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We consider string/M-theory reductions on a compact space X ¼ Xloc ∪ X∘, where Xloc contains the
singular locus and X∘ is its complement. For the resulting supergravity theories, we construct a suitable
symmetry topological field theory (SymTFT) associated with the boundary ∂Xloc∐∂X∘. We propose that
boundary conditions for different Bogomol’nyi-Prasad-Sommerfield branes wrapping the same boundary
cycles must be correlated for the SymTFT to yield an absolute theory consistent with quantum gravity.
Using heterotic/M-theory duality, this constraint can be translated into a field-theoretic statement, which
restricts the global structure of d ≥ 7, N ¼ 1 supergravity theories to reproduce precisely the landscape of
untwisted toroidal heterotic compactifications. Furthermore, for six-dimensional (2, 0) theories, we utilize a
subtle interplay between gauged 0-, 2-, and 4-form symmetries to provide a bottom-up explanation of the
correlated boundary conditions in K3 compactifications of type IIB.

DOI: 10.1103/PhysRevD.109.126005

I. INTRODUCTION

The existence of global symmetries in quantum field
theory (QFT) has allowed for various insights, including
restrictions on correlation functions and the computation of
’t Hooft anomalies, which constrain renormalization group
flows and can give insight into strongly coupled regimes of
theories. Rephrasing global symmetries in the language of
topological operators [1] opened the way to finding many
new forms of symmetries that were not considered before,
referred to as generalized symmetries.1 Many of these
newly considered symmetries are discrete. One compact
way to contain information on such symmetries and their
anomalies is to encode them in a symmetry topological
field theory (SymTFT) in one dimension higher than the
QFT [8–10]. We provide a detailed introduction to this
in Sec. II.
When coupling such QFTs to gravity to obtain a

quantum gravity, it is conjectured that all such global
symmetries should be gauged or broken [11,12], including
generalized symmetries [13,14]. Part of the swampland

program [15–17] (see also [18–20]) is focused on gaining
insight about quantum gravity by understanding how such
global symmetries from the effective field theory (EFT)
description are broken or gauged when the theory is
coupled to gravity. On the other hand, one can also consider
the top-down approach of compactifying a string theory to
build an EFTwith a known UV completion, and follow the
process of decoupling gravity. In this process, one can
expect various global symmetries to emerge, including
generalized ones.
In this paper, we mostly focus on supergravity models in

d ≥ 6 with 16 supercharges in various dimensions that can
be engineered via compactifications of string or M-theory
on a compact internal manifold X [21]. These have an EFT
description [or, in the case of six-dimensional (6d) (2, 0)
theories, a tensor gauge theory] as a super-Yang-Mills theory
with gauge algebra g [22,23] weakly coupled to gravity,
whose global structure (i.e., the gauge group G whose
associated algebra is g) is determined by the spectrum of
massive nonlocal operators. In the limit of decoupling
gravity, these become the Wilson and ’t Hooft operators
[or suitable analogues in the 6d (2, 0) case] [1,24].
From a bottom-up perspective, by which we mean the

low-energy description of the (light) local operator spec-
trum, such global structures are choices that are not
constrained by usual EFT conditions. The same holds
for string theory constructions of nongravitational theories.
In such cases, the compactification space Xloc is non-
compact, and different global structures are determined by
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1See [2–7] for some reviews on this topic from various
perspectives.
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different boundary conditions at infinity (∂Xloc) [9,25–28].
Specifically, one needs to assign Dirichlet or Neumann
boundary conditions to background gauge fields asso-
ciated with discrete global symmetries. It was recently
understood that these symmetries are generated by specific
Bogomol’nyi-Prasad-Sommerfield (BPS) branes wrapping
torsional boundary cycles [29–31]. These boundary con-
ditions are constrained by field theory considerations
requiring a maximal set of mutually local operators [32]
and no gauge anomalies. The former constraint ensures that
the field theory is an absolute QFT. Once we couple gravity
back, due to the global constraints of compact geometries,
many such choices cannot be realized in top-down con-
structions of gravitational theories from string theory
without an apparent field-theoretic explanation of why
they are inconsistent.
In the philosophy of the swampland program, this

discrepancy between possible string realizations and appa-
rently consistent low-energy theories warrants further
investigation in order to clarify if there are yet-to-be
discovered string constructions, or if there is a deeper,
quantum-gravitational reason why these field theories are
inconsistent. Of course, there is a third option: there exist
EFTs coupled to gravity with a consistent UV completion
that do not originate from string theory. However, recent
works, in particular for effective supergravity theories in
large numbers of dimensions [33–40], provided strong
support for “string universality” for d ≥ 6 theories with 16
supercharges, namely, that every gravitational EFT with a
consistent UV completion has a string theory realization.
Regardless of one’s preference, delineating between these

scenarios first requires a precise characterization of the EFTs
with known string constructions from those without, in
terms of data that is accessible froma bottom-up perspective.
Given that the global structure of the EFTis encoded in some
SymTFT, in this work we propose a characterization of the
supergravity theories in the “string landscape” in terms of
boundary conditions of the SymTFT.
The supergravity theories in question can be engineered

from string/M-theory on a compact space X, which can be
thought of as the gluing X ¼ Xloc ∪ X∘ of the local neigh-
borhoods of singular loci Xloc and the complement X∘. Each
patch by itself defines a nongravitational supersymmetric
QFT,which through thegluing become coupled to each other
as well as gravity. The global structure of the supergravity
theory is then specified through the presence of massive
states, arising from strings/branes wrapping Σ ⊂ X that
stretch acrossXloc ∩ X∘, which span amaximal andmutually
local lattice of electric and magnetic charges [41,42].
We discuss an alternative but equivalent interpretation of

this process in terms of a (dþ 1)-dimensional SymTFT of
the d-dimensional supergravity theory, which appears
naturally both in the top-down string/M-theory construc-
tion as well as from the bottom-up EFT perspective. In the
latter description, the supergravity theory is specified

entirely in terms of the local data on Xloc and X∘,2 each
having a SymTFT without an a priori choice of polariza-
tion. Geometrically, these two sectors arise from a reduc-
tion of string/M-theory on the disjoint union Xloc∐X∘; the
natural SymTFT is then the reduction on ∂Xloc∐∂X∘,
which indeed is the tensor product of the SymTFTs for
the gauge sectors localized on Xloc and X∘. Specifying a
polarization of this SymTFTamounts to picking a maximal
and mutually local set of electric/magnetic defects charged
under both sectors or, equivalently, to fixing the global
structure of the supergravity model on X. This motivates
the notion of a “SymTFT of the supergravity model.”
Field theoretically, we may choose various different

boundary conditions of this SymTFT, so long as they give
a mutually local set of charged defects. Roughly, this
amounts to specifying which cycles in the local patches are
wrapped by certain BPS p-branes. However, in the gravi-
tational theory defined on X, there is no such choice;
instead, every compact cycle Σ ≃ Σloc ∪ Σ∘ must be
wrapped by all possible p-branes (of suitable dimension
and compatible with supersymmetry requirements). In the
product SymTFT, this translates into identical boundary
condition choices for different branes associated with the
relative cycles Σloc and Σ∘. This means that for the global
structure of the gravitational EFT, higher-form symmetries
of different degrees, generated by wrapping BPS branes on
the same boundary cycle, will have correlated boundary
conditions. Requiring this correlation, which can be
phrased purely in terms of the local data that enters the
definition of the supergravity EFT, thus provides a bottom-
up characterization of the global structures realized in string
constructions. Within the swampland program, one may
also view this as a consistency condition on the SymTFT’s
polarizations as we coupled the gauge sectors to dynamical
gravity. We elaborate in detail on this in two classes of
models.

A. Gauge group topology of N = 1, d ≥ 7
supergravity theories

In the case of N ¼ 1; d ≥ 7, the supergravity EFT is
specified by the gauge algebra g ⊕ uð1Þb. Then, the
correlation between the electric 1-form and magnetic
(d − 3)-form center symmetries, which form the defect
group D ¼ Zð1Þ ⊕ Zðd−3Þ, of the gauge sector imposes
Dirichlet/Neumann boundary conditions for the same

2The canonical “local data” we have in mind here are the Lie
algebras for the gauge sector of the supergravity theories, which
can be split into a non-Abelian part associated with Xloc and an
Abelian part associated with X∘. By relaxing the notion of “gauge
algebra” to 2-form gauge fields, the same separation also applies
to 6d (2, 0) theories, where the “non-Abelian part” is associated
with a (2, 0) superconformal field theory (SCFT) sector with
strongly coupled tensor multiplets specified by an ADE algebra,
while the “Abelian” part refers to weakly coupled tensor
multiplets.
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subgroup C ⊂ Z. The global structure is thus specified,
without any reference to a concrete top-down construction,
in terms of a “maximally mixed” polarization,

Λ ¼ Cð1Þ ⊕ Cðd−3Þ ⊂ D; ð1:1Þ

which leads to the gauge group ½G̃ ×Uð1Þb�=C, where G̃ is
the simply connected group with algebra g.
While we derive this polarization for 7d theories engi-

neered from M-theory on compact K3 surfaces by adapting
the results of [41] to the supergravity SymTFT, it turns out
that the very same structure also arises in untwisted toroidal
compactifications of the heterotic string,3 whose global
structures in d ≥ 7 have been recently computed system-
atically [43–45]. In fact, as we will explain, this criterion is
intimately tied to a mixed-anomaly argument involving the
1-form center symmetry, which rules out certain non-
Abelian gauge group topologies in the supergravity land-
scape [37,46] (see also [38] for alternative arguments based
on other swampland principles), though it is now crucial to
include the center anomalies of Abelian gauge factors.
Combining the requirement for a maximally mixed

polarization with the absence of 1-form symmetry anoma-
lies, we then obtain a constraint that rules out supergravity
theories without a stringy realization. E.g., the majority of
gauge groups that correspond to a “purely electric” polari-
zation, i.e., of the form G̃ ×Uð1Þb, which cannot be ruled
out by the anomaly argument of [37,46] alone, are now
incompatible with the maximally mixed polarization.
One important caveat is that we do not have a bottom-up

argument regardingwhy the polarization has to bemaximally
mixed. Furthermore, we are only restricting ourselves to
models on the branch of the supergravity moduli space
that have gauge rank 26 − d.4 String realizations of the
other branches involve either “frozen” singularities in
M-theory [47–50], twisted heterotic compactifications
[51–54], or other exotic brane setups [55]; it would be
important to find characterizations of their global structures
in terms of the SymTFT.

B. The global structure of 6d (2, 0) supergravity

Another important case demonstrating the above con-
straints on SymTFT boundary conditions is the 6d (2, 0)
theories. The 2-form defect group symmetry for this case is
special [56] as there is no distinction between electric
and magnetic symmetries. Thus, a consistent choice of
polarization will be equivalent to the geometric constraints
imposed on the string charges of the 2-form symmetry

in IIB compactifications on K3’s. Moreover, this case has
an additional part of the defect group coming from 0- and 4-
form symmetries generating an electric/magnetic pair.
Carefully analyzing the anomalies of the theory shows
that one can write a mixed gauge gravity anomaly relating
the 0- and 2-form symmetries. For this anomaly to vanish in
the geometric reduction from type IIB, one precisely
requires the 0- and 2-form symmetry SymTFT boundary
conditions to be correlated. Thus, in this case one can show
that the boundary conditions of the SymTFT for the
effective theory can be completely determined by polari-
zation and mixed gauge gravity anomaly constraints.
Drawing inspiration from this case, it would be interest-

ing to see if in the class of d > 6 theories mentioned above
there may also be more subtle terms in the SymTFT that
can provide a bottom-up justification for requiring a
maximally mixed polarization.

C. Plan of the paper

The paper is organized as follows. In Sec. II we review
some important aspects of discrete symmetries, SymTFTs,
and polarizations, where first we explain some basic
notions in general and later we show how these notions
arise in the context of geometric engineering. In Sec. III we
thoroughly analyze the case of 7d N ¼ 1 theories engi-
neered by K3 compactifications of M-theory. Specifically,
we examine how the homology structure of the K3 and its
division into two parts is related to the lattice perspective
and how it affects the SymTFT and the required boundary
conditions. In Sec. IV we consider N ¼ 1; d > 7 super-
gravity theories resulting from untwisted heterotic com-
pactifications on tori. In these cases, we show how
geometric properties can be associated with lattice embed-
dings and how these in turn necessitate the maximally
mixed polarization. In Sec. V we generalize the results of
the former two sections to a geometric reduction of string/
M-theory and show that the results qualitatively remain the
same. This leads to the correlated boundary conditions
requirement and the maximally mixed polarization require-
ment, which we state explicitly when summarizing our
main results. We conclude this section with examples that
one can study in the future to corroborate our constraints,
and also give the explicit example of 6d (2, 0) theories. We
also provide two appendices where we list some lattice
facts and discuss instanton fractionalization in the lattice
description.

II. GLOBAL STRUCTURES AND THE SymTFT

In this section, we review various aspects of discrete
symmetries and how they are encoded using a SymTFTas a
(dþ 1)-dimensional bulk attached to a d-dimensional
spacetime. In particular we focus on the defect group,
the SymTFT, and how these arise in string theory
realizations.

3One key feature of these models relevant to us is that in d
dimensions, the total gauge rank including uð1Þ factors is 26 − d.

4String compactifications to d ≥ 7 with N ¼ 1 supersym-
metry can only realize gauge algebras g ⊕ uð1Þb with certain
values of their rank. As argued in [38], swampland arguments
(largely) reproduce these restrictions.
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A. The defect group, SymTFT, and polarizations

The SymTFT [8–10] is a topological field theory in one
greater dimension than that of theQFTof interest. Its purpose
is to lift the symmetry properties of a QFT away from the
dynamics, providing a framework inwhich symmetries, their
anomalies, and generalized charges can be studied in iso-
lation. It has seen many applications [57–63] including in
string theory setups [29,42,64–71].
Related, and particularly relevant in the context of

string-/M-theory realizations, is the concept of the defect
group [27,28,72], which encodes information about the
possible global symmetries of a QFT.
In this section, we review both concepts and their

relationship to each other.

1. The SymTFT

The (dþ 1)-dimensional bulk topological QFT (TQFT)
has two boundaries, denoted Bphys and Bsym; the former is
not gapped generically, while the latter is gapped. In order to
get back ad-dimensionalQFTincluding the theory dynamics
and symmetries, one can compactify the interval between the
two SymTFT boundaries. The resulting QFT is a relative
theory as in general it will hold mutually nonlocal operators.
This can be prevented by imposing boundary conditions for
the TQFT, which will leave a maximal set of mutually local
operators, meaning the resulting QFT is an absolute theory.
In a more mathematical language, the topological defects of
the SymTFT corresponding to a symmetry category S make
up the Drinfeld center of S [73].
The topological defects of the bulk TQFT encode both

the topological defects of the absolute QFT and the
(generically nontopological) charged objects under these
symmetry defects. The final role played by these defects is
determined entirely by their boundary conditions.

2. Finite, Abelian symmetries

Restricting our attention to only QFTs with finite,
Abelian higher-form symmetries vastly simplifies this
SymTFT structure.
In particular, in this simplification the SymTFT has a

simple action formulation,

SSymTFT ¼ 1

2π

X
p;i;j

Z
Mdþ1

κðpÞij Bi
pdC

j
d−p þAðfBi

pgÞ; ð2:1Þ

where κðpÞij ∈Z, B and C are Uð1Þ-valued background
gauge fields for finite, Abelian global symmetries with
degree given by their subscript, and A denotes a set of
possible (mixed) ’t Hooft anomaly terms.
Let us focus on the simplest case of (2.1) for concreteness:

SSymTFT ¼ N
2π

Z
Mdþ1

BpdCd−p: ð2:2Þ

This action is invariant under gauge transformations,

Bp → Bp þ dλp−1;

Cd−p → Cd−p þ dλd−p−1: ð2:3Þ

This “BF” theory has (d − p)- andp-formglobal symmetries
generated by

UðMpÞ ¼ e
i
R
Mp

Bp; VðMd−pÞ ¼ e
i
R
Md−p

Cd−p
; ð2:4Þ

respectively. They shift the fundamental fields by

Cd−p → Cd−p þ
1

N
ξd−p; Bp → Bp þ

1

N
ξp; ð2:5Þ

respectively, with ξ properly normalized flat gauge fields.
The BF term in (2.2) forces U and V to not commute,

UðMpÞVðMd−pÞ ¼ exp

�
2πiLðMp;Md−pÞ

N

�
× VðMd−pÞUðMpÞ; ð2:6Þ

where Lð·; ·Þ denotes the linking number of the two mani-
folds in the bulk spacetime.

3. Boundary conditions

To land on an absolute QFT, we must pick a set of
boundary conditions consistent with the topological terms
(2.1). Concretely, for (2.2) we can demonstrate this effect in
the above example. If both Bp and Cd−p are fixed on the
boundary (given Dirichlet boundary conditions), the oper-
ators U and V will descend to extended operators of the
boundary QFT. Their linking (2.6) implies that these
extended objects are not mutually local. A consistent
absolute QFT requires that a maximal, mutually local
subset of such extended objects is chosen [32].
One particular choice would be to trivialize the U

operators on the boundary5 (Bp Dirichlet), while V oper-
ators remain nontrivial on the boundary (Cd−p Neumann).
In this instance, the V operators remain topological and
now link with theU operators in a manner that recreates the
standard symmetry action via linking. Specifically, the V
operators in this case will generate a (p − 1)-form ZN
symmetry in spacetime with the boundary of the U
operators spanning the two boundaries, resulting in charged
objects under this (p − 1)-form symmetry, with charge
LðMp;Md−pÞ=N, in spacetime.

4. Nongenuine operators

As explained above, boundary conditions will leave
some of the operators in the bulk topological in spacetime

5“Trivialize” here means that U ¼ 1 on the boundary.
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and others not. In addition, one can also expect to have
operators spanning the two boundaries of the bulk SymTFT
that will result in nongenuine operators in spacetime. This
will happen in the above case if we take the V operators to
span the two boundaries, with Neumann boundary con-
ditions for Cd−p. These would correspond to spacetime
ðd − p − 1Þ objects attached to (d − p) topological objects.
Here we briefly review the appearance of nongenuine

operators in the simplest construction. A nongenuine
operator is defined as a q-dimensional operator that is
attached to a collection of p-dimensional operators, with
p > q. Let us begin with some SymTFT operator UðΣÞ.
Suppose we pick Neumann boundary conditions for this
operator, but then try to force this operator to lie
perpendicular to the boundary. This situation is depicted
in Fig. 1. We are naturally lead to the existence of
nongenuine operators [1,32,74].6

5. The defect group

The defect group D is a group encoding information
about the possible global symmetries of a QFT. In par-
ticular, it specifies the failure of defining a partition
function for the QFT: when D is nontrivial, one obtains
a partition vector encoding the various choices of “global
form,” i.e., global symmetries, of the QFT.
Labeling the set of nondynamical operators of dimension

p as fDpg and the set of dynamical operators of dimension
p as fDpg, D is defined as

D ¼ ⨁
d−1

n¼1

DðnÞ; ð2:7Þ

where DðnÞ is the group of equivalence classes formed by
operators fDpg modulo screening by operators fDpg.

Generically, there is a nondegenerate pairing on the
defect group,7

h·; ·i∶ D ×D → Uð1Þ: ð2:8Þ
Nontrivial values of this pairing between two defects
describe their mutual nonlocality. We can land on con-
sistent QFTs by picking a subgroup,

Λ ¼ ⨁
d−1

n¼1

Λn; Λn ⊆ DðnÞ: ð2:9Þ

Consistency forces this subgroup to be a polarization, Λ of
D. Concretely, a polarization is defined as a subgroup of D
that is maximal and isotropic, i.e., on which the pairing
trivializes. Note that “maximal” here refers to Λ ⊂ D as a
subgroup8; together with the fact that it is isotropic with
respect to a nondegenerate pairing, this implies the con-
dition jΛj2 ¼ jDj on the order of the group. Each choice Λ
describes a different global form for the QFT. Below we
describe how, after picking a polarization, topological
operators generating the defect group can correspond to
symmetry generators and charged objects. The charge of
the charged objects under some generator is exactly given
by computing the pairing h·; ·i between the charged object
and the generator.

6. Relation to SymTFT

The first set of terms in (2.1) are often referred to as “BF
terms.” They are intricately related to the defect group
above: Bp and Cd−p are background gauge fields for finite
(p − 1)- and ðd − p − 1Þ-form “defect group” symmetries,
respectively.
Denoting

SNFðκðpÞÞ ¼ diagflðpÞ1 ;…; lðpÞi ;…g; ð2:10Þ
where SNF is the Smith normal form, we can write

D ¼ ⨁
p;i

�
Zðp−1Þ

lðpÞi

⊕ Zðd−p−1Þ
lðpÞi

�
: ð2:11Þ

For example, in the trivial case where κ is a diagonal matrix,
the defect group is given by

D ¼ ⨁
p;i

�
Zðp−1Þ

κii ⊕ Zðd−p−1Þ
κii

�
: ð2:12Þ

The defect group is generated by a set of topological
operators. These are the same set of topological operators

FIG. 1. Consider a bulk topological operator denoted UðΣÞ,
which we have already given Neumann boundary conditions. If
we try to place the operator perpendicular to the boundary, as
demonstrated here, it “bends” to become parallel. In other words,
the line it ends on in the boundary, LðγÞ, is in fact nongenuine
since it comes with a U operator attachment in the boundary.

6Note that in recent work [42] a different but related notion of
genuine/nongenuine operators was discussed in relation to multi-
sector QFTs.

7The phase representing the noncommuting of operators in
(2.6) is an example of this pairing.

8Note that this notion of maximality differs from the “maxi-
mal” in maximally mixed polarization. In the latter case,
“maximal” refers to fact that the amount of “electric” and
“magnetic” symmetries given Dirichlet conditions is as large
as it can be.
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that make up the SymTFT. The choice of polarization
precisely corresponds to the choice of boundary conditions
for the background gauge fields in the SymTFT that leads
to an absolute theory. Thus, the choice of polarization will
leave some of these defect group operators topological, i.e.,
they will correspond to symmetry generators, while other
operators that link with the former operators in spacetime
will become charged under these symmetries. The charge
of the operators will correspond to the phase generated by
commuting these operators with the topological operators.

B. String/M-theory origin of defects and symmetries

In this section, we review the string/M-theory origin of
the defect group, polarization, and the resulting higher-
form symmetries of QFTs realized in string theory con-
structions. This includes a summary of some of the results
that appeared in [9,26–28,72]
We start by considering a D-dimensional string/

M-theory placed on a purely geometric background,

R1;d−1 × XD−d; ð2:13Þ

where XD−d is a noncompact singular Ricci flat special
holonomy (D − d)-dimensional space, with localized sin-
gularities that are not necessarily isolated. Since X is non-
compact, gravity is decoupled. Compactifying the original
string/M-theory on such a geometry will result in a super-
symmetric field theory living on the R1;d−1 spacetime.

1. Internal space geometry

Since we are focusing on purely geometric back-
grounds, the information about the defect group is encoded
geometrically in the long exact sequence in relative
homology. For the cases we are interested in, we assume
Hmþ1ð∂XÞ ¼Hd̃−ðmþ2Þð∂XÞ ¼ 0¼HmðX;∂XÞ ¼Hd̃−mðXÞ,
and Hmþ1 is free.9 The sequence then truncates to

0 → Hmþ1ðXÞ ⟶
Jmþ1

Hmþ1ðX; ∂XÞ ⟶
Dmþ1

Hmð∂XÞ
⟶
Im HmðXÞ → 0: ð2:14Þ

There is a dual sequence in cohomology,

0→Hd̃−ðmþ1ÞðX;∂XÞ ⟶J
�
mþ1

Hd̃−ðmþ1ÞðXÞ ⟶D
�
mþ1

Hd̃−ðmþ1Þð∂XÞ
⟶
I�m Hd̃−mðX;∂XÞ→0; ð2:15Þ

where d̃ ¼ D − d and each term is isomorphic to the
corresponding term in (2.14) by Lefschetz duality.
Note that the gauge fields of the (dþ 1)-dimensional

SymTFT are obtained from Kaluza-Klein (KK) reduc-
tions of the D-dimensional string/M-theory fields on
Hd̃−ðmþ1Þð∂XÞ. In contrast, dynamical gauge fields in the
d spacetime dimensions are obtained from reducing the
string/M-theory fields on Hd̃−ðmþ1ÞðXÞ. When HmðXÞ ¼ 0,
one can identify Hd̃−ðmþ1Þð∂XÞ ¼ Hd̃−ðmþ1ÞðXÞ=imðJ�mþ1Þ
as the discrete group that remains after the dynamicalUð1Þ’s
arising from the free group Hd̃−ðmþ1ÞðXÞ are screened by
dynamical charges labeled byHd̃−ðmþ1ÞðX; ∂XÞ ≅ Hmþ1ðXÞ.
In general, however, Hd̃−ðmþ1ÞðXÞ can contain a torsion

subgroup. That is, by the universal coefficient theorem,
we have

Hd̃−ðmþ1ÞðXÞ ¼ HomðHmþ1ðXÞ;ZÞ ⊕ ExtðHmðXÞ;ZÞ;
ð2:16Þ

where ExtðHmðXÞ;ZÞ≕HmðXÞ∨ ≅ TorðHmðXÞÞ. Because
Hmþ1ðXÞ ≅ Hd̃−ðmþ1ÞðX; ∂XÞ is free, its image under the
injective map Jmþ1 ≃ J�mþ1 must lie in HomðHmþ1ðXÞ;ZÞ.
This allows us to rewrite the relative (co)homology

sequences above as short exact sequences,

ð2:17Þ

where we now identify

D̃�
mþ1

�
HomðHmþ1ðXÞ;ZÞ
Jmþ1ðHmþ1ðXÞÞ

�
¼ HomðHmþ1ðXÞ;ZÞ

Jmþ1ðHmþ1ðXÞÞ
⊂ Hd̃−ðmþ1Þð∂XÞ ð2:18Þ

as the background fields that arise from screening dynamical Uð1Þ gauge fields.

9For example, when D − d ¼ 4 and m ¼ pþ n ¼ 1, we will consider spaces where the boundary topology is ∂X ≅ ∐iS
3=Γi, where

Γi ⊂ SUð2Þ is a finite group of ADE type. These spaces have H2ð∂X∘Þ ¼ 0 and H1ð∂X∘Þ ¼ Q
i Ab½Γi� pure torsion.
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Let us emphasize that Hd̃−ðmþ1Þð∂XÞ also contains in
general the torsional subgroup D̃�

mþ1ðHmðXÞ∨Þ ≅
HmðXÞ∨ ⊂ Hd̃−ðmþ1ÞðXÞ. This means that the SymTFT
field arising from KK reducing along a ðd̃ − ðmþ 1ÞÞ
cocycle γ̆d̃−ðmþ1Þ ∈Hd̃−ðmþ1Þð∂XÞ is not a background field
for the d-dimensional boundary QFT, but rather is itself a
dynamical field arising from KK reducing along
γ̆d̃−ðmþ1Þ ∈Hd̃−ðmþ1ÞðXÞ. We will come back to this phe-
nomenon in Sec. II C.

2. Defect group

By wrapping BPS branes on noncompact cycles of X
extending from the singularity to the boundary, one can
obtain supersymmetric nondynamical defects. Similarly, by
wrapping BPS branes on compact cycles of X, one can
generate dynamical objects that can screen some of the
former defects. This results in the so-called defect group
[27,28,72], which is the set of all unscreened defects,

D ¼ ⨁
d−1

n¼1

DðnÞ;

DðnÞ ¼ ⨁
p

Hp−nþ1ðX; ∂XÞ
Jp−nþ1ðHp−nþ1ðXÞÞ

≅ ⨁
p

Hp−nþ1ðX; ∂XÞ
Hp−nþ1ðXÞ

;

ð2:19Þ
where n is the dimension of the defect, and p is the spatial
dimension of supersymmetric p-branes in the chosen string/
M-theory. These defects of dimension n are the charged
objects under the possible n-form global symmetry.

3. Polarization and boundary conditions

As explained in Sec. II A, the defect group has a natural
pairing. This has been given various equivalent string theory
explanations including in terms of flux noncommutativity
[25,26] and linking configurations of branes [31,66].
In the geometric setting, this pairing arises from the

intersection product on X or the linking product on ∂X.
Namely, n-dimensional objects from p-branes wrapped
on ðp − nþ 1Þ-dimensional relative cycles Σp−nþ1, and
m-dimensional objects from ðq ¼ D − p − 4Þ-branes10
wrapped on ðq −mþ 1Þ-dimensional cycles Σq−mþ1 will
also be electric-magnetic duals to each other in d-dimensional
spacetime, if nþm ¼ d − 2, which is equivalent to
ðp − nþ 1Þ þ ðq −mþ 1Þ ¼ D − d ¼ d̃. The defect group
pairing (2.8) is then determined by the geometric linking
pairing

l∶ Hkð∂XÞ ×Hd̃−1−kð∂XÞ → Q=Z ð2:20Þ

as

hΣp−nþ1;Σq−mþ1i¼lðDp−nþ1ðΣp−nþ1Þ;Dq−mþ1ðΣq−mþ1ÞÞ:
ð2:21Þ

In general, in order to get an absolute d-dimensional field
theory one would need to choose a polarization that will
reduce the defect group to the global symmetry of the field
theory. This is to avoid a situation where there are extended
operators in the field theory that have mutually nonlocal
correlators [32]. Concretely, one must only allow p- and
ðq ¼ D − p − 4Þ-branes to wrap respective cycles such
that hΣp−nþ1;Σq−mþ1i ¼ 0. Focusing on the n-dimensional
objects, this is achieved in the SymTFT framework
by giving p-branes on the boundary cycles σp−n ¼
Dp−nþ1ðΣp−nþ1Þ Dirichlet boundary conditions, forcing
the corresponding SymTFT defects to stretch between
the boundary and the SQFT interface. This procedure gives
rise to extended n-dimensional objects in a d-dimensional
theory charged under a higher-form global symmetry. The
symmetry generators are precisely the q-branes wrapping
boundary cycles σ̃q−m which link nontrivially with σp−n; in
the SymTFT, they arise by imposing Neumann boundary
conditions for q-branes on these σ̃q−m, with the charge
given by lðσp−n; σ̃q−mÞ. Analogously, the m-dimensional
charged objects from q-branes with Dirichlet boundary
conditions on σq−m ¼ Dq−mþ1ðΣq−mþ1Þ are charged under
symmetry generators which are p-branes on σ̃p−n with
Neumann boundary conditions.
It was recently understood that the string theory origin of

the topological generators of generalized symmetries are
branes wrapped on boundary cycles “at infinity” [29–31].
The above branes given Neumann boundary conditions are
exactly these generators: they will correspond to topologi-
cal defects generating global symmetries in the absolute
theory. Finally, note that the nontorsional factors of the
defect group D will correspond to the continuous sym-
metries, while the torsional factors will correspond to the
discrete symmetries. In this work, we focus on the latter.
In Fig. 2 we summarize the above story, while also

explaining the action of the topological operators on the
extended defects from a brane perspective.

4. SymTFT and supergravity

In [9], the SymTFT was first derived in string theory
constructions in a geometric engineering context on a
noncompact space X in M-theory. In this case, the TFT
was derived by a differential cohomology reduction on ∂X.
This generically results in a TQFT action of the form (2.1)
including BF terms and Chern-Simons (CS) terms depend-
ing on the homology of X and the string/M-theory BPS
brane dimensions. A similar procedure is valid in holo-
graphic contexts [25,75]. Recent applications include both

10Recall that in string/M-theory in D dimensions, for p- and
q-branes electromagnetically dual to each other, one generally
needs pþ q ¼ D − 4.
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geometric engineering [9,68] and holographic contexts
[29,64,67,70].
Example.—Consider a theory engineered by placing M-

theory on an internal geometry Xloc created by the disjoint
union of all of the singular local neighborhoods of the space
T4=Z2, which corresponds to 16 A1 singularities, orC2=Z2.
The exact sequence of (2.14) is translated for p ¼ 2 and
n ¼ 1 to

0 → H2ðXlocÞ ⟶
J2 H2ðXloc; ∂XlocÞ ⟶

D2 H1ð∂XlocÞ
⟶
I1 H1ðXlocÞ → 0: ð2:22Þ

which for this example gives the exact sequence of groups

0 → Z16 ⟶
J2 Z16

2 ⟶
D2 Z16

2 ⟶
I1

0 → 0: ð2:23Þ
The set of all unscreened defects given in (2.19) indicates
that the defect group in this case is

D ¼
�
Zð1Þ

2 × Zð4Þ
2

�
16
: ð2:24Þ

Here ZðnÞ
2 is a putative n-form symmetry in the relative

QFT. Because H1ðXlocÞ ¼ 0, the linking of boundary
1-cycles can be computed, using H1ð∂XlocÞ ¼
H2ðXloc; ∂XlocÞ=H2ðXlocÞÞ, using the intersection product
on H2ðXloc; ∂XlocÞ ¼ ðA�

1Þ⊕16. The dual of the A1 lattice
has one generator e� with self-pairing e� · e� ¼ 1

2
, and is

orthogonal to the other 15 generators that span

FIG. 2. The geometry of the space R1;d−1 × XD−d, where the upper panel displays the noncompact space X and the lower panel
displays theR1;d−1 and the radial direction of X. The lower panel effectively shows the SymTFTwith the SQFT boundary on the left and
the topological boundary on the right. On the SQFT boundary, we display a (nþ 1)-dimensional surface M̃SQFT

nþ1 as a pinkish filled
ellipse. Similarly, on the topological boundary we display a (nþ 1)-dimensional surface M̃BTFT

nþ1 as a pinkish filled ellipse, with

∂M̃BTFT
nþ1 ¼ M̃n. The unification M̃nþ1 ¼ M̃SQFT

nþ1 ∪ M̃STFT
nþ1 ∪ M̃BTFT

nþ1 creates a closed (nþ 1)-dimensional surface spanning the two
boundaries of the SymTFT, drawn as a capped cylinder. An absolute theory is found by enforcing boundary conditions on BPS branes
wrapping the topological boundary cycles. Let us consider wrapping a p-brane on σp−n × M̃nþ1. When σp−n is trivialized in X, meaning

σp−n ∈ kerðIp−nÞ, the operator supported on M̃SQFT
nþ1 is trivialized, while the topological operator on M̃BTFT

nþ1 is trivialized when we choose
Dirichlet boundary conditions for the p-brane wrapping the boundary cycle σp−n. This means that the corresponding n-dimensional
operator in spacetime will be a genuine charged operator under a global n-form symmetry when we choose Dirichlet boundary
conditions. If we choose Neumann boundary conditions, this n-dimensional operator will be nongenuine as it will be the boundary of a
nontrivial operator supported on M̃BTFT

nþ1 . The genuine operator will be charged under a global n-form symmetry generated by a
ðd − n − 1Þ-dimensional operator created by wrapping a magnetic dual ðD − p − 4Þ-brane on γD−d−ðp−nþ2Þ ×Md−ðnþ1Þ if we set
Neumann boundary conditions for it on the topological boundary. Note that both the σp−n and γD−d−ðp−nþ2Þ cycles and the M̃n and
Md−ðnþ1Þ cycles link in ∂X andR1;d−1 spaces, respectively. This is required in order for the resulting charged objects to be charged under
the symmetry generated by their respective topological operators.
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H2ðXloc; ∂XlocÞ. Thus, for the boundary cycles associated
with each f0; σi1g ¼ Zi

2 ⊂ Z16
2 ¼ H1ð∂XlocÞ, the pairing is

hσi1; σj1i ¼ δij
2
. This means that M2- and M5-branes link

nontrivially if and only if they wrap the same cycle σi1.

Let us analyze the ZðnÞ;1
2 symmetries for concreteness.

Because σ11 is self-linked, we are not free to place both M5
and M2 branes on it; this will lead to nonlocal correlators in
the boundary theory. We must pick consistent boundary
conditions. As explained above, this is equivalent to a
choice of which operator trivializes on the boundary.
One choice of boundary condition would be to maintain

the Zð1Þ;1
2 symmetry on the boundary theory, meaning that

Zð4Þ;1
2 is gauged. Equivalently, at the level of a SymTFT, the

background field for the former is given Dirichlet boundary
conditions, while the latter has Neumann boundary con-

ditions. Alternatively, we could keep Zð4Þ;1
2 , this amounts to

reversing everything. These two choices correspond to
keeping either column 1 or column 2 of Table I; they are
mutually exclusive at the level of the absolute QFT
(neglecting for now the option of mixed polarizations).
For completeness, we have the same flexibility for the

symmetries with all other i superscripts. This system can be
equivalently described by 16 BF terms,

SSymTFT ¼
Z
M8

2
X16
i¼1

BðiÞ
2 dCðiÞ

5 ; ð2:25Þ

where BðiÞ
2 are background gauge fields for Zð1Þ;i

2 sym-

metries and, similarly, CðiÞ
5 are background gauge fields

for Zð4Þ;i
2 .

C. Internal space with inherent choice
of boundary conditions

In the 7d example above, H1ðXlocÞ ¼ 0 simplified the
discussion of the defect group considerably because it
agrees with the symmetry group H1ð∂XlocÞð1Þ ⊕
H1ð∂XlocÞð4Þ of the SymTFT obtained from dimensional
reduction on ∂X. In this section, we consider the more
general case where we place the D-dimensional string/M-
theory on a background

R1;d−1 × X∘
D−d; ð2:26Þ

where X∘
D−d ≡ X∘ is a noncompact Ricci flat special

holonomy space with Hp−nðX∘Þ ≠ 0. For our physical
considerations, such a space arises as the complement
of the singular loci inside a compact manifold.11 In other
words, gluing this subspace to the singular geometries
discussed before would correspond to coupling the space-
time field theory to gravity. We assume that X∘ upholds the
other assumptions around (2.14).
We would like to argue that for compactifications on

such an X∘, there is only one choice of boundary conditions
allowed for BPS branes wrapping some cycles in the
internal geometry, as stated after (2.18). This is because
the strata [summands labeled by p in (2.19)] of the defect
group DðnÞ are no longer the same group seen by the
boundary reduction,

Hp−nþ1ðX∘; ∂X∘Þ
Hp−nþ1ðX∘Þ ≠ Hp−nð∂X∘Þ; ð2:27Þ

due to Hp−nðX∘Þ ≠ 0. This means that we will have several
(p − n)-cycles σ on ∂X∘ that will not be “trivialized” in X∘,
i.e., lie in the kernel of Ip−n in (2.17) which is induced
by the inclusion ∂X∘ ↪ X∘. Therefore, there exists a
ðp − nþ 1Þ-chain in X∘ that “interpolates” between σ on
the asymptotic boundary ∂X∘ and Ip−nðσÞ in the interior of
X∘. Because the ðp − nþ 1Þ-chain exists in the interior of
X∘, it must be wrapped.12 Now imagine giving p-branes on
σ ∉ kerðIp−nÞ Dirichlet boundary conditions, and wrap
p-branes on the ðp − nþ 1Þ-chains in X∘ which has σ as
part of its boundary. Then, the resulting n-dimensional
objects in spacetime must be attached to (nþ 1)-dimen-
sional topological objects corresponding to the p-brane
wrapping the (p − n)-cycles Ip−nðσÞ ⊂ X∘. Therefore, the
operator constructed above is actually a nongenuine oper-
ator and not a charged object. In addition, we can consider
operators constructed by wrapping ðD − p − 4Þ-branes on
ðD − d − ðp − nþ 2ÞÞ boundary cycles γ linked with σ in
∂X∘. These operators will be paired to the former operators
in a manner requiring us to give them Neumann boundary
conditions [31]. This means that wrapping relative cycles
with γ as their boundary will also generate nongenuine
operators. So, in total we will not get a maximal set of
mutually local operators, as required for a polarization.
This indicates that in such a geometry we can only choose
Neumann boundary conditions for p-branes wrapping such
(p − n)-cycles σ ∉ kerðIp−nÞ.
Let us compare the current case of a geometry with

Hp−nðX∘Þ ≠ 0 to the former case where we had
Hp−nðXlocÞ ¼ 0. Assuming that the boundaries agree,

TABLE I. Generators and charged objects in the defect group.
We stress that these are “defect group symmetries”; a consistent
polarization must be chosen among these to obtain true sym-
metries of an absolute QFT.Rþ denotes the radial direction of the
geometric construction.

Zð1Þ;i
2 Zð4Þ;i

2

Charged objects M2 on σi1 × Rþ M5 on σi1 × Rþ
Generators M5 on σi1 M2 on σi1

11For example, when D − d ¼ 4 it would correspond to a K3
space with C2=Γ subspaces removed.

12This is similar to ðp − nþ 1Þ-cycles in X∘, which are always
wrapped, and give rise to, e.g., W bosons for ðp − nþ 1Þ ¼ 2 in
M-theory.
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∂Xloc ¼ ∂X∘, then in both cases we would obtain
topological (nþ 1)-dimensional objects in the (dþ 1)-
dimensional bulk SymTFT that are free to move to the
d-dimensional boundary field theory, if we impose
Neumann boundary conditions on (p − n)-cycles in
∂Xloc ¼ ∂X∘. The difference between the cases appears
when we try to impose Dirichlet boundary conditions on
p-branes wrapping such (p − n)-cycles σ. If σ is trivialized
in X∘ or X, meaning σ ∈ kerðIp−nÞ ¼ ImðDp−nþ1Þ, the
operators generated will be n-dimensional charged objects
in spacetime with the topological (nþ 1)-dimensional
operators attached to them being trivialized. This can be
understood by considering operators generated by wrap-
ping p-branes on an internal space ðp − nþ 1Þ relative
cycle Σp−nþ1 with Dp−nþ1Σp−nþ1 ¼ σ. In the SymTFT
(dþ 1)-dimensional space this results in an operator with
world volume M̃nþ1, as shown in the lower panel of Fig. 2,
as the union M̃nþ1 ¼ M̃SQFT

nþ1 ∪ M̃STFT
nþ1 ∪ M̃BTFT

nþ1 . Due to the
Dirichlet boundary conditions, the operator supported on
M̃BTFT

nþ1 is trivialized, and the operator supported on M̃SQFT
nþ1

is trivialized since the boundary (p − n)-cycles lie in
kerðIp−nÞ. For the space X∘, there is a possibility for
boundary (p − n)-cycles not to lie in kerðIp−nÞ. In this case,
the operator supported on M̃SQFT

nþ1 is not trivialized, giving a
(nþ 1) topological operator attached to an n-dimensional
operator. This will correspond to a nongenuine operator
instead of an expected charged operator, meaning that this
Dirichlet boundary condition is inconsistent with the bulk
of X∘ and we must choose Neumann boundary conditions.
Note that the inherent choice of Neumann boundary

conditions for a subset of boundary (p − n)-cycles also
means that the Pontryagin-dual subset of ðd̃ − pþ n − 2Þ-
cycles, which link nontrivially with those (p − n)-cycles,
must receive Dirichlet boundary conditions. The latter
give rise to charged defects in the absolute theory,
which then must be mutually local with respect to each
other [31].
Example.—To illustrate the above discussion, consider a

theory engineered by placing M-theory within an internal
geometry X°

4 generated by removing all of the singular
points of the space T4=Z2. As such, the boundary homol-
ogy will be the same as for ∂Xloc above, namely,
H1ð∂X∘Þ ¼ Z16

2 . The exact sequence of (2.14) is translated
for p ¼ 2 and n ¼ 1 to

0 → H2ðX∘Þ ⟶
J2 H2ðX∘; ∂X∘Þ ⟶

D2 H1ð∂X∘Þ
⟶
I1 H1ðX∘Þ → 0; ð2:28Þ

which for this example gives the exact sequence of groups

0 → Z6 ⟶
J2 Z6 ⊕ Z5

2 ⟶
D2 Z16

2 ⟶
I1 Z5

2 → 0: ð2:29Þ

From H2ðX∘Þ ¼ Z6, the local gauge theory is uð1Þ6. Here,
the map J2 is given by J2ðvÞ ¼ ð2v; 0Þ∈Z6 ⊕ Z5

2 ¼
H2ðX∘; ∂X∘Þ [41] (see also [76,77]).
This means that the set of all unscreened defects given in

(2.19), i.e., the defect group in this case, is

D ¼ ðZð1Þ
2 × Zð4Þ

2 Þ11: ð2:30Þ

On the other hand, if we consider the SymTFT of this
theory by deriving it from the homological structure of ∂X∘,
it seems that the defect group is actually

DSymTFT ¼ ðZð1Þ
2 × Zð4Þ

2 Þ16: ð2:31Þ

The SymTFT can be described by BF terms as follows:

SSymTFT ¼
Z
M8

2
X16
i¼1

BðiÞ
2 dCðiÞ

5 ; ð2:32Þ

where BðiÞ
2 ðCðiÞ

5 Þ are the background gauge fields for

Zð1Þ;i
2 ðZð4Þ;i

2 Þ. Note that this is exactly the same SymTFT
as in the former example of Sec. II B. Before we address
this alleged contradiction, let us only consider the parts of
the defect group that do not arise from the free part of
H2ðX∘; ∂X∘Þ that are the same for both defect groups. This

will correspond to removing a ðZð1Þ
2 × Zð4Þ

2 Þ6 factor from
both defect groups. This leaves us with a residual SymTFT

defect group ðZð1Þ
2 × Zð4Þ

2 Þ10, which still does not match the

residual of the defect group D ðZð1Þ
2 × Zð4Þ

2 Þ5. This is
resolved by understanding that attaching the X∘ bulk
inherently implements Neumann boundary conditions on

background gauge fields of a subgroup ðZð1Þ
2 × Zð4Þ

2 Þ5,
associated with cycles σi ∉ kerðI1Þ, on the SymTFT, as
explained after (2.18).
Let us also show the imposed boundary conditions

from a more physical perspective. To this end, we consider
a 1-cycle σ1 ∈H1ð∂X∘Þ ¼ Z16

2 and also σ1 ∉ kerðI1Þ,
generated by the element (1; 0;…; 0). If we try to impose
Dirichlet boundary conditions on M2-branes wrapping this
cycle, we find that wrapping M2-branes on the relative
2-cycle that has σ1 as its boundary will have another
boundary with a boundary 1-cycle γ1 such that ½σ1� ¼ ½γ1�
inH1ðX∘Þ; see Fig. 3. In the SymTFT picture this will result
in what is shown in the lower panel of Fig. 2 (n ¼ 1), with
an operator supported on the two-dimensional surface
M̃2 ¼ M̃SQFT

2 ∪ M̃STFT
2 ∪ M̃BTFT

2 where the part supported
on M̃SQFT

2 is not trivial. This will result in a nongenuine
operator in spacetime as if we gave Neumann boundary
conditions. Thus, we must choose Neumann boundary
conditions for such a cycle. In our example, there are five
such Z2 cycles that must be given Neumann boundary
conditions, and due to their pairing with the additional five
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Z2 cycles, the latter must receive Dirichlet boundary
conditions. Note that when we state boundary conditions
for cycles we mean that any BPS brane wrapping these
cycles will get the same boundary condition. This com-
pletely determines the boundary conditions for all of the
cycles unrelated to the gravitational uð1Þ’s.

D. Some specifics of SymTFTs on complex surfaces

As we are mostly dealing with X being complex surfaces
(i.e., real four-dimensional manifolds), it is worth summa-
rizing some aspects related to the fact that 2-cycles on X
intersect themselves. Likewise, their boundary 1-cycles
will link with themselves in the three-dimensional boun-
dary ∂X. The intersection product on H2ðXÞ, which under
our assumptions is a finitely generated free Abelian group,
is a nondegenerate symmetric pairing,

H2ðXÞ ×H2ðXÞ → Z; ðΣ; Σ̃Þ ↦ Σ · Σ̃; ð2:33Þ
which givesH2ðXÞ a lattice structure. In this setting, we can
identify the free part of the relative cycles,
HomðH2ðXÞ;ZÞ ⊂ H2ðX; ∂XÞ, with the dual lattice,

HomðH2ðXÞ;ZÞ ¼ H2ðXÞ� ≔
�X

i

λiΣi; λi ∈Q

���� ∀ Σ̃

∈H2ðXÞ∶
X
i

λiΣi · Σ̃i ∈Z

�
; ð2:34Þ

which has the same rank as H2ðXÞ. The intersection
product extends naturally to the dual lattice, and gen-
erally gives fractional intersection numbers. This gives
rise to a Q=Z-valued product on the discriminant group
H2ðXÞ�=H2ðXÞ; the latter is clearly a subgroup of H1ð∂XÞ,
and the linking pairing on this subgroup agrees with the
product induced by the intersection product,

lðD2Σrel
2 ; D2Σ̃rel

2 Þ ¼ Σrel
2 · Σ̃rel

2 mod Z

for Σrel; Σ̃rel ∈HomðH2ðXÞ;ZÞ: ð2:35Þ

We refer to Appendix A for more background material on
lattices.

1. Linking pairing, bulk torsion, and mutual locality

As we have seen above, the boundary cohomology
H1ð∂X∘Þ is richer than the discriminant group when
H1ðX∘Þ ≠ 0. This has an important consequence for the
linking properties of boundary 1-cycles and the appearance
of torsion in H1ðX∘Þ. Namely, given that we have argued
above that any p-brane on H1ð∂X∘Þ ∋ σ1 ∉ kerðI1Þ must
have Neumann boundary conditions, any ðq ¼ D − p − 4Þ-
brane wrapping 1-cycles σ̃1 that link nontrivially with these
σ1 must have Dirichlet boundary conditions, i.e., wrap the
relative cycles Σ̃2 withD2Σ̃2 ¼ σ̃1. But then, mutual locality
for p- and q-branes wrapping these cycles requires
that lðσ̃1; σ̃1Þ ¼ Σ̃2 · Σ̃2 mod Z ¼ 0.13

Going back to the sequence (2.17) (which we reproduce
here for convenience),

0 →
H2ðX∘Þ�
H2ðX∘Þ ⊕ H1ðX∘Þ∨|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≅H2ðX∘;∂X∘Þ=H2ðX∘Þ

⟶
D̃2 H1ð∂X∘Þ

⟶
I1 H1ðX∘Þ → 0; ð2:36Þ

the above considerations imply the following. First, the
1-cycles that are forced to have Dirichlet boundary con-
ditions are in the subgroup D̃2ðH1ðX∘Þ∨Þ ≅ H1ðX∘Þ∨ ⊂
H1ð∂X∘Þ, and H1ð∂X∘Þ=imðD̃2Þ ≅ H1ðX∘Þ is given
Neumann boundary conditions. The linking on H1ð∂X∘Þ
then induces a nondegenerate linking pairing

H1ðX∘Þ∨ ×H1ðX∘Þ → Q=Z ð2:37Þ

associated with the BF terms in the SymTFT derived from
∂X∘. Then, mutual locality for M2- and M5-brane states on
these cycles requires

lðσ̃1; σ̃01Þ ¼ 0 for σ̃1; σ̃01 ∈H1ðX∘Þ∨ ⊂ H1ð∂X∘Þ: ð2:38Þ

Furthermore, the linking pairing on D̃2½H2ðX∘Þ�=H2ðX∘Þ�
is, as usual, inherited from the (fractional) intersection
pairing on H2ðX∘Þ, which is nondegenerate. Since the
pairing H1ð∂X∘Þ is nondegenerate, it is then natural to
expect that lðv1; σ̃1Þ ¼ 0 for v1 ∈ D̃2½H2ðX∘Þ�=H2ðX∘Þ�
and σ̃1 ∈ D̃2ðH1ðX∘Þ∨Þ. Physically, this means that the
inherent choice of Dirichlet boundary conditions for
H1ðX∘Þ∨ does not impose any restrictions on boundary
condition choices for cycles in D̃2½H2ðX∘Þ�=H2ðX∘Þ�.
While we do not have a proper mathematical proof of

FIG. 3. The relative 2-cycle Σ2 with σ1 as one of its boun-
daries in the internal geometry of X∘. One can see that the
second boundary of Σ2 is γ1, where σ1 ¼ γ1 þ
ð1; 1; 1; 1; 1; 1; 1; 1; 0;…; 0Þ, with ð1; 1; 1; 1; 1; 1; 1; 1; 0;…; 0Þ∈
kerðI1Þ.

13E.g., in M-theory compactified on X∘ to 7d, M2- and M5-
branes wrapping relative 2-cycles with boundary σ̃1 give Wilson
lines and ’t Hooft 4-surfaces in spacetime, which must be
mutually local to each other.
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these assertions for general X∘, we will later argue for these
properties in the concrete setting where X∘ is the comple-
ment of ADE singularities inside of a K3 surface. These
will be the relevant setting for the physical models that
appear in this paper.
In summary, we have shown that the EFT fromM-theory

on X∘ with H1ðX∘Þ ≠ 0 comes with an inherent global
symmetry H1ðX∘Þð1Þ ⊕ H1ðX∘Þð4Þ, and has a “reduced”
defect group ½H2ðX∘Þ�=H2ðX∘Þ�ð1Þ ⊕ ½H2ðX∘Þ�=H2ðX∘Þ�ð4Þ
[compared to the naive group H1ð∂X∘Þð1Þ ×H1ð∂X∘Þð4Þ];
the latter has a SymTFT description in terms of M-theory
on ∂X∘, but with the inherent boundary condition choices.

III. MAXIMALLY MIXED POLARIZATION IN K3
COMPACTIFICATIONS OF M-THEORY

When we place string/M-theory on a compact internal
space XD−d, the resulting effective theory has dynamical
gravity and hence should have no global symmetries. From
the SymTFT perspective discussed above, this is obvious
because there is no boundary, ∂XD−d ¼ ∅. However, from a
low-energy EFT perspective, we have a supergravity theory
with some massless matter charged under some gauge
sector, which in general has a nontrivial defect group
for which a polarization needs to be specified. In the no-
global-symmetries context, the subgroup with Neumann
boundary conditions for its background gauge fields corre-
sponds to gauged symmetries, and the subgroup with
Dirichlet boundary conditions will be screened, i.e., broken.
To see which polarization describes the theory on the

compact manifold, it is instructive to think of XD−d as
gluing together two noncompact regions, X∘ and Xloc. With
the geometric details spelled out in [41], we provide a field-
theoretic extension by interpreting this geometric operation
as identifying the boundary conditions for the two
SymTFTs on X∘ and Xloc, respectively. This in turn allows
us to give a characterization of the global structure of the
low-energy EFT in terms of its SymTFT.
Let us look at the particular case of M-theory compacti-

fied on X4 ≡ X, a K3 surface, giving rise to a 7d N ¼ 1
supergravity theory. The non-Abelian gauge sector comes
from local ADE singularities of type gi, modeled on
Xi ≅ C2=Γi. Throughout this section, we work with (the
homology of) the blowup resolution X̂i. The root lattice Lg

of the ADE algebra g ¼ ⨁igi is given by the homology of
the “local” part Xloc ¼∪i X̂i, Lg ¼ H2ðXlocÞ. The compact
K3 is then the union X ¼ Xloc ∪ X∘ with another open
patch X∘, which has no singularities and only contributes
b ¼ rankðH2ðX∘ÞÞ Abelian gauge factors. The low-energy
effective supergravity action is now completely determined
by this gauge algebra specification.
Field theoretically, the global structure of the gauge

group would now correspond to a choice of polarization
for the “product” SymTFT, defined as M-theory on the
disjoint union ∂Xloc∐∂X∘. From the top-down perspective,

this choice is determined geometrically: the intersection
Xloc ∩ X∘ deformation retracts to ∂Xloc ¼ ∂X∘, along which
relative cycles are glued into compact cycles of X. In what
follows, we explain how this process can be interpreted as a
choice of boundary condition for the SymTFTand present a
succinct characterization of the resulting polarization, i.e.,
the global structure of the supergravity theory.

A. Maximally mixed polarization

Concretely, we demonstrate that the gluing procedure
enforces a maximally mixed polarization on the 7d theory.
Focusing in particular on the 1-form and 4-form symmetry
contributions to the defect group of the 7d theory, we have

D ¼ Dð1Þ ⊕ Dð4Þ: ð3:1Þ

As explained in Sec. II, a polarization is a choice of
subgroup Λ ⊂ D that is maximal and isotropic. A max-
imally mixed polarization in this instance is defined as one
where

Λmaximally mixed ¼ Λ1 ⊕ Λ4; Λ1 ≅ Λ4; ð3:2Þ

in the notation of (2.9) (Λ1 ⊂ Dð1Þ and Λ4 ⊂ Dð4Þ), where ≅
is an isomorphism at the level of groups. In other words,
there is an “equal amount” of 1-form and 4-form symmetry
specified in the polarization.
Note that in Sec. IV we will discuss spacetime d ≥ 7 in

which this definition is generalized to

Λmaximally mixed ¼ Λ1 ⊕ Λd−3; Λ1 ≅ Λd−3: ð3:3Þ

B. The gluing process

Let us review the underlying geometry, following the
discussion in [41]. Associated with the covering
X ¼ Xloc ∪ X∘, in which we assume all singularities have
been resolved through blowup, the Mayer-Vietoris
sequence truncates to

0 → H2ðX∘Þ ⊕ H2ðXlocÞ ⟶
|2 H2ðXÞ|fflfflffl{zfflfflffl}

¼II3;19

⟶
∂2 H1ð∂Xloc|ffl{zffl}

¼∂X∘
Þ

⟶
{1 H1ðX∘Þ → 0; ð3:4Þ

where H1ðXloc ∩ X∘Þ ¼ H1ð∂XlocÞ ¼ H1ð∂X∘Þ is due to
the deformation retraction.
The map |2 has two important properties. First, it is

injective, as is evident from the sequence, and so the free
groups H2ðX∘Þ and H2ðXlocÞ ¼ Lg can be viewed as
sublattices (with pairing given by the intersection product)
of H2ðXÞ. Second, since H1ð∂XlocÞ is pure torsion,
imð|2Þ ≅ H2ðX∘Þ ⊕ H2ðXlocÞ must be of the same rank
as H2ðXÞ.
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Last, an important feature of the gluing is the existence of
a primitive sublattice M ⊂ H2ðXÞ [meaning H2ðXÞ=M is
torsion free; see Appendix A], which is of the same rank
as H2ðXlocÞ and also contains |2ðH2ðXlocÞÞ ≅ H2ðXlocÞ.
Viewing both M and H2ðXlocÞ as sublattices of H2ðXÞ,
which has an integer intersection pairing [i.e., elements in
M and H2ðXlocÞ intersect integrally as well], allows us
to identify M also as a sublattice of the dual lattice
H2ðXlocÞ� ¼ H2ðXloc; ∂XlocÞ. This implies that the quotient

M
|2ðH2ðXlocÞÞ ¼

M
H2ðXlocÞ ⊂

H2ðXlocÞ�
H2ðXlocÞ ¼ ZðG̃Þ ð3:5Þ

is a subgroup of the center of the simply connected group G̃
whose ADE algebra is the gauge algebra of the local theory
on Xloc. By excising the singularities from X, one can argue
that there is a canonical pairing [41],

M
H2ðXlocÞ ×H1ðX∘Þ → Q=R; ð3:6Þ

thus identifying the lattice quotient M=H2ðXlocÞ ≅
H1ðX∘Þ∨ as the Pontryagin dual to H1ðX∘Þ.
This pairing turns out to be the same as the pairing (2.37)

for torsion homology on X∘. To see this, we take the
cokernel of |2 in (3.4), which yields a short exact sequence,

0 → cokerð|2Þ ⟶
∂̃2 H1ð∂X∘Þ ⟶

{1 H1ðX∘Þ → 0: ð3:7Þ

Since the last map {1 is induced by the inclusion ∂X∘ ↪ X∘,
it is identical to the map I1 that appears in the relative
homology sequence (2.17) for X∘, which we reproduce
here for convenience [and where we have identified
HomðH2ðX∘Þ;ZÞ ¼ H2ðX∘Þ�]:

0 → H2ðX∘Þ ⟶
J∘
2 H2ðX∘; ∂X∘Þ ≅ H2ðX∘Þ� ⊕ H1ðX∘Þ∨

⟶
D∘

2 H1ð∂X∘Þ ⟶
I1 H1ðX∘Þ → 0

⇒ 0 →
H2ðX∘Þ�
H2ðX∘Þ ⊕ H1ðX∘Þ∨ ⟶

D̃∘
2 H1ð∂X∘Þ

⟶
I1 H1ðX∘Þ → 0: ð3:8Þ

This means that the two short exact sequences are actually
the same, allowing us to identify

cokerð|2Þ ¼
H2ðXÞ

H2ðX∘Þ ⊕ H2ðXlocÞ ≅
H2ðX∘Þ�
H2ðX∘Þ ⊕ H1ðX∘Þ∨

≅
H2ðX∘Þ�
H2ðX∘Þ ⊕

M
H2ðXlocÞ : ð3:9Þ

This identification can be understood as gluing relative
2-cycles Σ°

2 ∈H2ðX∘; ∂X∘Þ and Σloc
2 ∈H2ðXloc; ∂XlocÞ along

σ1 ∈ kerð{1Þ ¼ imðe∂2Þ ≅ cokerð|2Þ into compact 2-cycles

Σ2 ∈H2ðXÞ, up to 2-cycles in imð|2Þ ¼ kerð∂2Þ ¼
H2ðX∘Þ ⊕ H2ðXlocÞ. All compact 2-cycles in X must arise
this way [including compact cycles in H2ðX∘Þ and
H2ðXlocÞ, which can be thought of as glued to the trivial
cycle on the other side].
Since every σ1 ∈H1ð∂XlocÞ is the boundary of a relative

2-cycle Σloc
2 in Xloc, one may wonder how these are

completed in the compact geometry. From the above
discussion, one can find that there are three ways to do
so, depending on Dloc

2 ðΣloc
2 Þ, which we explain now (see

also Fig. 4 for an illustration).
(1) For σ1 ¼ Dloc

2 ðΣloc
2 Þ∈H1ðX∘Þ∨ ⊂ cokerð|2Þ, there

is, up to compact 2-cycles in X∘, a correspon-
ding relative 2-cycle Σ°

2 ∈ExtðTorðH1ðX∘Þ;ZÞÞ ≅
H1ðX∘Þ∨ ⊂ H2ðX∘; ∂X∘Þ with D°

2ðΣ°
2Þ ¼ σ1. These

two glue along σ1 into a compact 2-cycle
Σ2 ∈H2ðXÞ, with ∂2Σ2 ¼ σ1. We denote this relation
by Σ2 ≃ Σloc

2 ∪σ1 Σ
°
2. As we will explain momen-

tarily, Σ°
2 in this case does not carry any defect

charge under the Abelian gauge factors. To illustrate
this, we depict them in blue in Fig. 4 as cycles that
on the X∘ side can be “contracted” to the boundary,
in the sense that they do not have a proper inter-
section with the compact 2-cycles on X∘.

(2) For σ̃1 ¼ Dloc
2 ðΣ̃loc

2 Þ∈ H2ðX∘Þ�
H2ðX∘Þ ⊂ cokerð|2Þ, there is

[modulo H2ðX∘Þ] a relative 2-cycle Σ̃°
2∈H2ðX∘Þ� ¼

HomðH2ðX∘Þ;ZÞ⊂H2ðX∘;∂X∘Þ, with D°
2ðΣ̃°

2Þ¼ σ̃1.
These glue into Σ̃2 ≃ Σ̃loc

2 ∪σ̃1 Σ̃
°
2. In this case, Σ̃°

2

intersects (fractionally) the compact 2-cycles in X∘,
so we depict them in red as “incontractible” chains
on X∘ in Fig. 4.

(3) The more interesting case arises when 0≠ σ1 ¼
Dloc

2 ðΣloc
2 Þ∉ cokerð|2Þ ¼ kerð{1Þ ¼ kerðI1Þ. Because

of the sequences (3.8), ½σ1 mod kerðI1Þ� defines a
nontrivial class in H1ðX∘Þ ¼ TorðH1ðX∘ÞÞ. But then
there must exist another nontrivial class 0 ≠
½σ̃1 mod kerðI1Þ�∈H1ðX∘Þ such that ½σ1� þ ½σ̃1� ¼
0∈H1ðX∘Þ. This means that there is a relative
2-cycle Σ°

2 such that D°
2ðΣ°

2Þ ¼ σ1 þ σ̃1 ∈ kerðI1Þ ¼
ImðD°

2Þ. Therefore, we see that there is a compact
2-cycleΣ2 that is thegluing ofΣloc

2 ; Σ̃loc
2 onXloc andΣ°

2

onX∘ along the boundary σ1 þ σ̃1. This is depicted in
the lower panel of Fig. 4. In fact, the relative cycle Σ°

2

must be in H1ðX∘Þ∨, i.e., “contractible.”

C. Global structure from gluing

One can readily read off the global gauge group structure
½ðG̃=ClocÞ ×Uð1Þb�=Cextra [41]14:

14Notice in particular that the sequence 0 → Cloc → Cfull ≔
cokerð|2Þ → Cextra → 0 from [41] always splits in M-theory
compactified on K3’s, due to the universal coefficient theorem
applied to H2ðX∘; ∂X∘Þ.
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Cloc ≅ H1ðX∘Þ∨ ¼ M
H2ðXlocÞ ;

Cextra ≅
H2ðX∘Þ�
H2ðX∘Þ ¼ cokerð|2Þ

H1ðX∘Þ∨ : ð3:10Þ

From the EFT perspective, this may be interpreted as
having a gauged Cloc ⊕ Cextra 1-form symmetry. The new
insight we extract from the geometry is that this automati-
cally implies that there is also a gauged Cloc ⊕ Cextra 4-form
symmetry. From the point of view of the SymTFT on
∂Xloc∐∂X∘, this amounts to specifying a maximal isotropic
subgroup of both the 1-form and the 4-form symmetry to
have Dirichlet boundary conditions. This is what we refer
to as a “maximally mixed” polarization.

1. Deconstructing the intersection product on X

To see this in detail, we make use of the fact that the
map |2 is also a lattice embedding with respect to the
intersection pairing. That is, the free groups H2ðX∘Þ and
H2ðXlocÞ, with their individual intersection pairing, are
orthogonal sublattices of the even self-dual latticeH2ðXÞ ¼
II3;19. Moreover, since rankðH2ðXÞÞ ¼ rankðH2ðX∘ÞÞ þ

rankðH2ðXlocÞÞ, we have H2ðXÞ⊗Q¼ðH2ðX∘Þ⊗QÞ⊕
ðH2ðXlocÞ⊗QÞ. Because H2ðXÞ is also free, any
Σ2∈H2ðXÞ can therefore be orthogonally decomposed
into fractional linear combinations of elements in
H2ðX∘Þ and H2ðXlocÞ:

Σ2 ¼ SlocþS∘; Sloc∈H2ðXlocÞ⊗Q; S∘∈H2ðX∘Þ⊗Q;

ð3:11Þ

where the sum is the addition of lattice vectors. The
intersection product in the compact space can then be
equivalently computed in the local patches via

Σ2 · Σ̃2 ¼ Sloc · S̃loc þ S∘ · S̃∘: ð3:12Þ

This is closely related to the gluing procedure Σ2 ≃ Σloc
2 ∪σ1

Σ°
2 with relative 2-cycles. Namely, relative 2-cycles

Σ♠
2 ∈H2ðX♠Þ� ¼ HomðH2ðX♠Þ;ZÞ ⊂ H2ðX♠; ∂X♠Þ can

also be expressed as fractional linear combinations of
compact 2-cycles on the local patch X♠. For X♠ ¼ Xloc,
all relative 2-cycles are of this form, so Σloc

2 directly
represents a vector in H2ðXloc; ∂XlocÞ ¼ H2ðXlocÞ�, so

FIG. 4. The geometry of the local internal space Xloc
4 appears on the left, and possible completions to a compact space appear on the

right. The upper right panel describes two possible completions of cycles; both cycles Σloc
2 and Σ̃loc

2 are similarly completed by Σ°
2 and Σ̃

°
2

to a closed cycle Σ2 ≃ Σloc
2 ∪σ1 Σ

°
2 and Σ̃2 ≃ Σ̃loc

2 ∪σ̃1 Σ̃
°
2, respectively, where in both cases σ1; σ̃1 ∈ kerð{1Þ. In the SymTFT for the

supergravity EFT, we associate Dirichlet boundary conditions with σ1 and σ̃1 in Xloc. The cases differ by the fact that
Σ2 ∈ M

H2ðXlocÞ ⊂ H2ðXÞ, while Σ̃2 ∉ M
H2ðXlocÞ, meaning the latter is associated with the Uð1Þ sector from H2ðX∘Þ, while the former is

not. The lower right panel describes the case when σ1; σ̃1 ∉ kerð{1Þ, but ½σ1� þ ½σ̃1� ¼ 0∈H1ðX∘Þ, In the supergravity SymTFT, we
associate Neumann boundary conditions with σ1 and σ̃1.
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Σloc
2 ¼ Sloc∈H2ðXloc;∂XlocÞ⊂H2ðXlocÞ⊗Q. On the other

hand, only Σ°
2 ∈HomðH2ðX∘Þ;ZÞ ⊊ H2ðX∘; ∂X∘Þ, with

D°
2Σ°

2 ∈ Cextra ⊂ H1ð∂X∘Þ ¼ H1ð∂XlocÞ, can be expressed
in this way.
This means that for Σ2 ≃ Σloc

2 ∪σ1 Σ
°
2 with ∂2Σ2 ¼

σ1 ∈ Cextra ⊂ cokerð|2Þ, the orthogonal decomposition
Σ2 ¼ Sloc þ S∘ agrees with the gluing, and Sloc ¼ Σloc

2 ∈
H2ðXloc; ∂XlocÞ ¼ H2ðXlocÞ�, S∘¼Σ°

2∈HomðH2ðX∘Þ;ZÞ¼
H2ðX∘Þ�⊂H2ðX∘;∂X∘Þ can be regarded as vectors in the
respective dual lattices. Meanwhile, for Σ2 ≃ Σloc

2 ∪σ1 Σ
°
2

with ∂2Σ2 ∈ Cloc, we still have Sloc ¼ Σloc
2 ∈H2ðXlocÞ�, but

the relative cycle Σ°
2 must correspond to the zero vector

S∘ ¼ 0∈H2ðX∘Þ�, so that the intersection of Σ2 with any
other compact cycle Σ̃2 is identical to the intersection of
Σloc
2 with Σ̃loc

2 .

2. Linking properties on X∘ from intersections on Xloc

It is important to stress that for ∂2Σ2 ∈ Cloc, Σ°
2 is not a

trivial relative homology class inH2ðX∘; ∂X∘Þ, even though
it is “invisible” for the intersection product on H2ðXÞ.
Instead, it captures the fact that cokerð∂2Þ ≅ imð{1Þ ≠ 0 in
(3.4). In turn, this is related to some linking properties we
asserted in Sec. II D for the relative homology [see (3.8)] on
X∘. That is, the subgroups D̃°

2½H2ðX∘Þ�=H2ðX∘Þ� ≅ Cextra
and D̃°

2ðH1ðX∘Þ∨Þ ≅ Cloc of H1ð∂X∘Þ are orthogonal to
each other with respect to the linking pairing l onH1ð∂X∘Þ.
Instead, D̃°

2ðH1ðX∘Þ∨Þ ⊂ H1ð∂X∘Þ links with nontrivial
representatives of H1ð∂X∘Þ= kerðI1Þ ≅ H1ðX∘Þ, as indi-
cated by Pontryagin duality. Furthermore, we have also
argued, based on the mutual locality in the gauge theory on
X∘, that D̃°

2ðH1ðX∘ÞÞ has trivial linking among itself.
While we did not have a rigorous argument based purely

on the geometry ofX∘ to support these claims, we can use the
properties ofX andXloc to confirm them in the casewhereX∘
can be glued to a (union of) ADE patch into a K3, which is
anyways the scenario we are interested in. Namely, because
X∘ andXloc have the same boundary ∂X∘ ¼ ∂Xloc, the linking
properties on the boundary must agree. On Xloc, we can use
H1ð∂XlocÞ ¼ H2ðXlocÞ�=H2ðXlocÞ, with the linking given by
intersection modulo integers, which in turn is related to the
intersection in X, which we know must be integer.
Explicitly, as explained above, the gluing identifiese∂2½M=|2ðH2ðXlocÞÞ� ⊂ H1ð∂XlocÞ with D̃°

2½H1ðX∘Þ∨� ⊂
H1ð∂X∘Þ, so that there is a Σ2 ∈M ⊂ H2ðXÞ, with
∂2Σ2 ¼ σ1 ∈ D̃°

2½H1ð∂X∘Þ∨� ¼ Cloc. Since M is an over-
lattice of |2ðH2ðXlocÞÞ ≅ H2ðXlocÞ of the same rank, which
must have integer pairing with any element of H2ðXlocÞ,
we may also view it as a sublattice of H2ðXlocÞ� ¼
H2ðXloc; ∂XlocÞ, so we can compute the linking of
σ1 ∈ D̃°

2½H1ðX∘Þ∨� ¼ Cloc with any other boundary cycle
σ̃1 as lðσ1; σ̃1Þ ¼ Σloc

2 · Σ̃loc
2 mod Z, where Σ2 ¼ Σloc

2 ∈
M ⊂ H2ðXlocÞ� and Σ̃loc

2 ∈H2ðXlocÞ� with Dloc
2 ðΣloc

2 Þ ¼ σ1

andDloc
2 ðΣ̃loc

2 Þ ¼ σ̃1. Crucially, being a sublattice ofH2ðXÞ,
M must also be an integer lattice, so that lðσ1; σ̃1Þ ¼
Σloc
2 · Σ̃loc

2 ¼ 0 mod Z if σ̃1 ∈ Cloc ⇔ Σ̃loc
2 ∈M. Meanwhile,

for σ̃1 ¼ ∂2Σ̃2 ∈ Cextra, we use the orthogonal decomposi-
tion Σ̃2 ¼ Σ̃loc

2 þ Σ̃°
2 and the fact that M is orthogonal to

H2ðX∘Þ in H2ðXÞ to find

lðσ1; σ̃1Þ ¼ Σloc
2 · Σ̃loc

2 mod Z ¼ Σloc
2 · Σ̃2

mod Z ¼ Σ2 · Σ̃2 mod Z ¼ 0 mod Z; ð3:13Þ

because intersections in H2ðXÞ are integer.

3. Boundary conditions from gluing

With this, we can argue for the gauge group structure
from the SymTFT of the theory on Xloc∐X∘ as follows.
For any compact 2-cycle, the orthogonal decomposition
Σ2 ¼ Σloc

2 þ Σ°
2 corresponds to the fact that Σ2 specifies a

bicharged state ðΣloc
2 ;Σ°

2Þ for the defect group of the product
theories on Xloc and X∘. Because in the compact geometry,
compact 2-cycles are wrapped indiscriminately by both
M2- and M5-branes, we can interpret this as the compact
geometry specifying Dirichlet boundary conditions for both
M2- and M5-branes wrapping Σloc

2 in Xloc and Σ°
2 in X∘.

The symmetry generators that are trivialized with this
boundary condition, and which can be interpreted as “being
gauged,” correspond to the boundary cycles in the “diago-
nal” cokerð|2Þ ≅ imð∂2Þ subgroup:

ðσloc1 ; σ°1Þ ¼ ðDloc
2 Σloc

2 ; D°
2Σ°

2Þ ¼ ð∂2Σ2; ∂2Σ2Þ
¼ ðσ1; σ1Þ∈H1ð∂XlocÞ ×H1ð∂X∘Þ: ð3:14Þ

Since both M2- and M5-branes on these are given Dirichlet
boundary conditions, the resulting electrically and mag-
netically charged states must be mutually local with res-
pect to each other. Geometrically, this is guaranteed by the
integer intersection product between compact 2-cycles
in X:

hðΣloc
2 ;Σ∘

2ÞM2; ðΣ̃loc
2 ; Σ̃∘

2ÞM5i ¼ lðσloc1 ; σ̃loc1 Þ þ lðσ∘1; σ̃∘1Þ
¼ Σloc

2 · Σ̃loc
2 þ Σ∘

2 · Σ̃∘
2 mod Z ¼ Σ2 · Σ̃2 mod Z ¼ 0:

ð3:15Þ

Notice that this equation can also be read as the charged
defects fromM2-(M5-)branes on ðΣloc

2 ;Σ°
2Þ to be uncharged

under the symmetry generators from M5-(M2-)branes on
ðσ̃loc1 ; σ̃°1Þ, which is consistent with the interpretation that
these symmetries have been gauged.
Furthermore, because of the feature of the local theory on

X∘ surrounding the nontriviality of H1ðX∘Þ, the subgroup
ð0; σ1Þ∈H1ð∂XlocÞ ⊕ H1ð∂X∘Þ with σ1 ∈H1ðX∘Þ∨ is also
given Dirichlet boundary condition for both M2- and M5-
branes. Because of the orthogonality properties onH1ð∂X∘Þ
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discussed above, the linking pairing on cokerð|2Þ ⊕
fð0; σ1Þjσ1 ∈H1ðX∘Þ∨g ⊂ H1ð∂XlocÞ ⊕ H1ð∂X∘Þ is com-
pletely trivial. Since

jcokerð|2Þj × jH1ðX∘Þ∨j ¼ jH1ð∂X∘Þj ¼ jH1ð∂XlocÞj
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jH1ð∂XlocÞ ⊕ H1ð∂X∘Þj

q
ð3:16Þ

from the short exact sequence (3.18), this specifies a
polarization Λ for the product SymTFT:

Λmaximally mixed ¼ ½cokerð|2Þ ⊕ H1ðX∘Þ∨�ð1Þ
⊕ ½cokerð|2Þ ⊕ H1ðX∘Þ∨�ð4Þ

⊂ D ¼ ½H1ð∂XlocÞ ⊕ H1ð∂X∘Þ�ð1Þ
⊕ ½H1ð∂XlocÞ ⊕ H1ð∂X∘Þ�ð4Þ: ð3:17Þ

By giving this subgroup Dirichlet boundary conditions,
we obtain the charged defects, which are identified with
the dynamical objects in the gravitational theory from
M2-/M5-branes wrapping compact 2-cycles in X. They
screen/break the global symmetry of the absolute field
theory, whose generators come from M5-/M2-branes on
½H1ð∂XlocÞ ⊕ H1ð∂X∘Þ�=Λ which receive Neumann boun-
dary conditions.
Finally, to explain the particular structure ½ðG̃=ClocÞ×

Uð1Þb�=Cextra, notice that, due to the orthogonality of M
and H2ðX∘Þ� ⊂ H2ðX∘Þ ⊗ Q, the linking of any charged
defect ðΣloc

2 ;Σ°
2Þ (not necessarily coming from a compact

2-cycle in X) with σ1 ∈ Cloc ¼ f∂2Σ2jΣ2 ∈Mg does not
depend on the charge under the Abelian factors [which is
determined by Σ°

2 ∈H2ðX∘Þ�]. Hence, Cloc embeds trivially
into the Abelian factors and acts only on the non-Abelian
symmetry G̃.

4. Maximally mixed polarization

The important feature that we want to highlight here is
that the geometrically specified boundary conditions for the
various cycles apply simultaneously to M2- and M5-
branes. Loosely speaking, it means that there is an “equal
amount,” namely, cokerð|2Þ, of electric and magnetic states
that are given Dirichlet (and Neumann) boundary con-
ditions, i.e., the polarization is “maximally mixed.” This is
to be contrasted with other field-theoretically viable polar-
izations, e.g., the “purely electric” polarization where only
electric charges are present, and where the gauge group is
simply connected. Analogously, there is the “purely mag-
netic” polarization, where the fundamental group of the
gauge group is the largest. Such polarizations would be
admissible in the M-theory geometry that is truly the
disjoint union Xloc∐X∘, in which case M2-branes (M5-
branes) are given Dirichlet boundary conditions on both
factors [modulo the subtlety surrounding H1ðX∘Þ ≠ 0,
which we will come back to momentarily]. In general,

there are many other choices of consistent polarizations in
the disjoint-union setting, all of which would specify a
global structure for the supergravity theory that naively
would be consistent. These could have various amounts of
electric/magnetic defects with Dirichlet boundary condi-
tions, i.e., nonmaximally mixed polarizations. None of
these correspond to the global structure of M-theory on a
compact K3. Hence, we may interpret the compact geom-
etry as placing the majority of such global structures (for a
given gauge algebra) into the swampland, and pointing
towards a general physical reason, independent of any
concrete stringy realization, why only maximally mixed
polarizations are allowed in the landscape.

5. Example: T4=Z2

Let us return to the example of X ¼ T4=Z2, for which

we have already analyzed the local patches Xloc ≅
∐16

i¼1 C
2=ZðiÞ

2 and X∘ ¼ XnXloc. The global structure of
the compact model has already been described in [41], and
we recast the results in terms of the product SymTFT.
The 0-form gauge symmetry on the disjoint union

Xloc∐X∘ is suð2Þ16 ⊕ uð1Þ6. The product SymTFTwould
have the symmetry group

½H1ð∂XlocÞ ⊕ H1ð∂X∘Þ�ð1Þ ⊕ ½H1ð∂XlocÞ ⊕ H1ð∂X∘Þ�ð4Þ

¼ ⨁
32

i¼1

½Z2
ð1Þ
;i ⊕ Z2

ð4Þ
;i �: ð3:18Þ

The linking pairing is only nontrivial between Z2
ð1Þ and

Z2
ð4Þ factors with the same index i.
As explained in the previous section, the geometry

on X∘ forces a ðZ2
ð1Þ ⊕ Z2

ð4ÞÞ⊕5 ≅ ðH1ðX∘Þ∨Þð1Þ ⊕
ðH1ðX∘Þ∨Þð4Þ subgroup to have Dirichlet boundary con-
ditions, and a ðZ2

ð1Þ ⊕ Z2
ð4ÞÞ⊕5 ≅ H1ðX∘Þð1Þ ⊕ H1ðX∘Þð4Þ

subgroup to have Neumann boundary conditions. The
charged defects arising from these factors are not charged
under the center symmetries of the gauge theory and, vice
versa, the charged defects of the gauge theory are not
charged under these higher-form symmetries. On the Xloc

side, the Dirichlet boundary conditions are matched by a
rank-16 lattice M ⊂ H2ðXlocÞ� such that M=H2ðXlocÞ ≅
Z2

⊕5, i.e., M is generated by the generators eI of H2ðXlocÞ
plus five half-integer linear combinations of eI (see [41]
for details). Because M is an integer lattice, the linking
of elements in M=H2ðXlocÞ ≅ Z2

⊕5 is trivial, but there
is a Pontryagin dual Z2

⊕5 ⊂ H1ð∂XlocÞ that links with
M=H2ðXlocÞ. The former are given Dirichlet boundary
conditions, as in the compact-geometry M2- and
M5-branes will wrap the 2-cycles in M ⊂ H2ðXÞ and
trivialize the symmetry generators of Clocð1Þ ⊕ Clocð4Þ ≅
ðZ2

ð1Þ ⊕ Z2
ð4ÞÞ⊕5; the latter are given Neumann boundary

conditions, and the symmetries generated by them will

GOULD, LIN, and SABAG PHYS. REV. D 109, 126005 (2024)

126005-16



eventually be screened by the former in the gravitational
theory.
For the remaining 12 factors ½Z2

ð1Þ ⊕ Z2
ð4Þ�—six of

which come from H1ð∂XlocÞð1Þ ⊕ H1ð∂XlocÞð4Þ, and the
other six from H1ð∂X∘Þð1Þ ⊕ H1ð∂X∘Þð4Þ—for which we
have not specified the boundary conditions yet, there are six
linearly independent compact 2-cycles H2ðXÞ ∋ Fα ≃
ð1
2
TαÞ ∪σα ð

P
Iα

1
2
eIαÞ. Here, Tα are the generators of

H2ðX∘Þ and the relative cycles 1
2
Tα ∈H2ðX∘Þ� ⊂

H2ðX∘; ∂X∘Þ and
P

Iα
1
2
eIα ∈H2ðXlocÞ� are glued along

σα ¼ ∂2Fα ¼ D°
2ð12 TαÞ ¼ Dloc

2 ðPIα
1
2
eIαÞ ∈ H1ð∂X∘Þ ¼

H1ðXlocÞ. This specifies a diagonal ½Z2
ð1Þ ⊕ Z2

ð4Þ�⊕6

inside the 12 factors above, generated by ðσα; σαÞ∈
H1ð∂XlocÞ ⊕ H1ð∂X∘Þ, with Dirichlet boundary conditions
for both M2- and M5-branes. This trivializes or “gauges”

the Cð1Þextra ⊕ Cð4Þextra ≅ ðZ2
ð1Þ ⊕ Z2

ð4ÞÞ⊕6 while screening/
breaking the antidiagonal Z2

⊕6 factors that are given
Neumann boundary conditions.
In summary, this determines the global structure of the

gauge group to be ½SUð2Þ16=Z5
2 ×Uð1Þ6�=Z6

2 ≅ ½SUð2Þ16×
Uð1Þ6�=½ðZloc

2 Þ5 × ðZextra
2 Þ6�. With the additional informa-

tion that the center symmetries of the Uð1Þ6 are screened to
ðZ2

ð1Þ ⊕ Z2
ð4ÞÞ⊕6, the second expression makes the “maxi-

mal mixing” manifest: there is a gauged Z2
⊕11 1-form

symmetry, and a global Z2
⊕22=Z2

⊕11 ¼ Z2
⊕11 1-form

symmetry; dual to that is a global Z2
⊕11 and a gauged

Z2
⊕11 4-form symmetry.

D. Towards a bottom-up interpretation via lattices

One of the key ingredients in the geometric origin of the
maximally mixed polarization is the lattice structure of
(relative) 2-cycles in a complex surface. The only nontrivial
part not encoded in the intersection product is the interplay
between relative 2-cycles in ExtðH1ðX∘Þ;ZÞ ¼ H1ðX∘Þ∨ ⊂
H2ðX∘; ∂X∘Þ and H1ðX∘Þ, which resulted in a fixed boun-
dary condition: Dirichlet for D̃°

2½H1ðX∘Þ∨� ⊂ H1ð∂X∘Þ and
Neumann for H1ð∂X∘Þ=imðD̃°

2Þ ¼ H1ðX∘Þ. As elaborated
in detail above, when the dust settles, the SymTFT for the
uð1Þb gauge theory on X∘ has a “leftover” defect group,

�
H2ðX∘Þ�
H2ðX∘Þ

�ð1Þ
⊕

�
H2ðX∘Þ�
H2ðX∘Þ

�ð4Þ
⊂ H1ð∂X∘Þð1Þ

⊕ H1ð∂X∘Þð4Þ; ð3:19Þ

under which only the states from wrapping the relative 2-
cycles in HomðH2ðX∘Þ;ZÞ ¼ H2ðX∘Þ� are charged. This is
the defect group for defects charged under the center
symmetries of the uð1Þ’s, which has been screened by
the dynamical states from H2ðX∘Þ to the finite group
H2ðX∘Þ�=H2ðX∘Þ≡ Z. To obtain an absolute theory, one
needs to specify boundary conditions for this defect group.

The global structure of the supergravity theory can then
be fully specified in terms of a polarization for the defect
group,

�
H2ðXlocÞ�
H2ðXlocÞ ⊕

H2ðX∘Þ�
H2ðX∘Þ

�ð1Þ
⊕

�
H2ðXlocÞ�
H2ðXlocÞ ⊕

H2ðX∘Þ�
H2ðX∘Þ

�ð4Þ
¼ ½ZðG̃Þ ⊕ Z�ð1Þ ⊕ ½ZðG̃Þ ⊕ Z�ð4Þ; ð3:20Þ

where ZðG̃Þ ≅ H1ð∂XlocÞ is the center of the simply
connected group G̃ with algebra g. The pairing on this
group is entirely inherited from the lattice pairing on
H2ðXlocÞ ⊂ H2ðXlocÞ� and H2ðX∘Þ ⊂ H2ðX∘Þ�. Given an
electric operator labeled by ðae; beÞ∈ ½ZðG̃Þ ⊕ Z�ð1Þ and a
magnetic operator ðam; bmÞ∈ ½ZðG̃Þ ⊕ Z�ð4Þ, the pairing is
given by

hðae; beÞ; ðam; bmÞi ¼ a⃗e · a⃗m þ b⃗e · b⃗m mod Z; ð3:21Þ

where a⃗∈H2ðXlocÞ� and b⃗∈H2ðX∘Þ� are the lattice
representatives and the product is the lattice pairing.
Note that the global gauge group structure dictated by the

compact geometry—which is to give Dirichlet boundary
conditions to Cloc ⊕ Cextra ⊂ ZðG̃Þ ⊕ Z for both the elec-
tric and magnetic defect groups—is also a maximally
mixed polarization in this defect group. First, Λ ¼ ½Cloc ⊕
Cextra�ð1Þ ⊕ ½Cloc ⊕ Cextra�ð4Þ is isotropic because the
product (3.21) is simply the intersection product
Σ2 · Σ̃2 mod Z ¼ 0, where Σ2 ¼ Σloc

2 ∪σ1 Σ
°
2 translates into

H2ðXlocÞ� ∋ Σloc
2 ≡ a⃗e, and H2ðX∘Þ� ¼ H2ðX∘; ∂X∘Þ=

H1ðX∘Þ∨ ∋ Σ°
2 ≡ b⃗e [and analogously for Σ̃2 and

ða⃗m; b⃗mÞ]. Because

jCloc ⊕ Cextraj2 ¼
���� M
H2ðXlocÞ

����2 ×
����H2ðX∘Þ�
H2ðX∘Þ

����2
¼ jH1ðX∘Þ∨j2 ×

����H2ðX∘Þ�
H2ðX∘Þ

����2
¼ jH1ðX∘Þ∨j × jH1ðX∘Þj ×

����H2ðX∘Þ�
H2ðX∘Þ

����2
¼ jH1ð∂XlocÞj×

����H2ðX∘Þ�
H2ðX∘Þ

���� ¼ jZðG̃Þ ⊕ Zj;

ð3:22Þ

where we have used the short-exact sequence (3.8) in the
second-to-last equality, Λ is a maximal subgroup, i.e., a
polarization. Importantly, this subgroup is nothing but the
cokernel of the injective map |2∶ H2ðX∘Þ ⊕ H2ðXlocÞ →
H2ðXÞ, which we now recognize as a lattice embedding
map. We will return to this perspective in the next section.
Staying with the geometry for a moment longer, we

emphasize that the part H1ðX∘Þ∨ that is not visible in the
lattice H2ðX∘Þ is guaranteed by geometric consistency to
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be glued to cycles in M ⊂ H2ðXloc; ∂XlocÞ. From the
perspective of the g ⊕ uð1Þb gauge theory, the charged
defects from wrapped branes on H1ðX∘Þ∨ ⊂ H2ðX∘; ∂X∘Þ
are completely decoupled in that they appear as uncharged
objects in the charge lattice of g ⊕ uð1Þb. The geometry
ensures that these charges are realized as dynamical states
in the compact model in order to screen the global sym-
metry from branes on H1ð∂X∘Þ=imðD̃°

2Þ with Neumann
boundary conditions. This makes the characterization in
terms of the “reduced” defect group (3.20) possible in the
first place.

1. Quadratic refinement and relationship
to 1-form anomaly

The lattice description provides another bottom-up
characterization of the global structure dictated by the
geometry, which is related to a mixed anomaly between

the 1-form symmetry and the instanton Uð1Þð2ÞI symmetry
with background gauge field C3 [9,78]. In geometric
engineering on a complex surface Y, with defect group
H1ð∂YÞð1Þ ⊕ H1ð∂YÞð4Þ, the anomaly is captured by the
SymTFT term

CSð∂Y; σ1Þ
Z
M8

dC3 ∪ B2 ∪ B2; ð3:23Þ

where σ1 ∈H1ð∂YÞ is the boundary 1-cycle Poincaré dual
to the torsion 2-cocycle on which the M-theory 4-form
reduces to the 1-form symmetry background field B2.
The anomaly coefficient CS½∂Y; σ1� ¼ 1

2

R
∂Y σ̆ ⋆ σ̆, where

σ̆ is the differential cohomology class that is Poincaré
dual to σ1 on ∂Y, is the spin CS invariant of the
3-manifold ∂Y, which is a quadratic refinement of the
linking pairing on H1ð∂YÞ [9,79,80]. As explained there,
it can be evaluated as

CSð∂Y; σ1Þ ¼
1

2
Σ2 · Σ2 mod Z; ð3:24Þ

for Σ2 ∈H2ðY; ∂YÞ with D2ðΣ2Þ ¼ σ1.
In the lattice description above, the defect group takes

the form ðL�=LÞð1Þ × ðL�=LÞð4Þ, where L�=L is also
known as the discriminant group of the lattice L; see
Appendix A. Crucially,L ¼ H2ðXlocÞ ⊕ H2ðX∘Þ is an even
lattice. This means that for σ1 ¼ ½v mod L�∈L�=L, the
anomaly coefficient is given by the natural quadratic
refinement

qð½v�Þ ≔ 1

2
v · v mod Z; ð3:25Þ

which satisfies

lðσ1; σ̃1Þ ¼ qð½v� þ ½ṽ�Þ − qð½v�Þ − qð½ṽ�Þ mod Z:

ð3:26Þ

Since L ¼ H2ðXlocÞ ⊕ H2ðX∘Þ and L� ¼ H2ðXlocÞ� ⊕
H2ðX∘Þ� are orthogonal decompositions, the quadratic
refinement can also be decomposed into

qð½v�Þ ¼ qð½vloc þ v∘�Þ ¼ qlocð½vloc�Þ þ q∘ð½v∘�Þ ð3:27Þ

in the (hopefully) obvious notation.
It is then not hard to see that the subgroup Cloc ⊕ Cextra ¼

cokerð|2Þ is isotropic with respect to the quadratic refine-
ment q, i.e., qjC ¼ 0 (we will refer to this as “q-isotropic”).
This simply follows from the fact that for σ1 ∈ cokerð|2Þ
there is a corresponding compact 2-cycle Σ2 ¼ Σloc

2 ∪σ1 Σ
°
2

such that

qðσ1Þ≡ qlocð½Σloc
2 �Þ þ q∘ð½Σ∘

2�Þ

¼ 1

2
Σloc
2 · Σloc

2 þ 1

2
Σ∘
2 · Σ∘

2 mod Z

¼ 1

2
Σ2 · Σ2 mod Z ¼ 0 mod Z; ð3:28Þ

because the intersection product onH2ðXÞ is also even. This
means in particular that the “gauged” 1-form symmetry
½Cloc ⊕ Cextra�ð1Þ is free of the mixed anomaly, which must
hold in supergravity theories where the instanton Uð1ÞI is
also a gauge symmetry. Note that demanding the absence of
this anomaly for a subgroup C of ZðG̃Þ ⊕ Z automatically
implies the isotropy of Cð1Þ ⊕ Cð4Þ with respect to the defect
group pairing because of the relation (3.26).
Finally, because jZðG̃Þ ⊕ Zj ¼ jcokerð|2Þj2, there cannot

be a proper subgroup larger than cokerð|2Þ. So, unless the
full group is q-isotropic, in which case there is no interesting
defect group to begin with (since q-isotropy implies a trivial
linking pairing), the global structure ½G̃ × Uð1Þb�=C of the
supergravity theory with center symmetry ZðG̃Þ × Z ⊃ C is
characterized as follows: the subgroup C is a maximal proper
subgroupwhichmust also be q-isotropic, which is equivalent
to saying that the gauged 1-form symmetry group is the
largest one free of the anomaly (3.23). This then implies that
the corresponding polarization of the defect group SymTFT
is maximally mixed.

E. Delineating the landscape from the swampland

As we have emphasized before, imposing the maximally
mixed polarization structure is a very restricting condition
on the set of field-theoretically viable choices. However, it
requires the information about the dynamical Abelian
charges arising from branes wrapping cycles in H2ðX∘Þ
that screen the center of the uð1Þ gauge factors to the finite
discrete group Z. Just specifying the gauge algebra g ⊕
uð1Þb does not provide this information. Instead, from the
perspective of the swampland program, a more natural
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question to ask is: what are the global structures of 7d
N ¼ 1 supergravity models (of total rank 22) with a given
non-Abelian ADE gauge algebra g [with root lattice Lg of
rank ≤19, which in the M-theory setting is given by
Lg ¼ H2ðXlocÞ] that appear in the landscape?
From the discussion above, it is clear that there is a

necessary condition that can be formulated just in terms of
the lattice T of the massive electric and magnetic states
charged under the uð1Þ’s. Namely, the lattice must be even,
and the discriminant group T�=T ≡ Z must be a subgroup
of the discriminant group L�

g=Lg ≡ ZðG̃Þ, such that
ZðG̃Þ ⊕ Z has a maximal subgroup C which is isotropic
with respect to the quadratic refinement q ¼ qg ⊕ qZ. In
particular, maximally mixed polarization would require
jZðG̃Þ ⊕ Zj to be a square number.
This is in general not a sufficient criterion because

geometrically there may not exist a suitable local patch
X∘ with H2ðX∘Þ ¼ T, which furthermore also has the
necessary H1ðX∘Þ. However, as we will elaborate in the
next section, this criterion is sufficient when rankðgÞ ¼ 19
is maximal. In fact, the lattice description that we distilled
from the geometry also applies to the landscape of N ¼ 1
theories of maximal non-Abelian gauge rank in other
spacetime dimensions.

IV. MAXIMALLY MIXED POLARIZATIONS
IN N = 1, d > 7 SUPERGRAVITY

Recasting the global structure of M-theory models into
properties of lattice embeddings allows a derivation of the
necessity of a maximally mixed polarization also in
untwisted heterotic compactifications on tori, giving rise
to supergravity theories with 16 supercharges in dimen-
sions other than seven. We focus on d ≥ 7, in view of the
recent classifications and explicit computations of the
global structure of such theories [43,45,54]. In these cases,
16 supercharges gives minimal supersymmetry, N ¼ 1.

A. Heterotic vacua from lattice embedding

We begin with a review of some of the relevant features
of heterotic compactifications on Td̃ ¼ ðS1Þd̃, where
d̃ ¼ 10 − d; see [43] and references therein for a broader
background.
The lattice that arises in the heterotic setting is the lattice

of winding and momentum states for the heterotic string on
the d̃-dimensional torus. For untwisted compactifications
[meaning no holonomies for the Z2 outer automorphism of
the E8 × E8 or for the center of the Spin(32) heterotic
strings], this lattice is an even self-dual lattice of signature
ðd̃; 16þ d̃Þ, denoted by IId̃;16þd̃ ≡ II; it is also referred to as
the Narain lattice of signature ðd̃; 16þ d̃Þ.15 This lattice

corresponds to the charge lattice of the rank-16þ 2d̃ gauge
symmetry; its rank increases by 2 with every additional
circle dimension, corresponding to the appearance of a
KK-Uð1Þ and another Uð1Þ from the reduction of the
2-form field inside the gravity multiplet.
Because of the self-duality of II, one can think of it as

encoding both the electric and magnetic states, with the
Dirac pairing between these states given by the integer
lattice pairing. For d̃ ¼ 3, the lattice II3;19 is precisely the
same as the homology lattice H2ðXÞ of a K3 surface X.
At a generic position of the moduli space (parametrized

by the vacuum expectation values of the Wilson lines of the
10d heterotic gauge symmetry on the torus), these states are
all massive, and so the generic gauge algebra is uð1Þ16þ2d̃.
For a supergravity with gauge algebra g ⊕ uð1Þb to be
realized, one must be able to tune the moduli, such that the
roots of g—which span the root lattice Lg ≡ L ⊂ II with
signature ð0; rankðgÞÞ—become massless. Whether this is
possible, and what the global structure of the gauge group
of the resulting heterotic model is, depends on the embed-
ding L ↪ II. This is analogous to how the gluing of the
local geometry Xloc from the union of ADE singularities
into a compact K3 manifold X determines the consistency
and the global structure of the M-theory model. The
geometric counterpart to the Wilson line moduli are the
complex structure moduli of the K3.
In order to address the question of what possible global

structures are realized given a fixed algebra g ⊕ uð1Þb,
one therefore needs to find all possible lattice embeddings
L ↪ II and determine whether they are consistent with
certain criteria that guarantee the masslessness ofW bosons
in the heterotic model. The analogous geometric task is to
find all X∘ for a given Xloc such that there is a consistent
gluing X ¼ Xloc ∪ X∘ into a K3.
There is a necessary and sufficient criterion to find all

such embeddings for rankðgÞ ¼ 16þ d̃ [43], related to the
classification of elliptic K3 surfaces [81]. As we will see
momentarily, this criterion translates directly into the
polarization choice of the supergravity model. From these
maximally gauge-enhanced cases, consistent models with
rankðgÞ < 16þ d̃ can be obtained from adjoint Higgsing
corresponding to moving to more general positions on the
Wilson line/complex structure moduli space. The behavior
of the SymTFT under these manipulations was recently
discussed in [42].
The criterion for a given maximal rank g to be realized

in d dimensions heavily utilizes the discriminant group
L�=L and the quadratic refinement qL on it, and goes as
follows16:

15In our convention, we have d̃ negative eigenvalues and
16þ d̃ positive eigenvalues for the symmetric pairing matrix.

16We have modified the conditions slightly in order to stream-
line the comparison with the previous section. See Appendix A
in [43] and also [82].
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(1) Find an even, rank-16þ d̃ overlattice M ⊃ Lg ≡ L
of the root lattice L, which embeds primitively
into IId̃;16þd̃. M is necessarily a positive signature
lattice, which is generated by L and some additional
vectors wa ∈L� that satisfy qLð½wa�Þ ¼ 0 for
½wa�≡ wa mod L∈L�=L, i.e., M=L ⊂ L�=L is
qL-isotropic.

(2) For such an M, find an even, negative signature,
rank-d̃ lattice T such that the discriminant groups
T�=T and M�=M are isomorphic and their quadratic
refinements −qT and qM agree. This is equivalent
to the existence of generators vTI of T� and vMI of
M� ⊂ L� such that

qLð½vMI �Þ þ qTð½vTI �Þ ¼ 0 mod Z: ð4:1Þ

Note that the subscript L in the first term is not a
typo: because the pairing on M� ⊂ L� is the natural
restriction of the pairing on L�, and M is an integer
even lattice, we have

qMð½v mod M�Þ ¼ 1

2
v · v mod Z¼ qLð½v mod L�Þ

for v∈M� ⊂ L�: ð4:2Þ

If such a pair ðT;MÞ exists, the full lattice IId̃;16þd̃ ≡ II
can be constructed as an overlattice of T ⊕ L spanned in
addition by wa ≡ 0þ wa ∈T� ⊕ L� and vI ¼ vTI þ vMI ∈
T� ⊕ L�:

II ¼ T ⊕ Lþ fwa; vIgZ ⊂ T� ⊕ L�; ð4:3Þ

where fwa; vIgZ denotes the set of any integer linear
combinations of wa and vI.
To appreciate the restrictive nature of this criterion, we

point out that there are, e.g., 1599 semisimple ADE
algebras g of rank 18, but only 325 are realized in the
landscape of 8d vacua [43,81]. Furthermore, for a given g
with root lattice L there can in general be several different
overlattices M (including the option M ¼ L), of which
again only a subset may be realized. The restricting nature
comes from the existence of the lattice T and the condition
on the quadratic refinement on its discriminant group; see
[43] for illustrative examples.
Physically, the lattice T corresponds to the charge

lattice of the Abelian gauge factors. In the 7d case, we
would have T ¼ H2ðX∘Þ. For rankðgÞ ¼ 16þ d̃, these
Uð1Þ factors are all associated with the vector fields in
the gravity multiplet; hence, they are often referred to as
gravitational Uð1Þ’s. By supersymmetry, this charge
lattice has the opposite signature. If the non-Abelian
gauge symmetry is broken to lower rank, the resulting
Uð1Þ’s will retain the positive signature, so that the
analogous lattice T [≅ H2ðX∘Þ in the geometric setting]

would have indefinite signature. The lattice points of II
that do not lie in the sublattice T ⊕ L correspond to
massive states and so can be viewed as charged defects in
the supergravity EFT.
From this data, the gauge group ½ðG̃=ClocÞ×Uð1Þd̃�=Cextra

is determined as follows [44] (see also [43,53] for the
derivation of Cloc):

Cloc ≅
M
L
; Cextra ≅

πLðIIÞ
L

≅
T�

T
: ð4:4Þ

Here, πL∶ II → L� is the orthogonal projection, associated
with the orthogonal sum T ⊕ L ⊂ II. Note that this map
always lands on a vector in L�, hence making the identi-
fication of Cextra sensible in the first place, because II is
spanned by vectors inM ⊂ L�, vectors in T which project to
0 under πL, and the gluing vectors vI which project
to vMI ∈M� ⊂ L�.17

The argument in [43,44,53] for this structure essentially
shows that the massive electric/magnetic states are all
invariant under these subgroups of the center. In what
follows, we will rephrase this in terms of the polarization
choice.

B. Polarization choice from lattice data

Treating the supergravity EFT as a g ⊕ uð1Þd̃ gauge
theory with Abelian charge lattice T, there is the
natural defect group ½Z ⊕ ZðG̃Þ�ð1Þ ⊕ ½Z ⊕ ZðG̃Þ�ðd−3Þ,
with ZðG̃Þ ¼ L�=L and Z ¼ T�=T. The linking pairing
is nontrivial between the 1-form and (d − 3)-form sym-
metry defects, and is the natural one induced by the lattice,

hð½sT �; ½sL�Þð1Þ; ð½tT �; ½tL�Þð4Þi ¼ sT · tT þ sL · tL mod Z;

ð4:5Þ

where sL ∈L�; sT ∈T�.
Analogously to the geometric setting, the vectors s in the

self-dual lattice II specify charged objects via the orthogo-
nal projections:

II ∋ s ↦ ðπTðsÞ; πLðsÞÞ∈T� ⊕ L�: ð4:6Þ

As these vectors label both electric and magnetic charges,
which are present in the absolute supergravity theory,
we must impose Dirichlet boundary conditions on
ð½πTðsÞ�; ½πLðsÞ�Þ∈Z ⊕ ZðG̃Þ for both the 1-form and
(d − 3)-form defects of the SymTFT. This mirrors the
geometric M-theory setting where M2- and M5-branes
wrap the same 2-cycles in the compact geometry and leads
to maximally mixed boundary conditions.

17Obviously, there is also an orthogonal projection πT∶ II→T�,
which by similar arguments also maps onto lattice points in T�.
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Next we show from the lattice description that this also
defines a polarization in the defect group ½Z ⊕ ZðG̃Þ�ð1Þ ⊕
½Z ⊕ ZðG̃Þ�ðd−3Þ. Given the explicit form (4.3), the sub-
group fð½πTðsÞ�; ½πLðsÞ�Þjs∈ IIg can be equivalently des-

cribed as the cokernel of the embedding T ⊕ L ↪
|2

II in
(4.3), which we have given the suggestive label |2:

fð½πTðsÞ�; ½πLðsÞ�Þ∈Z ⊕ ZðG̃Þjs∈ IIg ¼ cokerð|2Þ

¼ II
T ⊕ L

⊂
T�

T
⊕

L�

L
: ð4:7Þ

Given the presentation (4.3), cokerð|2Þ is generated by
½wa� ¼ ð0; ½wa�Þ∈T�=T and ½vI� ¼ ð½vTI �; ½vMI �Þ∈L�=L,
and is clearly q-isotropic with respect to the quadratic
refinement qT⊕L ¼ qT ⊕ qL on T�=T ⊕ L�=L, given the
definitions of wa and ðvMI ; vTI Þ which satisfies (4.1).
Therefore, cokerð|2Þð1Þ ⊕ cokerð|2Þðd−3Þ is also isotropic
with respect to the linking pairing (4.5). To see the
maximality of this subgroup, we use the general fact that
for a sublattice M ⊂ L of the same rank, one has
jM=Lj2 ¼ dðLÞ=dðMÞ, where dðLÞ ¼ jL�=Lj. Then,
we have

jcokerð|2Þj2 ¼
���� II
T ⊕ L

����2 ¼ dðT ⊕ LÞ
dðIIÞ ¼ dðT ⊕ LÞ

¼
����T�

T

����×
����L�

L

���� ¼ jZ ⊕ ZðG̃Þj; ð4:8Þ

because dðIIÞ ¼ jII�=IIj ¼ 1 due to the self-duality of II.
This confirms that Λmaximally mixed ¼ ½cokerð|2Þ�ð1Þ ⊕
½cokerð|2Þ�ðd−3Þ is indeed a polarization.

C. Examples in d > 7

Let us exemplify the maximally mixed polarization
structure in d > 7 models that do not have a geometric
M-theory description.

1. 10d heterotic vacua

In ten dimensions, the lattice IId̃;16þd̃ with d̃ ¼ 0 is a
rank-16 lattice with definite signature, and it is well known
that there are two such self-dual lattices given by the root
lattice IIe of e8 ⊕ e8 and the lattice IIso spanned by the roots
and one of the spinorial representations of soð32Þ. These
give rise to the only two consistent N ¼ 1 supergravity
theories in 10d with gauge algebra e8 ⊕ e8 or soð32Þ,
consistent with the fact that there are no moduli in 10d that
can be activated to break the gauge symmetry.
As there are no Abelian gauge factors, the maximally

mixed polarization pertains to the non-Abelian gauge group
alone; this is irrelevant for g ¼ e8 ⊕ e8 because it has trivial
electric and magnetic defect charges. For g ¼ soð32Þ, the
defect group is ½Z2 ⊕ Z2�ð1Þ ⊕ ½Z2 ⊕ Z2�ð4Þ; the linking

pairing is induced by the quadratic refinement q∶ Z2 ⊕
Z2 → Q=Z given by

qðð1; 0ÞÞ ¼ qðð0; 1ÞÞ ¼ 0; qðð1; 1ÞÞ ¼ 1

2
: ð4:9Þ

The maximal q-isotropic subgroup is therefore either of the
Z2 subgroups generated by (1, 0) or (0, 1) (the “spinorial”
Z2’s), but not their diagonal (the “vector” Z2). The
maximally mixed polarization defined by this subgroup
then corresponds to the gauge group Spinð32Þ=Z2.
Obviously, this corresponds to the global structure of the
gauge group of the soð32Þ heterotic string.

2. 9d examples

T-duality between the e8 × e8 and the soð32Þ heterotic
strings manifests itself at the level of the lattices in

IIe ⊕ U ¼ II1;17 ¼ IIso ⊕ U; ð4:10Þ

where U is the rank-2 hyperbolic lattice with pairing lattice
ð0
1
1
0
Þ and corresponds to the momentum and winding modes

along the S1 that screen the center symmetries of the
KK-Uð1Þ and the vector from reduction of the 2-form field
in 10d.
By tuning the moduli, these Uð1Þ’s allow an enhance-

ment of the non-Abelian algebra g to rank 17. One such
example is g ¼ suð18Þ, with L�=L ¼ Z18 and qLðkÞ ¼
17
36
k2 mod Z. The qL-isotropic subgroups are the trivial

subgroup and Z3 ¼ f0; 6; 12g ⊂ Z18; these correspond to
the lattices M ¼ L and M ¼ Lþ fw6gZ, where here and
in the following wi is a fundamental weight vector of
suðn > iÞ algebra which in the Dynkin basis has a “1” in
the ith entry.
For M ¼ L, criterion 2 would require a rank-1 even

lattice T with T�=T ¼ Z18. Since any even rank-1 lattice
is just T ¼ Z, with negative signature pairing given by
x · y ≔ −2mxy (m∈Z) and dual lattice T� ¼ 1

2mZ, one
would need m ¼ 9 to satisfy the condition T�=T ¼
Z2m ≅

!
M�=M. Then, it can be straightforwardly verified

that there is no generator k of T�=T for which the
quadratic form, given by qTðkÞ ¼ − k2

4m ¼ − k2
36
, satisfies

qTðkÞ ¼ − 17
36
, which is necessary to satisfy the rest of

criterion 2.
For M ¼ Lþ fw6gZ, we can find dðMÞ ¼ jM�=Mj ¼

dðLÞ
jM=Lj2 ¼ 18

jZ3j2 ¼ 2, so that M�=M ¼ Z2. The quadratic

refinement qM can be computed by finding the generator
of M�, i.e., a vector w∈L� such that w · w6 ¼ 1. One such
vector is the fundamental weight w9, as can be verified
by using wi · wj ¼ ðC−1Þij, where C−1 is the inverse
Cartan matrix of suð18Þ. Then, we have qMð1Þ ¼ 1

2
w9 ·

w9 mod Z ¼ 1
4
. This is matched by the quadratic refine-

ment on the rank-1 lattice defined above with m ¼ 1; the
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resulting charges screen the center of the uð1Þ gauge factor
to Z ¼ Z2. Notice how this is necessary to obtain a center
ZðSUð18ÞÞ ⊕ Z ≅ Z9 ⊕ Z2 ⊕ Z2 whose order is a square
number. The gluing vector v ¼ ðvT; vMÞ∈T� ⊕ L�, which
satisfies (4.1), is then simply v ¼ ð1

2
; w9Þ. So the only

consistent model in 9d with gauge algebra suð18Þ has
gauge group ½ðSUð18Þ=Z3Þ ×Uð1Þ�=Z2.
Another rank-17 gauge algebra would be g ¼ suð7Þ ⊕

soð22Þ. The center is Z7 × Z4 ≅ Z28,
18 with quadratic

refinement given by

qLðkÞ ¼ k2
�
3

7
þ 11

4

�
mod Z ¼ 5

28
k2 mod Z: ð4:11Þ

One can check that there are no nontrivial q-isotropic
subgroups, soM ¼ L is the only choice. However, the only
even rank-1 lattice with discriminant group T�=T ≅ Z28

has quadratic refinement qTðlÞ ¼ − l2
56

and there is no
generator l∈Z28 with qTðlÞ ¼ 5=28. This means that there
is no 9d model with non-Abelian gauge algebra g ¼
suð7Þ ⊕ soð22Þ regardless of the global structure (see
also [43]).

3. 8d examples

The maximal non-Abelian rank in 8d is 18, which is
saturated by the example g ¼ suð10Þ⊕2. The quadratic
refinement on the center Z10 ⊕ Z10 ¼ L�=L, where
L ¼ ðLsuð10ÞÞ⊕2, is

qLððk1; k2ÞÞ ¼
1

2
ðk1w1; k2w1Þ · ðk1w1; k2w1Þ

mod Z ¼ 9

20
ðk21 þ k22Þ mod Z; ð4:12Þ

where w1 is the first fundamental weight of suð10Þ and
ðw; w̃Þ∈ ðL�

suð10ÞÞ⊕2 ¼ L�. It is easy to check that, besides

the trivial subgroup, there is only one Z5 subgroup (up to
permuting the two Z10 factors) that is q-isotropic:

Ziso
5 ¼ fð0; 0Þ; ð2; 4Þ; ð4; 8Þ; ð8; 6Þ; ð6; 2Þg: ð4:13Þ

The corresponding overlattices are M ¼ L and
M ¼ Lþ fðw2; w4ÞgZ, respectively.
For M ¼ L, one must find an even rank-2 lattice T with

discriminant groupZ⊕2
10 with two suitable generators vT1 ; v

T
2

such that the quadratic refinement qT evaluates on them
to qTðvTI Þ ¼ − 9

20
for I ¼ 1, 2. Such a lattice is given by

T ≅ Z2 with the pairing

ðx1; x2Þ · ðy1; y2Þ ≔ ðx1; x2Þ
�−10 0

0 −10

��
y1
y2

�
; ð4:14Þ

with vT1 ¼ ð3; 0Þ and vT2 ¼ ð0; 3Þ. The gluing vectors
are v1 ¼ ðvT1 ; ðw1; 0ÞÞ and v2 ¼ ðvT2 ; ð0; w1ÞÞ∈T� ⊕
½ðLsuð10ÞÞ� ⊕ ðLsuð10ÞÞ��. The resulting gauge group
is ½ðSUð10Þ ×Uð1ÞÞ=Z10�2.
We can also find a suitable rank-2 lattice for

M ¼ Lþ fðw2; w4ÞgZ. This has M�=M ¼ Z2 ⊕ Z2, gen-
erated by vM1 ¼ ðw5; 0Þ∈M� ⊂ ðLsuð10ÞÞ� ⊕ ðLsuð10ÞÞ�
and vM2 ¼ ð0; w5Þ∈M�. We have qLðvMI Þ ¼ 1

2
w2
5 mod Z¼

1
4
for I ¼ 1, 2. It is easy to see that there is a suitable rank-2

lattice T ¼ Z⊕2 with the pairing

ðx1; x2Þ · ðy1; y2Þ ≔ ðx1; x2Þ
�−2 0

0 −2

��
y1
y2

�
: ð4:15Þ

The gluing vectors are v1 ¼ ðð1
2
; 0Þ; ðw5; 0ÞÞ and v2 ¼

ðð0; 1
2
Þ; ð0; w5ÞÞ, resulting in the gauge group ½SUð10Þ2=

Ziso
5 ×Uð1Þ2�=Z2

2.

D. Maximally mixed polarization
and 1-form symmetry anomalies

As we emphasized in Sec. III E, the maximally mixed
polarization puts constraints on the possible string-/
M-theory model that accommodates a given non-Abelian
gauge symmetry g. Using the lattice description, we can
formulate the constraint as a genuine field-theoretic state-
ment, without explicit reference to a top-down construction.
A key ingredient for this bottom-up formulation is the

mixed anomaly between the 1-form symmetry and the
instanton symmetry. In previous works, this anomaly was
mainly discussed only for the center of non-Abelian
symmetries. However, in the gravitational setting, the
contributions of the Uð1Þ’s are equally important.

1. Mixed anomalies involving the gravitational Uð1Þ’s
As already eluded to in the previous section, the mixed 1-

form anomaly, which in the geometric setting is computed
as in (3.23), arises from a coupling between the instanton
density and the gauge field Cd−4. This field is the Hodge
dual of the 2-form B2 inside the gravity multiplet, and are
both dynamical in supergravity. Hence, their gauge trans-
formations must be nonanomalous.
Cd−4 couples democratically to the instanton densities of

non-Abelian and Abelian gauge factors. Indeed, the topo-
logical part of theN ¼ 1 supergravity action, written using
Cd−4 instead of B2, contains the terms [83–86]19

18The natural isomorphism by the Chinese remainder theorem
is k mod 28 ↦ ðk mod 7; k mod 4Þ.

19In the dual frame with B2, these terms translate into the
Bianchi identity for H3 ¼ dB2.
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1

2
Cd−4 ∧

�X
g

trðF 2
gÞþ

X
i;j

TijFi ∧Fj

�

¼Cd−4 ∧
�X

g

c2ðF gÞ−
X
i;j

Tij

2
c1ðFiÞ∧ c1ðFjÞ

�
:

ð4:16Þ
Here, c2ðF gÞ ¼ 1

2
trðF 2

gÞ is the second Chern class of the
gth factor of the non-Abelian algebra g ¼ ⨁ggg and

c1ðFiÞ ¼
ffiffiffiffiffiffi
−1

p
Fi the first Chern class of the ith uð1Þ

factor.20 Tij denotes the pairing matrix of the T lattice.
Turning on a 1-form background leads to fractional shifts

of the instanton term, which breaks the large gauge trans-
formations of Cd−4, thus manifesting the anomaly. In a
consistent N ¼ 1 supergravity theory, this anomaly must
be absent. In the non-Abelian sector, the fractionalization ofP

g c2ðF gÞ in the presence of a 1-form background B
labeled by ½wa�∈ Cloc ⊂ L�=L ¼ ZðG̃Þ is given by21X

g

c2ðF gÞ≡ −qLð½wa�ÞB ∪ B mod Z: ð4:17Þ

Therefore, the first condition that requires qL to be trivial
on M=L ¼ Cloc is just the requirement that the anomaly is
absent for 1-form symmetries allowed in a non–simply
connected non-Abelian gauge group G̃=Cloc [37].
Now, by including the Uð1Þ factors, one can potentially

cancel more fractional configurations of c2ðF gÞ with
fractional Uð1Þ Chern classes c1ðFiÞ.22 The corresponding
1-form symmetry background B is then labeled by
½vI� ¼ ð½vTI �; ½vMI �Þ∈T�=T ⊕ L�=L ¼ Z ⊕ ZðG̃Þ, with

X
g

c2ðF gÞ −
X
i;j

Tij

2
c1ðFiÞ ∧ c1ðFjÞ

≡ ð−qLð½vMI �Þ − qTð½vTI �ÞÞB ∪ B mod Z; ð4:18Þ
which now vanishes thanks to (4.1).

2. Towards string universality for gauge
group topologies

Combining the mixed anomaly with the maximally
mixed polarization structure, we arrive at the following
bottom-up (“swampland”) constraint for an N ¼ 1 super-
gravity theory in d ≥ 7 dimensions with rank-16þ d non-
Abelian gauge algebra g to be realized.

First, identify a subgroup Cloc ⊂ ZðG̃Þ that is free of the
mixed 1-form–instanton anomaly. Then, find an instanton
coupling matrix Tij for the gravitational Uð1Þ10−d factors
which (when interpreted as a lattice pairing) defines a
discriminant group T�=T ¼ Cextra ⊂ ZðUð1Þ10−dÞ that is
also a subgroup of ZðG̃Þ; the mixed 1-form anomalies for
the Cextra ⊂ ZðG̃Þ 1-form background must cancel that of
the Cextra ⊂ ZðUð1Þ10−dÞ. The existence of a maximally
mixed polarization then requires jZ ⊕ ZðG̃Þj to be a square
and Cloc ⊕ Cextra to be a maximal subgroup. Then, the
global structure of the supergravity EFT is given by
imposing the maximally mixed polarization.
This constraint is a natural extension of the bottom-up

constraints on the non-Abelian group topology G̃=Cloc [37].
However, just as in that case, the absence of the mixed
1-form anomaly including the Uð1Þ factors is only a
necessary but not sufficient condition to have a gauged
1-form symmetry, i.e., a nontrivial subgroup C ⊂ ½ZðG̃Þ ×
ZðUð1Þ10−dÞ�ð1Þ of the defect group with Dirichlet boun-
dary conditions. Indeed, this anomaly argument, and argu-
ments based on other swampland principles [38], can never
rule out gauge groups G̃ ×Uð1Þ10−d that have no center
quotient. This gap is closed by imposing the maximally
mixed polarization, as the 9d examples have demonstrated.
That is, any gauge group topology that does not arise
from giving Dirichlet boundary conditions to the largest
anomaly-free subgroup of the 1-form symmetry in the
corresponding SymTFT is ruled out. Furthermore, the
relationship to the lattice description of heterotic compac-
tifications demonstrates that any supergravity model that
has a maximally mixed polarization with an anomaly-free
1-form symmetry is also realized from string theory.
Unfortunately, while this a simple-to-state condition

using the SymTFT framework, we currently do not have
a field-theoretic argument for why it must be true.
Moreover, we have also not studied the SymTFT structure
in twisted heterotic compactifications, which in 7d would
be dual to M-theory on frozen singularities [47–49].
Finding a unified condition that applies to all such vacua
and then providing a purely field-theoretic reason for it
would show string universality for consistent gauge groups
in N ¼ 1 d ≥ 7 supergravity theories.

V. CORRELATED BOUNDARY
CONDITIONS REQUIREMENT

We now generalize the discussion of Sec. III by con-
sidering placing D-dimensional string/M-theory on a com-
pact internal space XD−d. We similarly split the internal
space into two parts: the “local” part Xloc ¼∪i Xi, with Xi
corresponding to local neighborhoods of the singular loci
of X, and X∘, the completion of this part in X, which has no
singularities. Thus, we can write the compact internal space
as X ¼ Xloc ∪ X∘. The two parts are glued along their

20At generic points of the moduli space, the non-Abelian gauge
symmetry is broken to its Cartan subalgebra, and c2ðF gÞ →
1
2

P
a;b≤rkðggÞ K

ðgÞ
abF g;a ∧ F g;b, where K

ðgÞ
ab is the Cartan matrix of

gg, which is the lattice pairing on Lgg .
21See Appendix B for details.
22This is analogous to the criterion used in [87] to determine

the global structure of the flavor symmetry, including Uð1Þ
factors, for 6d SCFTs.
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boundaries ∂Xloc ¼ ∂X∘ to generate the full compact
space X. As in the K3 case, we argue that this gluing
specifies the boundary conditions for the SymTFT defined
on ∂Xloc∐∂X∘.
The aim of this section is to be more general; thus, it only

includes string-/M-theory construction evidence, and does
not include lattice interpretations as in Sec. III, as these are
only relevant for theories with eight real supercharges.
We start by considering the underlying geometry. The

covering X ¼ Xloc ∪ X∘ leads to a truncation of the Mayer-
Vietoris sequence as follows:

0 → Hp−nþ1ðX∘Þ ⊕ Hp−nþ1ðXlocÞ→|p−nþ1

Hp−nþ1ðXÞ →

→
∂p−nþ1

Hp−nð∂Xloc|ffl{zffl}
¼∂X∘

Þ ⟶
{p−n

Hp−nðX∘Þ → 0: ð5:1Þ

In this general case, the geometric picture of possible
completions of relative cycles from the local perspective is
the same as discussed and shown in Fig. 4 and Sec. III B,
but with cycle dimensions matching the sequence
above. Thus, from such a geometric construction one
can immediately see that the discrete gauge symmetry of
the full d-dimensional theory including gravity depends
only on the homological structure of the internal
space X. This means that in cases where we can wrap
more than one type of brane on both the relative cycle
Σloc
p−nþ1 ∈Hp−nþ1ðXloc; ∂XlocÞ and a cycle γD−d−ðp−nþ2Þ ∈

HD−d−ðp−nþ2Þð∂XlocÞ linked with DlocΣloc
p−nþ1 ¼ σp−n ∈

Hp−nð∂XlocÞ in ∂Xloc, the resulting higher-form gauge
symmetries will be correlated. For example, assume
there are both p-branes and (pþ q)-branes in the spectrum
of the D-dimensional theory, with Hp−nþ1ðXÞ ¼ ZN . The
resulting gauge symmetries will be correlated, i.e.,
both ZN n-form and ZN (n − q)-form gauge symmetries,
assuming n ≥ q.
Note that in the general case, unlike the K3 internal space

case, the boundary cycles Hp−nð∂X�Þ will not be self-
linked. We instead expect them to be linked with cycles in
HD−d−ðp−nþ2Þð∂X�Þ. Therefore, the operators generated by
wrapping p-branes on cycles in Hp−nð∂X�Þ and wrapping
ðD − p − 4Þ-branes on cycles in HD−d−ðp−nþ2Þð∂X�Þ will
be paired in the SymTFT. This means that in a consistent
coupling to gravity the above Mayer-Vietoris sequence will
be correlated with a similar sequence where (p − n) is
replaced with ðD − d − ðp − nþ 2ÞÞ and the resulting
Dirichlet and Neumann boundary conditions are flipped.
Nevertheless, this will not affect the possible completions
of relative cycles described above.
As in the K3 case, we can write down a SymTFT for the

above general case by using the geometry on ∂Xloc∐∂X∘.
Considering the resulting SymTFTas associated with some
spacetime theory, one would need to choose boundary
conditions for the symmetries of the SymTFT in order to
make the resulting theory absolute. The boundary

conditions will be determined completely by the geometry
of Xloc and X∘ and the identification of their boundaries, as
we have shown above. The question we try to answer is
what are the options for the global structure of the gauge
symmetry of the full gravitational theory given just the
boundaries and their associated SymTFT. One might
naively expect that the only requirements will be that
the resulting theory has mutually local operators charged
under a global symmetry that is screened by dynamical
operators due to the no global symmetries conjecture, and
in addition that the resulting gauge symmetry has no mixed
gauge-gravity anomalies, which are inconsistent in a
gravity coupled theory. In what comes next, we will claim
that the options are more restricted.
Using the understandings above about different branes

wrapping the same cycle, we can constrain the boundary
conditions to be those where all of the branes wrapping a
specific cycle get the same boundary conditions.

A. Implications

1. Correlated boundary conditions requirement

Consider a (dþ 1)-dimensional SymTFT that can be
constructed geometrically from a D-dimensional string/
M-theory. Furthermore, we assume there are electric BPS
branes of spacial dimensions p; ðpþ p1Þ;…; ðpþ pkÞ,
with ðpþ piÞ ≤ ðD − 4Þ=2 for i ¼ 1;…; k and their
magnetic dual branes wrapped on the combined boundary
space ∂Xloc∐∂X∘. Considering SymTFT operators created
by wrapping p-branes and their magnetic dual ðD − p − 4Þ-
branes on boundary (p − n)- and ðD − d − ðp − nþ 2ÞÞ-
cycles, respectively, one can choose any boundary conditions
for them as long as the charged objects under the resulting
global symmetry are mutually local, with the constraint that
the resulting gauge symmetry has no mixed gauge-gravity
anomalies. These boundary conditions can be translated
to boundary conditions for background gauge fields for
spacetime n-form and ðd − ðnþ 2ÞÞ-form symmetries,
respectively. After this choice, the boundary conditions for
the ðn − piÞ-form and ðd − ðn − pi þ 2ÞÞ-form symmetries,
arising from wrapping the other branes on the same (p − n)-
and ðD − d − ðp − nþ 2ÞÞ-cycles for all i ¼ 1;…; k,
should be the same as the boundary conditions for the
n-form and ðd − ðnþ 2ÞÞ-form symmetries, respectively.
These boundary conditions are required for consistency
with spaces Xloc and X∘ that can be glued to a space X
that generates a consistent d-dimensional gravitational
theory.
If we restrict ourselves to branes wrapping cycles σp−n

and γD−d−ðp−nþ2Þ that have the same dimension, i.e.,

D − d ¼ 2ðp − nþ 1Þ; ð5:2Þ
we find that the correlated boundary conditions con-
straint now limits the types of boundary conditions on
polarizations that are maximally mixed, meaning that they
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are “half” magnetic and “half” electric. We denote this
constraint as the maximally mixed polarization conjecture.
When considering only supersymmetry-preserving setups,
we find that this is the general case due to the dimensions
of the magnetic dual branes in the different string and
M-theories and the homology of the possible supersymmetry-
preserving internal geometries.

2. Maximally mixed polarization requirement

Consider the same (dþ 1)-dimensional SymTFT, now
only with electric BPS p-branes and their magnetic
dual ðD − ðpþ 4ÞÞ-branes placed on the combined boun-
dary space ∂Xloc∐∂X∘, with nontrivial Hp−nð∂XlocÞ ¼
Hp−nð∂X∘Þ and D − d ¼ 2ðp − nþ 1Þ. We construct
SymTFT operators by wrapping p-branes and their mag-
netic dual ðD − p − 4Þ-branes on boundary (p − n)-cycles.
There is no free choice of boundary conditions for these
operators as long as the charged objects under the resulting
global symmetry are mutually local, and with no mixed
gauge-gravity anomalies. Instead, one is required to choose
a maximally mixed polarization, and this choice will
amount to having the same gauge group for the n-form
symmetry and the ðd − ðnþ 2ÞÞ-form symmetry. These
boundary conditions are required for consistency with
spaces Xloc and X∘ that can be glued to a space X that
generates a consistent d-dimensional gravitational theory.
One can then restrict the above constraints even further

by also setting the dimension of the two magnetic dual
branes to be the same, meaning

D ¼ 2pþ 4: ð5:3Þ

In this case, the boundary conditions will be limited to
those choosing the maximally isotropic subgroup of the
SymTFT defect group as the gauge symmetry. For such
cases, the choice of boundary conditions can be understood
fully from the combined SymTFT as the maximally mixed
choice is inherently required in order to get an absolute
theory.

B. Examples

Examples for the general case of the correlated boun-
dary conditions requirement with D − d ≠ 2ðp − nþ 1Þ
are less common, as we need two cycles of the internal
geometry with linked boundary cycles that can be wrapped
by two pairs of magnetic dual branes. One example for this
case is found by engineering 6d (2, 0) in type IIB string
theory placed on a K3 manifold with local geometries of
the type C2=Γ. We consider both 2-form symmetries and
the pair of Poincaré dual 0-form and 4-form symmetries,
which are generated by operators created by placing
D3-branes, D5/NS5-branes, and D1/F1-branes on boun-
dary 1-cycles of the internal space C2=Γ, respectively.
In this case, the dimensional parameters are D ¼ 10;

d ¼ 6; p ¼ 1; p1 ¼ 2, and n ¼ 1. In this case, fixing the
boundary conditions for the 0- and 4-form symmetries will
fix the boundary conditions for the 2-form symmetries and
vice versa. We will review this example in more detail
bellow. Finding other supersymmetric examples is hard
due to dimensional constraints.23

Examples for the maximally mixed polarization require-
ment, i.e., D − d ¼ 2ðp − nþ 1Þ are actually the more
common case in supersymmetric cases and there are many
such examples:
(1) 7d N ¼ 1 SYM can be engineered from M-theory

by compactifying on a K3 manifold with local
geometries of the type C2=Γ. For the purposes of
this discussion, we are interested in 1-form and
4-form symmetries. Thus, we choose our dimensional
parameters to take valuesD ¼ 11; d ¼ 7; p ¼ 2, and
n ¼ 1. In this case, wrapping M2- and M5-branes on
the boundary cycles will generate a pair of defect
group symmetries coupled by a “BF” term in the
SymTFT. The polarization consistent with the full
gravity theory is the maximally mixed one. We
discussed this example extensively in Sec. III.

(2) We can also consider the 0- and 4- form symmetries
of 6d (2,0) SCFTs, constructed in type IIB string
theory by compactifying on a K3 manifold with
local geometries of the type C2=Γ. Thus, we choose
our dimensional parameters to take values
D ¼ 10; d ¼ 6; p ¼ 1, and n ¼ 0. In this case,
wrapping D1/F1- and D5/NS5-branes on the boun-
dary cycles will generate a pair of defect group
symmetries coupled by a “BF” term in the SymTFT.
The polarization consistent with the full gravity
theory is the maximally mixed one.

(3) Last, we can contemplate the 0- and 3-form
symmetries in 5d N ¼ 1 SCFTs engineered in
M-theory by compactifying on a CY3 manifold if
TorH2ð∂XlocÞ is nontrivial.24 These symmetries
would be generated by wrapping M2- and M5-
branes on 2-cycles on the boundary of the CY3, and
are coupled by a “BF” term in the SymTFT. In this
case, the parameters are D ¼ 11; d ¼ 5; p ¼ 2, and
n ¼ 0, and the polarization is required to be max-
imally mixed.

Finally, we end with several examples for the maximally
mixed polarization requirement, with the additional con-
straint D ¼ 2pþ 4. Such examples can be found when
considering type IIB string theory, where D3-branes are
magnetic dual to themselves. Some examples are the
following:

23One can perhaps engineer some nonsupersymmetric exam-
ples, but this is beyond the scope of this paper.

24We expect such a case to have an isolated terminal singu-
larity, which in compact models is associated with discrete
0-form gauge symmetries [88–94], and analyzing such cases
will be reserved for future works.
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(1) Consider the 2-form symmetries in 6d (2,0) SCFTs
engineered in type IIB string theory by compactify-
ing on a K3 manifold with local geometries of the
type C2=Γ. These are generated by wrapping D3-
branes on 1-cycles on the boundary of C2=Γ. The
parameters of this case are D ¼ 10; d ¼ 6; p ¼ 3,
and n ¼ 2 and the 2-form defect group give “CS”
terms in the SymTFT. The polarization is determined
fully by field theory considerations of mutual local-
ity and no mixed gauge-gravity anomalies.

(2) We can also consider the 1-form symmetries of 4d
N ¼ 2 SCFTs engineered in type IIB string theory
by compactifying on a CY3 manifold with nontrivial
TorH2ð∂XlocÞ. These are generated by wrapping
D3-branes on 2-cycles on the boundary of the CY3.
The parameters of this case are D ¼ 10; d ¼ 4;
p ¼ 3, and n ¼ 1. From the geometric analysis above
one might suspect such symmetries will have a
“CS” SymTFT, but we will reserve such analysis to
future work.

(3) Engineering 2d (2, 0) or (1, 0) theories from type IIB
string theory by compactifying on a CY4 or Spin(7)-
holonomy manifolds with nontrivial H3ð∂XlocÞ,25
we can look at the 0-form symmetries generated
by wrapping D3-branes on 3-cycles on the boundary
of the CY3. The parameters of this case are
D ¼ 10; d ¼ 2; p ¼ 3, and n ¼ 0. Such theories
are expected to have a “CS” SymTFT terms similar
to the 6d case.

C. 6d (2,0) SCFTs

In this section, we focus on 6d N ¼ ð2; 0Þ SCFTs
and their associated 7d bulk SymTFT description [56],
which describes their allowed global structures.26 These
theories can be engineered from type IIB string theory by
placing it on

R1;5 × Xloc
4 ; ð5:4Þ

where Xloc
4 ¼∪i C2=Γi, where Γi ⊂ SUð2Þ is a finite group

of ADE type. In this specific case, it is hard to derive the
SymTFT directly from a reduction of the IIB string theory
on ∂Xloc

4 , following the differential cohomology procedure
of [9], due to the self-duality of the C4 background gauge
field. Thus, here we discuss the 2-form symmetries and
their “CS” term contributions to the SymTFT, and the 0-
and 4-form symmetries and their “BF” term contributions
to the SymTFT, separately. Finally, we show that there is an
additional mixed gauge-gravity anomaly term in the
SymTFT that can be derived for the IIB string theory

action that restricts the choice of boundary conditions for
the 0- and 2-form symmetries to be correlated.

1. 7d SymTFT for 0- and 4-form symmetries

The 0- and 4-form symmetries of these theories are
generated by operators created by wrapping D5(NS5)-
branes and D1(F1)-branes on 1-cycles of ∂Xloc

4 , respec-
tively. Accordingly, the charged operators under these
symmetries are created by wrapping D1(F1)-branes and
D5(NS5)-branes on relative 2-cycles of Xloc

4 that their
boundary 1-cycles are linked with the 1-cycles wrapped
to create the symmetry generators. In this case, the
SymTFT terms are the regular “BF” terms of the form

Sð0−4ÞSymTFT ¼ 1

4π

X
i;j

Kij

Z
M7

ðBi
5dA

j
1 þ B̃i

5dÃ
j
1Þ; ð5:5Þ

where Kij is the Cartan matrix associated with the
singularities C2=Γi,

27 Bi
5ðB̃i

5Þ and Ai
1ðÃi

1Þ are the back-
ground gauge fields for the symmetries generated by
wrapping D5(NS5)-branes and D1(F1)-branes on 1-cycles
of ∂Xloc

4 , respectively.
As in the 7d N ¼ 1 case discussed before, we must

assign boundary conditions to the fields in the SymTFT
above in order to get an absolute 6d theory.

2. 7d SymTFT for 2-form symmetries

The 2-form symmetries are somewhat special in this case
along with their 7d SymTFT terms. This is due to the fact
that they are generated by operators engineered by wrap-
ping self-magnetic-dual D3-branes on 1-cycles of ∂Xloc

4 .
Similarly, the background gauge fields for the 2-form
symmetries come from the KK reduction of the self-dual
3-form gauge fields of IIB string theory. One physical
consequence of this is that there is no natural distinction
between “electric” and “magnetic” contributions.
In this case, the “BF” terms of interest above are now

Abelian CS terms of the form

Sð2ÞSymTFT ¼ 1

4π

X
i;j

Kij

Z
M7

Ci
3dC

j
3: ð5:6Þ

Here Kij ∈Z and Ci
3 are Uð1Þ-valued gauge fields.

Specifically for 6d SCFTs, based on a Lie algebra g, the
matrix K can be identified with the associated Cartan
matrix. This bulk term describes a noninvertible TQFT:
different boundary conditions potentially encode 6d abso-
lute theories with different global structures. However, it is
a nontrivial step to ascertain whether or not such boundary
conditions exist for these theories.25The existence of such manifolds is not guaranteed. We

reserve analyzing such a case for future work.
26
6d (2, 0) models were studied in the context of higher-form

symmetries in [31]; see also [95] which discussed coupling such
models to gravity.

27When there is more than one singularity, the matrix Kij is
block diagonal containing the Cartan matrix associated with each
singularity in each block.
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A general 3d topological operator in this bulk theory
takes the form

UλðM3Þ ¼ e
i
R
M3

λiCi
3 : ð5:7Þ

The group of such topological operators under fusion is
exactly the defect group of the associated SCFT. The
existence of boundary conditions corresponding to an
absolute 6d theory is related to the linking of these bulk
operators. In particular, the correlation of two such oper-
ators obeys [56]

hUλðM3ÞUλ0 ðM0
3Þi ¼ e−2πiλ

0TðK−1Þλ·LinkM7
ðM3;M0

3
Þ; ð5:8Þ

where LinkM7
ð·; ·Þ denotes the linking number inside M7.

This correlation defines a bilinear pairing for the 2-form
part of the defect group Dð2Þ,

h·; ·i∶Dð2Þ ×Dð2Þ → Uð1Þ: ð5:9Þ

Concretely, if two such topological operators with non-
trivial braiding were given the same boundary condition
this would lead to an SCFT with mutually nonlocal
extended operators.
The bilinear pairing emanates from a quadratic form

q∶λ →
1

2
λTK−1λ; ð5:10Þ

with the relation

hλ; λ0i ¼ exp½−2πiðqðλþ λ0Þ − qðλÞ − qðλ0ÞÞ�: ð5:11Þ

We denote a choice of subgroup generated by fλig
that gives hλi; λji ¼ 1 for all i, j, as “l-isotropic,28” while
an integer q choice is denoted as “q-isotropic.” In Table II
we list the quadratic forms for some A-, D-, and E-type
algebras.

Consider a basic example: a 6d SCFT based on algebra
g ¼ AN−1. The 2-form part of the defect group is given by
the center, Dð2Þ ¼ ZN . We can obtain an absolute theory if
there is a subgroup of the defect group chosen by the
generator a that gives an l-isotropic group, or, equivalently,

qðaÞ ¼ N − 1

2N
a2 ∈

1

2
Z: ð5:12Þ

This is only possible for N ¼ n2, in which case the only
solution is a

n ∈Z, which generates a Zn subgroup of
ZN ¼ Zn2 ; this is the 2-form symmetry of the associated
absolute 6d SCFT. These considerations lead to the
classification of the absolute 6dN ¼ ð2; 0Þ SCFTs of [56].
Applying boundary conditions at the level of the

SymTFT Lagrangian can be instructive. We focus con-
cretely on a simple example to illustrate this point:

SSymTFT ¼ N
4π

Z
C3dC3: ð5:13Þ

The most general boundary conditions we can choose
involve setting C3 equal to some B3, a fixedZn-valued field
on the boundary. Such a condition can be imposed
explicitly via an extra boundary term,

SSymTFT þ Sδ ¼
N
4π

Z
C3dC3 þ

n
4π

Z
∂M7

ðC3 − B3ÞY3:

ð5:14Þ

Attempting to retain gauge invariance enforces two fea-
tures: that N ¼ n2, and that there is a residual ’t Hooft
anomaly

n2

4π

Z
B3dB3 ð5:15Þ

of the 2-form symmetry in the absolute theory.

3. q-isotropy requirement

From a field-theory perspective, the q-isotropic require-
ment is well motivated. If one selects an l-isotropic
subgroup, but strictly not q-isotropic, we call the resulting
three-dimensional operators “fermionic” when they have
half-integer spin q. With such operators in a theory, one
must equip spacetime with a fourth Wu class to make the
theory independent of a boundary manifold or, equiva-
lently, to specify how these fermionic operators depend on
an attached bounding 4-manifold [56]. Once we couple
gravity, we cannot fix this additional structure; therefore,
we must require q-isotropy. This could equally be inter-
preted as a condition to avoid a mixed gravity anomaly.

TABLE II. Quadratic form/spin evaluated for the generators of
A-, D-, and E-type algebras [56], which give nontrivial fusion
algebras as 6d theories. For D2n, v denotes the vector, s the
spinor, and c the cospinor generators.

ADE algebra q

An−1
n−1
2n

D2n qðvÞ ¼ 1
2
, qðsÞ ¼ qðcÞ ¼ 2n

8

D2nþ1
2nþ1
8

E6
2
3

E7
3
4

28The pairing h·; ·i is obviously the “exponentiated” version of
the linking pairing on lattices, which we call l; see Appendix A.
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4. Relation between 0-, 2-, and 4-form symmetries

Based on the given data so far, the polarization choices
for 2-form symmetry and that for the 0-/4-form symmetries
are completely independent. However, as explained above,
the top-down construction requires these choices to be
correlated.
This correlation can be explained field theoretically by

including an anomaly term in the SymTFT. Geometrically,
this anomaly arises from the topological terms of type IIB
string theory [69].29 Specifically, we begin with the term

Stop ⊃ 2π

Z
M10

�
−
1

2
F5 ∧ B2 ∧ F3

�
; ð5:16Þ

where M10 is the 10d spacetime, and F5 and F3 are the
4-form C4 and 2-form C2 field strengths in the Ramond-
Ramond (RR) sector, while B2 is the 2-form field in the
Neveu-Schwarz-Neveu-Schwarz sector.
In topologically nontrivial situations where the above

fields are not globally well defined, this term needs to be
slightly modified [9]. Specifically, one will need to model
the B2 field as a class H̆3 ∈ H̆3ðM10Þ in (ordinary) differ-
ential cohomology. Under this refinement, the term in
(5.16) is interpreted as the R=Z-valued secondary invariant
of a differential cohomology class Ĭ11 ∈ H̆11ðM10Þ,30

Stop
2π

⊃
Z
M10

Ĭ11 mod 1¼
Z
M10

�
−
1

2
F̆5 � H̆3 � F̆3

�
mod 1:

ð5:17Þ

Now, we can consider engineering 6d (2, 0) by reducing
type IIB string theory on C2=Γ. Note that the S3=Γ
cohomology torsion is localized in degree two, as shown
in Table II,

H0ðS3=Γ;ZÞ ¼ H3ðS3=Γ;ZÞ ¼ Z; H1ðS3=Γ;ZÞ ¼ 0;

H2ðS3=Γ;ZÞ ¼ Γab: ð5:18Þ

Using the matching cohomology generators, we can
expand

F̆5 ¼ f̆5 � 1̆þ
X
i

c̆ðiÞ3 � t̆2ðiÞ þ f̆2 � v̆3;

F̆3 ¼ ˘̃h3 � 1̆þ
X
i

ăðiÞ1 � t̆2ðiÞ þ f̆0 � v̆3;

H̆3 ¼ h̆3 � 1̆þ
X
i

˘̃aðiÞ1 � t̆2ðiÞ þ h̆0 � v̆3; ð5:19Þ

where the above generators are associated with the follow-
ing cohomologies:

1̆ ↔ H0ðS3=Γ;ZÞ ¼ Z; t̆2ðiÞ ↔ H2ðS3=Γ;ZÞ ¼ Γab;

v̆ ↔ H3ðS3=Γ;ZÞ ¼ Z: ð5:20Þ

Note that fields coming from the torsional part of the
cohomology are associated with discrete symmetries, while
the rest are associated with continuous Uð1Þ symmetries.
Focusing only on the torsional part of the above expansion
and substituting it into (5.17), we find the following
SymTFT terms:

SSymTFT

2π
⊃−

X
i;j

CS½S3=Γ�ij
Z
M7

c̆ðiÞ3 � ðh̆3 � ăðjÞ1 þ ˘̃h3 � ˘̃aðjÞ1 Þ;

ð5:21Þ
where

CS½S3=Γ�ij ¼
1

2

Z
S3=Γ

t̆2ðiÞ t̆2ðjÞ mod 1: ð5:22Þ

In this SymTFTaction, the discrete fields c̆ðiÞ3 , ăðjÞ1 ( ˘̃aðjÞ1 ) are
associated with the 2- and 0-form symmetry background
gauge fields Ci

3 and Ai
1ðÃi

1Þ appearing in (5.6) and (5.5),
respectively, in the case where Xloc

4 is built from a single
singularity. This can be trivially generalized for the case of
multiple singularities. In addition, the ordinary cohomol-

ogy representatives h3; h̃3 of the fields h̆3 and ˘̃h3 are field
strengths for a self-dual Uð1Þ 2-form symmetry, i.e., h3 ¼
db2 and h̃3 ¼ ⋆6db2. This 2-form field b2 is akin to the
Cd−4 field in the d ≥ 7 cases discussed previously in that it

TABLE III. The group H2ðS3=ΓÞ and the coefficients
−CS½S3=Γ�ij for the different ADE algebras associated with
Γ [9,26].

ADE algebra Γab −CS½S3=Γ�ij
An−1 Zn

n−1
2n

D2n Z2 ⊕ Z2 1
4

�
n n − 1

n − 1 n

�
D2nþ1 Z4

2nþ1
8

E6 Z3
2
3

E7 Z2
3
4

E8 0 0

29In general, the kinetic terms of this action are not well
defined due to the self-duality of the 4-form RR C4 field strength.

30Note that deriving the full SymTFT action from the type IIB
supergravity action requires moving one dimension higher to a
manifold M11, such that ∂M11 ¼ M10 [71]. This is required in
order to deal with the self-duality that makes the kinetic term of
F5 not well defined. In our case, since we are not interested in the
kinetic term, this will not have any effect.
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appears as the background field for a global symmetry in
the nongravitational setting, but is part of the gravity
multiplet of the supergravity model.
Therefore, the terms appearing in (5.21) will in general

generate a mixed gauge-gravity anomaly; thus, one will
need to choose boundary conditions for the 2-form and
0-form fields in a way that will trivialize these terms when
we couple the theory to gravity. Notice that the coefficients
of these terms −CS½S3=Γ�ij in Table III are exactly the same
as the q-quadratic form in Table II.31 This exactly means
that the boundary conditions for the 2- and 0-form
symmetries will be correlated. Taking this constraint
together with the BF coupling of the 0- and 4-form
symmetries will fully constrain the 4-form symmetry
boundary conditions; this will correspond to the correlated
boundary conditions requirement presented earlier.
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APPENDIX A: SOME LATTICE FACTS

Here we collect some useful information about lattices.
(1) Lattice: A free, finitely generated Abelian group

L ≅ Zn with a nondegenerate symmetric pairing
L × L → Q, denoted by x · y. One can always embed
L ↪ Rn such that the pairing is induced by a suitable
symmetric bilinear form h·; ·i onRn via the restriction

∀ x; y∈L ⊂ Rn∶ x · y ¼ hx; yi: ðA1Þ
(2) Gram matrix: Given a basis feaga¼1;…;n of L, the

Gram matrix is Gab ¼ ea · eb ¼ Gba.
(3) Signature: Let n� be the number of positive/

negative eigenvalues of Gab (including multiplici-
ties). Then, ðn−; nþÞ is the signature of the lattice L.
This does not depend on the choice of basis feag.

(4) Integral lattice: A lattice L such that x · y∈Z for
all x; y∈L.

(5) Even lattice: An integer lattice L such that x · x∈ 2Z
for all x∈L.

(6) Dual lattice: Given a lattice L ↪ Rn with associ-
ated bilinear form h·; ·i, the dual lattice is the rank-n
lattice

Rn ⊃ L� ≔ fv∈Rnj ∀ x∈L ⊂ Rn∶ hv; xi∈Zg:
ðA2Þ

One has ðL�Þ� ¼ L. For an integer lattice L with
basis ea of L, any vector v∈L� can be written as a
fractional linear combination of ea. So L ⊂ L�.

(7) Discriminant group: The discriminant group of an
integer lattice L is the finite Abelian group L�=L.
The order jL�=Lj is equal to detðGabÞ.

(8) Unimodular/self-dual: A lattice L is unimodular/
self-dual if L ¼ L�. Equivalently, it has a trivial
discriminant group.

(9) “Linking” pairing: Given an integer lattice L, there
is a natural nondegenerate, or perfect, “linking”
pairing on L�=L, given by

l∶
L�

L
×
L�

L
→ Q=Z;

lð½v mod L�; ½w mod L�Þ ≔ v · w mod Z: ðA3Þ

A subgroup C ⊂ L�=L is isotropic, or l-isotropic,
if ljC ¼ 0.

(10) Quadratic refinement: Given a finite Abelian group
Z with a linking pairing l, a quadratic refinement
(of l) is a quadratic form q∶Z → Q=Z [i.e., qðzþ
� � � þ zÞ ¼ qðnzÞ ¼ n2qðzÞ and qð0Þ ¼ 0] such that

lðz; z0Þ ¼ qðzþ z0Þ − qðzÞ − qðz0Þ: ðA4Þ

In general, there can be multiple inequivalent quad-
ratic refinements for one linking pairing.
For L an even lattice, there is a natural choice of

quadratic refinement induced by the lattice pairing,

qL∶
L�

L
→Q=Z; qLð½v mod L�Þ≔ 1

2
v2 mod Z:

ðA5Þ

We call a subgroup C ⊂ L�=L q-isotropic if
ðqLÞjC ¼ 0. Notice that a q-isotropic subgroup must
necessarily be l-isotropic, but not vice versa.

(11) Properties of ADE root lattices: The root lattice
Lg ≡ L of a semisimple non-Abelian ADE algebra g
is an even lattice with signature ð0; rankðgÞÞ. For a
decomposition g ¼ ⨁ggg into simple factors,
Lg ¼ ⨁gLgg is the orthogonal sum of lattices.
(a) The simple roots of g define a basis feag of L.

The Gram matrix Gab in this basis is nothing
but the Cartan matrix of g.

(b) The discriminant group L�=L ¼ ZðG̃Þ is the
center of the simply connected cover G̃ with
algebra g.

(c) The dual lattice L� is generated by the weights of
g; hence, it is also called the weight lattice. Let

31Note that for D2n there is a choice of basis for the Z2 × Z2

such that ZðsÞ
2 ¼ Zð1Þ

2 and ZðcÞ
2 ¼ Zð2Þ

2 , and ZðvÞ
2 is the diagonal

Z2; this shows that the results in both tables are equivalent for the
D2n case as well.
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fwag be the dual basis, i.e., wa · eb ¼ δab; then,
wa · wb ¼ ðG−1Þab is the inverse Cartan matrix.

(d) For a simple ADE algebra g, the quadratic
refinement on L�=L takes the values listed in
Table II for the generators.

APPENDIX B: INSTANTON
FRACTIONALIZATION IN THE

LATTICE DESCRIPTION

For a simple non-Abelian factor g, the fractionalization
of c2ðF Þ in the presence of a generic ZðG̃Þ 1-form
symmetry background B has been computed before
[1,24,96,97] and takes the form c2ðF Þ≡ −αB ∪ B, where
α are fractional coefficients that are listed in Table II as the
values of q. This is because it is equivalent to the quadratic
refinement qð½v�Þ for the generator [v] of L�

g=Lg ¼ ZðG̃Þ.
Turning on a generic background in a subgroup C ⊂ ZðG̃Þ,
generated by another element ½w�∈L�=L, the fractional
coefficient would then be qð½w�Þ.
For a semisimple non-Abelian ADE algebra g ¼ ⨁gg,

any background field B is labeled by ½w� ¼ ð½wg�Þ∈
L�=L ¼ ⨁gðL�

gg=LggÞ. Since the root lattice L is just the
orthogonal sum of Lgg , the pairings on the lattices and the
discriminant groups decompose. Therefore, the fraction-
alization of the instanton densities sum is

X
g

c2ðF gÞ≡ −
X
g

qgð½wg�ÞB ∪ B

mod Z ¼ −qLð½w�ÞB ∪ B mod Z: ðB1Þ

The fractionalization of the Abelian instanton density
Tij

2
c1ðFiÞ ∧ c1ðFjÞ in (4.16) can also be expressed in terms

of the lattice pairing Tij. First, we can think of this
expression as the self-pairing inside the T lattice for a
vector V ¼ P

i c1ðFiÞti, where ti are the basis vectors of T
which leads to the Gram matrix Tij. Now, for a single Uð1Þ
factor with Tij ¼ T11 ¼ N, turning on a ZN ¼ T�=T
1-form symmetry background B labeled by the generator
[v] of the ZN would fractionalize as c1ðFÞ≡ 1

N B mod Z;
the coefficient here is nothing but the coefficient of the dual
basis vector v ¼ 1

N t when expressed as a fractional linear
combination of the generators of T. This generalizes
straightforwardly to a higher-rank T lattice, meaning that
the fractionalization c1ðFiÞ≡ λiB mod Z in the presence
of a 1-form background B labeled by an element ½v�∈T�=T
is encoded in the fractional expression v ¼ P

i λiti ∈T�.
Note that c1ðFiÞ still contains an integer part piA, where A
is an integer 2-cocycle which, similar to c1ðFiÞwithout any
1-form symmetry backgrounds, can be regarded as a vector
in T. Then,

Tij

2
c1ðFiÞ ∧ c1ðFjÞ ¼

Tij

2
ðpiAþ λiBÞ ∪ ðpjAþ λjBÞ

¼ Tij

2
pipjA ∪ Aþ TijpiλjA ∪ Bþ Tij

2
λiλjB ∪ B

≡
�
1

2
v · v

�
B ∪ Bþ integer 4-cocycles ¼ qTð½v�ÞB ∪ B mod Z; ðB2Þ

because Tij=2pipj ¼ 1
2
p · p∈Z since T is even, and Tijpiλj ¼ p · v∈Z since v is a vector in the dual lattice.
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