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Abstract

This paper aims to explore the development of a flight dynamics model for
a small-scale side-by-side helicopter and describe its trim and stability char-
acteristics. The helicopter is considered a suitable candidate for Urban Air
Mobility (UAM) solutions, because of its reliable design and low noise char-
acteristics, but still very small knowledge is present on the mathematical
modeling approaches and dynamic properties. A 14 degrees of freedom non-
linear mathematical model is developed and semi-analytical models are em-
ployed to account for the presence of the shrouds. An iterative trim routine
is developed and applied with a suitable control mix that allows the use
of classic helicopter controls. To control the vertical speed and roll rate,

the paper assumes an equal collective pitch and lateral cyclic in the two
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rotors, while a uniform plus a differential longitudinal cyclic is adopted for
pitch and yaw maneuvers. The paper discusses unique characteristics of the
side-by-side configuration as obtained from the stability analysis: an unsta-
ble high-frequency mode, governed by the vertical velocity and pitch angle
arises when the center of gravity (CG) of the vehicle is aligned or placed in
front of the two main rotors. Similarly, both lateral phugoid and roll subsi-
dence modes are sensitive to the CG location. The side-by-side configuration

presents also a stable spiral mode which needs to be carefully designed.
Keywords: Flight Dynamics, helicopter, side-by-side, Urban Air Mobility,

stability, trim

Nomenclature

a = [ag a; by Vector of tip-path plane (TPP) coordinates,
thus coning angle (ag), longitudinal (a;) and
lateral (b;) disc tilt angles

A State matrix

Qo Wake contraction factor due to shrouds

B Control matrix

c Chord

Cr, Cp Blade lift and drag coefficients

Cr., Cp, Blade lift and drag coefficients at stall angle of
attack

CrL. Lift coefficient curve’s slope in pre-stall region
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Fuselage’s parasite drag coefficients

Rotor thrust coefficient

Fuselage drag

TPP dynamic equation coefficients

Hinge offset

Sum of external forces (aerodynamics, fuselage
and inertial)

Respectively: aerodynamic, inertial, gravita-
tional and fuselage force in body f.o.r.
Acceleration of gravity

Aerodynamic force in the hub-wind frame of ref-
erence (horizontal, lateral and thrust)
Rotorcraft Inertia matrix

Inertia moment wrt xg, yg and zp axes
Inertia product wrt zg, yg and zp axes

Spring restraint coefficient due to flap

Velocity ratio between the inlet and the outlet
of the shorud

Lift coefficient curve’s correction factor, accord-
ing to Viterna model

Aerodynamic moment in the hub-wind frame of

reference (rolling, pitching and torque)
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U = [UH VH wH]

Uso = |UB’

Maximum take-off mass

Blade mass

Sum of external moments (aerodynamics, fuse-
lage and inertial)

Respectively: aerodynamic, inertial, and fuse-
lage moment

Number of blades

Hub position wrt body axes frame of reference
Center of Pressure position wrt body axes frame
of reference

Duct lip radius

Rotor radius

Equivalent fuselage surfaces

Main rotor total thrust

Rotor thrust due to shroud

Rotor thrust due to rotor

Relative wind velocity expressed in body axes
frame of reference

Relative wind velocity expressed in hub-body
axes frame of reference

Wind velocity magnitude



10

11

U =Ug/Us,

[933 YB ZB]

[l“H YH ZH]

[l’G Ya ZG]

Greek symbols
a

O

Unit vector aligned with the incoming flow ve-
locity

Induced inflow velocity

State vector

Unit vectors perpendicular to the frontal, side
and top faces

Body axes frame of reference (fo.r.): right-
handed axes system, centered on the rotorcraft
center of gravity, xp pointing towards the nose
of the vehicle, and the yp pointing towards the
right-hand side main rotor

Hub-Body axes frame of reference: centered on
the main rotor center of rotation, with the xy
and zy axes respectively perpendicular and par-
allel to the shaft and yy pointing towards the
rotorcraft CG

Center of gravity (CG) coordinates in body axes

fo.r.

Blade’s angle of attack
Blade’s angle of attack

Blade’s flapping angle
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Rotor Controls
o

Als
Bls
ABIS

Sideslip angle of the rotor

Rotor sense of rotation (—1 for clockwise, 1 for

counterclockwise)

General small perturbation
Blade’s tip clearance
Blade’s tip clearance factor
Induced inflow ratio

Total inflow ratio

Rotor advance ratio

Inlet and outlet drag factor of the shroud

Solidity ratio

Control vector

Euler’s angles (roll, pitch, yaw)
Blade’s azimuthal position

Rotor angular velocity

Angular velocity in hub-body f.o.r.

Angular velocity in body axes f.o.r.

Collective pitch control
Lateral cyclic control
Longitudinal cyclic control

Differential longitudinal cyclic control
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1. Introduction

In 2022, the transport industry was responsible for more than 20% of
the global greenhouse gas emissions, whose majority can be related to road
transport and aviation sectors (2022 IEA report [1, 2]). The alarming increase
of CO, production in the last decades has led to the definition of innovative,
green-oriented, transport solutions. UAM is an example of a sustainable
industry sector that has solidly grown in the last few years with the aim of
moving part of classical urban and regional transport into the third dimension
(3, 4, 5, 6]. The main characters of UAM are the Vertical Take-Off and
Landing (VTOL) aircraft, which can be employed in a typical ecosystem to
perform services such as air taxi, last-mile delivery, rescue, and emergency
transportation within urban and regional environments. A large variety of
VTOL configurations has been designed and investigated in order to find
the most suitable arrangement for particular scenarios. Silva and Johnson
proposed performance studies and sizing methodologies for VTOLs [7, 8],
setting the stage for future developments of each configuration. Multirotors
9, 10, 11], tilt-rotors [12, 13, 14, 15], lift4-cruise [16] platforms and helicopters
are some of the most investigated solutions [17].

A classic example of a dual-rotor helicopter developed in the past corre-
sponds to the tandem configuration. One of the most famous models is the
Boeing CH-47 Chinhook developed in the 60s for the U.S. Army. Several
studies can be found in the literature related to this vehicle, both from an

experimental [18, 19, 20] and a numerical standpoint [21, 22, 23]. Although
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this configuration is highly accepted as a proper solution for a wide range of
operations, particularly in heavy-weight lifting, it is known that it presents
some criticalities related to the stability and aerodynamic properties of the
two rotors. According to Newman [24], the presence of aft and rear rotors
may induce potential mode couplings between longitudinal and lateral dy-
namics that can be detrimental to the rotorcraft controllability. In addition,
when the rotorcraft assumes a nose-up attitude during landing operations,
the rear rotor may operate directly in the downwash of the aft one and induce
pitch instability. A solution to reduce this effect can be found by rearrang-
ing the rotors side-by-side, with the longitudinal axis perpendicular to the
rotor-rotor one.

In this paper, a small-scale side-by-side helicopter available at the Uni-
versity of Bologna is presented and studied. The rotorcraft has two ducted,
counter-rotating rotors placed outside of the fuselage’s boundary, with zero
overlap and negligible aerodynamic interaction with the airframe [25, 26].
The presence of the ducts makes the rotorcraft suitable to operate within
urban environments, increases the level of safety and societal acceptance [27]
and provides a beneficial effect on the overall noise generated by the rotors
[28]. Indeed, a potential drawback of this configuration is the noise gener-
ated by the aerodynamic interaction of the rotors with the fuselage and the
rotors themselves. As a matter of fact, most of the side-by-side helicopters
studied in the literature, present two overlapped and intermeshing rotors.

An acoustic prediction of the background noise generated by side-by-side ro-
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tors in hovering conditions, with different levels of overlap, was conducted
by Sagaga et al. [29] by employing numerical simulations. It was found that
the noise level, which is mainly related to the tip vortex interactions between
the two rotors, can be decreased by reducing the level of overlap between
the two rotors. Nevertheless, the rumor intensity still remained above the
maximum threshold set by Uber for air taxi services in a UAM ecosystem
(67 dB at 500 ft altitude [30]). As a matter of fact, while the majority of the
research efforts have been focused on alternative configurations or acoustic
predictions of the side-by-side helicopter noise [31, 32|, very small knowledge
is still present on the flight dynamic properties of this particular configu-
ration. A simplified numerical model, based on blade element theory, was
presented by Rao et al. [33] to design an attitude feedback control for this
type of aircraft. However, the trim and stability qualities of the VT OL were
not fully assessed and detailed research addressing the equilibrium, stability,
and dynamic features of such configuration is not yet available. The scope
of this paper is thus to fill in this gap by developing an advanced numerical
model of the above-mentioned small-scale eVTOL, with the aim to provide
the flight dynamics community a reliable tool for studying the trim and sta-
bility of future UAM platforms. Contributions of this article to the state of

the art can be summarized as follows:

1. A full 14 DoF nonlinear mathematical model, with accurate modeling

of all rotor dynamics features
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2. Development of a trim procedure and linear state-space model

3. Dynamic modes analysis and detailed discussion of aircraft dynamic

behavior in relation to flight condition and relevant design parameters.

The present paper is organized as follows. In Section 2 the case study is
presented and a description of the particular configuration and controlling
methods is given. Section 3 outlines the modeling framework, while in Sec-
tion 4, the trim conditions of the rotorcraft are investigated by employing
an iterative algorithm. In Section 5, the linearized mathematical model is
described and the main modes are presented. Finally, Section 6 discusses
the main outcomes from this study while Section 7 reports the concluding

remarks.
2. Design overview

The case study is a small-scale electric dual-rotor VTOL configuration
produced by SAB Group S.R.L. The rotorcraft is composed of two identi-
cal semirigid helicopter rotors according to a side-by-side arrangement and
connected by a carbon fiber beam with no incidence angle. The fuselage
is a lightweight carbon fiber structure, symmetric with respect to the plane
xp — zp (Figure 1), and designed to allocate two 22000 mAh Li-Po batter-
ies underneath. Two custom-made electric motors are placed at the very
end parts of the upper beam. The shrouded rotors are synchronous and
counter-rotating and they operate at constant angular speed. Figure 1 illus-

trates the design, while the technical specifications are reported in Table 1.

10



1 In particular, the main rotor 1 (MR1) is referred to as the right-hand side

2 clockwise rotor, while the main rotor 2 (MR2) is referred to as the left-hand

3 side counterclockwise rotor.

MR1 eCG

Figure 1: Electric dual-rotor VTOL configuration, courtesy of SAB Group S.R.L.

Description Symbol Value
Maximum Take-Off Mass [kg Mio 20.62
Inertia moment wrt zp [kgm?] L. 3.532
Inertia moment wrt yp [kgm?] I, 2.222
Inertia moment wrt zp [kgm?] 1., 5.342
Inertia product wrt zp [kgm?| I, 0
Inertia product wrt yp [kgm?] 1. -0.052
Inertia product wrt zp [kgm?| L, -0.001
Rotors (same design, counterrotating)

Sense of rotation r +1
Number of blades Ny 3
Radius [m)] R 0.505
Mean Chord |[m] c 0.051
Solidity ratio [-] o 0.0964
Angular velocity [rpm] Q 2400
Hinge offset [m] e 0.075
Blade mass [kg] my 0.2875
Spring restraint coefficient due to flap [Nm/rad] K, 162

Hub position of the MR1 wrt body axes [m] rg) [0 -0.645 0.066]
Hub position of the MR2 wrt body axes [m] 2 [0 0.645 0.066]

Table 1: Rotorcraft technical specifications.

11
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Each rotor is equipped with the conventional helicopter controls, i.e. col-
lective (9(()1’2)), longitudinal cyclic (BE’Z)), and lateral cyclic (Ag?)), where
the superscripts ) and @ refer respectively to the MR1 and MR2. The ro-
torcraft is over-actuated, meaning that the set of six controls requires proper
mixing to reduce it to four independent controls [34]. The global collective
pitch (6p) is used to control the vehicle along the vertical axis, while global
lateral and longitudinal cyclic (A5 and By, respectively) allows for control-
ling the roll and pitch attitude. The heading angle control is introduced by
a differential longitudinal cyclic AB;,. Lateral and forward movements are
performed with a simultaneous modification of the single longitudinal and
lateral controls, as well as the collective pitch, which is kept equal in the
two rotors. Summarizing, the vertical motion is controlled by the collective

pitch 6y = 9(()1) = 9(()2), roll and pitch axes are controlled by the lateral and

longitudinal cyclic, respectively:
Ay = Al = AP and By = =t (1)
whereas the yaw axis is controlled by

B - B

ABls = 2 (2)

In such a way, the rotorcraft is piloted as a normal small-scale helicopter,

but without the need for a tail rotor to counteract the main rotor torque.

12
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3. Simulation model

3.1. Querview of the simulation model

The dual-rotor VT'OL is modeled under the hypothesis of a rigid body
moving in a flat and not-rotating Earth under the action of propulsive, aero-
dynamic, and gravity effects. The resulting 14 DoF model is made of 14
nonlinear equations: six for the first-order rigid body motion, six for the
second-order main rotor flapping (3 for each rotor), and two for the first-
order main rotor dynamic inflow. The rotor angular velocity is kept constant
and the analysis will focus on flight conditions that are generally operated
at constant RPM. A uniform, first-order, inflow model based on general mo-
mentum theory is employed. The structure of the mathematical model is
represented by the closed-loop block diagram in Figure 2. The pilot input,
together with the current state of the rotorcraft passes through a control
system, whose design is out of the scope of this paper, and then split into the
two main rotors. The rotor dynamics is addressed at first, with the flapping
and inflow equations solved for each rotor. Finally, the rigid-body equations
of motion are solved under the effect of three external forces and moments

contributions, i.e. the two main rotors and the fuselage aerodynamic force.

13
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3.2. Main rotor

The two main rotors are modeled as semi-rigid ones, according to the
mathematical framework developed by Talbot [35]. The same model charac-
terizes both rotors, with the only difference related to the hub position with
respect to the rotorcraft center of mass and the sense of rotation. For the

sake of simplicity, in this section, the framework is presented for a generic

rotor.

The blades are assumed to be rigid and their forces and moments are

integrated along the blade span and around one revolution to obtain an

equations

of motion

14

STATE
xr U VECTOR

Figure 2: Scheme of the simulation model
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analytical expression of the loads in the local hub-body frames. In particular,
while the expression of these forces can be found in [35], a correction for the
clockwise rotor is applied according to Choi et al. [36]. The correction
involves the use of symmetrical, local hub-body coordinate systems for the
two rotors, thus a right-handed one for the counter-clockwise rotor (I' = 1)
and a left-handed one for the clockwise rotor (I' = —1), as depicted in Figure
3. According to this correction, the wind ad angular velocities in hub-body
frames for a generic rotor can be expressed as (considering that no incidence

is applied to the rotors)

I 00
wg= 10 1 0|ws (3)
0 07T
1 0 0
Ugp=|0T 0|Uptwygxry (4)
0 01

The lateral cyclic control input has to be corrected as well when expressed

in the hub-body frame as

Als‘H = I_\1413’3 <5>

Finally, the aerodynamic forces and moments expressed in body axes (F,

15



1 and M,) can be found as

8 bOdy.

—I'sinf,, I'cospB, O Y. (6)

cos By, sinf3, O |—H,
_T

0 0 1

IcosB, I'sinfB, O | Ly,
—sinfB, cosB, O |M,| +t7eXxF, (7)
0 0 r Q

where the expression of the horizontal force H,,, lateral force Y,,, rotor thrust
T,, rolling moment L,,, pitching moment M, and torque () can be found in
Talbot [35] expressed in hub-wind frame of reference. The sign conventions
for the angles follow the right-handed body frame of reference reported in
Figure 3: positive pitch, roll, and yaw angles are intended to as, respectively,

a nose-up, MR1 down (rolling to the right) and clockwise rotations of the

CCW (I =1) CW (I = —1)

Figure 3: Rotorcraft coordinate systems.
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The mathematical model of the main rotor includes a uniform, nonlinear,
induced inflow ratio ()\;) model derived from general momentum theory [37].

In particular, its dynamics can be expressed as
- 3 (C
N = f (7T T A) (8)

where the total inflow A = \; + g% and the uniform, time-dependent, rotor-
induced velocity is defined as v; = \,Q)R.
The blade flapping is approximated by the tip path plane (TPP) repre-

sentation

B(t) = ap(t) — ai(t) cos by, — by (t) sin(e)p) 9)

where time-varying coefficients ag, a1, and b, follow the second-order dynam-
ics law developed by Chen [38, 39]. The TPP dynamics can be expressed

as
a+Da+Ka=f where a = [ag ay by]" (10)

and matrixes D, K and f can be found in the reference [39]. ag, a1, and by
are respectively the coning, longitudinal, and lateral flapping coefficients.
For the sake of simplicity, a linear lift coefficient curve is adopted for
the simulation at low angles of attack («). However, a correction factor k¢,
is added to take into account blade stall effects and provide more realistic
results when the incidence on the blade profile overcomes the maximum lift

condition. For the sake of this analysis, a NACAQ0015 airfoil is used, and

17
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look-up tables [40] are employed to evaluate the average (from a Reynolds

number point of view) Cp_ and stall lift and drag coefficient Cp, and Cy,.

In particular, the values Cp, = 4.54, C, = 1.12 and Cp, = 0.052 are used.

Figure 4 shows the lift curve in a range of @ between -12° and 90°. It is notice-

able that the slope remains constant until the C, approaches its maximum

value while, above this limit, the lift follows the analytical, approximate, ex-

pression proposed by Viterna [41] for post-stall regions. Being «; the average

stall angle and C_ the curve slope in the pre-stall regime,

1 if a < ay
Crp =k, Cr,o where ke, = 1 dc,
C—LQH if a > Qg
1F
S oot
-1 ‘ ‘ ‘ ‘
0 30 60 90

o [deg]

Figure 4: Cp, curve NACA0015 with Viterna correction

(11)

Before implementing the side-by-side rotorcraft, the main rotor model

was validated against a higher fidelity F-L-P (Flap, Lag, Pitch) numerical

framework, showing good agreement in the input responses. The model,

already developed and verified with commercial software for single rotor con-

18
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figuration, was developed by Tamallah [42] and includes coupled second-order

flapping and lead-lag dynamics, as well as a non-uniform inflow.
3.3. Shroud modeling

The effect of the shroud is accounted by extending momentum theory
to the analysis of a ducted fan. Theoretical analysis conducted by Kruger
[43] has shown that the presence of a shroud may be beneficial for rotor
performance by decreasing the power required to produce the same amount
of thrust. By following the approach presented by Leishman [44], the total
thrust T" produced by the ducted rotor can be computed as the sum of two

contributions:

T 1
- — (12)

T=1T,+1T, where T S

T, is an additional contribution that arises from the presence of the shroud
and depends on the wake contraction factor a, generated by the geometry
of the shroud itself. Accurate estimation of a, is a challenging task from
both a numerical and an experimental point of view. Different analyses can
be found in the literature for improving the accuracy of fan-in-fin tail rotor
models or ducted fans [45, 46]. While an extensive aerodynamic study would
be required to evaluate the interaction between the rotor and the shroud,
for the sake of this study an analytical and simple model is preferred. The
semi-analytical mathematical model developed by Bourtsev et al. [47] is
indeed adopted for the present case, as it directly relates the duct geometry

to pressure losses evaluated by experimental tests. In particular, “lip” duct

19



10

11

12

13

14

15

16

17

inlet and outlet are considered, with a lip radius () of 0.01 m and a blade

tip clearance (0) of 0.01 m. The wake contraction factor is computed as

1 Kv n out -
aw:§(1+5f{7+(§2+—[5>—1b (13)

&n s evaluated as a function of the lip radius according to the experi-
mental data provided by Bourtsev et al. [47], while £, is equal to zero.
3.4. Fuselage

A bottleneck of the analysis is the estimation of the fuselage aerody-
namic loads. In a preliminary analysis, the equivalent flat plat area ap-
proach is adopted to characterize fuselage aerodynamics. In this respect, a
set of equivalent surfaces, each characterized by a specific parasite drag, is
considered. The latter hypothesis involves the assumption that the fuselage
behaves as a non-lifting body, thus the force generated while moving in the
air is only a parasite drag, aiming in the direction of relative airspeed. The
fuselage is approximated as depicted in Figure 5, where the three main flat
plates (frontal, top, and side) are characterized by their surface and drag co-
efficient. The fuselage drag is computed as a sum of the contributions from
the three flat plates, which depends on the orientation of the incoming flow.

In particular D = D7 4+ D! + D*, where

1 ~

D! = S pULSICH(U - ) (14)
1 .

D* = EproSSCB(U +9) (15)
1 N

D' = §pU§oStC’fD(U - 2) (16)

20



Superscripts /, ¢, and ¢ refer to frontal, side and top areas. The scalar
product between the surface normal and the velocity versor determines the
portion of the flat plate invested by the flow. The values of the equivalent
surfaces and relative parasite drag coefficients, reported in Table 2, are esti-
mated by using a simplified geometry of the vehicle modeled with OpenVSP
(Figure 6) [48].

SS

=

Ch

Figure 5: Flat plate approximation for the fuselage aerodynamics

ST=10.3426 m2 5° = 0.2065 m? S° = 0.8034 m?
Cf = 0.3854 5 =0.6356  CL =0.1645

Table 2: Reference surfaces and drag coefficients of the equivalent flat plate fuselage
approximation

Estimating the center of pressure (CP) is another important aspect of fuse-

lage modeling. Still, a complete aerodynamic analysis would be needed, but

21
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for the sake of this paper and according to the symmetry planes that charac-
terize the vehicle, it is assumed that the aerodynamic force can be applied in
front of the CG, along the longitudinal plane. In this way, the fuselage will
only contribute with pitching and yawing moments, respectively when differ-
ent angles of attack and sideslip occur. In particular, the CP is assumed to
be placed at 1/3 of the parallelepiped depth, thus 0.26 m in front of the CG.
The latter is a general approximation that is made by recalling flat-plates
aerodynamic theory [40] and by comparing with fuselage aerodynamic results
of similar configurations [49, 50]. The forces and moments in body axes can

be expressed as
Ff:—DU and Mf:’l"chFf (17)

where rcp is the position vector of the center of pressure.

Figure 6: Fuselage modeling in OpenVSP
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4. Trim routine

An iterative algorithm based on the Newton-Raphson method is imple-
mented to compute the trim conditions of the vehicle at different velocities.
A system of 14 unknowns and 14 equations is solved. The input of the system
are the velocity in the inertial frame and the angular velocities in the body
frame wp. The rotor angular rates are kept constant to their nominal values

and a zero yaw angle is imposed. The system of equations to be solved is the

(o

[Ka

following;:

&bw

](2)
FYV4+FY v F, +F,+F;=0

(18)
MY+ MP + M, +M;=0

AR = A7)

1 2
o) = o

and the vector of unknowns is
o ol B off o 5D o) AL BY 60 A2 B 69 (o)

where 6 and ¢ are the attitude pitch and roll angles. The same modeling
approach described in Section 3 is applied to both of the rotors. The first six
equations are obtained imposing steady conditions to the flapping dynamics
(Equation 10), namely @ = @ = 0. The second six are the total force and

moment acting on the rotorcraft. In particular, while F',, M,, F; and M ¢

23



1 have already been presented in sections 3.2 and 3.4, the gravitational force

» F, and inertial force and moment, F'; and M; can be computed as

—gsinf
F,=my | gsin¢pcosd (20)
g cos ¢ cos 6
F,=—(wp x Upg)my, (21)
M, = —wp x lwg (22)
3 The yaw angle v is equal to zero. The last two equations are additional

+ relations that are added to close the system: a constraint on the control
s mix is set, such that the two rotors operate at the same collective pitch and
s lateral cyclic, both commanded by the pilot input (see Section 2). Figures 7

7 and 8 report the results for different forward and lateral speeds.
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Figure 7: Trim conditions at variable forward speed: rotorcraft attitude (a) and control
inputs (b)
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Figure 8: Trim conditions at variable lateral speed: rotorcraft attitude (a) and control
inputs (b)

Figure 7 (a) reports the attitude of the rotorcraft as a function of the
forward speed. The aircraft pitches down as the speed increases, while a
positive longitudinal cyclic By is applied (Figure 7 (b)). It is noted that,
according to the mathematical model presented in Section 3.2, a positive
longitudinal cyclic is intended to be a “push effort” by the pilot, while the
attitude signs are defined by the right-handed body axes system. The roll
angle ¢ of the rotorcraft remains close to zero as well as the lateral cyclic
effort. Together with the By, the collective pitch changes by following the
trend of the power. The aircraft absorbs around 1.6 kW at hover and has
a minimum power of 1.2 kW, obtained at 12 m/s. As the speed increases,
the pitching moment generated by the fuselage becomes stronger due to the
higher negative 6 and the CP position in front of the CG. The latter produces
a decrease of the By, curve slope, nearly reducing the pilot’s effort to maintain

the steady condition.
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In order to perform a lateral motion, the aircraft rolls in the direction of
the speed (¢ angle in Figure 8 (a)) by following the pilot’s lateral cyclic input
reported in Figure 8 (b). Together with the A control, which is positive in
the positive direction of the lateral speed, and the collective pitch, which still
follows the power trend, a small contribution of the differential longitudinal
cyclic should be introduced to counteract the yawing moment induced by the
fuselage. Indeed, the r¢p position in front of the CG generates an unstable

moment about the z-axis when the rotorcraft is subjected to a sideslip angle.
5. Linearization of the dynamic model

In order to study the open-loop stability of the dual-rotor configuration,
a linear model about a trim condition is developed. The 6 d.o.f. rigid body
equations of motion in vector form can be written as follows:

mtOUB = —M,wpB X UB + Fg + F ( )
23

lwg = Mom — wg X Iwp
where the excitation of this first-order system is represented by the sum
of the external forces (F = [XYZ]) and moments (M = [LMN]) acting
on the rotorcraft. Note that the external force and moment include in their
definition the aerodynamic forces/moments of the two rotors (F(1) and F(?)
and the fuselage (F). Considering the state vector x = [uw ¢ 6 v p ¢ 7]
and control vector T = [0y A5 Bis ABigl, the system can be linearized by

applying small perturbation theory a by neglecting second order and smaller
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terms [51]. Note that the heading angle 1 is neglected as it does not affect
the dynamics of the rotorcraft. In particular, each state is described as a
perturbation from the trim condition, thus z = 2% + dx, where superscript °
identifies the trim condition and dz is a small perturbation. The excitation
is linearized by employing a Fourier series such that a general force/moment
can be expressed as its trim value (F°) plus a sum of contributions from each

state and control variable, such that
F=F'+Fu+F,w+..+ Fap AB, (24)

where the first-order derivative about a generic perturbation dx; of the z;

state is computed numerically with a central finite difference formula as

OF F(2) + 6z;) — F(2) — dz;)
FCE' e f—
¢ E)xl m? 2(5£IZZ

(25)

and are called "stability derivatives”. The value of the perturbation is chosen
by performing a convergence check on the derivatives to not affect their
computation. In particular, 10% of the forward velocity is chosen for the
forward speed perturbation, 0.1 m/s is used for the other two components
while a perturbation of 0.01 rad/s is applied to the angular velocities and 0.1
degrees for the attitude and control angles.

Finally, the linearized 6 d.o.f. equations of motion, around a trim condi-
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2

tion with no angular rates (p° = ¢° = r = 0) are described by the system

;

0 = —wq— ghcosf + 0 + Xyu+ X,w+ ... + Xap, ABi,

g =Mu+ Myw+ ...+ Map, ABi

0 = qcost® — rsinf°

v = —g0sin@’sin0° + puw® — ru’ + Yyu + Yyw + ... + Yap, ABy,
p =L+ Lyw+ ...+ Lyg ABi,

é = p+qgsine®tanf® + r cos ¢ tan 6°

7 = Nu+ N,w+ ..+ Nyg ABi,

3
(26)

which in matrix form can be written as & = Ax + B7, where x and 7 are
the motion state and control perturbation vectors, while A and B are the
system’s state and control matrices [51]. The force derivatives (X, Y, and Z)
are normalized with my,, while the pitching moment (M) are normalized with
the inertia moment with respect to the pitch axis I,,. The lateral-directional

derivatives L' and N’ are normalized and coupled as

L, = 7 (27)
Ny = mmm e T (28)

where I. = I, 1., — IZ2,.

28
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The dynamic stability of the system can be assessed by considering the
eigenvalues of the state matrix A. Figure 9 reports the set of eigenvectors
related to each pole of the system. The poles are identified by an ID and
reported above each plot. According to the eigenvectors analysis, a first clas-
sification can be performed between the modes governing the longitudinal and
lateral-directional dynamics. Four longitudinal modes with similar frequency
can be identified, where two complex conjugate poles represent an oscillat-
ing motion governed by the forward speed u and a complex, small, pitch and
heave contribution. These two oscillatory modes can be most likely related to
stable phugoid or heave subsidence dynamics. A couple of stable/unstable
real poles characterized by u and w contributions are also present, most
likely representing heave subsidence or short-period dynamics. Indeed, it is
still unclear whether these longitudinal poles reproduce the classical modes
of conventional aircraft but an extensive analysis will be performed in the
next chapter. From the lateral-directional point of view, four real poles are
present. A higher-frequency stable one is governed by lateral speed and a
small contribution of roll rate and angle, while a very low-frequency, slightly
stable, lateral mode can be identified in a yaw subsidence behavior governed

by the yaw rate r and lateral speed v.
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Figure 9: Eigenvectors representation in hovering condition

6. Results

6.1. Variable forward speed dynamics

The linearized model described in Section 5 is used to study the stability
of the system in each of its characteristic modes and with an increasing
forward speed. Figure 13 shows the evolution of the system’s poles in a
complex plane, while Figure 10 reports their natural frequency in a semi-
logarithmic plot. In addition, Figure 14 plots the participation of the 8
modes in each of the rotorcraft poles while Figure 11 shows the stability of
the different dynamics by plotting their real part. From the latter, it can be
observed that the increase in forward speed worsens some of the instabilities
already present in hovering, however, it does not give rise to new ones. The

static stability of the system is reported in Figure 12, with the evolution of

30



worsened by the increase of forward speed.
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Figure 10: Logarithmic plot of the poles’ frequency at variable forward speed
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Figure 11: Real part of the system’s poles at variable forward speed

the derivative M,: the rotorcraft is statically unstable and this condition is

the system, i.e. ID 1, ID 2, ID 3, and ID 4, is characterized by a couple
of complex conjugates and two real poles. ID 1 and ID 2 represent low-
frequency, oscillatory, dynamics governed by the forward velocity u and a
complex contribution of the vertical speed w. The behavior of these poles

may be associated with a stable aircraft phugoid /heave subsidence mode. On
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Figure 12: Evolution of the static stability M, and sideslip derivatives N (weathercock
stability) and L! (dihedral effect) for a variable forward speed.

the other hand, ID 3 and ID 4 seem most likely to be related to short-period
dynamics, being characterized by a higher frequency and the participation
of the pitch angle and pitch rate (Figure 14) that arises as the forward speed
increases. The positive one provides a strong longitudinal instability.

By looking at the lateral-directional dynamics, i.e. ID 5, ID 6, ID 7,
andID 8, a very low frequency, slightly unstable, the real pole is present (/D
8), representing what is most likely traceable to a spiral mode. The latter is
indeed characterized by either the yaw rate and roll angle, together with the
forward /lateral speed. ID 5, 6 and 7 are instead three real poles that develop
with similar frequencies and are characterized by the main contribution of
the lateral speed, together with yaw and roll rates that grow and decrease
according to the velocity regime. Another important aspect of the directional
dynamics is related to the weathercock instability that arises with a negative
N/ (Figure 12). As a matter of fact, the CP position in front of the CG

and the absence of a vertical fin to dampen the yaw rate, make the system
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1 directionally unstable.

0994 0988 097 088 B U—=0.1m/s mU=20m/s
097 o T —ID 1) 3 |
: o ' —ID 2) —ID4) |

o
[

~0.999

o
.
4]

o
o ©
()"_\

o
I
N
X
| )
=
($)]
=
(=]
(9]
|
- |
a
|

o

o

@]
T

-
L

Imaginary Axis (seconds'1)
S
T
L

_0.1570.999‘ i ' ? . i dJ

0.2 0.997 ' . .
0.994 0.988 0.97 0.88
_025 | I I L | 1 | | | | L
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

Real Axis (seconds'1)

0994 0988 097 088 '

a (IJ =0.1 ;n/s ] IU =20 IIn/s
—1ID 5) —1ID 7)
D 6) —ID8) |

=]
[N}
T
=
©
©
~

(=]
o
- [6)]
\ \
@
[(s}
weerne D).
©
!

©
o
o O
T
N =

&)
L

Imaginary Axis (seconds‘1)

S . o
S~ e o
[8)] - [5)]
\
!

o
N
T
S
©
©
~

0994 0988 097 088
_025 I I I L | 1 L
25 2 45 -1 05 0 05 1 15 2 25

Real Axis (seconds'1)

Figure 13: Evolution of the longitudinal (above) and lateral (below) poles at variable
forward speed. The black/red squares indicate the initial (hovering) and final (U = 20
m/s) point
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6.2. Variable center of gravity dynamics

In order to account for eVTOL applications, where the batteries are lo-
cated and can be shifted along the longitudinal axis, this section elaborates
on the effect of the CG on vehicle stability. The analysis presented in Section
6.1 describes the stability of the system with a CG placed on the symmetry
plane of the vehicle, which is also aligned with the application of the main
rotor force. In the present Section, the CG is shifted along the x-axis of a
ACG, and the stability is studied. A schematic view of the rotorcraft is re-
ported in Figure 15 to highlight the relative position of these points. Figure
17 reports the evolution of the longitudinal and lateral poles of the system

at U = 10 m/s and within an interval of ACG = £0.2 m. Figures 18 and 19
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Figure 15: Schematic side representation of the rotorcraft’s CG, CP, and main rotor force
application.

Derivative

02 -0.1 0.1 0.2

0
ACG [m]
Figure 16: Evolution of the static stability M,, and the sideslip derivatives N, (weathercock
stability) and L/ (dihedral effect) for a variable ACG at U = 10 m/s.
report the eigenvectors of the system for two opposite CG positions.

It can be observed that the two longitudinal low-frequency poles (ID
1 and ID 2), identified as a phugoid/heave subsidence mode in the previ-
ous section, become real as soon as the CG is shifted along the x-axis and
misaligned with the rotor’s arms. Therefore, it can be assumed that the os-
cillating low-frequency behavior was associated with the vertical alignment
between the rotors and the CG. On the other hand, the two poles represent-

ing the high-frequency longitudinal dynamics ID 8 and ID 4, associated with
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a pitch and heave behavior, become negative and oscillatory when the CG is
shifted backward, making the system’s short period stable.

Concerning lateral stability, as soon as ACG # 0, lateral phugoid (also
known as dutch-roll in general aircraft nomenclature), roll, and spiral dy-
namics can be identified. Indeed, a couple of complex conjugate poles, char-
acterized by lateral speed, roll, and yaw rates can be most likely traceable
to a lateral phugoid mode, while the high-frequency real pole represents the
roll one. In particular, placing the CG behind the rotors (ACG < 0) can be
beneficial for the roll dynamics but drives the oscillatory poles towards the
positive plane. This can be linked to the evolution of the sideslip derivatives
reported in Figure 16, which mainly affect the lateral-directional stability.
Indeed, an unstable behavior is connected to negative weathercock stability
and a positive dihedral effect, both of them occurring when ACG < 0. How-
ever, this condition can be improved by installing a properly sized vertical fin,
which would increase the directional stability of the system. In this way, the
instability of the lateral phugoid can be limited, while the high-frequency
longitudinal poles can be stabilized by moving the CG behind the rotor’s
arms. In addition, moving back the CG is also beneficial for the static sta-
bility of the rotorcraft, reported in Figure 16 by means of the M, derivative.

The latter becomes negative, thus stable, for negative ACG.
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Figure 18: Eigenvectors representation at U = 10 m/s and ACG = —0.15 m
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7. Conclusions

The analysis presented in this paper has the aim of studying the flight
dynamic properties of a small-scale electric dual rotor VT OL for urban air
mobility. The configuration proposed in the paper is a side-by-side helicopter,
with two identical, shrouded, and counter-rotating rotors that operate at
constant angular speed. A nonlinear mathematical model is implemented
and improved by considering the effect of the shrouds around the two main
rotors and the fuselage aerodynamic loads.

The trim conditions of the VTOL are evaluated by solving the nonlinear
system in steady state conditions: the rotorcraft reaches an equilibrium point
for variable forward and lateral speed by employing reasonable ranges of
controls and attitude. The rotorcraft absorbs 1.6 kW of power to keep the
hovering at ground level and applies 8 deg of collective pitch in both of
the rotors. A positive longitudinal cyclic, corresponding to a negative pitch
angle, is applied to move forward while the lateral cyclic input is used to
move laterally and impose a roll angle.

The mathematical model is linearized around the above-mentioned trim
conditions and a study on the stability characteristics at different speed and
CG positions is performed. In particular, an unstable high-frequency short-
period mode, governed by the vertical velocity and pitch angle arises when
the CG is aligned, or placed in front of the two main rotor’s arms. An
increase in the forward speed is detrimental for the latter dynamic. From a

lateral-directional stability point of view, a stable spiral mode is present for
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all of the analyzed cases, while the stability of the roll and lateral phugoid
poles mainly depends on the center of gravity location. In general, unstable
high-frequency roll dynamics arise as soon as the CG is placed in front of the
symmetry plane, while the oscillatory poles follow an opposite trend.

In conclusion, the analyzed side-by-side helicopter configuration has the
potential to become a good candidate to provide services in a UAM ecosys-
tem, because of its simple design and societal acceptance. However, the
particular case studied in the paper presents some criticalities that need to
be solved. In particular, the position of the CG has to be revised and pos-
sibly moved backward, in order to avoid high-frequency instabilities (short
period and roll dynamics) in the natural behavior of the rotorcraft and make
the system statically stable. An unstable low-frequency phugoid mode has
to be accepted since it arises as soon as the CG is misaligned with the ro-
tor centers. In addition, the lateral phugoid mode follows an opposite trend
with respect to the high-frequency poles. Further, the rotorcraft has almost
no directional stability, and the position of the fuselage center of pressure in
front of the CG causes a criticality in the yawing motion. A suitable sizing of
a vertical fin can be performed in order to improve the directional damping
of the system. An offline analysis was first performed in this paper before
starting a flying campaign which would provide important information about
the optimal battery location and handling qualities. The design of an atti-
tude and velocity control system will follow with the experiments in order to

stabilize the rotorcraft and improve maneuverability.
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