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We study the effects of a spatially homogenous magnetic field in Bianchi-I cosmological models.
The cases of a pure magnetic field and two models with additional dust and a massless scalar
field (stiff matter) are also considered. At the beginning of the cosmological evolution, i.e., in
the neighborhood of the singularity, the universe is described by one of Kasner’s solutions, and
asymptotically by another Kasner solution when the volume of the universe tends to infinity. The
transition law between these two Kasner regimes is established, and shown to coincide with the
analogous law for the empty Bianchi-II universe. The universe filled with dust and a magnetic
field undergoes the process of isotropization, while the presence of a massless scalar field induces a
modification of the relations between Kasner indices in the two asymptotic regimes. In all of these
cases, we analyze the approach to the singularity in some detail and comment on the issue of the

possible singularity crossing.

I. INTRODUCTION

Almost all of modern cosmology is based on the spa-
tially homogeneous and isotropic Friedmann—Lemaitre
cosmological models. Indeed, the Friedmann—Lemaitre
cosmology for an expanding or contracting spatially ho-
mogeneous and isotropic universe is very successful in de-
scribing the global evolution of the universe from inflation
to the present epoch of cosmic acceleration. Moreover,
inhomogeneities in our universe are described by means
of the theory of cosmological perturbations on the Fried-
mann background, which explains the origin of large-
scale structures in the contemporary universe starting
from quantum fluctuations in the very early universe.

However, there are very interesting features in gravity
and cosmology beyond the Friedmann models and per-
turbations on such backgrounds. The study of spatially
homogeneous but anisotropic models (see, e.g., Refs. [1-
3]) originating in the work of Bianchi, published as early
as in the year 1898 [4], presents great interest from both
the mathematical and physical points of view. Bianchi
elaborated on the complete classification of the three-
dimensional homogeneous Riemannian spaces and three-
dimensional Lie groups long before Einstein put forward
General Relativity in 1915. Bianchi classification was
then modernized, simplified, and applied to cosmology
in the 50’s and 60’s [5-7].

The simplest spatially homogeneous and anisotropic
cosmology is given by the Bianchi-I model. Its isometry
group contains three generators (Killing vector fields),
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which commute and correspond to the metric
ds* = dt* — a*(t) da® — b*(t) dy* — c2(t) d=* . (1)

One can see that Eq. (1) reduces to a flat Friedmann
metric in the limiting case when the three scale factors
a(t), b(t), and c¢(t) coincide.

The first exact solution for the metric (1) in empty
space was found by Kasner [8], in fact before Friedmann’s
works. The Kasner solution has been rediscovered many
times, and its importance was only appreciated later.
A particular form of Kasner’s solution for the Bianchi-
I universe had been discovered earlier in Refs. [9, 10].
In 1963, Khalatnikov and Lifshitz began employing the
Bianchi universes (Bianchi-I, in particular) for studying
the problem of the cosmological singularity [11]. At the
end of the 1960s, Belinski, Khalatnikov, and Lifshitz dis-
covered the phenomenon of the oscillatory approach to
the cosmological singularity [12, 13]. Using the Hamil-
tonian formalism, Misner referred to this phenomenon
as the Mixmaster Universe [14]. Later, it was under-
stood that the dynamics of the universe becomes chaotic
when the singularity is approached [15, 16]. Finally, the
connection between the chaotic behavior in cosmological
models and infinite-dimensional Lie algebras [17] was dis-
covered at the beginning of the new millennium [18-20].
Thus, the study of Bianchi cosmologies, starting from the
empty Bianchi-I model, has already led to some unex-
pected discoveries. In the meantime, exact solutions for
the Bianchi-I universe filled with matter were also stud-
ied. First of all, we mention the Heckmann—Schucking so-
lution, which describes the Bianchi-I universe filled with
dust [21]. The Heckmann—Schucking universe behaves as
the Kasner universe at the beginning of the evolution, af-
ter which isotropization takes place so that the universe
approaches an isotropic Friedmann regime while expand-
ing. The generalization of the Heckmann—Schucking so-
lution to other kinds of isotropic perfect fluids was ob-
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tained by Jacobs [22-24], and more generalizations were
found recently [25, 26].

While exact solutions with a highly anisotropic ge-
ometry do exist even in empty space or in a universe
filled with isotropic matter, the situation becomes even
more riveting in the presence of spatially homogenous
but anisotropic matter. A magnetic field is an interest-
ing example of such a source. Indeed, papers devoted
to the Bianchi-I universes with a spatially homogeneous
magnetic field oriented along one of the coordinate axes
in Eq. (1) were published already in the early 60’s, some-
times with additional types of matter [23, 27-31].

The interest in solutions involving magnetic fields is
not purely academic. The existence of large-scale mag-
netic fields in our universe is an important and enigmatic
phenomenon (see, e.g., Ref. [32]). Their origin is not
known and is being widely discussed. Thus, even if it is
unrealistic to describe the present-day universe with the
Bianchi-I metric, models where this metric is sustained
by a magnetic field could shed some light on processes
that occurred in the very early universe. In spite of the
long history of studies of cosmic magnetic fields in gen-
eral and in the Bianchi-I universe in particular, to our
knowledge, there is no detailed description of the quali-
tative behavior of the corresponding solutions. Besides,
it would be interesting to try and bridge the established
(and sometimes implicit) knowledge about solutions with
magnetic fields with innovative approaches to the prob-
lem of the singularities in gravity and theoretical cosmol-
ogy. In this paper, we shall try to fill some gaps and look
for new ways in this direction.

The structure of the paper is the following: in Sec. II,
we consider the Bianchi-I model with a spatially homoge-
neous magnetic field directed along the z axis of Eq. (1).
At the beginning and end of the cosmological evolution,
the universe is in Kasner regimes. We establish the re-
lationship between the parameters of these two regimes
and show that it coincides with the one in the empty
Bianchi-IT universe. We then consider two other models
in Sec. III, one in which dust is added and one with an
additional massless scalar field (or, in other words, stiff
matter). Sec. IV is devoted to the possibility of crossing
the singularity in these models, and Sec. V contains some
concluding remarks.

II. BIANCHI-I MODEL WITH SPATIALLY
HOMOGENEOUS MAGNETIC FIELD

Let us consider the Bianchi-I universe with the metric
in Eq. (1). The Lagrangian of the electromagnetic field
is (in the Gaussian system) [1]

Lcm:_iFikFikv (2)
where Latin indices are four-dimensional, i = 0,...,3,
and z* = (t,z,y,2) in Eq. (1). The energy-
momentum tensor of the electromagnetic field with the

Lagrangian (2) has the form

1

Tik A

< le Fkl 4+ = 6k Fvlm Flm) (3)
In particular, we consider the case with no electric field
and a homogeneous magnetic field along z. Hence, the
only non-zero component of the electromagnetic field ten-
sor is F1o. The sourceless Maxwell equation for the elec-
tromagnetic field reads

F[ij;k] = Oa (4)

where semicolons denote covariant derivatives in the met-
ric (1) and square brackets imply antisymmetrization.
Since there is no torsion, the symmetric connection terms
cancel out and Eq. (4) snnphﬁes to Flijk = 0. Choosing
the triplet of indices 0, 1, and 2, we see that Fiz0 = 0,
which means that Fio is constant. For the diagonal
spacetime (1), the only non-vanishing component of the
fully contravariant electromagnetic field tensor is thus
given by

F12 — gllg22 F12 x a72 672. (5)

That means that all the contributions to the mixed
components of the energy-momentum tensor in Eq. (3)
are proportional to a~2b72. On choosing a convenient
parametrization, we can then write

B2

TOO = _Tll = _T2 = T33 = CLQI())Q’ (6)

where BZ is a positive constant characterizing the in-
tensity of the magnetic field. It is easy to see that the
trace T of the energy-momentum tensor (6) vanishes, as
it should.

It is convenient to rewrite the Einstein equations,
Go=R. —ims —7i (7)
) T T
by parameterizing the scale factors as

a(t) R(t) a(t)+ﬁ(t)
b(t) = R(t) e*—F®) (8)
c(t) = R(t)e~2x0)

The components of the Ricci tensor then read

R . ~

R%:—:&E — 6a% — 262, (9)

Rﬂ:fgd%fdf:aa%—ﬂ—%% (10)
. L )

R%:—% 2% & SaE—i—ﬁ—i—Zsﬁg, (11)
R _R?

3 _ _ Vv o9b o _
R’ = 7 2R2+2a+6aR, (12)



and Einstein’s equations are given by
32
G = -G = —G?% =G5 = 2L eo®), (13)

Note also that the scalar curvature is
_ pi R R? ) 52
R:Rzi=—6§—6ﬁ—6a — 25, (14)
which must vanish since T = 0.
Taking the difference of the mixed '; and 25—
components of Einstein’s equations (13) with the expres-
sions (10) and (11) for the Ricci tensor, we obtain

_ D
=2

1

B (15)
which is just like in Kasner’s and Heckmann-Schucking’s
solutions Ref. [25]. Likewise, combining Egs. (10), (11),
and (12), viz., RY, + R% — 2R3, yields

5 2
&+ 3@5 28B4 —aa0

ARy . (16)

Moreover, the combination R, + R%, + 2R3; provides

G+ 30— =2— +4—. 17

d+3ap 7 Tim (17)
By multiplying for the spatial volume, V (t) = R3(t), the
equation above can be rewritten in a more convenient
form and then integrated, resulting in

R Qo

I + R (18)

o =2
where ag is a constant. Combining Eqgs. (16) and (17)
leads to

S @ = lﬁ e 4a(t) (19)
R3 dt? R4

Thus, we can determine «(t) for a given R(¢), and we fur-
ther notice that the second time derivative of the spatial
volume must always be positive. Substituting Egs. (9),
(14), (15), (18), and (19) into the %g—component of the
Einstein Eqgs. (13), after some manipulation, we obtain
an equation for the spatial volume which reads

VV4+V2+400V + 302+ 52 =0. (20)

Remarkably, this equation is integrable, but it is instruc-
tive to perform a qualitative analysis first.

Let us point out that not all solutions of Eq. (20)
solve the complete system of Einstein’s and Maxwell’s

J

pm (= 1) [y(ts = t) +mu(ty — t)#] (b — t)# 2

equations. Since V (t) should always be nonnegative and
V > 0 from Eq. (19), we must have oy V' < 0 with ag # 0,
and

—209 — /o — BF < V < —2a0 + \/ o — B3, (21)

which is only possible for a2 > p2.
A. Contracting universe

Let us first consider cg > 0, corresponding to a con-
tracting universe with V' < 0. One can start at a certain
moment in time with a positive value of V' and a nega-
tive value of V satisfying the inequality a3 > (2. Since
V > 0, the time derivative of V(¢) grows, remaining neg-
ative, and the absolute value of V decreases, always sat-
isfying the constraint

’V’ > 209 —\/ak — B2 = W. (22)
The universe will therefore reach the singularity charac-
terised by V = 0 in a finite period of time.

Now, we can consider two times ¢; and ¢ such that
V(t1) = 0 and V(t2) = —W1, and we would like to un-
derstand which occurs first. Suppose that t; < ta, so
that V' vanishes while V' still satisfies the inequality (21)
with |V| larger than the critical value Wy from Eq. (22).
The time ¢; cannot be infinite because the absolute value
of the time derivative is larger than W7, and the spatial
volume V' (t) reaches zero in a finite period of time. In
particular, one can approximate the volume function for
t < t1 with the expression

V oy (t — ), (23)

where 7 and A are positive constants. For A > 1, the
velocity becomes

V:—/\'y(tl—t))‘_l—>0 for t — tq, (24)

which contradicts the condition (22). On the other hand,
if A < 1, the velocity in Eq. (24) diverges for t — t1,
which violates the bound (21). The only choice left is A =
1 and we need to include another term in the expansion
around %1, namely

Vit —t)+m(t—t)", (25)
where 71 is a positive constant and g > 1. Substitut-

ing the corresponding expressions for V, V, and V into
Eq. (20), we find

_ 2
~—[y+pm (-t —2a0]" +af — 5] (26)



The leading term in the left-hand side above behaves as
(t; — t)*~1, which vanishes for ¢t — ¢;. The leading term
in the right-hand side is instead a constant, which should
therefore vanish, to wit

v —dagy + 302 + B2 = 0. (27)

One of the solutions of this equation is v = Wi, which
means that V reaches the critical value WW; at the same
time when the volume V(¢) vanishes, so that t; = to.
Next, we equate terms of order (t; — t)*~! in Eq. (26),
which gives

2\/af - 55
200 — \Jad — B

One can see that 1 < g < 3, whereas the constant m;
takes different values depending on the initial conditions.

We could also consider the case of V' reaching the crit-
ical value —Wj at the moment ty < ¢; while the volume
V(t2) > 0. A simple analysis similar to the above shows
that this case is excluded. Thus, we can say that the
universe hits the singularity V' (¢) = 0 at some finite time
t = t1 when the velocity V reaches the critical value —Wh
for any contracting evolution.

From the (approximate) evolution law of the volume,
we can determine the anisotropy factors «(t) and S(¢).
Using Eq. (18), we get

at) ~ <§ _ S Qo _ 52> In(t; —t). (29)

Qg — Po

p=1+ (28)

Analogously, from Eq. (15), we immediately find

. fdt . Boln(t—t)

For definiteness, let us set Sy > 0. Using the defini-
tions (8), we can write the three scale factors in the Kas-
ner form

aft) ~ (tr =)™,
bt) ~ (tr — )™, (31)
c(t) ~ (t =)™,

where
plzao—ﬁo—\/ag_ﬁg <0

200 — /g — B2 ’
g+ fBo— Vo — B3

b2 = >07 (32)
20[() — \/Ck(z) — ﬂg
I

p3 =
200 — \Jad — B2

It is straightforward to check that the exponents pi, ps,
and p3 indeed satisfy the Kasner relations, i.e.,

P1+p2+P3:P?+P§+P§:17 (33)

which means that the presence of the magnetic field does
not change the character of the singularity. The reason
for such a behavior is not hard to guess. Substituting the
expressions for V and V into Eq. (19), one obtains that
the magnetic field contributes to Einstein’s equations as

By um 3
—— o~ —(u—=1)(t; = t)* 34
a2b2? v (M )( 1 ) ) ( )

where y — 3 > —2. Therefore, the term (34) is weaker
than the anisotropy, which contributes a term of order
(t; —t)~2 and dominates near the singularity. The pres-
ence of matter less stiff than stiff matter is well known
to leave the Kasner type of singularity unaffected [33].

B. Expanding universe

Let us consider now the expanding universe. In this
case, the constant ap < 0 and the time derivative V
will correspondingly be positive. The expansion will last
for t — oo with the time derivative V' approaching the

critical value
Wy = —2a9 +/ad — 83 > 0. (35)

Thus, the behavior of V() can be approximated in the
limit ¢ — oo as

V ~ Wzt—ﬂzty, (36)

where 72 is a positive constant and 0 < v < 1. On
substituting the corresponding expressions for V, V, and
V in Eq. (20), we find again

2\/ag — 55

2 2’
2a0 — ag — B

1
with 3 < v < 1. The anisotropy factors then read

vr=1+ (37)

(2 a )
a(t)—<3+m2ao>l t, (38)

B(t)— ﬁo hlt
B Vai — B2 —2a9

Correspondingly, the scale factors take again the Kasner
form

(39)

a(t) ~ 7, b(t) ~ 172, c(t) ~ 172, (40)

where

plszawﬂo
Vg — B3 — 200

vag — 5 —ao—fo (41)

Va3 — 32 —2a ’

S Vi e
Vad — B — 2

P2 =



which also satisfy the Kasner relations (33). The presence
of the magnetic field does not influence the asymptotic
structure of the metric at t — oo, which therefore does
not isotropize, unlike the Heckmann-Schucking solution
with dust [21, 25]. The reason for this phenomenon is
clear. The energy density of the magnetic field at t — oo
is given by

B2

S v =1) V’% 3, (42)

where v — 3 < —2. Hence it remains weaker than the
anisotropy term.

Now we can try to understand what happens with the
expanding universe in its distant past. One can suppose
that it was born from the initial singularity at t = 0,

when its volume V' (0) = 0, and its time derivative had
the smallest critical value

V(0) = W3 =—2ag — /a2 — 32> 0. (43)

In this case, the scale factors will be of the form in
Eq. (40) with the Kasner exponents

;g —Bo+of— B

200 + /o — B

py— 2otbotvos by (44)
200 + /ad — B

Py =— vag =53 .
200 +V/af — B3

They again satisfy the Kasner relations (33). To estab-
lish a relation between the set of Kasner indices at the
beginning and at the end of the evolution, it is convenient
to use the Lifshitz—Khalatnikov parametrization [11]. If
the Kasner indices are ordered as

p1 < p2 < ps, (45)

they can be represented by means of a real parameter
u > 1 according to

_ U
P11 = 1+u—|—u2’
1+u
P2 = e (46)
u(l+u)
pszﬁ.
+u+u

The ordering (45) can be obtained, for example, by set-
ting the anisotropy parameters

3
ap <0, Bo<0, |Bo]< 5 |cvol - (47)

In particular, this choice implies that the universe ex-
pands in the y and z directions, but does so more rapidly

along the direction z of the magnetic field, while it con-
tracts along the z axis. Combining Egs. (44) and (47),
we obtain

U/*pg Va(Q)_Bg (48)

j2 |0£0|+|50\*\/043*5§.
Bl

It is convenient to introduce the parameter £ = ﬁ,
Qo

which, when plugged into Eq. (48), results in the relation

(u/ + 1)2 _ u/2

CwryTre ()

Note that, if £ satisfies the conditions (47), then 1 <
u’ < 0o. Let us now look at the Kasner exponents (41)
describing the final stage of cosmological evolution. In
this case the order of the exponents is

ps < p1 < pa2. (50)
Correspondingly, we can represent them as
14w
14 u+u?’

u(l+u)
P T ur 51
u

14wt u?

b1

p3s =

Thus,

P1 \/ag—ﬁg—ao+,80

Substituting the formulas (48) and (49) into the equation
above, we find

1+
u=—7< 2. (53)
Inversely,
1
!/
= . 4
U= (54)

For the inverse evolution towards the singularity, as
one usually analyzes the oscillating approach towards the
cosmological singularity [3, 12], one can see that the uni-
verse passes through two transformations in the transi-
tion from the phase described by the parameter u to the
phase described by u/, according to Eq. (54). The first
transformation is characterized by the shift u — u—1, in
which the roles of the x and z axes, corresponding to the
exponents p; and ps, are exchanged. This transformation
is called “change of the Kasner epoch” [12]. As a result
of this transformation, we arrive at a value of the param-
eter u — 1 < 1, see Eq. (53). The next transformation is
defined by

1
-1 = — 59
u—lo (55)



which exchanges the roles of the axes y and z, and is
called “change of Kasner era”.

We see that our solution displays a transition between
two Kasner regimes chacterized by the same law found
in an empty Bianchi-II universe. For a detailed descrip-
tion of the dynamics in the Bianchi-IT universe in Gen-
eral Relativity and other gravity models see Ref. [34]. In
Bianchi-VIII or Bianchi-IX models, the universe passes
through an infinite series of changes of the Kasner epochs
and eras. In our case, for the choice of parameters in
Eq. (47), the law of the transformation for the Kasner
exponents (54) includes one change of Kasner epoch and
one change of Kasner era.

One can also consider the opposite relation between
the anisotropy parameters, to wit

3
a0 <0, fo<0 Zlaol<|Bol<l  (56)

or, in other words, 3/5 < £ < 1, and we have v’ = p}/p},

1] 1+
—In
2

where integration constants are chosen so that tg > 0 is
the time at which the volume V'(¢), hence X (¢), vanishes.

Unfortunately, Eq. (59) cannot be inverted to find
X(t) as a function of t. Thus, we cannot use this equa-
tion to find exact expressions for the anisotropy factors.
Notwithstanding, one can use it to study the approach
to the singularity for ¢ — ¢ty when X (¢) — 0. Expanding
the left-hand side of Eq. (59), we see that the leading
term is proportional to X2, and the equation reduces to

to—t
to

J

X2+ 4o X a
3ad + B2

X? 2 (308 + 53) (60)

This implies

Vv~ \/2(3a3 + B2)to (to — 1) (61)

and V — —oo, which obviously breaks the inequal-
ity (21). The approximate solution (60) therefore corre-
sponds to initial conditions which are incompatible with
the the existence of a homogenous magnetic field.

However, the exact solution (59) admits a different
regime corresponding to a volume singularity given by
t — 0 with X (0) finite. To describe this regime, one can
confront the terms proportional to Int in the left-hand
side and the right-hand side of Eq. (59). In this case, the
function X (¢) tends to a positive constant which can be
found from a quadratic equation and corresponds to the
extremal points of the inequality (21). Thus, the regime
of the approach to the singularity described above is com-
patible with the general solution of Eq. (58) and arises
in the vicinity of the point ¢t = 0.

which corresponds to

(W +1)2-1

= —Y 57
¢ (w'+1)241’ (57)
and v = v’ + 1 or, inversely, u' = u — 1. The last two
relations show that we now have only a change of Kasner

epoch.

C. Exact evolution

As we already pointed out, in addition to the qualita-
tive analysis given in the previous subsections, Eq. (20)
in principle is integrable. We can cast it in the form

d .
= (VV+4ao V) = —3a2 — B2, (58)

which can be integrated by defining V = Xt, leading to

X X to
1 S — . —In(2).
+m[n<l+2ao+va3—5§) n<1+2ao—\/a3—ﬁg>] n(t> (59)

(

D. Anisotropy and relations with the Bianchi-II
universe dynamics

The Kasner solution for the Bianchi-I universe is
the regime of maximal anisotropy. The degree of this
anisotropy does not depend on the particular values of
the Kasner indices or, equivalently, on the value of the
Lifshitz-Khalatnikov parameter. Indeed, to explain this
fact, let us introduce the dispersion of the set of Kasner’s
indices

o? = <p1 —;)2+ (pz—il,)>2+ <p3—;)2~ (62)

Using the Kasner relations (33), we see that o = 2/3
and does not depend on the particular choice of the p;’s.
Thus, at the beginning and end of the evolution described
in the preceding subsections, the universe is maximally
anisotropic (i.e., anisotropy evolves like R=%), and the
presence of the magnetic field is not significant in the
very early and in the very late universe, as we have seen.
However, during the intermediate stage of evolution, it is
the presence of the magnetic field that drives the transi-
tion from one Kasner regime to another.

We have already highlighted that the character of this
transition exactly coincides with one that takes place in
an empty Bianchi-II universe. It is interesting to find the
roots of this phenomenon. The laws of change of Kasner
epochs and, sometimes, eras are well known and can be
worked out in two ways. The first one is to solve ex-
actly the differential equations for the Bianchi-II model



(see, e.g., [34, 35] and references therein). These equa-
tions acquire a Liouville-like form if logarithmic time is
used. Alternatively, one can study these equations quali-
tatively, arriving at the same conclusions concerning the
asymptotic regimes [1]. Here, we would like to treat the
dynamics of the empty Bianchi-II universe using the same
method that was used to study the Bianchi-I universe
with magnetic field. In this way, we shall manage to un-
derstand why the laws of transformation between Kasner
regimes coincide in these quite different physical models.
Besides, we shall obtain another simple way to derive the
law of transformation for the Bianchi-II universe.

All of the Bianchi geometries can be represented in a
synchronous reference system by a metric of the form

ds* = dt* — a*(t) w' @ w' — P2 (t) w? @ w? — A(t) W @ W?,

(63)
where w!, w?, and w? are the basis one-forms dual to the
basis of the reciprocal vector fields which commute with
all the Killing vector fields [2]. The differences between
various Bianchi models are encoded by the structure co-
efficients of the Lie algebra of the three Killing vector
fields. Moreover, the components of the Ricci tensor for
the metric (63) have the following form:

1

R'; = R';(K) — P'j, (64)

where R;(K) is the part of the Ricci tensor depending on
the extrinsic curvature given in Eqgs. (9)—(12). The tensor
Pij is constructed instead from the components of the
three-dimensional spatial metric and can be expressed
in terms of the scale factors a(t), b(t), and c¢(¢t) and of
the structure constants of the Lie algebra of the Killing
vector fields. For the Bianchi-I Lie algebra, the structure
constants are zero, hence Pij = 0. For the Bianchi-II
Lie algebra, only one structure constant is not zero and
can be chosen so that the Lie bracket of the first two
Killing vectors be equal to the third Killing vector. The
non-vanishing components of the tensor P?; then read

2 —8a(t)
1 _ p2 3 _ e _ ¢
Ph=Po=—Ps=—som="2p ()

It follows that we can treat an empty Bianchi-II universe
as a Bianchi-I universe filled with a particular kind of
matter characterised by the energy-momentum tensor

) . 1 .
T'; = P'; — S P, (66)

with components

1 —8a(t)
T = —T' = ~T% = 5 T% = °

3 ~ T4R? (67)

Substituting these expressions into Einstein’s equations
for the Bianchi-I universe, we can study the dynamics
of the Bianchi-II universe. First of all, considering the
difference R'; — R?,, we again obtain the relation (15).

Then, the combination R'; + R?; —2R33 yields a relation
similar to Eq. (16), to wit

) ' R 67804(15)
Combining R'; + R?; + 2R33, we get the relations (17)
and (18) again, and a combination of (17) with (68) yields

1 2R3 e—8a(t)
R3 d2 ~ 2R?
which is similar to Eq. (19). To obtain the counterpart

of equation (20), we use the %g—component of Einstein
equations, and get

(69)

V42 (V2 + 400V + 303+ 83) =0 (70)

The only difference between Eqgs. (20) and (70) is the
additional factor of 2 in front of the round bracket of
Eq. (70). As follows from Eq. (69), the second time
derivative of the volume should be positive, which im-
plies that the inequality a2 > 52 has to hold.

By repeating all the considerations of the preceding
subsections, we can see that the parameters of the initial
and final Kasner regimes coincide with those obtained for
the Bianchi-I universe with the magnetic field. The only
difference consists in the fact that the Bianchi-II universe
goes out of the initial Kasner regime rapidly and enters
the final Kasner regime early, which is consistent with the
Bianchi-I universe filled with a magnetic field. Numerical
solutions for the associated equations, namely Egs. (20)
and (70), are compared in Fig. 1 for particular values of
the parameters and initial conditions.

5 , 500
/ .
/ 400 -7
/ //
10 / -7
/ 300; —~
V(t) // V(t)
/ 200
5 /
/
/ 100
4
0 0
02 04 06 08 1 10 11 12 13 14 15

FIG. 1. Numerical solutions of Egs. (20) (solid line) and (70)
(dashed) for g = —10, Bo = 1 and with initial conditions
V(0) = 1075, V(0) = 10.051 ~ W3 from Eq. (43).

III. BIANCHI-I MODELS WITH MAGNETIC
FIELD AND ADDITIONAL PERFECT FLUIDS

In the previous section, we analyzed cosmological mod-
els just sourced by a magnetic field. Now, we will briefly
consider two models in which we add dust and a massless
scalar field (stiff matter), respectively.



A. Dust

The energy density of dust is p = pgR™3, where py is a
positive constant. It follows immediately from Einstein’s
equations that the scalar curvature is then given by R =
—p. It is easy to see that Eq. (15) does not changed in
the presence of dust and the anisotropy function § is still
the same. Eq. (17) instead changes because the scalar
curvature does not vanish and reads

PR R
1 2 3 _ . N
2p0
This equation can be rewritten in the manner of the
beginning of this Section, which yields, analogously to
Eq. (18),

a=2;—4—+4f. (72)

Eq. (16) is still valid, and we obtain

Bg —4a(t 1 d2R3 o
7w (73)
2 PR3

which implies ——— > pg. By performing the analysis as

in the case without dust, we obtain the equation for the
volume

VV =—V2+4(pot — ag)V — 302 — B2

74
+3p0 (200 — pot)t, ™
which we cannot solve exactly.

An axisymmetric solution is known in the litera-
ture [29-31], corresponding to Sy = 0. Since this so-
lution is rather cumbersome and implicit, we shall just
undertake a simple qualitative analysis of Eq. (74). One
can see that, when the universe approaches the singular-
ity V(t) = R3*(t) = 0, the terms proportional to pgy in
Eq. (74) become negligible, and we come back to the sit-
uation without dust. Thus, we have a Kasner type of sin-
gularity with a positive Kasner exponent in the direction
of the magnetic field. When the volume of the universe
grows towards infinity, we encounter the opposite situa-
tion. The term 3pot? dominates, since V (t) ~ t2, and we
have isotropization just like in the standard Heckmann-
Schucking solution.

B. Massless scalar field

Let us consider a Bianchi-I universe with magnetic field
as in the preceding sections and a homogeneous massless
scalar field, ¢ = ¢(¢t). For a massless scalar field, the
pressure equals the energy density, and the perfect fluid
with such an equation of state is called stiff matter. The

Klein-Gordon equation for ¢(¢) in the Bianchi-I universe
has the form

b+3=h=0 75
$+359=0, (75)
o L %o _ o
whose general solution is given by ¢ = = where
(50 is a constant. One can see that d) behaves in the same
way as the time derivative of the anisotropy factor 5(¢).
It is convenient to rescale ¢g = v/2 ¢y, so that the scalar
field energy-momentum tensor reads
0 1 2 3 i
TO:—le—TQ:—T?,:W7 (76)
203 .
and the scalar curvature R = V2 Obviously, the pres-
ence of ¢ does not change Eq. (16). Moreover, due to
the special form of the spatial components in Eq. (76)
and R, Eq. (17) also does not change in form. Therefore,
the results in Egs. (18) and (19) still hold. However, the
scalar field contributes to the Yy—component of Einstein’s
equations (7). From Eq. (76), we see that ¢g enters the
equation for the volume (20) on an equal footing with the
parameter 5y. Thus, the new equation for V' (¢) coincides
with the formulas in Sec. IT with 33 replaced by 33 + ¢3.
There is no need to rewrite all of the formulas from
Sec. II explicitly, but we just focus on the expressions
for the scale factors for the expanding universe in the
vicinity of the singularity. By expanding around ¢ = 0,
we obtain the Kasner form (40) with

o — Bo+ ai — B2 —

b1 = 200 + /o — BZ —
p2:a0+50+ a%—/é’%—q%’ (77)
200 + /g — B2 — &3
o VEB-R
00+ VR~ B %
where we have chosen ag < 0 and By < 0. It is well

known [33] that the presence of the massless scalar field
changes the relations for the Kasner exponents. While
they still satisfy p; +p2+p3 = 1, the sum of their squares
is smaller then one. Namely, using the formulas (77), we
obtain p? + p3 + p3 = 1 — ¢?, with the parameter

2 247

T = 2 2 2 2 2 2’ (78)
Sag +4ao v ag — B — ¢5 — By — %%
satisfying the inequalities
1
0<¢’ <= (79)

2

It is worth noting that, in the case of a universe filled
only with the massless scalar field, the parameter ¢ must
satisfy the less stringent bounds [33]

0<¢*<

Wl o

. (80)



One can grasp where the root of the difference lies be-
tween Egs. (79) and (80). The parameter ¢* indicates
some kind of isotropization for the universe. The limit-
ing value ¢> = 2/3 in Eq. (80) implies that p; = py =
ps = 1/3, i.e., that the expansion of the universe is to-
tally isotropic. The presence of a magnetic field in the z
direction makes such a high degree of isotropization im-
possible, which is then reflected in Eq. (79). Finally, the
Kasner exponents when the volume of the universe tends
to infinity are given by

;a0 —Po—~/o5— Bi — ¢
200 — /a2 — B2 -2
R VA e (81)
200 — \Jad — B2 — &3
Py = \/O‘%_ﬁg_(l% 7
200 — \Jad — B2 — &3

so that (p})? + (ph)* + (p)? =1 —

2}

(¢')%, where

/N2
q =
@) 5a — dap

(82)

and (¢')? < ¢%. Therefore, in contrast to the isotropiza-
tion induced by the presence of dust in the Heckmann-
Schucking solution, the value of ¢? decreases, going from
the singularity towards an infinite expansion, and the de-
gree of anisotropy increases. This effect was noticed in
the study of the anisotropic universe with the scalar field
only [25, 33].

C. Some numbers

While our Bianchi-I universe filled with a spatially ho-
mogeneous magnetic field oriented along one of the axes
is substantially a mathematical model and cannot repre-
sent a realistic description of our universe, one can hope
that it helps to capture some interesting features of cos-
mology. For example, it could describe the evolution of
some local patches of the universe. Thus, it is interesting
to try and consider some values for the magnetic field
coming from the comparison between models and obser-
vations (see, e.g., Refs. [37-40]), and check what we can
expect in the framework of our solutions.

According to Ref. [37], most constraints on cosmologi-
cal magnetic fields give an upper bound around 107° G,
assuming coherence on Mpc scales or larger. Let us sup-
pose that, at the end of the evolution, the magnetic field
has such a magnitude and estimate the value that the
magnetic field could have had close to the initial singu-
larity, or in the very early universe. One can ask: What
does it mean “close to the singularity”? For example, we
can identify the early time as the beginning of the in-
flationary expansion. The time interval to consider will
correspondingly be the standard number of e-folds, i.e.,
N, = 60 or, in redshift terms, something like z ~ 10°°.

In our solution, the magnetic field B o< a~'b!, so that
the ratio between the “early” and “late” values of the
magnetic field is

Bin Gfin bﬁn
= . 83
Bﬁn QAin bin ( )

If the expansion were isotropic, this ratio would be equal
to 22 ~ 10'%, and the initial value of the magnetic field
would be huge. However, anisotropy can change the sit-
uation drastically. Indeed, our evolution represents the
transition from one Kasner regime to another. Consider
the situation at the beginning of the evolution, when the
scale factor a(t) decreases while b(t) grows. In this case,

ab ~ tP1TP2 = 1=ps (84)

and the growth in time of the magnetic field can be very
slow if the Kasner index p3 is close to 1. Subsequently,
the scale factors a(t) and b(t) exchange their roles, though
that could happen (at high values of the parameter u)
such that the index p3 is still close to 1. One can therefore
imagine that, during a very large anisotropic expansion,
the value of the magnetic field changes slowly, and the
small value of the magnetic field at the end of inflation is
quite compatible with reasonable values in the very early
universe.

IV. SINGULARITIES AND THEIR CROSSING

The existence of singularities in cosmological models
has attracted the attention of researchers working in Gen-
eral Relativity and its modifications for a long time. In
fact, the question of the initial singularity was already
discussed in the seminal paper by Robertson [41], where
the early development of Friedmann-type cosmologies
was reviewed and generalized. The connection between
the presence and sign of the spatial curvature, the value
of the cosmological constant, and the dependence of the
pressure on the scale factor of the universe were studied
there in detail with regard to the appearance of a singu-
larity. It is interesting that Robertson also considered the
scenario of a cyclic evolution, described by some trigono-
metric law, in which the universe emerges from a singu-
larity, expands to the maximum value of its radius, then
contracts back, and the process repeats itself indefinitely.
It appears that a universe which goes through this singu-
larity did not disturb Robertson too much. Another type
of cosmological singularity, which can arise in the future
for some finite values of the scale factor of the universe
and can be rather soft, was described in Ref. [42]. The
interest in such singularities essentially increased during
the last few years (see, e.g., the review [43] and references
therein).

In contrast with the crossing of soft singularities, the
idea of crossing the Big Bang—Big Crunch singularity ap-
pears rather counter-intuitive. For many years, the desire
to look for models free of such singularities dominated,



although the idea of the possible transition from the Big
Crunch to the Big Bang was studied in some cosmological
models. First of all, we would like to mention the string
or pre-Big Bang scenario [44—46]. It is worth noting that
not only isotropic Friedmann models but also anisotropic
Bianchi-I models [47, 48] were studied in this framework.
In these works, the universe contained a dilaton supple-
mented by an antisymmetric tensor field, which influ-
enced its dynamics. Another approach to the problem
of the singularity, also inspired by superstring theories,
was developed in Refs. [49-51]. In Ref. [50], the authors
treated the singularity as the transition between a con-
tracting Big Crunch phase and an expanding Big Bang
phase. A crucial role in their analysis was played by a
massless scalar field, a modulus. The theory was reformu-
lated so as to employ variables that remain finite as the
scale factor shrinks to zero, which suggests a natural way
to match the solutions before and after the singularity.
The general features of the approach in Refs. [49-51] are
the role played by the scalar field and the construction
of variables which are finite at the singularity crossing.
These features are also essential for the approach devel-
oped in Refs. [52-55].

Recently, other approaches to the problem of the de-
scription of such a crossing were elaborated in Refs. [56—
63]. Behind these approaches are basically two general
ideas. Firstly, to cross the singularity, one must give a
prescription matching non-singular, finite quantities be-
fore and after the crossing. Secondly, such a descrip-
tion can be achieved by using a convenient choice of field
parametrizations. In Ref. [52], a version of the descrip-
tion of the crossing of singularities in universes filled with
scalar fields was elaborated based on the transition be-
tween the Jordan and the Einstein frames. The main
idea of Ref. [52] was the following: when in the Einstein
frame the universe arrives at the Big Bang—Big Crunch
singularity, from the point of view of the evolution of its
counterpart in the Jordan frame, its geometry is regular,
but the effective Planck mass is zero. The solution to
the equations of motion in the Jordan frame is smooth at
this point, and using the relations between the solutions
of the cosmological equations in the two frames, one can
describe the crossing of the cosmological singularity in a
uniquely determined way. In Ref. [64], it was pointed out
that in a homogeneous and isotropic universe, one can in-
deed cross the point where the effective gravitational con-
stant changes sign. However, the presence of anisotropies
or inhomogeneities changes the situation drastically be-
cause these anisotropies and inhomogeneities grow in-
definitely when the value of the effective Planck mass
tends to zero, hence the effective gravitational constant
diverges. In Ref. [53], the authors investigated this phe-
nomenon, suggesting a simple field reparametrization
that allows one to describe the Big Bang—Big Crunch
singularity crossing in the Bianchi-I model filled with a
minimally coupled scalar field. Further studies of the de-
scription of the Big Bang—Big Crunch singularity crossing
in anisotropic models were undertaken in Refs. [54, 55].
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An attempt to develop a general approach to the prob-
lem of the treatment of the singularities in classical and
quantum cosmology based on the reparmetrizations in
field space was also undertaken in Refs. [65-67].

Taking into account all of the above, we shall try
to describe what happens with our solution when the
Bianchi-I universe with a magnetic field encounters the
singularity. Let us tackle the problem by studying the
behaviour of the differential equations “behind the sin-
gularity”, where these equations and their solutions re-
main mathematically well defined but variables can take
on a different meaning from their original one. For ex-
ample, the variable V (¢), defined as a volume, can be-
come negative. Let us come back to Eq. (20), describ-
ing the contraction of the universe when the parame-
ter aq is positive. We have seen that such a universe
reaches V(t1) = 0 when the velocity of the contraction
is V(t;) = W, = —2a0 + /a2 — 2. If we continue
the solution for ¢ > t1, the variable V' becomes negative,
its time derivative remains negative, and it does not sat-
isfy the inequality (21). It follows from Eq. (20) that
the second derivative V remains positive. Thus, V(t)
undergoes some kind of “negative expansion” for a pe-
riod of time during which it remains negative while its
absolute value grows. Since V > 0, at some moment,
say t = t3, the time derivative passes through the value
V(ts) = 0 and becomes positive. Correspondingly, the
function V'(¢) also starts to increase (its absolute value
is decreasing, so we can speak about “negative contrac-
tion”). At a later moment, ¢t = ¢4, the spatial volume
V(t) should vanish. However, the velocity V > 0 and
we cannot enter the interval (21) if the parameter ay is
positive, hence the critical —W; = —2ag + /a3 — 33 is
negative. This implies that we encounter a singularity
of another type when V(t) ~ /t4 —t, which we have
described before. And it is impossible to cross this sin-
gularity, coming back to the “normal” part of the phase
space (V,V) of our problem, where we were before the
first encounter with the singularity and where the mag-
netic field was well defined.

Nevertheless, a nice way to come back to the “normal
universe” after this journey behind the “looking glass”
still exists. It consists of a simple prescription: we can
change the sign of the constant agy. The reasonable mo-
ment for this change is exactly at ¢t = t3, because the
parameter o enters Eq. (20) either squared or multi-
plied by V and the velocity V(t3) = 0. To keep the
parameters ag and 3y on equal footing, we can change
the sign of the parameter By as well. After that, the
universe goes towards the singularity, where V (t4) = 0,
V(t4) = W5 = —2ap — Jai — 82 > 0, and crosses into
the “normal” part of the phase space expanding.

Now, it is interesting to compare the anisotropy pa-
rameters of the universe before it hits the singularity
and after it jumps out of it. Using the above solution
o = Wi to Eq. (27), we found the expressions (31)-(32)
for the scale factors a(t), b(t), and ¢(t) when the universe



is contracting towards the singularity at ¢ = ¢5. Let us
choose By = £ and 0 < € < 3/5. In this case, p3 > po
and

ap + Bo — /o2 — BZ

so € is just like in Eq. (49). Simple calculations then show
that the Kasner indices of the universe that go out from
the region behind the singularity coincide with those it
had before the encounter with the singularity. It is not
clear how we can interpret the period of time that the
universe has spent behind the singularity.

One can suggest another way to describe the transition
through the singularity. The Einstein equations for our
system are invariant under a change in the sign of the
scale factors. Indeed, these equations only contain terms
like d/a, a/a or a®. Thus, we can change the signs of all
three scale factors so that the volume becomes positive
again. To make the equation (20) for the volume invari-
ant with respect to the change of sign of V' (), we should
also change the sign of the parameter ag. In this way,
the positive time derivative of the volume V immediately
acquires a lower critical value 2|ag| — y/a3 — 32 and an
unlimited expansion begins.

Both prescriptions described above imply the same
evolution after the singular bounce, but these two
bounces have a slightly different origin.

Finally, we would like to make a comment concerning
the behavior of the magnetic field as the universe tends
toward the singularity. Naturally, the energy density of
the magnetic field diverges when the universe enters a
Kasner regime approaching the singularity. Namely, this
density behaves as a=2b=2 ~ t=2(1=73)  Nevertheless,
if the Kasner index p3 is close to 1, this divergence is
much milder than the one in a isotropic universe. In any
case, as we have explained before, the presence of the
diverging quantities does not prevent us from describing
the singularity crossing.

u =

V. CONCLUDING REMARKS

We have studied in detail some features of the Bianchi-
I universe filled with a spatially homogeneous magnetic
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field. Our finding is that the universe is in the Kasner
regime at the beginning and end of cosmological evolu-
tion. We have established the relationship between the
parameters of these two regimes and shown that it co-
incides with the one in the empty Bianchi-II universe,
which goes out of the initial Kasner regime rapidly and
enters the final Kasner regime earlier than the Bianchi-
I universe filled with a magnetic field. In addition to a
spatially homogeneous magnetic field, the universe also
containing dust undergoes the process of isotropization,
while the presence of a massless scalar field implies a
modification of the relations between Kasner indices in
two asymptotic regimes.

Here we would also like to briefly mention other re-
cent works in which different aspects of the Bianchi-I
geometry were studied. First of all, let us note that
the role of the time coordinate and of one of the spa-
tial coordinates in the expression for the metric (1) can
be exchanged [1]. This possibility was already considered
in the earliest works [8-10] and the study of the spatial
Kasner-like geometries (in particular, in the presence of
thin or thick walls or slabs) still attracts researchers [68—
72]. The geodesics in Kasner’s universe were considered
in Ref. [73]. Applications of Kasner-type spacetimes to
cosmic jets were done in Refs. [74, 75], and the behav-
ior of fields and particles with spin in Bianchi-I uni-
verses was studied [76, 77]. In recent papers [78, 79],
the comparison of the Bianchi-I geometry with the real
very early universe and our late-time universe was un-
dertaken, while Ref. [80] was devoted to the study of
Horndeski theory and Ref. [81] to loop quantum cosmol-
ogy in the Bianchi-I universe. Thus, consideration of the
simplest non-isotropic cosmological models still flourishes
and can bring surprises.

ACKNOWLEDGMENTS

R.C., A.K. and P.P. are partially supported by the
INFN grant FLAG. The work of R.C. has also been car-
ried out in the framework of activities of the National
Group of Mathematical Physics (GNFM, INAAM). The
work of P.M. was supported by the Hellenic Founda-
tion for Research and Innovation (H.F.R.1.), under the
‘Third Call for H.F.R.I. PhD Fellowships’ (Fellowship
No. 74191).

[1] L.D. Landau, E.M. Lifshitz, The Classical Theory of
Fields, Pergamon Press, Oxford, 1979.

[2] M.P. Ryan, L.C. Shepley, Homogeneous Relativistic Cos-
mologies, Princeton University Press, Princeton, 1975.

[3] V. Belinski and M. Henneaux, The Cosmological Singu-
larity, Cambridge University Press, 2018.

[4] L. Bianchi, Sugli spazi a tre dimensioni che ammettono
un gruppo continuo di movimenti, Memorie di Matemat-
ica e di Fisica della Societa Italiana delle Scienze, Serie

Terza 11, 267 (1898).

[5] A.H. Taub, Empty space-times admitting a three param-
eter group of motions, Annals Math. 53, 472 (1951).

[6] A. Krasinski, C.G. Behr, E. Schucking, F.B. Estabrook,
H.D. Wahlquist, G.F.R. Ellis, R. Jantzen, W. Kundt,
The Bianchi classification in the Schucking-Behr ap-
proach, Gen. Rel. Grav. 35, 475 (2003).

[7] G.F.R. Ellis, M.A.H. MacCallum, A class of homoge-
neous cosmological models, Commun. Math. Phys. 12,



108 (1969).

[8] E. Kasner, Geometrical theorems on Einstein’s cosmo-
logical equations, Am. J. Math. 43, 217 (1921).

[9] H. Weyl, Zur Gravitationstheorie, Annalen Physik 54,
117 (1917).

[10] T. Levi-Civita, ds®> Einsteiniani in campi Newtoniani,
Nota V, Atti Accad. Naz. Rend. 27, 240 (1918).

[11] E.M. Lifshitz and I.M. Khalatnikov, Investigations in rel-
ativistic cosmology, Adv. Phys. 12, 185 (1963).

[12] V.A. Belinsky, I.M. Khalatnikov and E.M. Lifshitz, Os-
cillatory approach to a singular point in the relativistic
cosmology, Adv. Phys. 19, 525 (1970).

[13] V.A. Belinsky, .M. Khalatnikov and E.M. Lifshitz, A
general solution of the Einstein equations with a time
singularity. Adv. Phys. 31, 639 (1982).

[14] C.W. Misner, Mixmaster universe. Phys. Rev. Lett. 22,
1071 (1969).

[15] E.M. Lifshitz, LM. Lifshitz and I.M. Khalatnikov,
Asymptotic analysis of oscillatory mode of approach to
a singularity in homogeneous cosmological models. Sov.
Phys. JETP 32(1), 173 (1971).

[16] I.M. Khalatnikov, E.M. Lifshitz, K.M. Khanin L.N.
Shchur and Y.G. Sinai, On the stochasticity in relativis-
tic cosmology. J. Stat. Phys. 38, 97 (1985)

[17] V.G. Kac, Infinite Dimensional Lie Algebras, Cambridge
University Press, Cambridge, 1990.

[18] T. Damour and M. Henneaux, Oscillatory behavior in ho-
mogeneous string cosmology models. Phys. Lett. B 488,
108 (2000); Erratum: [Phys. Lett. B 491, 377 (2000)].

[19] T. Damour and M. Henneaux, E(10), BE(10) and arith-
metical chaos in superstring cosmology. Phys. Rev. Lett.
86, 4749 (2001).

[20] T. Damour, M. Henneaux, B. Julia and H. Nicolai, Hy-
perbolic Kac-Moody algebras and chaos in Kaluza-Klein
models. Phys. Lett. B 509, 323 (2001).

[21] O. Heckmann and E. Schucking, Newtonsche und Ein-
steinsche Kosmologie, in Handbuch der Physik 53, 489
(1959).

[22] K.C. Jacobs, Spatially Homogeneous and Euclidean Cos-
mological Models with Shear, Astrophys. J. 153, 661
(1968).

[23] K.C. Jacobs, Cosmologies of Bianchi Type I with a Uni-
form Magnetic Field, Astrophys. J. 155, 379 (1969).

[24] K.C. Jacobs, Bianchi Type I Cosmological Models, PhD
Thesis, California Institute of Technology, Pasadena,
1969.

[25] I.M. Khalatnikov and A.Yu. Kamenshchik, A Generaliza-
tion of the Heckmann-Schucking cosmological solution,
Phys. Lett. B 553, 119 (2003).

[26] A.Y. Kamenshchik and C.M.F Mingarelli, A Generalized
Heckmann-Schucking cosmological solution in the pres-
ence of a negative cosmological constant, Phys. Lett. B
693, 213 (2010).

[27] G. Rosen, Symmetry of the Einstein-Maxwell equations,
J. Math. Phys. 3, 313 (1962).

[28] G. Rosen, Spatially Homogeneous Solutions to the
Einstein-Maxwell Equations, Phys. Rev. 136, B297
(1964).

[29] A.G. Doroshkevich, Model of a universe with a uniform
magnetic field, Astrophysics 1, 138 (1965).

[30] I.S. Shikin, A uniform anisotropic cosmological model
with a magnetic field, Soviet Phys. - Doklady 11, 944
(1967).

12

[31] K.S. Thorne, Primordial element formation, primordial
magnetic fields, and the isotropy of the universe, Astro-
phys. J. 148, 51 (1967).

[32] J.D. Barrow, R. Maartens and C.G. Tsagas, Cosmology
with inhomogeneous magnetic fields, Phys. Rept. 449,
131 (2007).

[33] V.A. Belinskii and I.M. Khalatnikov, Effect of scalar and
vector fields on the nature of the cosmological singularity,
Sov. Phys. JETP 36, 591 (1973).

[34] L. Giani and A. Kamenshchik, Horava-Lifshitz gravity in-
spired Bianchi-II cosmology and the mixmaster universe,
Class. Quantum Grav. 34, 085007 (2017).

[35] L. Giani, Bianchi type II cosmology in Horava-Lifshitz
gravity, MSc thesis, Bologna University (2015), unpub-
lished.

[36] I.M. Khalatnikov and A.Y. Kamenshchik, Lev Landau
and the problem of singularities in cosmology, Phys. Usp.
51, 609 (2008).

[37] T. Vachaspati, Progress on cosmological magnetic fields,
Rep. Prog. Phys. 84, 074901 (2021).

[38] T. Kahniashvili, A. G. Tevzadze, S. K. Sethi, K. Pandey
and B. Ratra, Primordial magnetic field limits from cos-
mological data, Phys. Rev. D 82, 083005 (2010).

[39] S. Mtchelidze, P. Dominguez-Fernandez, X. Du, A. Bran-
denburg, T. Kahniashvili, S. O’Sullivan, W. Schmidt and
M Bruggen, Evolution of Primordial Magnetic Fields
during Large-scale Structure Formation, Astrophys. J.
929, 127 (2022).

[40] S. Mtchedlidze, P. Dominguez-Fernandez, X. Du, W.
Schmidt, A. Brandenburg, J. Niemeyer and T. Kah-
niashvili, Inflationary and phase-transitional primordial
magnetic fields in galaxy clusters, Astrophys. J. 944, 100
(2023).

[41] H.P. Robertson, Relativistic Cosmology, Rev. Mod.
Phys. 5, 62 (1933).

[42] J. D. Barrow, G.J, Galloway and F.J. Tipler, The closed-
universe recollapse conjecture, Mon. Not. Roy. Astron.
Soc. 223, 835 (1986).

[43] A.Yu. Kamenshchik, Quantum cosmology and late-time
singularities, Class. Quantum Grav. 30, 173001 (2013).

[44] M. Gasperini and G. Veneziano, Pre - big bang in string
cosmology, Astropart. Phys. 1, 317 (1993).

[45] J. E. Lidsey, D. Wands and E. J. Copeland, Superstring
cosmology, Phys. Rept. 337, 343 (2000).

[46] M. Gasperini and G. Veneziano, The Pre - big bang sce-
nario in string cosmology, Phys. Rept. 373, 1 (2003).

[47] E.J. Copeland, A. Lahiri and D. Wands, Low-energy ef-
fective string cosmology, Phys. Rev. D 50, 4868 (1994).

[48] E.J. Copeland, A. Lahiri and D. Wands, String cosmol-
ogy with a time dependent antisymmetric tensor poten-
tial, Phys. Rev. D 51, 1569 (1995).

[49] J. Khoury, B.A. Ovrut, P.J. Steinhardt and N. Turok,
The Ekpyrotic universe: Colliding branes and the origin
of the hot big bang, Phys. Rev. D 64, 123522 (2001).

[50] J. Khoury, B.A. Ovrut, N. Seiberg, P.J. Steinhardt and
N. Turok, From big crunch to big bang, Phys. Rev. D
65, 086007 (2002).

[651] J. Khoury, P.J. Steinhardt and N. Turok, Designing
cyclic universe models, Phys. Rev. Lett. 92, 031302
(2004).

[62] A.Yu. Kamenshchik, E.O. Pozdeeva, S.Yu. Vernov,
A. Tronconi, and G. Venturi, Transformations between
Jordan and Einstein frames: Bounces, antigravity, and
crossing singularities, Phys. Rev. D 94, 063510 (2016).



[63] A.Yu. Kamenshchik, E.O. Pozdeeva, S.Yu. Vernov,
A. Tronconi, and G. Venturi, Bianchi-I cosmological
model and crossing singularities, Phys. Rev. D 95,
083503 (2017).

[64] A.Yu. Kamenshchik, E.O. Pozdeeva, A.A. Starobinsky,
A. Tronconi, G. Venturi and S.Yu. Vernov, Induced grav-
ity, and minimally and conformally coupled scalar fields
in Bianchi-I cosmological models, Phys. Rev. D 97 2,
023536 (2018).

[65] A.Yu. Kamenshchik, E.O. Pozdeeva, A.A. Starobinsky,
A. Tronconi, T. Vardanyan, G. Venturi and S.Yu. Ver-
nov, Duality between static spherically or hyperbolically
symmetric solutions and cosmological solutions in scalar-
tensor gravity, Phys. Rev. D 98 12, 124028 (2018).

[56] 1. Bars, S.H. Chen, P.J. Steinhardt and N. Turok, Anti-
gravity and the Big Crunch/Big Bang Transition, Phys.
Lett. B 715, 278 (2012).

[57] 1. Bars, P. Steinhardt and N. Turok, Sailing through the
big crunch-big bang transition, Phys. Rev. D 89, 061302
(2014).

[58] C. Wetterich, Variable gravity Universe, Phys. Rev. D
89, 024005 (2014).

[59] C. Wetterich, Eternal Universe, Phys. Rev. D 90, 043520
(2014).

[60] P. Dominis Prester, Field redefinitions, Weyl invariance
and the nature of mavericks, Classical Quantum Gravity
31, 155006 (2014);

[61] P. Dominis Prester, Curing black hole singularities with
local scale invariance, Adv. Math. Phys. 2016, 6095236
(2016).

[62] T.A. Koslowski, F. Mercati and D. Sloan, Through the
big bang: Continuing Einstein’s equations beyond a cos-
mological singularity, Phys. Lett. B 778, 339 (2018).

[63] F. Mercati and D. Sloan, Traversing through a black hole
singularity, Phys. Rev. D 106 4, 044015 (2022).

[64] A.A. Starobinsky, Can the effective gravitational con-
stant become negative? Sov. Astron. Lett. 7, 36 (1981).

[65] R. Casadio, A. Kamenshchik and I. Kuntz, Absence of
covariant singularities in pure gravity, Int. J. Mod. Phys.
D 31 01, 2150130 (2022).

[66] R. Casadio, A. Kamenshchik and I. Kuntz, Covariant sin-
gularities in quantum field theory and quantum gravity,
Nucl. Phys. B 971, 115496 (2021).

13

[67] 1. Kuntz, R. Casadio and A. Kamenshchik, Covariant
singularities: A brief review, Mod. Phys. Lett. A 37 10,
2230007 (2022).

[68] P. A. Amundsen and O. Gron, General Static Plane Sym-
metric Solutions Of The Einstein-maxwell Equations,
Phys. Rev. D 27, 1731 (1983).

[69] C. S. Trendafilova and S. A. Fulling, Static solutions of
Einstein’s equations with cylindrical symmetry, Eur. J.
Phys. 32, 1663 (2011).

[70] S. A. Fulling, J. D. Bouas and H. B. Carter, The grav-
itational field of an infinite flat slab, Phys. Scripta 90
(2015) no.8, 088006.

[71] A.Yu. Kamenshchik and T. Vardanyan, Exact solutions
of the Einstein equations for an infinite slab with a con-
stant energy density, Phys. Lett. B 792, 430 (2019).

[72] A.Yu. Kamenshchik and T. Vardanyan, Spatial Kasner
Solution and an Infinite Slab with a Constant Energy
Density, JETP Lett. 111 6, 306 (2020).

[73] A. Harvey, Geodesics in Kasner Universes, Phys. Rev. D
39, 673 (1989).

[74] C. Chicone, B. Mashhoon and K. Rosquist, Cosmic Jets,
Phys. Lett. A 375, 1427 (2011).

[75] C. Chicone, B. Mashhoon and K. Rosquist, Double-
Kasner Spacetime: Peculiar Velocities and Cosmic Jets,
Phys. Rev. D 83, 124029 (2011).

[76] B. Saha, Non-minimally coupled nonlinear spinor field in
Bianchi type-I cosmology, Eur. Phys. J. Plus 134) 10,
491 (2019).

[77] A.Yu. Kamenshchik and O.V. Teryaev, Spin precession
in anisotropic cosmologies, Eur. Phys. J. C 76 5, 293
(2016).

[78] S.L. Parnovsky, The Big Bang could be anisotropic. The
case of Bianchi I model, Class. Quantum Grav., to appear
(2023).

[79] S.L. Parnovsky, Is the Universe anisotropic right now?
Comparing the real Universe with the Kasner’s space-
time, arXiv:2305.02726 [gr-qc].

[80] S. Mironov and A.Shtennikova, Perturbations in Horn-
deski theory above anisotropic cosmological background,
arXiv:2305.19171 [gr-qc].

[81] D. W. Chiou and K. Vandersloot, Phys. Rev. D 76,
084015 (2007) arXiv:0707.2548 [gr-qc].



	Bianchi cosmologies, magnetic fields and singularities
	Abstract
	Introduction
	Bianchi-I model with spatially homogeneous magnetic field
	Contracting universe
	Expanding universe
	Exact evolution
	Anisotropy and relations with the Bianchi-II universe dynamics

	Bianchi-I models with magnetic field and additional perfect fluids
	Dust
	Massless scalar field
	Some numbers

	Singularities and their crossing
	Concluding remarks
	Acknowledgments
	References


