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Abstract. Over the last 30 years a plethora of variational regularization models for image reconstruc-
tion have been proposed and thoroughly inspected by the applied mathematics community.
Among them, the pioneering prototype often taught and learned in basic courses in mathe-
matical image processing is the celebrated Rudin--Osher--Fatemi (ROF) model [L. I. Rudin,
S. Osher, and E. Fatemi, Phys. D, 60 (1992), pp. 259--268], which relies on the minimization
of the edge-preserving total variation (TV) seminorm as a regularization term. Despite
its (often limiting) simplicity, this model is still very much employed in many applications
and used as a benchmark for assessing the performance of modern learning-based image
reconstruction approaches, thanks to its thorough analytical and numerical understanding.
Among the many extensions to TV proposed over the years, a large class is based on the
concept of space variance. Space-variant models can indeed overcome the intrinsic inabil-
ity of TV to describe local features (strength, sharpness, directionality) by means of an
adaptive mathematical modeling which accommodates local regularization weighting, vari-
able smoothness, and anisotropy. Those ideas can further be cast in the flexible Bayesian
framework of generalized Gaussian distributions and combined with maximum likelihood
and hierarchical optimization approaches for efficient hyperparameter estimation. In this
work, we review and connect the major contributions in the field of space-variant TV-
type image reconstruction models, focusing, in particular, on their Bayesian interpretation
which paves the way to new exciting and unexplored research directions.
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1. Introduction. The technological developments which favored the storage, the
exploitation, and the management of large and unstructured data over the last few
decades have been responsible for significant and fundamental advances in the field
of applied mathematics. In particular, the field of mathematical image processing
has undergone significant changes in its paradigm, which has been shifted several
times over the years. Historically, imaging problems have been formulated as specific
instances of (linear) ill-posed inverse problems and studied by means of classical tools
such as functional calculus, partial differential equations (PDEs), and Fourier analysis.
Later in the 1990s, advances in the field of nonsmooth variational calculus have drifted
the attention towards the use of sparsity-promoting image regularization models as
well as the development of efficient optimization algorithms tailored to compute the
desired output as efficiently as possible. Over the last decade, a new class of models
has attracted the attention of the applied mathematics community. Differently from
the traditional formulation of imaging problems described above, whose ingredients
are chosen a priori following analytical, model-driven strategies, by capitalizing on
the improved technological advances, these new data-driven approaches exploit the
large availability of imaging data and design a posteriori image reconstruction models
tailored to fit the specific application at hand. Understanding the (deep) reasons
behind the outstanding performance of these models is nowadays among the most
(if not the most) prominent challenging tasks, with implications in fields such as
artificial intelligence, human-to-robot interactions, and bio-inspired computer designs.
In addition, the clever and efficient exploitation of training data has favored the
development of new and theoretically grounded branches of applied mathematics lying
at the interface between analysis, variational calculus, and statistics. Interestingly, in
many imaging applications, the fusion of classical and modern approaches has been in
fact capable of overcoming the intrinsic difficulties and rigidities of fully model-driven
methods by incorporating appropriately data-driven information.

In this spirit, we present in the following a scientific journey across disciplines
taking as example a standard problem in the context of mathematical image recon-
struction in the attempt to highlight for the popular and well-studied total variation
(TV) regularization model some of the many extensions proposed over the years fea-
turing as least common denominator the description of local image features at a pixel
scale. In the attempt to combine classical tools of variational calculus, optimization,
and numerical analysis with more data-driven large-scale statistical approaches, we
introduce a new flexible Bayesian interpretation of the imaging quantities into play
and report on how such a happy marriage can be efficiently exploited as a powerful
tool for the exploration of new research directions in imaging.

With the intent of providing an as-exhaustive-as-possible review on the topic, we
will start our discussion by recalling in the following introductory sections the main
characters in our play, providing appropriate referencing and illustrations which, we
hope, will help familiarize the inexpert reader with the main notions introduced.

1.1. Imaging Inverse Problems. We start our discussion by setting up the scene.
To do so, we consider the formulation of a general image reconstruction problem
defined on an image domain \bfOmega := \{ (h, l) : h = 1, . . . , n1, l = 1, . . . , n2\} \subset \BbbR 2 with
| \bfOmega | = n1n2 =: N given by

(1.1) find \bfitu s.t. \bfitb = \scrN (\bfA \bfitu ) ,

where \bfitu \in \BbbR N and \bfitb \in \BbbR M are the vectorized unknown image and observed data,
respectively, \bfA \in \BbbR M\times N is the (known) linear forward operator and \scrN : \BbbR M \rightarrow 
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\BbbR M stands for the degradation operator modeling the presence of noise in \bfitb . Some
classical examples for \bfA are, for instance, convolution (blurring), Radon transform,
and undersampling operators. As is known from standard books in inverse problems
(see, e.g., [68, 144]), it is in general not possible to solve (1.1) directly due to the
lack of stability and/or uniqueness properties of the operators involved. As a remedy,
problem (1.1) can be reformulated as the problem of finding an estimate \bfitu \ast of \bfitu 
as accurate as possible by solving a new, well-posed problem where some a priori
information on \bfitu \ast is encoded in the form of a regularization term. In this work, we
will focus our attention on the family of variational regularization methods where the
reconstructed image \bfitu \ast \in \BbbR N is computed as a minimizer of a suitable cost functional
\scrJ : \BbbR N \rightarrow \BbbR such that the problem can be formulated as

(1.2) find \bfitu \ast \in arg min
\bfitu \in \BbbR N

\Bigl( 
\scrJ (\bfitu ;\mu ):=\scrR (\bfitu ) + \mu \scrF (\bfA \bfitu ; \bfitb )

\Bigr) 
.

The functionals \scrR and \scrF are commonly referred to as the regularization and the data
fidelity term, respectively. While \scrR encodes prior information on the desired image
\bfitu (such as, e.g., its regularity and/or its sparsity patterns), the term \scrF measures
the ``distance"" between the given image \bfitb and \bfitu after the action of the operator \bfA 
with respect to some functional describing noise statistics in the data. Finally, the
regularization parameter \mu > 0 controls the trade-off between the two terms.

1.2. A Leading Actor: TV Regularization. Features, Drawbacks, and Limita-
tions. Probably (if not certainly) the most popular choice in the context of imaging
for \scrR in (1.2) is the TV seminorm which is suited for describing meaningful image
contents such as image discontinuities (edges). In its simplest discrete form, it is
defined as the following nonsmooth and convex regularizer:

(TV) \scrR (\bfitu ) = TV(\bfitu ) :=
N\sum 
i=1

\| (\bfD \bfitu )i\| 2 ,

where, for each pixel i = 1, . . . , N, (\bfD \bfitu )i = (\bfD h\bfitu ,\bfD v\bfitu )i \in \BbbR 2 stands for the
discrete gradient of image \bfitu at pixel i, with \bfD h,\bfD v \in \BbbR N\times N suitable finite difference
operators discretizing the first-order partial derivatives of image \bfitu along the horizontal
and vertical directions, respectively.

The use of TV regularization in imaging was first proposed by Rudin, Osher, and
Fatemi in [134], which is nowadays probably among the most cited papers in mathe-
matical imaging.1 In the 1990s, the use of TV in the context of imaging paved the way
for the development of mathematical approaches based on the use of nonlinear, edge-
preserving, and sparse gradient-based regularization models and for their application
in a variety of image reconstruction problems. Analytically, the fine properties of TV
in the context of image reconstruction have been thoroughly studied and understood
over the years (see, e.g., [40, 38, 23] for a review), and efficient algorithmic approaches
have been developed for the efficient numerical solution of TV-based problems (see,
e.g., the recent review [45]).

Despite generating much interest in and greater understanding of the analytical
and regularization properties of TV regularization (we will list the main contributions
in both directions in due course), such a regularizer also presents significant limitations
leading to undesirable artifacts even in the case of uncorrupted observed images. A

118,319 citations according to Google Scholar.
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major one is the so-called staircasing effect, which consists of a tendency to promote
edges at the expense of smooth structures; see, e.g., [39, 119, 88] for some analytical
studies. Moreover, as observed, e.g., in [143, 114], TV reconstructions suffer from loss
of contrast artifacts, which can also result in visually undesirable rounding of corners
effects. Then, due to its dependence on the Euclidean norms of the gradients, the
TV regularizer is not able to take advantage of situations where clear directionality
appears, either at frame level [10, 93] or at neighborhood level [157]. Maybe the
major limitation of TV is its global or space-invariant behavior, that is, the fact that
the contribution at each pixel i = 1, . . . , N in (TV) to the whole regularization takes
exactly the same functional form. Due to this ``rigidity,"" the TV regularizer is not
suited to describe possibly very heterogeneous local image structures encountered, for
instance, in natural images.

In Figure 1 we provide clear visual evidence for some of the aforementioned TV
limitations. We employ the TV regularizer for the restoration of the synthetic test
image shown in Figure 1(a), which is composed of smooth features, in the left half,
and blocky objects, in the right half, after corruption by blur and additive noise; see
Figure 1(b). The restored image obtained by employing the TV regularizer shown in
Figure 1(c) and the associated absolute error image reported in Figure 1(e) reveal that
TV is not capable of recovering the smooth structure. Moreover, it does not succeed
in restoring the original contrast of the piecewise-constant part and fails in sharpening
the corners. The one-dimensional profiles plotted in Figures 1(g) and 1(j) allow us to
give a closer view of the mentioned effects. In particular, from the horizontal profile in
Figure 1(g), one can clearly notice the staircasing, arising in correspondence with the
smooth left part---see also the close-up in Figure 1(h)---and the contrast loss, which
is mostly visible in the last two rectangles on the right side of the signal; see the
close-up in Figure 1(i). The rounding of corners appearing in the error image is also
visible in the diagonal profile plotted in Figure 1(j) and in the corresponding close-up
in Figure 1(k).

We will now review the main contributions proposed in the literature over the last
few decades to improve upon the regularization capabilities of TV and, in particular,
to reduce the aforementioned drawbacks within the class of space-invariant regulariz-
ers. Next, we will discuss the advantages that space-variant approaches bring along,
pointing out how the notion of space variance has been used under different names in
different mathematical fields.

1.3. A Partial Remedy: Space-Invariant TV Generalizations. In order to re-
duce some of the TV reconstruction drawbacks highlighted above, several space-
invariant generalizations have been proposed over the years; see, e.g., [49, 47, 124,
139, 154] and the references therein. Within this class, we mention in particular two
nowadays very popular extensions: the infimal convolution total variation (ICTV)
proposed by Chambolle and Lions in [43] and the total generalized variation (TGV)
regularizer introduced by Bredies, Kunisch, and Pock in [21]. This latter regular-
izer shares some favorable properties with TV, such as rotational invariance, lower
semicontinuity, and convexity. However, differently from TV, TGV involves and bal-
ances higher-order derivatives of the desired image, which reduces staircasing, while
preserving sharp edges at the same time.

Generally speaking, while the use of higher-order extensions has been shown to
be very effective in practice and thoroughly analyzed from both an analytical and
numerical viewpoint, the question of how to overcome the intrinsic ``rigidity"" of first-
order TV-type regularization models is still very much open. With the intent of
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(\mathrm{a}) \bfitu (\mathrm{b}) \bfitb 

(\mathrm{c}) \mathrm{T}\mathrm{V} \mathrm{r}\mathrm{e}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{r} (\mathrm{d}) \mathrm{W}\mathrm{T}\mathrm{V}sv
\bfitp \mathrm{r}\mathrm{e}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{r} (\mathrm{e}) \mathrm{e}\mathrm{r}\mathrm{r}\mathrm{o}\mathrm{r} \mathrm{f}\mathrm{o}\mathrm{r} \mathrm{T}\mathrm{V} (\mathrm{f}) \mathrm{e}\mathrm{r}\mathrm{r}\mathrm{o}\mathrm{r} \mathrm{f}\mathrm{o}\mathrm{r} \mathrm{W}\mathrm{T}\mathrm{V}sv

\bfitp 

(\mathrm{g}) 1\mathrm{D} \mathrm{p}\mathrm{r}\mathrm{o}fi\mathrm{l}\mathrm{e}\mathrm{s} (\mathrm{h}) \mathrm{l}\mathrm{e}\mathrm{f}\mathrm{t} \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p} \mathrm{o}\mathrm{f} (\mathrm{g}) (\mathrm{i}) \mathrm{r}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t} \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p} \mathrm{o}\mathrm{f} (\mathrm{g})

(\mathrm{j}) 1\mathrm{D} \mathrm{p}\mathrm{r}\mathrm{o}fi\mathrm{l}\mathrm{e}\mathrm{s} (\mathrm{k}) \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p}

Fig. 1 Space-invariant TV regularizer vs. space-variant WTVsv
\bfitp regularizer. Original test image

1(a), observed image corrupted by blur and noise 1(b), restoration under the adoption of the
space-invariant TV regularizer 1(c), and the space-variant WTVsv

\bfitp regularizer 1(d), with the
corresponding absolute error images (\times 2) 1(e),1(f); plot of one-dimensional ( 1D) profiles
from the original, observed, and restored images 1(g),1(j), with the corresponding close-ups
1(h),1(i),1(k).

adapting the TV-type regularization to structural image information, in [10] Bayram
and Kamasak proposed a directional TV (DTV) regularizer for image denoising, whose
analytic form reads

(DTV) DTV(\bfitu ) :=
N\sum 
i=1

\| \bfLambda a\bfR  - \theta (\bfD \bfitu )i\| 2, a \in (0, 1], \theta \in [ - \pi /2, \pi /2).

Here, \theta \in [ - \pi /2, \pi /2) denotes the dominant orientation in the target image \bfu , \bfR  - \theta 
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(\mathrm{a}) (\mathrm{b}) (\mathrm{c})

Fig. 2 Test image with a clear dominant direction defined by angle \theta \in [\pi /2, \pi /2) (a), 2D histogram
of image gradient components (b), scatter plot of image gradient components (c).

denotes the rotation matrix of angle  - \theta , while \bfLambda a = diag(1, a) is a diagonal matrix
which encodes the strength of the regularization along the direction (cos \theta , sin \theta ) and
its orthogonal depending on a parameter a \in (0, 1] whose value ranges from enforcing
a full isotropic modeling (no directional preference) for a = 1 to a strong anisotropy
one for a \approx 0. The very same modeling can be analogously used to define a directional
variant of the TGV regularizer, dubbed DTGV, as done in [94] by Kongskov, Dong,
and Knudsen. The use of DTV and DTGV is indeed beneficial in applications related
to fibers, such as the study of glass fibers in wind-turbine blades [136] and the scanning
of optical fibers from computed tomography (CT) scans [89].

To illustrate the benefits of incorporating directional information defined in terms
of a dominant orientation \theta in the regularizer, we consider the test image in Fig-
ure 2(a), in which the existing piecewise-constant regions as well as the smooth
straight lines align along the edge direction \bfv := (cos \theta , sin \theta ). The 2D histogram
of the gradients reported in Figure 2(b) and the scatter plot in Figure 2(c) show, as
expected, global alignment along the perpendicular direction \bfv \bot = ( - sin \theta , cos \theta ). It
appears natural for this type of image to design a regularization whose functional form
could promote smoothing along the direction \bfv only (i.e., anisotropically) and not in-
distinctly along all directions (i.e., isotropically) to better adapt to the underlying
geometrical image structures, thus avoiding staircasing.

A different extension to TV regularization has been explored in [7, 95, 101]. By
adopting a statistical viewpoint, in these works the authors show how the use of TV
implicitly corresponds to assuming a space-invariant one-parameter half-Laplacian
distribution (hLd) for the gradient magnitudes of the target image \bfitu , which appears
to be in general too restrictive to model the distribution of gradient magnitudes
in natural images for which a more general half-generalized Gaussian distribution
(hGGd) prior should be considered instead. This choice corresponds to employing
the following TVp regularization model:

(TVp) TVp(\bfitu ) :=
N\sum 
i=1

\| (\bfD \bfitu )i\| p2 , p \in (0, 2],

where the exponent p \in (0, 2] is a free parameter providing the TVp regularizer with
higher flexibility than the TV regularizer. Its setting is indeed related to the properties
of the image of interest: it can be fixed either empirically to enhance gradient-sparsity
(p < 1, see [95]) or smoothness (p = 2, corresponding to Tikhonov regularization) of
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solution, or regarded as information tailored to the image itself which should thus
be estimated appropriately. The TVp regularizer has proved to be effective for the
solution of several imaging problems ranging from labeling and segmentation [109] to
blind deblurring [95, 110] and synthetic aperture radar (SAR) image despeckling [77]
and many more. Its performance strongly depends on the selected/estimated value
of p, whose setting may be hard in the case of very heterogeneous images composed,
for instance, by both smooth and piecewise-constant regions.

Finally, we recall that a further albeit classical limitation of global TV-type regu-
larization consists in the choice of the optimal regularization parameter \mu in (1.2). As
a matter of fact, this is a common challenge for all regularized inverse problems in the
form (1.2), not limited to the TV context. Among classical methods for parameter
selection, we recall here those based on the discrepancy principle [78, 79], generalized
cross validation [74, 71], L-curve analysis [30], and Stein's unbiased risk estimators
(SURE) [142, 105]. More recent approaches based, for instance, on bilevel learning
[96, 25, 52, 84, 85] or on statistical whiteness principles [102, 100] can be used as well.

1.4. Incorporating Space Variance. While the aforementioned modeling ap-
pears very restrictive from a global viewpoint, it is a natural question to wonder
whether by considering local image information, that is, looking at image patches of
suitably small size, image information can be ``glued"" together so as to define a better,
more suitable image regularizer.

We motivate this idea by showing in Figure 3(a) an enlightening example con-
cerned with local description of directional features for the popular test image image
barbara. We start by selecting three subregions of interest: two of them are char-
acterized by geometric textures---see Figures 3(d) and 3(g)---while the other presents
smooth and homogeneous details---see Figure 3(j). The global image histogram and
plot in Figures 3(b) and 3(c) clearly show that image gradients are not oriented along
a single dominant direction; rather, they appear to be nonuniformly spread over a box-
shaped neighborhood of the origin. Different scenarios arise when considering the two
textured regions, as the gradients therein show a clear directional bias, as displayed
in the histograms in Figures 3(e) and 3(h) and in the scatter plots in Figures 3(f)
and 3(i). Finally, for the gradients computed within the smooth region, a different
configuration occurs, where they are not aligned along any preferred direction---see
Figure 3(k)---but rather concentrated in a neighborhood of the origin, due to the
large homogeneous image content. As observable from the scatter plot in Figure 3(l),
dispersion around the origin is, however, smaller with respect to the global scatter
plot. Besides the dispersion and the directionality of the gradients, also the shape of
the local histograms can significantly vary when considering different image patches
(homogeneous vs. textured), thus revealing the limitations of the space-variant TVp

regularizer (TVp).
In the following sections, we will provide examples that will motivate and justify

the idea of formulating a new space-variant framework allowing for the description of
image contents at a local scale.

However, to give an idea of the results achievable when adopting a more flexible
setup where the local amount and sharpness of regularization are adjusted at each
pixel depending on the local image content, we employ one of the space-variant reg-
ularization terms detailed in what follows, namely the WTVsv

\bfitp regularizer, for the
restoration of the synthetic test image shown in Figure 1(a). The restored image
computed by means of the WTVsv

\bfitp is shown in Figure 1(d), together with the corre-
sponding absolute error image in Figure 1(f). From a visual viewpoint, one can clearly
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(\mathrm{a}) (\mathrm{b}) (\mathrm{c})

(\mathrm{d}) (\mathrm{e}) (\mathrm{f})

(\mathrm{g}) (\mathrm{h}) (\mathrm{i})

(\mathrm{j}) (\mathrm{k}) (\mathrm{l})

Fig. 3 Test image barbara and selected subregions (left column), 2D histograms of image gradient
components (middle column), scatter plots of image gradient components (right column).

observe that the WTVsv
\bfitp can successfully deal with smooth features while returning

sharp blocky objects, thanks to its capability of adapting the regularization sharpness
to local, possibly heterogeneous, contents. The one-dimensional horizontal profiles
plotted in Figure 1(g) reveal that, under the adoption of the WTVsv

\bfitp , the staircasing
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effect is circumvented, and the image contrast is perfectly recovered; see the close-ups
in Figures 1(h) and 1(i), respectively. Note that the edges in the right half of the im-
age appear to be sharper than the ones recovered by the TV regularizer, thanks to the
further local adjustment of regularization strength to the underlying geometry. The
diagonal profiles plotted in Figure 1(j), and the corresponding close-up in Figure 1(k),
reflect this tendency, as the rounding of the corner observed when employing the TV
regularizer is mitigated.

The idea of incorporating space-variant information is not new in the context
of mathematical methods for image reconstruction. Early approaches can already be
traced back looking at the contributions in the field of diffusion-type PDEs for imaging
[129, 150, 132, 138, 151] and statistical approaches [60, 131, 36, 33, 32, 128, 158]. In
the last couple of years and under a different perspective, a few contributions have also
been made in the context of (deep) learning approaches for imaging [75, 112, 113, 115,
97]. In the following, we summarize the ideas contained in these works by structuring
our description by topical subsections, to favor readability. As the reader will notice,
however, a detailed description of the (large) class of space-variant variational image
regularization methods extending those described in section 1.3 will be postponed to
the later sections of this work, as those models will appear naturally as soon as our
combined statistical/analytical modeling is introduced.

1.4.1. PDE Approaches. In the context of PDE approaches for imaging, the idea
of space variance has enriched standard linear and nonlinear diffusion-type models
starting from the work of Perona and Malik in the 1990s [129]. There, the authors
proposed a nonlinear space-adaptive diffusion method for avoiding the blurring and
localization problems of linear diffusion filtering. To do so, an inhomogeneous and
space-variant process reducing diffusivity at locations with high probability of being
edges was considered. As a natural choice, for any point \bfitx \in \bfitO \subset \BbbR 2, where by
\bfitO we denote a regular image domain, an edge-stopping diffusion function depending
locally on the quantity | \bfnabla u(\bfitx )| was used as a likelihood measure. Note that the
Perona--Malik filter is a particular instance of the nonlinear diffusion model

(1.3)

\left\{     
ut = div

\bigl( 
W (| \bfnabla u| )\bfnabla u

\bigr) 
on \bfitO \times (0,\infty ],

u(\bfitx , 0) = b(\bfitx ) on \bfitO ,

\langle \bfnabla u,\bfitn \rangle = 0 on \partial \bfitO \times (0, T ],

where \bfitn stands for the outward normal vector on \partial \bfitO and b stands for the observed
image. Problem (1.3) is a standard reference model for anisotropic image restoration
PDE approaches. In the case W \equiv 1, it acts as a convolution model of the given
function b(\cdot ) with a Gaussian kernel with standard deviation parameter \sigma =

\surd 
2t.

Such an operation corresponds to the well-known low-pass spectral filtering, and it
is commonly used for smoothing pictures by averaging values within a certain neigh-
borhood. In the general case, model (1.3) produces a family of images parametrized
by t > 0, each resulting in a combination between the original image and a filter that
depends on the local content of the given image b(\cdot ). For \bfitx \in \bfitO , the function W in
the Perona--Malik model is set as [129]

(1.4) W (| \nabla u(\bfitx )| ) =
1

1 +

\biggl( 
| \bfnabla u(\bfitx )| 

K

\biggr) 2 ,

where the parameter K > 0 controls the sensitivity to edges. On uniform regions,
where the magnitude of the gradients is weaker, the diffusion coefficient W is close
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to 1, so that (1.3) turns into a heat equation which smooths out the noise. Close to
edges and boundaries, the gradient magnitudes get larger instead, and thereby the
diffusion coefficient in (1.4) vanishes; as a result, in correspondence with these pixels
diffusion is not performed and meaningful structures are preserved.

TV regularization can also be framed within the PDE framework above; in fact,
by selecting function W as follows,

W (| \nabla u(\bfitx )| ) =
1

| \bfnabla u(\bfitx )| 
,

model (1.3) can be interpreted as the TV gradient flow, which consists of the subgra-
dient descent flow of the isotropic TV defined in (TV) [2, 61].

However, despite their edge-adaptive behavior, scalar diffusivity functions W (\cdot )
are intrinsically incapable of adjusting the diffusion along the orientation of salient
image structures. To do so, a diffusion tensor leading to anisotropic diffusion filters has
to be introduced. The most popular choice consists in replacing the scalar W by the
structure tensor \bfJ (\bfitx ) = \bfnabla u(\bfitx )\otimes \bfnabla u(\bfitx ) \in \BbbR 2\times 2. This matrix can be written in terms
of its eigenvalues and eigenvectors, the latter encoding the dominant local orientation,
the former representing the strength of the diffusion along the preferred direction and
its orthogonal. As a result, the action of \bfJ (\bfitx ) can be somehow synthesized by the
elongation of the associated elliptical level curves; see, e.g., [150, 132, 138, 151, 76, 69].

1.4.2. Statistical Approaches. Statistical approaches for image processing have
become very popular in the last decades due to their ability to incorporate nondeter-
ministic information in the forward model; see [35]. Here, the core idea is to model
the unknown image \bfitu as a random variable \bfitU to highlight the intrinsic uncertainty
about its value, which is also related to possible approximations of the model operator
\bfA , and of the noise degradation model \scrN . The information or the beliefs available a
priori on the random variable \bfitU are encoded in the prior probability density function
(pdf) \pi (\bfitu ). Analogously, the observed image \bfitb is regarded as a realization of a ran-
dom variable \bfitB , whose behavior for a fixed \bfitu is encoded in the likelihood pdf \pi (\bfitb | \bfitu ).
In this framework, the goal is to recover the distribution of \bfitU given the observation
\bfitb and the forward linear operator \bfA ; in terms of distributions, this translates into
seeking the posterior pdf \pi (\bfitu | \bfitb ), which is related to prior and likelihood pdfs via
the Bayes' formula:

(1.5) \pi (\bfitu | \bfitb ) = \pi (\bfitb | \bfitu )\pi (\bfitu )
\pi (\bfitb )

,

where \pi (\bfitb ) is often referred to as the evidence term and plays the role of a normal-
ization constant.

The prior pdf \pi (\bfitu ) can model different characteristics of the image, ranging from
the presence of smooth, piecewise-constant, piecewise-linear, or textured regions to
boundary configurations. Popular priors for image restoration problems encode in-
formation on the distribution of the gray levels within an image and the transition of
grayscale intensities between different areas of the image [108].

In [72], the authors interpreted the pixel-gray levels as states of atoms in a lattice-
like physical system, so that the unknown image is modeled as a Markov random field
(MRF). This translates into the requirement that a selected feature at the generic
pixel i of \bfitu only depends on the behavior of \bfitu at pixels belonging to a set \scrC i of
neighbors of i, called a clique. When the selected feature is the gray level, the 2D

D
ow

nl
oa

de
d 

01
/3

0/
24

 to
 1

37
.2

04
.1

35
.1

05
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

612 M. PRAGLIOLA, L. CALATRONI, A. LANZA, AND F. SGALLARI

Markovian property at pixel i reads

(1.6) \pi 
\bigl( 
Ui = ui | Uj = uj , j \not = i

\bigr) 
= \pi 

\bigl( 
Ui = ui | Uj = uj , j \in \scrC i

\bigr) 
,

where by \pi (\cdot ) we denote the pdf. The prior distribution for an MRF is the so-called
Gibbs prior,

(1.7) \pi (\bfitu ) =
1

Z
exp

\biggl( 
 - 

n\sum 
i=1

V\scrC i
(\bfitu )

\biggr) 
,

where Z > 0 is a normalization constant and V\scrC i
is referred to as the Gibbs potential

function defined on a clique of pixels centred at pixel i; see also [16] for a more exten-
sive discussion. The potential functions typically depend on a number of parameters
that can be considered fixed in the case where our prior beliefs are informative enough
to allow for their manual setting, but which, in general, may vary from pixel to pixel.

As will be explored in detail in section 3.2, there exists a strict relation between
Gibbs priors and many notable regularizers, such as Tikhonov and TV, which are
designed based on the properties of the discrete image gradients \bfD \bfitu . Note that
nonstationary (i.e., space-variant) MRF approaches have also been considered over the
years (see, e.g., [60, 131, 108] for some applications) in a purely statistical framework,
for which the design of efficient sampling strategies and maximum likelihood (ML)
approaches is required.

By (1.5), the sought unknown image \bfitu can be recovered as a single-point repre-
sentative of \pi (\bfitu | \bfitb ) moving from a purely statistical to a more optimization-based
framework. A very popular strategy for that goes under the name of maximum a
posteriori (MAP) estimation [90]: it consists in summarizing the posterior pdf with
its mode, i.e.,

\bfitu \mathrm{M}\mathrm{A}\mathrm{P} \in arg max
\bfitu \in \BbbR N

\{ \pi (\bfitb | \bfitu )\pi (\bfitu ) \} 

= arg min
\bfitu \in \BbbR N

\{  - ln\pi (\bfitb | \bfitu ) - ln\pi (\bfitu ) \} ,(1.8)

where the evidence term \pi (\bfitb ) has been neglected since it does not depend on \bfitu . We
remark that connections between the statistical interpretation of the inverse problem
(1.1) via MAP formulation (1.8) and its analytical counterpart (1.2) are nowadays
drawn for a large variety of space-invariant regularization models, while they are
generally hard to understand in the context of space-variant models. We will try to
fill this gap in the following sections, but for the moment we only warn the reader that
moving from a global or space-invariant to a more informative local or space-variant
framework requires significant modeling, and computational differences have to be
taken into account as the explicit dependence on the distribution hyperparameters in
(1.7) cannot be neglected any longer.

In space-variant settings, a very natural alternative to a completely supervised
strategy, i.e., the parameters of the nonstationary MRFs are specified a priori, is
to model the parameters themselves as random variables following a hierarchical
Bayesian approach. In this sense, the MAP paradigm represents a very versatile
tool in terms of imaging applications and algorithmic optimization. Among the many
contributions in this field, we mention [36, 33, 32], where the authors propose an
iterative alternating scheme for the solution of the hierarchical MAP formulation for
sparse recovery problems. A parameter marginalization, followed by a small variance
analysis, is employed instead in [128] for image inpainting applications.
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We further mention that the classical literature on compressed sensing algorithms
has been revisited and interpreted in probabilistic terms; in this perspective, the
popular \ell 1-regularization terms can be thought of as deriving from a support-informed
or spatially adaptive prior, where the local weights are typically estimated starting
from the observable data following an empirical Bayesian approach; see [158] and
references therein.

1.4.3. Generative Learning Models. Many shortcomings are classically asso-
ciated to the use of model-driven approaches. Among them, the dependence on the
(supposedly known) forward model operator\bfA , the high complexity encountered when
solving in practice large-dimensional PDE systems or computing high-dimensional in-
tegrals and, mostly, the conceptual and intrinsic ideas of representing the unknown so-
lution in terms of a priori fixed models and distributions have been shown to represent
major limitations which have been overcome in recent years by replacing knowledge-
based by data-driven designs. It is outside the scope of this review to provide an ex-
tensive state-of-the-art description of these from-shallow-to-deep-learning approaches
as well as their connection with the world of inverse problems. For that, we refer the
reader to the recent review paper [5] and [135] where general data-driven models and
generative ones are reviewed in great detail, respectively.

However, for the following description, we will limit ourselves to considering an
extremely popular class of data-driven approaches which, in some sense, are in close
connection with the statistically inspired space-variant modeling discussed in this
work. The former class, introduced in [92] under the name of variational autoencoders
(VAEs), exploit training examples to estimate, rather than the desired solution itself,
the statistical distribution it is sampled from (ideally (1.7)) and use it to generate
new data with analogous characteristics to the elements in the training set. VAEs
perform such a process by means of the interplay between two subsequent neural
networks: the first one (the encoder) is used to compress the data into a latent
probability space which typically has a smaller dimension than the original one, while
the second decoder network maps back the features sampled from the latent space so
as to generate data as close as possible to the given data, with respect to some given
distance function. First introduced in [75], generative adversarial networks (GANs)
are a different class of generative models popularly used nowadays for learning the
unknown distribution of given training data. Analogously to VAEs, two networks are
used here as well to detect distinctive features in the data. However, differently from
VAEs, the two networks are used here in an adversarial fashion with one network
used to generate data and the other used to discriminate between the ``true"" data
distribution and its ``opponent"" (adversarial) attacks. Convergence of the training
process is achieved when the discriminator network becomes unable to make such a
distinction, that is, when the learning procedure has been so effective that generated
data cannot be discriminated from true data. GANs are nowadays used in many
different contexts ranging from supervised to unsupervised learning. Differently from
the fully model-driven statistical approaches summarized in section 1.4.2, the solution
computed by GANs potentially offers a more precise way to describe local image
features in natural images. However, given their fully data-driven modeling, the
interpretation of GANs within both a statistical and analytical framework remains
somehow unclear. The outstanding performance of GANs in the field of imaging,
however, has favored their use in a large variety of imaging problems (see, e.g., [112,
113, 115, 97]) and is still a growing research area in the field which could inspire and
complement the classical analytical/statistical knowledge-based modeling in future
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work (see section 11 for research outlooks). In analogy to what we are going to
describe in the following, generative approaches share the common feature of having
as their objective the estimation of an unknown underlying probability distribution of
given (imaging) data. Differently from the more model-driven approaches, however,
they do not stick with any explicit (albeit general as highly parametric) expression
of such distribution. We could argue that while generative approaches make the
learning procedure flexible, thanks to their adaptivity to the possibly nonstandard
data distribution, the statistically inspired models we are going to consider in the
following take advantage of the hyperparametrization imposed a priori.

1.4.4. Exploiting Space Variance in Applications. Space-variant models have
been shown to be effective not only on synthetic and/or ``didactic"" examples, but also
on a wide class of real-world applications, such as, for instance, medical imaging.

Regarding CT applications, for instance, several image reconstruction approaches
relying intrinsically on a space-variant estimation of model hyperparameters have been
considered. In [146], for instance, directional TV regularization on the sinogram data
is proposed to inpaint the missing range of angles and improve the inversion process,
while in [62] an automatic selection strategy for a weighted reconstruction model is
considered and validations on both synthetic and real data are reported.

As far as (multicontrast) magnetic resonance imaging (MRI) applications are
concerned, we refer the reader to [4, 65], where local regularization weighting as well
as directional (therein often called structural) strategies extending those used in [91]
for electrical impedance tomography (EIT) are used. Analogous approaches have
further been considered in [67, 66] for improving the quality of positron emission
tomography (PET) imaging data by an appropriate fusion driven by structural MRI
data. Similar approaches have further been considered in [22] for blind hyperspectral
imaging and in [9] for magnetic particle imaging.

Within the class of medical imaging applications, we further mention photo-
acoustic tomography (PAT) imaging, for which in [17] a space-variant modeling well-
adapted to the composite and heterogeneous nature of the target is proposed.

Among the many other real-world applications which significantly benefit from
the use of space-variant approaches in terms of, in particular, local directional depen-
dence, we mention here the work carried out in [73, 111, 26, 125], where noninvasive
digital reconstruction models based on anisotropic diffusion and transport PDEs have
been effectively used in the context of digital reconstruction of ancient frescoes, illumi-
nated manuscripts, surface colorization, and inpainting to unveil missing or occluded
contents via the use of inpainting, image fusion, and/or image enhancement tech-
niques.

1.5. Motivation and Contribution of This Work. From the aforementioned sec-
tions we have seen that, though following different paths, different communities fo-
cused on the mathematical modeling of local image features. Depending on the sci-
entific community considered and when looking at all these works, though, it is not
very clear how to connect and compare these different findings, since very similar
properties interpreted in different fields may be called by very different names (e.g.,
nonstationary models in a Bayesian framework, structural or adaptive approaches in
an analytical context). The objective of this work is to provide a unified view of many
of these different models in terms of a new, generalized Bayesian modeling which al-
lows also for some original extensions which have not been explicitly studied before.
The Bayesian framework described in this work indeed paves the way for the design
of new, unexplored strategies helpful to design flexible and adaptive image regular-
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ization functionals whose hyperparameters can be estimated by taking advantage of
the form of the underlying gradient distributions through statistical approaches. In
order to present the framework in its full generality and in view of its application to
a larger class of image reconstruction models, we will not neglect to provide details
on the use of a (generalized) discrepancy principle strategy needed to compute the
hyperparameters associated to the likelihood functionals. We further stress that TV
regularization (TV) is taken as a reference regularization model in this work due to
the incredible amount of contributions developed over the last 30 years, as we have
discussed and will discuss thoroughly in the following. However, the reader should
be reassured that analogous considerations could (and should!) still be exploited for
different types of regularization functionals, as we will shortly comment on in section
11 of this work.

1.6. Structure of the Paper. The paper is organized as follows. In section 2, we
set the notations and recall the main notions and definitions which will be useful in
the rest of the article. Then, in section 3, we set the Bayesian probabilistic scene by
introducing the main actors, namely the space-variant (nonstationary) priors together
with the likelihood pdf corresponding to the class of noise models considered in this
review. The properties of the regularizers induced by the space-variant priors will be
analyzed from a modeling and optimization viewpoint in section 4, while in section 5
we provide some useful insights on their geometric interpretation. Next, in section 6,
we formulate the final joint image and hyperparameter estimation models, where the
different space-variant regularizers proposed are combined with general data fidelity
terms and the suitable prior distributions on the model hyperparameters (i.e., hyper-
priors). In section 7, we address the hyperparameter estimation problem by designing
robust ML-type strategies that will be tested on synthetic and natural examples. Then
in section 8 the numerical solution of the general variational model in the form (1.2)
upon the selected choices of regularizers and fidelity terms is addressed by means of an
alternating direction method of multipliers (ADMM). In section 9, the effectiveness
of the space-variant approach is finally assessed by applying the designed framework
to the restoration of different synthetic and natural images. A short user's guide to
space-variant regularized models is given in section 10. To summarize, in section 11
we discuss some open questions and challenges representing natural extensions of this
work. Finally, we report in section 12 some final considerations and remarks.

2. Notation and Preliminaries. We will use the notation \BbbR + and \BbbR ++ = \BbbR + \setminus 
\{ 0\} for the set of nonnegative and positive real numbers, respectively, and denote by
\bfzero d, \bfone d, \bfI d the d-dimensional vectors of all zeros and ones and the identity matrix of
size d \times d, respectively. In the case of a matrix \bfM \in \BbbR d\times d, d > 1, we will denote by
| \bfM | the determinant of \bfM .

To indicate multivariate random variables and their realizations we will use bold
capital/lowercase letters, e.g., \bfitX and \bfitx , and we denote by \pi \bfitX , \bfiteta \bfitX = \BbbE (\bfitX ), \bfSigma \bfitX 

the pdf, mean (or expected value), and covariance matrix of the random variable \bfitX ,
respectively. We will omit the subscript \bfitX if not necessary. The characteristic and
the indicator function of a set \bfitS are defined as

\chi \bfitS (\bfitx ) :=

\biggl\{ 
1 if \bfitx \in \bfitS ,
0 otherwise,

\iota \bfitS (\bfitx ) :=  - ln\chi \bfitS (\bfitx ) =

\biggl\{ 
0 if \bfitx \in \bfitS ,
+\infty otherwise,

respectively. Moreover, we denote by \Gamma the Gamma function, which is defined as
follows.
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Definition 2.1 (Gamma and incomplete Gamma functions). The lower and up-
per incomplete Gamma functions, \Gamma and \Gamma , respectively, are defined by

(2.1) \Gamma (x, y) =

\int y

0

tx - 1e - tdt , \Gamma (x, y) =

\int +\infty 

y

tx - 1e - tdt , (x, y) \in \BbbR ++ \times \BbbR + .

The (complete) Gamma function \Gamma is

(2.2) \Gamma (x) = lim
y\rightarrow +\infty 

\Gamma (x, y) = \Gamma (x, 0) =

\int +\infty 

0

tx - 1e - tdt , x \in \BbbR ++ .

Now, we recall the definitions of a few well-known distributions to which we often
refer throughout the discussion and that will be mainly employed in the modeling of
the regularization terms reviewed here.

Definition 2.2 (univariate Laplace distribution). A scalar random variable X
is Laplacian-distributed with mean \eta \in \BbbR and scale parameter \gamma \in \BbbR ++, denoted by
X \sim L(\eta , \gamma ), if its pdf has the form

(Ld) \pi (x| \eta , \gamma ) = \gamma 

2
exp ( - \gamma | x - \eta | ) , x \in \BbbR .

Definition 2.3 (univariate generalized Gaussian distribution). A scalar random
variable X is generalized Gaussian-distributed with mean \eta \in \BbbR , scale parameter
\gamma \in \BbbR ++, and shape parameter s \in \BbbR ++, denoted by X \sim GG(\eta , \gamma , s), if its pdf has
the form

(GGd) \pi (x| \eta , \gamma , s) =
\gamma 

2

s

\Gamma (1/s)
exp ( - \gamma s | x - \eta | s), x \in \BbbR ,

with \Gamma (\cdot ) denoting the Gamma function defined in (2.2). In particular, for any fixed
\eta \in \BbbR , \gamma \in \BbbR ++, the pdf in (GGd) converges pointwise to a uniform distribution as
s \rightarrow +\infty , namely,

lim
s\rightarrow +\infty 

\pi (x| \eta , \gamma , s) =
\gamma 

2
\chi [0,1/\gamma ] (| x - \eta | ) .

Finally, the standard deviation \sigma \in \BbbR + of the GG pdf in (GGd) can be written in
terms of the scale parameter \gamma and the shape parameter s as follows:

(2.3) \sigma = (1/\gamma )
\sqrt{} 

\Gamma (3/s) /\Gamma (1/s) .

The following definition extends the GG distribution to the bivariate case.

Definition 2.4 (bivariate generalized Gaussian distribution). A bivariate ran-
dom variable \bfitX is generalized Gaussian-distributed with mean \bfiteta \in \BbbR 2, symmetric
positive definite covariance matrix \bfSigma \in \BbbR 2\times 2, and shape parameter s \in \BbbR ++, denoted
by \bfitX \sim BGG(\bfiteta ,\bfSigma , s), if its pdf has the form

(BGGd) \pi (\bfitx | \bfiteta ,\bfSigma , s) =
1

2\pi | \bfSigma | 1/2
s

\Gamma (2/s)22/s
exp

\biggl( 
 - 1

2

\bigl( 
(\bfitx  - \bfiteta )T\bfSigma  - 1(\bfitx  - \bfiteta )

\bigr) s
2

\biggr) 
.

We now provide definitions for the Laplace distribution (Ld) and the generalized
Gaussian one (GGd) when the scalar random variable X is known to be nonnegative.
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Definition 2.5 (univariate exponential or half Laplacian distribution). A scalar
random variable X is exponential- or half Laplacian-distributed with scale parameter
\gamma \in \BbbR ++, denoted by X \sim hL(\gamma ), if X = | Y | , with Y \sim L(0, \gamma ). The pdf of X takes
the form

(hLd) \pi (x| \gamma ) =
\biggl\{ 

\gamma exp ( - \gamma x ) if x \in \BbbR + ,
0 otherwise.

Definition 2.6 (univariate half generalized Gaussian distribution). A scalar
random variable X is half generalized Gaussian-distributed with scale parameter \gamma \in \BbbR ++

and shape parameter s \in \BbbR ++, denoted by X \sim hGG(\gamma , s), if X = | Y | , with Y \sim 
GG(0, \gamma , s). The pdf of X takes the form

(hGGd) \pi (x| \gamma , s) =

\Biggl\{ 
\gamma 

s

\Gamma (1/s)
exp ( - \gamma sxs) if x \in \BbbR + ,

0 otherwise.

We also give the definition of Gamma distribution which will be used in the next
subsection and in the appendix.

Definition 2.7 (univariate Gamma distribution). A scalar random variable X
is Gamma-distributed with scale parameter \nu \in \BbbR ++ and shape parameter z \in \BbbR ++,
denoted by X \sim Gamma(\nu , z), if its pdf has the form

(2.4) \pi (x| \nu , z) =

\left\{   
1

\nu z\Gamma (z)
xz - 1 exp

\Bigl( 
 - x

\nu 

\Bigr) 
if x \in \BbbR ++ ,

0 otherwise.

The mean \mu \in \BbbR ++ and standard deviation \sigma \in \BbbR ++ of the Gamma pdf in (2.4) can
be written in terms of the scale parameter \nu and the shape parameter z as follows:

(2.5) \mu = \mu z , \sigma = \mu 
\surd 
z .

Finally, we recall the definition of proximal operator to which we will extensively
refer in sections 4--8.

Definition 2.8 (proximal operator). Let f : \BbbR N \rightarrow \BbbR be a proper, lower semi-
continuous and possibly nonconvex function and let \beta \in \BbbR ++. The proximal operator
of f with proximity parameter \beta is the set-valued function prox\beta f : \BbbR N \rightrightarrows \BbbR N defined

for any \bfitw \in \BbbR N by

(2.6) prox\beta f (\bfitw ) := arg min
\bfitx \in \BbbR N

\biggl\{ 
f(\bfitx ) +

\beta 

2
\| \bfitx  - \bfitw \| 22

\biggr\} 
\subset \BbbR N .

Note that if f in the definition above is convex, then the cost function in (2.6) is

strongly convex, hence it admits a unique global minimizer. In this case, prox\beta f (\cdot ) is a
well-defined function from \BbbR N to itself which coincides with the well-studied proximal
operator frequently encountered in convex optimization contexts (see, e.g., [54]).

2.1. Generalized Discrepancy Principle. Assuming that the noise degradation
operator \scrN in (1.1) models the action of an additive, zero-mean, independent and
identically distributed (i.i.d.) generalized Gaussian (in short, AIGG) noise, we have
that (1.1) can be rewritten as

(2.7) \bfitb = \bfA \bfitu + \bfite , with ej realization of Ej \sim GG(0, \omega , q) , j = 1, . . . ,M,
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where, based on Definition 2.3, \bfite \in \BbbR M is the vector of realizations of the M -variate
random variable \bfitE whose components Ej are i.i.d. zero-mean GG random variables
with scale parameter \omega \in \BbbR ++ and shape parameter q \in \BbbR ++, both encoding infor-
mation on the noise standard deviation according to (2.3).

Before detailing a generalized discrepancy principle (in short, GDP) useful to
define an automatic selection strategy for the regularization parameter \mu in (1.2)
under the modeling assumption (2.7), we report the following result, whose proof is
based on classical probability arguments and given for completeness in the appendix.

Proposition 2.9. If Xi \sim GG(0, \omega , q), i = 1, . . . ,M , with \omega , q \in \BbbR ++, are
independent random variables, then we have

(2.8) Y = \| (X1, . . . , XM )\| qq =
M\sum 
i=1

| Xi| q \sim Gamma(\nu , z), \nu =
1

\omega q
, z =

M

q
.

It thus follows from (2.5) that the random variable Y has mean \eta Y \in \BbbR ++ and stan-
dard deviation \sigma Y \in \BbbR ++, whose expressions are given by

(2.9) \eta Y = \nu z =
1

\omega q

M

q
, \sigma Y = \nu 

\surd 
z =

1

\omega q

\sqrt{} 
M

q
.

Thanks to Proposition 2.9, we can now provide the following GDP.

Definition 2.10 (generalized discrepancy principle). Let \bfitu \ast (\mu ) indicate the para-
meter-dependent solution of variational problem (1.2) under modeling assumptions
(2.7) and let \bfity \ast (\mu ) := \bfA \bfitu \ast (\mu ) - \bfitb be the associated residual image. Then the gener-
alized discrepancy principle applied to selecting \mu can be formulated as follows:

Select \mu = \mu \ast such that \| \bfity \ast (\mu \ast )\| q = \delta q ,

where \delta q \in \BbbR ++, referred to as the discrepancy radius, is given by

(2.10) \delta q := \tau q

\sqrt{} 
\BbbE (\| \bfitE \| qq) =

\biggl\{ 
\tau (1/\omega ) (M/q)1/q if q < +\infty ,
\tau (1/\omega ) if q = +\infty ,

with discrepancy coefficient \tau \approx 1.

Remark 2.11 (Morozov discrepancy principle from GDP with q = 2). We note
that for q = 2, corresponding to the case of additive, zero-mean i.i.d. Gaussian noise,
the random variables Xi in Proposition 2.9 are all generalized Gaussian-distributed
with zero-mean, shape parameter q = 2, and scale parameter \omega or, equivalently,
Gaussian-distributed with zero-mean and standard deviation \sigma = 1/(

\surd 
2\omega ), according

to (2.3). Hence, the random variable Y in (2.8) is Gamma-distributed with shape
parameter z = M/q = M/2 and scale parameter \nu = 1/\omega q = 2\sigma 2. It follows from
(2.9) that the mean (or expected value) of random variable Y is given by \mu Y =
\BbbE (\| \bfitE \| 22) = M \sigma 2 and, hence, the GDP in Definition 2.10 reduces to the classical
Morozov discrepancy principle,

select \mu = \mu \ast such that \| \bfity \ast (\mu \ast )\| 2 = \delta 2 , with \delta 2 = \tau 
\surd 
M \sigma ,

detailed, e.g., in [117, 68].
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3. A Flexible Bayesian-Inspired Framework. In this section, we recall the gen-
eral Bayesian framework outlined in section 1.4.2 and adapt it to our purposes and
considerations. As a general comment, we believe it is worth remarking here that the
derivations carried out in section 3 are only meant to be Bayesian-inspired. In other
words, the probabilistic setup is employed for providing a rational basis for the in-
troduction of the recalled space-variant variational models; at the same time, it gives
significant insights about the expected behavior of the parameters arising in the vari-
ational models and allows us to derive, in a very natural way, an algorithmic strategy
for their automatic estimation. The choice of not rigorously following the Bayesian
approach is motivated by the fact that we consider the variational framework as the
setup of primary interest for our analysis. In this perspective, the MAP strategy
represents the key which allows us to bridge the two approaches. The employment of
different probabilistic-based methods for exploring the posterior pdf is thus beyond
the goal of this work.

In what follows, we start specifying the different noise degradation models \scrN 
considered in (1.1) and define suitable likelihood pdfs accordingly. Next, we specify
the flexible space-variant priors focus of this work by defining a class of increasingly
general distributions. Likelihoods and priors are then combined by means of a suit-
able MAP estimate suited to describe the case where the prior hyperparameters are
unknown.

3.1. Likelihoods. In the following, the likelihood pdf will be indicated by
\pi (\bfitb | \bfitu ,\bfPhi ), where, in addition to \bfitu \in \BbbR N , the dependence on the likelihood hy-
perparameter vector \bfPhi \in \BbbR k involved in the analytic expression of the pdf is here
explicitly taken into account.

In order to benefit from the automatic parameter selection strategy provided by
the GDP detailed in Definition 2.10, we will focus our attention on the class of AIGG
noises corresponding to model (2.7).

Note that although not exhaustive, this class is very general as it contains some
commonly used noise models, such as, e.g., the additive i.i.d. Laplacian (AIL) noise
(q = 1), the additive i.i.d. Gaussian (AIG) noise (q = 2) and the additive i.i.d.
uniform (AIU) noise (q = +\infty ). AIG noise is very frequently considered in appli-
cations to model the presence of electronic noise. On the other hand, AIL noise is
typically encountered in stack-filtering and to model the residuals in object-tracking
applications (see, e.g., [1, 156]), although its associated functional form is also typ-
ically and frequently used to model nonadditive impulsive noise (see the seminal
works [120, 48]). Finally, AIU noise is typically used to describe quantization er-
rors arising in data acquisition and processing; see, e.g., [152, 53]. More general
nonadditive noise models can also be employed to express signal-dependent or mul-
tiplicative noise degradation. From a statistical point of view, such models can be
described by means of Poisson [104, 137, 153, 13] or Gamma [133, 6, 140, 87, 141]
distributions, respectively. The design of GDP strategies for these models is intrin-
sically more challenging due to the dependence of the noise on the (unknown) local
image intensity values. Nonetheless, some works in this direction exist; see, e.g.,
[14, 145].

Due to the assumption that the univariate GG random variables Ej in (2.7) are
zero-mean i.i.d., the M -variate likelihood pdf can be written as the product of M
univariate GG pdfs (see Definition 2.3) all characterized by the same pair of scale
and shape parameters \bfPhi := (\omega , q) and with means equal to (\bfA \bfitu )j , j = 1, . . . ,M ; in
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formula,

\pi (\bfitb | \bfitu ,\bfPhi ) =
M\prod 
j=1

\pi (bj | (\bfA \bfitu )j , \omega , q) .

According to Definition 2.3, when q < +\infty the likelihood pdf thus takes the form

\pi (\bfitb | \bfitu ,\bfPhi ) =
M\prod 
j=1

\biggl( 
\omega 

2

q

\Gamma (1/q)
exp ( - \omega q| (\bfA \bfitu )j  - bj | q)

\biggr) 

=

\biggl( 
\omega 

2

q

\Gamma (1/q)

\biggr) M

exp
\Bigl( 
 - \omega q \| \bfA \bfitu  - \bfitb \| qq

\Bigr) 
, with \bfPhi =(\omega , q) \in \BbbR 2

++ ,(3.1)

while for q = +\infty it reads

\pi (\bfitb | \bfitu ,\bfPhi ) =
M\prod 
j=1

\Bigl( \omega 
2
\chi [0,1/\omega ] (| (\bfA \bfitu )j  - bj | )

\Bigr) 
=
\Bigl( \omega 
2

\Bigr) M
\chi [0,1/\omega ] (\| \bfA \bfitu  - \bfitb \| \infty ) , with \bfPhi =(\omega , q) \in \BbbR ++ \times \{ +\infty \} .(3.2)

In our settings, we will assume that both parameters \bfPhi = (\omega , q) are known. As
a consequence, from now on, the dependence on \bfPhi in the expression of the likelihood
pdf will be omitted.

3.2. Priors. Recalling the statistical modeling introduced in section 1.4.2 and
in particular the MRF structure in (1.7), we proceed similarly as in the previous
section and make explicit the dependence of the prior pdf on the vector of prior
hyperparameters \bfTheta involved in its expression, which here are assumed to be unknown.
The Gibbs prior in (1.7) thus reads

\pi (\bfitu | \bfTheta ) =
1

Z(\bfTheta )
exp

\biggl( 
 - 

N\sum 
i=1

V\scrC i(\bfitu ;\bfTheta )

\biggr) 
,

where Z(\bfTheta ) \in \BbbR ++ is a normalization constant depending on the unknown parameters
\bfTheta while V\scrC i

is the Gibbs potential on the ith clique \scrC i, also depending on \bfTheta .
Recalling the general Markovian property (1.6) and thinking of the description

of the image in terms of its local gradients (\bfD \bfitu )i discretized by standard first-order
forward finite differences, we have that (1.6) turns into

(3.3) \pi (Ui = ui | Uj = uj , j \not = i ) = \pi (Ui = ui | Ui,\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t} = ui,\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t} , Ui,\mathrm{d}\mathrm{o}\mathrm{w}\mathrm{n} = ui,\mathrm{d}\mathrm{o}\mathrm{w}\mathrm{n}).

For better illustration, we show the corresponding configuration of the generic clique
in Figure 4. Condition (3.3) states that the potential function V\scrC i

is defined over a
discrete set of cardinality 3, namely \{ ui, ui,\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}, ui,\mathrm{d}\mathrm{o}\mathrm{w}\mathrm{n}\} , which are indeed the values
involved in the computation of the discrete gradient at pixel i.

We now outline a prior-derivation procedure aimed at connecting the Bayesian
setup with the classical variational framework. In fact, by considering suitable sim-
plifications, in the end the following approach will produce variational models charac-
terized by two penalization terms, namely one for the image and one for the unknown
parameters.
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Fig. 4 Pixels represented as atoms in a lattice. The colored ones belong to the clique related to
the red atom. In particular, the blue atoms are involved in the computation of the finite
difference gradient evaluated at the red atom.

Introducing the function \bfitz : \BbbR N \rightarrow \BbbR N
+ defined by

(3.4) \bfitz (\bfitu ) = [z1(\bfitu ), . . . , zN (\bfitu )]
T
, zi(\bfitu ) = \| (\bfD \bfitu )i\| 2 ,

and assuming that each image gradient magnitude xi := zi(\bfitu ) = \| (\bfD \bfitu )i\| 2 \in \BbbR +

is the realization of the same univariate half-Laplacian (or exponential) distribution
(hLd) with scale parameter \alpha \in \BbbR ++ and that the magnitudes at different pixels are
independent, we have that the N -variate pdf \pi (\bfitz (\bfitu ) | \alpha ) takes the form

\pi (\bfitz (\bfitu ) | \alpha ) =
N\prod 
i=1

\pi (zi(\bfitu ) | \alpha ) =
N\prod 
i=1

(\alpha exp ( - \alpha \| (\bfD \bfitu )i\| 2))

= \alpha N exp

\Biggl( 
 - \alpha 

N\sum 
i=1

\| (\bfD \bfitu )i\| 2

\Biggr) 
.(3.5)

Starting from (3.5), one can obtain the popular Gibbs TV prior by normalization.
In fact, by taking

(3.6) \pi (\bfitu | \bfTheta ) = c(\bfTheta )\pi (\bfitz (\bfitu ) | \bfTheta ) ,

with the normalization term c(\bfTheta ) reading

(3.7) c(\bfTheta ) =
1\int 

\bfitu \in \BbbR N

\pi (z(\bfitu ) | \bfTheta )d\bfitu 

,

we have

\pi (\bfitu | \bfTheta ) = c(\bfTheta )
N\prod 
i=1

(\alpha exp ( - \alpha \| (\bfD \bfitu )i\| 2))

= c(\bfTheta )\alpha N exp

\Biggl( 
 - \alpha 

N\sum 
i=1

\| (\bfD \bfitu )i\| 2

\Biggr) 
, with \bfTheta = \alpha \in \BbbR ++ .(3.8)
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Notice that the presence of c(\bfTheta ) guarantees that the prior pdf in (3.8) sums up to 1
when considering the space of all possible configurations.

A way to improve upon the intrinsic rigidity of (3.8), due to the dependence on
the single scale parameter \alpha \in \BbbR ++, consists in letting it vary at any pixel, so as
to maintain the same prior hypothesis on the image gradient magnitudes xi, while
enriching it with further flexibility depending on the local scale \alpha i. The corresponding
space-variant hLd probability density thus reads in this case

(hLd-sv) \pi (xi | \alpha i) =

\Biggl\{ 
\alpha i exp( - \alpha ixi), xi \geq 0,

0, xi < 0,
i = 1, . . . , N, \alpha i \in \BbbR ++ ,

and, according to the general expression in (3.6) and upon the selection of function
\bfitz (\bfitu ) as in (3.4), yields the following nonstationary prior pdf on \bfitu :

\pi (\bfitu | \bfTheta ) = c(\bfTheta )
N\prod 
i=1

(\alpha i exp ( - \alpha i \| (\bfD \bfitu )i\| 2))

= c(\bfTheta )

\Biggl( 
N\prod 
i=1

\alpha i

\Biggr) 
exp

\Biggl( 
 - 

N\sum 
i=1

\alpha i \| (\bfD \bfitu )i\| 2

\Biggr) 
, with \bfTheta = \bfitalpha \in \BbbR N

++ ,(3.9)

with z defined as in (3.4) and the normalization function c(\bfTheta ) obtained by plugging
the novel \pi (\bfitz (\bfitu ) | \bfTheta ) into (3.7).

As shown in Figure 5(a), this choice allows for more flexibility in the description
of local gradient contents; nonetheless, it has the major drawback of still limiting to
the family of half-Laplacian distributions the choice of the local pdf considered.

To overcome this, one can leave further freedom to the heavy- vs. light-tailed
behavior of the exponential distribution considered. This can be done in practice
by allowing, along with a space-variant pdf scale \alpha i, a different exponential behavior
depending on a ``sharpness"" (shape) parameter pi, still possibly varying at any i =
1, . . . , N . This choice corresponds to considering a space-variant half generalized
Gaussian distribution (hGGD-sv) (see (GGd)), whose expression for i = 1, . . . , N
reads

(hGGd-sv) \pi (xi;\alpha i, pi) =

\Biggl\{ 
\alpha ipi

\Gamma (1/pi)
exp( - (\alpha ixi)

pi), xi \geq 0,

0, xi < 0,
\alpha i, pi \in \BbbR ++ .

In Figure 5(b) we show the plot of the hGGd pdf for different values of the shape
parameter p while leaving the scale parameter \alpha = 1 fixed. One can easily notice that
the family of hGG distributions is particularly rich, ranging from hyper-Laplacian
distributions for p < 1 to uniform distributions for p = +\infty . According to (3.6), the
prior on \bfitu corresponding to the pdf in (hGGd-sv) reads

\pi (\bfitu | \bfTheta ) = c(\bfTheta )
N\prod 
i=1

\biggl( 
\alpha ipi

\Gamma (1/pi)
exp ( - (\alpha i \| (\bfD \bfitu )i\| 2)

pi)

\biggr) 

= c(\bfTheta )

\Biggl( 
N\prod 
i=1

\alpha ipi
\Gamma (1/pi)

\Biggr) 
exp

\Biggl( 
 - 

N\sum 
i=1

\alpha pi

i \| (\bfD \bfitu )i\| pi

2

\Biggr) 
, with \bfTheta =(\bfitalpha ,\bfitp ) \in \BbbR N\times 2

++ ,

(3.10)

where z is defined in (3.4), while c(\bfTheta ) is given by (3.7) when considering the current
selection of \pi (\bfitz (\bfitu ) | \bfTheta ).
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(\mathrm{a}) \mathrm{h}\mathrm{L}\mathrm{D} (\mathrm{b}) \mathrm{h}\mathrm{G}\mathrm{G}\mathrm{D}

(\mathrm{c}) (\alpha , p, \theta , a)=(2, 0.7, 0, 1) (\mathrm{d}) (\alpha , p, \theta , a)=(6, 1, 0, 0.1) (\mathrm{e}) (\alpha , p, \theta , a)=(2, 2, \pi /6, 0.2)

(\mathrm{f}) (\mathrm{g}) (\mathrm{h})

Fig. 5 First row: half Laplacian distribution for different values of \alpha \in \BbbR ++ (a), half generalized
Gaussian distribution for different values of p \in \BbbR ++ and \alpha = 1 (b). Second row: bivariate
generalized Gaussian distribution for different values of \alpha \in \BbbR ++, p \in \BbbR ++, \theta \in [ - \pi /2, \pi /2),
a \in (0, 1]. Third row: contour plots of the bivariate generalized Gaussian pdfs displayed in
the second row.

We stress that, despite their differences, the choices (hLd), (hLd-sv), and (hGGd-sv)
correspond to the formulation of prior assumptions on the quantities \| (\bfD \bfitu )i\| 2 for
i = 1, . . . , N . Clearly, this is somehow a ``rigid"" choice since it does not exploit the
two-dimensionality of local image gradients (\bfD \bfitu )i = ((\bfD \bfith \bfitu )i, (\bfD \bfitv \bfitu )i) and, possibly,
the correlation between their horizontal and vertical components (\bfD \bfith \bfitu )i and (\bfD \bfitv \bfitu )i.
To do so, a different, possibly space-variant, prior assumption imposing a priori infor-
mation on the local image gradient can be made. Namely, after introducing a novel
definition for function \bfitz (\bfitu ) that reads

\bfitz (\bfitu ) = [z1(\bfitu ), . . . , zN (\bfitu )]
T
, zi(\bfitu ) = (\bfD \bfitu )i ,
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one can assume that zi(\bfitu ) follows a bivariate generalized Gaussian distribution (BGGd;
see (BGGd)) which is space-variant with respect to shape and scale and locally takes
the form
(BGGd-sv)

\pi (zi(\bfitu ); pi,\bfSigma i) =
1

2\pi | \bfSigma i| 1/2
pi

\Gamma (2/pi) 22/pi
exp

\biggl( 
 - 1

2
(zi(\bfitu )

T\bfSigma  - 1
i zi(\bfitu ))

pi/2

\biggr) 
,

where, for every i, the covariance matrix \bfSigma i \in \BbbR 2\times 2 is symmetric positive definite
with determinant | \bfSigma i| > 0. The general prior in (3.6) thus takes the form of the
following nonstationary prior pdf on \bfitu :

\pi (\bfitu | \bfTheta ) = c(\bfTheta )
N\prod 
i=1

\biggl( 
1

2\pi | \bfSigma i| 1/2
pi

\Gamma (2/pi) 22/pi
exp

\biggl( 
 - 1

2
((\bfD \bfitu )Ti \bfSigma 

 - 1
i (\bfD \bfitu )i)

pi

2

\biggr) \biggr) 

= c(\bfTheta )

N\prod 
i=1

\biggl( 
1

2\pi | \bfSigma i| 1/2
pi

\Gamma (2/pi) 22/pi

\biggr) 
exp

\Biggl( 
 - 1

2

N\sum 
i=1

\bigl( 
(\bfD \bfitu )Ti \bfSigma 

 - 1
i (\bfD \bfitu )i

\bigr) pi

2

\Biggr) 
,

(3.11)

where the normalization function c is given by (3.7) when, we recall, \bfitz (\bfitu ) = \bfD \bfitu , and
when the pdf of \bfitz (\bfitu ) given \bfTheta is selected as a BGGd.

For a better interpretation of such a choice, we now perform some simple manip-
ulations to the generic ith term of the sum appearing in (BGGd-sv) so as to highlight
how the information related to the local image scale and orientations is all encoded in
the local covariance matrices\bfSigma \bfiti . To this purpose, we consider the following eigenvalue
decomposition:

(3.12) \bfSigma \bfiti = \bfV T
\bfiti \bfE \bfiti \bfV \bfiti , \bfE \bfiti =

\Biggl( 
e
(1)
i 0

0 e
(2)
i

\Biggr) 
, e

(2)
i \geq e

(1)
i > 0, \bfV T

\bfiti \bfV \bfiti = \bfV \bfiti \bfV 
T
\bfiti = \bfI 2,

where for every i = 1, . . . , N , e
(1)
i , e

(2)
i are the (positive) eigenvalues of \bfSigma \bfiti and \bfV \bfiti is

an orthonormal (rotation) matrix to be made precise. We can thus rewrite the ith
term of the sum in (3.11) as

(3.13)
\Bigl( 
(\bfD \bfitu )Ti \bfSigma 

 - 1
\bfiti (\bfD \bfitu )i

\Bigr) pi

2
=
\Bigl( 
(\bfD \bfitu )Ti \bfV 

T
\bfiti \bfE 

 - 1
\bfiti \bfV \bfiti (\bfD \bfitu )i

\Bigr) pi

2
=
\bigm\| \bigm\| \bigm\| \widetilde \bfLambda i\bfR -\theta i (\bfD \bfitu )i

\bigm\| \bigm\| \bigm\| pi

2
,

where

\widetilde \bfLambda i =

\Biggl( \widetilde \lambda (1)
i 0

0 \widetilde \lambda (2)
i

\Biggr) 
:= \bfE 

 - 1/2
\bfiti =

\left(  1/

\sqrt{} 
e
(1)
i 0

0 1/

\sqrt{} 
e
(2)
i

\right)  ,(3.14)

\bfR -\theta i =

\biggl( 
cos \theta i sin \theta i
 - sin \theta i cos \theta i

\biggr) 
= \bfV \bfiti , \theta i \in [ - \pi /2, \pi /2) ,(3.15)

and \theta i \in [ - \pi /2, \pi /2) denotes the angle drawn locally with respect to the horizontal
axis, as simple geometrical considerations show. By now introducing the two param-
eter vectors \bfitalpha \in \BbbR N

++ and \bfita \in (0, 1]N with components

\alpha i := \widetilde \lambda (1)
i \in \BbbR ++, ai :=

\widetilde \lambda (2)
i\widetilde \lambda (1)
i

\in (0, 1], i = 1, . . . , N ,
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we have that the matrix \widetilde \bfLambda i in (3.15) can be equivalently rewritten as

(3.16) \widetilde \bfLambda i = \widetilde \lambda (1)
i

\biggl( 
1 0

0 \widetilde \lambda (2)
i /\widetilde \lambda (1)

i

\biggr) 
= \alpha i\bfLambda ai

, with \bfLambda ai
=

\biggl( 
1 0
0 ai

\biggr) 
.

Combining altogether, we have that (3.15)--(3.16) entail that the term in (3.13) can
be indeed written as

(3.17)
\Bigl( 
(\bfD \bfitu )Ti \bfSigma 

 - 1
\bfiti (\bfD \bfitu )i

\Bigr) pi

2
= \alpha pi

i \| \bfLambda ai\bfR -\theta i(\bfD \bfitu )i\| pi

2 .

Furthermore, based on (3.12) and (3.15)--(3.16), we observe that

(3.18)
\bigm| \bigm| \bfSigma i

\bigm| \bigm|  - 1/2
=
\bigm| \bigm| \bfV T

i \bfE i\bfV i

\bigm| \bigm|  - 1/2
=
\bigm| \bigm| \bfE i

\bigm| \bigm|  - 1/2
=
\bigm| \bigm| \widetilde \bfLambda i

\bigm| \bigm| = \bigm| \bigm| \alpha 2
i\bfLambda ai

\bigm| \bigm| = \alpha 2
i ai > 0.

Plugging now (3.17) and (3.18) into the expression (3.11), we obtain the equivalent
form
(3.19)

\pi (\bfitu | \bfTheta ) =
c(\bfTheta )

(2\pi )N

\Biggl( 
N\prod 
i=1

\alpha 2
i pi ai

\Gamma (2/pi) 22/pi

\Biggr) 
exp

\Biggl( 
 - 

N\sum 
i=1

\alpha pi

i \| \bfLambda ai\bfR -\theta i (\bfD \bfitu )i\| pi

2

\Biggr) 
,

where the vector of hyperparameters is here:

(3.20) \bfTheta = (\bfitalpha ,\bfitp ,\bfittheta , \bfita ) \in \BbbR N\times 2
++ \times [ - \pi /2, \pi /2)N \times (0, 1]N .

Compared to the univariate prior (3.10), prior (3.19)--(3.20) is characterized by
two additional vectors of (space-variant) parameters \theta i \in [ - \pi /2, \pi /2) and ai \in (0, 1],
i = 1. . . . , N . These parameters relate in fact to the bivariate nature of the BGGd in
(BGGd-sv). In particular, the parameter \theta i represents the direction of the major axis
of elliptical contour lines of the local BGGd, while ai describes locally the eccentricity
of the contour lines. More precisely, ai = 1 corresponds to circular contour lines,
i.e., to a maximally isotropic pdf, whereas for ai \approx 0 the contour lines approach lines
drawing the angle \theta i with respect to the horizontal axis, hence they are maximally
anisotropic. The great flexibility of distribution in (BGGd-sv) is highlighted in Figures
5(c)--5(e), where the pdfs corresponding to the choice of different scalar parameters
\alpha i, pi, ai, and \theta i are shown, while the corresponding contour plots are displayed in
Figures 5(f)--5(h).

Remark 3.1. Note that the nonstationary prior in (3.9) reduces to the stationary
TV prior in (3.8) for constant choices of the scale parameters \alpha i = \alpha \forall i. Analogously,
by setting \alpha i = \alpha and pi = p \forall i, in (3.10), we recover the space-invariant prior
corresponding to the TVp regularizer in (TVp). The same consideration holds for the
DTV regularization term in (DTV), whose statistical counterpart is obtained starting
from (3.19) and setting \alpha i = \alpha , pi = 1, \theta i = \theta , and ai = a \forall i. From a probabilistic
point of view, note that moving from a stationary to a nonstationary framework
corresponds to not assume identity in distribution for the functions zi(\bfitu ) due to the
space-variant nature of the distribution parameters, while keeping the independence
assumption.

In section 4, we are going to bridge the Bayesian and the variational framework
via the MAP approach, so that the relation between the prior pdfs recalled so far and
the regularization terms that have been already introduced, or that will be discussed
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Table 1 Regularization terms introduced in section 1 (top) and defined in section 4 (bottom) corre-
sponding to the stationary (i.i.d.) and nonstationary (for which only independence holds)
priors recalled. For each of them, we report the function zi(\bfitu ), together with the expression
of the conditioned prior pdf and the parameters domain.

\scrR (\bfitu ,\bfTheta ) zi(\bfitu ) \pi (zi(\bfitu ) | \bfTheta i) \bfTheta i

TV \| (\bfD \bfitu )i\| 2 \alpha exp( - \alpha zi(\bfitu )) \alpha \in \BbbR ++

TVp \| (\bfD \bfitu )i\| 2
\alpha p

\Gamma (1/p)
exp( - (\alpha zi(\bfitu ))

p) (\alpha , p) \in \BbbR 2
++

st
a
ti
o
n
a
ry

(i
.i
.d
.)

DTV (\bfD \bfitu )i
a

(2\pi )

\alpha 2

4
exp ( - \alpha \| \bfLambda a\bfR -\theta zi(\bfitu )\| 2) (\alpha , \theta , a) \in \BbbR ++ \times [ - \pi /2, \pi /2)\times (0, 1]

WTV \| (\bfD \bfitu )i\| 2 \alpha i exp( - \alpha i zi(\bfitu )) \alpha i \in \BbbR ++

WTVsv
\bfitp \| (\bfD \bfitu )i\| 2

\alpha i pi
\Gamma (1/pi)

exp( - (\alpha izi(\bfitu ))
pi) (\alpha i, pi) \in \BbbR 2

++

n
on

st
at
io
n
ar
y

WDTVsv
\bfitp (\bfD \bfitu )i

ai
(2\pi )

\alpha 2
i pi

\Gamma (2/pi) 22/pi
exp ( - \alpha pi

i \| \bfLambda ai
\bfR -\theta i zi(\bfitu )\| 

pi

2 ) (\alpha i, pi, \theta i, ai) \in \BbbR 2
++ \times [ - \pi /2, \pi /2)\times (0, 1]

later, will appear clear. However, we anticipate the mentioned connection and report
in Table 1 the space-invariant and the space-variant regularization terms which are
derived starting from the stationary and nonstationary prior pdfs listed above. For
each pdf, we also report the expression of function zi(\bfitu ) as well as the parameter
domain. Notice that we have not explicitly considered the pdfs corresponding to
the TVp and to the DTV regularizer; however, the former corresponds to selecting
a global hGGd for the gradient magnitudes, while the latter can be easily derived
starting from the BGGd.

3.3. Hierarchical Modeling. The effort made in deriving the highly parametric
prior distributions in the previous section would be vain if not coupled with an auto-
matic and robust procedure for the estimation of the unknown parameters \bfTheta . The
choice of recasting the original problem in probabilistic terms makes it very natural
to model the unknown vector \bfTheta as well as the unknown \bfitu as random variables. To do
so, we thus need to introduce a further pdf encoding the a priori beliefs on \bfTheta , which,
in the following, will be denoted by \pi (\bfTheta ) and which will be referred to as hyperprior.

By proceeding as in (1.5), we seek the analytic expression of the joint posterior
pdf, which, by leaving the dependence on \bfTheta explicit, is related to the prior and
likelihood pdf through

\pi (\bfitu ,\bfTheta | \bfitb ) = \pi (\bfitu ,\bfTheta )\pi (\bfitb | \bfitu ,\bfTheta )

\pi (\bfitb )
=

\pi (\bfitu | \bfTheta )\pi (\bfTheta )\pi (\bfitb | \bfitu )
\pi (\bfitb )

,

where, in the last equality, we have used \pi (\bfitu ,\bfTheta ) = \pi (\bfitu | \bfTheta )\pi (\bfTheta ) and \pi (\bfitb | \bfitu ,\bfTheta ) =
\pi (\bfitb | \bfitu ). Proceeding by standard MAP estimation, we thus have that the sought
solution pair \{ \bfitu \ast ,\bfTheta \ast \} is the one maximizing the joint posterior pdf \pi (\bfitu ,\bfTheta | \bfitb ), i.e.,

\{ \bfitu \ast ,\bfTheta \ast \} \in arg max
\bfitu ,\bfTheta 

\{ \pi (\bfitu | \bfTheta )\pi (\bfTheta )\pi (\bfitb | \bfitu )\} ,
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or, equivalently,

\{ \bfitu \ast ,\bfTheta \ast \} \in arg min
\bfitu ,\bfTheta 

\{  - ln\pi (\bfitu | \bfTheta ) - ln\pi (\bfTheta ) - ln\pi (\bfitb | \bfitu )\} 

= arg min
\bfitu ,\bfTheta 

\{  - ln c(\bfTheta ) - ln\pi (\bfitz (\bfitu ) | \bfTheta ) - ln\pi (\bfTheta ) - ln\pi (\bfitb | \bfitu )\} ,
(3.21)

where the evidence term \pi (\bfitb ) has been dropped as it does not depend on either \bfitu or
\bfTheta .

When tackling the joint model (3.21), two major difficulties arise, namely the
computation of the highly dimensional constant c(\bfTheta ) and the choice of an efficient
algorithmic scheme for the numerical solution of the minimization problem (3.21).
Different strategies have been designed to overcome the former issue: most of them
are based on a modification of the conditional prior \pi (\bfitu | \bfTheta ) which comes from either
approximating c(\bfTheta ) (see [122, 8, 7]) or neglecting it (see [155]). Here, we adopt this
latter approach so that the joint hypermodel (3.21) takes the form

(3.22) \{ \bfitu \ast ,\bfTheta \ast \} \in arg min
\bfitu ,\bfTheta 

\{  - ln\pi (\bfitz (\bfitu ) | \bfTheta ) - ln\pi (\bfTheta ) - ln\pi (\bfitb | \bfitu )\} .

Neglecting c(\bfTheta ) provides a significant simplification of the problem of interest. None-
theless, as we will show in sections 7 and 9, such simplification will result in an efficient
ML-type parameter estimation strategy which will be shown to produce meaningful
results. Clearly, a more accurate study of (3.21) will require dealing explicitly with
the computation of such constant by means, for instance, of analogous approaches
such as those described in [147, 58].

From a numerical perspective, the solution of problem (3.22) can be addressed in
different manners. A standard strategy illustrated in [34] is based on the design of an
iterated sequential algorithm (IAS) which, for k \geq 0 and upon a suitable initialization
for \bfitu (0), reads

\bfTheta (k+1) \in arg min
\bfTheta 

\Bigl\{ 
 - ln\pi (\bfitz (\bfitu (k)) | \bfTheta ) - ln\pi (\bfTheta )

\Bigr\} 
,(3.23)

\bfitu (k+1) \in arg min
\bfitu 

\Bigl\{ 
 - ln\pi (\bfitz (\bfitu ) | \bfTheta (k+1)) - ln\pi (\bfitb | \bfitu )

\Bigr\} 
,(3.24)

where the function \bfitz (\cdot ) has been defined in section 3.2 depending on the specific form
of the prior distribution at hand.

4. The Anatomy of Space-Variant Regularization Models. In this section, we
derive the explicit expressions of the negative log-prior term  - ln\pi (\bfitz (\bfitu ) | \bfTheta ), ap-
pearing in the cost function of (3.22), depending on the particular choice of the prior
pdf among the ones described in section 3.2. For each considered prior, we will write
explicitly the analytical form of the corresponding image regularizer, dissecting its
properties in terms of regularization features and providing some intuitions on their
sparsity promoting behavior.

4.1. From Nonstationary Priors to Space-Variant Regularizers. Recalling
(TV), we start computing the negative logarithm of the stationary Gibbs TV prior in
(3.8). We have

(4.1)  - ln\pi (\bfitz (\bfitu ) | \bfTheta ) = \alpha TV(\bfitu ) - N ln\alpha .
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We now rewrite TV as

(4.2) TV(\bfitu ) =
N\sum 
i=1

f\mathrm{T}\mathrm{V} ((\bfD \bfitu )i) ,

where the space-invariant and nonparametric function f\mathrm{T}\mathrm{V} : \BbbR 2 \rightarrow \BbbR + is defined by

(4.3) f\mathrm{T}\mathrm{V}(\bfitg i) := \| \bfitg i\| 2 , \bfitg i = (gi,1, gi,2) \in \BbbR 2

and is referred to in the following as the TV gradient penalty function. As is well
known, TV is bounded from below by zero, (nonstrictly) convex, noncoercive due
to null(\bfD ) \not = \{ \bfzero N\} , and nonsmooth. This last property is indeed responsible for
the good gradient sparsity-promoting effect of TV, which favors piecewise-constant
solutions. The TV gradient penalty function f\mathrm{T}\mathrm{V} in (4.3) is shown in Figure 6(a).

-1 0 1

g
i,1

0

1

f T
V

(g
i,
1
,0

)

(a) f\mathrm{T}\mathrm{V} (b) 1D section of f\mathrm{T}\mathrm{V} along the gi,1-axis

Fig. 6 Space-invariant gradient penalty function fTV defined in (4.3) for the TV regularizer (4.2).

To analyze in detail the properties of the TV regularizer, it is useful to con-
sider the 1D sections of the gradient penalty function f\mathrm{T}\mathrm{V} along straight lines passing
through the origin of the penalty domain and having direction defined by the an-
gle \varphi \in [ - \pi ,+\pi ). Using a standard (arc-length) parametrization for straight lines,
namely, \{ gi,1(t;\varphi ) = t cos(\varphi ), gi,2(t;\varphi ) = t sin(\varphi ), t \in \BbbR \} , the sections of f\mathrm{T}\mathrm{V} in
(4.3) read

(4.4) si(t;\varphi ) = | t| , t \in \BbbR , i = 1, . . . , N .

In Figure 6(b) we show one section of f\mathrm{T}\mathrm{V} along the direction defined by the angle
\varphi = 0, i.e., the gi,1-axis. However, as the expression (4.4) does not depend on \varphi , we
deduce that the same figure could be obtained by representing the section correspond-
ing to any \varphi , for any pixel location i. The TV penalty f\mathrm{T}\mathrm{V} in (4.3)---hence, the (TV)
regularizer---is in fact space and rotationally invariant (i.e., isotropic).

Being isotropic, TV does not take explicitly into account directionality properties
in the image. Moreover, the presence of a fixed, global exponent p = 1 for the norms
in the penalty (4.3) and of a global scale parameter \alpha > 0 in (3.8) and, hence, in
the negative log-prior (4.1) makes the TV regularizer unable to adapt the strength
(associated to \alpha in (4.1)) or the nature (associated to the exponent of the norm in
(4.3)) of the gradient sparsity-promoting effect to the local contents of the image to
be recovered.
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In the following, we inspect how the nonstationary priors introduced in section 3.2
can favor local regularization features, namely strength, sharpness, and directionality.

4.1.1. Local Regularization Strength. Recalling section 3.2, the first and prob-
ably the easiest way to make the (TV) regularizer spatially flexible consists in allowing
for a different amount of regularization at every pixel in the image. From a Bayesian
perspective, this corresponds to assuming a nonstationary hL prior distribution for
the gradient magnitudes of \bfitu . By computing the negative logarithm in (3.9), we have

 - ln\pi (\bfitz (\bfitu ) | \bfTheta ) = WTV(\bfitu ;\bfTheta ) - 
N\sum 
i=1

ln\alpha i ,

where the space-variant WTV regularizer is defined in terms of hyperparameters
\bfTheta = \bfitalpha and reads

(WTV) WTV(\bfitu ;\bfitalpha ) :=

N\sum 
i=1

\alpha i\| (\bfD \bfitu )i\| 2 , \bfitalpha \in \BbbR N
++ .

Analogously to (TV), the (WTV) regularizer can be equivalently rewritten as

WTV(\bfitu ;\bfitalpha ) =
N\sum 
i=1

f\mathrm{W}\mathrm{T}\mathrm{V} ((\bfD \bfitu )i;\alpha i) , \alpha i \in \BbbR ++,

where the gradient penalty function f\mathrm{W}\mathrm{T}\mathrm{V} : \BbbR 2 \rightarrow \BbbR + now depends locally on the
parameter \alpha i and reads

(4.5) f\mathrm{W}\mathrm{T}\mathrm{V}(\bfitg i;\alpha i) := \alpha i \| \bfitg i\| 2 , \bfitg i = (gi,1, gi,2) \in \BbbR 2 .

Similarly as for the (TV) regularizer, (WTV) is still convex and nondifferentiable.
However, the sparsity-promoting effect can now be locally modulated thanks to the
presence of the local weights \alpha i. To highlight this feature, we report in the first
column of Figure 7 (i.e., Figures 7(a),(d),(g)) the graphs of the WTV gradient penalty
function f\mathrm{W}\mathrm{T}\mathrm{V} defined in (4.5) for three different values \alpha j = 1, \alpha k = 1.3, \alpha l = 0.7
of the scale parameter, respectively, assuming that they represent the local weights
of the WTV regularizer at different pixel positions i \in \{ j, k, l\} . These three graphs
share the same inverted right-circular conical shape with vertex at the origin as the
TV penalty drawn in Figure 6, with the one in Figure 7(a) coinciding with the TV
penalty. Different values of the weight yield different slopes of the conical lateral
surface; note that \| \bfnabla f\mathrm{W}\mathrm{T}\mathrm{V} (gi,1, gi,2)\| 2 = \alpha i for any (gi,1, gi,2) \in \BbbR 2 \setminus \{ (0, 0)\} , and,
hence, different local regularization strengths. The larger (smaller) is the local weight
\alpha i, the more (less) strongly the WTV regularizer will force \| (\bfD \bfitu )i\| 2 to be small.

Similarly as before, we show the 1D sections of the three WTV penalty functions
along the two directions defined by angles \varphi = 0 (solid lines) and \varphi = \pi /2 (dashed
lines), corresponding to the gi,1- and gi,2-axis in the 3D plots in Figures 7(a),(d),(g)
and, for better readability, in Figure 7(j), left. Like TV, the WTV regularizer is
isotropic, hence the two sections---actually, any section along straight lines passing
through the origin---of each of the three penalties coincide. Despite their space-variant
feature, these sections are in fact still rotationally invariant as they take the form

(4.6) si(t;\varphi ) = \alpha i | t| , t \in \BbbR , i = 1, . . . , N .
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(a) \alpha j=1.0 (b) (\alpha , p)j=(1.0, 1.0) (c)(\alpha , p, \theta , a)j=(1.0, 1.0, 0, 1.0)
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(d) \alpha k=1.3 (e) (\alpha , p)k=(1.3, 0.5) (f)(\alpha , p, \theta , a)k=(1.3, 0.5, \pi 
6
, 0.4)
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l

(g) \alpha l=0.7 (h)(\alpha , p)l=(0.7, 2) (i)(\alpha , p, \theta , a)l=(0.7, 2, \pi 
3
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(j) 1D sections for angles \varphi (solid lines) and \varphi + \pi /2 (dashed lines), with \varphi = 0 for WTV

and WTVsv
\bfitp , \varphi = \theta i for WDTVsv

\bfitp . Notice that solid and dashed lines coincide for isotropic
penalties in (a)--(c),(d),(e),(g),(h).

Fig. 7 Graphs of the gradient penalty functions defined in (4.5), (4.7), and (4.10) for the space-
variant (WTV), (WTVsv

\bfitp ), and (WDTVsv
\bfitp ) regularizers, respectively.
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Finally, one can notice from (4.6) and from Figure 7(j), left, that all sections are
nothing but positively scaled versions of the absolute value function of scale parameter
\alpha i, i.e., of the TV sections in (4.4).

Due to its ability to promote local TV smoothing, we remark that the WTV
regularizer has been proposed and studied in several papers (e.g., [83, 84, 82] and
many more) from an analytical point of view and motivated by means of analogous
probabilistic arguments in [29].

4.1.2. Local Regularization Sharpness. As previously mentioned, the weights
\alpha i in the (WTV) regularizer allow us to locally tune the strength of the gradient-
sparsity promotion effect of the regularization which, by construction, is of fixed
TV type. In fact, the presence of a global exponent 1 for the gradient norms in the
definition of WTV does not allow us to change, either globally or locally, the sharpness
of the associated gradient penalty functions, hence the nature of the involved sparsity
promotion.

This motivates the introduction of a second set of space-variant parameters pi > 0,
i = 1, . . . , N , those being the exponents of the gradient norms in the (WTV) definition
and corresponding to the local shape parameters of the associated hGG pdf; see
Definition 2.6.

We proceed as above and compute the negative logarithm of the nonstationary
hGG prior (3.10), thus getting

 - ln\pi (\bfitu | \bfTheta ) = WTV\mathrm{s}\mathrm{v}
\bfitp (\bfitu ;\bfTheta ) - 

N\sum 
i=1

ln
\alpha ipi

\Gamma (1/pi)
,

where the space-variant WTV\mathrm{s}\mathrm{v}
p regularizer, depending on the hyperparameters

\bfTheta = (\bfitalpha ,\bfitp ), is defined by

(WTVsv
\bfitp ) WTV\mathrm{s}\mathrm{v}

\bfitp (\bfitu ;\bfitalpha ,\bfitp ) :=
N\sum 
i=1

\alpha pi

i \| (\bfD \bfitu )i\| pi

2 , (\bfitalpha ,\bfitp ) \in \BbbR N\times 2
++ .

Like (WTV), the (WTVsv
\bfitp ) regularizer can be rewritten in terms of a parametric,

space-variant gradient penalty function, namely,

WTV\mathrm{s}\mathrm{v}
\bfitp (\bfitu ;\bfitalpha ,\bfitp ) =

N\sum 
i=1

f\mathrm{W}\mathrm{T}\mathrm{V}\mathrm{s}\mathrm{v}
\bfitp 
((\bfD \bfitu )i;\alpha i, pi) , (\alpha i, pi) \in \BbbR 2

++,

where the function f\mathrm{W}\mathrm{T}\mathrm{V}\mathrm{s}\mathrm{v}
\bfitp 
(\cdot ) now reads

(4.7) f\mathrm{W}\mathrm{T}\mathrm{V}\mathrm{s}\mathrm{v}
\bfitp 
(\bfitg i;\alpha i, pi) = \alpha pi

i \| \bfitg i\| pi

2 , \bfitg i = (gi,1, gi,2) \in \BbbR 2 .

Like (TV) and (WTV), the (WTVsv
\bfitp ) regularizer is bounded below by zero, con-

tinuous and noncoercive. However, its other regularity properties depend on the
actual values of the parameters pi. If pi \geq 1 for any i = 1, . . . , N , then WTV\mathrm{s}\mathrm{v}

p is
convex, whereas it is nonconvex if there exists at least one i such that pi < 1. Then
it is differentiable whenever pi > 1 for any i; otherwise it is nonsmooth.

In the second column of Figure 7 we show the graph of the WTV\mathrm{s}\mathrm{v}
p gradient

penalty function f\mathrm{W}\mathrm{T}\mathrm{V}\mathrm{s}\mathrm{v}
\bfitp 

defined in (4.7) for three different parameter configurations
(\alpha j , pj) = (1, 1), (\alpha k, pk) = (1.3, 0.5), and (\alpha l, pl) = (0.7, 2), where, we remark,
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the scale parameter values \alpha j , \alpha k, \alpha l are the same as for the WTV penalties re-
ported in the first column. In case of unitary scale and shape parameters (see Fig-
ure 7(b)) the WTV\mathrm{s}\mathrm{v}

p penalty coincides with the TV penalty, and, more generally, for
pj = pk = pl = 1, the WTV\mathrm{s}\mathrm{v}

p penalties coincide with the WTV penalties. For nonuni-
tary shape parameters, the WTV\mathrm{s}\mathrm{v}

p penalty function can assume different shapes,
ranging from nonconvex and nondifferentiable ones (pi < 1, Figure 7(e)) to strongly
convex and differentiable ones (pi > 1, Figure 7(h)). The degrees of freedom encoded
by the shape parameters pi thus provide the WTV\mathrm{s}\mathrm{v}

p regularizer with the ability to
adapt its gradient sparsity-promoting effect to the local image content. In particular,
pi > 1---typically, pi \geq 2---should be used to avoid TV staircasing in correspondence
with smooth image regions, whereas pi < 1---typically, pi \leq 0.5---should be used in
piecewise-constant regions to mitigate the undesirable contrast loss effect of TV.

Similarly as for the previous (TV) and (WTV) regularizers, let us now take a
look at the 1D sections of the WTV\mathrm{s}\mathrm{v}

p penalty in (4.7) for \varphi \in [ - \pi , \pi ), which read

(4.8) si(t;\varphi ) = \alpha pi

i | t| pi , t \in \BbbR , i = 1, . . . , N .

By looking at the plot of such sections shown in Figure 7(j), center, it is clear how the
value of parameter pi can substantially change the regularization effect at each pixel.
In particular, by comparing the red, black, and magenta sections in Figure 7(j), one
can notice that for pi < 1 small gradients are induced to be zero in a stronger way
than for pi = 1, but large gradients are less penalized (weaker contrast loss effect).
On the other hand, for pi > 1 the sparsity-promoting effect is no longer present as
the gradient penalty function is differentiable in t = 0. More generally, for pi > 1
small gradients are less penalized than for pi = 1, whereas large gradients are more
penalized. We finally remark that, like for TV and WTV, the WTV\mathrm{s}\mathrm{v}

p sections in
(4.8) do not depend on the direction angle \varphi , hence the (WTVsv

\bfitp ) regularizer still
falls in the class of isotropic regularizers. This is visually confirmed by the WTV\mathrm{s}\mathrm{v}

p

penalties shown in Figures 7(b),(e),(h), which are rotationally invariant (i.e., have
circular level curves), and by the penalty sections along the gi,1-axis and the gi,2-axis,
which coincide as is evident from Figure 7(j), center.

The WTVsv
\bfitp regularizer was first introduced in a simplified version, i.e., with

\alpha i = \alpha \forall i, and interpreted in a probabilistic framework in [99]. The general case with
space-variant weights was discussed in [98].

4.1.3. Local Anisotropy. As shown above, the (TV), (WTV), and (WTVsv
\bfitp )

regularizers are isotropic. For this reason, such regularizers are not able to exploit
any information on the directionality of local image structures and, hence, to drive
their local nonlinear diffusion effect along specific directions only. As motivated in
section 1.3, this can be a limitation, especially for images presenting local structures
characterized by well-defined orientations. As illustrated in section 3.2, to circumvent
this limitation, a nonstationary BGG prior can be assumed for modeling the local
distribution of gradients of \bfitu .

By computing the negative logarithm of the nonstationary BGG prior in (3.19),
we have

 - ln\pi (\bfitz (\bfitu ) | \bfTheta ) = WDTV\mathrm{s}\mathrm{v}
\bfitp (\bfitu ;\bfTheta ) - 

N\sum 
i=1

ln

\biggl( 
\alpha 2
i pi ai

\Gamma (2/pi) 22/pi

\biggr) 
+N ln(2\pi ) ,

where the space-variant WDTV\mathrm{s}\mathrm{v}
p regularizer is defined in terms of the hyperparam-
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eters \bfTheta = (\bfitalpha ,\bfitp ,\bfittheta ,\bfita ) and reads

WDTV\mathrm{s}\mathrm{v}
\bfitp (\bfitu ;\bfitalpha ,\bfitp ,\bfittheta ,\bfita ) =

N\sum 
i=1

\alpha pi

i \| \bfLambda ai
\bfR  - \theta i(\bfD \bfitu )i\| pi

2 ,(WDTVsv
\bfitp )

(\bfitalpha ,\bfitp ,\bfittheta ,\bfita ) \in \BbbR N\times 2
++ \times [ - \pi /2, \pi /2)N \times (0, 1]N ,

where the orthogonal (rotation) matrices \bfR  - \theta i and the diagonal matrices \bfLambda ai
have

been defined in (3.15) and (3.16), respectively.
Note that the WDTVsv

\bfitp regularizer can also be written in terms of its parametric,
space-variant gradient penalty functions as

WDTV\mathrm{s}\mathrm{v}
\bfitp (\bfitu ;\bfitalpha ,\bfitp ,\bfittheta ,\bfita ) =

N\sum 
i=1

f\mathrm{W}\mathrm{D}\mathrm{T}\mathrm{V}\mathrm{s}\mathrm{v}
\bfitp 
((\bfD \bfitu )i;\alpha i, pi, \theta i, ai) ,(4.9)

(\alpha i, pi, \theta i, ai) \in \BbbR 2
++ \times [ - \pi /2, \pi /2)\times (0, 1] ,

with

(4.10) f\mathrm{W}\mathrm{D}\mathrm{T}\mathrm{V}\mathrm{s}\mathrm{v}
\bfitp 
(\bfitg i;\alpha i, pi, \theta i, ai) = \alpha pi

i \| \bfLambda ai
\bfR  - \theta i\bfitg i\| 

pi

2 , \bfitg i = (gi,1, gi,2) \in \BbbR 2 .

Since ai \in (0, 1] for any i, matrices \bfM i := \bfLambda ai
\bfR  - \theta i \in \BbbR 2\times 2 are all nonsingular.

As a consequence, the (WDTVsv
\bfitp ) regularizer shares the same analytical properties

as the (WTVsv
\bfitp ) regularizer. In particular, it is worth noting that the (WDTVsv

\bfitp )
regularizer reduces to the rotationally invariant (WTVsv

\bfitp ) regularizer in the special
case ai = 1 for any i, independently of the directionality parameters \theta i.

In the last column of Figure 7 we show the graph of the WDTV\mathrm{s}\mathrm{v}
\bfitp gradient

penalty function f\mathrm{W}\mathrm{D}\mathrm{T}\mathrm{V}\mathrm{s}\mathrm{v}
\bfitp 
defined in (4.10) for three different parameter configurations

(\alpha j , pj , \theta j , aj) = (1, 1, 0, 1), (\alpha k, pk, \theta k, ak) = (1.3, 0.5, \pi /6, 0.4), and (\alpha l, pl, \theta l, al) =
(0.7, 2, \pi /3, 0.6), where the scale and shape parameter values (\alpha j , pj), (\alpha k, pk), and
(\alpha l, pl) are the same as for the WTV\mathrm{s}\mathrm{v}

\bfitp penalties (second column). It is clear from
these figures that the degrees of freedom represented by parameters ai allow us to
make the WDTV\mathrm{s}\mathrm{v}

\bfitp regularizer locally anisotropic, in the sense that it can locally pe-
nalize the gradient \bfitg i = (\bfD \bfitu )i with different strength according to its direction. The
level curves of the penalties in Figures 7(f),(i) corresponding to ai < 1 are elliptical
and not circular as for the case ai = 1 in Figure 7(c). Furthermore, the smaller ai,
the more eccentric the ellipses and, hence, the more anisotropic the regularizer. The
local directional parameters \theta i represent local image directions along which a stronger
regularization effect is typically desired (typically, edge direction). We observe that
the elliptical level curves of the penalties in Figures 7(f),(i) are rotated of angle \theta i
counterclockwise, with the minor and major axes aligned along the directions defined
by \theta i and \theta i + \pi /2, respectively, and that the 1D sections of the WDTV\mathrm{s}\mathrm{v}

\bfitp penalty
functions in (4.10) along directions defined by angle \varphi take the form

si(t;\varphi ) =
\bigl( 
cos2(\varphi  - \theta i) + a2i sin

2(\varphi  - \theta i)
\bigr) pi/2

\alpha pi

i | t| pi , t \in \BbbR , i = 1, . . . , N .

It is a simple calculation verifying that for any fixed \theta i, ai, the positive real coefficient
in brackets takes its maximum (equal to 1) and minimum (equal to api

i ) values for
\varphi = \theta i and \varphi = \theta i + \pi /2, respectively. This entails that the 1D sections of the
WDTV\mathrm{s}\mathrm{v}

\bfitp penalty along the dominant direction \theta i and its orthogonal \theta i+\pi /2 are those
characterized by the strongest and the weakest regularization effects, respectively.
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Note that the sections exhibit the same sharpness, i.e., the same shape, but they are
differently scaled; see the pairs of solid/dashed red and magenta curves in Figure 7(j),
right.

The WDTVsv
\bfitp regularizer was first introduced and analyzed in probabilistic set-

tings in [27].

4.1.4. Comparing Regularizers: Proximal Operators. In order to gain more
insights on the regularization effects yielded by the different gradient penalty func-
tions introduced in the previous sections and, consequently, on the different space-
variant regularizers considered, we compare in this section the proximal operators
prox\beta f : \BbbR 2 \rightrightarrows \BbbR 2, f \in 

\bigl\{ 
f\mathrm{T}\mathrm{V}, f\mathrm{W}\mathrm{T}\mathrm{V}, f\mathrm{W}\mathrm{T}\mathrm{V}\mathrm{s}\mathrm{v}

p
, f\mathrm{W}\mathrm{D}\mathrm{T}\mathrm{V}\mathrm{s}\mathrm{v}

p

\bigr\} 
(see Definition 2.8) associated

to the TV, WTV, WTVsv
\bfitp , and WDTVsv

\bfitp penalty functions defined in (4.3), (4.5),
(4.7), and (4.10), respectively.

Having fixed the value of parameter \beta \in \BbbR ++, and regarding \bfitw as an input image
gradient vector to be regularized, the 2D vector field \bfite \beta f : \BbbR 2 \rightrightarrows \BbbR 2 defined by

(4.11) \bfite \beta f (\bfitw ) := prox\beta f (\bfitw )  - \bfitw , \bfitw \in \BbbR 2 ,

can be studied to represent the regularization effect of the gradient penalty function
considered on \bfitw .

Analytical expressions of the proximal operators of the gradient penalty func-
tions in (4.3), (4.5), (4.7), and (4.10) associated to the (TV), (WTV), (WTVsv

\bfitp ), and
(WDTVsv

\bfitp ) regularizers have been previously studied in [159], [101], and [27], respec-
tively, and are discussed (for completeness) in section 8.3 of this review. Based on

those expressions, we thus compute the vector field \bfite \beta f in (4.11) for each of the nine
penalty functions considered in Figure 7 and report the results in Figure 8. In order
to allow for a meaningful comparison between penalties, the same proximal parameter
value \beta = 3 has been used.

We first remark that for all the considered gradient penalty functions f and
parameters \beta > 0 we have prox\beta f (\bfzero ) = \bfzero =\Rightarrow \bfite \beta f (\bfzero ) = \bfzero , and that for all penalties
with shape parameter pi \leq 1---namely, the penalties in Figures 7(a)--(g)---there exists
a region in the \bfitw domain (with center in the origin, size depending on \beta , and shape

depending on the penalty itself) for which we have prox\beta f (\bfitw ) = \bfzero =\Rightarrow \bfite \beta f (\bfitw ) =  - \bfitw .
This means that any input gradient vector \bfitw belonging to this region is ``completely""
regularized by the gradient penalty function, in the sense that it is proximal-mapped to
the null gradient vector. For visualization purposes, such sparsity-promoting regions
are depicted in green (without showing the arrows pointing towards the origin) in the
vector field representations of Figures 8(a)--(g).

As expected, for isotropic penalties---namely, the WTV and WTV\mathrm{s}\mathrm{v}
p penalties

shown in the first two columns of Figure 7 and the WDTV\mathrm{s}\mathrm{v}
p penalty with unitary

anisotropy parameter depicted in Figure 7(c)---the associated vector fields \bfite \beta f are
radial with vectors pointing towards the origin and the sparsity-promoting regions
are circularly shaped; see Figures 8(a)--(e),(g). This means that the regularization
effect yielded by the isotropic penalties depicted in Figures 7(a)--(e),(g),(h) on \bfitw is
only a shrinkage of its norm \| \bfitw \| 2, namely,

prox\beta f (\bfitw ) = \xi \bfitw =\Rightarrow \bfite \beta f (\bfitw ) =  - (1 - \xi )\bfitw ,

with a shrinkage coefficient \xi \in [0, 1) only depending on the norm itself. This result
has been proved, e.g., in [101, Proposition 1], where analytical expressions for \xi as a
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Fig. 8 2D vector fields \bfite \beta f : \BbbR 2 \rightrightarrows \BbbR 2 in (4.11), representing the effect of the proximal operator prox\beta f
on a (gradient) vector \bfitw = (w1, w2), for the same gradient penalty functions f shown in
Figures 7(a)--(i) and for a fixed proximity parameter \beta = 3.

function of \| \bfitw \| 2 as well as of the shape and proximal parameters have been given for
the proximal operator of a TVp penalty of the form f(\bfitg ; p) = \| \bfitg \| p2. Since it follows
immediately from Definition 2.8 that

prox\beta f (\bfitw ) = prox
\widetilde \beta \widetilde f (\bfitw ) \forall \bfitw \in \BbbR 2

with \widetilde f(\bfitg ;\alpha , p) = \alpha p\| \bfitw \| p2 and \widetilde \beta = \alpha p\beta , then the results in [101] can be straightfor-
wardly extended to cover the more general case of a WTVp penalty. These results
provide an analytical interpretation of the visual results reported in Figures 7(a)--
(e),(g),(h). In particular, by observing the vector fields depicted in these figures, it
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is clear how larger scale parameter values \alpha i in the WTV penalty yield stronger gra-
dient shrinkage effects as well as sparsity-promoting regions of larger radii. Then, by
comparing the vector fields in Figures 7(d),(e), one can notice that for a fixed scale
parameter \alpha i, decreasing the shape parameter pi (starting from pi = 1) in the WTV\mathrm{s}\mathrm{v}

p

penalty yields weaker shrinkage effects on gradients outside the sparsity-promoting re-
gions but larger radii of these regions. Finally, Figures 7(g),(h) show that increasing
pi (for a fixed \alpha i and starting from pi = 1) in the WTV\mathrm{s}\mathrm{v}

p penalty yields stronger
gradient shrinkage effects and, for any pi > 1, the sparsity-promoting regions reduce
to the point \bfitw = \bfzero 2.

Clearly, the vector fields in Figures 8(f),(i), associated to the WDTV\mathrm{s}\mathrm{v}
p anisotropic

penalties, are not radial. To be more precise, they are radial only when restricted to
input vectors \bfitw lying on the two straight lines having direction defined by angles \theta i
and \theta i + \pi /2 (solid/dashed red and magenta lines in Figures 8(f),(i)). In general, the
regularization effect of the WDTV\mathrm{s}\mathrm{v}

p penalties on input vectors \bfitw is stronger along
the direction \theta i. Finally, the sparsity-promoting regions are elongated in the direction
defined by \theta i and their elongation is negatively correlated with the value of the local
anisotropy parameter ai.

5. Geometrical Interpretation. In this section, we enrich the statistical and
analytical study of the space-adaptive regularizers introduced in the previous sec-
tions by providing some insights helpful to understand their local behavior from a
geometrical point of view. To do so, we unify and expand some considerations from
[10, 94, 126, 59] and start recalling the dual definition of TV:

TV(\bfitu ) =

N\sum 
i=1

max
\bfitw i\in \scrB 1(\bfzero )

\langle (\bfD \bfitu )i,\bfitw i\rangle ,(5.1)

where \scrB 1(\bfzero ) denotes the two-dimensional Euclidean unit ball centered in the origin.
Such constraint can be equivalently expressed by requiring \| \bfitw i| | 2 \leq 1 \forall i = 1, . . . , N .

Following [10], we can now replace the set \scrB 1(\bfzero ) in (5.1) with a fixed two-
dimensional elliptical region \scrE a,\theta (\bfzero ) centered in the origin and defined in terms of
its orientation \theta \in [ - \pi /2, \pi /2) with respect to the horizontal x-axis and eccentricity
a \in (0, 1], that is,

\scrE a,\theta (\bfzero ):=

\Biggl\{ 
(x1, x2) \in \BbbR 2 : | x1 cos \theta + x2 sin \theta | 2 +

\bigm| \bigm| \bigm| \bigm|  - x1 sin \theta + x2 cos \theta 

a

\bigm| \bigm| \bigm| \bigm| 2 \leq 1

\Biggr\} 
.

Note that as a \rightarrow 0, the set \scrE a,\theta (\bfzero ) degenerates to the line x2 = tan \theta x1.
Recalling definitions (3.15) and (3.16) of the matrices \bfLambda a and \bfR  - \theta and denoting

(formally, given the purely discrete setting we are working on) byD\theta ui = (\bfD \bfitu )i \cdot \bfitv and
D\theta \bot ui = (\bfD \bfitu )i \cdot \bfitv \bot the directional derivatives along the direction \bfitv = (cos \theta , sin \theta )
and its orthogonal \bfitv \bot = ( - sin \theta , cos \theta ), we define elementwise the directional gradient\widetilde \bfD a,\theta \bfitu \in (\BbbR 2)N of \bfitu as

\widetilde \bfD a,\theta \bfitu := (\bfLambda a\bfR  - \theta (\bfD \bfitu )i)i =

\biggl( 
D\theta ui

aD\theta \bot ui

\biggr) 
i

.

By this definition we can thus write the directional formulation of TV first used in
[10] and later applied in several other works (see, e.g., [157, 94, 59]) for promoting TV
smoothness along \bfitv . Note that the (WDTVsv

\bfitp ) reduces to this definition by choosing
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\alpha i = pi = 1, \theta i = \theta \in [ - \pi /2, \pi /2), and ai = a \in (0, 1] \forall i. It reads

DTV(\bfitu ) =
N\sum 
i=1

\| (\widetilde \bfD a,\theta \bfitu )i\| 2 =
N\sum 
i=1

max
\bfitw i\in \scrE a,\theta (\bfzero )

\langle (\bfD \bfitu )i,\bfitw i\rangle ,(5.2)

where here and in what follows we omit the explicit dependence of the regularizers on
the hyperparameters to facilitate the overall readability. Note that, differently from
TV, DTV is computed as the sum of maximum values of scalar products in which the
dual functions \bfitw i are forced to belong to \scrE a,\theta (\bfzero ) at any point. Following [94], we can
now observe that for \bfitw i \in \scrE a,\theta (\bfzero ), we have

\langle (\bfD \bfitu )i,\bfitw i\rangle = \langle (\bfD \bfitu )i,\bfR \theta \bfLambda a \widetilde \bfitw i\rangle = \langle \bfLambda a\bfR  - \theta (\bfD \bfitu )i, \widetilde \bfitw i\rangle = \langle (\widetilde \bfD a,\theta \bfitu )i, \widetilde \bfitw i\rangle ,

where \widetilde \bfitw i \in \scrB 1(\bfzero ) for all i = 1, . . . , N . Thus, we deduce

max
\bfitw i\in \scrE a,\theta (\bfzero )

\langle (\bfD \bfitu )i,\bfitw i\rangle = max\widetilde \bfitw i\in \scrB 1(\bfzero )
\langle (\widetilde \bfD a,\theta \bfitu )i, \widetilde \bfitw i\rangle ,

which can be used to show via the standard Cauchy--Schwarz inequality that at any
point i = 1, . . . , N the maximum is achieved by the normalized directional gradient
vector, i.e., by the vector \widetilde \bfitw i = (\widetilde \bfD a,\theta \bfitu )i/\| (\widetilde \bfD a,\theta \bfitu )i\| 2, so that

\langle (\widetilde \bfD a,\theta \bfitu )i, \widetilde \bfitw i\rangle =

\Biggl\langle 
(\widetilde \bfD a,\theta \bfitu )i,

(\widetilde \bfD a,\theta \bfitu )i

\| (\widetilde \bfD a,\theta \bfitu )i\| 2

\Biggr\rangle 
= \| (\widetilde \bfD a,\theta \bfitu )i\| 2 = \| \bfLambda a\bfR  - \theta (\bfD \bfitu )i\| 2,

which justifies (5.2).
Inspired by [127], we report in Figure 9 a graphical representation of the consid-

erations above. There, we denote in red a fixed nonzero gradient vector (\bfD \bfitu )i \in \BbbR 2

evaluated at a certain point i = 1, . . . , N , in blue the direction \bfitv = (cos \theta , sin \theta ) \in \BbbR 2

drawing an angle \theta with the x-axis, and in green the projection of (\bfD \bfitu )i along \bfitv , i.e.,

the directional gradient (\widetilde \bfD a,\theta \bfitu )i. The unitary ball \scrB 1(\bfzero ) is colored black while the
ellipses \scrE a,\theta (\bfzero ) for different values of a \in (0, 1] are colored magenta. For each plot,
the unitary vector \widetilde \bfitw i realizing the maximum in (5.2) is drawn (magenta). Note that
for a = 1 we retrieve that the vector \widetilde \bfitw i maximizing the scalar product is the one
parallel to (\bfD \bfitu )i (note that in such case the directionality does not affect the value
computed, as \bfR  - \theta is unitary). However, as a \rightarrow 0 we observe that \widetilde \bfitw i progressively
aligns with \bfitv = (cos \theta , sin \theta ), thus promoting directional regularization.

As previously remarked, the unit vector \bfitv defining the orientation of the ellipse
\scrE a,\theta (\bfzero ) is defined in terms of the angle \theta , which makes the use of the DTV regularizer
useful in practice only when \theta can be easily estimated. This is the case, for instance,
of geometric textured images or of images of very specific scenes (see Figure 2), which
limits significantly the application of DTV in practice.

Such a limitation can be overcome by considering the following natural space-
variant extension of the DTV regularizer (5.2), which comes from the (WDTVsv

\bfitp )
regularizer with \alpha i = pi = 1 \forall i, and space-variant \theta i \in [ - \pi /2, \pi /2) and ai \in (0, 1]:

DTVsv(\bfitu ) =
N\sum 
i=1

\| (\widetilde \bfD \bfita ,\bfittheta \bfitu )i\| 2 =
N\sum 
i=1

\| \bfLambda ai
\bfR  - \theta i(\bfD \bfitu )i\| 2 =

N\sum 
i=1

max
\bfitw i\in \scrE ai,\theta i

(\bfzero )
\langle (\bfD \bfitu )i,\bfitw i\rangle ,

(5.3)
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Fig. 9 Directional behavior of DTV regularization (5.2).

where now \bfita = (ai)i \in (0, 1]N ,\bfittheta = (\theta i)i \in [0, \pi )N , and where we have used the

simplified notation (\widetilde \bfD \bfita ,\bfittheta \bfitu )i = \bfLambda ai
\bfR  - \theta i(\bfD \bfitu )i \in \BbbR 2. In this case, a space-variant

adjustment of the directional smoothing (from strongly anisotropic along the direction
\bfitv i = (cos \theta i, sin \theta i) with ai = 0 to fully isotropic with ai = 1) is allowed at any
point. For such a regularizer, the same geometrical considerations as before hold,
the difference being that the orientations \theta j may change from one point to another.
Few choices can be made here. Following the edge adaptive total variation (EATV)
approach proposed in [157], one possibility consists in estimating the local directions
\bfitv i by imposing that \bfitv i \bot (\bfD \bfitb \sigma )i, where for \sigma > 0, \bfitb \sigma denotes a smoothed version of
the given image \bfitb . This choice, however, is very sensitive to noise oscillations, and it
may misguide the local directional behavior if these are too large. Alternatively, as
considered in [76, 69, 65, 106] and more recently in [123, 59], the dependence on the
image to retrieve can be encoded explicitly in the definition of the regularization by
allowing \theta i to be a function of the target image \bfitu (i.e., \theta i = \theta i(\bfitu )) using, for instance,
information coming from the structure tensor. This procedure is much more robust,
but the nonlinear dependence on \bfitu in the definition of \theta i may significantly complicate
the problem from an optimization viewpoint. For further estimation strategies based
on ML approaches, we refer the reader to [159, 98, 27] and to the following discussion
in section 7.1. Whatever the approach considered, it is worth remarking that an
accurate and robust estimation of the space-variant parameters \bfita and \bfittheta is a very
challenging problem.
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Remark 5.1. The values ai \in (0, 1] for all i = 1, . . . , N have to be interpreted
as ``confidence"" parameters enforcing a strong anisotropic TV smoothing (ai \approx 0)
whenever a good local estimation of \theta i is available, while leaving the behavior to be
close-to-isotropic (ai \approx 1) whenever the estimation of \theta i is unreliable.

As noted in sections 3 and 4, we can further incorporate in (5.3) an additional
shape/sharpness parameter vector \bfitp = (pi)i \in \BbbR N

++, thus considering the regularizer

DTVsv
\bfitp (\bfitu ) =

N\sum 
i=1

\| \bfLambda ai\bfR  - \theta i(\bfD \bfitu )i\| pi

2 =
N\sum 
i=1

\biggl( 
max

\bfitw i\in \scrE ai,\theta i
(\bfzero )

\langle (\bfD \bfitu )i,\bfitw i\rangle 
\biggr) pi

,(5.4)

which is a particular instance of (WDTVsv
\bfitp ) taking \alpha i = 1 \forall i. The presence of the

parameters pi in (5.4) does not alter the directional behavior of such a regularizer in
comparison with the one observed for DTVsv. However, as thoroughly discussed in
sections 4.1.2 and 4.1.4, such behavior is made sharper for pi < 1 and smoother for
pi > 1. Note, in particular, that when pi = 2 the DTVsv

2 regularizer acts locally as a

Tikhonov-type squared \ell 2-norm of the directional gradient \widetilde \bfD ai,\theta i\bfitu .
We conclude this section with some considerations regarding weighted models.

Recalling (5.1), we notice that introducing a space-variant parameter vector (\alpha i)i \in 
\BbbR N

++ corresponds simply to inflating/deflating the Euclidean ball \scrB 1(\bfzero ) and to looking
for maxima therein, which corresponds to the choice

WTV(\bfitu ) =

N\sum 
i=1

\alpha i\| (\bfD \bfitu )i\| 2 =

N\sum 
i=1

max
\bfitw i\in \scrB \alpha i

(\bfzero )
\langle (\bfD \bfitu )i,\bfitw i\rangle ,

where for \alpha i > 0, \scrB \alpha i(\bfzero ) :=
\bigl\{ 
\bfitz \in \BbbR 2 : \| \bfitz \| 2 \leq \alpha i

\bigr\} 
and where the vector \widetilde \bfitw i =

\alpha i
(\bfD \bfitu )i

\| (\bfD \bfitu )i\| 2
maximizes the scalar products at any point. By analogous considera-

tions as above, we can finally draw a connection with the regularizer defined in (4.9),
which, recalling the discussion above, can be written as

WDTVsv
\bfitp (\bfitu ) =

N\sum 
i=1

\alpha pi

i \| (\widetilde \bfD \bfita ,\bfittheta \bfitu )i\| pi

2 =
N\sum 
i=1

\alpha pi

i

\biggl( 
max

\bfitw i\in \scrE ai,\theta i
(\bfzero )

\langle (\bfD \bfitu )i,\bfitw i\rangle 
\biggr) pi

.(5.5)

Remark 5.2. If pi = 1 for all i = 1, . . . , N , the regularizer (5.5) takes the form

WDTVsv(\bfitu ) =

N\sum 
i=1

max
\bfitw i\in \scrE ai,\theta i,\alpha i

(\bfzero )
\langle (\bfD \bfitu )i,\bfitw i\rangle ,

where \scrE ai,\theta i,\alpha i(\bfzero ) denotes the 2D ellipse centered in the origin with eccentricity ai \in 
(0, 1], orientation \theta i \in [ - \pi /2, \pi /2) with respect to the x-axis, and width/height equal
to 2\alpha i and 2\alpha iai, respectively.

The authors believe that an interesting generalization of the discussion above
shall address situations where the constraint set is nonconvex and, in particular, it is
defined in terms of Lam\'e curves centered in \bfzero , i.e., defined by

(5.6) \scrL \beta ,a,\theta (\bfzero ):=

\Biggl\{ 
(x1, x2) \in \BbbR 2 : | x1 cos \theta +x2 sin \theta | \beta +

\bigm| \bigm| \bigm| \bigm|  - x1 sin \theta +x2 cos \theta 

a

\bigm| \bigm| \bigm| \bigm| \beta \leq 1

\Biggr\} 
.

Such a set is nonconvex as soon as \beta < 1; see Figure 10. The use of such general shapes
may lead one to consider new gradient-based regularizations where the underlying
geometry constraining the dual functions favors smoothing in different ways.
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Fig. 10 Lam\'e curves (5.6) with varying eccentricity and shape parameters, \theta = \pi /6.

Finally, we remark on an analogous study on the geometrical interpretation of
the so-called anisotropic formulation of TV regularization, where \ell 1-norms of local
gradients evaluated in place of the Euclidean ones in (TV) could also be of interest.
For this choice, constraint sets there are expected to assume rhomboidal shape; see,
e.g., [28].

6. Joint Hypermodeling. In this section, we provide explicit expressions of the
negative log-hyperprior  - ln\pi (\bfTheta ) and of the negative log-likelihood  - ln\pi (\bfitb | \bfA \bfitu ) in
(3.22), which allows us to derive the final joint hypermodel.

6.1. Noninformative Hyperprior. When no a priori knowledge or intuition about
the value of the unknown prior hyperparameters is available, a uniform distribution
for the random vector \bfTheta can be set, thus considering a (possibly improper) noninfor-
mative hyperprior. In formulas this corresponds to setting

(6.1) \pi (\bfTheta ) = \varrho \chi \scrD \bfTheta 
(\bfTheta ) , with \varrho \in \BbbR ++ ,

from which it follows that

 - ln\pi (\bfTheta ) =  - ln \varrho + \iota \scrD \bfTheta 
(\bfTheta ) .

6.2. GG Likelihood Leads to \bfL \bfitq Fidelity Term. First, based on the expres-
sion of the considered GG likelihoods in (3.1)--(3.2), the negative log-likelihood term
 - ln\pi (\bfitb | \bfA \bfitu ) in (3.21) takes the form

q < +\infty :

\left\{    - ln\pi (\bfitb | \bfA \bfitu ) = \omega q \| \bfA \bfitu  - \bfitb \| qq  - M ln

\biggl( 
\omega 

2

q

\Gamma (1/q)

\biggr) 
,

= \omega q \| \bfA \bfitu  - \bfitb \| qq + Cq ,
(6.2)

q = +\infty :

\Biggl\{ 
 - ln\pi (\bfitb | \bfA \bfitu ) = \iota [0,1/\omega ] (\| \bfA \bfitu  - \bfitb \| \infty ) - M ln

\omega 

2
,

= \iota [0,1/\omega ] (\| \bfA \bfitu  - \bfitb \| \infty ) + C\infty ,
(6.3)

where the quantities Cq, C\infty > 0 appearing in (6.2)--(6.3) do not depend on the
optimization variable \bfitu , so they can be dropped in (3.21).
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We now introduce the functional Fq(\bfA \bfitu ; \bfitb ) : \BbbR M \rightarrow \BbbR +, which is defined as

q < +\infty : Fq(\bfA \bfitu ; \bfitb ) := q \omega qLq(\bfA \bfitu ; \bfitb ),(6.4)

q = +\infty : F\infty (\bfA \bfitu ; \bfitb ) := \iota [0,1/\omega ](\| \bfA \bfitu  - \bfitb \| \infty ),(6.5)

with

Lq(\bfA \bfitu ; \bfitb ) =
1

q
\| \bfA \bfitu  - \bfitb \| qq .

6.3. Joint Variational Bayesian Hypermodels. We are now ready to derive the
explicit instances of the hypermodel (3.22) in terms of the selected priors, hyperpriors,
and fidelity functionals discussed above. To improve readability, we will consider in
the following data terms Fq with q < +\infty . However, as will be remarked upon at the
end of the section, analogous derivations can be easily extended to the case q = +\infty .

Problem (3.22) can be reformulated as the following optimization problem:

(6.6) \{ \bfitu \ast ,\bfTheta \ast \} \in arg min
\bfitu \in \BbbR N ,\bfTheta \in \scrD \bfTheta 

\{ \scrR (\bfitu ,\bfTheta ) + \scrH (\bfTheta ) + \mu Lq(\bfA \bfitu ; \bfitb ) \} ,

where \scrR (\bfitu ,\bfTheta ) denotes one of the regularization terms previously discussed in section
4.1, while \scrH (\bfTheta ) accounts for possibly multiple terms depending only on the hyperpa-
rameter vector \bfTheta \in \scrD \bfTheta . The uniform hyperprior (6.1) acts here simply by enforcing
optimization on \scrD \bfTheta only. The parameter \mu > 0 is a regularization parameter whose
choice will be specified for each hypermodel in the following. Note that due to presence
of the coupling term\scrR (\bfitu ,\bfTheta ), there is no guarantee of joint convexity for problem (6.6)
even in the case of convexity with respect to each minimization variable. This poses
several questions related to the theoretical analysis as well as practical optimization
of this problem (such as, e.g., choice of the initialization, parameter sensitivity, etc.),
which, as we will see in the following, introduce further challenges to the development
of a sound and reliable model.

Similarly to what was discussed in section 4.1, we have that \scrH (\bfTheta ) can be ex-
pressed in general form as

\scrH (\bfTheta ) =
N\sum 
i=1

h(\bfTheta i) , h : \scrD \bfTheta i
\rightarrow \BbbR ,

where the function h is a parameter penalty function whose form will be specified for
each regularizer.

We start our considerations from the TV prior (3.8). By plugging (6.1) and (3.1)
into (3.22), we get

\{ \bfitu \ast , \alpha \ast \} \in arg min
\bfitu \in \BbbR N , \alpha \in \BbbR ++

\Biggl\{ 
\alpha 

N\sum 
i=1

\| (\bfD \bfitu )i\| 2  - N ln\alpha + q \omega q Lq(\bfA \bfitu ; \bfitb )

\Biggr\} 

= arg min
\bfitu \in \BbbR N , \alpha \in \BbbR ++

\biggl\{ 
TV(\bfitu )  - N

\alpha 
ln\alpha + \mu Lq(\bfA \bfitu ; \bfitb )

\biggr\} 
, with \mu :=

q \omega q

\alpha 
,(6.7)

where we recall that in this case \bfTheta = \alpha \in \BbbR ++, hence the parameter penalty function
h\mathrm{T}\mathrm{V} reads

(6.8) h\mathrm{T}\mathrm{V}(\alpha ) =  - 1

\alpha 
ln\alpha , i = 1, . . . , N .
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For the TVp and the DTV regularizers in (TVp) and (DTV), respectively, hy-
permodels with similar form as in (6.7) can be derived. In particular, as far as the
TVp regularization term is concerned, we have that \bfTheta = (\alpha , p) \in \BbbR 2

++ and that the
parameter penalty function takes the form

h\mathrm{T}\mathrm{V}p
(\alpha , p) =  - 1

\alpha p
ln

\alpha p

\Gamma (1/p)
, i = 1, . . . , N ,

while for the DTVp regularizer we have \bfTheta = (\alpha , p, \theta , a) \in \BbbR 2
++ \times [ - \pi /2, \pi /2)\times (0, 1]

and the parameter penalty function reads

h\mathrm{D}\mathrm{T}\mathrm{V}p(\alpha , \theta , a) =  - 1

\alpha 
ln

\biggl( 
a

2\pi 

\alpha 2

4

\biggr) 
, i = 1, . . . , N .

As far as space-variant hypermodels are concerned, we start considering the WTV
regularizer for which \bfTheta = \bfitalpha \in \BbbR N

+ . Model (6.6) thus turns into

\{ \bfitu \ast ,\bfitalpha \ast \} \in arg min
\bfitu \in \BbbR N ,\bfitalpha \in \BbbR N

+

\Biggl\{ 
N\sum 
i=1

\alpha i \| (\bfD \bfitu )i\| 2  - 
N\sum 
i=1

ln\alpha i + \mu Lq(\bfA \bfitu ; \bfitb )

\Biggr\} 
with \mu := q \omega q ,

where the function h\mathrm{W}\mathrm{T}\mathrm{V} is defined by

h\mathrm{W}\mathrm{T}\mathrm{V}(\alpha i) =  - ln\alpha i , i = 1, . . . , N .

For the WTVsv
\bfitp , we have that \bfTheta = (\bfitalpha ,\bfitp ) \in \BbbR N

++ \times \BbbR N
++. The hypermodel (6.6) here

specifies into

\{ \bfitu \ast ,\bfitalpha \ast ,\bfitp \ast \} \in arg min
\bfitu \in \BbbR N ,\bfitalpha \in \BbbR N

++,\bfitp \in \BbbR N
++

\Biggl\{ 
N\sum 
i=1

\alpha pi

i \| (\bfD \bfitu )i\| pi

2  - 
N\sum 
i=1

ln
\alpha i pi

\Gamma (1 / pi)
+ \mu Lq(\bfA \bfitu ; \bfitb )

\Biggr\} 
with \mu := q \omega q ,

with penalty function h\mathrm{W}\mathrm{T}\mathrm{V}sv
\bfitp 

defined by

(6.9) h\mathrm{W}\mathrm{T}\mathrm{V}sv
\bfitp 
(\alpha i, pi) =  - ln

\alpha i pi
\Gamma (1/pi)

, i = 1, . . . , N .

Finally, for WDTVsv
\bfitp , we have\bfTheta = (\bfitalpha ,\bfitp ,\bfittheta ,\bfita ) \in \BbbR N

++\times \BbbR N
++\times [ - \pi /2, \pi /2)N\times (0, 1]N ,

and hence the final hypermodel reads

\{ \bfitu \ast ,\bfitalpha \ast ,\bfitp \ast ,\bfittheta \ast ,\bfita \ast \} 

\in arg min
\bfitu \in \BbbR N ,\bfitalpha \in \BbbR N

+ ,\bfitp \in \BbbR N
++, \bfittheta \in [ - \pi /2,\pi /2)N ,\bfita \in (0,1]N

\Biggl\{ 
N\sum 
i=1

\alpha pi

i \| \bfLambda ai
\BbbR  - \theta i(\bfD \bfitu )i\| pi

2

 - 
N\sum 
i=1

ln

\biggl( 
ai
2\pi 

pi\alpha 
2
i

\Gamma (2 / pi)22/pi

\biggr) 
+ \mu Lq(\bfA \bfitu ; \bfitb )

\Biggr\} 
, with \mu := q \omega q ,

with parameter penalty function taking the form

(6.10) h\mathrm{W}\mathrm{D}\mathrm{T}\mathrm{V}sv
\bfitp 
(\alpha i, pi, \theta i, ai) =  - ln

\biggl( 
ai
2\pi 

pi \alpha 
2
i

\Gamma (2/pi)22/pi

\biggr) 
, i = 1, . . . , N .
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Table 2 Gradient penalty function f , parameter penalty function h, parameters domain \scrD \bfTheta i
, and

regularization parameter \mu for the space-invariant and space-variant regularization hyper-
models considered with Lq data fidelity, q < +\infty .

\scrR (\bfitu ,\bfTheta ) f(\bfitg i;\bfTheta i) h(\bfTheta i) \scrD \bfTheta i
\mu Ref.

TV \| \bfitg i\| 2  - 1

\alpha 
ln\alpha \alpha \in \BbbR ++

q \omega q

\alpha 
[134]

TVp \| \bfitg i\| p2  - 1

\alpha p
ln

\alpha p

\Gamma (1/p)
(\alpha , p) \in \BbbR 2

++

q \omega q

\alpha p
[101]

sp
a
ce
-i
n
va
ri
a
n
t

DTV \| \bfLambda a\bfR  - \theta \bfitg i\| 2  - 1

\alpha 
ln

\biggl( 
a

2\pi 

\alpha 2

4

\biggr) 
(\alpha , \theta , a) \in \BbbR ++ \times [ - \pi /2, \pi /2)\times (0, 1]

q \omega q

\alpha 
[10]

WTV \alpha i\| \bfitg i\| 2  - ln\alpha i \alpha i \in \BbbR ++ q \omega q [29]

WTVsv
\bfitp \alpha pi

i \| \bfitg i\| pi

2  - ln
\alpha i pi

\Gamma (1/pi)
(\alpha i, pi) \in \BbbR 2

++ q \omega q [98]

sp
ac
e-
va
ri
an

t

WDTVsv
\bfitp \alpha pi

i \| \bfLambda ai
\bfR  - \theta i\bfitg i\| 

pi

2  - ln

\biggl( 
ai
2\pi 

pi \alpha 
2
i

\Gamma (2/pi) 22/pi

\biggr) 
(\alpha i, pi, \theta i, ai) \in \BbbR 2

++ \times [ - \pi /2, \pi /2)\times (0, 1] q \omega q [27]

For all considered space-invariant and space-variant hypermodels, we summarize
in Table 2 the gradient and parameter penalty functions f and h, respectively, as well
as the parameters domains \scrD \bfTheta i

and the regularization parameters \mu . In the table, we
also report the reference papers in which the aforementioned regularizers were first
introduced and/or analyzed in probabilistic terms.

Remark 6.1 (additive i.i.d. uniform noise). When the corrupting noise is AIU,
i.e., q = +\infty and the data term is written as in (6.5), the regularization parameter \mu 
does not appear explicitly in the final hypermodels. However, one can clearly observe
that functions f , h, and the parameter domain \scrD \bfTheta i

have the same expressions as the
ones listed in Table 2.

Remark 6.2. As far as the value of the regularization parameter \mu is concerned,
we remark that when both the scale parameter \omega and the shape parameter q of the
AIGG noise distribution are assumed to be known, the parameter \mu > 0 in all models
above is also known. However, it is quite well known that setting a priori the \mu value
based on the true noise parameters does not guarantee that the empirical noise level
calculated starting from the output residual image \bfity \ast (\mu ) = \bfA \bfitu \ast (\mu ) - \bfitb coincides with
the true underlying noise level. Hence, \mu will be regarded in the following as a further
unknown parameter to be estimated based on the GDP strategy presented in section
2.1 and further detailed in section 8.

Recalling now the alternated IAS scheme written in (3.23)--(3.24) in a statistical
form, we have that the general joint minimization problem (6.6) can now be similarly
solved by means of an alternated minimization scheme whose update for k \geq 0 and
\bfitu (0) reads

\bfTheta (k+1) \in arg min
\bfTheta \in \scrD \bfTheta 

\Bigl\{ 
\scrR (\bfitu (k),\bfTheta ) + \scrH (\bfTheta )

\Bigr\} 
,(6.11)

\bfitu (k+1) \in arg min
\bfitu \in \BbbR N

\Bigl\{ 
\scrR (\bfitu ,\bfTheta (k+1)) + \mu Lq(\bfA \bfitu ; \bfitb )

\Bigr\} 
.(6.12)
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Note that due to the possible joint and blockwise nonconvexity of the problems in-
volved, providing sufficient conditions for guaranteeing the convergence of the itera-
tive scheme (6.11)--(6.12) is a challenging problem. For what follows, we interpret the
scheme above as an alternate parameter-estimation/optimization scheme where the
estimation of model hyperparameters and their use in the underlying image restora-
tion model considered are combined in an alternate fashion.

7. Coupling Image Statistics with Variational Modeling: Parameter Selec-
tion. In this section, we address the estimation of the parameters \bfTheta for the different
instances of space-variant models introduced below. As pointed out in section 4,
a key step considered in the following for tackling the \bfTheta -update step in the alter-
nating scheme (6.11)--(6.12) consists in neglecting the normalization constant c(\bfTheta ).
Although this approximation causes of course a lack of consistency with the original
model, the estimation results reported in this section will support the rationale of
our choice. An extensive analysis of the good statistical properties of the estimator
considered in what follows has been provided in [27, section 7]. There, the authors
provided empirical evidence of the fact that the considered estimator is unbiased, by
showing that the empirical variance and root mean square error decay to zero.

7.1. Inspecting Space Variance. According to (6.11), the general form of the
\bfTheta -update, under the adoption of noninformative hyperprior, reads

\bfTheta (k+1) \in arg min
\bfTheta \in \scrD \bfTheta 

\Bigl\{ 
 - ln\pi (\bfitz (\bfitu (k)) | \bfTheta )

\Bigr\} 
= arg min

\bfTheta \in \scrD \bfTheta 

\Biggl\{ 
N\sum 
i=1

\Bigl( 
f((\bfD \bfitu (\bfitk ))i;\bfTheta i) + h(\bfTheta i)

\Bigr) \Biggr\} 
,(7.1)

where f and h denote the general gradient and parameter penalty functions, re-
spectively, summarized in Table 2 for the hypermodels of interest. In light of the
separability induced by the summation, problem (7.1) can be addressed by solving N
minimization problems of the form

(7.2) \bfTheta 
(k+1)
\bfiti \in arg min

\bfTheta \bfiti \in \scrD \bfTheta i

\Bigl\{ 
f((\bfD \bfitu (k))i;\bfTheta \bfiti ) + h(\bfTheta i)

\Bigr\} 
, i = 1 . . . , N,

where, notice, the information on \bfitu (k) required to perform the update of \bfTheta i is syn-
thesized in the sole value (\bfD \bfitu (k))i. However, if (\bfD \bfitu (k))i is a highly blur- and noise-
damaged version of the true underlying value (\bfD \bfitu )i (which is the case along the
ADMM iterations), the local estimate is expected to be particularly poor and unreli-
able.

As a way to overcome this limitation, the estimation problem (7.2) can be recast
so as to take into account the information encoded in a set of pixels close to pixel
i. More specifically, for any i = 1, . . . , N , we consider the square neighborhood \scrJ r

i

centered at pixel i with side 2r + 1 pixels and dimension card(\scrJ r
i ) = (2r + 1)2 =: m

and compute the discrete gradients points in \scrJ r
i . These quantities will be then used

for the estimation of the ith unknown parameter \bfTheta i. We will refer to r as the radius
of the neighborhoods; as will be observed in section 9, the choice of r can affect the
quality of the final restorations. This issue will be addressed explicitly in section 10.

Statistically, the selected strategy relies on the assumption that in each of the con-
sidered neighborhoods the gradients (or their magnitudes) are independently sampled
from the same distribution.
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We thus introduce the following sets of samples drawn around i for i = 1, . . . , N :

\scrS i :=

\biggl\{ \bigl\{ 
\| (\bfD \bfitu (k))j\| 2 : j \in \scrJ r

i

\bigr\} 
for the WTV and WTVsv

\bfitp regularizers,\bigl\{ 
(\bfD \bfitu (k))j : j \in \scrJ r

i

\bigr\} 
for the WDTVsv

\bfitp regularizer.

For each i = 1, . . . , N , by exploiting the mutual independence of the gradients,
problem (7.2) can thus be formulated as follows:

\bfTheta 
(k+1)
i \in arg min

\bfTheta i\in \scrD \bfTheta i

\left\{    - ln
\prod 

j\in \scrJ r
i

\pi (\scrS i | \bfTheta i) = - ln\pi ((\bfD \bfitu (k))j ;\bfTheta i)

\right\}   
= arg min

\bfTheta i\in \scrD \bfTheta i

\left\{   \sum 
j\in \scrJ r

i

\Bigl( 
f((\bfD \bfitu (k))j ;\bfTheta i) + h(\bfTheta i)

\Bigr) \right\}   .(7.3)

We now specify the formulation of the minimization problem (7.3) in correspon-
dence with the regularization terms considered in this review. For the sake of better
readability, in this section the outer iteration superscript k will be neglected and the
discrete gradient (\bfD \bfitu )j at pixel j will be simply denoted by \bfitg j .

7.2. Parameter Estimation for the WTV Regularizer. We start considering
WTV regularization. Recalling the definition of the gradient and parameter penalty
functions f\mathrm{T}\mathrm{V}, h\mathrm{T}\mathrm{V} in (4.3), (6.8) and the hyperparameter domain \scrD \bfTheta i

specified in
Table 2, the problem of interest turns into

(7.4) \alpha \ast 
i \in arg min

\alpha i\in \BbbR ++

\left\{   \scrG (\alpha i) :=  - ln\pi (\scrS i | \alpha i) =  - m ln\alpha i +
\sum 
j\in \scrJ r

i

\alpha i\| \bfitg j\| 2

\right\}   .

The following result holds true.

Proposition 7.1. The function \scrG : \BbbR ++ \rightarrow \BbbR in (7.4) is smooth and convex,
hence it admits a unique global minimizer.

In particular, since \scrG is differentiable on \BbbR ++, the solution of the ith minimization
problem (7.4) can be simply found by imposing a first-order optimality condition:

(7.5) \scrG \prime (\alpha i) =  - m

\alpha i
+
\sum 
j\in \scrJ r

i

\| \bfitg j\| 2 = 0 , hence \alpha \ast 
i =

\left(  1

m

\sum 
j\in \scrJ r

i

\| \bfitg j\| 2

\right)   - 1

.

Notice that in order to avoid degenerate configurations arising when considering neigh-
borhoods with null gradients, a small regularization parameter 0 < \varepsilon \ll 1 can be
added to the local mean in (7.5). The selection of pixels involved in (7.5) can be
efficiently carried out based on fast 2D convolution operators (realized by a fast 2D
discrete transform) of the map of gradient norms with a square (2r + 1) \times (2r + 1)
averaging kernel.

For validating the proposed parameter estimation strategy, in Figure 11 we ana-
lyze the performance of the parameter estimation strategy outlined above on selected
subregions of the clean image in Figure 11(a) and on the whole image itself. We re-
mark that in the following tests, and in the other experiments reported in this section,
we perform the estimate of the unknown parameters starting from the target image for
illustrative purposes. Clearly, in section 9, where we show the results of the outlined
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strategy for the restoration of different test images, the parameters will be updated
starting from the observed data or from the current iterate \bfitu (k), as prescribed from the
alternating scheme (6.11)--(6.12) whose \bfTheta -substep relies, at each k \geq 0, on the knowl-
edge of the current estimate \bfitu (k). The local neighborhoods shown here consist of an
almost constant red-bordered region and two textured regions---see Figure 11(d) and
Figures 11(g),(j), respectively---the last two differing in terms of directional features;
in fact, the magenta-bordered region presents horizontally oriented features, while the
texture in the cyan-bordered neighborhood does not present a dominant directionality.

We compute the hL pdfs returning the best fitting both of the global and of
the local histograms of the gradient magnitudes. More specifically, we first calculate
(7.5) for the whole image, i.e., when the summation index j goes from 1 to N , that
will return the global scale parameter. Then the same formula is applied when the
set of samples is restricted to the gradient magnitudes of the three subregions, so
as to obtain local scale parameters. The estimated parameters are reported in the
caption. In Figure 11(b), and in the close-up in Figure 11(c), we show the histogram
of the gradient magnitudes of the whole image. The superimposed solid green line
represents the global hL distribution. The histogram of the gradient magnitudes in
the selected neighborhoods together with the corresponding estimated pdfs are shown
in Figures 11(e),(f) for the constant region, and in Figures 11(h),(i) and 11(k),(l) for
the textured regions. In the local histograms, we also report the global pdf. The
comparison immediately reveals how the space-variant approach guarantees a more
accurate modeling of local features; this is also reflected in the values of the estimated
global and local scale parameters, which appear to be very different from each other,
except for the case of the two textured regions. In fact, as discussed before, directional
dissimilarities cannot be detected when adopting a (univariate) hL prior.

In order to analyze in more detail the connection between the estimated scale
parameters and the local regularization strength, in Figure 12 we show the \bfitalpha -map
corresponding to different test images. We observe that the scale parameters as-
sume higher values on smooth or piecewise-constant regions, whereas lower values are
obtained in correspondence with edges and texture. In those areas, a weaker regular-
ization is indeed preferable in order to preserve details. Note also that the \bfitalpha -maps
are sensitive to the choice of radius r. When considering small values of r---see, for
instance, the map on the barbara image with r = 2---possibly small artifacts due
to image compression or resolution may appear. A similar effect is expected in the
presence of noise. On the other hand, setting a large radius r could make some de-
tails or finer structures in the image less detectable, as in the case of the map for the
geometric image with r = 7, where inner edges are not visible in the final map.

7.3. Parameter Estimation for the WTV\bfits \bfitv 
\bfitp Regularizer. We now consider the

WTVsv
\bfitp regularizer. Recalling the definitions for f\mathrm{W}\mathrm{T}\mathrm{V}sv

\bfitp 
and h\mathrm{W}\mathrm{T}\mathrm{V}sv

\bfitp 
given in (4.7)

and (6.9), respectively, and the hyperparameter space \scrD \bfTheta i in Table 2, we have that
the general problem (7.3) reduces to

\{ \alpha \ast 
i , p

\ast 
i \} \in arg min

(\alpha i,pi)\in \BbbR 2
++

\biggl\{ 
\scrG (\alpha i, pi) :=  - ln\pi (\scrS i | \alpha i, pi) =  - m ln\alpha i

+ m ln \Gamma 

\biggl( 
1 +

1

pi

\biggr) 
+
\sum 
j\in \scrJ r

i

\alpha pi

i \| \bfitg j\| pi

2

\biggr\} 
.
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(\mathrm{a}) \mathrm{t}\mathrm{e}\mathrm{s}\mathrm{t} \mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e} (\mathrm{b}) \mathrm{g}\mathrm{l}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{c}) \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p}

(\mathrm{d}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{e}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{f}) \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p}

(\mathrm{g}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{h}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{i}) \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p}

(\mathrm{j}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{k}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{l}) \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p}

Fig. 11 Parameter estimate for WTV. Histogram of the gradient magnitudes (b) on the whole test
image (a) with the best-fitting hL pdf, \alpha \ast = 10.17 (green), and corresponding close-up (c);
histogram of the gradient magnitudes (e),(h),(k), and corresponding close-up(s) (f),(i),(l),
on regions (d),(g),(j) with the local best-fitting hL pdf, with \alpha \ast = 200.87 (red), \alpha \ast = 3.70
(cyan), and \alpha \ast = 3.86 (magenta), respectively.

Proceeding analogously as before, we have that by imposing a first-order optimality
condition on \scrG (\alpha i, pi) with respect to \alpha i, we get

\partial 

\partial \alpha i
\scrG (\alpha i, pi) =  - m

\alpha i
+ pi\alpha 

pi - 1
i

\sum 
j\in \scrJ r

i

\| \bfitg j\| pi

2 = 0 ,
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Fig. 12 Test images with the corresponding \bfitalpha -map for different values of radius r.

which yields the following closed-form formula for the estimation of \alpha i:

(7.6) \alpha \ast 
i (pi) =

\left(  pi
m

\sum 
j\in \scrJ r

i

\| \bfitg j\| pi

2

\right)   - 
1

pi
.

It is easy to verify that the second derivative of \scrG with respect to \alpha i computed at
\alpha \ast 
i (pi) is strictly positive, hence the stationary point in (7.6) is a minimum. Similarly

as for (7.5), also in this case a parameter 0 < \varepsilon \ll 1 shall be added to the summation
(7.6) so as to avoid degenerate configurations of gradient magnitudes. Plugging in
(7.6), we have

p\ast i \in arg min
pi\in \BbbR ++

\Biggl\{ 
G(pi) := \scrG (\alpha i(pi), pi) =

m

pi
log

\left(  pi
m

\sum 
j\in \scrJ r

i

\| \bfitg j\| pi

2

\right)  
+m ln \Gamma 

\biggl( 
1 +

1

pi

\biggr) 
+

m

pi

\Biggr\} 
.

When addressing the study of G on \BbbR ++, one can immediately notice that its behavior
is related to the local configurations of gradient magnitudes. As a result, drawing any
conclusion on the existence of minima is in general not trivial. However, looking at
the problem from a computational viewpoint, it appears reasonable to restrict the pi
feasibility set to a bounded interval [\epsilon , R], with 0 < \epsilon < R and R > 1. In this case,
the following result holds.

Proposition 7.2. The function G : [\epsilon , R] \rightarrow \BbbR defined in (7.3) is continuous,
hence it admits a minimum in its compact domain.

In Figure 13, the estimation of the global and local shape parameters for the
WTVsv

\bfitp regularizer is performed by setting \epsilon = 0.1 and R = 10. The dashed green
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(\mathrm{a}) \mathrm{t}\mathrm{e}\mathrm{s}\mathrm{t} \mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e} (\mathrm{b}) \mathrm{g}\mathrm{l}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{c}) \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p}

(\mathrm{d}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{e}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{f}) \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p}

(\mathrm{g}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{h}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{i}) \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p}

(\mathrm{j}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{k}) \mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{l} \mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m} (\mathrm{l}) \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}-\mathrm{u}\mathrm{p}

Fig. 13 Parameter estimate for WTVsv
\bfitp . Histogram of the gradient magnitudes (b) on the whole

test image (a) with the best-fitting hL pdf (solid green) and hGG pdf (dashed green), with
p\ast = 0.2, \alpha \ast = 465.67, and corresponding close-up (c); histogram of the gradient magnitudes
(e),(h),(k), and corresponding close-up(s), on regions (d),(g),(j) with the local best-fitting
hL pdf (solid) and hGG pdf (dashed), with p\ast = 0.1, \alpha \ast = 687.34 (red), p\ast = 4.85, \alpha \ast = 2.56
(cyan), and p\ast = 5.65, \alpha \ast = 2.78 (magenta).

line in Figures 13(b),(c) represents the hGG pdf that best fits the global histogram
of the gradient magnitudes where parameters have been estimated as above. One can
already observe how the introduction of a further global parameter allows for a better
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r = 2 r = 5 r = 7
\bfitalpha 

2 0 0

4 0 0

6 0 0

2 0 0

4 0 0

6 0 0

2 0 0

4 0 0

6 0 0

\bfitp 

1

3

5

1

3

5

1

3

5

Fig. 14 The \bfitalpha and \bfitp maps for different values of radius r on the image skyscraper in Figure 11(a).

modeling of the global histogram when compared to the solid green line, representing
the hL pdf shown in Figure 11. In Figures 13(e),(h),(k), we report colored dashed
lines corresponding to the estimated local hGG pdfs; in addition, we superimpose the
global hGG pdf together with the local hL pdfs plotted in Figure 11 as solid lines. To
facilitate the inspection, we also show close-up(s) of the local histograms in Figures
13(f),(g),(l). The benefits associated with the use of a second space-variant parameter
are here even more significant. The differences between the selected patches, and
between the patches and the global image, are accurately highlighted by the estimated
global and local parameters reported in the caption. Note, however, that also in this
case the selected hGG prior is not capable of detecting directional differences between
the two textured subregions, due once again to its univariate behavior.

Finally, in Figure 14 we show the \bfitalpha - and \bfitp -maps obtained by considering neigh-
borhoods of different sizes (r) for the image in Figure 11(a). In all three cases, the
method associates very low \bfitp values with flat regions (thus promoting enforced spar-
sity) and higher values with texture (where gradients show oscillations). Similarly
to what was observed for WTV, the scale parameters \bfitalpha are again smaller on regions
characterized by finer details, as expected.

7.4. Parameter Estimation for the WDTV\bfits \bfitv 
\bfitp Regularizer. For the WDTVsv

\bfitp 

regularization term, after selecting the functions f\mathrm{W}\mathrm{D}\mathrm{T}\mathrm{V}sv
\bfitp 
, h\mathrm{W}\mathrm{D}\mathrm{T}\mathrm{V}sv

\bfitp 
as in (4.10),

(6.10) and the domain \scrD \bfTheta i as specified in Table 2, we get that the problem of interest
takes the form

(7.7) \{ \alpha \ast 
i , p

\ast 
i , \theta 

\ast 
i , a

\ast 
i \} \in arg min

(\alpha i,pi,\theta i,ai)\in \BbbR 2
++\times [ - \pi /2,\pi /2)\times (0,1]

\scrG (\alpha i, pi, \theta i, ai),

where

\scrG (\alpha i, pi, \theta i, ai) :=  - m ln ai +m ln \Gamma 

\biggl( 
2

pi
+ 1

\biggr) 
 - 2m ln\alpha i

+ m

\biggl( 
2

pi
 - 1

\biggr) 
ln 2 + \alpha pi

i

\sum 
j\in \scrJ r

i

( \bfitg T
j \bfR \theta i\bfLambda 

2
ai
\bfR  - \theta i \bfitg j )

pi/2.
(7.8)D
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Note that \scrG is differentiable on \BbbR 2
++ \times [ - \pi /2, \pi /2) \times (0, 1]. By simply imposing a

first-order optimality condition on \alpha i, we get the following closed formula:

\partial \scrG 
\partial \alpha i

=  - 2m
1

\alpha i
+ pi\alpha 

pi - 1
i

\sum 
j\in \scrJ r

i

(\bfitg T
j \bfR \theta i\bfLambda 

2
ai
\bfR  - \theta i\bfitg j)

pi/2,

which yields

(7.9) \alpha \ast 
i (pi, \theta i, ai) =

\biggl( 
pi
2m

m\sum 
j=1

(\bfitg T
j \bfR \theta i\bfLambda 

2
ai
\bfR  - \theta i\bfitg j)

pi/2

\biggr)  - 1
pi

,

and which can be regularized depending on 0 < \varepsilon \ll 1 as above. The stationary point
in (7.9) can be proved to be a minimum as the second derivative of \scrG with respect to
\alpha i at \alpha 

\ast 
i is strictly positive. Plugging (7.9) into (7.8), we thus get

G(pi, \theta i, ai) := \scrG (\alpha \ast 
i (pi, \theta i, ai), pi, \theta i, ai)

= m ln

\biggl[ 
\Gamma 

\biggl( 
2

pi
+ 1

\biggr) 
1

2 ai

\biggr] 
+

2m

pi

\Bigl( 
ln

pi
m

+ 1
\Bigr) 

+
2m

pi
ln

\biggl( m\sum 
j=1

(\bfitg T
j \bfR \theta i\bfLambda 

2
ai
\bfR  - \theta i\bfitg j)

pi/2

\biggr) 
.

(7.10)

By now making explicit the dependence of G on the entries of (\bfR \theta i\bfLambda 
2
ai
\bfR  - \theta i), we have

that (7.10) turns into

G(pi, \theta i, ai) = m ln

\biggl[ 
\Gamma 

\biggl( 
2

pi
+ 1

\biggr) 
1

2 ai

\biggr] 
+

2m

pi

\Bigl( 
ln

pi
m

+ 1
\Bigr) 

+
2m

pi
ln

\Biggl( \sum 
j\in \scrJ r

i

((cos2 \theta i + a2i sin
2 \theta i)g

2
j,1 + (sin2 \theta i + a2i cos

2 \theta i)g
2
j,2

+ 2(1 - a2i ) cos \theta i sin \theta igj,1gj,2)
pi/2

\Biggr) 
.

(7.11)

Problem (7.7)--(7.8) thus takes the form

(7.12) \{ p\ast i , \theta \ast i , a\ast i \} \in arg min
(pi,\theta i,ai)\in \BbbR ++\times [ - \pi /2,\pi /2)\times (0,1]

G(pi, \theta i, ai).

We now study the behavior of G as the triplet (pi, \theta i, ai) approaches the boundary

of the set \widehat \scrD \bfTheta i
:= \BbbR ++ \times [ - \pi /2, \pi /2) \times (0, 1]. Note that, since problem (7.12) is

formulated over a noncompact set of \BbbR 3, the existence of a solution is in general not
guaranteed. One possible way to overcome the problem of noncompactness consists in
characterizing explicitly the configurations of the samples \scrS i for which the functional
G in (7.11) does not attain its minimum in \widehat \scrD \bfTheta i . To do so, let us first set

A(\theta i, ai) :=
2m

pi
log

\Biggl[ \sum 
j\in \scrJ r

i

((cos2 \theta i + a2i sin
2 \theta i)g

2
j,1 + (sin2 \theta i + a2i cos

2 \theta i)g
2
j,2

+ 2(1 - a2i ) cos \theta i sin \theta igj,1gj,2)
pi/2

\Biggr] 
.
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For any pi > 0, if A(\theta i, ai) is bounded as ai \rightarrow 0+, then the functional G in (7.11)

tends to +\infty and the minimum is necessarily attained in the interior of \widehat \scrD \bfTheta i
. However,

if A(\theta i, ai) is unbounded as ai \rightarrow 0+, nothing can be said about the behavior of G
at the boundary and, as a consequence, nothing can be said about its minima. In
particular, in this situation there may exist one or multiple configurations of the
samples \bfitg 1, . . . , \bfitg m \in \scrS i for which G tends to  - \infty at the boundary. In order to
characterize such configurations, note that as ai \rightarrow 0+ we have that by continuity

A(\theta i, ai) \rightarrow 
2m

pi
log

\Biggl[ 
m\sum 
j=1

(cos \theta igj,1 + sin \theta igj,2)
pi

\Biggr] 
,

which tends to  - \infty if and only if

gj,2 =  - cos \theta i
sin \theta i

gj,1 \forall j = 1, . . . ,m.

This situation corresponds to the very particular case when the samples \bfitg j lie all
on the line passing through the origin with slope  - cos \theta i/ sin \theta i, and they can be
thus considered as realizations of a degenerate BGG pdf characterized by a positive
semidefinite covariance matrix. This sort of configuration can be avoided by requiring
that ai does not get smaller than a fixed value 0 < \delta \ll 1.

A possible way to guarantee the existence of solutions of the problem (7.12) is
to reformulate the problem over a compact subset of \BbbR 3, in analogy with what has
been done in section 7.3. As noted above on the admissible values for pi, we point out
that the more we enforce sparsity (i.e., the closer pi is to zero), the more the BGGD
will tend to a Dirac delta distribution, making the estimation of local anisotropy in
a neighborhood of the point considered almost impossible. Hence, the exponent pi is
considered to be confined in the closed interval [\epsilon , R], with 0 < \epsilon < R.

We can thus reformulate problem (7.12) as

\{ p\ast i , \theta \ast i , a\ast i \} \in min
pi,\theta i,ai

G(pi, \theta i, ai)(7.13)

s.t. pi \in [\epsilon , R],  - \pi /2 \leq \theta i \leq \pi /2 , \delta \leq ai \leq 1.

The following result holds true.

Proposition 7.3. The function G : [\epsilon , R]\times [ - \pi /2, \pi /2]\times [\delta , 1] \rightarrow \BbbR in (7.11) is
continuous and admits a minimum in its compact domain.

In Figure 15, we analyze the performance of the outlined parameter estimation
strategy for the WDTVsv

\bfitp regularizer, where again the search interval for the local
parameter pi has been set as [\epsilon , R] = [0.1, 10]. More specifically, in the left column we
display selected neighborhoods from a synthetic image---i.e., a vertical edge in Figure
15(a), a horizontal edge in Figure 15(d), and a circular profile in Figure 15(g)---and the
two textured regions already considered in Figures 11 and 13. In the middle column
of Figure 15, we report the samples extracted from each neighborhood, together with
the level curves of the estimated local BGG pdfs, while in the last column we show the
scatter plot of the samples by drawing once again the level curves of the underlying
distribution to facilitate the analysis.

The estimated pdfs for the three geometrical profiles lie along the horizontal axis,
the vertical axis, and the first quadrant bisector of the scatter diagram \bfD h\bfitu -\bfD v\bfitu ,
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(\mathrm{a}) (\mathrm{b}) (\mathrm{c})

(\mathrm{d}) (\mathrm{e}) (\mathrm{f})

(\mathrm{g}) (\mathrm{h}) (\mathrm{i})

(\mathrm{j}) (\mathrm{k}) (\mathrm{l})

(\mathrm{m}) (\mathrm{n}) (\mathrm{o})

Fig. 15 Parameter estimate for WDTVsv
\bfitp . From left to right: neighborhoods, histograms, and scat-

ter plots of gradients with level curves of the estimated BGG pdf. From top to bottom, the
estimates are (\alpha \ast , p\ast , \theta \ast , a\ast ) = (2.23, 0.1, - 89.90, 0.33), (\alpha \ast , p\ast , \theta \ast , a\ast ) = (2.10, 0.1, 0, 0.37),
(\alpha \ast , p\ast , \theta \ast , a\ast ) = (1.14, 0.1, 47.50, 0.78), (\alpha \ast , p\ast , \theta \ast , a\ast ) = (1.30, 2.97, - 12.50, 0.64),
(\alpha \ast , p\ast , \theta \ast , a\ast ) = (1.94, 1.24, - 2.18, 0.39).
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respectively. This behavior, as expected, corresponds to the dominant orientation of
the gradients in the neighborhoods. Finally, the textured regions in Figures 15(g),(j),
statistically indistinguishable from the hLd and hGGd viewpoint, turn out to be
significantly different now; in fact, the samples in the former are spread more homo-
geneously in the scatter diagram, while the gradients in the latter present a dominant
edge orientation which is almost aligned with the horizontal axis of the diagram. Such
a difference is now reflected in the estimated BGG pdfs.

8. Algorithmic Optimization. From an optimization point of view, it is not
trivial to design a unified optimization solver for the general \bfitu -estimation problem in
the alternating scheme (6.11)--(6.12), as it may be either extremely easy (smooth and
convex) or extremely difficult (nonsmooth and nonconvex). We can surely think of
specific optimization algorithms that could be effectively used for solving (6.11)--(6.12)
in specific scenarios such as (l-)BFGS [24] for the smooth and convex case, Nesterov-
type proximal schemes [118, 11, 55, 130] and dual/primal-dual methods [81, 50, 86,
41, 44] for the nonsmooth convex case, and, e.g., [121] for the nonsmooth nonconvex
case. However, in the following we will stick with one single optimization algorithm for
better clarity and consider the alternating direction method of multipliers (ADMM)
[20] whose different subproblems can be solved by means of classical tools in the field
of proximal calculus [54], numerical linear algebra, and adaptive discrepancy principle
[79]. Note that albeit proposed and widely applied in convex scenarios, nonconvex
variants of ADMM have been recently proposed and endowed with global convergence
guarantees [148, 18], although not always applicable to the problem at hand due to the
(often limiting) assumptions on the operators involved. However, as we will comment
on in the following, empirical convergence is often observed for general nonconvex
ADMM algorithms, which makes their use often amenable in practice. For further
details on the recent developments of convex and nonconvex optimization algorithms
for variational imaging models, we refer the reader to [45] and the references therein.

8.1. ADMM Optimization. By dropping out the terms in (6.6) which do not
depend on the unknown image \bfitu , the \bfitu -update step (6.12) reads

(8.1) \bfitu (k+1) \in arg min
\bfu \in \BbbR N

\biggl\{ N\sum 
i=1

f((\bfD \bfitu )i;\bfTheta 
(k+1)
i ) + Fq(\bfA \bfitu ; \bfitb )

\biggr\} 
,

where Fq(\bfA \bfitu ; \bfitb ) is defined in (6.4) for q < +\infty and in (6.5) for q = +\infty , and the
gradient penalty functions f are summarized in Table 2 for the different regularizers
considered.

By introducing the auxiliary variables \bfitg \in \BbbR 2N and \bfity \in \BbbR M , and dropping out
the iteration superscript, problem (8.1) can be reformulated as

(8.2) \{ \bfitu \ast , \bfitg \ast ,\bfity \ast \} \in arg min
\bfitu ,\bfitg ,\bfity 

\biggl\{ N\sum 
i=1

f(\bfitg i;\bfTheta i) + Fq(\bfity ; \bfitb )

\biggr\} 
s.t.

\biggl\{ 
\bfitg = \bfD \bfitu ,
\bfity = \bfA \bfitu .

For every i = 1, . . . , N , the quantity \bfitg i = ((\bfD h\bfitu )i, (\bfD v\bfitu )i) \in \BbbR 2 stands for the local
image gradient at pixel i. By means of this change of variable, we can avoid considering
the dependence on the linear operator \bfD of the (in general) nondifferentiable and
possibly nonconvex function f , while the use of \bfity is helpful for the GDP strategy
introduced in section 2.1.
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We define the augmented Lagrangian functional of problem (8.2) as follows:

\scrL (\bfitu , \bfitg ,\bfity ,\bfitrho g,\bfitrho y;\bfTheta ) :=
N\sum 
i=1

f(\bfitg i;\bfTheta i) + Fq(\bfity ; \bfitb ) - \langle \bfitrho g, \bfitg  - \bfD \bfitu \rangle 

+
\beta g

2
\| \bfitg  - \bfD \bfitu \| 22  - \langle \bfitrho y,\bfity  - \bfA \bfitu \rangle + \beta y

2
\| \bfity  - \bfA \bfitu \| 22,

(8.3)

where \beta g, \beta y \in \BbbR ++ are the ADMM penalty parameters, while \bfitrho g \in \BbbR 2N , \bfitrho y \in \BbbR M

are the vectors of Lagrange multipliers associated with the linear constraints \bfitg = \bfD \bfitu 
and \bfity = \bfA \bfitu in (8.2), respectively.

Solving (8.2) amounts to seeking solutions of the following saddle-point problem:

Find (\bfitu \ast , \bfitg \ast ,\bfity \ast ) \in \BbbR N\times \BbbR 2N\times \BbbR M and (\bfitrho \ast 
g,\bfitrho 

\ast 
y) \in \BbbR 2N\times \BbbR M such that

\scrL (\bfitu \ast , \bfitg \ast ,\bfity \ast ,\bfitrho g,\bfitrho y;\bfTheta ) \leq \scrL (\bfitu \ast , \bfitg \ast ,\bfity \ast ,\bfitrho \ast 
g,\bfitrho 

\ast 
y;\bfTheta ) \leq \scrL (\bfitu , \bfitg ,\bfity ,\bfitrho \ast 

g,\bfitrho 
\ast 
y,\bfTheta )(8.4)

\forall (\bfitu , \bfitg ,\bfity ) \in \BbbR N\times \BbbR 2N\times \BbbR M , \forall (\bfitrho g,\bfitrho y) \in \BbbR 2N\times \BbbR M .

Upon suitable initialization, and for any j \geq 0, the jth iteration of the ADMM
algorithm applied to solve the saddle-point problem (8.4) thus reads

\bfitu (j+1) \in arg min
\bfitu \in \BbbR N

\scrL 
\bigl( 
\bfitu , \bfitg (j),\bfity (j),\bfitrho (j)

g ,\bfitrho (j)
y ;\bfTheta 

\bigr) 
,(8.5)

\bfitg (j+1) \in arg min
\bfitg \in \BbbR 2N

\scrL 
\bigl( 
\bfitu (j+1), \bfitg ,\bfity (j),\bfitrho (j)

g ,\bfitrho (j)
y ;\bfTheta 

\bigr) 
,(8.6)

\bfity (j+1) \in arg min
\bfity \in \BbbR M

\scrL 
\bigl( 
\bfitu (j+1), \bfitg (j+1),\bfity ,\bfitrho (j)

g ,\bfitrho (j)
y ;\bfTheta 

\bigr) 
,(8.7)

\bfitrho (j+1)
g = \bfitrho (j)

g  - \beta g

\bigl( 
\bfitg (j+1)  - \bfD \bfitu (j+1)

\bigr) 
,(8.8)

\bfitrho (j+1)
y = \bfitrho (j)

y  - \beta r

\bigl( 
\bfity (j+1)  - \bfA \bfitu (j+1)

\bigr) 
.(8.9)

In the following, we make precise the solution of the three subproblems for the
primal variables \bfitu , \bfitg , and \bfity in (8.5)--(8.7). The automatic estimation of the regular-
ization parameter \mu will be addressed in section 8.4 concerned with the \bfity -update.

8.2. Subproblem for the Primal Variable \bfitu . Subproblem (8.5) reads

\bfitu (j+1) \in arg min
\bfitu \in \BbbR N

\biggl\{ 
\langle \bfitrho (j)

g ,\bfD \bfitu \rangle + \langle \bfitrho (j)
y ,\bfA \bfitu \rangle + \beta g

2
\| \bfitg (j)  - \bfD \bfitu \| 22 +

\beta r

2
\| \bfity (j)  - \bfA \bfitu \| 22

\biggr\} 
,

which is quadratic with first-order optimality condition given by

(8.10)
\Bigl( 
\beta g\bfD 

T\bfD + \beta r\bfA 
T\bfA 
\Bigr) 
\bfitu = \beta g\bfD 

T

\biggl( 
\bfitg (j)  - 1

\beta g
\bfitrho (j)
g

\biggr) 
+ \beta r\bfA 

T

\biggl( 
\bfity (j)  - 1

\beta r
\bfitrho (j)
y

\biggr) 
.

The coefficient matrix of the linear system above is symmetric positive semidefinite
and, under the assumption

null(\bfA ) \cap null(\bfD ) = \{ \bfzero N\} ,

then it is positive definite so that \bfitu (j+1) is the unique solution of linear system (8.10).
Matrix \bfA is typically sparse, hence (8.10) can be solved efficiently by means of (pre-
conditioned) conjugate gradient methods. When \bfA is a convolution matrix, like in
image restoration with space-invariant blur, the linear system can be solved more
efficiently by means of fast 2D discrete transforms.
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8.3. Subproblem for the Primal Variable \bfitg . After dropping all terms not de-
pending on \bfitg in (8.3), subproblem (8.6) reads

\bfitg (j+1) \in arg min
\bfitg \in \BbbR 2N

\Biggl\{ 
N\sum 
i=1

f(\bfitg i;\bfTheta i) - \langle \bfitrho (j)
g , \bfitg  - \bfD \bfitu (j+1)\rangle + \beta g

2

\bigm\| \bigm\| \bfitg  - \bfD \bfitu (j+1)
\bigm\| \bigm\| 2
2

\Biggr\} 

= arg min
\bfitg \in \BbbR 2N

\Biggl\{ 
N\sum 
i=1

f(\bfitg i;\bfTheta i) +
\beta g

2
\| \bfitg  - \bfitw (j)\| 22

\Biggr\} 
,(8.11)

with vector \bfitw (j) \in \BbbR 2N defined by

(8.12) \bfitw (j) := \bfD \bfitu (j+1) +
1

\beta g
\bfitrho (j)
g .

Solving the 2N -dimensional minimization problem above is thus equivalent to solving
the following N independent two-dimensional problems:

\bfitg 
(j+1)
i \in arg min

\bfitg i\in \BbbR 2

\biggl\{ 
f(\bfitg i;\bfTheta i) +

\beta g

2

\bigm\| \bigm\| \bigm\| \bfitg i  - \bfitw 
(j)
i

\bigm\| \bigm\| \bigm\| 2
2

\biggr\} 
= prox

\beta g

f( \cdot ;\bfTheta i)

\Bigl( 
\bfitw 

(j)
i

\Bigr) 
, i = 1, . . . , N ,(8.13)

where prox
\beta g

f( \cdot ;\bfTheta i)
: \BbbR 2 \rightrightarrows \BbbR 2 denotes the proximal operator of the gradient penalty

function f( \cdot ;\bfTheta i) with proximity parameter \beta g (see Definition 2.8 and section 4.1.4)

and where the vectors \bfitw 
(j)
i \in \BbbR 2 at any iteration read

\bfitw 
(j)
i =

\Bigl( 
\bfD \bfitu (j+1)

\Bigr) 
i
+

1

\beta g

\Bigl( 
\bfitrho 
(j)
t

\Bigr) 
i
, i = 1, . . . , N .

We start detailing the solving procedure for problem (8.13) under the adoption of a
WDTVsv

\bfitp regularization term, which corresponds to considering the gradient penalty
function f\mathrm{W}\mathrm{D}\mathrm{T}\mathrm{V}sv

\bfitp 
defined in (4.10); the proximal maps arising for the WTV and

WTVsv
\bfitp regularizers will be discussed afterwards as special cases. In [27, Proposition

6.3], the authors proved a result on the existence of solutions for problem (8.13).
Before reporting the statement, we recall that in the following, for \bfitv ,\bfitw \in \BbbR n we
denote by \bfitv \circ \bfitw , | \bfitv | , and sign(\bfitv ) the componentwise (or Hadamard) product between
\bfitv and \bfitw and the componentwise absolute value and sign of \bfitv , respectively.

Lemma 8.1. Let f : \BbbR 2 \rightarrow \BbbR + be the (parametric and not necessarily convex)
function defined by

f(\bfitg ) := \alpha p \| \bfLambda a\bfR  - \theta \bfitg \| p2 , \bfitg \in \BbbR 2 ,

with parameters \alpha , p \in \BbbR ++, a \in (0, 1], \theta \in [ - \pi /2, \pi /2), \bfLambda a = diag(1, a), and \bfR  - \theta 

the 2 \times 2 rotation matrix of angle  - \theta , and let prox\beta f : \BbbR 2 \rightrightarrows \BbbR 2 be the proximal
operator of f with proximity parameter \beta \in \BbbR ++ defined by

(8.14) \bfitg \ast \in prox\beta f (\bfitw ) := arg min
\bfitg \in \BbbR 2

\biggl\{ 
F (\bfitg ) := f(\bfitg ) +

\beta 

2
\| \bfitg  - \bfitw \| 22

\biggr\} 
, \bfitw \in \BbbR 2 .

Then problem (8.14) admits at least one solution, which is unique when p \geq 1. More-
over, after defining

\widetilde \bfitw := \bfR  - \theta \bfitw , \bfits := sign( \widetilde \bfitw ), \bfitw := | \widetilde \bfitw | , \=\beta :=
\beta 

\alpha p
,
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we have that any solution \bfitg \ast of (8.14) can be expressed as

(8.15) \bfitg \ast = \bfR \theta (\bfits \circ \bfitz \ast ) , \bfitz \ast \in arg min
\bfitz \in \scrH 1\subset \BbbR 2

H(\bfitz ) ,

where H : \BbbR 2 \rightarrow \BbbR + and \scrH 1 \subset \BbbR 2 are defined by

H(\bfitz ) := \| \bfLambda a \bfitz \| p2 +
\=\beta 

2
\| \bfitz  - \bfitw \| 22 , \scrH 1 := \scrH \cap 

\bigl( \bigl[ 
0, w1

\bigr] 
\times 
\bigl[ 
0, w2

\bigr] \bigr) 
,

with \scrH being
1. the rectangular hyperbola defined by

(8.16) \scrH :=

\biggl\{ 
\bfitz \in \BbbR 2 : (z1  - c1) (z2  - c2)=c1c2, c1= - a2 w1

1 - a2
, c2=

w2

1 - a2

\biggr\} 
for a \in (0, 1) and w1w2 \not = 0;

2. the line defined by

\scrH :=
\bigl\{ 
\bfitz \in \BbbR 2 : w2z1  - w1z2 = 0

\bigr\} 
for a \in (0, 1) and w1w2 = 0, or for a = 1 and any w1, w2 \in \BbbR +.

Corollary 8.2. The minimizers \bfitz \ast \in \BbbR 2 in (8.15) can be obtained as follows:

\bfitz \ast =

\biggl( 
z\ast 1 ,

c2 z
\ast 
1

z\ast 1  - c1

\biggr) 
,

where c1, c2 \in \BbbR are defined in (8.16) and z\ast 1 \in \BbbR is the solution(s) of the following
one-dimensional constrained minimization problem:

z\ast 1 \in arg min
\xi \in [0,w1]

\biggl\{ 
h(\xi ) := (h1(\xi ))

p/2
+

\=\beta 

2
h2(\xi )

\biggr\} 
,

h1(\xi ) = \xi 2
\biggl( 
1 +

a2 c22
(\xi  - c1)2

\biggr) 
, h2(\xi ) = (\xi  - w1)

2
+

\biggl( 
c2 \xi 

\xi  - c1
 - w2

\biggr) 2

.

We will omit the proof of this lemma, and provide only a brief graphical sketch of
the key steps leading to (8.15). First, in order to get some clues about the approximate
position of the minimizer \bfitz \ast in the plane z1-z2, we restrict the study of the function
H to the one-parameter family of ellipses:

(8.17) \scrE R(\bfzero ) =
\bigl\{ 
(z1, z2) \in \BbbR 2 | z21 + a2z22 = R

\bigr\} 
.

One can prove that \bfitz \ast needs to belong to the hyperbola \scrH defined in (8.16). More
specifically, the sought \bfitz \ast has to coincide with one of the two points in \scrE R \cap \scrH 
belonging to the first quadrant of the plane z1-z2. In Figure 16(a), we show one
ellipse \scrE R, which is depicted by a blue dashed line, and the hyperbola \scrH , plotted with
a solid magenta line. We conclude that \bfitz \ast lies on the arc of hyperbola \scrH 1 which is
delimited by the origin \bfitO and \bfitw ; \scrH 1 is also illustrated in Figure 16(a) with a solid
red line.

Remark 8.3. Upon the adoption of the WTVsv
\bfitp regularizer, a similar result can

be proven; see [101, Proposition 1]. More specifically, in isotropic settings there holds
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(\mathrm{a}) (\mathrm{b})

Fig. 16 Graphical representation of the bivariate minimization problems arising for the WDTVsv
\bfitp 

(a) and the WTVsv
\bfitp regularizers (b).

a = 1, which yields that the parametric family of ellipses in (8.17) reduces to a
parametric family of circles. Moreover, the hyperbola \scrH and the arc \scrH 1 turn into a
line and a segment, respectively. The simplified configuration is reported in Figure
16(b); notice that also in this case \scrH 1 lies between the origin \bfitO and \bfitw = | \bfitw | .

For the WTV regularizer, the solutions of the separable \bfitg i-subproblems can be
written in closed form by means of a soft-thresholding operator; see, e.g., [159].

8.4. Subproblem for the Primal Variable \bfity . For 1 \leq q < +\infty and Fq(\bfity ; \bfitb ) =
q\omega qLq(\bfity ; \bfitb ) as in (6.4), recalling the notation introduced in Table 2 and Remark 6.2,
after dropping all terms not depending on \bfity in (8.3), subproblem (8.7) reads

\bfity (j+1) \in arg min
\bfity \in \BbbR M

\biggl\{ 
\mu (j) Lq(\bfity ; \bfitb ) - \langle \bfitrho (j)

y ,\bfity  - \bfA \bfitu (j+1)\rangle + \beta r

2

\bigm\| \bigm\| \bfity  - \bfA \bfitu (j+1)
\bigm\| \bigm\| 2
2

\biggr\} 
= arg min

\bfity \in \BbbR M

\biggl\{ 
\lambda (j) Lq(\bfity ; \bfitb ) +

1

2
\| \bfity  - \bfitc (j)\| 22

\biggr\} 
,(8.18)

where the variables \lambda (j) \in \BbbR ++ and \bfitc (j) \in \BbbR M are defined by

\lambda (j) :=
\mu (j)

\beta r
, \bfitc (j) := \bfA \bfitu (j) +

1

\beta r
\bfitrho (j)
y .

Note that, as already observed in section 6.3, the regularization parameter \mu is
not assumed to be fixed, but it is rather estimated along the ADMM iterations (hence
the (j) superscript) based on the GDP strategy detailed in section 2.1. In order to
update \mu (j), i.e., \lambda (j), so that the GDP is automatically satisfied, we can regard \lambda (j)

as a Lagrange multiplier, and then exploit the well-known duality property (see, e.g.,
[15, Chapter 1]), which allows us to replace the unconstrained problem in (8.18) with
its constrained formulation

(8.19) \bfity (j+1) \in arg min
\bfity \in \scrB q

\delta 

\Bigl\{ 
\| \bfity  - \bfitc (j)\| 22

\Bigr\} 
= P\scrB q

\delta 

\Bigl( 
\bfitc (j)
\Bigr) 
,

where P\scrB q
\delta 
denotes the Euclidean projection onto the \ell q-ball \scrB q

\delta =
\bigl\{ 
\bfity \in \BbbR M : \| \bfity \| q\leq \delta q

\bigr\} 
,

with \delta q given in (2.10).
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(\mathrm{a}) q = 1 (\mathrm{b}) q = 2 (\mathrm{c}) q = +\infty 

Fig. 17 Projections on the unitary \ell q-balls for q = 1, q = 2, and q = +\infty .

We remark that although the presence of the regularization parameter \mu is not
explicit in problem (8.19), it is actually embedded in the radius \delta q.

When the underlying noise is AIU, i.e., Fq is set as in (6.5), the \bfity -update can be
expressed as the constrained minimization problem in (8.19), where the constraint set
is the \ell \infty -ball with radius \delta \infty defined in (2.10).

Note that the projections onto the \ell 2- and \ell \infty -balls can be efficiently computed
by

q = 2 : P\scrB 2
\delta 

\Bigl( 
\bfitc (j)
\Bigr) 

=

\left\{   
\bfitc (j) if \| \bfitc (j)\| 2 \leq \delta 2,

min
\bigl( 
\delta 2, \| \bfitc (j)\| 2

\bigr) \bfitc (j)

\| \bfitc (j)\| 2
otherwise,

q = +\infty : P\scrB \infty 
\delta 

\Bigl( 
\bfitc (j)
\Bigr) 

=

\biggl\{ 
\bfitc (j) if \| \bfitc (j)\| \infty \leq \delta \infty ,
min

\bigl( 
max(\bfitc (j), - \delta \infty ), \delta \infty 

\bigr) 
otherwise,

where all the operations have to be intended componentwise.
For q = 1, the projection can be computed as follows:

q = 1 : P\scrB 1
\delta 

\Bigl( 
\bfitc (j)
\Bigr) 

=

\biggl\{ 
\bfitc (j) if \| \bfitc (j)\| 1 \leq \delta 1,
sign(\bfitc (j))\bfitx otherwise,

where

\bfitx = max(\bfitc (j)  - \tau , 0) and \tau \in \BbbR : \| \bfitx \| 1 = \delta 1.

Setting a suitable \tau for the problem at hand is possibly a very expensive task from
the computational viewpoint. Nonetheless, in [56] a complexity linear O(M) projec-
tion algorithm has been proposed, which improves previous O(M2) and O(M logM)
strategies considered, e.g., in [80, 12, 64].

In Figure 17, we show the \ell q-balls \scrB q
\delta (\bfzero ) for the considered choices of q in two-

dimensional settings. In the three plots, we also report the vector \bfitc (j) in the case it
does not belong to \scrB q

\delta (\bfzero ), and the projection P
\bigl( 
\bfitc (j)
\bigr) 
onto the ball.

The alternating scheme outlined in section 3.3 requires us to solve the \bfitu -update
via the ADMM until a fixed tolerance has been reached after having performed the \bfTheta -
update. As a result, the adoption of a pure alternating scheme yields a computational
burden that can be partially remedied by nesting the parameter estimation in the
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ADMM scheme, as formalized in Algorithm 8.1. As clearly detailed in section 7, the
estimation of the parameters involved in the expression of the WTVsv

\bfitp and WDTVsv
\bfitp 

regularizers represents a further computational bottleneck. Therefore, one can decide
to further lighten the algorithmic scheme in Algorithm 8.1 by not performing the
parameter update at each iteration j, but at every few iterations.

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bfeight .\bfone Joint ADMM-scheme for hyperparameter estimation and image re-
construction.

\bfi \bfn \bfp \bfu \bft \bfs : observed image \bfitb , forward model operator \bfA 

\bfp \bfa \bfr \bfa \bfm \bfe \bft \bfe \bfr \bfs : radius r > 0, discrepancy parameter \tau = 1,

ADMM penalty parameters \beta g, \beta r > 0

\bfo \bfu \bft \bfp \bfu \bft \bfs : estimated image \bfitu \ast and parameter vector \bfTheta \ast 

\bullet \bfI \bfn \bfi \bft \bfi \bfa \bfl \bfi \bfz \bfa \bft \bfi \bfo \bfn : \bfitu (0), \bfitrho 
(0)
g = \bfzero 2N , \bfitrho 

(0)
y = \bfzero M

\bullet \bfN \bfe \bfs \bft \bfe \bfd \bfa \bfl \bft \bfe \bfr \bfn \bfa \bft \bfi \bfn \bfg \bfs \bfc \bfh \bfe \bfm \bfe :

\bff \bfo \bfr j = 0, 1, 2, . . . until convergence \bfd \bfo :

\cdot parameters update

update \bfTheta (j+1) as detailed in section 7.2, 7.3, or 7.4

\cdot primal variables update

update \bfitu (j+1) by solving (8.10)

update \bfitg (j+1) as detailed in section 8.3

update \bfity (j+1) as detailed in section 8.4

\cdot dual variables update

update \bfitrho 
(j+1)
g by (8.8)

update \bfitrho 
(j+1)
y by (8.9)

\bfe \bfn \bfd \bff \bfo \bfr 

8.5. The Computational Cost of Space Variance. In order to delineate how
space-variant regularization is paid in terms of computational efficiency, we now give
a closer look to all the updating steps in the ADMM-based scheme summarized in
Algorithm 8.1.

First of all, we note that the updates of the primal variables \bfitu , \bfity and the dual
variables \bfitrho g, \bfitrho y are independent of the regularizer considered. In terms of efficiency,
Lagrange multipliers \bfitrho g and \bfitrho y are updated by (8.8) and (8.9) with linear complexities
O(N) in the number of pixels of the sought image \bfitu and O(M) in the number of pixels
of the observation \bfitb , respectively (in most imaging problems, M \leq N). Variable \bfity is
also updated with O(M) operations by the Euclidean projection in (8.19) in the three
most interesting cases of additive Gaussian, Laplace, and uniform noises. Variable \bfitu 
is updated by solving linear system (8.10) with cubic complexity O(N3) for general
coefficient matrix, approximately quadratic complexity O(N2) for sparse matrix and
solution via the conjugate gradient method, and superlinear complexity O(N logN)
for convolution matrix and solution by fast 2D discrete transforms. The cost for
updating \bfitu thus dominates the previous ones already for medium-size images.

Then the cost for updating the variable \bfitg through the solution of the N bivariate
proximal maps in (8.13) strongly depends on the functional form of the regularizer
but not on its spatial variance or invariance. In fact, by plugging in (8.13) the gra-
dient penalty functions f reported in Table 2 (actually, instead of DTV we consider
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the space-invariant analogue of WDTV\mathrm{s}\mathrm{v}
p , which we refer to as DTVp), one obtains

formally identical solution formulas for the pairs of corresponding space-invariant and
space-variant regularizers, namely,

\bfitg 
(j+1)
i \in prox\beta i

\| \cdot \| 2

\Bigl( 
\bfitw 

(j)
i

\Bigr) 
for TV, WTV,(8.20)

\bfitg 
(j+1)
i \in prox\beta i

\| \cdot \| pi
2

\Bigl( 
\bfitw 

(j)
i

\Bigr) 
for TVp, WTVsv

\bfitp , i = 1, . . . , N,(8.21)

\bfitg 
(j+1)
i \in prox\beta i

\| \bfLambda ai
\bfR  - \theta i

\cdot \| pi

2

\Bigl( 
\bfitw 

(j)
i

\Bigr) 
for DTVp, WDTVsv

\bfitp ,(8.22)

with \beta i = \beta g, pi = p, ai = a, \theta i = \theta for space-invariant regularizers and \beta i = \beta g/\alpha 
(j)
i ,

pi = p
(j+1)
i , ai = a

(j+1)
i , \theta i = \theta 

(j+1)
i for space-variant regularizers, and with vector

\bfitw (j) defined in (8.12).
The \bfitg -update computational cost thus depends on the functional form of the

regularizer. In particular, the prox in (8.20) for TV and WTV regularizers admits a
well-known closed-form expression (bivariate soft-thresholding), such that updating
\bfitg in this case requires O(N) operations. The prox in (8.21) for TVp and WTV\mathrm{s}\mathrm{v}

p

has been analyzed thoroughly in [101] and, very recently, in [103]. Depending on

pi and w
(j)
i values, each of the N proximal maps in (8.21) either admits a closed-

form solution or can be solved by finding the unique root of a nonlinear equation
(nle) in one unknown via iterative approaches such as, e.g., the Newton--Raphson
algorithm. Complexity of the \bfitu -update step for TVp and WTV\mathrm{s}\mathrm{v}

p can thus vary
between a best O(N) case (closed-form solution for any i = 1, . . . , N) and a worst
O(N nits) case (nle solution for any pixel i = 1, . . . , N), where nits denotes the average
number of iterations required by the algorithm used for solving the N nles. Finally,
according to Lemma 8.1 and Corollary 8.2, the prox in (8.22) for DTVp and WDTV\mathrm{s}\mathrm{v}

p

always reduces to a one-dimensional constrained optimization problem to be solved
iteratively. Updating \bfitu thus costs O(N nits) operations in this last case.

The actual computational overhead brought about by adopting space-variant reg-
ularization lies in updating the vector \bfTheta of space-variant hyperparameters. Space-
invariant regularizers, even if of complicated functional form, are typically character-
ized by a few global---we might say O(1)---free parameters which, when not set by
hand or inferred once and for all from the entire observed degraded image \bfitb , can be
updated along iterations without significantly affecting the overall efficiency of the
algorithm. Instead, even the simplest space-variant regularizers exhibit O(N) free
parameters which can hardly be set by hand, and also their one-shot neighborhood-
based estimate from \bfitb is very likely to be unreliable due to the degradations in \bfitb and
the necessarily small sample sizes. Hence, the O(N) space-variant parameters must
be estimated repeatedly along the iterations of the overall optimization algorithm, so
that the cost per iteration of their update, which is at least in the O(N) order, can
significantly affect the efficiency of the overall algorithm.

In the following, we analyze in detail the computational efficiency of the\bfTheta -update
step for each pair of corresponding space-invariant and space-variant regularizers con-
sidered in this review work.

TV and WTV Regularizers. When standard TV is selected as regularizer, the\bfTheta -
update step does not arise. In fact, as already remarked on in section 6.3 and Table 2,
the global scale parameter \alpha \in \BbbR ++ in the TV Gibbs prior (3.8) can be merged to
the regularization parameter \mu , whose estimate is carried out in the \bfity -update step.

When the space-variant WTV counterpart of TV is used, in accordance with the
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estimation procedure outlined in section 7.2, the update of the scale parameter vector
\bfitalpha \in \BbbR N

++ admits the following componentwise closed-form expression:

(8.23) \alpha 
(j+1)
i =

m\sum 
l\in \scrJ r

i

\| \bfitg (j)
l \| 2

, i = 1, . . . , N .

As specified in section 7.2, such an update is realized based on fast 2D discrete trans-
forms with complexity O(N logN) comparable to that of the \bfitu -update step in its
most favorable case (convolution matrix).

TV\bfitp and WTV\bfs \bfv 
\bfitp Regularizers. When selecting the TVp regularizer, similarly

as for TV, the global scale parameter \alpha \in \BbbR ++ can be merged to the regularization
parameter \mu (see Table 2), hence it does not need to be explicitly determined. The
expression for the update of the global shape parameter p \in \BbbR ++ can be easily
obtained based on the derivations in section 7.3 by taking as a sample set \scrS the one

composed by the gradient magnitudes \| \bfitg (j)
i \| 2 of all the pixels in the image. We thus

have

(8.24) p(j+1) \in arg min
p\in [\epsilon ,R]

\Biggl\{ 
N

p
log

\Biggl( 
p

n

N\sum 
i=1

\| \bfitg (j)
i \| p2

\Biggr) 
+N ln \Gamma 

\biggl( 
1 +

1

p

\biggr) 
+

N

p

\Biggr\} 
.

At each iteration j, the one-dimensional minimization problem (8.24) must be solved
iteratively, with complexity O(N nits).

When using the space-variant WTVsv
\bfitp regularizer, both the vectors \bfitalpha ,\bfitp \in \BbbR N

++ of
scale and shape parameters must be updated, according to the estimation procedures
outlined in section 7.3. In particular, we have

p
(j+1)
i \in arg min

pi\in [\epsilon ,R]

\left\{   m

pi
log

\left(  pi
m

\sum 
l\in \scrJ r

i

\| \bfitg l\| pi

2

\right)  +m ln \Gamma 

\biggl( 
1 +

1

pi

\biggr) 
+

m

pi

\right\}   ,(8.25)

\alpha 
(j+1)
i =

\left(      m

p
(j+1)
i

\sum 
l\in \scrJ r

i

\| \bfitg (j)
l \| p

(j+1)
i

2

\right)      
1/p

(j+1)
i

, i = 1, . . . , N .(8.26)

The \bfitp -update in (8.25) has complexity O(N mnits), with an O(m) overhead with
respect to its space-invariant counterpart (8.24). The \bfitalpha -update in (8.26), like its
analogue in (8.23) for the WTV regularizer, has complexity O(N logN).

DTV\bfitp and WDTV\bfs \bfv 
\bfitp Regularizers. Like for TV and TVp, the global scale pa-

rameter \alpha \in \BbbR ++ of the DTVp regularizer does not need to be estimated, whereas
the scale parameter vector \bfitalpha \in \BbbR ++ of its space-variant counterpart WDTVsv

\bfitp , in
accordance with derivations in section 7.4, can be updated in closed form as follows:

(8.27) \alpha 
(j+1)
i =

\left(      2m

p
(j+1)
i

\sum 
l\in \scrJ r

i

\| \bfLambda 
a
(j+1)
i

\bfR  - \theta 
(j+1)
i

\bfitg 
(j)
l \| p

(j+1)
i

2

\right)      
1/p

(j+1)
i

, i = 1, . . . , N .D
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The \bfitalpha -update step above has the same O(N logN) complexity as those in (8.23) for
WTV and (8.26) for WTV\mathrm{s}\mathrm{v}

p .
For both the space-invariant DTVp and space-variant WDTV\mathrm{s}\mathrm{v}

p regularizers, the
triplets of shape, orientation, and anisotropicity parameters are updated jointly by
solving (iteratively) constrained three-dimensional minimization problems of the form
in (7.13), with function G defined in (7.11). The computational complexity is the same
as the one for updating the shape parameters of the TVp and WTV\mathrm{s}\mathrm{v}

p regularizers
by (8.24) and (8.26), respectively, namely, O(N nits) for DTVp and O(N mnits) for
WDTV\mathrm{s}\mathrm{v}

p . However, as will be shown next, the computation time required to update
the parameter triplet for DTVp and WDTV\mathrm{s}\mathrm{v}

p is much higher than that to update
the shape parameter for TVp and WTV\mathrm{s}\mathrm{v}

p . This is clearly due to the higher time-per-
iteration spent by any iterative method to solve a three-dimensional compared to a
one-dimensional problem.

We conclude this section by summarizing in Table 3 the numerical steps hidden
behind the \bfitg - and \bfTheta -updates for the different space-invariant and space-variant regu-
larization terms considered so far and that will be tested in the following experimental
section. In the table, we also report the CPU times (in seconds) of a single iteration
of Algorithm 8.1 employed for the restoration of a 256 \times 256 image corrupted by
Gaussian blur and AIG noise. The experiments have been performed under Windows
10 in MATLAB R2019 on an ASUS PC with an Intel Core i7 CPU 6500U @2.50GHz
processor and 8GB of RAM. For the estimate of the parameters in the space-variant
scenario, we used neighborhoods of radius r = 6.

One can immediately observe that depending on the regularizer under considera-
tion, adding space variance affects computational efficiency differently. For instance,
when considering the TVp regularizer, denoting by M the number of \bfitg i subproblems
that can be solved via a closed-form expression, the solution of the N  - M nonlin-
ear equations required to update the remaining entries of \bfitg significantly slows down
the computations, while the performance of the space-variant WTV is comparable
with the one of the TV, given the closed-form expression for the update of both \bfitalpha 
and \bfitg . The estimation of the space-variant parameters \bfitalpha and the \bfitp for the WTVsv

\bfitp 

regularizer does not drastically increase the computational time when compared to
its global counterpart. However, the computational time significantly increases for
the highly parametric WDTVsv

\bfitp regularizer, as it lacks efficient procedures for the
update of the triplet (pi, \theta i, ai). In our simulations, such a problem has been per-
formed by means of standard constrained programming algorithms (implemented in
the fmincon MATLAB routine). As anticipated at the end of section 8.4, in order
to mitigate the computational burden provided by such an estimation step, we will
thus perform the update of the space-variant parameters for the WDTVsv

\bfitp every few
(typically 30) iterations of Algorithm 8.1.

9. Applications to Image Restoration. In this section, we evaluate the per-
formances of the space-variant regularizers discussed so far, namely the WTV, the
WTVsv

\bfitp , and WDTVsv
\bfitp regularizers in comparison with the space-invariant TV [134]

and TVp [101] regularizers. As an example, we will consider the problem of image
deblurring, for which the forward linear operator \bfA \in \BbbR N\times N in (2.7) models the
action of a space-invariant blur kernel.

Test Images, Quality Measures, and Parameters. In order to highlight the flex-
ibility of the space-variant approach described in this work, the regularizers of interest
will be tested on the restoration of images characterized by different global and lo-
cal properties. More specifically, we will consider the geometric image in Figure
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Table 3 Computational solvers used for the \bfTheta - and \bfitg -updates in Algorithm 8.1 for the space-
invariant (top) and space-variant (bottom) regularization terms considered so far, together
with the corresponding CPU times (in seconds) per iteration.

\scrR (\bfitu ,\bfTheta ) \bfitalpha -update \bfitp -update \bfittheta -update \bfita -update \bfitg -update Time (s)

TV - - - - closed-form (8.20) 0.025

sp
ac
e-
in
va
ri
an

t

TVp - 1 1D min pb (grid-search) (8.24) - - M closed-form + (N - M) nle (Newton--Raphson) (8.21) 1.245

WTV closed-form (8.23) - - - closed-form (8.20) 0.034

WTVsv
\bfitp closed-form (8.26) N 1D min pbs (grid-search) (8.25) - - M closed-form + (N - M) nle (Newton--Raphson) (8.21) 2.759

sp
a
ce
-v
ar
ia
n
t

WDTVsv
\bfitp closed-form (8.27) N 3D min pbs (MATLAB routine fmincon) (7.13) N 1D min pbs (grid-search) (8.22) 41.742

18(a), which is purely piecewise constant, the skyscraper image in Figure 18(b),
which presents a mixture of piecewise constant, piecewise linear, and textured fea-
tures, the stairs image in Figure 18(c), which is highly textured with fine oriented
details, and the heart medical image in Figure 18(d). The test images geometric,
skyscraper, and stairs have been corrupted by space-invariant Gaussian blur de-
fined by a convolution kernel generated using the MATLAB routine fspecial with
parameters band= 5 and sigma= 1. The band parameter represents the side length
(in pixels) of the square support of the kernel, whereas sigma is the standard devia-
tion (in pixels) of the isotropic bivariate Gaussian distribution defining the kernel in
continuous settings. The test image heart has been corrupted by a space-invariant
motion blur defined by a convolution kernel generated, as before, using the MATLAB
routine fspecial with parameters length=10 and theta=45, the former representing
the length of the motion, the latter its direction.

Then, the blurred images have been degraded by AIGG noise realizations from
different distributions with standard deviation \sigma = 0.1. More specifically, we con-
sidered q = 1 (Laplace noise) for the geometric test image, q = 2 (Gaussian noise)
for the skyscraper and the heart test images, and q = +\infty (uniform noise) for the
stairs test image. The blur- and noise-corrupted images are displayed on the bottom
row of Figure 18.

The quality of the obtained restorations \bfitu \ast vs. the associated ground-truth image
\bfitu is assessed by means of two scalar measures: the improved signal-to-noise ratio
(ISNR)

ISNR(\bfitb ;\bfitu ;\bfitu \ast ) := 10 log10

\biggl( 
\| \bfitb  - \bfitu \| 22
\| \bfitu \ast  - \bfitu \| 22

\biggr) 
,

and the structural similarity index (SSIM) [149]. The larger the ISNR and SSIM
values, the higher the restoration quality. For all tests, the ADMM iterations are
stopped as soon as

\eta (j+1) :=
\| \bfitu (j+1)  - \bfitu (j)\| 2

\| \bfitu (j)\| 2
< 10 - 5 , j \in \BbbN .

The penalty parameters \beta g, \beta r are manually set so as to facilitate the convergence of
the overall alternating scheme. Typically, suitable values are \beta g, \beta r \approx 104, 105.
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(\mathrm{a}) (\mathrm{b}) (\mathrm{c}) (\mathrm{d})

(\mathrm{e}) (\mathrm{f}) (\mathrm{g}) (\mathrm{h})

Fig. 18 Original test images geometric (320\times 320), skyscraper (256\times 256), stairs (320\times 320), and
heart (378\times 442) (top), and observed data corrupted by blur and different AIGG (bottom).

The estimation of the hyperparameters in the space-variant regularizers WTV,
WTVsv

\bfitp , and WDTVsv
\bfitp is performed by manually setting the radius r, so as to attain

the highest ISNR and SSIM values. Moreover, for the WTV regularizer, the existence
of a very efficient procedure for the computation of the \{ \alpha i\} i weights allows us to
update the \bfitalpha -map at each iteration of the ADMM-based scheme; in order to hold back
the computational effort coming along with the estimation of the unknown \{ \alpha i, pi\} i
in the WTVsv

\bfitp and \{ \alpha i, pi, \theta i, ai\} i in the WDTVsv
\bfitp regularizer, we update the maps

of parameters every 30 iterations.
For what concerns the estimation of the local pi for the WTVsv

\bfitp and the WDTVsv
\bfitp ,

as well as the estimation of the global p in the TVp regularizer, we fix the compact
set [\epsilon , R] of Propositions 7.2 and 7.3 equal to [0.5, 2]. Notice that the choice of the
lower bound allows the \bfitu -estimation problem (8.1) to result in nonconvex regularizers.
This implies that particular attention has to be given to the design of a suitable initial
guess, which can prevent the performed hypermodels from getting trapped in bad local
minima.

We initialize Algorithm 8.1 using a suitable initialization minimizing noise white-
ness for a standard Tikhonov-L2 problem, as proposed recently in [102].

Restoration of geometric. First, we discuss the performance of the considered
regularizers for the restoration of the geometric test image. The restored images
are shown in Figure 19, while the achieved ISNR and SSIM values are reported in
Table 4. Notice that in general, the TV regularizer is well-suited for the restoration
of piecewise-constant images; however, as discussed in section 1.2, it also suffers from
several drawbacks. Our results confirm that using instead a TVp regularizer (p = 0.5)
reduces such artifacts. Overall, the three considered space-variant regularizers appear
to be more effective than plain TV.

In Figure 20, we show the output maps of parameters for the WTV, WTVsv
\bfitp ,

and WDTVsv
\bfitp regularizers, obtained with r = 1, r = 3, and r = 1, respectively. For

all three regularizers, the \bfitalpha -maps present higher weights in the background, while
showing that weaker regularization is performed along the profiles of the geometrical
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Fig. 19 From top to bottom: for the test image geometric, original image, observed image b, perfor-
mance of the TV, the TVp (with output p = 0.5), the WTV, the WTVsv

\bfitp , and the WDTVsv
\bfitp 

regularizers with the respective close-up(s).
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Table 4 ISNR and SSIM values achieved by the considered regularizers for the four test images
corrupted by blur and different AIGG noises.

TV TVp WTV WTVsv
\bfitp WDTVsv

\bfitp 

geometric

ISNR 8.8499 9.0568 9.5567 9.6041 10.2188

SSIM 0.9227 0.9225 0.9343 0.9346 0.9388

skyscraper

ISNR 2.3239 2.5775 2.7906 2.9894 3.2083

SSIM 0.6255 0.6432 0.6711 0.6789 0.7166

stairs

ISNR 3.9417 4.5251 4.6836 5.0718 5.2031

SSIM 0.6515 0.6912 0.6879 0.7149 0.7307

heart

ISNR 6.8080 7.0698 7.5251 8.0261 8.6283

SSIM 0.7494 0.7427 0.7529 0.7762 0.7841

5 0

1 0 0

1 5 0

2 0 0

2 5 0

\bfitalpha 

3 0 0

6 0 0

9 0 0

0. 5

1

1. 5

2

\bfitalpha \bfitp 

5 0

1 0 0

1 5 0

2 0 0

2 5 0

0. 6

1. 2

1. 8

- 4 5

0

4 5

0. 3

0. 6

0. 9

\bfitalpha \bfitp \bfittheta \bfita 

Fig. 20 From top to bottom: for the test image geometric, output maps of the parameters for the
WTV (r = 1), the WTVsv

\bfitp (r = 3), and the WDTVsv
\bfitp (r = 1) regularizers.

figures. Notice that the \bfitp -values in the WTVsv
\bfitp and in the WDTVsv

\bfitp approach 2
in the background, which combined with the high regularization weights allows for
an effective smoothing and noise removal therein. Finally, the \bfittheta and \bfita maps in
the bottom row of Figure 20 show that the estimator detects a clear directionality
in correspondence with the figure profiles, where the angles \bfittheta have been accurately
estimated and \bfita assume small values.
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Restoration of skyscraper. We now consider the restoration of the test image
skyscraper, which, due to its composite nature, is expected to largely benefit from a
space-variant approach. From the restored images and the selected details in Figure
21, one can clearly notice how each additional space-variant parameter effectively
contributes to gradually improving the output result, as also reflected in the ISNR
and SSIM values reported in Table 4. In Figure 22, we show the output map of
parameters for the WTV, WTVsv

\bfitp , and WDTVsv
\bfitp regularizers, computed for r = 15,

r = 15, and r = 3, respectively.
As a general comment, we highlight that the weights \alpha i assume larger values

on the background so that a strong regularization is performed regardless of the
corresponding pi; in fact, the \bfitp -maps for the WTVsv

\bfitp and the WDTVsv
\bfitp regularizers

appear to be different in this region. From the \bfittheta -map reported in the bottom row of
Figure 22, we observe that also in this case the estimator is capable of detecting the
direction of the buildings' profiles as well as the horizontal oriented texture. Finally,
the \bfita values indicate a stronger dominance in terms of directionality along the edges
of the buildings.

Restoration of stairs. In this third test, we consider the highly textured image
stairs. From the ISNR and SSIM values reported in Table 4 and from the restored
images displayed in Figure 23, we notice that the WTV regularizer is outperformed
by the space-invariant TVp regularizer, with output estimated at p = 1.56, in terms
of SSIM. In fact, the TVp performs a type of regularization which, although global,
appears to be more suitable for describing the image of interest. Further improvement
is achieved by the WTVsv

\bfitp regularizer, which preserves the textured regions in the
image while smoothing out the limited piecewise-constant parts. Finally, the WDTVsv

\bfitp 

regularization term slightly refines the output by driving the regularization along the
local directionalities.

The maps of the parameters for the space-variant WTV with radius r = 2, and
for WTVsv

\bfitp and WDTVsv
\bfitp with radius r = 1 are shown in Figure 24. From the \bfitp -maps

for WTVsv
\bfitp and WDTVsv

\bfitp , one can observe that values of pi equal or close to 2 are
spread out all over the image, thus indicating that a Tikhonov-type of regularization,
combined with the suitable local weights, is more effective in dealing with this sort
of image, due to the presence of large textured regions where the distribution of
gradients is thus very spread out. The directions in the central part of the image are
precisely detected, as shown in the \bfittheta -map, as well as the confidence in the estimation,
represented by \bfita , which appear to be particularly relevant along the steps.

Restoration of heart. In this last test, we address the restoration of the medical
image heart. The ISNR and SSIM values achieved by the employed space-variant
and space-invariant regularization terms are reported in Table 4, while the output
restorations are shown in Figure 25. Notice that in this case, the TV and the TVp,
with output p-value p = 0.65, return similar quality measures, with the TV outper-
forming the TVp in terms of SSIM. Although performing a TV-type of regularization,
the locally adapting regularization weights in the WTV lead to a mitigated staircasing
effect on the smooth features of the image. As in the previous example, the flexibility
allowed by the local shape parameters p in the WTVsv

\bfitp yields a very high-quality
restoration, from both visual and metric viewpoints. Finally, the local directional
information encoded in the WDTVsv

\bfitp contributes to recovering finer and oriented
details.

In Figure 26, we show the output maps for the WTV with r = 8, for the WTV\bfitp sv

with r = 7, and for the WDTVsv
\bfitp with r = 3. The \bfitp -maps reveal that a Tikhonov-
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Fig. 21 From top to bottom: for the test image skyscraper, original image, observed image b,
performance of the TV, the TVp (with output p = 0.5), the WTV, the WTVsv

\bfitp , and the
WDTVsv

\bfitp regularizers with the respective close-up(s).
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Fig. 22 From top to bottom: for the test image skyscraper, output maps of the parameters for the
WTV (r = 15), WTVsv

\bfitp (r = 15), and WDTVsv
\bfitp (r = 3) regularizers.

type of regularization is preferred to recover the predominant smooth features. Also,
notice that the larger p-values on the flat background are accompanied by larger
regularization weights, so that the noise in the restorations computed by WTV\bfitp sv

and WDTV\bfitp sv is removed.

10. User Guide to Space Variance. We conclude this work by addressing several
issues pointed out so far, with the purpose of guaranteeing a more conscious use of
the derived hypermodels.

1. The best space-adaptive regularizer. As one could expect, the question about
which regularizer performs best in absolute terms does not have a unique an-
swer. The adoption of more and more general regularization terms does not
always pay, as the overall performance has to be evaluated with respect to the
trade-off between quality of the restorations and computational effort. From
this perspective, on the restoration of the geometric and skyscraper im-
ages, the WTV has returned remarkably good results while keeping the com-
putational times low, in light of the closed-form expressions existing for the
\bfitalpha -update and for the \bfitg -subproblem in the ADMM-based scheme. However,
for the stairs image, the typical shortage of a TV-type regularization, even
if weighted, has emerged.
The selection of the regularizer to employ should thus be motivated by the
application of interest and, ultimately, by the processed data.

2. The optimal radius r. In the previous tests, the radius r involved in the
estimate of the parameters has been selected so as to maximize the ISNR and
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Fig. 23 From top to bottom: for the test image stairs, original image, observed image b, per-
formance of the TV, the TVp (with output p = 1.56), the WTV, the WTVsv

\bfitp , and the
WDTVsv

\bfitp regularizers with the respective close-up(s).
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Fig. 24 From top to bottom: for the test image stairs, output maps of the parameters for the WTV
(r = 2), WTVsv

\bfitp (r = 1), and WDTVsv
\bfitp (r = 1) regularizers.

the SSIM of the final restorations. One can notice that its choice somehow
reflects the scale of the structures to preserve, and that it can be set differently
for different space-variant regularizers. In this sense, a useful example is
given by the test image skyscraper which presents textured objects in the
foreground with a smooth and constant background. For the WTV and the
WTVsv

\bfitp regularizers, a large value of r can easily catch the ``dual"" nature
of the image. However, the texture on the foreground buildings is fine-scale
so that to detect the local directionalities with the WDTVsv

\bfitp regularizer, a
smaller radius has to be selected.

3. The curse of nonconvexity. The convergence of the outlined numerical scheme
aimed at solving a possibly nonconvex problem interlaced with a parameter
estimation step is a very delicate issue that has not found a theoretical re-
sponse yet. However, when the ADMM penalty parameters \beta g, \beta r are set
in a suitable manner---typically, \beta g, \beta r \approx 104, 105---empirical convergence is
observed.

11. Challenges. We conclude this review by listing in the following some chal-
lenging future research directions which could enrich this work from both theoretical
and applied points of view. Each of the following items has to be intended not as
a straightforward extension of the framework presented here, but rather as an inter-
section with some related mathematical fields (analysis, optimization, numerical and
linear algebra, medical imaging, etc.) favoring the development of new and unexplored
research.
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Fig. 25 From top to bottom: for the test image heart, original image, observed image b, performance
of the TV, the TVp (with output p = 0.65), the WTV, the WTVsv

\bfitp , and the WDTVsv
\bfitp 

regularizers with the respective close-up(s).
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Fig. 26 From top to bottom: for the test image heart, output maps of the parameters for the WTV
(r = 8), WTVsv

\bfitp (r = 7), and WDTVsv
\bfitp (r = 3) regularizers.

1. The detailed analytical study in an infinite-dimensional framework of the non-
smooth, nonconvex, and space-variant regularization models discussed in this
work is expected to provide more insights into the structure of the expected
solutions by means of duality tools, functional calculus, and nonstandard
Lebesgue/Sobolev calculus in spaces with variable exponents; see, e.g., [51]
for the convex case.

2. The development of a rigorous theoretical framework guaranteeing conver-
gence to (at least) stationary points for the nonconvex ADMM Algorithm 8.1
and of the alternating scheme (6.11)--(6.12) is highly nontrivial and practically
made challenging due to the parameter estimation performed jointly along the
iterations. Note that even for the IAS algorithm [31] where parameters and
iterates are updated sequentially, a convergence proof in general nonconvex
scenarios is still missing, as only partial results in convex (quadratic) cases
are available.

3. The use of a similar space-variant modeling for more general regularizers
defined, for instance, in terms of wavelet expansions [37] and higher-order
differential operators (see, e.g., [107]).

4. Similarly as for the case of anisotropic diffusion, we expect that the use of
suitable adaptive discretization stencils [42, 70, 57, 46] built on the estimated
local directional information and/or relying on the suitable definition of ap-
propriate transfer operators and staggered grids [126] could improve upon
the quality of the numerical reconstructions by describing anisotropy on the
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image grid in a more precise way.
5. Following [33], we believe that the use of a hierarchical modeling with infor-

mative hyperpriors encoding, for instance, local smoothness/sparsity beliefs
on the solution could refine the hyperparameter selection strategy and thus,
overall, the quality of the reconstruction.

6. The comparison of the proposed ML-type parameter estimation procedure
described in section 7 with the recent approach based on empirical Bayes
estimation proposed in [147, 58] could lead to new hybrid hyperparameter
selection strategies relying on the sole observation of the given corrupted
image \bfitb . These ideas are expected indeed to speed up the performance of
Algorithm 8.1.

7. As pointed out in section 7 and highlighted in section 9, a crucial choice
strongly affecting both the parameter estimation and image restoration results
is the radius r of the patches used to estimate locally the hyperparameters in
play. Following previous work in the context of image completion [63, 160],
we also believe that such a choice could be made adaptive in order to adjust
itself to the local image content (cartoon vs. texture).

8. In light of the analysis carried out in section 8.5, we remark that the study
of tailored optimization methods for the parameter estimate can facilitate
the employment of the WTVsv

\bfitp and of the WDTVsv
\bfitp regularization terms,

both penalized by the lack of closed-form expressions for the update of the
space-variant parameters involved in their expression.

9. As an obvious field of application due to the recent use of analogous mod-
els in medical imaging problems such as MRI, PET, and CT applications
[67, 66, 65, 146], we expect that the use of structural and adaptive model-
ing could significantly improve the quality of the reconstructions and favor,
at the same time, the exploitation of structural information in multimodal
image analysis. Moreover, as preliminarily shown in [3], we expect that a
space-variant modeling based, e.g., on a local estimation of the cartoon vs.
texture components could improve significantly also the performance of image
analysis and, in particular, image segmentation algorithms.

10. We wonder how the flexible statistical modeling proposed in this work com-
pares with the results obtained by VAEs [92] and GANs [75]. It would be
interesting to compare qualitatively (and/or quantitatively, provided that a
good quality measure is used; see, e.g., [19]) the highly parametric model-
driven BGGD-type distribution estimated by means of the proposed ap-
proaches with the one estimated by means of generative approaches. In order
to combine model- and data-driven approaches in an interpretable way, an
alternative way of estimating the hyperparameters in (6.11) by means, e.g.,
of unrolling approaches [116] shall be considered.

12. Conclusions. In this work, we described a journey across time and various
fields of applied mathematics with the intent of reviewing the many features of the
exemplar and probably the most popular image regularization model over the last
30 years, the TV functional. After recalling its genesis, its main features, and short-
comings in section 1 and having fixed some notation in section 2, we described in
section 3 how the rigidity of existing TV-type image regularization models can be
overcome within the setting of nonstationary Markov random fields whose capability
of describing local image features (i.e., scale, shape, and directionality) endows the
corresponding prior distributions with more flexibility and degrees of freedom. An-
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alytically, we show in section 4 that these nonstationary priors can be put in close
correspondence to a large class of space-variant image regularization models which
have been thoroughly studied over the last decades with the intent of improving upon
well-known TV drawbacks. In their analytical form, the dependence of these mod-
els on local information (i.e., amount of regularization, sharpness, and anisotropy) is
then shown in section 5 to correspond geometrically to changing at each pixel the
definition of the constraint set of dual functions and changing their alignment accord-
ingly. Having provided an expression of the corresponding data models in section
6, we then describe in section 7 a maximum-likelihood type automatic parameter
estimation strategy, motivated by the underlying Bayesian formulation resulting in
the definition of appropriate variational Bayesian hypermodels. Finally, the joint
statistical-analytical procedure is embedded into a general alternating minimization
scheme in section 8 and validated in section 9 on some exemplar image restoration
models. The flexibility of the proposed approach and the accuracy and robustness of
the estimator considered for the automatic selection of hyperparameters show good
adaptation to both geometrical and texture image information and pave the way to
challenging new research directions as finally described in section 11.

The incredible potential offered nowadays by the possibility of combining different
fields of applied mathematics with the intent of improving and making more data-
adaptive the performance of TV makes the use of such often taught, out-of-date image
regularization models still interesting for the whole applied mathematics community.
The swan song of TV is still far off. Due to both the profound understanding of this
powerful, yet simple, image regularization model carried out over years and the recent
advances in large-scale data exploitation and numerical optimization favoring the
development of its many extensions, we expect that the descendant models stemming
from TV still have much to say and could at the same time enrich and be enriched
by the increasingly popular interest towards data-driven approaches shown by the
analytical, signal processing, statistical, and optimization communities.

Appendix A. Generalized Gaussian Distributions.

Definition A.1 (GG cumulative distribution function). The cumulative distri-
bution function (cdf) of a scalar random variable X \sim GG(\eta , \gamma , s) reads

(A.1) FX(x) =
1

2
+

sign(x - \eta )

2 \Gamma (1/s)
\Gamma 

\biggl( 
1

s
, \gamma s | x - \eta | s

\biggr) 
,

with \Gamma the lower incomplete Gamma function defined in (2.1) and \Gamma the Gamma
function defined in (2.2).

Lemma A.2. If Xi \sim Gamma(\nu , zi), i = 1, . . . ,M , are independent random vari-
ables, then it holds true that

Y =
M\sum 
i=1

Xi \sim Gamma

\Biggl( 
\nu ,

n\sum 
i=1

zi

\Biggr) 
.

Lemma A.3. If X \sim GG(0, \gamma , s), then it holds true that

(A.2) Y = g(X) = | X| s \sim Gamma(\nu , z), \nu =
1

\gamma s
, z =

1

s
.D
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Proof. We have

FY (y) = P (Y \in ] - \infty , y]) = P (Y \in [0, y]) ,(A.3)

= P
\bigl( 
X \in g - 1 ([0, y])

\bigr) 
= P

\Bigl( 
X \in 

\Bigl[ 
 - y1/s,+y1/s

\Bigr] \Bigr) 
,(A.4)

= 1 - 2FX

\Bigl( 
 - y1/s

\Bigr) 
=

1

2\Gamma (1/s)
\Gamma 

\biggl( 
1

s
, \gamma s y

\biggr) 
,(A.5)

where the first and second equalities in (A.3) come from the definition of cdf and
from noticing that Y cannot assume negative values, respectively, g - 1 ([0, y]) in (A.4)
denotes the preimage of interval [0, y] under the function g defined in (A.2), and
(A.5) follows from the pdf of X being an even function and, then, from replacing the
expression of the GG cdf given in (A.1) for FX .

The pdf \pi Y can be obtained by differentiating the cdf FY in (A.5). To this aim,
first we rewrite FY in the following equivalent composite form:

FY (y) = F2 (F1(y)) , F1(y) = \gamma s y , F2(w) =
1

2\Gamma (1/s)

\int w

0

t
1
s - 1e - tdt ,

where we also replaced the explicit expression of the lower incomplete Gamma function
\Gamma given in (2.1). By applying the chain rule of differentiation, we have

\pi Y (y) =
d

dy
FY =

d

dy
F1(y) \times 

d

dw
F2 (\gamma 

s y)(A.6)

= \gamma s \times 1

2\Gamma (1/s)
(\gamma s y)

1
s - 1

exp ( - \gamma s y)(A.7)

=
\gamma 

2\Gamma (1/s)
y

1
s - 1 exp ( - \gamma s y) .(A.8)

A simple one-to-one reparametrization of (A.8), namely s = 1/z, \gamma = (1/\nu )s, together
with the recall of definition (2.4), leads to (A.2) and thus completes the proof.

Proof of Proposition 2.9. Statement (2.8) follows straightforwardly from Lemmas
A.2 and A.3, whereas (2.9) comes from (2.8) and the expressions given in (2.5) for
the mean and standard deviation of a Gamma-distributed random variable.
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