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METAPLECTIC GABOR FRAMES AND SYMPLECTIC
ANALYSIS OF TIME-FREQUENCY SPACES

ELENA CORDERO AND GIANLUCA GIACCHI

ABSTRACT. We introduce new frames, called metaplectic Gabor frames, as nat-
ural generalizations of Gabor frames in the framework of metaplectic Wigner
distributions, cf. [7, 8, 5, 18, 28, 29]. Namely, we develop the theory of meta-
plectic atoms in a full-general setting and prove an inversion formula for meta-
plectic Wigner distributions on R¢. Its discretization provides metaplectic Gabor
frames.

Next, we deepen the understanding of the so-called shift-invertible metaplec-
tic Wigner distributions, showing that they can be represented, up to chirps,
as rescaled short-time Fourier transforms. As an application, we derive a new
characterization of modulation and Wiener amalgam spaces. Thus, these meta-
plectic distributions (and related frames) provide meaningful definitions of local
frequencies and can be used to measure effectively the local frequency content of
signals.

1. INTRODUCTION

Frames were originally introduced by Duffin and Schaeffer in [12] and today
they have become popular in many different fields, such as sampling theory, phase
retrival, operator theory (they almost diagonalize several classes of pseudodiffe-
rential and Fourier integral operators), PDE’s, nonlinear sparse approximation,
wireless communications, signal processing, quantum mechanics and computing
(cf. [6, 20, 22, 26] and references therein). Any environment may require a suitable
frame, tailored for the matter, so that the main concern is to find the right atoms
to represent a function.

For a fixed window g € L*(RY) \ {0}, define M¢g(t) := > g(t), £ € R?, and
T,g(t) = g(t—x), x € R, the modulation and the translation operator, respectively.
Their composition 7(z) = MT,, z = (z,§), is called a time-frequency shift. Let
A be a sequence of points in R?? (that is, a discrete set in R??). Then the Gabor
system generated by g and A is the set of time-frequency shifts

G(g,A) = {m(N)g}aea-
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2 ELENA CORDERO AND GIANLUCA GIACCHI

The Gabor system is a Gabor frame if it is a frame: namely, if there exist
A, B > 0 such that the inequalities

(1) AlfIE < Y IKF N9 < Bl

AEA

hold for every function f € L*(R). This implies the reproducing formula

(2) =Y (f.7(Ng)m(A),

AEA

for a suitable function v € L*(R?) (called dual window).
Observe that the elements of a Gabor frame are simply generated by time-
frequency shifts of a single window function and are called Gabor atoms. They

arise naturally from the discretization of the short-time Fourier transform (STFT),
defined as

(3) Vof(2,6) = (f, McThg),  (2,€) € R*.

In fact, the STFT decomposes a signal f € L?(R?) as integral superposition of
the time-frequency shifts 7(x, ) as follows:

(@ = [ Vel e Epdrds,  f e LRY,

</77g> R2d
where g,v € L*(R?), 7,9 € L?(RY) satisfy (7, g) # 0, and the integral is intended
in the weak sense of vector-valued integration.

In the practice, integrals are approximated by the partial sums of their Riemann
sums, so that, using the equality |V, f(\)| = |(f,7(N)g)|, the Gabor reproducing
formula in (2) can be viewed as a discretization of (4). Equivalently, it expresses
f as a discrete superposition of fundamental atoms.

In this paper we are mainly concerned with the characterization of the funda-
mental spaces in time-frequency analysis: modulation and Wiener amalgam spaces.
They were introduced by H. Feichtinger in the 80’s [14] (cf. Galperin and Sama-
rah [17] for the quasi-Banach setting) and have become popular in the last twenty
years, since they have been proved to be the right environment for many different
topics: signal analysis, PDE’s, quantum mechanics, approximation theory [3, 6].

Let m be a v-moderate weight, see Section 2.1 below for details. We say that a
tempered distribution f belongs to the modulation space MP4(R%), 0 < p,q < oo,
if V,f € LP:4(R??). Consequently, these spaces are used to measure the local time-
frequency content of signals in terms of Lebesgue (quasi-)norms.

Differently from the framework of LP spaces, where the convolution is not even
well-defined for LP functions with 0 < p < 1, discrete convolution inequalities hold
also in the quasi-Banach setting. These facts, together with Gabor theory, are used
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to prove the atomic decomposition of modulation spaces [19, 17]. Namely, if G(g, A)
is a Gabor frame, formula (2) holds with unconditional convergence in MP77(R?)
(0 < p,q < o0) and with weak-* convergence in Mffv(Rd) otherwise. Moreover,

[ sz = N (VoS s A2)) o amyenllensa)

q/p
- <Z |V;f<A1,A2>|pm<W2>p>

A2 A1

1/q

In this paper we extend the characterization above to more general frames, in-
cluding the Gabor ones. As well as Gabor frames arise as discretization of the
reproducing formula for the STFT, we introduce frames that come from discretiza-
tions of a more general class of TF-representations, including the STFT. Namely,
the latter representation, as well as the 7-Wigner distributions (see Section 2.3
below), are examples of the so-called metaplectic Wigner distributions, introduced
in [7] and studied in [8, 5, 18].

For a fixed metaplectic operator A € M p(2d,R), the metaplectic Wigner distri-
bution W4 is defined by

(5) Walf,9) =A(f®3), f.geL*RY).

We refer to Section 2.5 for the definition of metaplectic operators. If the pointwise
evaluations Wa(f,g)(z,€), 2,6 € R?? are well defined, W4(f, g)(x,-) can also be
used to represent the local frequency content of the signal f at time x differently
and more suitably, according to the context. For this reason, it is important to
establish whether a metaplectic Wigner distribution can be used to measure the
local frequency content of signals or, stated differently, when

(6) [f Tazzes = IWalfs g)ll -

For any metaplectic Wigner distribution W, there exists a matrix F4 €
such that

Rde 2d

(Walr(w)f,9)(2)] = [Wa(f. 9)(z = Baw),  w€R*,

and Wy is shift-invertible if E4 € GL(2d,R). It was shown in [4] that if W4 is
shift-invertible and E 4 is upper-triangular, then (6) holds for all 1 < p,q < .
Nevertheless, the nature of shift-invertible Wigner distributions was still poorly-
understood and no explicit characterization of them was provided.

In the attempt to prove (6) for the quasi-Banach setting 0 < p,q < oo, the
question arises whether an equivalent of (4) can be proved for metaplectic Wigner
distributions. Roughly speaking, Moyal’s identity:

(Walf,9), Wale, 7)) = (f,e)9.7).  [f.9,¢,7 € L*(RY),
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implies that

o ) = s [ Walheo) (a0

This suggests to define the metaplectic atoms m4(2), z € R?, implicitly on S(R?)
as the distributions characterized by:

(o, ma(2)7) = Wale,7)(2), ¢ € SRY),

so that (7) becomes the vector-valued integral:

1

= [ WAl o) mands

A metaplectic Gabor system of L*(R?) is defined as the family

Galg, N) = {ma(N)g}rea,

with g € L%(R?) and A C R?? a discrete set. If the family above is a frame, that
is, it satisfies the inequalities in (1) with m4(\)g in place of 7(\)g, we call it a
metaplectic Gabor frame.

In this work, we develop the theory of metaplectic Gabor frames, showing that
the related frame operator enjoys similar property to the Gabor one. In particular,
in Theorem 6.4 below, under the shift-invertibility assumption of W4 it is shown
the equivalence of the following statements:

(i) Galg, ) is a metaplectic Gabor frame with bounds A, B;
(ii) G(6.49, E4'N) is a Gabor frame with bounds | det(E4)|A,|det(E4)|B;

with a being a suitable metaplectic operator called deformation operator, see
Definition 4.5 in the sequel.

Special instances of metaplectic Gabor frames are the h-Gabor frames introduced
by M. de Gosson in [9], see Example 6.3 in Section 6. This result generalizes [9,
Proposition 7] because in our case E 4 needs not to be symplectic.

Another outcome of this manuscript is given by the characterization of the shift-
invertibility property of Wy4. We prove that W4 is shift-invertible if and only if
W4 is, roughly speaking, a STFT up to linear change of variables and products-
by-chirps (Corollary 4.4 in Section 4):

W4 is shift-invertible if and only if, up to a sign, for any f,g € L*(R%)
Wa(f,9)(z) = |det(B)| " ?@n, (EZ'2) Vs f(EL'2), z€R¥,

where @y, (t) = e™Nat| ¢ € RY, with an appropriate matrix N 4.
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This characterization shows that the property of measuring local time-frequency
content of signals is basically a typical feature of the STFT.
As application, we complete the characterization of modulation and Wiener amal-
gam spaces started in [8, 5, 4], c¢f. Theorem 7.1 below. This result shows that,
under the shift-invertibility assumption, the characterization in (6) holds for every
0<p,q<o0.

Outline. This work is divided as follows. We present preliminaries and notation
in Section 2. Section 3 is devoted to metaplectic atoms, defined implicitly as in (7),
and to an equivalent of inversion formula (4) for metaplectic Wigner distributions.
In Section 4, we characterize shift-invertible Wigner distributions in terms of the
STFT. We compute the metaplectic atoms of the distributions which belong to
the Cohen’s class in Section 5. In Section 6 we define metaplectic Gabor frames,
characterizing those related to shift-invertible distributions. In Section 7 we com-
plete the characterization of modulation spaces and Wiener amalgams in terms of
shift-invertibility. We devote the Appendix to the proof of an intertwining formula
between metaplectic operators and complex conjugation, which is used to obtain
the expression of the adjoint of metaplectic atoms in Section 3.

2. PRELIMINARIES

Notation. We denote xy = x - y (scalar product on R%). The space S(R?) is
the Schwartz class, which is a Frechét space with seminorms

pas(f) = sup [¢° D’ f(z)],  «a,BeN,

z€R4

whereas its dual &'(RY) is the space of tempered distributions. The brackets (f, g)
denote the extension to &'(R%) x S(R?) of the inner product (f, g) = [ f(t)g(t)dt
on L*(RY) (conjugate-linear in the second component). We write a point in the
phase space (or time-frequency space) as z = (x,£) € R*, and the corresponding
phase-space shift (time-frequency shift) acts on a function or distribution as

(8) m(2)f(t) = 2™ f(t —x), teR

In the following, we will use the composition law of time-frequency shifts: for all
2= (21,2),w = (wy,wy) € R

9) m(2)m(w) = e 2 (2 4 w).
Trivially 7(0) = idz2 and it is easy to verify that

(10) m(2) = w(2)" = e T Rr(—2).
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Time-frequency shifts are isometries of L2(R9). If t € R?, the Dirac delta distribu-
tion &; € 8'(RY) is characterized by

(0, 0) = 0t) ¢ €SRY).

The notation f < g means that there exists C' > 0 such that f(z) < Cg(z) holds
for all . The symbol <; is used when we stress that C = C(t). Ilf g S f S ¢
or, equivalently, f < g < f, we write f < g¢g. For two measurable functions
f,9:RY— C, we set f®g(z,y) = f(x)g(y). If X,Y are vector spaces, X ® Y is
the unique completion of span{z®y : z € X,y € Y}. If X(R?) = L?(R?) or S(RY),
the set span{f ® g : f,g € X(R%)} is dense in X (R??). Thus, for all f,g € S'(R?),
the operator f ® g € §'(R??) is defined by its action on ¢ ® 1) € S(R?*) by

(f®@g,0@¢)=(f0){g,%)

extends uniquely to a tempered distribution of S'(R??).
GL(d,R) denotes the group of d x d invertible matrices.

2.1. Weighted mixed norm spaces. We denote by v a continuous, positive,
even, submultiplicative weight function on R?¢ i.e., v(2; + 22) < v(21)v(22), for all
21,z € R*, We say that w € M,(R??) if w is a positive, continuous, even weight
function on R?*? that is v-moderate: w(zy + 22) < v(21)w(2) for all 21, 2o € R,
Fundamental examples are the polynomial weights

(11) vy(2) = (1+|2])*, s€R, ze&R*

Two weights m,, my are equivalent if m; < m,. For example, v,(z) =< (1 + |2]?)*/2.

If m € M,(R?)), 0 < p,q <ooand f:R* — C measurable, we set

a/p 1a
Il = (/Rd(Ad|f<x,y>|pm<x,y>pdx) dy> = ly = 1 CwmC )l

with the obvious adjustments when min{p, ¢} = co. The space of measurable func-
tions f having || f||zze < oo is denoted by LE4(R?*?). We recall the following partial

generalization of the results in [16], which gathers the content of [4, Theorems A2
and A3

Proposition 2.1. (i) Consider A,D € GL(d,R), B € R and 0 < p,q < oc.
Define the upper triangular matrix

(12) S— (Oid g) |

The mapping Ts : f € LPI(R*) — |det(S)|*/2f oS is an isomorphism of LP4(R??)
with bounded inverse Tg-1.
(ii) Let m € M,(R*), S € GL(2d,R) and 0 < p,q < oo. Consider the operator
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(Ts)m : f € LPA(R?) s |det(S)|Y2f 0 S. If mo S < m, then Ty : LPI(R?*) —
LP9(R?) s bounded if and only if (Ts)m : L2I(R*) — LP4(R2?) is bounded.

2.2. Fourier transform. In this work, the Fourier transform of f € S(R?) is
defined as

A~

f& = [ fla)e ™ *de, ¢eR%
Rd

If f e S'(RY), the Fourier transform of f is defined by duality as the tempered
distribution characterized by

(f.¢)=(f.0), ©eSRY.

We denote with Ff := f the Fourier transform operator. It is a surjective auto-
morphism of S(R?) and §'(R?), as well as a surjective isometry of L*(R?).

If f e S(R*™), we set Fof(x,n) = [paf(x,y)e"?™¥dy, the partial Fourier
transform with respect to the second variables, which is a surjective isomorphism
of S(R??) to itself. This definition extends to L*(R??) by density and to S'(R?)
by duality. Namely, if f € S'(R%*),

(Faof.0) = (f.Fy'0), e SERM).

2.3. Time-frequency analysis tools. The short-time Fourier transform of f €
L?(R?) with respect to the window g € L?(R?) is the time-frequency representation
defined as

Vof(e.)= | fOal—ae S an (r.6) € R

This definition extends to (f, g) € &'(R?)xS(R?) by antilinear duality as V, f(z, £) =
(f,m(x,&)g). The reproducing formula for the STFT reads as follows: for all
g,7 € L*(R?) such that (g,v) # 0,

1

(13) — o | VoF @ el s

where the identity holds in L?(R?) as a vector-valued integral in the weak sense
(see, e.g., [6, Subsection 1.2.4]).

In high-dimensional complex features information processing 7-Wigner distribu-
tions (7 € R) play a crucial role [27]. They are defined as

(W) Wfo)w&) = [ fla+rgle— (-0 "<, (0.6 €R"

for f,g € L*(R?). The cases 7 = 0 and 7 = 1 are the so-called (cross-)Rihacek
distribution

(15) Wo(f,9)(x,€) = f(2)g(§)e™,  (x,€) € RY,
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and (cross-)conjugate Rihacek distribution
(16) Wi(£.9)(x,€) = f(©)g(x)e”™ . (x,€) € R

2.4. Modulation spaces [3, 13, 14, 19, 17, 23, 25]. Fix 0 < p,q < o0, m €
M,(R??), and g € S(RY) \ {0}. The modulation space MP4(R?) is classically
defined as the space of tempered distributions f € S’(R?) such that

1/ azze = Vo fll g < o0

If min{p,q} > 1, the quantity ||-|[« defines a norm, otherwise a quasi-norm.
Different windows give rise to equivalent (quasi-)norms. Modulation spaces are
(quasi-)Banach spaces and the following continuous inclusions hold:

if 0<p <pp<o00,0<q <q<ooand my,my € M,(R?*?) satisfy my < my:

S(RY) — M2 (RY) — MP22(RY) — S'(R?).
In particular, M!(R?) < MP4(R?) whenever m € M,(R?*!) and min{p,q} > 1.

We denote with MP:4(R%) the closure of S(R?) in MP?4(R%), which coincides with

the latter whenever p, ¢ < co. Moreover, if 1 < p,q < oo, (MP4(R9))" = Mf;f; (RY),

where p’ and ¢’ denote the Lebesgue conjugate exponents of p and ¢ respectively.
Finally, if my =< ms, then M29(R?) = M24(R?) for all p, .

2.5. The symplectic group Sp(d,R) and the metaplectic operators. A ma-
trix S € R?¥*24 is symplectic, we write S € Sp(d, R), if
(17) STJs =J,

where the matrix J is defined as

(18) J = ( Oaxa Idxd) :

—Iixa Odxd

In this work, I;xq € R is the identity matrix and Ogyg is the matrix of R?*¢
having all zero entries.
We represent S € Sp(d,R) as a block matrix

(19) S— (é g)

with A, B, C, D € R™?. 1t is straightforward to verify that S € R?¥*% is symplectic
if and only if the following conditions hold:

(R1)  ATC =CO"A,
(R2) B'D=D"B,
(R3)  A"D —C"B = I,
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and it can be proved that det(S) = 1 and the inverse of S is explicitly given in
terms of the blocks of S as

_ DT BT
For E € GL(d,R) and C € R™¢ C symmetric, we define
R Eil Od><d L Id><d 0
(21) Dg = (ded ET) and Vo = ( C Ipa)

J and the matrices in the form Vi (C' symmetric) and Dg (E invertible) generate
the group Sp(d, R).

Let p be the Schrodinger representation of the Heisenberg group, that is
p(-’f, 57 7_) — e2TI'iT€77Ti§'CC7T(.,L,’ 5)’
for all z,& € RY, 7 € R. We will use the following tensor product property: for all
frg € LX(RY), z = (21, ), w = (w1, wy) € R¥,

2miT

p(z;7)f @ plw; T)g = €™ p(z1, w1, 29, wo; T)(f @ g).

For all S € Sp(d,R), ps(x,&;7) := p(S(x,£); ) defines another representation of
tAhe Heisenberg group that is equivalent to p, i.e., there exists a unitary operator
S L*(RY) — L*(R?) such that

(22) Sp(x,&7)S7 = p(S(,€);7), xR rER

This operator is not unique, but if S’ is another unitary operator satisfying (22),
then S’ = ¢S, for some constant ¢ € C, lc| = 1. The set {5’ : S € Sp(d,R)} is
a group under composition and it admits a subgroup that contains exactly two
operators for each S € Sp(d,R). This subgroup is called metaplectic group,
denoted by Mp(d,R). It is a realization of the two-fold cover of Sp(d,R) and the
projection

(23) 7M. Mp(d,R) — Sp(d,R)

is a group homomorphism with kernel ker(7™P) = {—id;2, id2}.
Throughout this work, if S € Mp(d,R), the matrix S (without the caret) will
always be the unique symplectic matrix such that 77(S) = S.

Proposition 2.2. [15, Proposition 4.27] Every operator Se Mp(d,R) maps S(RY)
isomorphically to S(R?) and it extends to an isomorphism on S'(R%).

For C' € R%*?, define
(24) do(t) =™ e R
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If we add the assumptions C' symmetric and invertible, then we can compute ex-
plicitly its Fourier transform, that is

(25) O = | det(C)| P_c.

Example 2.3. For certain S e Mp(d,R), the projection S is known. Let J, Dy,
and Ve be defined as in (18) and (21), respectively. Then,
(i) ™MP(F) = J;
(i1) if Tp = |det(E)|Y/? f(E-), then 7MP(Tp) = Dg;
(ZZZ) Zf gbcf = q)cf, then WMP(¢C) = VC,'
(iv) if vo = FO_cF L, then P (o) f = VL
(v) if Fo is the Fourier transform with respect to the second variables, then
7MP(Fy) = Apra, where Apps € Sp(2d,R) is the 4d x 4d matriz with block
decomposition

Iixa  Odaxd  Odgxd Ogxa
Odxd  Odxa  Odxa laxa
26 A =
(26) Fr2 Odxd  Odxa  Laxa Odxd
Odxa —laxa Odxa Odxd

2.6. Metaplectic Wigner distribution. Let Ae Mp(2d,R). The metaplectic
Wigner distributions associated to A is defined for all f, g € L?(R?) as

Wa(f,9) = Alf ® ).
All the time-frequency representations of Section 2.3 are metaplectic Wigner dis-
tributions. Namely, V, f = Asr(f ® g) and W.(f,9) = A, (f ® g), where:

Tixa  —Iixa Odxd  Odxd
Odxd  Oaxd  Laxd  laxd
27 Ao =
(27) ST Odxd  Odaxd  Oaxa —1laxd
—Iixa  Odxa  Odxd  Odxd

and
(1 = 7)axa Tlixa Odxa Odxd
Odxd Odaxa  Tlixa —(1—7)Igxa
28 A —
(28) Odxd Odxd  Laxd Lixd
—Iixa Tixa  Ogxa Odxd

We recall the following continuity properties.

Proposition 2.4. Let W4 be a metaplectic Wigner distribution. Then,
(i) Wy : L2(RY) x L3(RY) — L?(R*) is bounded;

(i1) W4 : S(RY) x S(RY) — S(R??) is bounded;

(iii) W4 : 8'(RY) x 8'(R?) — S'(R?*) is bounded.
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Moreover, since metaplectic operators are unitary, for all fi, f2, g1, g2 € L*(R?),

(29) (Walf1, f2), Walgr, 92)) = (f1, 91)(f2, 92)-

The projection of a metaplectic operator AeM p(2d,R) is a symplectic matrix
A € Sp(2d,R) with block decomposition

Al 1 A12 A13 A14
A21 A22 A23 A24
A31 A32 A33 A34
A41 A42 A43 A44

(30) A=

For a 4d x 4d symplectic matrix with block decomposition (30), relations (R1) -
(R3) read as:

~

Rla) A{lAgl + A51A41 = A%;All + A£1A21;
) Al Asy + AL Ay = AL Arp + A Ao,
RlC) A{2A32 + A52A42 = A§2A12 -+ AZ2A22,

R2a) A{3A33 —|— Ag3A43 = AggAlg + AZgAzg,
R2b)  Al3Asy + AlyAu = Al Av + Al Ao,
R2C) A{4A34 + Ag4A44 = A§4A14 -+ AZ4A24,

R3a) A?1A33 + A51A43 — (A3T1A13 + AZIAgg) = Idxd7

Ve

R3b) AT Az + AL Ay = AL Ay + AT Agy,
R3C) A{2A33 + A52A43 = A§2A13 + AZZAQ&

L (Rgd) A{2A34 + A52A44 — (A%;AM + A;{QA%L) = [dxd-

We identify four 2d x 2d submatrices of 4d x 4d symplectic matrices. Namely, if
A € Sp(2d,R) has block decomposition (30), we set:

All Alg A31 A33
(31) 4 (A21 A23)’ 4 (A41 A43)’
and

A12 A14 A32 A34
32 E= = .
(82) A (A22 Ay ) A Ay Ay

A simple comparison shows that relationships (Rla) — (R3d) read, in terms of these
four submatrices, as

ELF,— FTEL = J,
(33) EVFu— FLEa=J,
ELF 4 — FYEA = Osa.
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We will also consider

Ays 51axa — An
34 By = 2 _
(34) A (%Idxd — Af) —Ag
Finally, the following matrices will appear ubiquitously throughout this work:
Oaxa  laxd Odxa  laxa
35 L= d P= ,
(35) (Idxd 0d><d> o (ded ded)

Lemma 2.5. Let A € Sp(2d,R) have block decomposition (30) and E 4, F,Ea, Fa
be defined as in (31) and (32). Let L be defined as in (35).

If Eq4 € GL(2d,R), then,

(i) Fa=E"Fi&E4;

(ii) the matriz G4 := LE'E4 is symplectic;

(iii) E4 € GL(2d,R) and det(E4) = (—1)¢det(Ey).

If €4 € GL(2d,R), then,

(Z"U) F,= S.ZT‘FZ;EA;

(v) the matriz & 4 = LS;lEA is symplectic;

(vi) E4 € GL(2d,R) and det(E4) = (—1)%det(E4).

In particular, E 4 is invertible iof and only iof E4 is invertible.

Proof. Relation (i) follows directly from the third equation in (33), using the in-
vertibility of F 4.
Item (i7) is a consequence of (33) and (¢). For, observe that LJL = —J, so that:

GLIG4 = (LE'ENTJ(LEL'E4) = EXEL (LIL)E'E4
= —EVETIE E4=ELE(FAEL— EXFA)EL' E4
= EQ(BLTFL — FaBy)ea = EX(ELTFiEA) — (EAFAEL)EA
= ENFa—Fhéa=J.

Finally, (i77) follows directly from (i7). Items (iv)-(vi) are proved analogously. 0O

3. METAPLECTIC ATOMS

We start by generalizing the definition of time-frequency shifts. Differently from
the classical theory, where time-frequency shifts are defined in terms of translations
and modulations, and then used to define the STF'T, we define them implicitly from
metaplectic Wigner distributions.

Definition 3.1. Let W4 be a metaplectic Wigner distribution and z € R?*?. The
metaplectic atom m4(z) is the operator defined by its action on all f € S(R?Y) as

(o, mal2)f) = Walp, /)(z), ¢ €SRY).
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Observe that if f,¢o € S(RY), Walp, f)(2) is well-defined for all z € R*, by
Proposition 2.4.

Remark 3.2. Definition 3.1 says that metaplectic atoms play the game of time-
frequency shifts for the STF'T.

Metaplectic atoms map S(R?) to S'(R?), see Proposition 3.8 below. We put this
detail aside and take it for granted in favour of some prior example.

Example 3.3. The metaplectic atoms associated to the STFT are the time-frequency
shifts. In fact, for all f, o € S(R?) and all z € R*?

<Q07 TAsT (Z)f> = VfQO(Z) = <§07 W(Z>f>

This implies that ma..(2)f and w(z)f are tempered distributions with the same
action on S(RY), i.e. mag, (2)f =7(2)f.

Example 3.4. For h > 0, consider the time-frequency representation defined for
all f,g € L*(RY) by

VIf(x,€) = (f,2nh) P x"(z,&)g),  (2.&) e R,

where 'z, &)g(t) = '€=/ 2/hg(t —x). These are essentially the time-frequency
representations considered by M. de Gosson in [9]. For all h > 0, up to a sign,

Vi f(x,€) = (2mh) 22, f (a: %) . (@ eRY, fge IARY,
T

so that Vgﬁf =Wy, (f,g), where

Taxa —Iaxa Odxd Odxd

Odxd Odxa  2mhlgxq 27hlgxa
36 Ap =
(36) " Odxd Odxd slixa  —31ixa

— i laxa —plaxa  Oaxd Odxd
In this case, we observe that
~ (1ixa  Odxd
(37) Ean = (ded 27Tﬁ[dxd> '
The metaplectic atoms associated to V" are
_ i€ _ i€ _
T, (2,€)g = (2mh)~Pe a7 (x %) g = |det(Eq,)| 2™ n(EL (2,9))g,

(z,€) e R*, g € S(RY).
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Example 3.5. We compute the metaplectic atoms associated to the T- Wigner dis-
tribution W, (0 <1 < 1). For, let z = (z,€) € R* and f,o € S(R?). Then,

Wi, f)(@,€) = / ol + )z — (1= n)p)e €t

Rd

= id o(s)f (x —(1—7) (S — x)>62mg.(st)d8
79 Jpa -

= / p(s)f (—x - Ts) amic t gamic 2 19
R4 T T -
= (. ma,(z,8)f),
- _yd/2 .
where, if T, f(t) = (le—/)2f (—i=tp),

T

0 Lty (7)1 )

1 —omiZE
T TRl —naet MeT = % f(1).

Observe that m = | det(E4 )72, so

. 1 1
w060 = | det(Ea )22 (L, o) 3, g

— — TriaL5 —
= |det(Ea, )| 2 7 n(E M (2, €)%, f.

Example 3.6. Consider the (cross)-Rihacek distribution Wy, defined for all f,g €
L*(RY) as

Wo(f, 9)(x,&) = f(x)g(&)e >, (x,€) € R™.
Then, if z = (x,€) € R, f g € S(R?),
(38) (0,740 (2) f) = () F(€)e™>™8% = (0, F(€)e¥™ T, 50).

Observe that ma,(z,€)f = f(é“)ez“ig'meéo is a tempered distribution that does not
define a function.

Example 3.7. Let S € Sp(d,R) with S = 7M?(S) having block decomposition

(39) S— <é lB))

and consider the metaplectic Wigner distribution defined in [4, Example 4.1 (ii)] as
Uy f(2) = Vo(SF)(2) = Walf, 9)(z) = (f, 577 (2)g) = (f,m(S7'2)Sg),
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f,g € L*(R?), z,& € RY, where

A —lixa B Ogxd
C Oixa D Iixa

Odxd  Odxa  Odxa —Iixa
—A  Oixa —B 0Oixa

Clearly, E4 = S and m4(2)g = 7(S~'2)S"1g for all z € R*.

A=

As aforementioned, in the previous examples we took on trust that metaplectic
atoms map S(R?) to &'(RY). This technicality, along with the linearity of meta-
plecitc atoms, is proved in the proposition that follows. Nevertheless, Example 3.6
shows that in general m4(2)f, f € S(R?), is a tempered distribution that is not
induced by any locally integrable function.

Proposition 3.8. Let W4 be a metaplectic Wigner distribution. For all z € R*?,
7a(2) is a well-defined linear operator that maps S(R?) to S'(RY).

Proof. Let f € S(R%). By definition, for any ¢, € S(R?) and « € C,
(ap+ P, ma(2)f) = Walaw + ¢, [)(2) = A((ap + ) @ f)(2)

=Alap e f+v® [)(z) = chlp ® f)(2) + AW ® f)(2)
= aWale, [)(2) + Way, £)(2) = ale, ma(2) f) + (¢, ma(2) f)-

Then, we need to prove that m4(2)f : p € S(R?Y) — (o, m4(2)f) € C is continuous.
Using the boundedness of Wy : S(RY) x S(R?) — S(R*?),

{0, ma(2) )] = IWaleo, (2] < NWalep, Pl Lo @oay = poo(Wale, f))

N M N
S Czpaj,ﬁj((p)zp'yjéj(f) = Czpajyﬁj(gp)
j=1 j=1 J=1

Thus, it remains to check the linearity of m4(z). For, let a € C, f,g € S(R?). For
every p € S(R?),

(. mal2)(af + ) = Walp, af +9)(2) = Alp @ (af + 9))(2)
= aA(p® f)(z) + Alp ® )(2)
= aWal(e, f)(2) + Walp, 9)(2)
= a(e, ma(2)f) + (@, mal2)g)
= (g, ama(2)f + ma(z)g).
This concludes the proof. a

The first question that we address is the validity of an equivalent of the inversion
formula (13) for metaplectic Wigner distributions.
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Theorem 3.9. Let W4 be a metaplectic Wigner distribution and f,g € L*(R?). If
v € S(R?) satisfies (v, g) # 0, then

1
(7,9) Jrea

where the integral must be interpreted in the weak sense of vector-valued integration.

(40) f= Wa(f, 9)(2)ma(2)vdz

Proof. We use the definition of vector-valued integral. For ¢ € L?(R?), using (29),

(5 [ Wall ) @mahdee) = = [ WalFo)@)malo el
= | WAl ) WAle ) E: = Wl 0). W)
= ﬁ@‘l ©)g,7) = (£, ).
This shows (40). O

In what follows, we use the definitions of the submatrices FE 4, F4, £4 and Fy
given in (31) and (32).

Lemma 3.10. Let Wy be a metaplectic Wigner distribution. Then, for z € R??,
f,g € L*(RY), we have

WA(,/T(Z)f7 g) = CI)—MA (Z)W(EAZ, F.AZ)WA<f7 g)?
where, if A= WMP(A) has block decomposition (30), M4 is the symmetric matric
(41) My = A As + AQ A AQ Ay + Aj Ags )
Al Azt + AgzAn AjAss + Aps A

Proof. We use formula (41) in [4]. By definition of metaplectic operator, for all
T ER, 2 = (z,8) € R¥,

~ ~

Alp(z7)f ® g) = Alp(2,0,£,0;7) f @ g)
= p(A(x,0,£,0);7)A(f © 9)
= p(Eaz, Faz;1)Wa(f, 9).
The assertion follows using that 7 (z, &) = €™ <p(x, &; 0):
Wa(n(z,€)f,9) = Wa(e™p(x,£0)f, g)
= " p(Ea(,€), Fa(r,£);0)Wal(f, 9)
= T EAFA) @ (B (1, ), Falz, £))Walf, g).
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Using the definitions of E4 and F4, as well as the matrix L in (35), so that we
rewrite the scalar product as

[L’fz L(l’,f) ’ (I7§)7

we infer

where
M= A’{lAgl + A51A41 A{lAgg + AglA43 — Id><d
A7\ Al Ay + AL Ay Al Ass + AJ3 Au '
The relations (Rla), (R2a) and (R3a) imply that M4 is symmetric and it can be

written as in (41).
o

Remark 3.11. We stress that (41) introduces a new matriz associated to W .
Throughout this work, if E4 and F4 are defined as in (31), whereas P is the matriz
given in (35), M4 denotes the symmetric 2dx2d matriz defined as Mg = EXF,—P.

Theorem 3.12. Let A € Mp(2d,R), A = 7MP(A) and W be the associated
metaplectic Wigner distribution. Consider the matriz A, € Sp(2d,R) defined in
(76) below. Then, for every z € R??,

(ma(2)f,9) = (f,ma(2)g9), V[ geSRY.
In particular, if T4(2) extends to a bounded operator on LZ(Rd), then
(42) ma(2) = ma.(z), zeR™

Proof. It is an immediate consequence of Corollary A.3 below. In fact, for all
f.g € S(RY),

(ma(2)f,9) = Walg, /)(2) = Wa.(f,9)(2) = (ma.(2)g, /) = {f, ma.(2)9)-

4. SHIFT-INVERTIBILITY UNMASKED

Among all metaplectic Wigner distributions, shift-invertible Wigner distributi-
ons are known to play a fundamental role in time-frequency analysis. It was proved
in [8, 4] that they can be used to replace the STFT in the definition of modulation
spaces MP4(R%), for 1 < p,q < oo and m € M, (R?*) satisfying some inoffensive
symmetry condition. In [4] it is observed that shift-invertibility is necessary for
this characterization to hold, otherwise not even the MP(R?) spaces can be defined
in terms of shift-invertible Wigner distributions. In this section, we investigate
the properties of metaplectic atoms related to shift-invertible metaplectic Wigner
distributions and characterize them in terms of the matrices E 4, Fla, €4, F4 and
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M 4 defined in (31), (32) and (41), respectively.

Take any metaplectic Wigner distribution W4, and z,w € R??. Then Lemma
3.10 entails the equality

Walm(w)f,9)(2) = @ a, (w)m(Baw, Faw)Wa(f,9)(2),  f,g € L}(R*),
so that [Wa(m(w)f, 9)(2)| = [Wal(f,9)(z = Eaw)|.

Definition 4.1. A metaplectic Wigner distribution W4 is shift-invertible if
E4 € GL(2d,R).

We shall need the following lifting-type result, proved in [4, Theorem B1]:
Lemma 4.2. Let Sy, S, € Mp(d,R) have block decompositions
_ (4 B;
%= (Ca‘ Da‘)
(7 =1,2). Then, the bilinear operator
T(f,9) = 51f ® Sag

extends to a metaplectic operator Se Mp(2d,R), where

A1 Ogxa Bi Ogxd
Odxa A2 Odxa DBa
43 S =
(43) C1 Oaxa D1 Ogxa
Odxa  C2  Ogxa Do

If S e Mp(d,R) and T(f @ g) = f ® Sg, we set
(44) Lift(S) = 7M7(T) € Sp(2d,R),
the corresponding matrix in (43).

Theorem 4.3. Let W4 be a shift-invertible metaplectic Wigner distribution and
Ga = LE'E4 be the matriz of Lemma 2.5, with L as in (35). Then,

A= DETVMAVLT Lift(G.4),
where Lift(G 1) is defined in (44).
Proof. We use the matrix

Igxq Odaxa Odxa Ogxd

e Odxd Odxd Laxa Odxd
' Odxd Laxda Odxa Odxa
Odxd Oaxda Odxa Laxd
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that permutes the central columns of 4d x 4d matrices. This yields the following

block decomposition of A:
_(Ea &Ea
A= (FA ]__A) K.

Since E4 € GL(2d,R), we can write

.AI E_A Ogdxgd I2d><2d E;\lg_A =D, 1 [2d><2d E_ZlgA K
Ogaxaa  Eq" ERF, ELVF,4 Ex \EYFy EYFA) ™

We proved in Lemma 3.10 that the matrix M4 = F4F4 — P is symmetric, where
P is defined as in (35). Therefore, V), is a symplectic matrix and we have:

A—D. Ipax2qa O2dx2d\ [ L2dx2d E ' E4 K
EX N\ My Ibaxoa P ELFi— MuE'E4

_ Toaxaq EZ A
=Dy Vi ( P ELF. - MuEDEL) T

~

[

The matrix A’ is symplectic, since A" = V_j;, Dg, A is the product of symplectic
matrices. Getting rid of K, we obtain

Iixa Aly Ogxa Al
Oaxa Ay laxa Al
Odxa Aby Lixa Aby |’
Od><d Ai;z Od><d A214

1=1,2,3,4, j = 2,4. Observe that
Al A
E—lg — ( 12 14) )
ATAT N\ Ay, Ay

The symplectic relations (R1b), (Rlc), (R2b), (R2c), (R3b), (R3c) and (R3d) for
A" € Sp(2d,R) read respectively as

A =

for suitable matrices A;j,

(51) Aéz = Odxa,

(52) AllQTAgz + A/22TAZ12 = AngA/u + AZQTA/m»

(53) A=Al

(54) A,14TA§54 + AI24TA44 = A§4TA14 + A214TA24

(55) Aé4 = Odxa,

(56) A/12 = Ai@

(57) Al Ay + Ay Ay — (A" Ay + Aly' Ast) = Tuxa.
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The others being trivially satisfied. This yields:

/ !

Id><d A12 Od><d A14
/ !

ded A22 [dxd A24

A =
Odxd Odxa Laxa Odxd
Oaxa Ay Oaxa Aly
Observe that
AL, Al
45 22 24) = LE'E4 = G,
45) (4 ) = reatea=c

which is symplectic by Lemma 2.5. A simple computation shows that A" =
VI Lift(G ), as desired. 0

The characterization of shift-invertible Wigner distributions is straightforward.

Corollary 4.4. Let W4 be a metaplectic Wigner distribution. Then, W4 is shift-
invertible if and only if, up to a sign,

(46) W.A(fa g) = gEzl (I)MAJrLV:;/;gf: f7 g € L2<Rd)7
where
(47) 849 := FGag,

o~

and G 4 is the metaplectic operator defined in Proposition A.2 below. In particular,
if W4 1s shift-invertible then, up to a sign,

(48) ma(z) = | det(EQ) |20 y 1 (EL 2)m(EL'2)04, 2 € R™,

and
(i) mA(2) is a surjective quasi-isometry of L?(R?) with

lma(z) fllz = | det(Ea) 2| fll2,  f € L*(RY);

(ii) ™4(2) is a topological isomorphism on S(RY);
(iii) wa(2) is a topological isomorphism on S'(R%).

Proof. By Theorem 4.3, A is shift-invertible if and only if
A =DpaVay, V) Lift(Ga).
Let Agr be the symplectic matrix associated to the STFT, cf. (27). Observe that
Asr = V_ V] Aprs,

where Aprs is the symplectic matrix associated to the partial Fourier transform
with respect to the second variable defined in (26). Then,

A =Dy aVa, (ViVoL) V] (ArraAprs) Lift(Ga) = Dy Vi AsrApr, Lift (Ga).
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Therefore, up to a sign,

—

Wa(£.9)(2) = A(f ©9)(2) = Dyt Var, VI Lift(GLa) (f © 9)(2)
= Dyt Varar 2 Asr Fy Ll (GL) (f © 9)(2)
= | det(E0)|2®ur, (B4 2) Asr(f © (F7'Gag)) (E4'2).

Let G4 be the symplectic operator such that C/J:\g = G g, cf. Proposition A.2.
Then,

F GG =F 'Cag = FGag =: 9.
Therefore,
Wa(f,9)(2) = |det(E)| " 7?0 (EL ) Vi f(EL' 2),
which can also be restated as:

Wa(f,9)(2) = {f;7a(2)9),

where m4(2) is the operator in (48). Items (i) - (ii¢) are trivial consequences of
(48). O

The metaplectic operator defined in (47) plays a crucial role in the characteriza-
tion of metaplectic Gabor frames for shift-invertible metaplectic Wigner distribu-

tions. For this reason, it is worth giving it a name, in the spirit of the terminology
used by M. de Gosson in [9]:

Definition 4.5. We call the metaplectic operator g; in (47) the deformation
operator associated to W 4.

Example 4.6. 7-Wigner distributions can be rephrased as rescaled STFT, up to
d
chirps, as in (46). Precisely, for 0 < 7 < 1, set T, g(t) = (1:—/)2/29(—1%15) as in

Example 3.5. We proved in the same Example that

1 _omizE g
(49) W (f,9)(z,§) = <f>m€ it (1i77;> TTQ>

forall f,g € L*(R?) and z,& € RY. Consequently, we retrieve the expression of W,
as a rescaled STFET:

1 g r §
WT ) ) = /971 _~Na/9 27”7‘/ P
(f, 9)(z,€) Td/2(1_7>d/26 gl <1_7— T)

We proved that metaplectic atoms of shift-invertible Wigner distributions are
surjective isometries of L?(RY) and their adjoints are the atoms associated to W4, ,
where A, is the matrix defined in the statement of the Theorem 3.12.

We conclude this section with the explicit computation of m4(2)~! and m4(2)*

for shift-invertible Wigner distributions.
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Theorem 4.7. Let W 4 be a shift-invertible Wigner distribution and 5; the related
deformation operator, cf. (47). Consider the matrices L and P defined as in (35)
and the following matrices:

Q= ([dxd ded) —_LJ

Odxd  —laxa

(50) 04 = —E;llgAQ.

Then, for every z € R?? up to a sign, the inverse m4(z)~
operators can be explicitly computed as

—~1
(51)  ma(2)™ = | det( B Bar,s1o(B3 2)01sa(E3' )m(QEZ 2)oa
and

(52) ma(2)" = [det(Ea)|'malz) "

L and the adjoint m4(2)*

Proof. We use the explicit expression of metaplectic Gabor atoms for shift-invertible
W4 in (48), which yields

—~1
(53) mA(2) ™ = [det(B) [P0y 0 (B 2050 w(ER'2)
By (10), if E3'z = (Ex'2)1, (E4'2)2),
m(E7'2) " = e EL N EL (LB ) = oy (B ) m(— B 2).
Also, by (22), for all z € R?*? and 7 € R,
—~1 o~
oa p(—Ef'z7)04=p(—0 Ef' 2 7).
Using the definition of p, for 7 = 0 this is equivalent to
——1 . -1 -1 Ry p— —1 -1 —~—1
(54> 54 W(—EEIZ) _ ewr(EA z)1-(E; z)ge—m(éA E, 210, Ey 3)277-(_5;\1E;\12>5A ,

where 6 'E 'z = ((6,'E'2)1, (64 E4'2)2). We compute explicitly the matrix
6;11E;11. For, let us denote with

A B
= (e 1)
the block decomposition of the symplectic matrix G 4, so that
_ Dt BT — A -B — =T AT CT
GAIZ(_CT AT), G'A:(—C > and GﬁZG_A :<—BT DT)
By definition, 64 = WMp(g;) = mMP(FG ), so that
64 =JGa.
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. v A 7T _ .
This, together with G4JG4 = J and G4 = LE 15,4, yields to:

521E;\1 —( GA J)(LGAEA) ( JGA )(LG_ASZI),

where the invertibility of £4 is guaranteed by Lemma 2.5. We use the block de-
compositions of the matrices at stake to get:

121 (Oaxa —lixa AT —CTN (Oaxa laxa 1
o4 B _<Id><d Odxa ) \=B" D" ) \Taxa Odxd Gals
BT —D"\ (Ouaxa Iaxa 1
B (AT —CT> (Idxd Odxd Gals
-DT BT _
- (_CT AT> GAgAl

_ <_Id><d ded) CLCAEL = —QETL

Oaxa  laxa
This proves (50). A simple computation shows that
(55)  (04'Ex'2)1- (64" Ex'2)e = (Q€1" 21 - (Q€4"2)2 = —(E4"2)1 - (€4 2)e,
that entails
im0 EL )1 (03 EY )2 _ pin(E4 2)1-(E412)2 CDL/2(5]12)-

Plugging all the information in (53), we find

ma(z) 7" = |det(E)[*Pur s (BR'2) 0 1p(ER'2)D1/o(E4"2)m(QEL )04

This proves ().
To prove (i7), we prove that m4(2)* is expressed by (53), up to the determinant
factor. For, let f,g € L*(RY) and » € R*. By (48),

(ma(2)'f,9) = {f,ma(2)g)

= (f,| det(EL)|"?® _yr <E;1z>vr< E3'2)049)
— (| det(E)| 2Dy 41 (E5'2)0a 7(E7'2)7" 1, 0)
= (|det(E4)|'ma(2)" £, 9)

and the assertion follows. |

5. ATOMS OF COVARIANT METAPLECTIC WIGNER DISTRIBUTIONS

In this section we derive the expression of metaplectic atoms of covariant meta-
plectic Wigner distributions. We recall their definition, cf. [§]
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Definition 5.1. A metaplectic Wigner distribution W4 is covariant if

Wa(m(2)f,m(z)g) = T-Walf,9)
holds for every z € R* and all f,g € L*(RY).

The following result summarizes [8, Proposition 2.10 and Theorem 2.11] and
states that covariance characterises the Cohen’s class of metaplectic Wigner distri-
butions.

Proposition 5.2. Let A € Mp(2d,R) and W 4 be the associated metaplectic Wigner
distribution. The following statements are equivalent:

(i) W4 is covariant.

(ii) The matriz A= 7MP(A) has block decomposition

A ILgxa— An Az Ass

Agy —Ay Lixa — AT, — AL

56 A — 11 11
(56) Odxd Odxd Tixa Tixa
—Iixa Tixa Odxd Odxd

with Alg = A,{3 and A21 = Agl
(iii) W4 belongs to the Cohen’s class, namely

(57) W.A(f7 g) = z.A * W(f> 9)7 fag € LQ(Rd)>
where S 4 = F '®_p,, with B defined as in (34).

Theorem 5.3. Let W4 be a covariant metaplectic Wigner distribution, A and B4
be as in (56) and (34), respectively. Then,
(i) for every z € R*,

(58) ma(z)g £ gd Fop, (2 —w)P_op(w)m(2w)Zgdw,
R2d
where Zg(t) = g(—t) and the integral must be interpreted in the weak sense of

vector-valued integration.
(ii) If also By € GL(2d,R), then, for every z € R??,

(59) wa(z)g g g /RQd ®_p1(z — w) Py (w)m(2w)Lgdw, g € S(RY

holds in the weak sense of vector-valued integration.
(111) If A, is the matriz defined in (76), then W, is covariant with B, = —Ba
and, consequently,

ma(2)"g & od FO_p, (2 —w)P_on(w)m(2w)Zgdw,

R2d
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for all g € S(RY) and every z € R*. If B4 is invertible, then
wa(2)*g g Zd/ Py (z — w)P_pp(w)m(2w)Lgdw,
R2d
for every g € S(R?) and 2z € R*.
Proof. (i) By Proposition 5.2, for all , g € S(R?) and all z € R*,
(o, ma(2)g) = Walp, 9)(2)
= ZaxW(p,9)(2)

— /de Salz —w)W(p, g)(w)dw

= 4 ICDBA (Z - U)) <SO7 TA s (w)g> dw
R2

= <g0, F@BA(z—w)ﬂAl/Q(w)gdw>,
R2d
where we used that F~'®_p, = F®p,. Consequently,

Ta(2)g = ) Fop, (2 —w)ma, ,(w)gdw.
RQ

Plugging 7 = 1/2 in (49), we infer the explicit metaplectic atom of the Wigner
distribution: for w = (z,&) € R??

Tay, (2,8)g(t) = 2% ™" (22, 26)Tg(t) = 27 _op, (w)m(2w)Ly(t).

Expression (58) follows consequently.

(i1) If B, is invertible, then F®p, = ®_p.1, and (59) holds in the weak sense

of vector-valued integration.
(#7i) By (76) and (56), it follows that

Igva — A A —Ais —Aus

.A — _A21 A21 Aripl A{l - Id><d
: Odxd Odxa  Laxd Tgxa
—laxa  lixa Odxd Odxa

Therefore, W4, is covariant by Proposition 5.2 (ii), with

B, — — Az 51axa — (Iaxa — A11)
- axa — (Iixa — An)* A
_ —Ass A — L ava
A{l - %[dxd A21

— —B..
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So, (i71) follows by (i) and (7). O

6. METAPLECTIC GABOR FRAMES

Definition 6.1. Let W4 be a metaplectic Wigner distribution such that every ma(z)
extends to a bounded operator on L*(R?) (z € R??). Let g € L*(R?) and A C R*
be a discrete subset. We call the set

Galg,A) = {ma(N)g}ren

a metaplectic Gabor system. We call metaplectic Gabor frame (of L?(R?))
any metaplectic Gabor system G4(g, \) such that the following property holds: there
exist A, B > 0 such that

(60) AlLFI3 <D IWalf, 9) (NI < BIIfII5,

AeA
for all f € L*(RY).
Remark 6.2. By Definition 3.1, (60) is equivalent to

AlFIE < Y Kf a9 < BIfI5. Vf € LARY).

AEA
Stated differently, a metaplectic Gabor frame is a frame for L*(R?).

Example 6.3. In [9], M. de Gosson introduced h-Gabor frames as follows. Con-
sider g € L*(RY) and A a discrete subset of R?*?.  Under the same notation of
Example 3.4, a family Gy(g, A) = {7"(N)g}rea is a h-Gabor frame if

AlflE < YKL NP < BIfIl,  Vf € LA(RY),

AEA

for A,B > 0. The time-frequency representation z — (f,7"(2)g) is, up to the
constant (27rh)_d/ 2 (which is necessary to obtain a metaplectic operator in Example
3.4), the metaplectic Wigner distribution V", as defined in Ezample 3.4. Hence,
metaplectic Gabor frames G, and h-Gabor frames are basically the same objects.
Namely, Gr(g, ) is a h-Gabor frame with frame bounds A, B if and only if G4, (g, \)
is a metaplectic Gabor frame with frame bounds (2mh)~@A and (2wh)~B.

Metaplectic Gabor frames associated to shift-invertible Wigner distributions are
completely characterized by the following consequence of Corollary 4.4.

Theorem 6.4. Let W4 be shift-invertible and g; be the corresponding deformation
operator (see Definition 4.5). Let g € L*(RY) and A C R*? be a discrete subset.
The following statements are equivalent:

(i) Ga(g, A) is a metaplectic Gabor frame with bounds A, B;
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(ii) g(ag,E;llA) is a Gabor frame with bounds |det(E4)|A, |det(E4)|B;
(iii) G(g, —QEL'A) is a Gabor frame with bounds | det(E4)|A,|det(E4)|B.
Proof. Consider f € L*(R?). We use the representation of 74 in (48):

SOUL TN = DL det(Ea)| 7 (EZ' N oag)

AEA AEA

—det(E) S (. w(n)dagl

—1
HEE A

This proves the equivalence (i) < (i7). Now, using (22), we can write

[det(BL)I™ Y [(fm(m)dagl = | det(BL)[™ D" [{f,0am(35 1)g)

HEEL'A HEEL'A
—~—1
= |det(E4)[ Y [(0a fm(0a w)g)?
pEE LA

—detEDI S 1A faw)g)l

ves T ELA
Observing that (5;‘1E;1 = —QE&L,
[det(EA)I™ Y [(fim(w)dagl = [det(EQ)|™ > 04 fm(v)g)).
HEELA ve—QEL'A

Therefore, G4(g, A) is a metaplectic Gabor frame with frame bounds A and B if
and only if

(61) Alfl3 <ldet(B)I™ D WL fw(wg)® < BIfIE,  fe LR,

nE—QEL'A

—~1
Since §4 is a unitary operator on L%(R?), it follows that (61) holds for all f €
L*(R?) if and only if

[det(EL)IAIFI5 < D [(fm(wg) < [des(ELIBIIfI13

HeE—QEL'A

holds for every f € L?(R%). This proves the equivalence (i) < (ii1). O

Remark 6.5. For h-Gabor frames, Fxample 6.3 shows that Theorem 6.4 applied
to the metaplectic Wigner distributions of Example 3.4 recovers [9, Proposition 7).

We now introduce the metaplectic Gabor frame operator and related properties.
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First, consider a lattice A C R?! and a metaplectic Gabor frame G4(g, A) =
{ma(N)g}aen for L2(R?). We compute the expressions of coefficient, reconstruction
and frame operators, see, e.g., [6, Definitions 3.1.8 and 3.1.13]. The coefficient (or
analysis) operator C 4 : L*(R?) — 2(A) is given by

(62) Cuf = ((fimaN)g))aea = Wa(f,9)(M)rea, € L*(RY).

Its adjoint D4 = C% : (2(A) — L*(R?) is called the reconstruction (or synthesis)
operator: for any sequence ¢ = (cy)aea € £2(A),

(63) Dac= Z exma(N)g.
AEA
The frame operator is defined as Sy = D4C4 : L?(R?) — L*(R?):
(64) Saf =Y {f.maNgmaNg =D Walf, g)(MNma(N)g.
AEA AEA

Let us compute m4(p) "t Sama(p), for o € A. We make use of the explicit ex-
pression of the inverse and the adjoint of the metaplectic atom (48) in (51), and
(52), respectively. Observing that the phase factors cancel, we obtain

Ta() " Samalp) f = (walp) f,ma(N)g)ma() " wa(N)g

AEA

= Z(f, Ta(p) ma(N)g)malpn) " wa(N)g

AEA

= [det(E4)[™ Y (f ma(w) " ma(N)g)malp) ' ma(N)g

— | det(EA) S (04 m(ER ) (EZ N oag)
AEA

—~—1 —
x4 m(EL W) 'm(ELN)dag

— |det(E)] S (f.04 7(ER' (A= 1)5ag)oa m(EZ (A= 1))dag
AEA

—~1 o~ —~—1 —~
= |det(EA)| ™" ) (f,04 7(EL'N)0ag)0u w(EZ'N)dag
AEA

=S54 TaANg)IA TaN)g
AEA
-1

= " (0af. ma(Ng)oa ma(Ng

AEA

1
=04 Sadaf,
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since g;_ = a.
The equality
—~—1 —~
TA(p) S =04 Sabama(p)™
yields
—~1 o~
Samalp) = ma(p)da S5 04

Hence the canonical dual frame of G4(g, A) is still a metaplectic Gabor frame

(65) Ga(va, A) = {ma(M)vatrea
with canonical dual window

—~—1 —
(66) Ya =04 S7'0ag.

Consequently, if G4(g,A) is a frame with bounds 0 < A < B, then every f €
L?(R?) possesses the expansions

(67) f=> (f,maNg)ma(N)ya
AEA

(68) = (frmaMr)ma(Ng
AEA

with unconditional convergence in L?(R?). Besides, we have the norm equivalences

AFIIE <Y1 maNg) P < Bl FI?

A€A

BTAIP < D1 ma)ra) P < A7YIFI.

A€A

7. CHARACTERIZATION OF TIME-FREQUENCY SPACES

A direct application of the theory developed so far is the whole characterization
of modulation spaces. Namely, the issue below generalizes Theorem 1.1 in [4] to
the quasi-Banach space setting, extending the indices p, ¢ € [1,00] to 0 < p, ¢ < oc.
Whenever p # g we need the assumption E 4 upper-triangular, that is, the 2 x 1
block of E4 in (31) satisfies Ay; = 0gxq. This requirement is needed for the use of
Proposition 2.1.

Theorem 7.1. Fiz a non-zero window function g € S(RY). Consider 0 < p,q <
oo, W4 shift-invertible and a weight m € M,(R*) with m < mo E}'. Then
(i) For 0 < p < oo and we have

(69) feMiRY & Wal(f.g) € LL,(R*),
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with equivalence of norms.
(i) If we add the assumption that E 4 is upper-triangular, then

(70) f € MEYRY) & Wa(f.g) € LB (R,
with equivalence of norms.
Proof. Take f € MP:%(R%). From the equality (46) we infer
IWalF.9)I(2) = S @aress Vi £1(2) = [V F1(2)
= | det(B4)| Vi, fI(EL'2).

Since 64 : S(R?) — S(R?), we can choose the window 49 € S(R?) to compute the
modulation space norm so that

IWalf, Dz = Vg F (B )iz
The conclusion follows from Proposition 2.1. a

In what follows we generalize [4, Corollary 3.12] to the quasi-Banach space setting
0 <p,q < oo

Theorem 7.2. Fiz a non-zero window function g € S(RY). Consider 0 < p,q <
00, Wy shift-invertible and my, my € My (R?) such that my < Tms, with Tmay(z) =
ma(—z). Fiz g € S(RY)\ {0} and define

(71) Ea= JE4J,

with the symplectic matriz J defined in (18). (Observe that E" is lower triangular
if and only if E 4 is upper triangular). If my @ my < (my @ my) o B and E4 is
lower triangular, then

a/p 1/q
i, znn = ([ ([ Watro)@Opmierae) mawyar) ",
Rd R4
with the analogous for max{p, ¢} = cc.

Proof. As in the proof of Corollary 3.12 in [4], assuming ms(—2) = ma(x), we can
write
a/p 1/q A
( / ([ IWals ), O mi()rdg) " ma(e)idr) = (W4, (f )iz,
Rd N JRA
—A23 A24 A21 _A22
A - Az —Au —An An
° —Agz A An —Ap
Ass  —Ass —An As

so that F A = E4,. The conclusion is due to Theorem 7.1 O
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If p = ¢ the additional assumption Ejl lower triangular is not needed. Observe
that in this case || fllwrzz, 1z,,) = [[fllmz_ ., and the norm equivalence follows
e mo®my

from Theorem 7.1 above. In fact, notice that
(m1 @ my) o B3' < (Imy @ my) ® B
Consider a metaplectic Gabor frame G4(g, A) and assume
(72) m=mo E,

then, for any f € MP9(R?) we can use (48) to express the coefficient operator’s
entries

CAf O] = (£, 74N}l = [ det(E)I2((f, m(EZ'N)oag)]
Observe that 5.9 € S(R?) for g € S(RY), by Theorem 6.4 (ii); furthermore,
Q(g;g, E7'A) is a Gabor frame with coefficient operator C' satisfying ||CfHe§,;q(E;1A) S
| fllaz, so that the equivalence of weights in (72) gives

ICaf gy = [ det(BA)| T 2IC llggaray S I aagee,

that is the boundedness of C4 : MP:4(RY) — (P4(A).

Using the relation between m4(\) and the time-frequency shift m(E;'A) dis-
played in (48), and the equivalence of weights in (72), for any sequence ¢, € (29(A),
the sequence ¢, := cg,, Par (1) € A(EL'A) so that

<|| D2 @m(ELN)iag

ME4(RD) HEE A

Z C,\7TA()‘>9

AEA

HDACAHMT’Q‘I(W) =

M ()
S @Mz = Mex)leaca)-

For the Banach space case p, ¢ € [1,+00], the window class can be extended from
S(R?) to M}(R?). In fact, under the assumption (72), the metaplectic operator

—

54 and its inverse are bounded on M!(R?), cf. [16, Theorem 4.6]. Hence, g €

MIRY) < 5,9 € M}(RY) . Arguing as for the Schwartz class and using the
results for Gabor frames [19, Chapter 12] we infer that the coefficient operator C4
is bounded from MP:4(R%) to /79(A) and the other way round for the reconstruction
operator D 4.

The observations above, together with the characterization of modulation spaces
via Gabor frames (see, e.g., [6, Theorem 3.2.37] and [17]) yield an equivalent dis-
crete norm for modulation spaces in terms of metaplectic Gabor frames. Namely,

Theorem 7.3. Consider Ga(g,\) a metaplectic Gabor frame for L*(R?) with
bounds 0 < A < B, with g € S(R?) and canonical dual window ~y 4 in (66). Assume
W4 shift-invertible and m € M,(R?*?), with m < m o E;tl. Then,

(i) For every 0 < p,q < oo, Cy : MPAY(RY) — (P4(A) and Dy : 29(A) — MP9(RY)
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continuously. If f € MPY(R?), then the expansions in (67) converge uncondition-
ally in MP? for 0 < p,q < oo, and weak*—ij’v unconditionally if p = 0o or ¢ = 0.
(ii) The following (quasi-)norms are equivalent on MP9(R?)

(73) Allflargeeay < N malN)g)reallgioay < Bllfllage@ey,

(74) B7 fllame@ey < I malN)va))reallmeny < AT Fllagomay.
Remark 7.4. Assume g,y € M}(R?) with v satisfying (72) and such that
Sagy=DarCag=1—on L*R?.
For p,q € [1, 0], the statements of the previous theorem hold in the larger window
class M} (R?), with the canonical dual window 4 replaced by .
APPENDIX A

In [8], the authors proved the following result, cf. [8, Proposition 2.6]:

Proposition A.1. Let A € Mp(2d,R) and W, be the corresponding metaplectic

Wigner distribution. Then, there exists .,/4\* € Mp(2d,R) such that for all f,g €
L*(R),

up to a sign.

In what follows we shall improve Proposition A.1, carrying over the explicit
expression of the projection A, in (75). First, we need to compute the intertwining
relation between complex conjugation and metaplectic operators.

Proposition A.2. Let S € Mp(d,R) be a metaplectic operator and S = 7M7(S)
have block decomposition (19). Define

5= (—Ac _DB) '

Sf=Sf.
Proof. Let T the operator defined by

Tf=SF, feL*RY.

Then, for all f € L*(RY),

Since S is a unitary operator on L*(R?), T'is a unitary operator on L?(R%). We
have to prove that T satisfies the intertwining relation in (22) for A = S. For, let
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2z = (2,€) € R?? and take 7 € R. Then,
Tp(z;7)f = Sp(z:7)f
= Sp(x, =& -7)f
= p(S(z, —€); —7)Sf
— e~ 2mite—in(Av=B)(Ca-Dr(Ax — BE, Cx — DE)S T
_ 62m‘refz'7r(A:va§)-(me+D§)7T(AI ~ B¢, —Cua + Dg)ﬁ_f
= p(S(x,&); )T,

as desired. |

Corollary A.3. Under the assumptions of Proposition A.1, we have
A* == ZDL
with the matriz L defined in (35). Namely, if A has block decomposition (30), A,
s given by
A An A —Ag
Ay Ay —Ay —Ay
—Azy —Az Az Az
—Ap —Apn Ay Ay

(76) A, =

Proof. Observe that Z/)\LF(JE, y) = F(y,z), so that, for every f,g € L*(R?),

9@ flz,y) = fly)g(x) = f@g(y,x) = f @ g(Dr(z,y)) = D(f ® 9)(z,y).
By Proposition A.2, it follows that, up to a sign,

—— -

Walf.9) = A(f ©9) = A(f @ g) = A(f © g) = ADL(g ® ) = Wa.(g, f)-
Assuming that A exhibits the block decomposition (30), a straightforward compu-
tation yields (76). This concludes the proof. O
Remark A.4. A straightforward computation shows that S =5T. In fact, if S

has block decomposition (19),
—T AT —CT
S = <_BT DT ) s

T T . T (T _
ST:(A C), so that ST:<A C):ST.

whereas

BT DT _BT DT



34 ELENA CORDERO AND GIANLUCA GIACCHI

ACKNOWLEDGEMENTS

The authors have been supported by the Gruppo Nazionale per I’Analisi Matem-
atica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di
Alta Matematica (INdAAM). The second author was supported by the University
of Bologna and HES-SO Valais - Wallis School of Engineering. He also acknowl-
edge the support of The Sense Innovation and Research Center, a joint venture of
the University of Lausanne (UNIL), The Lausanne University Hospital (CHUV),
and The University of Applied Sciences of Western Switzerland — Valais/Wallis
(HES-SO Valais/Wallis).

REFERENCES

[1] L. D. Abreu, P. Balazs, N. Holighaus, F. Luef and M. Speckbacher. Time-frequency analysis
on flat tori and Gabor frames in finite dimensions. arXiv 2022, arXiv:2209.04191.

[2] F. Bastianoni and F. Luef. 7-quantization and 7-Cohen classes distributions of Feichtinger
operators. arXiv 2023, arXiv:2301.04848

[3] A. Bényi and K.A.Okoudjou. Modulation Spaces With Applications to Pseudodifferential
Operators and Nonlinear Schrodinger Equations, Springer New York, 2020.

[4] E. Cordero and G. Giacchi. Symplectic Analysis of Time-Frequency Spaces. Journal de
Mathématiques Pures et Appliquées, 177:154-177, 2023.

[5] E. Cordero, G. Giacchi and L. Rodino. Wigner Analysis of Operators. Part II: Schrodinger
equations. arXiv 2022, arXiv:2208.00505.

[6] E. Cordero and L. Rodino, Time-Frequency Analysis of Operators. De Gruyter Studies in
Mathematics, 2020.

[7] E. Cordero and L. Rodino. Wigner Analysis of Operators. Part I: Pseudodifferential Opera-
tors and Wave Front Sets. Appl. Comput. Harmon. Anal. 58:85-123, 2022.

[8] E. Cordero and L. Rodino. Characterization of modulation spaces by symplectic representa-
tions and applications to Schréodinger equations. J. Funct. Anal., 284:109892, 2023

[9] M. A. de Gosson. Hamiltonian deformations of Gabor frames: first steps. Appl. Comput.
Harmon. Ana., 38(2), 196-221, 2015.

[10] M. Dérfler and K. Grochenig, Time-frequency partitions and characterizations of modulation
spaces with localization operators, J. Funct. Anal., 260(7):1903-1924, 2011.

[11] F. M. Dopico, and C. R. Johnson. Parametrization of the Matrix Symplectic Group and
Applications, SIAM Journal on Matriz Analysis and Applications, 31(2):650-673, 2009.

[12] R.J. Duffin and A.C. Schaeffer. A class of nonharmonic Fourier series, Trans. Amer. Math.
Soc. 72:341—366, 1952.

[13] H. G. Feichtinger, Modulation spaces on locally compact abelian groups, Technical Report,
University Vienna, 1983, and also in Wawvelets and Their Applications, M. Krishna, R.
Radha, S. Thangavelu, editors, Allied Publishers, 99-140, 2003.

[14] H. G. Feichtinger. Banach spaces of distributions of Wiener’s type and interpolation. In
Functional analysis and approzimation (Oberwolfach, 1980), volume 60 of Internat. Ser.
Numer. Math., pages 153—165. Birkhauser, Basel-Boston, Mass., 1981.

[15] G. B. Folland. Harmonic analysis in phase space. Princeton Univ. Press, Princeton, NJ,
1989.

[16] H. Fiihr, I. Shafkulovska. The metaplectic action on modulation spaces. arXiv 2022,
arXiv:2211.08389.



METAPLECTIC GABOR FRAMES AND SYMPLECTIC ANALYSIS OF SPACES 35

[17] Y. V. Galperin and S. Samarah. Time-frequency analysis on modulation spaces MP?, 0 <

p, q < 0co. Appl. Comput. Harmon. Anal., 16(1):1-18, 2004.

[18] G. Giacchi. Metaplectic Wigner Distributions. arXiv 2022, arXiv:2212.06818v2.
[19] K. Grochenig. Foundations of time-frequency analysis. Birkhduser Boston, Inc., Boston, MA,

2001.

[20] K. Grochenig. The Mystery of Gabor frames. J Fourier Anal Appl 20, 865-895, 2014.

https://doi.org/10.1007 /s00041-014-9336-3.

[21] P. Grohs and L. Liehr. On Foundational Discretization Barriers in STFT Phase Retrieval J.

Fourier Anal. and Appl., 28:39, 2022.

[22] C. Heil. History and evolution of the density theorem for Gabor frames, J. Fourier Anal.

and Appl., 13:2:113--166, 2007.

[23] M. Kobayashi. Modulation spaces MP-? for 0 < p,q < oo. J. Funct. Spaces Appl., 4(3):329-

341, 2006.

[24] F. Luef and E. Skrettingland. Convolutions for localization operators. Journal de

Mathématiques Pures et Appliquées, 118:288-316, 2018.

[25] S. Pilipovié and N. Teofanov. Pseudodifferential operators on ultra-modulation spaces Jour-

nal of Functional Analysis, 208(1):194-228, 2004.

[26] S. Pilipovi¢ and D.T. Stoeva. Localization of Fréchet Frames and Expansion of Generalized

Functions Bull Malays Math Sci Soc., 44(5):2919-2941, 2021.

[27] Z. C. Zhang, X. Jiang, S. Z. Qiang, A. Sun, Z. Y. Liang, X. Y. Shi, and A. Y. Wu. Scaled

Wigner distribution using fractional instantaneous autocorrelation. Optik, 237, 166691, 2021.

[28] Z. C. Zhang. Uncertainty principle of complex-valued functions in specific free metaplectic

transformation domains. J. Fourier Anal. Appl., 27(4):68, 2021.

[29] Z.C. Zhang, X. Y. Shi, A. Y. Wu, and D. Li. Sharper N-D Heisenberg’s uncertainty principle.

IEEE Signal Process. Lett., 28(7):1665-1669, 2021.

UNIVERSITA DI TORINO, DIPARTIMENTO DI MATEMATICA, VIA CARLO ALBERTO 10, 10123

TORINO, ITALY

Email address: elena.cordero@unito.it

UNIVERSITA DI BOLOGNA, DIPARTIMENTO DI MATEMATICA, PI1AZzA DI PORTA SAN Do-

NATO 5, 40126 BOLOGNA, ITALY; INSTITUTE OF SYSTEMS ENGINEERING, SCHOOL OF EN-
GINEERING, HES-SO VALA1S-WALLIS, RUE DE L’INDUSTRIE 21, 1950 SION, SWITZERLAND;
LAUSANNE UNIVERSITY HOSPITAL AND UNIVERSITY OF LAUSANNE, LAUSANNE, DEPARTMENT
OF DIAGNOSTIC AND INTERVENTIONAL RADIOLOGY, RUE DU BUGNON 46, LAUSANNE 1011,
SWITZERLAND. THE SENSE INNOVATION AND RESEARCH CENTER, AVENUE DE PROVENCE 82
1007, LAUSANNE AND CH. DE L’AGASSE 5, 1950 SION, SWITZERLAND.

Email address: gianluca.giacchi2@unibo.it



	Copertina_postprint_IRIS_UNIBO (2) - Copy
	Cordero-revised20082023.pdf

