since v = u on dB; and v € W'?(By), we can use (3.16)) to see that
‘]p(u> Bl) < (1 + U)JP(U> Bl)
14



Consequently,

Jp(u, Bg/lo) Jp u, Bl) —J (u Bl \ Bg/lo)
v Bg/lo) + J (’U Bl \ Bg/lo) J (’U, Bl> — Jp(u, Bl \ Bg/lo)
v 39/10) +J (U By \ 39/10) + 0/, (U> By) — Jp(% By \ Bg/w)

Hence, recalling the definition of .J, in (L),

/ [Vu(z)[” dz + [{u > 0} N By/1o| < / V()| dz + |Bojio| + 0 J,(v, By),
By,10 9/10

which yields that

(3.24) / (IVu(@) P = |Vo(2)[") de < |[{u = 0} N Byj1o| + 0 J,(v, By).
By,10

Moreover, recalling (8.23)), we point out that v is the p-harmonic replacement of v in By, and
therefore

B8 = [ (V@ + Xy (@) do
By
(3.25) <[ Ve@pPdes [ (Ve
By/10 B1\Bg,10
/ |Vul? dx + |By| < a” + |By].
By
Furthermore, if p > 2, by (2.3]) and ([3.:24) we deduce that
/ [Vu(z) — Vou(z)[” de < C [{u =0} N Byj1o| + Cody(v, By),
By,10
for some positive universal constant C. Consequently, exploiting (3.25), we obtain that
(3.26) / [Vu(z) — Vo(z)” de < C|{u =0} N Byio| + Co(a” + 1),
By /10

up to renaming C'.
15



If instead p < 2, we use (2.2), (B.24) and (3.25]) to write that

/ |Vu(z) — Vo(x)]” dx
Bg /10

<cC ( / (V@) - [Vo(@)P) dx)
(3.27) Borio

< C( }{u =0}n Bg/l(]‘ + o J,(v, Bl)>g (/ 2P [Vu(z)|” d:v) _
Bo10

P
2

[S]iS]

</ (|Vu(2)] + |Vo()| )pdg:>
By,10

P
2

< C’( |{u = 0} N Byj10| + o(a” + 1)) *qr(1-8),
Now we claim that
(3.28) | Byj10 N {u =0} < Ce”*?,

for some C7 > 0 and § > 0. To prove this, we consider the linear function
(3.29) lx):=b+q-x, with b:= ][ u(z) d.
B

We remark that

]il (u(z) — l(z)) do =b— (b+]ilq.xdz) :_]ilq'xdzzo'

As a consequence, denoting by
(u—"~0)p, = ]{3 (u(z) — €(z)) dz
1
and using the Poincaré inequality, we see that
lu— €= (u—="0)plop,) = lv—=Clp) < CIV@ =0l

for some C' > 0 universal.

This and (3:19) entail that
(3.30) lu(x) —L(2)]P de < C | |V(u—0)(z)P dz < CePaP.
Bl Bl
We also observe that, since v > 0, it holds that ¢~ < |u — ¢|. Using this information into (3:30),
we obtain that

(3.31) ][ (0~ (x))P dx < CePal.

Now we claim that, if ¢ is sufficiently small,

(3.32) { > cia in By,
16



for some ¢; > 0. To check this, we argue by contradiction assuming that

min {(z) < ca
fEGBg/lO

for all ¢ > 0. We notice that, for every x € By,

9lq| 9lq|
2« —b<< —.
T () —b< 10
and therefore
9
ca > min {(z) > b— M
SCEBl/z ]‘0
This leads to
9q|
) b < —.
(3.33) ca + 10
Now we define
t 38 39
B .= {1’ = —ﬁ +n, for some t € {4—0, E] and ne B1/40} .

Notice that if z € B then
o] <t <24 2o
TSEPTIS 30730~ &
and this shows that
(3.34) B C B;.

Furthermore, from (320) and ([3:33) we see that, if z € B,

9q| 38lgl | gl 38 9 1
— b g < e et I Y (Rt
lr)=b—tlql+n-qg<ca+ 10 10 +40 ca 01010 lq|
lq] a
=ca—— < ca— —.
O ST 320
Hence, taking c € (O, %), we infer that
a
14 < ——.
(*) < —%10

Accordingly, using this and ([3.34)) into (3.31]), we obtain that

(@) da > /

B

_ a p _
(ﬁ (l’))pdl'>/8(m) d[lﬁ'}c&p,

for some positive universal constant ¢. This establishes the desired contradiction if € is suffi-
ciently small, and thus the proof of ([3.32)) is complete.

C|Bl|spa”>/

By

Now, we distinguish the three following cases: p € (1,n), p=n and p > n.
17



Firstly, if p < n, recalling the Poincaré-Sobolev inequality (see e.g. Theorem 2 on page 265
of [Eva98], or Theorem 7.30 in [GTO0I]) and applying the same argument of formula (7.40)
in [GTO1], we obtain that

(3.35) ( N lu(z) — 0(2)[” dx) 1/p <C ( 5 IV (u(x) — £(x))[” d:c) "

for some C' > 0 universal, where

Then, by virtue of (3.19), (B29) and (B3.35), we get that
§ 1/p* 1/p
< lu(x) — £(x)]” dx) <C < IV (u(z) — €(z)) " dx)
B1 Bl

1/p
=C (/ |Vu(z) — qf” dx) < Cea.
By

This and (3.32) entail that

1/p*
Cea > </ 10(z) [ dx) > ca }Bg/lo N{u = O}}l/p* ;
By 10N{u=0}

and thus, up to renaming constants,
(3.36) | Byj1o N {u =0} < Ce”".

Now we notice that
2

. P —p* p
pr=———=p+ :
n—p n—p
Therefore, setting
2

(3.37) 5= >,
n—p
we obtain (B.28)) from (B.30)) in the case p < n.
If instead p > n, we recall Theorem 7.17 as well as (7.12) and (7.16) in [GT01], to see that

suplu—f] < € (/B IV (u(x) — ()| dx) "

for some C' > 0 universal. From this, and making again use of (3.19) and (3.29), we deduce
that

By

1/p
sup |lu —¢| < C < |V (u(x) — ()" dx) < Cea.
B1

18



As a consequence of this and (3.32)), for all x € By,

Cea =z suplu—{| = sup (£ —u) > l(z) —u(x) = cra — u(z),
B By /10

and thus u(z) > cia — Cea > 0 for all © € By, as long as ¢ is sufficiently small. Accordingly,
it follows that
(338) |Bg/10 N {U = 0} ‘ = 0,

and this gives (8.28) in the case p > n as well.

It remains to analyze the case p = n. For this purpose, we point out that u — ¢ € WH"(By),
and so we can apply Theorem 7.35 and Theorem 7.16 in [GT0I] to obtain that

n

[u(z) — £(z)] "
exp dr < C3|Bq],
/, <c2||v<u—e>um31> o1

where Cy and C3 are positive universal constants.
Also, for all € By, we have that ¢* > Cya” for some Cy > 0, and thus, recalling (3.19)

and (3.29),
(3.39) lu(z) — £(z)|*7 dz < C|Vu—q

By

for some C' > 0, from which we deduce that, using ([3.32)) and (3.39),

n2

n2 a2
-1 T T
E"(Bl) < Cen-1gn-T,

n2

Cen-Tan1 > |u(z) — l(x)| T dx 2/ |0(x)| T dx
B By 10M{u=0}
2

n_

n2
= cf’laﬁ|Bg/10 N {U = 0}‘

We point out that

n? n>—n+n n

n—-1  n—-1 n—1

and therefore, choosing
n

we establish (3.28) when p = n as well.
Gathering together (3.26) and (3.28]) we thus conclude that, if p > 2,

(3.40) / \Vu(z) — Vo(z)|P de < C1eP™° 4 Co(a? 4 1).
By,10
Instead, when 1 < p < 2, we make use of (8.27) and (3.28) and we obtain that

(3.41) / |Vu(z) — Vo(x) P de < C(Cﬁpw +o(a? + 1)) 7 qp(1-5).
By,10
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Our aim is now to show that, even if v — ¢ - x is not the p-harmonic replacement of u — ¢q - x,
as in the classical case (see Lemma 2.3 in [DSS20b]), it satisfies a “nice” equation in By 1.

To this end, we observe that if p > 2, using (3.19) and (3.40),

/ Volz) — g de < 27! / Vu(z) — o do +/ Vo) - Va(z)] d
(3'42) By,10 By,10 By/10

< CoePaP + C1eP° 4 Co(aP + 1),
up to renaming constants.
If instead 1 < p < 2, from (BI9) and (3ZI) we have that

/ |Vo(x) — q|” do < 2P7! </ |Vu(x) — q| dx —I—/ |Vou(z) — Vu(x)[? dx)
(3.43) “Bojro Bo10 By/1o

4

< CyePa” + C<01€p+6 + o(a? + 1)) 27(1-8).

Suppose now that p > 2 and o < ¢pe?, with ¢y to be made precise later. Recalling (B.I8])
and (3.42), we infer that

(3.44) / (Vo(z) — g dz < CocPaP + C1ePt? + CegeP(af + 1) < CePa?,
By,10

up to relabeling C' > 0.

Similarly, if 1 < p < 2, we take o < ¢ye?, with ¢y to be made precise later. In this case, we
deduce from ([3.43)) that

[SliS]

say o O P de <O o (G et ) D
3.45 By/10

< CLePtDsgP 4 ChePal,
up to renaming the constants.

We stress that we have not used the assumption on p given in (3.I5]) so far. We will use it
next to reabsorb the term e®t9%a? appearing in (B-43)) into the term ePa?. More precisely, we
point out that

(3.46) if p € (max n+2,1} 2), then ( p+5)

Indeed, when n = 1 we are in the situation in which n =1 < p, and therefore we can take 6 = 1
in [328) (recall also (3:35)), thus obtaining that 221 > 1, which gives (3:40)) in this case.

Also, if n > 2, then we are in the case p < n, and thus recalling the value of § given in (3.37),

we obtain that )
n
pto=p+—L— =" 59
n—p n—p

which gives (3.40]).

20



As a consequence of (3.45) and (B.40), we obtain that, if p € (max { -2 s 1}, 2),
/ |Vu(z) — q|" de < CePa?,
By /10

for some C > 0.
Putting together this and (3.44]), we conclude that, if p > max{ =5 },

(3.47) / |Vu(z) — ¢f de < CePaP.
Bg /10

Furthermore, we claim that, if € is sufficiently small, for all z € B; s,
(3.48) [Vo(z) — q| < Clea)”,
for some C' > 0 and v € (0,1). Indeed, suppose by contradiction that
(3.49) max |Vu(z) —q| > C(ea)”

ZBEBl/Q
for all C' > 0 and v € (0,1). We recall that v is p-harmonic in By;o and thus the maximum
in ([3.49) is achieved, see e.g. [DiB83] or [Tol84]. Moreover, let T € By, be such that

(3.50) [Vo(T) — g = max [Vo(r) — ¢ > Cea)”.
wEBl/Q
Then, for all z € B, 5(7),
|Vu(z) — Vo(@)| < Clz — 7%,
for some C' > 0 and « € (0, 1], with o depending only on n and p, and C' bounded by a constant
depending only on n and p times ||Vv|[z= (B, @), see Theorem 2 in [Man86]. Actually, since,
by formula (3.44) in [MZ97],

IVl ooy a@) S IVVlLesy,0) < CIVO| 08y ,10) < ClI VUl Lr(By)10) < Can,

for some €' and C > 0 depending only on n and p, we infer that C only depends on n, p and a;.
As a consequence of this and ([3.50), for all z € B( (Ea)u)l/a( T),

[Vu(z) = q| = [Vo(T) — q] = [(Vo(@) = q) = (Vo(@) — 9)|
> C(ca)” — Cloz —7|* = C(ea)” — C(eza)” = C(;a)”.

Notice also that, if € is sufficiently small, then B (Lo (T) C Byj10. Accordingly,

2C

v\ P
/ IVo(z) — g’ do > / IVo(z) — g do > (C(w) )
By,10 B )1/a(f) 2

(22

<C(5a)y>p <C(5ﬁ)y)n/a 1B,| = % (ca)(P+2),

21

B(M)l/a (f)

2C




Hence, exploiting (3.47)), we find that

orta Bl‘
Pty 6%
which yields the desired contradiction as soon as ¢ is chosen sufficiently small and v € <0, H%) )
The proof of (3.48)) is thus complete.

Let us define now the function F : R* —s R™ as F(z) := |2|"~> z. We have that
Vol Vo — g g = F(Vv) = F(V(g- 2)) = F(Vv) = F(q)

— /0 %F(tVu +(1—1t)q)dt = /0 DF(tVv+(1—1t)q) (Vv —gq)dt.

Hence, taking the divergence of both sides, we obtain that
(3.51) div (A(Vv—¢)) =0 in By,
with

CePa? > (ca)”(P+3)

Y

Ax) = /01 DF(tVu(z) + (1 —t)q) dt.

Notice that we are in the setting of Lemma with 7 := Vv — ¢. Indeed, we point out that,
in light of (3:20) and [B.48), for all z € By 4,

Vo(e) - q < Clea)’ < 12

il
as long as ¢ is sufficiently small.
Accordingly, exploiting Lemma we find that
AglP™2 < Ag-€ < AqP7?
for all £ € OBy, for some A > X\ > 0, depending only on p. Recalling ([B.20), this gives that
AaP~? < Aé- €< AaP~2,
up to renaming A and A, that now may depend on n and p.

We point out that we are in the setting of Section 3.2 in [MZ97] (see in particular for-
mula (3.43) there, with A and A replaced by Aa?~? and A aP~? here, respectively). Hence,
we are in the position of applying Theorem 3.19 in [MZ97], and so we obtain that, for ev-
ery x € By,

(3.52) Vu(z) — g’ < sup |[Vo—qf < C][ Vu(y) — q|" dy < CePa?,
By g(z) By4(z)

for some C' > 0, depending on n and p, where we have also used (B.47]).
Consequently, for all x € By s,
(3.53) |Vu(z) — q| < Cea,

up to renaming C, depending on n and p.
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Also, denoting g := Vv(0) — g, we have that
(3.54) |g] = |Vv(0) — ¢|] < Cea.
Therefore, from this and (3.53)), we deduce that, for all z € By s,
|Vu(z) —q—q| < Cea.
As a consequence, exploiting Theorem 2 in [Man86], we obtain that, for every p € (0,1/2),

r\" P
<C (—) IVv—q— Q||Loo(31/2)> dr < Cy p'? ePa?,

(3.55) IVo(z) — ¢ —ql" do < ][ 1/2

B, B,
for some p € (0,1] and Cy > 0 depending on n and p.
Then, if p > 2, putting together (3.40) and (3.53]), we arrive at
\Vu(z) —q—q" dx
By

(3.56)

<2t < Vu(z) = Vo(@)[’ de+ o |Vo(@) —q—qf dl’)
By

L 22P7LC1eP P 4 P10 (aP + 1) p ™" 4 2P Oy pHPePal.

By

Thus, setting g := u and, for every a € (0, ap),

pap-‘,-nap % pap—i-nap
- 0 and ¢g = > L
2w+ w+1C(a} + 1)

we have that, for every ¢ € (0,e0] and o € (0, coe?],

(3.57) p = (2”“02)(&*}10)?, g0 = (

2p—1C2pup < ipap’
2p—101€p+6p—n < %papepap
and 27100 (a? + 1)p ™" < ipapgpap.
As a consequence of this and (3.50),

1 1
|Vu(z) —q—q" do < Zpo‘pépap + Epo‘papap + Zpo‘papap < p*PePal,
Bp

which gives the desired result in (3:2I]) by setting ¢ := ¢ + .

Moreover, from (B.54) we have that |¢ — ] = [¢| < Cea, which establishes (3.22)). This
completes the proof of Lemma when p > 2.

In the case max { 2%, 1} < p < 2, we use (B.41) and (B5H) and we see that

n+27?

F 1Vule) - g da
Bp
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/N

21 ( f \Vu(z) — Vo(z)|’ de+ 1 |Vo(z) —q—q° da:)

By

N

D
2”_1C<Clep+6 +o(a? + 1)) 2qr(178) pmn 4 op=10y pprcp P

(p+8)p

210 2 ap(l_%)p_" + 277 1Co% (a? + l)ga”(l_%)p—" + 2771y PP P
2”_1Clap+ga”(1_%)p_" + 2071 Co% (aP + 1)ga”(l_§)p—" + 7Ly pHP PP

where & := (p+96)p/2—p > 0, thanks to (3.46) (and up to renaming C' and C, depending on n
and p).

We set ap := p and, for all a € (0, ap), we take p as in (3.57) and

NN

2

=

p_ n
ap+n ., 2 2a+= p
€0 1= Py and ¢ = P "%
0= 0 -—
+1 RS ’
2rHC, 47 Cv(a) +1)

obtaining that, for all ¢ € (0, go] and o € (0, coe?],

|IVu(z) — q — q|P do < p*PelaP.

By
Hence, setting ¢ := g + g, the desired results in (3.21]) and (3:22) follow from this and (3.54).
The proof of Lemma is thereby complete. O

Iterating Lemma we obtain the following estimates:

2n

Corollary 3.4. Let a; > ag > 0 and p > max {n—+27

in By (with constant k and exponent ) and

1/p
a:= ( |Vu(z)|” da:) :
By
Suppose that

(3.58) a € |ap, ai)
and that u satisfies (B.5) and (B319).

Then there exist €y, ko and v € (0,1), depending on n, p, B, ay and ay, such that, for
every € € (0,&0) and x € (0, koe”], with P := max{p,2}, then

1}. Let w be an almost minimizer for J,

(3.59) |lu — €||01,W(Bl/2) < Cea.

The positive constant C' depends only on n and p, and £ is a linear function of slope q.
Moreover,

(3.60) ||Vu||L°°(B1/2) < Ca,

with C > 0 depending only on n and p.
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Remark 3.5. We point out that a consequence of (3.59) in Corollary B.4lis that, if € is sufficiently
small,

(3.61) Vu#0 in Byj.
Indeed, by ([B.59), we have that, for all x € By s,
[Vu(z) — q| < Cea,
which gives that
[Vu(x)] = lq — [Vu(z) = q| > |q| — Cea.
As a consequence, from (3.0), we get

V()| > % — Cea >0,

as soon as ¢ is sufficiently small, which yields (B.61]).
Furthermore,

To check this, we recall that © > 0 and we suppose by contradiction that there exists a point xy €
Bi 2 such that u(xg) = 0. As a consequence, since u € C7(By2), we see that Vu(zy) = 0, and

this contradicts (3.61)), thus proving (3.62)).

In order to prove Corollary B.4 we recall the definition of Campanato spaces and a result
which we will use in the proof of the corollary, see [Giu03].

Definition 3.6 (Campanato spaces). Let ) be a bounded open set in R", 1 < p < 400
and X\ > 0. We denote by LPA(Q) the space of functions u € LP(QQ) such that

(3.63) [u]fpr () = sUP ,0_)‘/ () — Uy, " dr < 400,
ERISY on,p
p>0

where

Quo.p = Q2N By(xo) and Uy, = ][ u(z) de.
Q

z0,p

We point out that the quantity [u]zsxq) is a seminorm in £P*() and

1/p
(3.64) it is equivalent to the quantity sup p~* 5i:r]g / lu(z) — &P dx
ENSY €Rrn x0,p
p>0

We also define the norm in £PA(Q) as
(3.65) ||u||cm(9) = ||u||LP(Q) + [u]crr ()

Theorem 3.7. Letx € R" andr > 0. Let1 < p < 400 and A > 0. Suppose thatn < X\ < n+p.

Then, the space LPN B, (z)) is isomorphic to C%*(B,.(x)), with o := %.
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We also point out the following scaling property of almost minimizers:

Lemma 3.8. Let u be an almost minimizer for J, in By with constant k and exponent 3. For
any r € (0,1), let

u(rz) .

(3.66) up(z) == .

Then, u, is an almost minimizer for J, in By with constant kr? and exponent 3, namely

(3.67) To(tr, Bo(w0)) < (1+ £170") Ty (v, By(wo)),

for every ball B,(xo) such that B,(x¢) C By, and for every v € WHP(B,(x¢)) such that v = u,
on 0B,(xg) in the sense of the trace.

Proof. By definition of almost minimizers, we know that

(3.68) Ty, By(yo)) < (1+ £9°)Jy(w, By (yo))

for every ball By(yo) such that By(yo) C By and for every w € W'?(By(yo)) such that w = u
on 0By(yo) in the sense of the trace.

Now, given xy € By /,, we take ¢ and v as in the statement of Lemma [3.8 and we define
(3.69) w(z) :=rv (E) .
r

Then, using the notation yq := 72 and ¥ := ro, for all x € dBy(yo), we have that £ € 9B, (x)
and therefore, in the sense of the trace,

w(z) =1v <§) = ru, <§> = u(x).

Accordingly, we can use w as a competitor for u in (3.68]), thus obtaining that

1) [ IV @) dy < (15 w0) [

Br'e(yo

IVw(y) P’ + Xqws0}(y) ) dy.-
)

w(re)

Furthermore, using, consistently with (3.66]), the notation w,(z) := , with the change of

variable z := % we see that

[ (9P + o) dy =
Bro(yo) By(wo)

o / (1Y, @) + xgus0y(x)) d
By(xo)

(IV0@ra)lP + Xqusoy(r2) ) da
(3.71)

and a similar identity holds true with u and u, replacing w and w,.

Also, recalling (3.69), we observe that v = w,. Plugging this information and (B.71))

into ([B.70), we obtain the desired result in (3.67]). O
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Proof of Corollary[3.4 Up to scaling, we suppose that

3.72 u is an almost minimizer for .J, in By (with constant x and exponent f3).
p
We prove that we can iterate Lemma indefinitely with o := min %,% , where P :=

max{p, 2} and « is given in Lemma
More precisely, we claim that, for all £ > 0, there exists g, € R™ such that

gl € [a Cea (1 — pk) Cea (1 — pko‘)] |

- o + 1 — pa
(3.73) (7[

4 1—po
Tl
and ][ |Vu(z)|” dx € [i,2|q\} )
B 2

where p € (0,1), Cy > 0 and C > 0 are universal quantities.

1/p
|Vu(z) — qxl” d:v) < proea

To prove this, we argue by induction. When k£ = 0, we pick ¢y := ¢. Then, in this case, the

desired claims in (B.73) follow from (B.3), (3I7) and (3.19).

Now we perform the inductive step by assuming that (3.73)) is satisfied for & and we establish
the claim for k + 1. To this end, we let r := p* and utilize the rescaling u, defined in (3.66). In
this setting, the inductive assumption gives that

1/p
(][ |V (x) — qil” dx) < ra = gpa,
By

with g 1= r% = pkoe.

Notice that the inductive assumption also yields (3.20), as soon as ¢ is chosen conveniently
small. Therefore, thanks to Lemma [B.8] as well, we are in position of using Lemma on the
function w, with o := kr®. We stress that the structural condition ¢ < ¢,e” in Lemma B3]
translates here into x < coe’, which is precisely the requirement in the statement of Corol-
lary 3.4 (by taking ko there less than or equal to cg). In this way, we deduce from (B.21])
and (3.22) that there exists gr41 € R"™ such that

1/p
<][ IVu,(z) — qper|” dx) < pPera and lgr — qry1| < Cepa.
BP

Scaling back, we find that

1/p
][ |Vu(z) — Qk+1|p dx < papkaga = p(k+1)a6a_
Bpkﬂ
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Furthermore,

~ Cea (1 — phe
lgka1] < lge — qrar] + x| < Cera + Coa + %
Cea (1 — phe Cea (1 — plE+Da
= Cya + (—p) + Cp*ea = Cha + ( P )
1—po 1—po
and
a Cea(l—pk) <
ol > sl s — el > 4 - D g
Cea (1 — p ~ Cea (1 — pk+Da
:ﬂ_ ( p )_Cpkaga:g_ ( P )
4 1-— pe 4 1— o

In addition,

1/p 1 1/p
[Vu(@)[” dx — Q1| = 50 / |Vu(x)” d — Qg1 |Beir |MP
<]{Bpk+1 ’ ‘BPkH |1/p B k1 i P

_ 1
N |Bpk+1|1/p

1/p
= ][ |Vu(z) — g1 do < ea,
B k1

which yields that

1
< By |7 Ve = @il 1)

||Vu||Lp(Bpk+1) - ||qk+1 ||LP(Bpk+1)

1/p 1/p
<][ |Vu(z)|? dx) —q| = <][ |Vu(z)|? d:v) — Qo
B k+1 B k1
1/p k

< (f Vula) dx) |+l — g

B k41 j=0

_ k _ +o00 ’C‘“,
<5a+0a25j<5a+05a2pj“:<1+ )5@
=0 =0

1—pe
C 4|
< |1 < 2
< +1_pa>f|61| 5

These observations conclude the proof of the inductive step and establish ([B.73)).
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By scaling the relations in ([B.73) (and recalling (3.72))), we have that, for all 2y € B4,

1/p
(3.74) (7[ IVu(x) = gl dx) < CpMca,
B i (z0)

for some positive constant C', depending only on n and p, and suitable points g ., such that

a Cea(1—p) Cea (1 — p*)
|qlc7:co| € Z - 7, 0@ + 7 .

We now want to exploit the Campanato estimate in Theorem [3.7], here applied to the gradient
of v minus ¢, and used with Q := By /5 and A := n+ap (note that, with this choice, A € (n,n+p]
and we are therefore under the structural assumptions of Theorem [3.7)). For this purpose, we
claim that, for all o € B3/4 and 7 > 0,

EERn

1/p
(3.75) (7'_)‘ inf / |Vu(z) —q— &P dx) < Cea,
Br(z0)NB1 2

up to renaming C' > 0.
To prove this, we distinguish two cases, either 7 > 1 or 7 € (0, 1).
If 7 > 1, we use (B.19) and we get that

1/p 1/p
A inf / Vu@) —q—¢P dr | < / V(@) - gl do
EER™ B (0)NBy /2 By )2

1/p
< (|Bl| Vu(z) - o dx) < B ca,

By
which gives (8.75]) in this case.

If instead 7 € (0, 1), we pick k € N such that p*™! < 7 < p* and we make use of (3.74) to
infer that

1/p 1/p
77 inf / |Vu(z) —q — &P de < p_’\(k“)/ \Vu(x) = qru|” dx
EER™ J B, (20)nBy o B, (o)

1/p
_ p—)\(k—i-l)—l—kn | By | V() = Gra,|” dx
Bﬂk (xo0)

< C\Bl\l/p p[—(n+ap)(k+1)+kn+kap]/p ca
< C|By|VP plmn=erl/p gq,
which gives (B.75]) up to renaming C'. The proof of (B.75) is thereby complete.
By (B.64) and (B3.75]), we obtain that

[Vu = dlzra,,) < Cea,
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up to renaming C. Since also
[Vu — qHLP(Bl/Z) < Cea,

thanks to (B.19), we deduce from (B.65) that ||Vu — q||£p,A(Bl/2) < Cea, up to renaming C'.
Then, in view of Theorem B.7, we find that

(3.76) [Vu — qHCO)’Y(Bl/Z) < Cea,

Withfy:’\p%":oz.

Now we define ¢(x) := u(0) + ¢ - x. For all x € By, we have that

lu(z) — (z)] = |u(z) —u(0) —q- x| = /0 (Vu(tz) — q) -z dt| < Cea,

thanks to (3.76), up to renaming C, and therefore ||u — {|[z=(p,,,) < Cea. This and (B.76)
establish ([3.59)), as desired. O

4. LIPSCHITZ CONTINUITY OF ALMOST MINIMIZERS AND PROOF OF THEOREM
We are now in position of establishing the Lipschitz regularity result in Theorem [1.2]

Proof of Theorem[I.Z. In the light of Lemma 3.8, up to a rescaling, we can assume that u is an
almost minimizer with constant
(4.1) = ks’
which can be made arbitrarily small by an appropriate choice of s > 0.
We let P := max{p,2}. Let also ag € (0, 1] be the structural constant given by Lemma B3

and define
1 B
o = 5 min Oéo, F .

We also consider ¢y as given by Proposition B.1l and take n € (0,1) and M > 1 as in Proposi-
tion 311 (corresponding here to choice ¢ := £¢/2).

Let us define

(4.2) a(r) = ( ][ , Vu(z)[” dx) "

We claim that, for every r € (0, 7],
(4.3) a(r) < C(M,n)(1+a(1)),

for some C'(M,n) > 0, possibly depending on n and p as well.

To prove this, we consider the set X C N = {0,1,2,...} containing all the integers k € N
such that

(4.4) a(n®) < C(ngéw +27%a(1),



where

(4.5) C(n) =2~ ™",
We stress that for £ = 0 formula (4.4]) is clearly true, hence
(4.6) 0e K+#02.

We then distinguish two cases, namely whether (4.4) holds for every k (i.e. £ =N) or not (i.e.
KSN).

To start with, let us assume that we are in the first situation. Thus, for every r € (0, 7], we
pick kg € N = K such that n**! < r < n*. Hence, according to ([E2) and (&), we get that

1 1/10 B B
o) < (s [ V@l dr) = atn) < 7 (COM +af1)
k

n"0

<P max {C(n)M, 1} (1 + a(1)) < O(M,m)(1 +a(1)),

provided that C(M,n) = =P max {C(n)M, 1}. The proof of ([&3J)) is thereby complete in this
case.

We now consider the second case, that is the one in which K ; N. Then, by (46l), there
exists ko € N such that {0,...,ko} € K and

(4.7) ko+1&K.
We notice that, by ([42) and (@35,
WM < Cn)M < CmM + 27" Va(1) < a(y™*) <7 Pa(n®)
and therefore
(4.8) a(n™) > M.
Furthermore, from (4.7]),

(4.9) a(n™ ) > C(n)M + 2= kotDg(1) > 5 > 5
Now, we claim that
1/p
<][ [Vu(z) — qf” dl’) < ea(n®),
(410) B7]k0+1

a(n™)

for some g € R™ such that < |q| < Coa(n*),

being Cj the constant given by Proposition B.11
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To prove this, we apply the dichotomy result in Proposition 3.1l rescaled in the ball B, x,. In
this way, we deduce from (3.3)), (8.4) and (B.5]) that (£I0) holds true, unless

" al)
a(nk‘)*l):(]{g |Vu<a:>|pdx> <4,
pko+1

in contradiction with (4.9). This ends the proof of (A.I0).

Now we apply Corollary 3.4 rescaled in the ball B,x,+1: namely, we use here Corollary [3.4]
with B; replaced by B,x,+1 and a replaced by a(n®*1). To this end, we need to verify that the
assumptions of Corollary [3.4] are fulfilled in this rescaled situation. Specifically, we note that,

by @.8) and (.9),
M

ko+1 > -
Also, since ko € IC,
a( ™) < p7Pa(n®) <nTP(CM +270a(1)) <n7P(C)M + a(1)).
These observations give that (3.58)) is satisfied in this rescaled setting with
M

(4.11) ay = — and ar =" (C(n)M + a(1)).

Moreover, by ([&9) and (ZI0),

1/p
(J{g [Vu(z) — qf” dl’) < 2ea(n™*h),
Ro+1

showing that (3.19]) is satisfied (here with 2¢ instead of ¢).
We also deduce from (4.9) and ([AI0) that
n"Pam*tt) _ a(n®)
4 S
which gives that (8.5) is satisfied here (though with different structural constants).

We can thereby exploit Corollary [3.4] in a rescaled version to obtain the existence of &g
(possibly different from the one given by Proposition B.]) and kg, depending on n, p, 5, ag
and aq, such that, if

(4.12) % € (0, koeg ],

< lg| < Coa(n*) < 2Cha(n™*h),

we have that

k
(4.13) ||vu||L°°(Bnk0+1/2) < Ca(n™),

for some structural constant C' > 0.
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We remark that condition (4.I2)) is satisfied by taking s in (4.1]) sufficiently small, namely

1
oy L
taking s := <%) ”. Notice in particular that

(4.14) s depends on n, p, k, f and ||Vul|zr(s,),

due to (@I1).

As a result of ([@I3), for all r € <0, "k(;H),

a(r) = <|;T| . |Vu(z)|P dx) ’ < Ca(n®) < C(C(n)M +27™a(1))

< C(CNM +a(1)) < C(M,n)(1 +a(1)),
as long as C'(M,n) > C(C(n)M +1).

(4.15)

Moreover, if r € ["k(;ﬂ , n) then we take k, € N such that n¥*! < r < 9%, Note that
Lot 2
nhe o T kot
whence
(4.16) kr < ko + C,
where C, 1= 1 + %2

log(1/m) *
We now distinguish two cases: if k. € {0,...,ko} then k, € K and therefore

a(n*) < Cn)M + 27" a(1).

From this we obtain that

(4.17) a(r) < ( ! |Vu(z)P dx) ' = P (ntr)

|B,,7k:r-+1 | Bnkr'

<P (CmM +27a(1)) < C(M. ) (1 + a(1)).
If instead k, > ko, we employ (£LI0) to see that

a(r) < (% |Vu(:c)|p dx) — ,r]—n(C*+1)/pa(nko)

|Bnk0+C*+1 | BnkO

< n—n(C*—I—l)/p (C(T})M + 2—k0a(1)) < ,r]—n(C*-l-l)/p(C(n)M + a(l))
< C(M,n)(1+ a(1)),
as long as C(M,n) is chosen large enough.
nko+1

This and (4IT) give that for all r € [ 5 ,n), we have that a(r) < C(M,n)(1 + a(1)).

Combining this with (£I5]), we deduce that ([43]) holds true, as desired.
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Now, up to scaling and translations, we can extend (4.3)) to all balls with center zy in By,
and sufficiently small radius. Namely, we have that, for all r € (0, 7],

a(r, zo) < C(M,n)(1 + a(1)),

a(r, 7o) 1= (]i " Vu(z)[? dx) "

Therefore, according to the Lebesgue Differentiation Theorem, recalling that u € W1?(By), we
find that, for all zg € By )2,

where

[Vu(zo)| = lim a(r, zo) < C(M,n)(1 + a(1)) = C<1 +IVull o, )
for some C' > 0, which yields
(4.18) IV0ll e, ) < C(14+ V0l oy )

So, the first claim in Theorem is proved.
We now show that the second claim in Theorem holds true. For this, we can assume that

(419) {u = O} N Bs/lOO % %]

and we take a Lebesgue point 7 € By/199 for Vu. Up to a translation, we can suppose that 7 = 0
and change our assumption (4.19) into

We claim that, in this situation,
(4.21) K =N.

Indeed, suppose not and let kq as above (recall (A.7)). Then, in light of (4.10), we can apply
Corollary [3.4] (rescaled as before) and conclude, by (8.62)), that v > 0 in B, /s, in contradiction
with our hypothesis in (Z20). This establishes (Z.2T]).

Therefore, in view of (4] and (£21]), for all k € N,
a(n®) < C(n)M + 2 "a(1),
and as a result

Vu(z)| = [Vu(0)| = lim a(y®) < lim (C(p)M + 2 %a(1)) = C(n)M.

k——+o0 k——+o0

Recalling also (4.14)), the proof of the second claim in Theorem [[.2]is thereby complete. O
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