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Abstract

Spatiotemporal dynamics are introduced in a standard Ramsey model of optimal growth in
which capital moves toward locations where the marginal productivity of capital is relatively higher
and initiate a study of the effects of nonlinear capital transport in terms of a linearized analysis
around steady state solution solutions.

The potential spatial heterogeneity of optimal growth, as seen from the point of view of an
optimizing social planner, is examined. Our results suggest that for a high utility discount rate,
the spatial capital flows induce the emergence of optimal spatial patterns, while for a low utility
discount, a flat earth steady state is socially optimal. Furthermore, when spatial heterogeneities
exist due to total factor productivity differences across locations, we identify conditions under which
the spatial capital flows could intensify or weaken spatial inequalities.
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1 Introduction

Optimal growth theory, in the context of both traditional and new growth theory, has been studied in
a temporal domain (e.g., Aghion and Howitt, 1998; Barro and Sala-i-Martin, 2004; Acemoglu, 2009).
The explanation of the temporal evolution of key variables — such as output or capital per capita,
the capital-output or the capital-labor ratio, or the evolution of positive externalities with temporal
structure — has been central to dynamic optimal growth models.

However, space and geography seems to be important when studying economic growth; Acemoglou
(2008, chapter 1) points out the great inequality in income per capita and income per worker across
countries, and the increase in this inequality across nations between 1960 and 2000. Xepapadeas and
Yannacopoulos (2016) provide evidence suggesting that geographical (or spatial) heterogeneity of per
capita GDP increased between 1980 and 2011 across 11 world regions. Despite, however, the profound

importance of the combined temporal and spatial dimension in the study of economic growth, little



attention has been given to incorporating space into models of optimal growthE

Spatiotemporal models of economic growth started appearing in the 200()sE| Earlier research which
has provided the main mechanism for capital flows across space can be found in Isard and Liossatos
(1979). A central reason for introducing spatial aspects in growth could be the question posed by
Quah (1996, p. 1053): “What one wants to know here is, what happens to the entire cross sectional
distribution of economies, not whether a single economy is tending towards its own, individual steady
state.” Answering such a question implies that the growth process should be defined in terms of the
temporal evolution of the spatial distribution of capital or output when there are nontrivial interactions
across locations.

This paper explores spatial growth by developing a spatial Ramsey optimal growth model in a
two-dimensional spatial domain. In this domain, capital located at a certain spatial point has the
tendency to move to locations where the marginal productivity of capital is higher relative to the
marginal productivity in the location of origin. The assumption of the marginal-productivity-driven
(MPD) capital flows was first introduced by Xepapadeas and Yannacopoulos (2016) and differs from
the assumption underlying capital flows which is used in much of the recent literature on spatial
growth (e.g. Brito, 2004; Boucekkine et al., 2013b; Fabbri, 2016). In this literature, capital flows
across locations are modeled through a trade balance approach with respect to a closed region. This
approach leads to a model of classic linear local diffusion with a constant diffusion coefficient which
implies that capital moves from locations of high concentration to locations of low concentration.
The MPD assumption about capital flows adopted in this paper seems to be plausible but it leads,
however, to a model of nonlinear local diffusion. This introduces new challenges in the solution of the
optimization problem, which is required in order to study optimal growth in a spatiotemporal domain.

In this context, the present paper contributes to growth theory by: (i) extending the standard
optimal growth Ramsey model with a traditional neoclassical production function exhibiting dimin-
ishing returns to capital, to a two-dimensional spatial domain in which capital flows toward locations
of high marginal productivity; (ii) developing a maximum principle to the solution of dynamic op-
timization problems, where capital accumulation is described by a partial differential equation with
nonlinear diffusion; and (iii) providing results on optimal spatiotemporal dynamics, especially regard-
ing the endogenous emergence of spatial patterns both analytically and numerically. To the best of
our knowledge the solution of the standard Ramsey problem with capital accumulation governed by
nonlinear diffusion — induced by MPD flows — and the explicit identification of conditions for the
endogenous emergence of optimal spatiotemporal patterns from a spatially homogenous state is neWE|

By solving the spatiotemporal Ramsey problem we try to discuss issues which could emerge when
the spatial dimension is combined with MPD capital flows across locations in the context of a social

planner’s model with spatial externalities. More specifically, we seek to explore two questions.

'Economic geography and economic growth have been discussed in the so-called second generation of new economic
geography models, but not in a formal growth context (e.g., Fujita et al., 2001; Martin and Ottaviano, 2001; Baldwin et
al., 2003; Baldwin and Krugman, 2004; Fujita and Mori, 2005; Desmet and Rossi-Hansberg, 2009, 2010; Breinlich et
al., 2014).

2See, for example, Brito (2004), Camacho and Zou (2004), Boucekkine et al. (2009, 2013a, 2013b, 2016, 2019), Brock
et al. (2014a, 2014b), Fabbri (2016), Xepapadeas and Yannacopoulos (2016).

3This is relative to the existing literature cited in this paper, which considers various combinations of AK, production
functions, linear diffusion of fixed savings without optimization.



First, suppose that the economies located within a bounded spatial domain with symmetric pro-
duction functions converge in the long run to a “flat earth” — using the terminology of Krugman (1998)
and Fujita et al. (2001) — steady state in which per capita output and capital is the same across all
locations. Is it possible, when MPD capital flows across locations take place, for a small perturbation
of the flat earth capital-labor ratio across locations to induce spatial heterogeneity to capital and
output per capita, which persists and eventually drives the economies to a “non-flat earth” steady
state, or will the perturbation die out with the passage of time — in which case, capital flows will be
a driver which homogenizes the economies across locations?

Second, suppose that in a flat earth economy there is a perturbation in total factor produc-
tivity (TFP) which, without MPD capital flows will eventually drive the economies to a spatially-
heterogeneous steady state with respect to capital and output per capita. If, along with the TFP
perturbation, capital starts flowing to locations with higher marginal productivity, will the economies
be driven to a more or less spatially-heterogeneous steady state relative to the case of no MPD capital
flows?

The first questions explores whether or not optimal growth when capital is seeking locations of high
marginal productivity promotes spatial inequalities. The second explores whether, in a world with
TFP differences across locations, which can be connected with nature-first arguments, optimal growth
with capital seeking locations of high marginal productivity intensifies or weakens spatial inequalities.

Our main results, in relation to the questions posed above, are that when production functions are
symmetric across locations, optimal growth with MPD capital flows could lead to a growth process in
which output and capital per worker are different across locations if the utility discount rate, the share
of capital in a Cobb-Douglas production function and the elasticity of marginal utility are sufficiently
high. For the conventional low discount rate, low capital share and low elasticity of marginal utility,
MPD capital flows will act as a homogenizing factor and reduce inequalities after a spatial perturbation
of the capital per capita ratio. On the other hand, under spatial TFP differences, optimal growth
under MPD capital flows could intensify or diminish spatial inequalities depending on the specific
characteristics of capital flows. These issues have been studied in the literature (e.g., Boucekkine et
al. 2013b, 2016, 2019, Xepapadeas and Yannacopoulos 2016). However, we believe that by replacing
the Fickian assumption about capital diffusion with the MPD assumption and by developing the
appropriate maximum principle, well-founded insights regarding the endogenous emergence and the
strengthening or weakening of spatial inequalities by MPD capital flows can be provided.

The rest of the paper is organized as follows. Section 2 models capital flows under the assumption
that the flows are driven by marginal productivity differentials across locations and defines the spatial
Ramsey model. Section 3 extends Pontryagin’s principle under nonlinear diffusion. Section 4 discusses
the formation of spatial patterns in the Ramsey model and the relation between spatial heterogeneity

and capital mobility, while section 5 concludes. All proofs are relegated to the Appendix.



2 MPD spatial capital flows

Xepapadeas and Yannacopoulos (2016) extended the Solow model to include MPD spatial transport
of capital. Here we provide a brief review of the derivation of the fundamental capital accumulation
equation, before presenting the related optimal control problem. Consider a spatial domain D C R?,
d=1, 2E| and let k(t,x) be capital, or the density of capital, at time ¢ and at the spatial location
T € DE| By density we mean that the total quantity of capital in a subset U C D at time t is
fU (t, z)dx, where by dz we denote the Lebesgue measure on D.

Before proceeding with the model, we recall the following facts and notations: The quantity V- J is
a scalar field which motivates the introduction of an operator which takes a vector field (J) and maps
it to a scalar field (V - J). The dot product notation following V in the notation for the divergence
implies that the divergence is to be considered as the dot product of the gradient operator V with
the vector field J = (Jp, J2). Another standard notation we will use in this paper is the notation A
for the Laplace operator defined by its action on a scalar field m as A :=V -V m = div(Vm). These
operators can be defined in any coordinate system. In Cartesian coordinates in R with the standard
basis eq, es, and for a scalar field ¢ and a vector field ® = ®1e; + Poeo, the gradient, the divergence
and the Laplacian admit the representations
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BB g DB Oy P00

respectively. This representation changes if a different coordinate system is adopted.

Locally-accumulated capital produces output at time ¢ and at the spatial location € D according
to a standard neoclassical production function satisfying Inada conditions, f(z, k(¢,x)), which exhibits
spatial variability. Output is allocated to net capital formation, consumption ¢ (¢, x) , and local capital
depreciation at rate d, so that the density of depreciated capital at (¢,z) is —0k(t,z). However, in
contrast to nonspatial growth models, capital can be transported in space, i.e., it may arrive at (¢, )
from other locations (¢,z") — where we assume for simplicity that capital transport is instantaneous
in time — or it may depart from (t,x) for other locations which are more advantageous in terms of
marginal productivity. We will adopt a local in-space model, and define the capital flux vector J which
is a vector field providing information on the direction and intensity of the capital motion. This vector
field points in the direction in which net capital transport takes place and its magnitude is related to
the total quantity of transported capital.

To make the transport mechanism clear, consider for the moment no production. Then the change

4Geographical distance is the most common metric of the distance between two spatial points. Conley and Ligon
(2002) suggest, however, that a more appropriate metric for measuring distances associated with economic activities
is that of the economic distance — the economic metric — reflected in transportation costs. Thus in this paper space
should be interpreted in terms of an economic metric. Since there is a one-to-one correspondence between the elements
of the economic and the geographical space, any spatial distribution defined in economic space can be transformed into a
corresponding distribution in the geographical space. Inequalities in the economic space can be immediately translated
into inequalities in geographical space. The use of the economic space concept allows the meaningful use of local diffusion
models.

5To simplify, we assume that labor at each location is fixed and immobile across locations. Thus k (t,z) can be
interpreted as capital per worker or the capital-labor ratio at each location. Capital mobility combined with labor
growth is undoubtedly an area for further research.



of the total capital in any region U C D is given in terms of the surface integral |, ou J - ndS, where
OU is the boundary of U, n is the outward unit vector at any point on 90U, J is the flux vector field
and dS is the surface volume element. This integral simply “adds” the quantity of capital that has
left or entered U through its boundary; at point x € QU, the quantity of capital that enters or leaves
— depending on the direction of the vector J(z) — will be J(x) - n(z)dS(x) and the total quantity is
the sum of all these quantities, which in the continuous limit is the surface integral of the scalar field
J - n.

The role of the flux vector in describing capital transport is clarified in terms of the Gauss di-

vergence theorem, according to which for any U C D, with sufficiently smooth boundary, it holds

that
/ J-ndS’:/V'JdaJ,
U U

where the left hand side is a surface integral on OU whereas the right hand side is a volume integral
onU.
A standard bookkeeping argument, in conjunction with the above discussion, leads to the result

that the net accumulation of capital at (¢,x) will be given by

%k‘(t,aj) =-V- J(t,z)+ f(x,k(t,z)) — Sk(t,z) — c(t, x), (1)

where the three last terms on the right hand side correspond to local output production, local capital
depreciation and local consumption respectively, while the term —V - J(¢,z) provides information
on the net capital transport from or to locations other than . The transport equation must be
complemented with a boundary condition on 0D, the boundary of the domain D. A natural condition

is the no flux boundary condition
n-J(t,x)=0, VzedD, (2)

which models the situation where no capital can flow outside D. In the absence of capital production,
depreciation and consumption the dynamics of supplemented with this boundary condition show
the conservation of total capital in the region over time. While, other boundary conditions can also be
chosen, as for example Dirichlet boundary conditions, Robin boundary conditions, periodic boundary
conditions or mixed conditions, in this paper we will focus on the choice which under our choice
for the flux J will be equivalent to setting Neumann boundary conditions.

In order to turn into a useful tool that will allow us to monitor the spatiotemporal evolution
of capital density, we need to specify the vector field J. In Xepapadeas and Yannacopoulos (2016), it
was assumed that capital tends to be relocated to regions of relatively higher marginal productivity of
capital, which is defined as m (¢, x) = %f(:z, k (t,z)). Clearly m depends on k and since k is varying in
space it also depends on the location of space that we consider. The marginal productivity of capital
m is thus a scalar field, and a quantity that reflects its spatial variability is its gradient V m.

Our basic modelling assumption is that the flux vector field J is proportional to the gradient of



the marginal productivity of capital V m, with a proportionality factor which may depend on local
conditions at point x as well as the capital accumulation at this point. This assumption expresses the
intuition that capital located at = will relocate toward locations of higher marginal productivity of
capital, but also that capital at different locations may have different propensity to relocate toward the
higher marginal productivity locations, possibly on account of local regulations, taxes or tariffs. This
propensity is likely to depend on the local concentration of capital, i.e., large capital concentrations
may have different propensity to relocate toward higher returns than smaller capital concentrations.

These considerations are expressed by defining the flux as:
J(t7 J?) = DOB(x)w(k(ta J?))k‘(t, ZL’)V m(ta .1‘) for any (tv l’),

where
° Dg is a constant capital transport parameter,

e B(x) is a function reflecting the effect of regulations or geographical or commercial factors

affecting the propensity of capital to relocate,

e (k) models the fact that different capital densities could exhibit different propensity toward

relocation, and

e Vm(t,z) is the gradient of capital productivity, defined in terms of the production function F'

as m = %F(w, k), pointing towards the direction where m increases

It is our convention to take J explicitly proportional to k to stress the fact that Bi represents
propensity, i.e., it can be interpreted as probability to relocate, under this convention capital cannot
relocate from regions where it has become extinct.

Assuming a production function of the form F(x,k) = A(z)f(k), where A (x) can be interpreted

as local TFPE then, denoting by ' the derivative of a function with respect to its argument,
Vm (t,x) = A(x) f" (k(t,2)) Vk (t,2) + ' (k (t,2)) VA (2),
and the flux J can be expressed as

J(t,z) = DoA(z)B(z)(k(t, z)) f" (k(t, 2))k(t, )V k(t, z) +
DoB(z)y(k(t, ) f'(k(t, ))k(t, z)V A(z). (3)

This flux shows two factors affecting capital mobility, (a) spatial variability of capital (the first con-
tribution) and (b) spatial variability of the TFP factor A, as both these terms may contribute to the
spatial variability of the capital productivity m. Moreover, it is important to note that even in the
presence of all these factors promoting capital mobility, no capital transport will occur if B(z) = 0,

i.e., if there is no propensity for the capital to move.

5Note that while TFP varies locally, it does not grow over time. The main reason for this simplification was to isolate
and make clearer the impact of capital flows toward relatively higher m (¢, z) on the spatiotemporal evolution of capital
density. Allowing for TFP growth, i.e., A (¢, z), is relegated to further research.



Hereafter, to make notation easier we may omit the explicit dependence on (¢, x), keeping in mind
that A and B could be functions of x, where f is a function of k, while the composite function
f(k(t,z)) will depend on (t,z) through the dependence of k on (t,z). Recalling that by ’ we denote
the derivative of a function with respect to its argument, hence f’(k(t,x)) denotes the derivative of
the function f : R — R with respect to its argument, composed with the capital density. Note that

under this notation the capital flux assumes the form
J = DoABv(k) (k f"(k)Vk +kf'(k)VIn A). (4)

Upon defining
Do = DoAB, wi(k) = —(k)f"(k)k, wa(k) = (k)f (k)k, (5)

(note that by the properties of f both functions w; and wy are positive) the flux can be expressed in

the more compact form.

Combining the transport equation (/1)) with the capital mobility law @ we obtain the partial differential

equation

ok
5=V <D0(w1(k)Vk - wz(k)VInA)> + Af(k) — 6k — ¢ -

n-J =0, on 9D,
supplemented with an appropriate initial condition k.

We make one further simplifying assumption,

Assumption 2.1. The TFP factor A satisfies
n-VInA=0, on dD. (8)

This assumption is natural for various reasons. Obviously it holds if the TFP factor A does not
depend on location. However, even if A depends on z in D we may naturally assume that we choose D
large enough so that a subset Dy C D, contains all the important spatial variability of A, so that A can
be assumed to be more or less constant in the complement D \ Dy. If the variability of A takes place
in a compact domain Dy, we may choose D so that is satisfied. If not, but A has slow variability
in space so that %VA ~ ( then we may still assume that is approximately true. For the above
reasons, throughout this paper we will adopt assumption , which although allows for TFP spatial
variability, it permits a simplification of the model in terms of the boundary condition. In particular,
if holds then (4]) implies that

n-J = DoAp(k)(kf"(k)n - Vk+ kf (k)n-VinA) = DyAp(k)kf"(k)n - Vk, on 9D, (9)

so that, (as long as Au(k)kf”(k) is finite on the boundary), if n - Vk = 0 on the boundary then
n-J = 0 as well. For the above reason, we will replace the natural boundary condition by the



simpler homogeneous Neumann boundary condition.

We thus arrive at the following model for capital accumulation: Under the assumption that spatial
TFP satisfies the boundary condition the spatiotemporal evolution of the distribution of the capital
stock across the spatial domain is the solution of the quasilinear parabolic equation

ok

—=V- <D0(7J)1(/€)V/€ — wg(k)VIIl A)) + Af(k}) — 0k —c

ot (10)

n-Vk=0, on 0D,

supplemented with an appropriate initial condition k.

This is a nonlinear diffusion equation in divergence form where capital transport is driven by two
factors: the spatial variation of k and the spatial variation of the local TFP, A, both of which induce
the spatial variation of m which is assumed to be the driving force behind capital transport. In fact
if TFP does not display any spatial variation, equation is in the form of a standard diffusion
equation but with a diffusion coefficient D (k) = Dow; (k) which is a nonlinear function of capital, and
displays varying diffusivity depending on the local capital concentration k. For example, there may
be regions of space where because of the local capital concentration, D(k) can be rather low leading
to low mobility of capital hence accumulation or the opposite. The variability of the TFP factor A,

leads to an additional term
—V - (Dow2(k)VIn A) = —Dowé(k)VhaA -Vk =V - (DoVIn A)ws(k)

which is a contribution of two terms. The first one models streaming of capital with velocity vector
driven by the TFP variability factor V In A , while the second acts as an adjustment to the production
function.

The case where capital is immobile corresponds to setting Dy = 0. Note that in this model, since
Do = DyAB, capital immobility may be realized by setting the capital propensity to migrate DyB = 0,
without having to assume that the TFP factor A vanishes. In the case where DyB = 0 model

reduces to the standard spatially homogeneous model

%:Af(k)—ék—c. (11)
Note that A can be assumed to be spatially dependent in this limit, while still keeping the capital
to be immobile, if the propensity of capital to migrate as modelled by DyB = 0 is zero. In fact an
interesting limit that can be studied with the above model is the possible spatial patterns that may
occur if A is spatially varying, thus turning to an ordinary differential equation in time whose
solutions vary parametrically with x on account of the spatial variability of the TFP factor A. An
interesting question is whether allowing for small capital mobility B, will allow for transport of the
localized structures generated by (with A = A(z)) so as to generate new spatial structures and if
so will transport contribute to smoothing of the original structures or have the opposite effect?

It should be noted that in our model, the diffusion coefficient D = Dyw, (k) depends in a nonlinear

fashion on the capital concentration. This dependency is induced by our assumptions concerning



the nature of capital transport. The nonlinear diffusion coefficient represents a difference of this
model relative to the model for capital transport employed by Boucekkine et al. (2013b), in
which the diffusion coefficient is assumed to be a constant, hereafter referred to as the linear diffusion
model. Even though these two models come from different modelling assumptions concerning capital
transport, our model reduces to the linear diffusion model in the special case where instead of using
equation for the definition of wy,ws and Dy, we set Dy = Dy a constant, w; = 1 and wy = 0 in
([10).

The nonlinear diffusion features in our model make it a quasilinear parabolic PDE, of the
porous medium type, a feature that introduces important mathematical difficulties and the need of
introduction of advanced techniques from functional analysis and PDE theory for its detailed study.
Concerning well posedness a general existence and uniqueness proof is outside the scope of this work
however one may in principle adapt the arguments of Casas and Chrysafinos (2018) (see also references
therein) which work in finite time and for Dirichlet boundary conditions to answer questions concerning
global existence in time in an appropriate Sobolev space setting while the question of regularity can
be treated by extending the methods in Lazyzhenskaia et al (1988). This would require assuming
sufficient smoothness on the production function f which would inherit sufficient smoothness to the
functions defining the nonlinear diffusion coefficients w; and ws. It will moreover require smoothness
of the domain (C!! domains would do) as well as smoothness of the TFP factor A. For well posedness
in the Cobb-Douglas case see Xepapadeas and Yannacopoulos (2016) and references therein.

On the other hand, despite the technical difficulties, nonlinear diffusion introduces new interesting
effects in the dynamics which are not present in the linear diffusion case, making it an interesting

model to explore further.

3 The spatiotemporal planner problem

Having defined the capital accumulation equation, we use it to study a Ramsey-type optimal growth
model, by considering a social planner who chooses optimal spatiotemporal consumption paths c (¢, x)
to maximize the total discounted intertemporal utility over the whole domain D subject to spatiotem-
poral dynamics defined by ﬂ The problem then becomes the optimal control problem

max/ /e_TtU(c(t,:L"))d:Bdt, subject to (0], (12)
¢ Jo Jp

where U is a standard utility function for consumption satisfying Inada conditions, and r is the utility
discount rate. Note that if Dy = 0 problem (12)) reduces to the standard temporal Ramsey model.
Moreover, problem has been studied in the case of linear transport (D constant) by Boucekkine
and coauthors (e.g., Boucekkine et al., 2013b) within the framework of the AK model.

Remark 3.1. We remark that, even though the constraints k¥ > 0 and ¢ > 0, would be natural

to impose, here we do not do so, i.e., we do not treat problem as a state constrained control

"Xepapadeas and Yannacopoulos (2016), assuming that consumption was chosen as a fixed percentage of output, i.e.,
c=(1—-s)Af(k), used to study a spatial Solow model with nonlinear diffusion.



problem. We rather take the alternative route, often followed in the literature (see e.g. Faggian et
al (2021) and references therein) to solve problem as an unconstrained problem and check ex
post that the unconstrained optimal solution satisfies the constraints — either in a classical or weak
form — so that it is also a solution of the constrained problem. The choice of the utility function
(i.e. the Inada conditions) assist in this direction. Moreover, as the focus of the paper is to consider
small perturbations of particular solutions which are known to satisfy such conditions, the proposed
approach is sufficient for our current purpose. Even though the treatment of state constrained problems
is feasible (see e.g. ) this analysis may be quite involved (see e.g. Calvia et al (2021) or Santambrogio

et al (2020) so such an approach is not pursued here.

For reasons that will become clear shortly we also consider a related finite horizon optimal control

problem of the form

T
max/ / e_”U(c(t,x))dxdt+e_rT/ ¢(z, k(T, z))dz, subject to (L0)), (13)
¢ Jo Jo D

for a suitable final bequest function k£ and a suitably long horizon T'. Model may be more realistic,
since economic planning takes place in finite horizon, even though it adds the complication of specifying
the final bequest function ¢. The choice of ¢ can model for example sustainability issues, i.e. how
much capital should be left for the generation at T' to continue consumption after T'. The finite horizon
spatial Ramsey model (for the case of linear diffusion) was studied by Camacho et al (2008).

The study of problem for the nonlinear case is a complicated mathematical problem with
the infinite time horizon adding more complications to an already hard task. One complication is
the dynamics of the state equation itself, since for some initial conditions kg equation ([10) may
not admit classical solutions and must therefore be considered in a weak sense in a Sobolev space
framework. There is work on optimal control of quasilinear parabolic PDEs for finite horizons 7', in
the weak framework, while there is also some work in the case of state constraints which however
complicate the situation even further. Such problems have been treated using generalizations of the
Pontryagin maximum principle which characterize the optimal control process in terms of an adjoint
process p, which is shown to satisfy a quasilinear parabolic equation as well, that now satisfies a
final condition at 7', related to a final bequest. To make the arguments more clear in the linear case
(w1 =1, wa =0, Dy = 1) it has been shown (see Camacho et al (2008)) that the optimal control can
be constructed in terms of the adjoint process p satisfying

OP | Ap+ (Af'(k)—6—1) =0
ot (14)
p(T,x) = ¢/ (k(T, z)),

with suitable boundary conditions while the optimal consumption is given by U’(c(t, z)) = p(t,x).
Note the difference in the sign of the diffusion operator in which however can be turned into a
standard diffusion equation by reversing time. This transformation can be used to show solvability
for the coupled system of the forward state equation with the backward equation and complete

the optimal control problem.

10



The infinite horizon problem on the other hand presents another important issue. The adjoint
equation in this case does not have a clear final condition, which must now be replaced by a limiting
condition at infinity, called the transversality condition. Concerning the choice of the transversality
condition there seem to be controversies in the literature, even for the case where there is no space

dependence. In this case, the standard approach is to consider the system of ODEs

O = A7)~ 5k~ () o),
(15)

dp /
W (art) -

and look for a solution which remains bounded as t — oco. The obvious choice is to look for a fixed
point of this system which (since the choice of the utility function does not allow p = 0) is given by

the Ramsey golden rule

which when solved specifies the level of k£ at the fixed point whereas the state equation yields at the

fixed point
Af(k) =0k = (U") " (p) =0

which (having obtained the level of k by the golden rule) can be solved to yield the level of p. Denoting
this fixed point by (k*,p*) a candidate solution for such that both k£ and p remain bounded at
infinity is a solution such that (k(t),p(t)) — (k*,p*) as t — oco. There is a wide consensus in economics
that this is indeed the required solution, however a concrete mathematical proof requires careful
considerations which can be offered using alternative techniques based on dynamic programming
techniques and the Hamilton-Jacobi equation (see e.g. Ekeland (2011)). However, there is a long
literature on the appropriate choice of asymptotic final condition for the adjoint variable with possible
conditions involving lim; s e "'p(t) = 0 or limy_,o, e "'k*(t)p(t) — 0 or related exponential growth
estimates (see e.g. Aseev and Kryazhimskiy (2004) and references therein) with counterexamples being
available for some of the commonly used choices in the economic literature. Other authors attempt to
deal with this problem choosing an appropriate function space setting for the treatment of the optimal
control problem such as for example weighted Sobolev spaces with exponential weights related to the
discount function (see e.g. Van, Boucekkine, and Saglam (2007), or Lykina, and Pickenhain (2017)),
and the literature on the choice of the transversality conditions is still active with questions still being
open when models in infinite dimensional spaces are being considered.

However, what we need to emphasize here is the intuitive approach to the solution of the Ramsey
problem using the adjoint variable p in the non spatial case, that characterizes the optimal path as
the unique solution of the optimality system that drives the system (asymptotically) to the fixed
point (k*,p*), which can be shown to be a saddle point with a stable and an unstable manifold, with
the optimal path in (k,p) space corresponding to the stable manifold of the saddle point. In fact,

the parametrization of the stable manifold p = ®(k), in terms of an appropriate function ® can be
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considered as a feedback control policy when combined with the optimality condition p = U’(¢), thus
allowing for a formal closure of the system and the computation of the optimal capital path. We shall
return to this geometric intuition shortly.

The situation becomes even more complicated when optimal control of spatial models is studied
in the infinite horizon. While the Pontryagin maximum principle is well understood for finite horizon
problems (such as ) both for the linear diffusion case (including economic applications in the
Ramsey model, see e.g., Camacho et al (2008)) or for quasilinear problems (see e.g. Casas and
Chrysafinos (2018) and references therein) the infinite horizon version still presents open questions.
These are related to the appropriate choice of transversality condition as well as the fact that the
parabolic nature of the equation may turn its solvability backward in time an ill posed problem
leading to problems with continuity with respect to the data of the problem. Such problems are
amplified in the infinite horizon case, where the transformation involving time inversion proposed
in Boucekkine et al (2009,2013) cannot be applied to facilitate the construction of a solution. In
such cases a more abstract approach must be followed, using e.g. a fixed point approach in the
proper function space setting accommodating the conditions for the adjoint variable at infinity (see
e.g. Peng and Shi (1999) or for economics related problems Kartala et al (2020) or Yannacopoulos
(2008) where a stochastic generalization of a saddle path is constructed, and references therein). An
alternative is to treat such problems using techniques from dynamic programming and the associated
Hamilton-Jacobi equation, an approach which bypasses the need for the introduction of the adjoint
variable, however, in this case the Hamilton-Jacobi equation is far more complicated than the one
used in the temporal case, as it is now a PDE on an infinite dimensional space whose solution provides
the value function for the problem. Such equations in the general case present many mathematical
intricacies among which the fact that they often do not admit solutions that are smooth enough
so that the feedback control law is expressed as its gradient. However, for certain simple models
explicit solutions can be constructed. This approach has been followed in Boucekkine et al (2013) who
provided a complete solution of the Hamilton-Jacobi equation for the Ramsey problem for the AK
model with linear diffusion in closed form and characterized both the value function for the problem
as well as the optimal consumption policy. Their analysis highlights the importance of the choice
of transversality condition if the problem is to be addressed in terms of the Pontryagin maximum
principle. This is further documented in Ballestra (2016) who addressed the same problem solely in
terms of the Pontryagin maximum principle and showed that if choosing the transversality condition
as lim;_,o p(t, ) = 0 then the maximum principle cannot reproduce the solution obtained in terms of
the dynamic programming approach, whereas choosing a different transversality condition does.

The above discussion shows that a full treatment for the spatial Ramsey model in infinite horizon
is far from being complete. The intention of this paper is to add to this literature, by exploring
possible behaviour of the forward backward PDE obtained by the Pontryagin maximum principle for
the case of nonlinear diffusion in the capital evolution law as modelled by . While the exact form
of the equation can be obtained beyond doubt, the choice of the tranversality condition for the adjoint
variable is more tricky and involves delicate asymptotic estimates of quasilinear parabolic equations,

which are well beyond the scope of this paper. As the exact solution of the relevant infinite dimensional
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Hamilton-Jacobi equation coming from the dynamic programming approach is clearly an impossible
task, comparisons such as those provided by Ballestra (2016) are clearly out of the question. As a
result, we conjecture a type of transversality condition which is plausible by a formal argument (i.e.
an argument where certain assumptions concerning the regularity of the solutions of problem
are made) and certainly compatible with the transversality conditions adopted for the AK model by
Ballestra, or obtained as approximations of sufficiently long horizon problems of the form .

Based on arguments presented in Appendix A we make the following conjecture:

Conjecture: A sufficiently reqular optimal path (k*,c*) for problem such that c*(t,xz) > 0 a.e.

can be characterized in terms of the optimality condition

U'(c*(t,x)) = p(t, ), (16)

where (k*,p) satisfy the following coupled forward-backward system of nonlinear PDEs,

aai* _v. <D0w1(k*)v k* — Dows(k*)V lnA) +Af(k*) = ok* — (U") " (p), (17)
‘th’ =-V- (Dowl(k*)Vp) +G(k*) - Vp+ (r+0—Af' (K*))p, (18)

n-Vk*=n-Vp=0, on 0D

where
G(k*) = Dgw/l (k") VE* — Dowé (k*))V In A.

The system -@ is supplemented with the initial condition k(0) = ko and the transversality condi-
tion

lim e~ "7 /D E*(T,z)p(T, x)dx = 0. (19)

T—o00
which requires that the present value of the capital stock is zero for t — oo.

The grounds for choosing the above system and the transversality condition are
presented in Appendix [A] As they are based upon assumptions which we have not proved in full
generality — which at any rate would not be necessary for our arguments — we prefer to call the
above a conjecture based on which we analyse certain special cases of interest. Here we restrict in
stating that coincides with the transversality condition used by Ballestra (2016) to recover by the
Pontryagin maximum principle the solution to the spatial AK problem with linear diffusion obtained
by Boucikkine et al (2013) using the dynamic programming principle. Moreover, in the case where
no spatial variation is considered it reduces to the popular transversality condition used in economic
control problems motivated by Arrow and Kurz (1970).

In line with the optimality conditions of the traditional Ramsey model, equation states that the
marginal utility of consumption should be equal to the shadow value of the capital stock at each point

of time and space. The inverse function of U’, ¢ = g (p) represents — in the terminology of Arrow and
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Kurz (1970) — a short-term equilibrium of the system or a “derived demand equation” characterizing
the optimal allocation of current output between consumption and savings at each point of time and
space. The partial differential equations and describe the optimal spatiotemporal evolution of
the stock of capital and its shadow value, when in the short-term output is allocated optimally between
consumption and savings. Finally, the spatial boundary condition states that along the optimal path
the flux of capital stock and its shadow value is zero at the boundary during the entire time horizon,
while the temporal transversality condition states that at infinity the present value of the value of

capital stock tends to zero for the entire spatial domain.
Remark 3.2. The following remarks are in order:

1. In the case where A is constant and no capital mobility (B = 0) system and the transver-
sality condition reduces to the standard Ramsey model optimality condition (Benveniste
and Scheinkman (1982)). By requiring, from , that the present value of the capital stock is
zero for t — oo allows us to consider eigenvalues which are negative or positive but below r/2 in

the stability analysis of the linearized system.

On the other hand, in the case where w; = 1, wo = 0 and Dy = 1 system and the
transversality condition reduces to the optimality condition for the spatial AK model used
by Ballestra (2016) to reproduce the results of Boucekkine et al (2013) who used the dynamic
programming approach and the Hamilton-Jacobi equation. Hence, the proposed system is com-
patible in two special cases with the corresponding systems whose transversality conditions are
known to reproduce in terms of the Pontryagin approach the results of the dynamic programming

approach.

2. The solvability of system in finite time horizon can be treated by inverting the time in the
adjoint equation and extending the techniques in Casas and Chrysafinos (2018) or Boucekkine et
al (2013). Concerning the general solvability of system with the transversality condition
, this is not an easy task and it is well beyond the scope of this paper, whose main focus is to
initiate a discussion concerning the effects of nonlinear diffusion in economic growth, by exploring
the effect of plausible transversality condition in certain special cases While the general solvability
is under current investigation, we point out here that system with the transversality

condition admits solutions in at least two special cases:

(a) when A is a constant it admits a spatially independent solution (k(¢, x), p(t,x)) = (k(t),p(t)),

which coincides with the solution of the standard Ramsey problem and

(b) it admits a steady state solution (k(t,z),p(t,x)) = (k(z),p(x)), as long as the elliptic

quasilinear equation
0 = V- (Dgwl(k‘*)v k* — Dowa(K*)V 1nA> + Af(k*) = 0k* — (U")"L(p),

0= _v. <Dow1(k:*>vp> LG -Vt (r 45— AF (), (20)
n-Vk*=n-Vp=0, on 9D.
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has a solution. For A constant and immobile capital (B = 0) the above system reduces to
the system of algebraic equations which is used to find the saddle point in the standard
Ramsey model. In the case of spatially varying A and capital mobility equation may
reveal interesting features of the spatial distribution of capital in the steady state. In
Appendix [B| we show that system of elliptic equations may in fact be transformed
into a more convenient equivalent form which is more useful for analysis and numerical

treatment.

Remark 3.3. System (17H18)) can be brought into the following alternative formulations:

1. The adjoint equation can also be expressed in terms of the optimal consumption. Upon the
assumption that U” # 0, using the optimality condition p = U’(¢) and we obtain an
evolution law for the optimal consumption in the form

86* Ul *

= =—vtm7- <U”(c*)D0w1(k*)VC*> + Gk, @) - Ve + (r+0 = Af' () gy (21)
supplemented with homogeneous Neumann boundary conditions. Once again for A constant
and immobile capital (B = 0) this equation reduces to the relevant equation for the standard

Ramsey model.

2. Upon defining the Hamiltonian functional

H(t, k,p) == /D [max {p(V- (Dowy(k)V k— Dows(k)V In A)—i—Af(k)—ék—c)—i—e”U(c)H dz,

ceR4

the optimality condition can be brought into Hamiltonian form as

k' = DyH(t, k, p),
ﬁl = _Dkﬂ(t7k7ﬁ)7

where p(t,z) = e "'p(t,z) and by Dj, Dy, we denote the Gateaux derivatives of the functional

with respect to the p and k respectively. The system is autonomous in terms of (k, p).

4 MPD spatial capital flows and spatial inequalities

In this section, based on the conjecture concerning the necessary optimality condition for problem ,
we explore various possibilities of the effect of capital transport on the formation of spatial capital
structures compatible with the conjectured optimality condition. Based on the intuitive geometric
approach obtained in the spatially independent case (Dy = 0 and A constant, hereafter referred to as
the flat earth case) that characterizes the optimal path in terms of a saddle point and the corresponding
stable manifold, we will try to see whether transferring this intuition to the spatially dependent case
can lead to interesting new insights as to spatial structures of capital compatible with optimality.

We should clarify here that since our results are based on perturbative and linearization arguments,
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there is no guarantee of global optimality of these patterns (a result that would require an exact

nonlinear analysis) so that these structures should better be treated as local precursors of optimal

spatial structures that may arise. In this spirit, and in relation with the two main questions posed in

the introduction we will explore two cases:

(a)

Assume that A is constant, let (k*,p*) be the fixed point of the temporal Ramsey model and
(k(t),p(t) be the saddle point solution of the temporal Ramsey model, such that (k(t),p(t)) —
(k*,p*) as t — oco. Given that for A constant, (k(t,z),p(t,z)) = (k(t),p(t)), is a solution of
system with the transversality condition , we will address the question of pertur-
bations of this solution in terms of small spatial fluctuations in k& that will activate the action
of the capital transport operator that may in turn stabilize or destabilize the original solution

(k(t),p(t)) leading to spatial patterns.

In the case where A = A(z) we will consider the steady state solution of system (17H18)) in the
limit of weak capital mobility B — 0, If B = 0, then the steady state solution of system ((17H18|)

reduces to the solution of the parametric algebraic equation

A(z)f(k) — 0k — (U) " (p) =0,
Az)f' (k) =6 —r =0,

which leads to a steady state (k*(x),p*(z)) which solves for B = 0. The obtained
steady state has a spatial dependence which is introduced by the spatial dependence of A(x). If
VA-n =0 on 0D (which is our standing assumption one can check that upon differentiating
the second of these equations the solution satisfies the boundary condition Vk-n = 0 on 0D.
Then, the question of what happens to this spatially dependent steady state arises in the presence
of weak capital mobility B — 0. This will lead to a perturbative construction of an approximate

steady state which may add some light to the structure of possible optimal states.

The tools developed in this section will help us answer the two main questions posed in the

introduction of this paper.

The first relates to whether MPD capital flux could destabilize a flat earth optimal steady state of

a Ramsey model and induce spatial patterns, which in our case would imply spatial inequalities and

is connected with item [(a)] above. It is well known that for the standard Ramsey optimal growth

model without spatial interactions, for which the Pontryagin principle yields the system

o = AJ(R) — ok~ () ),
B (a5 @)~ 5 rp. (22)

lim e "'p(t)k(t) = 0,

t—o00
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the steady state, denoted hereafter by (k, p;) and obtained in terms of the algebraic equation

0= Af(k) = 0k — (U) "' (p),

(23)
0= (Af'(x) =0 —r)p,

has the global saddle point property, meaning that for any initial capital stock there is an initial level
of consumption such that the system will converge to the steady state along the stable manifold. The
system — with the transversality condition for Dy = 0 could by analogy be regarded as
the analogue of the saddle point in a finite dimensional (temporal only) Ramsey model. In such a
case, the optimal policy which determines the optimal path for the state (capital) and the control
(consumption) could be regarded as a “collection” of identical stable manifolds leading the system to
the long-run flat earth optimal steady state.

The transversality condition leaves us with a “sensible equilibrium” in which k& and p converge
to finite limits. This means that the stable manifold obtained by linear stability analysis is constructed
by considering negative eigenvalues only. The transversality condition is also satisfied if the smallest
eigenvalue of linear stability analysis is positive but less than r/2, so that the present value of capital
stock is still zero as t — oo. These arguments will be used in the study of pattern formation induced
by MPD.

Suppose now that at the state of the flat earth, Dy > 0, so that MPD flux is introduced and a
small perturbation of the flat earth capital landscape takes place. Can the optimal control of the
perturbed system determine a “collection” of stable manifolds, similar to the Dy = 0 case, along
which the system will return to the flat earth optimal steady state? If yes, the MPD capital mobility
is a spatially-homogenizing force and preserves spatial equality. If, however, the system does not
return to the flat earth state, then spatial inequalities which are induced by optimal control emerge.
We emphasize at this point that the obtained patterns are simply precursors to potential optimal
patterns, and whether these precursors survive or not in the long term will depend on the action of
the nonlinear terms and can in no way be determined solely in terms of the linear analysis presented
here. However, as a minimal indication as to whether such patterns may be acceptable or not we
impose the condition that the potential patterns at least satisfy the proposed transversality condition
, in the sense that the present value of the value of the capital stock is 0 as t — oo, a fact that at
least acts as an initial filter of possible spatial patterns.

We know from the celebrated Turing (1952) paper that in a reaction-diffusion system, diffusion
can be spatially homogenizing, but under certain conditions it could induce spatial heterogeneity and
the emergence of spatial patterns and form — that is, morphogenesis. Turing’s analysis has been used
by Krugman (1996) and also Fujita et al. (2001) to generate patterns from a flat earth, steady-
state space with economies located on a circleﬁ However, neither the analysis by Turing nor that
by Krugman involve explicit forward-looking dynamic optimization. Dynamic optimization and the
emergence of patterns was first analysed by Brock and Xepapadeas (2008, 2010) and subsequently
by Brock et al. (2014c) in the context of optimal spatial resource management. These models were

characterized by linear Fickian diffusion which is an appropriate assumption for biological resources,

8This is the “50 Cadillac diagram” for a race track economy (see Krugman, 1998).
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since they move from high to low concentrations. However, as we discussed earlier, this assumption
is not appropriate for capital movements in the context of the Lucas paradox. Thus our objective in
terms of our first question is to examine the conditions under which nonlinear diffusion, induced by
capital seeking higher marginal productivity, will act as a force of convergence for the economies in
the spatial domain, or as a force that generates spatial patterns and inequalities of per capita output
and capital across space.

The objective of our second question is to find out whether MPD capital mobility intensifies
or weakens already existing — because of TFP differences — spatial inequality. These two cases are

analysed in the following sections.

4.1 Spatial homogeneity and optimal pattern formation

In the temporal Ramsey model, saddle point stability means that the linearisation matrix of system
at the steady state has a negative determinant, and that a small perturbation in the (k,¢) or the
equivalent (k, p) space along the stable manifold will die out and the system will return to the optimal
steady state.

Studying the linearised stability of a general steady state displaying arbitrary spatial dependence is
not an easy task, and requires sophisticated techniques from the spectral theory of linear operators, and
typically involves detailed numerical analysis. While interesting results have recently been reported in
this front for the spatial AK model in Calvia et al (2021) based on the detailed study of the Hamilton-
Jacobi equation which is possible for this particular model, there are still open questions for more
general models. However, interesting detailed results can be obtained analytically by a perturbative
approach, providing a clear view of the effects of capital mobility on optimal growth, in the case
where a flat optimal steady state is perturbed by the effects of capital mobility. This perturbative
approach could reveal the potential generation of optimal spatial patterns which emerge because the
MPD capital mobility destabilizes the stable manifold of the zero MPD mobility system.

Throughout this section we make the following standing assumption:
Assumption 4.1. The TFP, A, and the capital mobility coefficient B are independent of .

We start by noting that if a solution to exists then there must also be a py = p(0, x)
such that if is solved forward in time the solution is recovered. The same is true for the
standard Ramsey model, in the absence of spatial effects, i.e. to the solution of system . As
already mentioned, in the latter case, given a solution of such that k(0) = ko, then choosing po
on the stable manifold of the saddle point (kj, pj) (i-e., the steady state of ) will be such an initial
condition for p, so that starting (k) (0),p(®(0)) = (ko, po) will generate a solution (k) (t),p(® (t)) to
such that (KO (t),pO () — (kg pt) as t — oc.

In trying to examine the potential emergence of pattern formation induced by MPD capital mobility
we propose the following experiment. Let us start at an initial condition k(0, x) = kg+eki(x)
and some initial control procedure corresponding to the adjoint process p(0,x) = p§ + ep1(x). For

e = 0 this is clearly a solution of (17H184{19)) for any D. What will be the solution of (17H{1819) for

this initial condition for € # 0, and how will its behaviour change depending on the level of D?

18



Note that even though we treat an initial value problem, we still impose the transversality
condition . In fact, the spirit of this construction is to start with a given initial perturbation
k(0,z) = k{ +€k1(x) and then treat p(0, x) in the same fashion that we would treat a shooting method
for a boundary value problem, i.e., leave it free and try to construct a solution to with this
initial condition that would satisfy . Given k(0,x) (and after choosing p(0, z) appropriately with
the above shooting method) we construct the solution (k(t,x), p(t,z)) of satisfying (19), and
check whether this solution displays spatial dependence or not. This is performed by a linearised
analysis of near the solution (kj,py). The linearised analysis reveals that whether the
approximate solution of displays spatial variability or not depends on the value of the
capital mobility D.

Proposition 4.2. Let (k§,cf) be the flat earth steady stateﬂ define M = AU,,(C f"(k§) > 0, and
let {tn,dn : m € N} be the eigenvalues and eigenfunctions of the operator —A with homogeneous
Neumann boundary conditions on OD.

For Dy = DyB fized, given a small initial perturbation k(0,x) of k of the form k(0,z) = ki +ek1 ()
there exists an approzimate solution of satisfying the tranversality condition @ of the form

[ k(tz) [ kg it [ Un . 2
Z(t, ) '_<p(t,m))_<pg>+€%ep (vn>¢n( )+ O(€) (24)

where vy, u, are constants determined in terms of the expansion of the initial disturbance ki(x) in the

basis {¢n, : n € N (explicitly provided in the proof) and

r 1

P =5 = 51/72 = 4D )aa(r — D) pan) — M] (25)

The solution provided by has the following properties:

(a) Z(t,x) — Z* = (k,p})T if Do = 0, which indicates that no spatial patterns will emerge in the

absence of capital mobility.

(b) Z(t,x) — Z* == (k§,py)T, for any Dy if r* < 4M, which indicates that no spatial patterns will

emerge for small discount rates.

(c) If r* > AM then,

k*
Z(t,x) — ( 2 >+6 E e’“*"t< > z) + O(€?), where
Po neN
1
5 (= V2 = 4M) < D(ki)pn < S(r+ V7

(26)

N={neN: p,>0t={neN

For the proof, and detailed statements of the instability conditions, see Appendix [C]

9attained for the case where A is constant and capital is imn_lobile, Do = DoB = 0 but also a solution of (1718
satisfying the tranversality condition for any value of Dy = DoB.
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Remark 4.3. The following remarks are in order:

1.

If Dy =0 then p1, < 0 for all n € N (alternatively N' = 0)) hence spatial patterns will occur for
a spatially dependent initial condition k(0,z) = k§ + €ki(x) for small €, only if Dy # 0. This

justifies the terminology diffusion induced instability.

If the discount rate r is smaller than a critical value M determined by the economic dynamics

then it also holds that N' = (), so that no spatial patterns will occur.

If destabilization occurs, the result of Proposition can be seen as a perturbation result
of the stable manifold of the optimality system for immobile capital, under the effect of capital
mobility, so that the stable manifold acquires some spatial structure. This structure is in principle
supported by the optimal control procedure, as long as the growth rate is compatible with
the transversality condition, a fact which is guaranteed by the condition definining A in .
Importantly, given D(kj) and a production function, not every possible pattern will develop
but only those compatible with the transversality condition, i.e. those satisfying . This

constitutes an important difference with the standard mechanism of the Turing instability.

A spatial pattern related to a mode ¢, will only emerge if the diffusion coefficient D(kj) =
DoBuw (k) satisfies the condition in (26]), i.e. requires D(k{) to be higher than a lower critical
value, but certainly lower than a higher critical value (both determined by the discount factor,
and the economic dynamics). It is interesting to note that just as well as low capital transport
disables the pattern formation activity, high diffusion smooths our generated spatial gradients

of capital density leading asymptotically to a homogeneous state.

On the other hand given a D(kg), then only a limited number of modes may appear in the
asymptotic behaviour of the solution of satisfying the tranversality condition ((19)), i.e.,
, and in fact the modes corresponding to n € N. Since pu, — oo as n — oo, implies
that only a finite number of modes n may be activated for given values of D(k), r and M and
in particular that there exists a n* € N such that only modes satisfying n < n* will appear in

the asymptotic pattern.

The spectrum of the Laplace operator with Neumann boundary conditions, as well as the eigen-
functions, are known analytically for a number of interesting geometries, a fact that makes
checking condition feasible. The explicit knowledge of the eigenfunctions also allows for the

determination of the spatial variability of the generated pattern.

The above remarks allow us to assess the effects of nonlinear diffusion in the formation of
patterns. The linear diffusion case will yield a condition similar to the condition definining
N in with D(k§) replaced by Do = DoB. Nonlinear effects, depending on the function
wy (respectively on the production function f and the capital mobility function 1) may lead
to D(k§) > Doy or D(kyg) < Dy, therefore having an important effect of the appearance or

disappearance of new modes in the observed pattern.
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It is interesting to expand a bit further on the economic intuition of the observations made in
Remark [4.3]

(a) The condition 2 < 4M for the non existence of patterns (see Remark can alternatively be
interpreted as a condition on the utility function. For example if U(c) = ¢!~/ (1 — ) and f(k) = Ak®
then M = ‘sz—rkTa [(1 — )0+ r] so that pattern may occur only if

A> ANayr) = l—a)(0+r)[1-—a)d+r]. (27)

ar?

Figure 1 depicts the surface A (a,r) corresponding to . MPD capital mobility will destabilize
the flat earth optimal steady state for (a,r, A) points above the A («,r) surface. The flat surface
corresponds to A = 1 of a logarithmic utility function.

Hence, the destabilization of the flat earth through MPD capital mobility is predominantly a high
discount rate effect. For typical low utility discount rates, optimal growth is not expected to generate
spatial heterogeneities in output and capital per worker. The optimal policy from the social planner’s
point of view is to steer the spatial economy to a flat earth optimal steady state when MPD capital
mobility takes place, provided of course that TFP is the same across locations. Destabilization requires

a combination of high (r, \, a) .

Figure 1: The A (a,r) surface corresponding to (6 =0.03).

(b) The link between the emergence of spatial patterns by destabilization of the flat earth optimal
steady state through spatial capital flows and the utility discount rate can be made clear using the

destabilization condition (57). From (57)), destabilization occurs at some mode n if

det L, = D(kS)”” sy (28)
n — U'(c, % )
U,f DAL (k) Dkg)pn
where i, > 0 with p,, — 0o as n — oo, while for pg, (28) is reduced to the Jacobian determinant of the
standard Ramsey model with no spatial flows. Write M = Af" (k{) ULls) - 0 and D(k§)pin = an, > 0,

U//( )
with ag = 0. Then,

det Ly, = ¢y, (1) = ap (r — ) — M, (29)

which is linearly increasing in r, and shifts for different modes with ¢y = —M. Consider Figure 2 and
the line ¢g = —M, and the three lines with intercepts —a? — M, i=1,2,3. For the zero mode, which
corresponds to the case in which capital is not mobile, det Ly = g (r) = —M < 0 and the flat earth
optimal steady state is stable in the saddle point sense. For r < rq, the flat earth optimal steady
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state is stable, since for all modes 1, (1) < 0, and no patterns emerge. For r1 < r < rg, only the first
mode is destabilized, while for ro < r < r3, both modes 1 and 2 are destabilized. In the last two cases
spatial patterns emerge. A 1), (r) line, like the lines shown in Figure 2, defines a critical r = r;| such
that 9, (r7) = 0. This critical 7,7 can be interpreted as a mode-n internal rate of return for which
an (r} —a,) = M. For r < r;}, the flat earth optimal steady state is stable to spatial perturbations
induced by capital flows, while for r > r;", the flat earth optimal steady state is destabilized at mode

n and spatial patterns emerge.

P(ra)

-aZ - M

—a3 - M

Figure 2: Critical r and destabilization of a flat earth optimal steady state.

To explore the economic intuition behind this result, note that each mode n corresponds to a
distinct optimal growth model. Following Magill (1977, p. 192), the term M is a measure of benefits
generated by the flat earth optimal steady state; ki; M |k, — k| is a measure of value loss induced by
a deviation from kg for any mode n; and —1 reflects the cost of controlling the system using c as the
control. When r = 0, then det L,, = 9, (0) = —a2 — M < 0 for all modes n. In this case, controlling
the system after the spatial perturbation to the flat earth optimal steady state enhances its benefits
and thus no patterns emerge. However, if r is sufficiently high, so that o, (r — ;) > M, then the net
benefits of controlling the system to the flat earth optimal steady state at this mode become negative.
From the social planner’s point of view, this can be interpreted as suggesting that it is preferable to
let patterns emerge instead of controlling the system to the flat earth optimal steady state.

(c) Boucekkine et al. (2013b) provide a similar pattern-eliminating low discount rate result for an
AK model with linear diffusion in which ™ = A (1 — \) + . In this case optimal patterns depend
on the productivity parameter and elasticity of marginal utilityH In our case the nonlinear diffusion
induced by the MPD capital flows combined with the Cobb-Douglas production function provides
more degrees of freedom for having emergence of optimal spatial patterns, as shown in Figure 1.

We close this section by providing some examples of the possible patterns that may emerge as a re-
sult of for various geometries. In all examples in this section we use the Cobb-Douglas production

function with exponent o and the isoelastic utility function parametrized as U(c) = ﬁcl_)‘.

Example 4.4. Consider the case where D = [0,L] C R. Then we have that pu, = (%£)? and

odn(x) = cos (%), n = 1,2,---. In this case the spatial pattern generation condition selects the

OFor logarithmic utility, A = 1 and patterns will never emerge for reasonable utility discount rates.
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spatial patterns which correspond to linear combinations of ¢, (x) = cos (%) with n such that

D(ke) (%)2 (r = DU("T)?) ~ M >0

It can be seen that only patterns corresponding to relatively small values of n are expected to emerge.

No patterns will emerge if

K(0,X)

it x)

(a) Capital (b) Consumption

Figure 3: Emergence of spatial patterns for (a) capital, and (b) consumption, r = 0.1, A =
a=0.6,6=0.03.

317

(a) Capital (b) Consumption

Figure 4: Decaying spatial patterns for (a) capital, and (b) consumption, r = 0.03, A =2, « = 0.3, =
0.03.

Example 4.5. Consider the case where D = [0, L1] x [0, Ly] C R2. Then, setting z = (1, 72) and
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assuming an enumeration of N X N in terms of a multi-index n = (n1,n2), we have the spectrum

2 2
nim nom
ne — | T + = an1:172a"'7n2:172a"'7
e <L1> <L2>

with corresponding eigenfunctions

GOnymg (1, x2) = cos mml @332 .
1,12 Y L]_ L2

To bring this example into the framework of Proposition we can simply enumerate the pairs (ny, ng)
in terms of a single index n € N, chosen so that the eigenvalues ji,, n, are ordered in ascending order.
For example, n = 1 would correspond to the pair (n1,n2) = (1,1), n = 2 would correspond to the pair
(n1,n2) = (2,1), and so on. Defining v = %, the aspect ratio of the rectangle, the condition for the

generation of patterns can now be expressed as follows. Consider the set of pairs of natural numbers

2 2
N = {(nl,ng) eNxN : D(k) (2) (n? + vnd) <7« - (2) D(kg)(n2 + ung)z) —M > 0}.
1 1
Then, emerging spatial patterns will be given by the double sum

NomT
k(t,z1,x9) = Z C1,n1 ,no COS (lel) (52:62> ,

(n1,n2)eN

N
c(t,x1,x9) = Z C2.ny mg COS <le1> <L22$2> .

(n1,n2)eEN

It can be seen again that only modes corresponding to relatively low values of (ni,n2) can develop

instabilities, and no spatial structure will emerge if

D(k™) (T - D(k*)ﬂ*) - M <0,

2 2
where p, = <Ll1) + <Ll2> .

In the context of the two-dimensional spatial domain, Figure 3 depicts the case of an emerging
spatial pattern for high r,A and « after a spatial perturbation and Figure 4 depicts the case of a
return to the flat earth optimal steady state (decaying pattern) after the same spatial perturbation as
in Figure 3. The four graphs in the panels of both Figures 3 and 4 each correspond to a different point

in time, starting at ¢ = 0. The solutions were generated using the method proposed in Appendix C.

Example 4.6 (Pattern formation on the sphere). A possible geometric model for the globe would be
that of the surface of a sphere of radius R. Then, a convenient set of coordinates would be spherical
coordinates (p, ¢, ), where p corresponds to the radial coordinate (assume p = R constant), ¢ is
the azimuthal angle that corresponds to the longitude, and 6 is the polar angle that corresponds to
latitude. In particular, 6 is the co-latitude ranging from 0 at the North pole to 7 at the South pole,

and ¢ is the longitude ranging from 0 to 2w. The connection with Cartesian coordinates is in terms
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(a) Capital (b) Consumption

Figure 5: Pattern formation on a shere for (a) capital, and (b) consumption, r = 0.1, A = 6, a =
0.6,8 = 0.03.

of the relations

x1 = psind cosp, xy = psinf singp, x3 = pcosh.

The Laplace operator on the surface of the sphere (Laplace-Beltrami operator) becomes

Au—il g sinﬁal +71 @
~ R2sinf 06 00 R2sin20 092"

The eigenvalue problem for the Laplacian on the sphere has eigenvalues pu = e(gl)’ £=0,1,---

with corresponding eigenfunctions provided in terms of the spherical harmonic functions ¢(6,¢) =

Y/ (0, ¢) = e™? P (cos ), m = —¢,--- , ¢, where P;" is an associated Legendre polynomial. For each
£ the eigenfunction corresponding to uy = Z(gl) is a linear combination of the Y™ for m = —£,--- /.

This leads to a complete set of real eigenfunctions as
gb?) := cos(m¢) P (cos §), (;SEZ) = sin(me) P, (cos @), {=0,1,---, m=0,---,¢,

with corresponding eigenvalues py = #Z(ﬁ + 1), which are orthogonal in terms of the inner product

(-,-), defined in terms of the volume element on the surface of the sphere. That is,

™ 2m
/ Y™ (¢, 0)Y (6, 0) sin Odgpdf = 0,
0 0

unless £ = ¢ or m = m/. The associated Legendre polynomials can be provided explicitly, for example,

omitting the explicit dependence on cos@ from the polynomials for convenience and expressing them
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as functions of @ directly, we obtain:

(=1, m=0, PY(#) =cosh, m==+1 PF(0) = sinb,

(=2, m=0, PY(#) = =(3cos?0 — 1), m = +1, P;*(A) = 3cosfsinf, m = +2, P;*(h) = 3sin? 6.

1
2
In terms of the above, the eigenfunctions ¢, can be expressed as:

£=0: ¢o(¢,0) = coy,

(=1: ¢1(¢,0) = c10P(0) + c1.1cos pPL(0) + 511 5in pP (0),

0=2: ¢o(,0) = caoPY(0) + ca1cos pPy (0) + 52,1 sin ¢Py (6)
+ c2.9c08(2¢) Py () + s2.25in(2¢) P (0),

where ¢y, and s;,, are appropriate real-valued constants.

The eigenmode ¢ > 0 will become unstable if pp = #ﬁ(ﬂ + 1) satisfies
D(kg)pe(r = D(kg)pe) — M > 0.

Again, the spatial structure of the pattern will be given as a linear combination of the unstable
eigenmodes, with the coefficients depending on the initial condition. High modes (large values of ¢)
are unlikely to become unstable as the condition in will be violated for large values of £. Of course
for large R the corresponding values of £ are expected to be larger, leading to more complex spatial
structures.

Figure 5 presents the emergence of patterns on the sphere. It should be noted that the patterns
presented have no association with actual geographical areas or countries on the earth-like globe, but
are presented solely for illustration purposes. Associating the emerging spatial patterns with actual

locations on earth is an important area for future research.

4.2 Spatial heterogeneity and MPD capital mobility

In the previous section we showed that optimal growth under MPD capital mobility will not generate
spatial heterogeneities for a typical Cobb-Douglas utility parametrization and low utility discount
rate. This result is derived under the assumption of equal TFP across locations (A constant). In this
section we allow for TFP differences across locations, that is A = A(z), and we explore the question
of whether MPD capital mobility combined with TFP heterogeneity intensifies or weakens spatial
heterogeneity. The spatial distribution of the TFP parameter could be induced by nature-first factors
or by population density (e.g., Allen and Arkolakis, 2014; Boucekkine et al., 2019)

To study this problem, we assume that capital is immobile but there is spatial variability on the

TFP parameter A (z). Then, the optimal capital allocation is given by the standard Ramsey model,
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parametrized by A = A(x). That is, the solution of the parametric steady-state equation is given by
A()f' (k) =7 +6,

which leads to an optimal allocation ko(z) with the x dependence arising from the dependence of A

on z, and to a corresponding optimal consumption cy(x), obtained in terms of

co () = A(z)f (ko(x)) — 6ko().

An interesting question is how this non-flat steady state (ko,co) would evolve in the presence of
weak capital mobility Dy, if perturbed by a perturbation (ki,c;). This requires a study of the steady
state of (17}[18), in the limit of small Dj.

The following proposition provides some insight into this.

Proposition 4.7. Assume a spatially-varying TFP, A = A(x), satisfying the standing Assumption
and let (ko, co) be the non-flat steady state corresponding to the optimal steady state in the absence
of capital mobility. Assume small capital mobility Do # 0.

(i) Then, for Do small enough there is an approzimate steady state of given by

k(x) = ko(x) + Do Bw(ko(w))ko(x)U”(Co(iﬂ)WCo(ﬂf)) +0(D}),

(@) = eo(@) + DoV <B¢<ko<x>>ko<x>U"(co<x>>Vco<m>> + 0<D8>).

(ii) Assume the Cobb-Douglas case, where f(k) =k, ¢ (k) = kP and U(c) = 7' with 0 < o <
1, A > 1, and set B =1 for simplicity. Then,

g — + 1
1 —+ T1-a
ko) = MoA(2) s, Co(x)_woj(erOAlla(x% M, = (5(;) -

and

For the proof, see Appendix
Proposition allows us to approximate, explicitly and analytically, the effect of small capital

mobility on possibly sharp spatial gradients in the TFP A.

Example 4.8. Consider the Cobb-Douglas case in Proposition [4.7]ii) and a variation in the TFP A
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in the form of a sum of Gaussians as

al |z — ;|
A(x) :CO+ZCiexp<— l>,

20;
i=1 ¢

where || - || denotes the Euclidean norm.

This general form can model local increases (C; > 0) or decreases (C; < 0) at locations wx;, of
scale o; > 0, where small o; corresponds to a localized spatial structure and large o; corresponds to
extended spatial structures. Moreover, by assuming that the domain D is large and that the centers of
the Gaussians, x; are placed sufficiently far from 0D, an easy calculation yields that A approximately
satisfies the boundary condition VA -n = 0 on 0D.

In this case we can calculate (k(z),c(x)) in terms of the expression in Proposition [4.7|(ii), using
the facts that

U(z) = A Mg{A<1fa>—1<1>1(x) +

Cl-«

p—A+a
11—«

AT 729y (x) }’

N

d 1 |z — ;)
010) = 3G £ = o=l exp (- 1720,
=1 7 i 3

N N
_ CiCj lz — ]| v — ;> , ,
<I>2(x)—zzaiajexp<—% exp _th (x —x3) - (x — xj),

i=1 j=1

where d is the spatial dimension and (z —x;) - (x — z;) denotes the inner product between the position

vectors x — x; and x — x;.

We now consider the following question: Will the effect of capital mobility (Dg # 0) enhance
(sharpen) the spatial gradients induced by the variability of A or act as a mechanism for reducing
them?

To answer this question, we will consider the steady-state solution of the Ramsey model for a
spatially-dependent A and Dy = 0, denoted by kg and its steady-state solution for the same A but for
Dg # 0, denoted by k. We then compare the Sobolev norms Iy = [}, [Vko|*dz, and I = [, |Vk|*dz,
which provide a measure for the overall spatial variability of the optimal capital distribution. If Iy < I,
then the effect of capital mobility will be an enhancement of the spatial variability, while if Iy > I,
then the effect of capital mobility will be a smoothing of spatial variability in the optimal capital
distribution.

Providing a priori estimates for the above quantities would require technicalities which are beyond
the scope of the present paper. We prefer to adopt a more direct treatment of this question, which
provides an easy to interpret analytic answer, in the limit of small values of Dy, and in the case where
A assumes the form of a single Gaussian pulse. We further assume that f(k) = Ak® and ¢(k) = k”.

Proposition 4.9. Under the additional assumptions that f(k) = Ak, ¢ (k) = k?, U(c) = 5172,
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and A(x) = Cexp (—M>, o > 0, for sufficiently small Dy, it holds that

I ::/ | Vo ||*de, I::/ |VE||*dx
D D

satisfy the relation

I — Iy = DySE(d) + O(D}),

where S > 0 (explicitly given in the Appendiz) and E(d), which depends on the spatial dimension, is

(p+1)+(p—1A, ifd=1,
(p+1)+4Xp, if d=2.

For proof, see Appendiz[D}

The above calculations show that up to small order corrections in Dy:

e The Sobolev norm of the solution will increase in a one-dimensional spatial domain (1D) as long

as p > 1, and in a two-dimensional spatial domain (2D) for any p > 0.

e A decrease in the Sobolev norm in 1D is only feasible if 0 < p < 1 and A > ?’({)fﬂ) (i.e., for p=0

if A > 3). In 2D a decrease in the Sobolev norm is only feasible for p < 0.

The change in the Sobolev norm depends on the value of p which, given the specification ¢ (k) = k?,
indicates that the propensity of capital to move to a high marginal productivity location is high if the
capital stock at the location of origin is high (p > 0) or if the capital stock at the location of origin is
low (p < 0). Since the Sobolev norm can be regarded as a summary measure of spatial heterogeneity
within the spatial domain, the above result suggests that MPD capital mobility could intensify or
weaken spatial inequalities. This depends on the relationship between the propensity of capital to
move and the size of the existing capital stock.

The case of increased or reduced spatial inequalities when MPD capital mobility occurs is depicted
in Figure 6.

This result suggests that MPD capital flows combined with the a high or low value of the elas-
ticity of the propensity of capital to move to a high productivity location could intensify or weaken
agglomerations which may already exist because of nature-first factors or distribution of population.
Boucekkine et al., (2019) in the context of an AK model with linear diffusion and exogenous location
dependent TFP, also show the emergence of spatial agglomerations which might have different transi-
tional dynamics for different initial conditions but they result in the same long-run capital distribution.
Our results are comparable to theirs but in addition we show that initial exogenous agglomeration
with respect to capital and consumption could be intensified or weakened by the MPD capital flows
in the sense that the system could end with a sharp agglomeration or a nearly flat earth state. Fur-
thermore we can observe intensification of agglomeration with diminishing returns to capital (a < 1)

if the capital flows indicate high propensity to move to a high marginal productivity location.
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Figure 6: (a) Increasing Sobolev norm, p = 1, (b) Decreasing Sobolev norm, p = —1.

5 Concluding remarks

In this work we initiate the study of a spatial Ramsey model of optimal growth displaying nonlinear
capital transport effects by considering capital flows toward locations where the marginal productivity
of capital is relatively higher. This induces nonlinear diffusion in the fundamental equation of capital
accumulation.

In this context, based on perturbative solutions around the non spatial Ramsey model, we examine
questions related to the potential spatial heterogeneity of optimal growth, as seen from the viewpoint
of a social planner who seeks to maximize discounted utility over a finite spatial domain by choosing
optimal consumption paths for each location. Our results suggest that for a high utility discount
rate and appropriate parameters for the production and the utility function, MPD capital flows and
forward-looking optimizing behaviour by the social planner could induce the emergence of spatial
patterns. For a low utility discount rate, the social planner will choose the optimal policy so that
the spatial economy will return to a flat earth steady state even after a perturbation caused by MPD
capital flows. We also show that when spatial heterogeneities exist due to TFP differences across
locations, MPD capital flows could intensify or weaken spatial inequalities. This depends on whether
there is a high or low tendency of capital from high capital accumulation locations to move once higher
marginal productivity occurs in a different location.

Our results provide insights into the way in which an intuitive plausible mechanism of capital flows
across locations could generate spatial inequalities in the context of a traditional Ramsey model of
optimal growth. Further research should be directed toward studying market equilibrium under MPD
capital flows. If spatial heterogeneity emerging from market equilibrium outcomes is different from the
outcomes obtained in this paper for a social planner, this deviation could be the basis for exploring

economic policies for attaining socially-optimal spatial structures.
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Appendix

A

Towards a derivation of the Pontryagin principle for problem (|12

In this section we provide some insight towards the derivation of the Pontryagin maximum principle

for problem . While this is not a proof of the conjectured optimality condition it gives some

indication as to its plausibility.

A.0.1 Key assumptions

Assumption A.1. .

1

2.

U and the production function are sufficiently smooth with bounded derivatives.
n-VA=0ondD.
An optimal consumption policy ¢* > 0 exists for problem (12)).

The evolution equation (10) admits a global in time solution of sufficient regularity for any

admissible control of interest (in an appropriate function space setting).

The linearized evolution equation

0 - (Do (k)T + Gk ) — A (Ko + b0 = v
w(0) = wo, (30)

n-Vw=0, on dD,

admits a unique global solution in the same function space setting for any (wp, v) with continuous

dependence on v.

The important assumption is 4, as it requires an appropriate function setting, which at least to

start with must start in a Sobolev space setup. Related results for the finite horizon case can be found

(see e.g. Casas and Chrysafinos (2018) for the case of homogeneous Dirichlet conditions). Assumption

5 is easier, since it requires solvability results for a linear parabolic equation, which under assumption

1, has continuous coefficients. Equations of this type are known to satisfy this property in finite

horizons.

A.0.2 Notation

We define the following;:

e The functional

c— J(u) = /OOO /DeTtU(c(t, x))dzdt,

where ¢ : Ry x D — Ry, is the consumption function.
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e An adjoint variable p which is a function p : Ry x D, satisfying a Neumann boundary condition

Vp-n =0 on 0D, whose evolution law will be determined shortly.

e The functions

L I(1) = /D k(t, 2)p(t, ) da,
= I(t) = e "M (2).

t

e For any given suitable function k& : Ry x D — R, the vector field
(t,z) — G(k) = Dow}(k)Vk — Dowsy(k)V In A.

Note that since the data of the problem are chosen so that n-VIn A =0 on 9D, it holds that if

k satisfies homogeneous Neumann boundary conditions then G(k) -n = 0 on 0D.

A.0.3 Differentiability of the solution map

To show the differentiability of the solution map we may use the implicit function theorem in Banach
spaces (see Theorem |A.2)).
Consider the map F(c,k) : U x Y — U x Yy defined by
ok

F(C, k?) = (a -V- (Dowl(k’)Vk‘ — Dowg(k‘)VA) — Af(k‘) + 0k + C, k‘(O) — k’o),

where Y and Yj are appropriate functional spaces, such that Assumption A.1.5 above holds (for this
study these will be Sobolev type spaces see e.g. Casas and Chrysafinos 2018, however, they may also
be chosen as spaces of continuously differentiable functions if classical solutions are to be considered)
and U is an open subset of the set of allowable controls.

Let ¢* > 0 be a solution to the optimal control problem and k* be the corresponding optimal path
satisfying k(0) = ko. Then F(c*,k*) = (0,0). If ZE(c* k) : Y — U x Yj is an isomorphism and F is
C* then the implicit function theorem guarantees the existence of an open neighbourhood N(c¢*) C U
and a function u : N(c*) C U — Y such that F(c,u(c)) = F(c*, k*) = (0,0) which moreover if also C*
(see Theorem , This function w is the solution map S, hence, such an argument guarantees the
differentiability of the solution map.

It therefore remains to check the assumptions of the implicit function theorem. Using the differ-

entiability assumption on f, we can show that

DyF(c,k)w = (%l; — V- (Dow: (k)Vw + G(k)w) — Af'(k)w + dw, w0> , (31)

supplemented with the homogeneous Neumann condition n - Vw = 0 on 9D.
Indeed, consider k + ew and consider F'(c, k + ew). Then,

%(F(c, k+ew) — F(c, k) = (Ji(e), Ja(e)),
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where

€

Ja(€) = 1<k(0) + ew(0) — ko — (k(0) — k‘o)) = wy,

and setting k = k + ew to simplify the notation

Ji(e) = (‘3’3 V- (Dows (F)VE — Dows(R)VA) — AF(k) + 0 + ¢

_ <6k B v (Dowl(k‘)Vk’ — DOwQ(k‘)VA) — Af(k‘) + 6k + C> >

ot (32)

- %@tu — V- (Dow (k)Vw + DO%(wl(k) —wi(k))VEk — DO%(“)?(E) — wa(k))VIn 4)
1

—AZ(f(R) = F(k)) + dw

€

By the differentiability properties of wy and ws, which in turn follow from the differentiability prop-
erties of f, using the mean value we have (using ¢ as a proxy for any of the functions wq, wy or f) we
have that there exists an €y € (0, €) such that

p(k) = (k) + e¢' (k + eok)E,

hence using the continuity of ¢’ we obtain that

%(‘P(l_ﬂ) — (k) = ¢ (k+ eok)w — o' (k)w, as e — 0.

Using the above observation in and passing to the limit as € — 0 we get that

0
Ji(e) — 8—‘: — V- (w1 (k)Vw + Dow!, (k)Vkw — Dowl(k)V In Aw) — Af' (k)w + dw,
as € — 0. Hence, is obtained.
To show that %—5(0*, kE*): Y — U x Y} is an isomorphism is equivalent to showing that the linear
PDE
ow

57 = V- (Dowi ()Vw + Gk )w) = Af'(k)w + 6w = v,

w(0) = wo, (33)
n-Vw=0, on dD,

admits a unique solution in Y for every v € U, with this solution depending continuously on v.

In principle k* displays spatio-temporal dependence so its unique solvability must rely on the
theory of non-homogeneous linear parabolic PDEs, with coefficients depending on both space and
time. One difficulty here is that we want to guarantee solutions for all ¢ € R4, and this may require
delicate estimates and the appropriate choice of § > 0.

Under the assumption that assumes a unique solution in Y for every v € Y (with continuous
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dependence), the above considerations show that the solution map S : Y — Y is differentiable with
z := G'(k)v satisfying a linear parabolic PDE. This follows by an application of the implicit function

theorem. It is easy to see that
D.F(c,k)v = (v,0),
hence
DS(c) = —Dy(c, S(c¢)) ' D.F(c, S(c))

implies that z, := DS(c)v is the solution of the linear parabolic PDE

0z,
ot

— V- (Dow1(k)Vzy + G(k)2y) — Af' (k) 2y + 62y = —v,
2,(0) = 0, (34)

n-Vz, =0, on 0D,
where k = S(c). This essentially means that upon perturbing a consumption plan ¢ to c+v, if &k = S(c)
is the capital distribution corresponding to ¢, then the capital distribution k=S (c+v) corresponding
to the new perturbed consumption plan ¢ + v can be approximated as k + z, where z, is the solution
of with the error of approximation being controlled by an appropriate norm of v. In particular

considering any ¢ € U and using a perturbed consumption plan of the form ¢ + ev then, the mean

value theorem for the solution map S yields that there exists an €y € (0, €) such that
S(c+ev) = S(c) +eS (c+ ev)v,
which is expressed as
k=k+ €Zev

with z, solving with k replaced by k. = S(c+ ev). Since S is a continuous map, ke — S(c) =k
as € — 0. The continuous dependence property of the solution to then shows that zc, — z, as
e— 0.

A.0.4 Choice of the adjoint equation

We now show that if z, satisfies (34]) while p satisfies

0
S+ V- (Dowr(k)Vp) = G(k) - Vp + f'(K)p — dp = rp
n-Vp=0, on 9D, (35)
lim e_rt/ zppdx =0
t—o00 D
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then

0 T
/ e_rt/ vpdrdt = lim e_Tt/ vpdzdt = 0. (36)
0 D =00 Jo D

We prove these claims: For more clarity we reintroduce the explicit dependence on ¢ and z only
at the points where we think it is necessary.

Define the functions

t—I(t) := /Dzv(t,az)p(t,x)d:r:,
ts I(t) == e " (1).

and the vector field
(t, zp) = J1(k, zp) := Dow1(k)Vzy, + G(k) 2z,

that satisfies n - J;(k, z,) =0 on 0D since n -z, =0 and n- G(k) = 0 on 9D.
For the remaining calculations we omit the subscript v and denote z, as z for simplicity. Assuming
enough smoothness in order to be able to differentiate under the integral sign (invoking Lebesgue’s

dominated convergence theorem) we have that

%I(t) =hL+1h:= /D Z(t,m)p(t,x)dw—i—/p (Zzt)(t,x)z(t,x)d:r. (37)

11 ]2

We treat each of the above terms separately.
For Iy we observe that by we have

L = /DV - Jq(k, 2)pdx + /D(f'(k:)z — 0z —v)pdz. (38)

We apply Green’s theorem (see Theorem to the first integral of , setting F = J,(k, z) and
g = p, noting that n - J,(k,z) = 0 on 9D, to obtain

/ V-Jl(kz,z)pdaz:—/Jl(k:,z)-Vpdx. (39)
D D
Combining , and we conclude that

jtf—/p(—Jl(k,z)-Vp+(f’(k)z—5z—u)p)da;+/p‘Z’t’zdx (40)
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Using the definition of J, (k, z) we rearrange (40]) as

4. /D (_Dow1<k>vz.w—za<k>-vp+<f’<k:>z—5z—v>p+ gf)dw w

0
—/ —Q(k)-Vp—i—f’(k)p—ép—l—ij zdm—i—/ — Dow1(k)Vz - Vp dx—/vpda:
D ot D D
We now consider the middle term in the above, using once more Green’s theorem (see Theorem

for the choice F' = —Dyw;(k*)Vp and g = k, where upon noting that n- F' = 0 on 9D since p satisfies

the homogeneous Neumann boundary condition we obtain

/D ( — Dow:(k)Vz - Vp) dx = /D 2V - (Dow, (k) Vp)dz. (42)

Combining and we obtain upon rearranging,

dl 0
el / (p + V- (Dowy(k)Vp) — G(k) - Vp+ f(k)p — 5p>zdx — / vpdx. (43)
Hence,
dI_ _ —rt —rtﬁ _
I re "I +e i
0
et / (af + V- (Dow:(k)Vp) — G(k) - Vp + f'(k)p — op — rp)Z dr — e‘”/ vpdz,
D D

so that choosing the adjoint variable p as the solution of the evolution equation , the above becomes

dI _ t/
—(t) = —e" vpdz. 44
=10 [ (44)

which integrated over the time interval [0, 7] yields (we reinstate now the explicit (¢,2) dependence

for clarity)

T
I(T) - I(0) = —/0 ert/Dv(t,x)p(t,x)da:dt,

or equivalently,

e’"T/Dz(T, :z:)p(T,:c)dx—/Dz(O,a:)p(O,x)da:: —/OTe”/Dv(t,x)p(t, x)dxdt,

which upon choosing z(0,z) = 0 a.e # € D and limy_,c e " [, 2(T, 2)p(T, z)dz = 0 leads to (36).
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A.0.5 First order condition

Let C = {c¢ > 0} be the set of admissible controls E which is a closed convex set. Choose any c,v € C
such that w = v — ¢ satisfies w(0) = 0. By the differentiability properties of U we have that

LT (e+ ew) - J(e)) = /O h /D MU ()wdadt + oe). (45)

€

Let z, be the solution of with v replaced by w. Then, by the steps in Section it holds that

0= —/ e_Tt/ wpdxdt. (46)
0 D

Adding and we obtain

€

LT (et ew) — J(e)) = /0 h /D e (U (¢) — pwdadt + ofe). (47)
Assuming that ¢ € C is a local maximizer the above yields that

/000 /De”(U’(c) —p)(c—v)dzdt +o(e) <0, Ve >0, veCl,
and passing to the limit as e — 0" we obtain

/00/ e (U (¢) —p)(c —v)dxdt <0, VveEC
o Jp

If ¢ € C is a maximizer such that ¢ > 0 then setting v = ¢ £ ¢h for any function h and € > 0
sufficiently small in the above condition yields U’(¢) = p, which provides a characterization of the

optimal consumption in this case, in terms of the adjoint process p.

A.0.6 Some technical tools

Theorem A.2 (Implicit function theorem). Let X,Y, Z be three Banach spaces, k > 1, AC X xY
be an open set and let F : A — Z be a C* map. Let (zo,10) € A such that F(xg,1y0) = 0.

If DyF(x0,y0) = D(F(z0,-))(y0) : Y x Z is a bounded invertible linear transformation (isomor-
phism) then there is an open neighbourhood Uy of X such that for all connected open neighbourhoods

U of xo contained in Uy, there exists a unique continuous function u:U — Y such that
u(x()) = Yo, ($7u($)) S Av F(x,u(x)) =0, Vzx elU.
Moreover, u is C* and

Du(z) = —DyF(z,u(x)) ' Dy F(z,u(z)), Yz €U.

11f ¢ is considered as a function in a Lebesgue space, the inequality ¢ > 0 is considered in an almost everywhere sense.
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Theorem A.3 (Green). Let D be a sufficiently smooth domain and consider a vector field F and a
scalar field g. Then,

/(F(af)'Vg(w)JrgV‘ F(ﬂ?))dQ?:/ g(x)E(x) - n(x)dS,
D

oD

where by n(x) we denote the outward normal vector at x € ID.

Naturally sufficient smoothness on 9D ( for the outward normal to be well defined ) and on F and

g (for the divergence and the gradient to be well defined) must be assumed. If

either F(z)-n(x) =0 on 0D,
or g(z)=0 on 9D,

then the surface integral in Green’s formula vanishes and the formula simplifies to

[ B@)-Vot@rto == [ oV Fayia

The classical version of the theorem requires all the above quantities to be C' with well defined
values on the boundary of D (i.e. continuous up to the boundary). However, Green’s theorem in the
above form can still be valid in a Sobolev space setting with the derivatives of the vector and the

scalar fields understood in the weak sense and the surface integral D understood in the sense of traces.

B The Kirchhoff transformation

The system of elliptic equations may in fact be transformed into a more convenient equivalent

form.

Proposition B.1. Define the variables u = ®(k*) and v = ¥(c*) where ®'(s) = wi(s) and ¥ = U’ [7]
and assume that ® and ¥ are invertible and denote their inverse by ¢, 1 respectively, so that k* = ¢(u)

and ¢* =¥ (v). Then (u,v) satisfies the system of semilinear elliptic equations

0=Au+VInDy Vu—wy(éd(u)AlnA—wa(¢p(u))V InDy-V In A— (48)

(wa($(u)' V- v1nA+( ) — 6(u) — (o >>,

= Av n -V ¢(U)) n (r+5_f/(¢(u)>)v
0= Bu VDo Vot GV AT ey

with Neumann boundary conditions.

The proof is straightforward and uses the Kirkhoff transformation (see e.g. Knight and Phillip
(1974) ) mentioned in the exposition, and algebraic manipulation. The invertibility of the transfor-

mation is guaranteed by monotonicity arguments (e.g., it suffices that D(s) > 0 and that U’ is strictly

12Note that v = p.
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monotone). Note, however, that even in the absence of the above conditions, system can be inter-
preted in terms of inclusions. Note that if the coefficients A and B (hence also Dy = AB) are spatially
independent, this system simplifies considerably as all the gradient terms disappear, rendering it very
convenient for analysis on account of its semilinear form. If at some point wi(¢(u)) = 0, then the
second equation of has to be interpreted as

0 = Dowi($(u))Av — +3 — f'(¢(w)))v,

as a singular elliptic PDE, with a similar interpretation in the case of spatially-dependent coefficients
A and B.

C Proof of Proposition 4.2

Let k(0,z) = ki + eki(x) and p(0,z) = p§ + ep1(x) where (k, pjy) is the saddle point of the standard
Ramsey model. Recall that for e = 0, this initial condition leads to the solution (k(t,x),p(t,x)) =
(kg, pgy) for any value of the diffusion term D (as diffusion has no effect in the absense of spatial gradi-
ents). We also emphasize that only k(0, x) is given. The initial condition p(0, z) is to be determined so
that a solution of compatible with can be obtained. This solution will be approximately
of the form (k(t, x),p(t, z)) = (k§ + €k1(t, ), p§ + ep(t, z)) with the perturbation solving the linearized

version of (17}[18) subject to (19).
We now linearize (17118 around (k, pfj) and use the notation g = (U’)~! to obtain the system

ak * * %
5 =V (Down(K§) V) + (AS'(k5) = 6)ks — ' (05)p1,
0 * * *
S = V- (Down(k§)Vpr) — Af" (kg )poks + (r +8 = Af (k5))p, (49)
n-Vk =n-Vp =0. k1 (0,z) = k1(z),
Since p = U’(c) by the implicit function theorem we obtain ¢'(p}) = = where pi = U’(c}), while

U//(CEI;)
we note that at the steady state r + 3 — Af’(k§) = 0. Hence, simplifies to

Ok . |
E = v . (Dowl(ko)Vk]_) + Tk;l — Wcé)p:b

0

G = V- (Dow (k) Vpr) = Af" (k5 Jpok, (50

n- Vkl =n- Vpl =0. kl(O,x) = kl(x)

The transversality condition for this solution becomes
ert/ (kg + eki(t,2)) (py + ep1(t,x))dz — 0, as t — oo
D

Since this is an asymptotic in time condition we do not linearize it. For growing perturbations the
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dominant part of this condition is

lim e_rt/ k1 (t, x)p1(t, z)dx = 0.
D

t—00

We make one final transformation for the sake of convenience and economic interpretation. We
define the new variable c¢;(t,z) = mpl (t,x) so that recalling that p§ = U’(cf), and noting that
cy = UY(p}) is a finite constant, in terms of the new variables (k1,c1) we bring in the form

ok
801 * * U/(C*)

n-Vki =n-Ve =0. k1(0,2) = ki ().
In terms of the same transformation (and since U”(cj) is a finite constant bounded away from zero)

we also get the transversality condition in the form

t—o00

lim e”/D ki(t,x)ci(t, z)dz = 0. (52)

System with the transversality condition will be the starting point for our investigation.
To make its study easier we simplify the notation by using k(¢,z) = k1 (¢, x) and c(t,x) = ¢1 (¢, x),

then define the vectors
2t x) = 2V, 2), 2D, )T = (k(t,2), c(t,2))T, 2* = (W 2T = k5, e)T,

the constant

U'(cp)
U (cy)

(DA o (4
D(z>_< 0 —D(kg)A>’LF(Z)_<—M o)’

where A is the Laplacian operator with homogeneous Neumann boundary conditions, and

M = Af' (k)

>0

)

and

D(kg) = Dowl(kfé), Do = D()AB

is a constant diffusion coefficient which depends on the level of the optimal k.
In terms of the above express as the constant coefficient PDE system

az k k
i D(z*)z + Lp(z")z, (53)
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subject to the transversality condition

tlg]& e /Dz(l)(t,x)z(z)(t, x)dxr — 0 (54)
Note that in the case of linear diffusion, D(kj) must be replaced by Dy in the above. Note also that
in the limit of vanishing diffusion, this system reduces to the corresponding system for the Ramsey
model in the absence of capital mobility, with the familiar saddle point property in the relevant phase
space R2.
Since is a constant coefficient problem in a bounded domain, we can characterize its solutions
completely in terms of the eigenvalues of the operator —A on D, with homogeneous Neumann boundary

conditions, i.e., in terms of the set of functions {¢,, : n € N}, which are solutions of the problem

_A¢n = Mn¢na (55)
Vo, -n=0.

This discrete set is a complete orthonormal basis in L?(D), hence any function u € L?*(D) admits a
Fourier expansion u(x) = )y Un®n (), with almost everywhere convergence, and u, = (u, ¢,) with
(-,-) denoting the inner product in LQ(D)E The spectrum has the property p, > 0, with u, — oo
and, for many cases of interest, both u, and the eigenfunctions ¢, are known exactly in analytic form

[
Any solution of can be expanded as

Z(t’ $) = Z Zn(t)¢n(x)a

neN
with
2n(t) = (20(1), 28 ()T = (kn (1), ea(t)”
where

kn(t) = <k(t7 )7¢n()>7 Cn(t) = <C(t7 )7¢TL()>7

and a similar expansion for the initial condition.
By substituting this expansion in (53) and using the orthogonality properties of the basis of
eigenfunctions, the system of PDEs reduces to an equivalent countable system of ODEs of the

B3 Typically, u, = fD u(z)dn (z)dz, with the possible introduction of weights depending on the geometry of the domain.

MNote that the zero eigenvalue for the Laplace operator with homogeneous Neumann boundary conditions corresponds
to a constant eigenfunction. Moroever, as we can see from the subsequent analysis this eigenvalue will not lead to
instability, so it is not considered in our analysis.
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form

=Lpz,, n€N, (56)

where
—D(k}) pn, 0
L= (kg Ju ) + Lp. (57)
0 D(k§) pin

Moreover, using the orthogonality properties of the eigenfunction the transversality condition (54
becomes

lim e 20 ()22 (t) = lim e "k, (t)ea(t) = 0, VneN (58)

t—o00 n t—o0

The solution to system can be expressed in terms of the exponential of the matrices L,, defined
by exp(tLy,) =1 + > 5o, 4t Lk, using the formula

2n(t) = exp(tLy)zn,0,

hence leading to a solution of the form

Z(ta$) = Z Zn(t)d)n(x) = Z ethzn,Oﬁbn(l’)? (59)

neN neN

Note that the solution is fully determined as long as the full vector of initial conditions z, ¢ is known
for all n. However, here, for each n € N, we only have one component of the vector z,¢ the one
corresponding to zfll()) = kpo. We are going to choose the second one z7(12()) = ppo in such a way so that
the solution to satisfies the transversality condition . For this choice of zg% the Fourier series
will be a solution of satisfying the transversality condition hence a feasible perturbation
of the optimal solution (kg, p§). If this z(¢,z) does not display any spatial dependence then the initial
perturbation of the optimal solution will die out eventually and the system will equilibrate to the
original optimal solution (as would happen for a perturbation along the stable manifold of the spatially
independent Ramsey system). If on the other hand this z(¢, z) displays a genuine spatial dependence
then this can be understood as a precursor instability that will generate spatially dependent patterns
compatible with the transversality condition.

This expression shows that the behaviour of z,(t) is characterized by the behaviour of the matrix
exponential exp(tL,) and depends on the initial condition. If this matrix exponential grows as t —
oo, then we will observe long-lasting perturbations to the flat steady state, whereas if the matrix
exponential decays as t — oo, then we will not observe long-lasting perturbations to the flat steady
state, and the system will asymptotically return to the flat steady state.

The matrix exponential exp(¢L,,) can be calculated in terms of the eigenvalues and the eigenvectors
of the matrix L,, and its form depends on the spectrum of the matrix. In particular let pq 5, p2., be

the eigenvalues of L,,. There are three possible cases:
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A. pim,p2n real and distinct

1
expltLa) =~ (0L = paad) = P L = 1))
Pln — P2n

B. Pln = P2,n = Pn,

exp(th) = €pntI + epntt(Ln - pnI)7
C. pin = ap + iby, p1,n = an — iby,, complex conjugate roots,

1
exp(tLy,) = ea"t<cos(bnt)f + 0 sin(bpt)(Ly — anI)>.

n

We will concentrate in case A and make the following observation. Let zg = (k,,(0),¢,(0))? with
kn(0) known and p,(0) to be determined. Then

(@), 22 0)" = pat). 2u(0)" = (@i e + ajy) et ayernt 4 ay)erot)T,

with ]
0} = ————(Ln — pand)n(0) - €1,
Pln — P2n
1
0\ = ————(Ln — pand)2n(0) - €2,
Pln — P2n (60)
1
agll) = ———(Lp — p1nd)zn(0) -e1,
Pln — P2n
L (il :
Qoo = (Ln = p1nl)2n(0) - e2.
Pin — P2n

Note that agn) depend linearly on the unknown initial condition for the adjoint variable 22 (0) = ¢, (0).

J
Then the tranversality condition becomes

lim e "2V (1), 22 (t) = tli}m e " pn(t)en(t)

n

t—ro0
— }H?o (agrlb)a;?)e(rJerl,n)t + (agrf)ag;) + ag)agll))e(—r+p1,n+p2,n)t 4 ag)agg)e(rwpn,z)t) —0, VneN

The eigenvalues of the matrix L, can readily be calculated in terms of the roots of the quadratic
equation
p2 = 1p+ {D (k) (r — D(k3 ) — M} = 0,

which can easily be computed as

Pin =
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and observe that, as long as these roots are real EL

r
2
Pint P2n =T

Pin < 5 < P2n,

so that the only solution compatible with the tranversality condition is the one such that

o)+ ol =0
o) =0

which leads to choosing

(n)

Recalling the definition of a;;” this implies that

1
Pln — P2n

1
(L= pinD)2n(0) €3 =0,
pl,n*PQ,n( n — Pln ) n() 2

(Ly, — p2,nd)2n(0) - e2 = 0,
(62)

which since zg) (0) is known provides a linear system for the determination of the unknown initial

condition z£L2)(O) such that the transversality condition holds. We do not proceed with this task, here,
however this is an easy task (and was implemented in the numerical investigation presented in this
paper).
Upon solving for 27(12) (0) we have now fully determined the initial condition
20(0) = (27(0), 22)(0)"

n

and return to the definition of the remaining coefficients agq) and a(ﬁ) using with now z,(0)

fully specified. We calculate these coefficients for this initial condition, and call them dg’f) and dgf)
respectively.

The solution of compatible with the transversality condition is therefore,
[ ay
Z(t, x) = Z €p1’n &(n) (bn(flf) (63)
neN 21

This solution will be spatially dependent in the long run (¢ — oo) if at least one of the p;, > 0,
otherwise z(t,z) — 0 as t — oo and the perturbation will relax to the optimal state (k§,pg). If pin, > 0

5The condition for the roots being real is easily seen to be [D(kd)pn (1 — D (ki) pn) — M] < %. Setting n = D(k§)pn
this condition becomes —z2 + rz, — (M + %) < 0, which holds for every x,, as long as M > 0, since in this case the

quadratic has equation —xi +re, — (M + %) < 0 has no real root.
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for some n € N/ C N then the asymptotic spatial behaviour of the perturbation will be given by

d(n)
=2 ( () )%( ), (64)

neN 21
N={neN : p,>0}

We now carefully examine the eigenvalues p1, as a function of the diffusion coefficient D(kg) and
the parameter M. Recall that

pin =&~ 5\ Jrt AU anlr — Dk )pn) — M] (65)

1. Since D(k}) = DoBw(k), if there is no capital mobility (B = 0) then we have that

1
pim=——=\r2+4M <0, Yn€N.

2 2

That means, in the absense of capital mobility effects the solution provided in has the
property z(t,z) — 0 as t — oo.

2. Now let us consider the effect of increasing the mobility factor B on p1,. Note that

dB 2\/7‘2 D (k) pn(r — D(kg) pn) — M]
so that
d
=Y n > 07
aB™"| =

implying that p1 , increases as B increases for small values of B. This means that for sufficiently
large values of the capital mobility certain of these p;, may increase to values that are large

enough so that p1 , and give rise to a spatial mode.

3. On the other hand, as indicates, the eigenvalues p;, are not monotone in B for all values
of B. So even though clearly indicates that spatial structures can be initiated only where
capital mobility is present, a more detailed analysis is required to answer the question: Given
a fixed capital mobility B, i.e. D(k{) = DoBwi(k$) # 0 which spatial structures among the
possible ones indicated in will actually emerge.

To answer this question given a fixed n € N and a fixed D (k) we try to find conditions such that
the corresponding 0 < p1,, < § (as required by the tranversality condition). Simple algebraic

manipulations show that
0< prn < g if 0 < D(k)pn(r — D) ptn) — M,

with the condition on p, guaranteeing that p;, > 0. Note that as mentioned in footnote

p1n < 5 always holds when the roots are real, which in turn is always true if M > 0 (as is
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the case here). Defining z, = D(k{)u, to simplify the notation, we see that the condition for

pattern formation reduces to

22 —rz, + M <0,

2 _
which is never true if the above quadratic polynomial has no real roots, i.e. where 7> —4M < 0,
whereas if there are real roots A, Ao, it holds for A\ < z,, < Ao.

Hence, the important observation is

1. If r2 < 4M then p1,n < 0 for all n € N no pattern emerges.

2. If r2 > 4M and for a given n € N we may get 0 < p1n < 5 as long as

(r+r2—4M), (67)

1
5(r = V/r? —4M) < D(k§)pn <

N | =

and the corresponding modes will form a spatial pattern compatible with the transversality

condition.

Note that mode will not be activated if D(kj) is below a critical level, however, on the other
hand too large values of D(k§) will kill the emergent pattern since the regularizing effects of

diffusion in this case are too large and lead to dissipation of emergent spatial gradients.

D Proof of Propositions [4.7] and

In this appendix we use the simplified notation | - | for the Euclidean norm || - ||.

The solution of - in the case where Dy = 0 (no capital mobility) will be denoted by
ko and is easily seen to correspond to Af'(ko) = 6 +r, ¢ = Af(ko) — dko), U'(co) = po. We will
consider an expansion of the solution of the Pontryagin system in the case of Dy # 0 (small) as
k = ko + Doky + - - and similarly for p . By substitution in the Pontryagin system and keeping only

first-order terms in Dy, we obtain

0= =V - [Bip(ko)koV(Af (ko))] + [Af (ko) — 0]k1 — c1

0= A"(0)V - (B (ko)koVo) — B (ko)) - Voot

(0 +r—Af'(ko))p1 — Af" (ko)poki .
Since Af'(kg) = & + r, if there is no spatial variation of §, then the above system simplifies to

O:’I“kl—cl

0=Af"(ko)V - (B(ko)koVpo) — Af" (ko)poki,
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which provides an explicit form for k1 and ¢y as

1
kl = ]TOV . (Bw(k(])kOVPO)u

Ccl1 = ’I“k?l.

Up to the first order in Dy we have

/|Vk|2d:1::/ Wko|2d:c+2Do/ Vko - Vkydz,
D D D

hence
I— Io == 2D0/ Vko . VkldSU,
D

and the sign of I — Iy depends on the sign of fD Vko - VEkidx. If this quantity is positive, then capital
mobility enhances spatial inhomogeneity of capital, whereas if it is negative it has the opposite effect.

We now compute this quantity in the case where A(x) = Cexp(— |m;:2°‘2), and for the case where
the production function is of the Cobb-Douglas type f(k) = Ak®, ¢(k) = k, and U(c) = 1172 A

straightforward calculation yields

2
_ 1(1=a) .o |T— 0]
]{70 M[)C exp( 2(1 — a)02 ),
2
_ N oM (1) |2 — 20|
po = NoC ‘3XP()\2(1 — a)02>’

with

—1/(1-a) B Y
My — <r+5) Ny = <(1 a)5+r> M[;)‘.
@

«

After some straightforward calculations, we obtain that

p+1—2A 9 |z — 20]?
k= Ao| - 222 d| exp(—(p + 1) == 2ol
1 o[ (1—@)02’36 zo|” +d| exp(—(p + )2(1—a)02)’
where
A = MO 1ma) A
0 11—«

We now calculate Vkg and VEky explicitly from the above expressions to get that

(1—-a)od
p+1—2X

\x—x0|2

Vko-Vki =EZo(p+1— ) ||z — 20 +2 - W)'

| — wo|*| exp(—p

We can now calculate the quantity fD Vko-Vkidz in terms of Gaussian integrals as long as diam(D) >>

48



2. We can estimate

1
/ |z — xo|% exp ( - 2—|x - x0|2>dx ~ (2r5%)%%d5?,
D

5—2

1
/ |z — 20|t exp ( - ﬁ\x — x0|2)dac ~ (2752 %u(d)a*,
D g

for 62 = (l_a)OQ, and v(1) = 3, v(2) = 8. Using the above formulae, we obtain
1—a)o? (1—-a)od
AT := | Vky-Vkydz ~ Z +1—A[( d)+2 - —27°
/D 0 14T olp ) P v(d) p+1— X\
where )
=) = Zg (215242 > 0.
0 0(1—a)pa( no)E >

Setting z := p+ 1 — A, we see that the sign of Al depends on the sign of
1—a)o? 1—a)od 1—a)o?
z((o‘)a,,(d) 1o (O‘)O—> - ((O‘)U,j(d) n 2>z — (1 - a)ad,
p z p

hence AT <0 as long as
(1—-aw)od

U)o () 42

z=p+1-A<

from which the stated result follows.
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