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Abstract 

Lattice structures are an important class of architected cellular solids and structures with 

high potential for multifunctional and lightweight applications. Novel technologies such 

as additive manufacturing have vastly extended the design freedom to develop such 

architectures. In this work, a reliable theoretical model for optimizing unit cell design 

against buckling is developed for two different cell architectures: pyramidal and 

tetrahedral. The model's accuracy was evaluated through extensive finite element analysis 

and compared to existing methods available in the literature.  

Keywords:  
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1. Introduction 

Cellular Solids and Structures (CSSs) are a class of metamaterial with increasing interest 

in several industrial sectors thanks to their unique possibility to extend the constitutive 

material property space by a tailored design of their mesostructure [1]. Because of their 

flexibility, engineered CSSs have recently found increasing applications in transport (e.g., 

aerospace [2]–[6], mobility [7], [8], rail [9], [10]) as well as in the biomedical sector [11]. 



 

 

At their mesoscale, i.e. in a range spanning from 0.1  [mm] to 10 [mm], CSSs materials 

essentially consist of an interconnected network of struts or plates that form the edges and 

faces of the unit cell [12]; a CSSs is, in this context, a theoretically infinite periodic cluster 

of unit cells that are packed together form the solid metamaterial. Architected CSSs are 

often referred to as lattice structures (LS), mainly comprised of location-specific struts 

and nodes [13]–[15]. Several new classes of LS were developed by embedding different 

unit cell architectures at multiple scales: ultra-light/ultra-stiff [16], [17], shape recovering 

[18], negative Poisson's ratio [19]–[22], close to infinite bulk-to-shear modulus ratios 

[23], [24], high specific energy absorption [25] or thermal and vibration insulators [26], 

[27]. Traditional manufacturing methods can be challenging to produce high-complexity 

cell structures with precise geometries [28]–[31]. The extreme development in additive 

manufacturing (AM) over the last decades has vastly expanded the design and 

manufacturing possibilities for creating novel LS [15], [32]–[36] with an ever-increasing 

level of precision. Due to the specific limitations of each AM process, a deep optimization 

of the unit cell is required to address printability, support requirements, and material 

utilization efficiency. Many theoretical, numerical, and experimental bodies were 

dedicated to designing new lattice arrangements and studying their properties, as 

documented by several recent studies and reviews [37]–[39]. Ashby, Gibson, Fleck, and 

Dhespande [40]–[44] are well known for developing closed-form mathematical 

formulations to describe the performance of LS in terms of Young modulus, yielding 

stress, and critical buckling load using beam and column theory. Their studies analyzed 

the unit cell by exploiting symmetry and assuming that the struts were pin-jointed. 

Although they provide a highly used design framework in selecting unit cell geometric 

parameters, the accuracy of the results of these analytical models with experimental and 

numerical results through the finite element method (FEA) is mixed in the literature [35], 

[45]. Hanks et al. [46] report that analytical models tend to overestimate the modulus 

compared to FEA. 



 

 

Moreover, yielding stress predicted by analytical models overlaps with FEA results if 

bending in struts is negligible. A particularly relevant comment is that the aforementioned 

analytical models do not account for the contribution of the nodes to the unit cell's overall 

mechanical properties, as pointed out by Meza and others [47]. Due to the nature of their 

mesostructure, elastic buckling and plastic yielding are two of the most common failure 

mechanisms affecting LS's compressive strength. Several studies demonstrate that 

buckling may occur either at the strut level [48]–[53], at the material level, or in between 

[54]. Strategies to discriminate at which scale buckling can occur in large CS involve a 

linear buckling analysis based on Floquet-Bloch wave theory [55], searching over the 

wave-vector space and analyzing the resulting wavelengths. Herein, a small or large 

wavelength, compared to the unit cell size, corresponds to microscopic or macroscopic 

instability, respectively [54]. On the other side, from macroscopic stress-strain curves, 

changes in slope due to yielding or buckling are challenging to distinguish [53]. 

Considering that the critical buckling load of a slender column scales by two orders of 

magnitude with its decreasing radius to yield stress, significant strength improvements 

can be achieved by optimizing the buckling resistance. Researchers have employed 

different methods to optimize the unit cell design against critical buckling load 𝑃𝑐𝑟. One 

of the most direct way, as suggested by Deshpande [41] was the adoption of the well 

known Euler's formula: 

 𝑃𝐸 =
𝑛2𝜋3𝐸𝑠𝑎

4

4 𝑙2
 (1) 

Being 𝑎, 𝑙 the radius and the length of the strut, 𝐸𝑠 the elastic modulus and 𝑛 a factor 

depending on the rotational stiffness of the nodes [56]. Despite its apparent simplicity, a 

proper selection of the coefficient 𝑛 for Eq. (1) has reported to be challanging (see [53], 

[57]–[59] amongst others). Moreover, the formula does’n account for the lateral 

deflections due to the actual prestressed state of the cell under a given loading condition 

and neglects out-of-plane deformations. Meanwhile, FEA eigenvalue buckling was 



 

 

adopted by several researchers and found to be consistent with experimental data [37], 

[60]–[63]. In the attempt to provide a reliable model for optimizing unit cell design 

against buckling, a closed-form analytical solution that accounts for the general 

prestressed state of the cell due to the combined effects of bending, shear, torsion, and 

axial load was derived based on the matrix structural analysis theory, and compared to 

the existing ones available in the literature. Although FEA and matrix structural analysis 

theory share similarities, the first one is a numerical technique, while the latter is 

formulated in closed form. This allows the determination of closed-form analytical 

solutions for structural problems, enabling a practical framework for the geometrical 

optimization of beam-based lattice cells. The investigation focuses on two beam-based 

cell types in this work, specifically the pyramidal and the tetrahedral (see Figure 1). 

Effects of strut length 𝑙, inclination angle ω, and strut diameter 𝑑 over mechanical 

propertis are analized in detail.  

 

Figure 1: The two-unit cells analyzed in this study with their characteristic dimensions. 

a) regular pyramidal cell. b) regular tetrahedral cell. 

The model's accuracy is benchmarked using FEA analysis, and the effect of the 

contribution of nodes (pin-jointed or fixed) to mechanical properties is addressed.  

2. Materials and Methods 

The section is split into three parts. Section 2.1 illustrates the analytical framework used 

to derive a lattice cell’s stiffness, deflection, and internal reaction forces. Next, an 

analytical model to account for the effects of membrane stress on lateral deflection is 



 

 

illustrated in section 2.2. Finally, numerical validation methods are illustrated in section 

2.3.  

2.1. Modeling for prestress analysis 

In this work, struts are modeled as interconnected beams with rigid nodes, as shown in 

Figure 2. To study the influence of shear and rotational bending effects during the 

deformation of the structure, a 3D Timoshenko beam model was adopted for the analysis. 

 

 

Figure 2: Beam model of (a) pyramidal and (b) tetrahedral cell with rigid end nodes and 

built-in constraints 

Each node possesses six degrees of freedom, i.e. normal displacement (𝑢𝑖𝑥) two out of 

axis mutually orthogonal displacements (𝑢𝑖𝑦 and 𝑢𝑖𝑧), torsion angle (𝜃𝑖𝑥), and two out of 

axis mutually orthogonal angles (𝜃𝑖𝑦 and 𝜃𝑖𝑧) (see Figure 3).  
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Figure 3: The global (𝑂𝑋𝑌𝑍) and local (𝑜𝑥𝑦𝑧)  reference system for the 3D beam and 

local displacement 

Respective forces are axial load, two out of axes mutually orthogonal shear load, torque, 

and two out of axes mutually orthogonal bending moment. In the element reference 

system, the relationship between generalized forces  𝑓 and generalized displacement 𝛿 at 

node 𝑖 and 𝑗 are: 

 {
𝑓𝑒

𝑖

𝑓𝑒
𝑗

} = [𝐾]𝑒 {
𝛿𝑒𝑖
𝛿𝑒𝑗
} (2) 

A closed-form version of the element stiffness matrix is given in [64] and reported in Eq. 

A1 of Appendix 1. In Eq. A1, we have denoted with 𝐸 the Young modulus and with 𝐺 

the shear modulus of the material. 𝐴 is the cross sectional area, 𝐼𝑦 and 𝐼𝑧 are the moment 

of inertia of the cross-section to 𝑦 and 𝑧 axis, while 𝐼𝑝 is the polar moment of inertia. For 

cylindrical beams, 𝐴 =
𝜋𝑑2

4
, 𝐼𝑦 = 𝐼𝑧 =

𝜋𝑑4

64
 and 𝐼𝑝 =

𝜋𝑑4

32
.   In Eq. A1, shear stiffness is 

accounted by  Φy =
12 𝐸 𝐼𝑧

𝑘𝑠𝐺 𝐴 𝑙2
 and Φz =

12 𝐸 𝐼𝑦

𝑘𝑠𝐺 𝐴 𝑙2
, where the term 𝑘𝑠 is the so-called 

geometrical factor.  For a circular cross-section 𝑘𝑠 = 9/10 and Φy = Φz = Φ 

Since [𝐾]𝑒 is defined in the local 𝑜𝑥𝑦𝑧 reference system, while the struct of cells and 

global displacement are defined in the global 𝑂𝑋𝑌𝑍 reference system, a transformation 

of the stiffness matrix is required. We introduce 

 [𝛤] = [

𝑙𝑜𝑥 𝑚𝑜𝑥 𝑛𝑜𝑥
𝑙𝑜𝑦 𝑚𝑜𝑦 𝑛𝑜𝑦
𝑙𝑜𝑧 𝑚𝑜𝑧 𝑛𝑜𝑧

] (3) 

as the matrix of direction cosines for the 𝑜𝑥, 𝑜𝑦, 𝑜𝑧 directions measured in the datum 

𝑂𝑋𝑌𝑍 reference system. Being [𝛤] formed by orthonormal unit vectors, [𝛤]𝑇 = [𝛤]−1. 

The transformation matrix is thus given by: 



 

 

 [𝑇]𝑒 = [

[𝛤] 𝟎 𝟎 𝟎
𝟎 [𝛤] 𝟎 𝟎

𝟎 𝟎 [𝛤] 𝟎
𝟎 𝟎 𝟎 [𝛤]

] (4) 

and element stiffness matrix in global coordinates is therefore given by 

 [𝐾̅]𝑒 = [𝑇]𝑒𝑇[𝐾]𝑒[𝑇]𝑒  (5) 

The stiffness matrix [K̅] of the whole structure can be easily obtained by assembling all 

the element stiffness matrices obtained following the procedure described herein [65].  

For both pyramid and tetrahedron, the nodes at the base of the cells were assumed to be 

built-in constrained. A vertical unit force 𝐹 = 1 [N] was applied at the tip of both cells to 

retrieve the unknown displacements of the upper node 2 (see Figure 2) by solving the 

linear system 

 [𝐾̅] {∆̅} = {𝐹̅} (6) 

The displacement vector {∆̅}𝑒 of each beam in the global reference system was then 

reconstructed. Nodal forces for each member in the local reference system were 

calculated using the transformation 

 {𝐹} = [𝐾]𝑒[𝑇]𝑒{∆̅}𝑒 (7) 

Results were stored and used to build the following geometrical stiffness matrix. 

2.2. Modelling for buckling 

In this work, the effects of membrane stress on lateral deflection are accounted for by a 

matrix [𝐾𝑔]𝑒 wich augments the conventional stiffness matrix [𝐾]𝑒. For a beam element, 

elements of [𝐾𝑔]𝑒 are generally a function of geometry (such as beam length and shape 

of the cross-sectional area) and prestressed loading conditions. We call [𝐾𝑔]𝑒 the 

geometrical stiffness matrix, although several other definitions are commonly used (such 

as “stress-stiffness matrix” or “initial stress stiffness matrix”). In literature are reported 

that different formulations of [𝐾𝑔]𝑒. In this work, we have adopted the formula reported 

in Eq. A2 because it accounts for the torsion and is given in a closed-form [66], [67]. The 

rotation of the geometrical stiffness matrix in the global reference system and assembly 

procedure is identical to the one explained in the previous Section 2.1. Eigenvalue 

buckling is based on linear perturbation and can be predicted by using the equation 

 {𝑃𝑐𝑟} = 0 + 𝜆𝑖{𝐹̅} (8) 

where  Pcr is the critical load at which the straight pre-buckling equilibrium configuration 

ceases to be a stable state of equilibrium (and an alternate buckling configuration is also 



 

 

possible at load Pcr) and λi is the scalar eigenvalue. Eigenvalue buckling formulation is 

given by 

 [𝐾̅] + 𝜆𝑖[𝐾𝑔̅̅ ̅̅ ]{𝜓𝑖} = {0} (9) 

In Eq. (11) [K̅] is the global stiffness matrix, [𝐾𝑔̅̅ ̅̅ ] is the global stress-stiffening matrix, 

λi is the 𝑖-th eigenvalue (or load multiplier) and {ψi} the 𝑖-th eigenvector of displacement.  

Equations from both Section 2.1 and Section 2.2 were analytically evaluated using the 

symbolic toolbox of Matlab R2021a to mitigate calculation errors. 

2.3. Numerical simulations 

Numerical simulations were performed using ANSYS APDL eigenvalue buckling solver 

to validate the theoretical results by sweeping representative geometrical parameters of 

both cells. Each beam was meshed using 20 BEAM188 elements. The formulation of the 

BEAM188 element is based on Timoshenko's beam theory, which includes shear-

deformation effects. The element provides options for restrained warping of cross-

sections and is suitable for analyzing slender to moderately stubby/thick beam structures. 

Material was supposed to be a steel, with a young modulus of 200 [GPa] and a poisson 

ratio 𝜈 = 0.3. To validate results from section 2.1, cells with 10 different diameters (0.15 

[mm], 0.25 [mm], 0.5 [mm], 0.75 [mm], 1 [mm], 1.25 [mm], 1.5 [mm], 1.75 [mm], 2 

[mm], 2.25 [mm] and 2.50 [mm]) and 20 different strut lengths (from 0.5 [mm] to 10 

[mm] at incremental steps of 0.5 [mm]) were investigated over varing inclination angle 

(from 5° to 90° at incremental steps of 2.5°) for a total of 7700 data point per each cell 

topology. To validate results from section 2.2 cells with 9 different diameters (0.5 [mm], 

0.75 [mm], 1 [mm], 1.25 [mm], 1.5 [mm], 1.75 [mm], 2 [mm], 2.25 [mm], 2.50 [mm]) 

and 20 different strut lengths (from 10 [mm] to 20 [mm] at incremental steps of 1 [mm]) 

were investigated over varing inclination angle (from 5° to 90° at incremental steps of 

2.5°) for a total of 6300 data point per each cell topology.  

3. Result and discussion 



 

 

Results of modeling for the prestress analysis are presented and discussed in Section 

3.1, while results of modeling for buckling strength are presented and discussed in 

Section 3.2 

3.1. Modelling for prestress analysis 

Calculated deflection of the tip of the pyramidal cell under the vertical unit force exhibits 

only a vertical component and is reported in Eq. (10) 

 
𝛿𝑝𝑦𝑟 = −

𝑙3(𝛷 + 1)

2𝐸(𝑐𝑜𝑠(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼)
 

(10) 

and deflection of the tip of the tetrahedral cell under the same loading condition is 

reported in Eq. (11) 

 
𝛿𝑡𝑒𝑡 = −

2𝑙3(𝛷 + 1)

3𝐸(𝑐𝑜𝑠(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼)
 

(11) 

For the pin-jointed version of both cells, deflection is given by Eq. (12):  

 
𝛿 = −

𝑙

𝑛𝐸𝐴 𝑠𝑖𝑛2(𝜔)
 

(12) 

with 𝑛 = 4 for the pyramidal cell and 𝑛 = 3 for the tetrahedral cell. It is worth mentioning 

that deflections predicted by both Eq. (10) and Eq. (11) are influenced by the nodal 

connectivity (“nodal effect”), as demonstrated by the presence of both the moment of 

inertia 𝐼 and the quantity 𝛷. For degenerate cells in which 𝜔 = 𝜋 2⁄  , from Eq. (10) and 

Eq. (11) we get 𝛿𝑝𝑦𝑟 =
𝑙

4𝐸𝐴
 and 𝛿𝑡𝑒𝑡 =

𝑙

3𝐸𝐴
. This results are consistant with both Eq. (12) 

and elementary beam theory; due to symmetry the unit force is equally distributed in the 

4 rods of the degenerated pyramidal cell and in the 3 rods of the tetrahedral cell. For 𝜔 =

0, Eq. (12) returns an infinite, while Eq. (10) and Eq. (11) returns 𝛿𝑝𝑦𝑟 = −
𝑙3(𝛷+1)

48E𝐽
 and  

𝛿𝑡𝑒𝑡 = −
𝑙3(𝛷+1)

36E𝐽
 respectively. Neglecting 𝛷, these deflection are respectively 4 times and 

3 times less to the case of a fixed-guided beam subject to a unitary prescribed force [68], 

thus confirming the validity of the present formulation also in this case. A comparison of 

the 7700 FEA results for the deflection of the pyramidal cell and correspondent results 



 

 

obtained by Eq. (10) and Eq. (12) is presented in Figure 4. FEA and Eq. (10) results are 

in perfect accordance with all the investigated combinations of 𝑙, 𝜔 and 𝑑. Minor 

discrepancies between FEA and Eq. (10) results are visible for the highest values of  𝑙 

combined with minimal values of 𝜔.  Results from FEA, Eq. (10), and Eq. (12) overlap 

only for the smallest diameter used in the investigation, i.e. 𝑑 = 0.15 [mm]. Meanwhile, 

it can be observed that FEA and Eq. (12) general trends tend to diverge as the diameter 

increases.  It can be argued that for negligible bending and shear stiffness Eq. (12) is 

appropriate to describe the stiffness of the pyramidal cell, especially for relatively large 

inclination angles 𝜔 and relatively small struts length 𝑙. A comparison of the 7700 FEA 

results for the deflection of the tetrahedral cell and correspondent results obtained by Eq. 

(11) and Eq. (12) is presented in Figure 5.  

 

 

 



 

 

 

Figure 4: Deflection of the pyramidal cell. Comparison between FEA model, Pin-

Jointed model, and present model 

 

 

 

  



 

 

 

 

 

Figure 5: Deflection of the tetrahedral cell. Comparison between FEA model, Pin-

Jointed model, and present model 

  



 

 

The deflection predicted by all models is higher in the tetrahedral cell compared to the 

deflection of the pyramidal one. Again, results from FEA, Eq. (11), and Eq. (12) overlap 

only for the smallest diameter used in the investigation, i.e. 𝑑 = 0.15 [mm]. As observed 

above, for small inclination angles, formulations including bending and shear, such as 

FEA and Eq. (11), predicts more reduced deflections than the one provided by Eq. (12). 

Again, the deviation between FEA and the simplified calculation framework obtained by 

studying the pin-jointed version of the cell increases with increasing strut length and 

diameter. It is worth mentioning that according to the Maxwell stability criterion, both 

cells are conventional classified to be “stretch dominated”. From the results retrieved in 

this section, this conventional definition is ambiguous. Results strengthen the words of 

Meza and others [47] when they state that “the existing classification of lattice topologies 

as stretching- or bending-dominated is insufficient and new theories must be developed”. 

Nodal forces in the element reference system for the pyramidal cell are given in Eq. (13) 

 

{
 
 
 
 
 
 

 
 
 
 
 
 
𝐹1𝑥
𝐹1𝑦
𝐹1𝑧
𝑀1𝑥

𝑀1𝑦

𝑀1𝑧

𝐹2𝑥
𝐹2𝑦
𝐹2𝑧
𝑀2𝑥

𝑀2𝑦

𝑀2𝑧}
 
 
 
 
 
 

 
 
 
 
 
 

=

{
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

2𝐴𝑙2(𝛷 + 1) 𝑠𝑖𝑛(𝜔)

3(𝑐𝑜𝑠(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼)

−
8𝐼𝑙√𝑐𝑜𝑠2(𝜔)

√𝑙2(𝑐𝑜𝑠(2𝜔) (𝐴𝑙2(𝛷 + 1) − 12𝐼) − 𝐴𝑙2(𝛷 + 1) − 12𝐼)
0
0
0

4𝐼𝑙√𝑐𝑜𝑠2(𝜔)

𝑐𝑜𝑠(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼

−
2𝐴𝑙2(𝛷 + 1) 𝑠𝑖𝑛(𝜔)

3(𝑐𝑜𝑠(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼)

8𝐼𝑙√𝑐𝑜𝑠2(𝜔)

√𝑙2(𝑐𝑜𝑠(2𝜔) (𝐴𝑙2(𝛷 + 1) − 12𝐼) − 𝐴𝑙2(𝛷 + 1) − 12𝐼)
0
0
0

4𝐼𝑙√𝑐𝑜𝑠2(𝜔)

𝑐𝑜𝑠(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼 }
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
(13) 

 

For the investigated loading condition, all struts exhibit the same nodal reaction in their 

respective element system for the pyramidal cell due to symmetry. Nodal forces in the 

element reference system for the tetrahedral cell are reported in Eq (14) 



 

 

 

{
 
 
 
 
 
 

 
 
 
 
 
 
𝐹1𝑥
𝐹1𝑦
𝐹1𝑧
𝑀1𝑥

𝑀1𝑦

𝑀1𝑧

𝐹2𝑥
𝐹2𝑦
𝐹2𝑧
𝑀2𝑥

𝑀2𝑦

𝑀2𝑧}
 
 
 
 
 
 

 
 
 
 
 
 

==

{
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

𝐴𝑙2(𝛷 + 1) sin(𝜔)

2(cos(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼)

−
6𝐼𝑙√cos2(𝜔)

√𝑙2(cos(2𝜔) (𝐴𝑙2(𝛷 + 1) − 12𝐼) − 𝐴𝑙2(𝛷 + 1) − 12𝐼)
0
0
0

3𝐼𝑙√cos2(𝜔)

cos(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼

−
𝐴𝑙2(𝛷 + 1) sin(𝜔)

2(cos(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼)

6𝐼𝑙√cos2(𝜔)

√𝑙2(cos(2𝜔) (𝐴𝑙2(𝛷 + 1) − 12𝐼) − 𝐴𝑙2(𝛷 + 1) − 12𝐼)
0
0
0

3𝐼𝑙√cos2(𝜔)

cos(2𝜔) (12𝐼 − 𝐴𝑙2(𝛷 + 1)) + 𝐴𝑙2(𝛷 + 1) + 12𝐼 }
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 

 

(14) 

Also in this case, all struts exhibit the same nodal reaction in their respective element 

system for the pyramidal cell due to symmetry. 

3.2. Modeling for buckling 

Eigenvalue buckling analysis had a high computational cost, and some simplifications in 

the formulas were requested. The area 𝐴 was the only maintained unknown parameter 

related to the cross-section  (𝐼𝑦 = 𝐼𝑧 =
𝐴2

4 𝜋
 and 𝐼𝑝 =

𝐴2

2 𝜋
). Under these assumptions, the 4 

independent critical loads predicted by the present model for the pyramidal cell are: 

 

𝑃𝑐𝑟1 = (15𝐴
2csc (ω)(6𝐴(6𝐴E(E2 − E𝐺 + 2𝐺2) + 𝐺csc2(ω)(12𝐴E2 + 𝜋𝐺l2(16E − 4𝐺ωcos

+ 𝐺)) + 2Ecos (2ω)(3𝐴(E − 2𝐺)(E − 𝐺) + 𝜋𝐺l2(5E − 8𝐺)) + 2𝜋E𝐺l2(5E
− 8𝐺)) + 8𝜋2𝐺2l4((2E − 𝐺)cos (2ω) + 2E + 𝐺))/(4(3𝐴E + 𝜋𝐺l2)(45𝐴2E
+ 𝜋l2csc2(ω)(3𝐴(4E + 5𝐺) + 4𝜋𝐺l2) − 12𝜋𝐴El2 − 4𝜋2𝐺l4)) 

 
 

(15) 

 

 

𝑃𝑐𝑟2 = −((10𝐴(−𝐺𝜋𝑙
2 + (𝐺𝜋𝑙2 + 3𝐴(𝐸 − 𝐺))cos2(𝜔) − 3𝐴𝐸)(−4𝐸𝐺2𝜋3cos2(𝜔)(cos (2𝜔)

− 3)sin (𝜔)𝑙6 − 6𝐴𝐺𝜋2sin (𝜔)((2𝐸 − 𝐺)((4𝐸 − 𝐺)cos4(𝜔) + 4(2𝐸
− 3𝐺)sin2(𝜔)) − 4(4𝐸2 + 5𝐺𝐸 + 3𝐺2))𝑙4 − 9𝐴2𝐸𝜋((8𝐸2 − 23𝐺𝐸
+ 4𝐺2)cos4(𝜔) − 8𝐸2 − 54𝐺2 − 89𝐸𝐺 + (−8𝐸2 + 39𝐺𝐸
− 54𝐺2)cos (2𝜔))sin (𝜔)𝑙2 + 27𝐴3𝐸2((11𝐸 − 12𝐺)cos4(𝜔) + 17𝐸

+ 22𝐺 + (22𝐺 − 7𝐸)cos (2𝜔))sin (𝜔) + √𝐶𝐶 ))/ ((𝐺𝜋𝑙2 + 3𝐴𝐸)(2(𝐺𝜋𝑙2

+ 3𝐴𝐸)(−4𝐺𝜋2𝑙4 − 12𝐴𝐸𝜋𝑙2 + 45𝐴2𝐸)cos6(𝜔) − 9(−12𝐺2𝜋3𝑙6

+ 4𝐴𝐺(5𝐺 − 18𝐸)𝜋2𝑙4 + 𝐴2(−108𝐸2 + 190𝐺𝐸 + 75𝐺2)𝜋𝑙2

+ 390𝐴3𝐸2)cos4(𝜔) + 20(𝐺𝜋𝑙2 + 3𝐴𝐸)(−14𝐺𝜋2𝑙4 + 3𝐴(3𝐺 − 14𝐸)𝜋𝑙2

+ 54𝐴2𝐸)cos2(𝜔) + 180𝜋(𝐺𝜋𝑙3 + 3𝐴𝐸𝑙)2))) 
 

(16) 

with 



 

 

 

𝐶𝐶 = (−(−8𝐸𝐺2𝜋3𝑙6 + 6𝐴𝐺(𝐺 − 2𝐸)(4𝐸 + 𝐺)𝜋2𝑙4 + 9𝐴2𝐸(−8𝐸2 + 13𝐺𝐸 + 4𝐺2)𝜋𝑙2

+ 27𝐴3𝐸2(9𝐸 − 8𝐺))2cos10(𝜔) + (320𝐸2𝐺4𝜋6𝑙12 + 384𝐴𝐸𝐺3(10𝐸2

+ 3𝐺𝐸 − 3𝐺2)𝜋5𝑙10 + 36𝐴2𝐺2(480𝐸4 + 224𝐺𝐸3 − 428𝐺2𝐸2 + 148𝐺3𝐸
+ 25𝐺4)𝜋4𝑙8 + 108𝐴3𝐸𝐺(320𝐸4 + 96𝐺𝐸3 − 762𝐺2𝐸2 + 127𝐺3𝐸
+ 190𝐺4)𝜋3𝑙6 + 81𝐴4𝐸(320𝐸5 − 384𝐺𝐸4 − 2667𝐺2𝐸3 + 192𝐺3𝐸2

+ 1920𝐺4𝐸 − 600𝐺5)𝜋2𝑙4 − 486𝐴5𝐸2(128𝐸4 + 559𝐺𝐸3 − 214𝐺2𝐸2

− 530𝐺3𝐸 + 300𝐺4)𝜋𝑙2 − 13851𝐴6𝐸5(9𝐸 − 8𝐺))cos8(𝜔)
− 8(64𝐸2𝐺4𝜋6𝑙12 + 96𝐴𝐸𝐺3(8𝐸2 + 11𝐺𝐸 − 4𝐺2)𝜋5𝑙10 + 36𝐴2𝐺2(96𝐸4

+ 282𝐺𝐸3 − 72𝐺2𝐸2 + 4𝐺3𝐸 + 21𝐺4)𝜋4𝑙8 + 27𝐴3𝐸𝐺(256𝐸4

+ 1272𝐺𝐸3 − 582𝐺2𝐸2 − 1201𝐺3𝐸 + 546𝐺4)𝜋3𝑙6 + 81𝐴4𝐸(64𝐸5

+ 568𝐺𝐸4 − 873𝐺2𝐸3 − 1879𝐺3𝐸2 + 1334𝐺4𝐸 − 150𝐺5)𝜋2𝑙4

+ 243𝐴5𝐸2(72𝐸4 − 512𝐺𝐸3 − 591𝐺2𝐸2 + 766𝐺3𝐸 − 150𝐺4)𝜋𝑙2

− 729𝐴6𝐸4(61𝐸2 − 71𝐺𝐸 + 6𝐺2))cos6(𝜔) + 4(64𝐸2𝐺4𝜋6𝑙12

+ 24𝐴𝐸𝐺3(32𝐸2 + 150𝐺𝐸 − 21𝐺2)𝜋5𝑙10 + 36𝐴2𝐺2(96𝐸4 + 985𝐺𝐸3

+ 508𝐺2𝐸2 − 160𝐺3𝐸 + 36𝐺4)𝜋4𝑙8 + 108𝐴3𝐸𝐺(64𝐸4 + 1155𝐺𝐸3

+ 1102𝐺2𝐸2 − 1740𝐺3𝐸 + 264𝐺4)𝜋3𝑙6 + 81𝐴4𝐸2(64𝐸4 + 2220𝐺𝐸3

+ 2157𝐺2𝐸2 − 9780𝐺3𝐸 + 2784𝐺4)𝜋2𝑙4 + 486𝐴5𝐸3(170𝐸3 + 29𝐺𝐸2

− 1720𝐺2𝐸 + 738𝐺3)𝜋𝑙2 + 729𝐴6𝐸4(109𝐸2 + 20𝐺𝐸 + 4𝐺2))cos4(𝜔)
− 96𝐴𝐸(𝐺𝜋𝑙2 + 3𝐴𝐸)(76𝐸𝐺3𝜋4𝑙8 + 3𝐴𝐺2(173𝐸2 + 524𝐺𝐸 − 66𝐺2)𝜋3𝑙6

+ 9𝐴2𝐸𝐺(118𝐸2 + 637𝐺𝐸 − 528𝐺2)𝜋2𝑙4 + 27𝐴3𝐸2(21𝐸2 + 152𝐺𝐸
− 268𝐺2)𝜋𝑙2 + 243𝐴4𝐸3(13𝐸 − 2𝐺))cos2(𝜔)
+ 576𝐴2𝐸2(𝐺𝜋𝑙2 + 3𝐴𝐸)2(124𝐺2𝜋2𝑙4 + 99𝐴𝐸𝐺𝜋𝑙2 + 81𝐴2𝐸2)) 

 

(17) 

 

 

𝑃𝑐𝑟3 = −((10𝐴(−𝐺𝜋𝑙
2 + (𝐺𝜋𝑙2 + 3𝐴(𝐸 − 𝐺))cos2(𝜔) − 3𝐴𝐸)(−4𝐸𝐺2𝜋3cos2(𝜔)(cos (2𝜔)

− 3)sin (𝜔)𝑙6 − 6𝐴𝐺𝜋2sin (𝜔)((2𝐸 − 𝐺)((4𝐸 − 𝐺)cos4(𝜔) + 4(2𝐸
− 3𝐺)sin2(𝜔)) − 4(4𝐸2 + 5𝐺𝐸 + 3𝐺2))𝑙4 − 9𝐴2𝐸𝜋((8𝐸2 − 23𝐺𝐸
+ 4𝐺2)cos4(𝜔) − 8𝐸2 − 54𝐺2 − 89𝐸𝐺 + (−8𝐸2 + 39𝐺𝐸
− 54𝐺2)cos (2𝜔))sin (𝜔)𝑙2 + 27𝐴3𝐸2((11𝐸 − 12𝐺)cos4(𝜔) + 17𝐸

+ 22𝐺 + (22𝐺 − 7𝐸)cos (2𝜔))sin(𝜔) − √𝐶𝐶 ))/((𝐺𝜋𝑙2 + 3𝐴𝐸)(2(𝐺𝜋𝑙2

+ 3𝐴𝐸)(−4𝐺𝜋2𝑙4 − 12𝐴𝐸𝜋𝑙2 + 45𝐴2𝐸)cos6(𝜔) − 9(−12𝐺2𝜋3𝑙6

+ 4𝐴𝐺(5𝐺 − 18𝐸)𝜋2𝑙4 + 𝐴2(−108𝐸2 + 190𝐺𝐸 + 75𝐺2)𝜋𝑙2

+ 390𝐴3𝐸2)cos4(𝜔) + 20(𝐺𝜋𝑙2 + 3𝐴𝐸)(−14𝐺𝜋2𝑙4 + 3𝐴(3𝐺 − 14𝐸)𝜋𝑙2

+ 54𝐴2𝐸)cos2(𝜔) + 180𝜋(𝐺𝜋𝑙3 + 3𝐴𝐸𝑙)2)))  

 

(18) 

and 

 
𝑃𝑐𝑟4 =

20𝐴𝐸sin (𝜔)(3𝐴(𝐸 − 𝐺) + 3𝐴𝐺csc2(𝜔) + 𝜋𝐺𝑙2)2

(6csc2(𝜔) − 1)(3𝐴𝐸 + 𝜋𝐺𝑙2)2
 

 
(19) 

Due to the formulas' complexity, it is very challenging to determine if any of the four will 

always return a minimum value for any combination of length, diameter, inclination, or 

material parameters. The minimum buckling load will be determined from time to time 

by analyzing the values of the four 𝑃𝑐𝑟. It is worth mentioning that Eq. (16) and Eq. (18) 

differ only for the sign of the square root of 𝐶𝐶 given in Eq. (17). Domain of validity of 

the present formulation is ]0,
𝜋

2
[ since for 𝜔 = 0 axial load vanish in Eq. (13). For 𝜔 =

𝜋

2
  

Eq.(19) degenerates in 𝑃𝑐𝑟4 = 4𝐴𝐸 that is less than the critical buckling load provided by 

Euler’s formula (Eq. (1)). After an extensive analysis, it can be assumed that the model 

presented herein provides buckling loads generally greater than the one predicted with 



 

 

FEA. It is a classical convergency problem due to the limitation of having used only one 

beam element to model the struts [69]. A deeper investigation revealed that convergency 

is archived by refining the strut using two elements.  From the point of view of symbolic 

computation, this would have resulted in a more significant eigenvalue problem, with 

more eigenvalues and consequently more critical loads to analyze. After extensive 

investigations, it was observed that differences between FEA and present model results 

were essentially constant by varying the inclination angle 𝜔 for a given length and 

diameter. Therefore, the minimum critical load was normalized for fixed 𝑙 and 𝑑 by 

dividing its local value by the maximum value assumed by it in the range of variation 

]0,
𝜋

2
[. This information is of particular interest for optimizing strut inclination to improve 

cell buckling characteristics. Normalized results provided by Euler buckling, present 

formulas, and FEA analysis are reported in Figure 6 for the pyramidal cell. It can be 

observed that conventional formulations based on pin-jointed assumptions systematically 

fail to identify the optimum inclination angle to improve pyramidal cell buckling 

resistance. A good accordance between the results obtained by the problem solution 

formulated in this work and FEA is noticeable. Minor discrepancies exist for small strut 

slenderness 𝑙/𝑑. It can be observed that results overlap for a slenderness ratio greater than 

5. Indeed, in the cases where thick-short strut-like members are used, the Poisson’s ratio 

plays an important role, and the model with beam elements could fail in capturing the 

actual buckling load.  

The critical buckling loads obtained for the tetrahedral cell are 

 

 

𝑃𝑐𝑟1 = (45𝐴2sin (𝜔)(3𝐴(𝐸 − 𝐺) + 3𝐴𝐺csc2(𝜔) + 𝜋𝐺𝑙2)(𝐸csc2(𝜔)(3𝐴𝐸 + 4𝜋𝐺𝑙2)
− 3𝐴𝐸(𝐸 − 2𝐺) + 2𝜋𝐺𝑙2(𝐺 − 2𝐸)))/(2(3𝐴𝐸 + 𝜋𝐺𝑙2)(45𝐴2𝐸
+ 𝜋𝑙2csc2(𝜔)(3𝐴(4𝐸 + 5𝐺) + 4𝜋𝐺𝑙2) − 12𝜋𝐴𝐸𝑙2 − 4𝜋2𝐺𝑙4))  

 

(20) 

 

 



 

 

 

 

Figure 6: Minimum critical buckling load for the pyramidal cell. Comparison of the 

results for the pin-jointed model,  model presented in this work and FEA results. 

 



 

 

 

𝑃𝑐𝑟2 = −((15𝐴(−𝐺𝜋𝑙
2 + (𝐺𝜋𝑙2 + 3𝐴(𝐸 − 𝐺))cos2(𝜔)

− 3𝐴𝐸)(−4𝐸𝐺2𝜋3cos2(𝜔)(cos (2𝜔) − 3)sin (𝜔)𝑙6 − 6𝐴𝐺𝜋2((2𝐸
− 𝐺)cos2(𝜔)((4𝐸 − 𝐺)cos2(𝜔) − 8𝐸 + 12𝐺) − 52𝐸𝐺)sin (𝜔)𝑙4

− 9𝐴2𝐸𝜋((8𝐸2 − 23𝐺𝐸 + 4𝐺2)cos4(𝜔) − 2(8𝐸2 − 39𝐺𝐸
+ 54𝐺2)cos2(𝜔) − 128𝐸𝐺)sin (𝜔)𝑙2 + 27𝐴3𝐸2((11𝐸
− 12𝐺)cos4(𝜔) + (44𝐺 − 14𝐸)cos2(𝜔) + 24𝐸)sin (𝜔)

+ √𝐶𝐶))/(2(𝐺𝜋𝑙2 + 3𝐴𝐸)(2(𝐺𝜋𝑙2 + 3𝐴𝐸)(−4𝐺𝜋2𝑙4 − 12𝐴𝐸𝜋𝑙2

+ 45𝐴2𝐸)cos6(𝜔) − 9(−12𝐺2𝜋3𝑙6 + 4𝐴𝐺(5𝐺 − 18𝐸)𝜋2𝑙4

+ 𝐴2(−108𝐸2 + 190𝐺𝐸 + 75𝐺2)𝜋𝑙2 + 390𝐴3𝐸2)cos4(𝜔)
+ 20(𝐺𝜋𝑙2 + 3𝐴𝐸)(−14𝐺𝜋2𝑙4 + 3𝐴(3𝐺 − 14𝐸)𝜋𝑙2

+ 54𝐴2𝐸)cos2(𝜔) + 180𝜋(𝐺𝜋𝑙3 + 3𝐴𝐸𝑙)2))) 
 

(21) 

 

𝑃𝑐𝑟3 = −((15𝐴(−𝐺𝜋𝑙
2 + (𝐺𝜋𝑙2 + 3𝐴(𝐸 − 𝐺))cos2(𝜔)

− 3𝐴𝐸)(−4𝐸𝐺2𝜋3cos2(𝜔)(cos (2𝜔) − 3)sin (𝜔)𝑙6 − 6𝐴𝐺𝜋2((2𝐸
− 𝐺)cos2(𝜔)((4𝐸 − 𝐺)cos2(𝜔) − 8𝐸 + 12𝐺) − 52𝐸𝐺)sin (𝜔)𝑙4

− 9𝐴2𝐸𝜋((8𝐸2 − 23𝐺𝐸 + 4𝐺2)cos4(𝜔) − 2(8𝐸2 − 39𝐺𝐸
+ 54𝐺2)cos2(𝜔) − 128𝐸𝐺)sin (𝜔)𝑙2 + 27𝐴3𝐸2((11𝐸
− 12𝐺)cos4(𝜔) + (44𝐺 − 14𝐸)cos2(𝜔) + 24𝐸)sin (𝜔)

− √𝐶𝐶))/(2(𝐺𝜋𝑙2 + 3𝐴𝐸)(2(𝐺𝜋𝑙2 + 3𝐴𝐸)(−4𝐺𝜋2𝑙4 − 12𝐴𝐸𝜋𝑙2

+ 45𝐴2𝐸)cos6(𝜔) − 9(−12𝐺2𝜋3𝑙6 + 4𝐴𝐺(5𝐺 − 18𝐸)𝜋2𝑙4

+ 𝐴2(−108𝐸2 + 190𝐺𝐸 + 75𝐺2)𝜋𝑙2 + 390𝐴3𝐸2)cos4(𝜔)
+ 20(𝐺𝜋𝑙2 + 3𝐴𝐸)(−14𝐺𝜋2𝑙4 + 3𝐴(3𝐺 − 14𝐸)𝜋𝑙2

+ 54𝐴2𝐸)cos2(𝜔) + 180𝜋(𝐺𝜋𝑙3 + 3𝐴𝐸𝑙)2))) 
  

 

(22) 

and 

 𝑃𝑐𝑟4 =
15𝐴𝐸sin (𝜔)(3𝐴(𝐸 − 𝐺) + 3𝐴𝐺csc2(𝜔) + 𝜋𝐺𝑙2)2

(6csc2(𝜔) − 1)(3𝐴𝐸 + 𝜋𝐺𝑙2)2
 (23) 

 

Where 𝐶𝐶 for Eq. (21) and Eq. (22) is identical to the one already seen in the pyramidal 

cell and given by Eq. (17). Also for the tetrahedral cell, formulas for 𝑃𝑐𝑟2 and 𝑃𝑐𝑟3 differs 

from the square root of 𝐶𝐶. Domain of validity is the same provided for the pyramidal 

cell due to the same considerations. Also in this case, convergency issues were 

encountered. For the tetrahedral cell, normalized results provided by Euler buckling, 

present formulas, and FEA analysis are reported in Figure 7. Also in this case, the pin-

jointed formulation fails to capture the best inclination angle in any studied 

configurations. It can be observed that the model is always consistent with FEA results, 

and, again, the best accuracy is obtained for struts having a slenderness ratio greater than 

5. 



 

 

 

Figure 7: Minimum critical buckling load for the tetrahedral cell. Comparison of the 

results for the pin-jointed model presented in this work and FEA results. 

  



 

 

 

4. Conclusions 

A closed-form analytical framework for optimizing design parameters against the 

stiffness and buckling of lattice material was developed and applied to two different cell 

architectures: a pyramidal cell and a tetrahedral cell. Furthermore, closed-form solutions 

for calculating the compliance and the critical load of both the pyramidal and the 

tetrahedral cell were obtained and compared to other analytical models available in the 

literature. FEA results demonstrated the superiority of the models presented in this work 

in predicting the mechanical properties of the two mentioned cells over conventional 

analytical models. Furthermore, it was demonstrated that the existing classification of 

“stretch-dominated” and “bending-dominated” structures is ambiguous and that 

significant discrepancies between FEA and conventional analytical formulations can be 

found. Moreover, the analytical model presented in this paper was always consistent with 

FEA results. In future work, the proposed methodology will be extended to other unit cell 

types to provide a reliable design framework for optimizing novel LS with improved 

characteristics.  
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Appendix A1 

Both stiffness and geometrical matrix are reported here for the reader's convenience. 
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