
28 June 2026

Alma Mater Studiorum Università di Bologna
Archivio istituzionale della ricerca

Di Florio, C., Rotolo, A., Governatori, G., Sartor, G. (2023). Stable Normative Explanations: From
Argumentation to Deontic Logic. Berlin : Springer [10.1007/978-3-031-43619-2_9].

Published Version:

Stable Normative Explanations: From Argumentation to Deontic Logic

Published:
DOI: http://doi.org/10.1007/978-3-031-43619-2_9

Terms of use:

(Article begins on next page)

Some rights reserved. The terms and conditions for the reuse of this version of the manuscript are
specified in the publishing policy. For all terms of use and more information see the publisher's website.

Availability:
This version is available at: https://hdl.handle.net/11585/960697 since: 2024-02-23

This is the final peer-reviewed author’s accepted manuscript (postprint) of the following publication:

This item was downloaded from IRIS Università di Bologna (https://cris.unibo.it/).
When citing, please refer to the published version.

http://doi.org/10.1007/978-3-031-43619-2_9
https://hdl.handle.net/11585/960697


ar
X

iv
:2

30
7.

05
15

6v
1 

 [
cs

.A
I]

  1
1 

Ju
l 2

02
3

Stable Normative Explanations: From Argumentation to

Deontic Logic

Cecilia Di Florio1, Guido Governatori2[0000−0002−9878−2762],

Antonino Rotolo1[0000−0001−5265−0660], and Giovanni Sartor3[0000−0001−5680−0080]

1 ALMA AI and Department of Legal Studies, University of Bologna, Italy {
cecilia.diflorio2,antonino.rotolo}@unibo.it

2 Cooroibah, QLD 4565, Australia guido@governatori.net
3 ALMA AI/Department of Legal Studies, University of Bologna, and EUI, Italy

giovanni.sartor@unibo.it

Abstract. This paper examines how a notion of stable explanation developed

elsewhere in Defeasible Logic can be expressed in the context of formal argu-

mentation. With this done, we discuss the deontic meaning of this reconstruction

and show how to build from argumentation neighborhood structures for deontic

logic where this notion of explanation can be characterised. Some direct complex-

ity results are offered.

1 Introduction

Resorting to machine learning to predict outcomes in legal proceedings is very much dis-

cussed in the literature as well as by policy-makers (for an overview, see, e.g., [21,6,4]).

Indeed, such techniques can be used for algorithmic decision predictors to support

judges in individual cases, to assist litigants in estimating their likelihood of winning a

case or in examining various biases on legal decision-making processes [6]. One of the

most challenging contexts in which to introduce AI is within courts. Judges are often

reluctant to adopt these tools for two reasons: (a) it could undermine the independent

exercise of judicial power, and (b) AI is anything but transparent and explainable.

Developing Explainable-AI systems is thus more and more important in the law

since ‘transparency’ and ‘justification’ of legal decision-making both require formalis-

ing normative explanations [1]. Normative explanation is a type of explanation where

norms (in addition to factual information) are crucial: if reframed in the context of legal

decision-making, this means to explain why a legal conclusion (such as an obligation)

ought to be the case on the basis of certain norms (such as one prescribing to compen-

sate for the damages for which we are liable) and facts (such as the fact that I causally

contributed to cause a damage) [2,24]. In the context of judicial reasoning, the idea of

normative explanation is now emerging in the literature (see [12,26,19,18]).

Legal proceedings are adversarial in nature. In this perspective, if a judge or a lit-

igant aim at predicting possible outcomes, this fact must be taken into account, and

formal tools to make such predictions understandable should allow for checking if a

certain legal outcome is stable [11,12,22]. This is especially true in an argumentation

perspective, where the adversarial structure of proceedings become more transparent. In

http://arxiv.org/abs/2307.05156v1


such a perspective, given some facts, the proceeding aims at determining what legal re-

quirements hold, and whether such legal requirements have been fulfilled. (In)Stability

means that, if more/new facts were presented, the outcome of a case might be quite

different or can even be modified. How to ensure a specific outcome for a case, which,

in an adversarial setting, can be understood as addressing the question of how to ensure

that the facts presented by a party are ‘resilient’ to the attacks from the opponent?

In this paper we adopt [11,12]’s definition of stability and elaborate it in the ar-

gumentation setting of Defeasible Logic [3]. Apart from some details, while valuable,

this extension is technically rather straightforward. However, we are interested in sec-

ond, and more challenging, research question: What is the deontic meaning of stable

normative explanation as developed in an argumentation setting? In fact, in legal argu-

mentation, a typical outcome of judicial decisions are obligations and permissions.

In moving to the deontic domain, we must notice that deontic argumentation can be

developed in various ways [16,28]. As commonly done in the AI&Law literature [27],

we assume that legal norms are rules having the form φ1, . . . ,φn ⇒ ψ and we follow this

intuition:

Intuition 1 Let AF be an argumentation framework where arguments are built using

rules of the form φ1, . . . ,φn ⇒ ψ . Then OBLψ holds in AF iff ψ is justified w.r.t. AF.

Once we have defined the argumentative setting and identified some notions of nor-

mative explanation, we adapt [15]’s method and show how this machinery can be recon-

structed in neighborhood semantics for classical deontic logics [8] and how the notion

of explanation can be semantically characterised.

The layout of article is as follows. Section 2 recalls the basics of Defeasible Logic

and offers a variant of the idea of argumentation framework based on such a logic. Sec-

tion 3 presents the definitions of normative explanation and stable normative explana-

tion. Section 4 illustrates how to move from argumentation structures to neighbourhood

semantics for deontic logic. Section 5 applies the ideas of Sections 3 and 4 to semanti-

cally reconstruct the concept of normative explanation.

2 Background

2.1 Defeasible Logic

The logical apparatus we utilise is the standard Defeasible Logic (DL) [3]. In this sec-

tion we present the basics of DL.

Let PROP be the set of propositional atoms, then the set of literals Lit = PROP∪
{¬p | p ∈ PROP}. The complementary of a literal p is denoted by ∼p: if p is a positive

literal q then ∼p is ¬q, if p is a negative literal ¬q then ∼p is q. Literals are denoted by

lower-case Roman letters. Let Lab be a set of labels to represent names of rules.

A defeasible theory D is a tuple (F,R,>), where F is the set of facts (indisputable

statements), R is the rule set, and > is a binary relation over R.

R is partitioned into three distinct sets of rules, with different meanings to draw dif-

ferent “types of conclusions”. Strict rules are rules in the classical sense: whenever the



premises are the case, so is the conclusion. We then have defeasible rules which rep-

resent the non-monotonic part (along which defeaters) of the logic: if the premises are

the case, then typically the conclusion holds as well unless we have contrary evidence

that opposes and prevents us from drawing such a conclusion. Lastly, we have defeaters,

which are special rules whose purpose is to prevent contrary evidence from being the

case. It follows that in DL, through defeasible rules and defeaters, we can represent in

a natural way exceptions (and exceptions to exceptions, and so forth).

We finally have the superiority relation >, a binary relation among couples of rules

that is the mechanism to solve conflicts. Given the two rules r and t, we have 〈r, t〉 ∈>
(or simply r > t), in the scenario where both rules may fire (can be activated), r’s con-

clusion will be preferred to t’s.

In general, a rule r ∈ R has the form r : A(r) →֒ C(r), where: (i) r ∈ Lab is the

unique name of the rule, (ii) A(r)⊆ Lit is r’s (set of) antecedents, (iii) C(r) = l ∈ Lit is

its conclusion, and (iv) →֒∈ {→,⇒, } defines the type of rule, where: → is for strict

rules, ⇒ is for defeasible rules, and is for defeaters.

Some standard abbreviations. Rs denotes the set of strict rules in R, and the set

of strict and defeasible rules is denoted by Rs; R[l] denotes the set of all rules whose

conclusion is l.

A conclusion of D is a tagged literal with one of the following forms:

+∆ l (resp. −∆ l) means that l is definitely proved (resp. strictly refuted/non provable)

in D, i.e., there is a definite proof for l in D (resp. a definite proof does not exist).

+∂ l (resp. −∂ l) means that l is defeasibly proved (resp. defeasibly refuted) in D, i.e.,

there is a defeasible proof for l in D (resp. a definite proof does not exist).

The definition of proof is also the standard in DL. Given a defeasible theory D, a

proof P of length n in D is a finite sequence P(1),P(2), . . . ,P(n) of tagged formulas of

the type +∆ l, −∆ l, +∂ l, −∂ l, where the proof conditions defined in the rest of this

section hold. P(1..n) denotes the first n steps of P.

All proof tags for literals are standard in DL [3]. We present only the positive ones

as the negative proof tags can be straightforwardly obtained by applying the strong

negation principle to the positive counterparts. The strong negation principle applies

the function that simplifies a formula by moving all negations to an innermost position

in the resulting formula, replaces the positive tags with the respective negative tags, and

the other way around, see [13].

Positive proof tags ensure that there are effective decidable procedures to build

proofs; the strong negation principle guarantees that the negative conditions provide

a constructive method to verify that a derivation of the given conclusion is not possible.

The definitions of ±∆ describe forward-chaining of strict rules and are omitted.

Defeasible derivations are based on the notions of a rule being applicable or dis-

carded. A rule is applicable at a given derivation step when every antecedent has been

proved at any previous derivation step. Symmetrically, a rule is discarded when at least

one antecedent has been previously refuted.

Definition 1 (Applicable & Discarded).

Given a defeasible theory D, a literal l, and a proof P(n), we say that



– r ∈ R[l] is applicable at P(n+ 1) iff ∀a ∈ A(r). + ∂a ∈ P(1..n).
– r ∈ R[l] is discarded at P(n+ 1) iff ∃a ∈ A(r). − ∂a ∈ P(1..n).

Note that a strict rule can be used to derive defeasible conclusions when it is applicable

and at least one of its premises is defeasibly but not strictly proved.

Definition 2 (+∂ ).

+∂ l: If P(n+ 1) = +∂ l then either

(1) +∆ l ∈ P(1..n), or

(2.1) −∆∼l ∈ P(1..n), and

(2.2) ∃r ∈ R[l] applicable s.t.

(2.3) ∀s ∈ R[∼l] either

(2.3.1) s discarded, or

(2.3.2) ∃t ∈ R[l] applicable s.t. t > s.

A literal is defeasibly proved if (1) it has already proved as a strict conclusion, or (2.1)

the opposite is not and (2.2) there exists an applicable, defeasible or strict, rule such

that any counter-attack is either (2.3.1) discarded or (2.3.2) defeated by an applicable,

stronger rule supporting l. Note that, whereas s and t may be defeaters, r may not, as

we need a strict or defeasible, applicable rule to draw a conclusion.

The last notions introduced in this section are those of extension of a defeasible

theory. Informally, an extension is everything that is derived and disproved.

Definition 3 (Theory Extension). Given a defeasible theory D, we define the set of

positive and negative conclusions of D as its extension: E(D) = (+∆ ,−∆ ,+∂ ,−∂ ),
where ±# = {l| l appears in D and D ⊢ ±#l}, # ∈ {∆ ,∂}.

Theorem 1. [20] Given a defeasible theory D, its extension E(D) can be computed in

time polynomial to the size of the theory.

2.2 Argumentation in Defeasible Logic

Argumentation frameworks for DL and the corresponding argumentation semantics

have been in general studied in [10]. Here, we present a variant of it, which is based on a

fragment of DL without strict rules and defeaters. Also, since rules are meant to express

norms, facts have a special status here, i.e.—as argued in [11,12]—they are meant to

capture purely factual information and thus do not occur in the heads of rules (which

are supposed to lead to normative conclusions).

Definition 4. An argumentation theory D is a defeasible theory (F,R,>) where

– R is a (finite) set of defeasible rules,

– F ⊆ Lit is a finite consistent set of facts where, for each p ∈ F, R[p]∪R[∼p] = /0,

and

– >⊆ R×R is a superiority relation on R.



By combining the rules in a theory, we can build arguments (we adjust the definition

in [25] to meet Definition 4). In what follows, for a given argument A, Conc returns its

conclusion, Sub returns all its sub-arguments,Rules returns all the rules in the argument

and, finally, TopRule returns the last inference rule in the argument.

Definition 5 (Argument). Let D = (F,R,>) be an argumentation theory. An argument

A constructed from D has either the the form ⇒F φ (factual argument), where φ ∈ F,

or the form A1, . . . ,An ⇒r φ (plain argument), where 1 ≤ k ≤ n, and

– Ak is an argument constructed from D, and

– r : Conc(A1), . . . ,Conc(An)⇒ φ is a rule in R.

With regard to argument A, the following holds:

Conc(A) = φ
Sub(A) = Sub(A1), . . .Sub(An),A
TopRule(A) = r : Conc(A1), . . . ,Conc(An)⇒r φ
Rules(A) = Rules(A1), . . . ,Rules(An),TopRule(A).

We say that any arguments ⇒F φ or A1, . . . ,An ⇒r φ are arguments for φ .

The following standard definitions are from [10].

Definition 6 (Attack, support, and undercut). A plain argument A attacks a plain

argument B if a conclusion of A is the complement of a conclusion of B. We define the

attack relation ≫ such that, for any arguments A and B, 〈A,B〉 ∈≫ (or, in short, A ≫ B)

iff A attacks B. A set of plain arguments arg attacks a plain argument B if there is an

argument A in arg that attacks B.

A proper subargument B = Sub(A) of an argument A is such that B 6= A.

An argument A is supported by a set of arguments arg if every proper subargument

of A is in arg.

An argument A is undercut by a set of arguments arg if arg supports an argument B

attacking a proper subargument of A.

Notice that conflicts between arguments only consider plain arguments: arguments

of the form ⇒F φ can be ignored because the set of facts is assumed to be consistent

and no fact (or its negation) can occur in the head of any rule [11]. The definition above

from [10] does not make any reference to the superiority relation, since it is easy to see

that the current semantics is a special case of that of [9] when the superiority relation

is empty (and for every argumentation theory can be transformed into an equivalent

one without the superiority relation is empty). However, the superiority relation can be

taken into account by incorporating it into the definition of attack. In other words, for

any argument A, if TopRule(A) = r : Conc(A1), . . . ,Conc(An)⇒r φ , A attacks another

argument B if, and only if TopRule(A) is stronger than TopRule(B).
We can now define the argumentation framework.

Definition 7 (Argumentation Framework). Let D = (F,R,>) be an argumentation

theory. The argumentation framework AF(D) determined by D is (A ,≫) where A is

the set of all arguments constructed from D, and ≫ is the attack relation defined above.



Definition 8 (Acceptable and rejected argument). Let D = (F,R,>) be an argumen-

tation theory and AF(D) = (A ,≫) be the argumentation framework determined by D.

An argument A in AF(D) for φ is acceptable w.r.t to a set of argument arg in AF(D) if

A is finite and every argument attacking A is undercut by arg.

An argument A is rejected by sets of arguments arg and arg′ in AF(D) when a proper

subargument B of A is in arg or B is attacked by an argument supported by arg′ .

Definition 9 (Sets of acceptable and rejected arguments). Let D= (F,R,>) be an ar-

gumentation theory and AF(D) = (A ,≫) be the argumentation framework determined

by D. We define JD
i as follows.

– JD
0 = /0

– JD
i+1 = {A ∈ A |A is acceptable w.r.t. JD

i }

The set of justified arguments in an argumentation theory D is JArgsD = ∪∞
i=1JD

i .

We define RD
i as follows.

– RD
0 = /0

– RD
i+1 = {B ∈ A |B is rejected by RD

i and JArgsD}

The set of rejected arguments in an argumentation theory D is RArgsD = ∪∞
i=1RD

i .

JArgsD corresponds the extension of the argumentation framework determined by D.

The following are thus standard result that can be obtained:

Theorem 2. Let D be an argumentation theory. Then,

– an argument A and its conclusion φ are justified w.r.t. the argumentation framework

AF(D) if, and only if (a) A ∈ JArgsD and (b) D ⊢+∂φ ;

– an argument A and its conclusion φ are rejected w.r.t. the argument framework

AF(D) is, and only if (a) A ∈ RArgsD and (b) and (b) D ⊢ −∂φ .

3 Stable Normative Explanations

We define the idea of normative explanation for φ , which is a normative decision or any

piece of normative knowledge that justifies φ and that is minimal [11,12,19].

Definition 10 (Normative explanation). Let D=(F,R,>) be an argumentation theory

and AF(D) = (A ,≫) be the argumentation framework determined by D. The set arg⊆
A is a normative explanation Expl(φ ,AF(D)) in AF(D) for φ iff

– A ∈ arg is an argument for φ and A is justified w.r.t. AF(D);
– arg is a minimal set in AF(D) such that A is acceptable w.r.t to arg.

Example 1. Suppose the law forbids engaging in credit activities without a credit li-

cense. Such activities are permitted for a person acting on behalf of another person (the

principal), when the person is an employee of the principal, and the principal holds a



credit license. Some conditions are specified under which a person can be banned for

credit activities. For example, a person is banned if she becomes insolvent.

R = {s1 : ⇒¬creditActivity,

s2 : creditLicense ⇒ creditActivity,

s3 : actsOnBehalfPrincipal,principalCreditLicense ⇒ creditActivity,

s4 : banned ⇒¬creditActivity,

s5 : insolvent ⇒ banned}

>= {〈s2,> s1〉,〈s3 > s1〉,〈s4 > s3〉,〈s4 > s2〉}.

Assume an argumentation theory D = (F,R,>) where F = {insolvent,creditLicense}.

Then, AF(D) = (A ,≫) is as follows:

A = {A1 : ⇒F insolvent, A2 : ⇒F creditLicense,

A3 : A1 ⇒s5
banned, A4 : A3 ⇒s4

¬creditActivity,

A5 : A2 ⇒s2
creditActivity}

≫= {〈A4,A5〉〉}.

It is easy to see that {A1,A4}= Expl(¬creditActivity,AF(D)).

As discussed in [11,12], an explanation for a given normative conclusion φ is stable

when adding new elements to that explanation does not affect its power to explain φ .

The following definition thus elaborates the ideas of [12] for the argumentation

setting of Section 2.2.

Definition 11. Let R a finite set of rules. We define the set of literals Lit(R) as {φ ,∼φ |∀r ∈
R : φ ∈ A(r) or ∼φ ∈ A(r),R[φ ]∪R[∼φ ] = /0}.

We write argR to denote the set of all possible arguments that can be built from R

and any finite set F of facts such that F ⊆ Lit(R).

Definition 12 (Stable Normative Explanation). Let AF(D) = (A ,≫) be an argu-

mentation framework determined by the argumentation theory D = (F,R,>). We say

that arg = Expl(φ ,AF(D)) is a stable normative explanation for φ in AF(D) iff for

all AF(D′) = (A ′,≫′) where D′ = (F ′,R,>) s.t. F ⊆ F ′ ⊆ Lit(R), we have that

arg = Expl(φ ,AF(D′)).

Example 2. Let us consider the argumentation framework AF(D) in Example 1. Then,

{A1,A4} is stable normative explanation for ¬creditActivity in AF(D), whereas, e.g.,

{A2,A5} is not a stable normative explanation for creditActivity.

On the basis of Section 2.2 and Theorem 2 it is easy to verify that the computational

results from [11,12] hold also in this case (the proofs are similar and are omitted):

Theorem 3. Given an argumentation framework AF(D) and a normative explanation,

(a) the problem of determining if the explanation is stable is co-NP-complete and (b)

the problem of determining if the explanation is not stable is NP-complete.



4 From Argumentation to Deontic Logic

Let us now show how to move from an argumentation setting to deontic logic.

Intuition 2 Let D = (F,R,>) be any argumentation theory and AF(D) = (A ,≫) be

the argumentation framework determined by D. The relation between argumentation

and deontic logic is based on the following intution:

D ⊢+∂φ if and only if M ,w |= OBLφ for some world w in some model M .

The idea behind it—the construction of a canonical model for a defeasible theory—

was proposed in [15] for a multi-modal variant of DL where modal operators (including

obligations) were explicitly added in the language and proof theory. However, building

an argumentation semantics for that formalism is particularly hard, as shown in [16,17].

We avoid those complexities and elaborate on the approach of [15] by constructively

stating that defeasible provability of any φ corresponds to the obligatoriness of φ , and—

if PERM is the dual of OBL—the non-provability of φ means that ∼φ is permitted.

4.1 Deontic Logic and Semantics

Let us define our modal logic language and system.

Definition 13 (Modal language and logic). Let Lit be the set of literals of our lan-

guage L . The language L (Lit) of EL is defined as follows:

p ::= l | ¬p | OBLφ | PERMφ ,

where l ranges over PROP and φ ranges over Lit.

The logical system EL is based on L (Lit) and is closed under logical equivalence.

Proposition 1. The system EL is a fragment of system E [8].

Given Proposition 1, we use neighbourhood semantics. However, we have to iden-

tify a proper subclass of frames and models.

Let us first recall standard neighbourhood semantics.

Definition 14 (Frames and models). A neighbourhood frame F is a structure 〈W,N 〉

where W is a non-empty set of possible worlds and N is a function W 7→ 22W
.

A neighbourhood model M is obtained by adding an evaluation function v :

PROP 7→ 2W to a neighbourhood frame.

Definition 15 (Truth in a model). Let M be a model 〈W,N ,V 〉 and w ∈W. The truth

of any formula p in M is defined inductively as follows:

1. standard valuation conditions for the boolean connectives;

2. M ,w |= OBLφ iff ||φ || ∈ N (w),
3. M ,w |= PERMφ iff W −||φ || 6∈ N (w).



A formula p is true at a world in a model iff M ,w |= p; true in a model M , written

M |= p iff for all worlds w ∈W , M ,w |= p; valid in a frame F , written F |= p iff it is

true in all models based on that frame; valid in a class C of frames, written C |= p, iff it

is valid in all frames in the class. Analogously, an inference rule p1, . . . pn ⇒ q (where

p1, . . . pn are the premises and q the conclusion) is valid in a class C of frames iff, for

any F ∈ C , if F |= p1, . . . ,F |= pn then F |= q.

In order to introduce a semantics for our fragment, the following is needed.

Definition 16. Let D=(F,R,>) be any argumentation theory, AF(D) = (A ,≫) be the

argumentation framework determined by D, and Lit(D) be the set of literals occurring

in D. The D-extension E(D) of a theory D is the smallest set of literals such that, for all

φ ∈ Lit(D):

1. φ ∈ E(D) iff φ is justified w.r.t. AF(D),
2. ∼φ ∈ E(D) iff φ is not justified w.r.t. AF(D).

Definition 17. Let L be a consistent set of literals. A defeasible rule theory is a structure

D = (R,>). The D-extension of L is the extension of the argumentation theory (L,R,>);
we denote it with EL(D).

Definition 18 (Dependency graph). Let D be any argumentation theory and Lit(D) be

literals occurring in D. The dependency graph of D is the directed graph (V,A) where:

– V = {p | p ∈ PROP,{p,¬p}∩Lit(D) 6= /0};

– A is the set such that (n,m) ∈ A iff

• n = φ and ∃r ∈ R[φ ]∪R[∼φ ];
• m = ψ and ∃r ∈ R[ψ ]∪R[∼ψ ] such that {n,∼n}∩A(r) 6= /0.

Proposition 2. Let L be a set of literals, D = (R,>) be a defeasible rule theory such

that the transitive closure of > is acyclic and D′ = (L,R,>) be the corresponding argu-

mentation theory such that the dependency graph of D′ is acyclic. Then, the D-extension

of L is consistent iff L is consistent.

Proof. The result is based on the proofs of Proposition 3.3 of [3], and Theorem 2 of

[14] (see [7]). The proof shows that, given the fact that > and the dependency graph of

D′ are acyclic (which means that we do not have loops in the rules), then, if D |∼φ and

D |∼∼φ then φ ,∼φ ∈ L, which contradicts the assumption that L is consistent.

The definition of an appropriate structure considers an argumentation theory D: (a)

we add as worlds all D-extensions without the empty set, while (b) to construct neigh-

bourhoods for each world, we build an Sr relationship between possible worlds based

on information in the rule r for each rule in D and ensure that the rule can actually be

applied, and put together all Sr relations.

Definition 19 (Neighbourhood D-frame, neighbourhood D-model, and truth). Let

D= (F,R,>) be an argumentation theory such that the transitive closure of > is acyclic

and the dependency graph of D is acyclic. A neighbourhood D-frame is a structure

〈W,N 〉 where



– W = {w |w ∈ (2E(D)−{ /0})};

– N is a function with signature W 7→ 22W
defined as follows:

• xS jy iff ∃r ∈ R such that A(r)⊆ x and C(r) ∈ y

• ∀s ∈ R[∼C(r)] either

1. ∃a ∈ A(s),a /∈ x; or

2. ∃t ∈ R[C(r)] such that t > s, A(t)⊆ x

• S j(w) = {x ∈W : wS jx}
• S j(w) =

⋃

C(rk)=C(r j)
Sk(w)

• N (w) = {S j(w)}r j∈R.

A neighbourhood D-model M is obtained by adding an evaluation function v : PROP 7→
2W to a neighbourhood D-frame such that, for any p ∈ PROP, v(p) = {w | p ∈ w}.

Proposition 3. Let CF , CM , CFD
and CMD

be, respectively, the classes of neighbour-

hood frames and models, and the classes of neighbourhood D-frames and D-models.

Then, CFD
⊂CF and CMD

⊂CM .

4.2 Completeness

To build canonical structures from an argumentation framework, we use defeasible rule

theories by following Intuition 2 and Definitions 16 and 19. The construction considers

all possible defeasible rule theories and, for each of them, all possible maximal consis-

tent sets of facts that can be generated. In a nutshell, the procedure runs as follows:

1. Considering all defeasible rule theories of the language. Given the language L ,

the set of all defeasible rule theories is D .

2. Constructing worlds. For each defeasible rule theory D ∈ D , add as worlds all

maximal consistent sets of formulae containing all D-extensions of each L∈ 2Lit(D))

plus the negation of all literals that do not occur in D.

3. Constructing neighbourhoods for each world. Proceed as in Definition 19.

Definition 20 (L -maximality). A set w is L (Lit)-maximal iff for any formula p of

L (Lit), either p ∈ w, or ¬p ∈ w.

Lemma 1 (Lindenbaum’s Lemma). Let D any defeasible rule theory. Any consistent

set wEL(D) of formulae in the language L (Lit) consisting of a D-extension of any L can

be extended to a consistent L (Lit)-maximal set w+
EL(D)

.

Proof. Let p1, p2, . . . be an enumeration of all the possible formulae in L (Lit).

– w0 := wEL(D);

– wn+1 := wn ∪{pn} if its closure under the axioms and rules of a given logic S is

consistent, wn ∪{¬pn} otherwise;

– w+
EL(D)

:=
⋃

n≥0 wn.

Definition 21 (Canonical neighbourhood D-model). Given the language L , let D be

the set of all defeasible rule theories that can be obtained from L . For all Di = (Ri,>i

) ∈ D the canonical neighbourhood model is the structure MD = (W,N ,v) where



– W =
⋃

∀Di∈D Wi where Wi = {wL |∀L ∈ 2Lit(Di),wL = w+
EL(D)

}.

– N is a function with signature W 7→ 22W
defined as follows:

• xSi
jy where OBLφ ∈ x iff ∃r ∈ Ri such that C(r) = φ , A(r) ⊆ x and C(r) ∈ y

where x,y ∈Wi;

• ∀s ∈ Ri[∼C(r)] either

1. ∃a ∈ A(s),a /∈ x; or

2. ∃t ∈ Ri[C(r)] such that t > s, A(t)⊆ x

• Si
j(w) = {x ∈Wi : wSi

jx},

• S i
j (w) =

⋃

C(rk)=C(r j)
Si

k(w),

• N (w) = {S i
j (w)}r j∈Ri

;

– for each φ ∈ Lit and any w ∈W, v is an evaluation function such that w ∈ v(φ) iff

φ ∈ w, and w 6∈ v(φ) iff ∼φ ∈ w.

Lemma 2 (Truth Lemma). If M = (W,N ,v) is canonical for S, where S⊇ EL , then

for any w ∈W and for any formula p, p ∈ w iff M ,w |= φ .

Proof. The proof is by induction on the length of an expression p. We consider only

some relevant cases.

Assume p is a literal φ . If φ ∈ w, by the semantic evaluation clause it holds that

M ,w |= φ . For the opposite direction, assume that M ,w |= φ , by construction φ ∈ w.

If, on the other hand, p has the forms OBLφ and PERMφ , and p ∈ w, then, by con-

struction (respectively), ‖φ‖ ∈ N (w) and W − ||φ || 6∈ N (w). By definition M ,w |=
OBLφ and M ,w |= PERMφ , respectively. Conversely, if M ,w |=OBLφ and M ,w |=
PERMφ , then ‖φ‖∈N (w) and W −||φ || 6∈N (w), and by construction of N , OBLφ ∈
w and PERMφ ∈ w.

The canonical model exists, it is not empty, and it is a neighbouhood D-model.

Consider any formula p /∈ S such that S⊇EL ; {¬p} is consistent and it can be extended

to a maximal set w such that for some canonical model, w ∈W . By Lemma 2, w 6|= p.

Corollary 1 (Completeness of EL ). The systems EL is sound and complete with re-

spect to the class of neighbourhood D-frames.

Corollary 2. Let M be any neighbourhood D-model. Then

1. M |= OBLφ iff there exists an argumentation theory D = (F,R,>) such that φ is

justified w.r.t. AF(D);
2. M |= PERMφ iff there exists an argumentation theory D = (F,R,>) such that φ

is not justified w.r.t. AF(D).

5 Stable Explanations in Neighbourhood Semantics

The definition of normative explanation of Section 3 can be appropriately captured in

our deontic logic setting. First of all, we have to formulate the modal version of an

argument.



Proposition 4 (Neighbourhood D-model for an argument). Let D = (F,R,>) be

an argumentation theory, AF(D) = (A ,≫) be the argumentation framework deter-

mined by D, and MD = (W,N ,v) be the corresponding neighbourhood D-model. Ar-

gument A ∈ A , where Conc(A) = ψ , is justified w.r.t. AF(D) iff, if Sub(A) = {Ax |∀x ∈
{1, . . . ,s |s ≥ 1},Conc(Ax) = φix}, then the following condition holds in MD:

∃w1 . . .∃ws ∈W



















































































∀i2 ∈ {12, . . .n2},(∀i1 ∈ {11, . . .n1}, ||φi1 || ∈ N (w1)⇒
⇒ ||φi2 || ∈ N (w1))
&

∀i3 ∈ {13, . . .n3},(∀i2 ∈ {12, . . .n2},w2 ∈ ||φi1 || ⇒
⇒ ||φi2 || ∈ N (w2))
&
...

&

∀is ∈ {1s, . . .ns},(∀is−1 ∈ {1s−1, . . .ns−1},ws−1 ∈ ||φis−1
|| ⇒

⇒ ||φis || ∈ N (ws−1))
&

∀is ∈ {1s, . . .ns},(ws ∈ ||φis || ⇒ ||ψ || ∈ N (ws))

The model MD is called a neighbourhood D-model for A.

Proof. (⇒) The argument A has either the form ⇒F ψ or the form A1s , . . . ,Ans ⇒r

ψ , where Ais , 1s ≤ is ≤ ns, is an argument constructed from D, and r :

Conc(A1s), . . . ,Conc(Ans)⇒ ψ is a rule in R.

Case (1). If A :⇒F ψ , by construction of MD (see Definition 19) s = 1 and there is

a world ws such that ||ψ || ∈ N (ws).
Case (2). If A1s , . . . ,Ans ⇒rs ψ , then, by construction of MD, there a world ws such

that for each Conc(Ais), ws ∈ ||Conc(Ais)|| and ||ψ || ∈ N (ws). Consider now each

Ais , having the form A1s−1
, . . . ,Ans−1

⇒rs−1
Conc(Ais), which in turn can fall within

Case (1) or Case (2). Suppose, for example, that each Ais−1
falls within Case (2). Then,

by construction of MD, there a world ws−1 such that for each Conc(Ais−1
), ws−1 ∈

||Conc(Ais−1
)|| and ||Conc(Ais)|| ∈ N (ws−1). Similarly, for the other cases.

Since, A is finite, it means that there are sub-arguments having the form

A11
, . . . ,An1

⇒r1
φi2 to which we can develop a similar argument.

(⇐) The proof for this direction runs similarly as the one for the case (⇒).

The concept of normative explanation directly follows from Proposition 4.

Proposition 5 (Neighbourhood D-model for a normative explanation). Let D=(F,R,>
) be an argumentation theory, AF(D) = (A ,≫) be the argumentation framework de-

termined by D, and MD = (W,N ,v) be the corresponding neighbourhood D-model.

If Expl(ψ ,AF(D)) = {A1, . . . ,An} then MD is neighbourhood D-model for each

argument Ak, 1 ≤ k ≤ n.

The model MD is called a neighbourhood D-model for Expl(ψ ,AF(D)).

We can semantically isolate the arguments in a normative explanation by using

Proposition 4 as well as by resorting to the notion of generated sub-model [5,23].



Definition 22 (Generated submodel [5,23]). Let M = (W,N ,v) be any neighbour-

hood model. A generated submodel MX = (X ,NX ,vX ) of M is neighbourhood model

where X ⊆W, ∀Y ⊆W,∀w ∈ X ,Y ∈ N (w)⇔ Y ∩X ∈ NX(w).

Proposition 6 (Generated D-submodel for a normative explanation). Let D=(F,R,>
) be an argumentation theory, AF(D) = (A ,≫) be the argumentation framework de-

termined by D, X = Expl(ψ ,AF(D)), MD = (W,N ,v) be a neighbourhood D-model

for X , and MDX
= (WX ,NX ,vX ) be a generated submodel of MD.

X = {A1, . . . ,An} iff WX =W −X where

X = {w |w ∈W, ∀φ ∈ w : φ ∈ F &Ax ∈ A , Ax 6∈ X and Ax :⇒F φ}

The model MDX
is called the generated D-submodel for X .

Proof (Skecth). The model MDX
is the generated submodel obtained by isolating in

MD precisely those worlds, and only those worlds in which the factual literals and

factual arguments are those which are needed in X . Hence, (1) if we consider them,

all arguments in X are justified; (2) if we consider only the arguments in X , then, by

construction (see Proposition 4), WX contains all worlds in W except those in which

facts not needed in X are the case. Notice that, since MDX
is a generated submodel,

the truth values of modal formulae are preserved.

The semantic reconstruction of stable normative explanation thus trivially follows.

Corollary 3 (Stable normative explanation in neighbourhood D-models). Let D =
(F,R,>) be an argumentation theory andAF(D)= (A ,≫) be the argumentation frame-

work determined by D.

If X = Expl(ψ ,AF(D)) = {A1, . . . ,An} is a stable normative explanation for ψ
in AF(D) and D+ = (F+,R,>) is the argumentation theory where F+ = {φ |∀r ∈
R : φ ∈ A(r) and R[φ ]∪R[∼φ ] = /0}, then Expl(ψ ,AF(D+)), and MDX

= MD+
X

such

that MDX
and MD+

X

are, respectively, the generated D-submodel and generated D+-

submodel for X .

In other words, a stable explanation considers a neighbourhood model where all possi-

bile facts of a theory D are the case and requires that in such a model the conclusion ψ
is still justified.

6 Summary

In this paper we investigated the concept of stable normative explanation in argumenta-

tion, which was elsewhere introduced in Defeasible Logic using proof-theoretic meth-

ods. Then we have devised in a deontic logic setting a new method to construct appropri-

ate neighborhood models from argumentation frameworks and we have characterised

accordingly the notion of stable normative explanation. The problem of determining a

stable normative explanation for a certain legal conclusion means to identify a set of

facts, obligations, permissions, and other normative inputs able to ensure that such a



conclusion continues to hold when new facts are added to a case. This notion is interest-

ing from a logical point of view—think about the classical idea of inference to the best

explanation—and we believe it can also pave the way to develop symbolic models for

XAI when applied to the law.

The idea of stability, since it requires to consider adding new inputs, can be reexam-

ined through the revision of the given argumentation theory. Formally, given an initial

argumentation theory Dinit , the revised theory D, and the target conclusion φ , we could

formally define change operations as follows:

Expansion: from Dinit 6⊢ φ to D ⊢ φ .

Contraction: from Dinit ⊢ φ to D 6⊢ φ .

Revision: from Dinit ⊢ φ to D ⊢ ∼φ .

How such an intuition can be fully exploited in the context of the current research

is left to future research.
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