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THE CARDINALITY OF KISELMAN’S SEMIGROUPS
GROWS DOUBLE-EXPONENTIALLY

ALESSANDRO D’ANDREA AND SALVATORE STELLA

ABSTRACT. Let Kn denote Kiselman’s semigroups as in [4]. We show that the sequence
2−n/2 · log |Kn| admits finite limits as n grows to infinity both on odd and even values.

1. INTRODUCTION

Kiselman’s semigroup Kn is a generalization [4] of a monoid introduced by Kiselman [3]
in a convexity theory setting. It is related to 0-Hecke algebras [5], arises as a quotient of the
Richardson-Springer monoid [6], describes the evolution properties of certain graph dynam-
ical systems [2], and exhibits interesting combinatorics.

In [4], Kudryavtseva and Mazorchuk show that Kn for n ∈ N, is always finite by providing
the explicit, quite broad, upper bound

|Kn| ≤ 1+nL(n)

for their cardinality, where

L(n) =

{
2k+1−2, if n = 2k
3 ·2k−2, if n = 2k+1.

However, data from [7] suggest that the growth of |Kn| is sharply double exponential in n.
In this short note, we would like to provide easy double exponential upper and lower

bounds for |Kn| and show that the sequence 2−n/2 log |Kn| has a finite limit when restricted to
either even or odd values of n. Throughout the paper, log denotes the base 2 logarithm.

2. CANONICAL WORDS

Henceforth A will be a totally ordered set. The Kiselman semigroup K(A) is defined by
the monoid presentation

(1) K(A) = 〈a ∈ A | a2 = a, aba = bab = ab, for all a < b〉.
We will be concerned with the case where A is finite. Then K(A) depends, up to isomorphism,
only on the cardinality of A. When A = {1, . . . ,n} with the standard total order, then K(A) is
usually denoted Kn; in this case, generators of K(A) are denoted by ai to ease readability.

Let W (A) be the monoid of finite words on the alphabet A. Then for every x ∈ K(A) there
exists a unique [1, 4] shortest element (i.e., reduced expression) in π−1(x), where

π : W (A)→ K(A)
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2 A. D’ANDREA AND S. STELLA

is the canonical projection. Such reduced expressions admit a combinatorial description:
w ∈W (A) is the shortest element in some π−1(x) if and only if whenever aua is a subword of
w, where u ∈W (A) and a ∈ A, then u contains both some letter b > a and some letter c < a;
elements of W (A) satisfying the above conditions are called canonical words and elements
in K(A) are thus in bijection with canonical words in W (A).

Notice that, due to the presentation (1), the set of letters showing up in each word lying
in π−1(x) only depends on x ∈ K(A). Also denote by less(a) and more(a) the number of
elements in A that are less or more than a. The following easy facts are proved in [4].

Proposition 2.1. Let w ∈W (A) be the unique reduced expression of an element x ∈ K(A).
Then:

• each letter a ∈ A occurs in w at most 2less(a) times;
• each letter a ∈ A occurs in w at most 2more(a) times;
• the length of w is less or equal than L(|A|).

3. A BOUND FROM BELOW

Providing a double exponential lower bound for the cardinality |Kn| of Kiselman’s semi-
groups is easy.

Proposition 3.1. One has |Kn+2| ≥ 2|Kn|2 for every n ∈ N. In particular,

(2) 2−(n+2)/2 log(2|Kn+2|)≥ 2−n/2 log(2|Kn|),
for every n ∈ N.

Proof. For every choice of canonical words w,w′ ∈W ({a2, . . . ,an+1}), words of the form
wa1an+2w′ and wan+2a1w′ are still canonical. This shows that the number of canonical words
in n+2 letters is at least twice the square of the number of canonical words in n letters, thus
yielding |Kn+2| ≥ 2|Kn|2.

We may write this as 2|Kn+2| ≥ (2|Kn|)2, or equivalently log(2|Kn+2|) ≥ 2log(2|Kn|),
which immediately proves (2). �

Corollary 3.2. The cardinality of Kn grows at least double exponentially.

Proof. As |K0|= 1, |K1|= 2, we immediately see that

|Kn| ≥
1
2
·22dn/2e

.

�

4. A BOUND FROM ABOVE

We will use the following well known estimates.

Lemma 4.1. One has:
(1)
(2N

N

)
≤ 22N
√

πN
;

(2)
(4N

N

)(3N
N

)
≤ 26N

πN
√

2
;

(3)
(3N

N

)
≤
(27

4

)N
,

for every positive N ∈ N.
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Proof. Part (1) is standard, and a well known proof1 follows from observing that(
2N
N

)
=

22N

π

∫
π/2

−π/2
(cosx)2Ndx≤ 22N

π

∫
π/2

−π/2
e−Nx2

dx≤ 22N

π

∫ +∞

−∞

e−Nx2
dx =

22N
√

πN
.

Then claim (2) is a consequence of part (1) as in(
4N
N

)(
3N
N

)
=

(
4N
2N

)(
2N
N

)
≤ 24N
√

2πN
22N
√

πN
=

26N

πN
√

2
,

whereas (3) is immediately proved by induction. �

Lemma 4.2. Let n = 2k be an even number. The number of words in W ({a1, . . . ,an}) of
length L(n) in which each ai,1≤ i≤ n, occurs min(2i−1,2n−i) times is bounded from above by

26·(2k−1)

(π
√

2)k2k(k−1)/2
.

Proof. We need to prove the above upper bound for the multinomial coefficient

(3)
(

L(n)
2k−1,2k−1,2k−2,2k−2, . . . ,2,2,1,1

)
=

k

∏
h=1

((
2 ·2h−2

2h−1

)
·
(

3 ·2h−1−2
2h−1

))
.

Now, notice that(
2 ·2h−2

2h−1

)(
3 ·2h−1−2

2h−1

)
≤
(

2 ·2h

2h−1

)(
3 ·2h−1

2h−1

)
=

(
4 ·2h−1

2h−1

)(
3 ·2h−1

2h−1

)
.

We may then use Lemma 4.1(2) to obtain(
4 ·2h−1

2h−1

)(
3 ·2h−1

2h−1

)
≤ 23·2h

π2h−1
√

2
.

Substituting this into (3) yields the claim. �

Proposition 4.3. Let n = 2k be an even number. Then |Kn| ≤ 26·2k
.

Proof. The cardinality of Kn coincides with the number of canonical words on n letters.
Thanks to Proposition 2.1, we know that each such canonical word arises, non uniquely,
as a prefix of a word of length L(n) in which ai occurs min(2i−1,2n−i) times. We may thus
bound |Kn| with the number of all such prefixes, possibly with repetition.

As a word of length ` has `+1 prefixes, when n = 2k is even, we obtain

|Kn| ≤ (L(n)+1) ·
(

L(n)
2k−1,2k−1,2k−2,2k−2, . . . ,2,2,1,1

)
≤ 2k+1 · 26·2k−6

(π
√

2)k2k(k−1)/2
= 26·2k−(k2−2k+10)/2−k logπ ≤ 26·2k

.

�

Proposition 4.4. Let n= 2k+1 be an odd number. Then |Kn| ≤ 2c·2n/2
, where c= log(432)/

√
2.

1Some elementary proofs for stronger, and asymptotically optimal, estimates for the middle binomial coeffi-
cients may be found in [8].
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Proof. Starting with the same considerations as in the previous proof, one can use Lemma
4.2, Lemma 4.1(3), and the identity L(2k+1) = L(2k)+2k = 3 ·2k−2 to compute

|Kn| ≤ (L(n)+1) ·
(

L(n)
2k,2k−1,2k−1,2k−2,2k−2, . . . ,2,2,1,1

)
= (L(n)+1) ·

(
3 ·2k−2

2k

)
·
(

L(2k)
2k−1,2k−1,2k−2,2k−2, . . . ,2,2,1,1

)
≤ 3 ·2k ·

(
3 ·2k

2k

)
· 26·(2k−1)

(π
√

2)k2k(k−1)/2

≤ 3 ·2k ·
(

27
4

)2k

· 26·(2k−1)

(π
√

2)k2k(k−1)/2
≤ 2c·2n/2

,

where c = (log432)/
√

2∼ 6.1906 . �

Theorem 4.5. The following asymptotics hold:

log |K2k| ∼ ceven2k, log |K2k+1| ∼ codd2(2k+1)/2,

where ceven ≤ 6 and codd ≤ (log2 432)/
√

2 are positive constants.

Proof. The sequence 2−k log(2|K2k|) — respectively 2−(2k+1)/2 log(2|K2k+1|) — is increas-
ing due to Proposition 3.1, so it converges to a finite limit as soon as it is bounded. However,
the asymptotically equivalent sequence 2−k log |K2k| (resp. 2−(2k+1)/2 log |K2k+1|) is bounded
by Proposition 4.3 (resp. Proposition 4.4), and the claim then follows easily. �

We expect, but cannot prove, that ceven = codd , i.e., that log |Kn| ∼ c2n/2 for some positive
c ∈ R. Notice that the embeddings K2k−1 ⊂ K2k ⊂ K2k+1 imply that

log |K2k−1|
log |K2k|

≤ 1≤ log |K2k+1|
log |K2k|

and in the limit
codd/

√
2≤ ceven ≤ codd

√
2.

5. STRUCTURE OF LONGEST WORDS IN K2k+1

In this section, we prove a technical statement showing that the lower bound in Corollary
3.2 is established, in the odd n= 2k+1 case, by the precise number of longest words in K2k+1.
First of all, we recall that Proposition 2.1 is easily proved by induction from the following
observation.

Lemma 5.1. Let w ∈W (A) be a canonical word. Then the number of occurrences of a ∈ A
in w is less or equal to the total number of occurrences of letters less than a in w, increased
by 1. A similar bound holds for letters more than a in w.

Proof. As w is canonical, between any two occurrences of a in w there must lie both a lower
and a higher letter. �



THE CARDINALITY OF KISELMAN’S SEMIGROUPS GROWS DOUBLE-EXPONENTIALLY 5

Proposition 5.2. Let n = 2k+1 > 1 be an odd number. Then all canonical words of length
L(n) in W ({a1, . . . ,an}) are of the form

wa1anw′ or wana1w′,

where w,w′ are canonical words of length L(n−2) in W ({a2, . . . ,an−1}).

Proof. First of all, if w,w′ are canonical words of length L(n−2) in W ({a2, . . . ,an−1}) then
wa1anw′ is still canonical, of length 2L(n−2)+2 = L(n). As L(1) = 1, and since words of
length 1 are trivially canonical, an easy induction shows that W ({a1, . . . ,an}) indeed contains
words of length L(n). Moreover, in any such word, each letter ai occurs precisely 2min(i−1,n−i)

times, as these numbers add up to L(n).
Let now u be a canonical word of length L(n) in W ({a1, . . . ,an}). Both a1 and an occur

exactly once, and we may assume without loss of generality that a1 occurs on the left of an,
so that u = wa1u′, where an occurs in the subword u′. Notice that both w and u′ need to be
canonical words.

The number of occurrences of ai for 2≤ i≤ k+1 in u is exactly 2i−1, whereas it occurs in
w ∈W ({a2, . . . ,an−1}) and in u′ ∈W ({a2, . . . ,an}) at most 2i−2 times. This shows that, for
2 ≤ i ≤ k+ 1, ai occurs in both w and u′ precisely 2i−2 times. By Lemma 5.1, ak+1 occurs
in w ∈W ({a2, . . . ,an−1}) at most the number of total occurrences in w of higher letters,
increased by 1. As a consequence, each an−1−i,0≤ i≤ k−2, occurs in w precisely 2i times.
We conclude that w has length L(n−2).

We may repeat this argument for an in order to show that the subword on the right of an has
length L(n−2). As L(n) = 2L(n−2)+2, this shows that a1 and an sit next to each other, so
that u is of the form wa1anw′ for some choice of canonical words w,w′ of length L(n−2). �

Notice that this statement is false in the even n case, as the canonical word a2a3a1a2a4a3
of length L(4) = 6 provides an immediate counterexample.

Corollary 5.3. Let n = 2k+ 1 be an odd number. Then the number of canonical words of
length L(n) in W ({a1, . . . ,an}) equals 1

2 ·2
2dn/2e

.

ACKNOWLEDGMENTS

We are grateful to the anonymous referee for suggesting several improvements to the orig-
inal version of this note.

REFERENCES

[1] R. Aragona, A. D’Andrea, Normal form in Hecke-Kiselman monoids associated with simple oriented
graphs, Alg. Discr. Math. 30 (2), 161-171 (2020).

[2] E. Collina, A. D’Andrea, A graph-dynamical interpretation of Kiselman’s semigroups, J. Alg. Comb. 41
(4), 1115-1132 (2015)

[3] C. O. Kiselman, A semigroup of operators in convexity theory, Trans. Amer. Math. Soc. 354 (2002), no. 5,
2035-2053.

[4] G. Kudryavtseva and V. Mazorchuk, On Kiselman’s semigroup, Yokohama Math. J., 55 (1) (2009), 21-46.
[5] P. N. Norton, 0-Hecke algebras, J. Austral. Math. Soc. (Series A) 27 (1979) 337-357.
[6] R. Richardson, T. Springer, The Bruhat order on symmetric varieties. Geom. dedicata 35 (1990), 389-436.
[7] OEIS Foundation Inc. (2023), The On-Line Encyclopedia of Integer Sequences, http://oeis.org/

A125625

http://oeis.org/A125625
http://oeis.org/A125625


6 A. D’ANDREA AND S. STELLA

[8] Mathematics Stack Exchange. Elementary central binomial coefficient estimates (2014), https://
math.stackexchange.com/q/932509

E-mail address: dandrea@mat.uniroma1.it

E-mail address: salvatore.stella@univaq.it

https://math.stackexchange.com/q/932509
https://math.stackexchange.com/q/932509

	1. Introduction
	2. Canonical words
	3. A bound from below
	4. A bound from above
	5. Structure of longest words in K2k+1
	Acknowledgments
	References

