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GEOMETRIC NATURE OF RELATIONS ON PLABIC GRAPHS AND
TOTALLY NON-NEGATIVE GRASSMANNIANS

SIMONETTA ABENDA AND PETR G. GRINEVICH

ABSTRACT. The standard parametrization of totally non-negative Grassmannians was obtained
by A. Postnikov [45] introducing the boundary measurement map in terms of discrete path in-
tegration on planar bicoloured (plabic) graphs in the disc. An alternative parametrization was
proposed by T. Lam [38] introducing systems of relations at the vertices of such graphs, depend-
ing on some signatures defined on their edges. The problem of characterizing the signatures
corresponding to the totally non-negative cells, was left open in [38]. In our paper we provide
an explicit construction of such signatures, satisfying both the full rank condition and the total
non—negativity property on the full positroid cell. If the graph G satisfies the following natural
constraint: each edge belongs to some oriented path from the boundary to the boundary, then
such signature is unique up to a vertex gauge transformation.

Such signature is uniquely identified by geometric indices (local winding and intersection
number) ruled by the orientation O and the gauge ray direction [ on G. Moreover, we provide a
combinatorial representation of the geometric signatures by showing that the total signature of
every finite face just depends on the number of white vertices on it. The latter characterization
is a Kasteleyn-type property [7, 1], and we conjecture a mechanical-statistical interpretation of
such relations. An explicit connection between the solution of Lam’s system of relations and
the value of Postnikov’s boundary measurement map is established using the generalization of
Talaska’s formula [51] obtained in [6]. In particular, the components of the edge vectors are
rational in the edge weights with subtraction-free denominators.

Finally, we provide explicit formulas for the transformations of the signatures under Post-
nikov’s moves and reductions, and amalgamations of networks.

1. INTRODUCTION

Totally non—negative matrices and Grassmannians Gr™N(k, n) naturally arise in many dif-
ferent areas of mathematics. Totally non-negative matrices were first introduced in [48], and
in [22, 23] it was shown that they naturally arise in one-dimensional mechanical problems. The
classical notion of total positivity was generalized by Lusztig [39, 40] to reductive Lie groups,
and a special case of this construction corresponds to totally non-negative Grassmanians. The
literature dedicated to their applications is very wide, and it includes connections to the theory
of cluster algebras of Fomin-Zelevinsky [20, 21] in [49, 44], the topological classification of real
forms for isolated singularities of plane curves [19], the computation of scattering amplitudes in
N = 4 supersymmetric Yang—Mills theory [8, 9], the theory of Josephson’s junctions [13], and
statistical mechanical models such as the asymmetric exclusion process [15] and dimer models in
the disc [37].

The version of record of this article, first published in International Mathematics Research
Notices, is available online at Publisher’s website: https://doi.org/10.1093/imrn/rnacl62.
This research has been partially supported by GNFM-INDAM and RFO University of Bologna. The work of P.G.
Grinevich was performed at the Steklov International Mathematical Center and supported by the Ministry of
Science and Higher Education of the Russian Federation (agreement no. 075-15-2019-1614). It was also partially
supported by the Russian Foundation for Basic Research, grant 20-01-00157.
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The restriction of the Gelfand-Serganova stratification of real Grassmannians to their totally
non-negative part generates a cell decomposition of the totally non-negative Grassmannians [47].
A rational parametrization of these cells was obtained in [45] in terms of planar networks in the
disc, where the parameters are positive edge weights, and the map from equivalence classes of
weights to the points of a Grassmannian is Postnikov’s boundary measurement map. The matrix
elements of this map are expressed as sums over all weighted paths from a fixed boundary source
to a fixed boundary sink.

An alternative approach was proposed by T. Lam [38]. In this approach the boundary mea-
surement map is defined as the solution of a linear system of relations at the vertices of the
graph. The total non-negativity property is encoded in the choice of the edge signatures. The
existence of such a signature was proven in [38], whereas the question of characterizing them
explicitly was left open.

These relation spaces associated to graphs were originally proposed by T. Lam [38] to represent
the amalgamation of totally non—negative Grassmannians, which is a special case of the amalga-
mation of cluster varieties originally introduced in [17]. The latter have relevant applications in
cluster algebras and relativistic quantum field theory [8, 30, 43]. In particular, if the projected
graphs represent positroid cells, the amalgamation of adjacent boundary vertices preserves the
total non—negativity property and plays a relevant role also in real algebraic geometric problems
such as polyhedral subdivisions [46].

Our interest in this subject was essentially motivated by applications of total non-negativity
to the theory of the Kadomtsev—Petviashvili 2 (KP2) equation. A connection between total
non-negativity and the regularity of real KP 2 soliton solutions was first pointed out in [41].
In fact, any such solution corresponds to a point of a totally non-negative Grassmannian. The
structure and asymptotic behaviour of these solutions turned out to be very non-trivial and was
described in terms of the combinatorial structure of the Grassmann cells (see [11, 10, 14, 34, 35]
and references therein). In [2, 3, 4] we proved that real regular soliton solutions can be obtained
degenerating real regular finite-gap solutions, where the latter correspond to real divisors on
M—curves [16, 36]. In [4, 5] the double points of the degenerate spectral curve correspond to the
edges of a plabic graph in the family associated by Postnikov [45] to the positroid cell representing
the given family of soliton solutions. In particular, in [5], it was shown that the values of the KP
wave functions at the double points solve Lam’s relations [38] on the graph.

In this paper we provide an explicit solution to the problem posed by Lam: how to characterize
all the admissible edge signatures. Admissible here means that, for every choice of positive edge
weights 1) Lam’s relations have full rank, 2) the solution at the boundary vertices generates
a point in the totally non-negative Grassmannian. We provide an explicit formula for such a
signature - we call it geometric -, and show that this signature is unique up to the vertex gauge
transformation. The map from the positive weights to the totally non-negative Grassmannian
for the geometric signature coincides with Postnikov’s boundary measurement map [45]. We also
show that the solution of Lam’s system at the internal edges coincides with the one obtained in
[6] using generalized Talaska flows.

Moreover, we provide a completeness result. If a signature has the following properties: for
any collection of positive weights:

(1) Lam’s system of relation has full rank;
(2) The image at the boundary vertices is a point of the totally non-negative part of the
Grassmannian,

then this signature is gauge equivalent to the geometric one.
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In particular, we prove that the total signature of each face depends just on the number of
white vertices bounding it. We claim that this property is equivalent to a variant of Kasteleyn
theorem proven in [50]. Indeed, this is true in the case of reduced bipartite graphs [1, 7].

Finally, we describe the action of both Postnikov’s moves and reductions and of the amalga-
mation of graphs on the signature.

We are convinced that our construction will turn out useful also for other applications con-
nected to totally non—negative Grassmannians. In [24] it is proven that the boundary measure-
ment map possesses a natural Poisson-Lie structure, compatible with the natural cluster algebra
structure on such Grassmannians. An interesting open question is how to use such Poisson—Lie
structure in association with our geometric approach. Another open problem is to extend our
construction to planar graphs on orientable surfaces with boundaries. We expect that a proper
modification of Talaska formula [51] may again be used. Moreover, in such case it is necessary to
modify the present construction using the procedure established in [26] to extend the boundary
measurement map to planar networks in the annulus. An extension of the present construction
to planar graphs in geometries different from the disc would also open the possibility of investi-
gating the generalization of geometric relations in the framework of discrete integrable systems
in cluster varieties [29, 17], amplitude scatterings on non-planar on-shell diagrams [12], dimer
models [33], and possible relations to the Deodhar decomposition of the Grassmannian [42, 52],
which has already proven relevant for KP soliton theory [34].

Main results and plan of the paper. In Section 2 we recall some useful properties of totally
non-negative Grassmannians Gr™N(k, n), set up the class of the networks A/ used throughout
the paper and recall the definition of Lam’s relations for half-edge vectors. In the following
SuN € Gr™N(k,n) is a positroid cell of dimension |D|, and G is a planar bicoloured directed
trivalent perfect (plabic) graph in the disc representing S (Definition 2.3). In our setting
boundary vertices are all univalent, internal sources or sinks are not allowed, internal vertices
may be either bivalent or trivalent and G may be either reducible or irreducible in Postnikov’s
sense [45]. G has g + 1 faces where g = |D| if the graph is reduced, otherwise g > |D|. We
also introduce a more restricted class of graphs (PBDTP graphs) with the following additional
property: for each edge there exists at least one directed path from the boundary to the boundary
passing through this edge.

In Section 3 we summarize the results from [6] necessary for us. In particular, we define the
edge vectors E. as the formal sums of the signed contributions over all directed walks from the
given edge e to the boundary sinks. By definition, edge vectors satisfy a full rank system of
linear relations at the vertices, and their components are explicit rational expressions in the
edge weights with subtraction—free denominators, expressed in terms of the generalized Talaska’s
formula in [6].

In Section 4 we introduce the geometric signatures, and show that the corresponding Lam’s
relations have full rank and that their solutions coincide with the edge vectors defined in Section 3.
In particular, if the vector space is R", the solution of Lam’s relations at the boundary sources
coincides with the value of Postnikov’s boundary measurement map for any choice of positive
weights. Moreover, we show that the combinatorial signature introduced in [4] is geometric.

In Section 5 we prove that the following transformations of the network: (1) changes of perfect
orientations; (2) changes of gauge directions; (3) changes of positions of the vertices respecting
the topology of the graph, are all gauge transformations; therefore there is a unique equivalence
class of geometric signatures on each given graph. The proofs are in the Appendix.

In Section 6 we prove that, for PBDTP networks, the only signatures such that Lam’s relations
have full rank and the image is a point of the totally non-negative part of the Grassmannian
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for every choice of positive weights, are geometric. Therefore we provide a geometric solution of
Lam’s problem of characterizing such signatures [38].

In Section 7 we provide a topological characterization of the geometric signature: the total
signature of each face just depends on the number of white vertices bounding it. This result is
a Kasteleyn-type theorem since in the case of bipartite graphs this value coincides with that of
the Kasteleyn’s signature (see [7, 1]). Using this topological characterization, we compute the
effect of Postnikov’s moves and reductions, and of the amalgamation of graphs on the geometric
signature.

2. PLABIC NETWORKS AND TOTALLY NON—NEGATIVE GRASSMANNIANS

In this Section we recall some basic properties of totally non—negative Grassmannians, and
define the class of graphs G representing a given positroid cell which we use throughout the text.
We use the following notations throughout the paper:

(1) k and n are positive integers such that k < n;
(2) For se N [s] ={1,2,...,s};if s,7 € N, s < j, then [s,j] = {s,s+ 1,s+2,...,7—1,75};

Definition 2.1. Totally non-negative Grassmannian [45]. Let Mat!N" denote the set of

real k X n matrices of mazimal rank k with non—negative mazximal minors Aj(A). Let GL;' be the
group of k X k matrices with positive determinants. Then the totally non-negative Grassmannian
for these data is

Gr™N(k,n) = GL \Mat{ N

In the theory of totally non-negative Grassmannians an important role is played by the
positroid stratification. Each cell in this stratification is defined as the intersection of a Gelfand-
Serganova stratum [28, 27] with the totally non-negative part of the Grassmannian. More pre-
cisely:

Definition 2.2. Positroid stratification [45]. Let M be a matroid i.e. a collection of k-
element ordered subsets I in [n], satisfying the exchange axiom (see, for example [28, 27]). Then
the positroid cell SN is defined as

SN ={[A] € Gr™N(k,n) | Af(A) >0 if I € M and Aj(A) =0 if I & M}.
A positroid cell is irreducible if, for any j € [n], there exist I,J € M such that j € I and j & J.

The combinatorial classification of the non-empty positroid cells and their rational parametriza-
tions were obtained in [45], [51]. In our construction we use the classification of positroid cells
via directed planar networks in the disc in [45]. More precisely, we use the following class of
graphs G introduced by Postnikov [45]:

Definition 2.3. Planar bicoloured directed trivalent perfect graphs in the disc (plabic
graphs). A graph G is called plabic if:

(1) G is planar, directed and lies inside a disc. Moreover G is connected in the sense it does
not possess components isolated from the boundary;

(2) It has finitely many vertices and edges;

(3) It has n boundary vertices on the boundary of the disc labeled by, - -- , by, clockwise. Each
boundary vertex has degree 1. We call a boundary vertex b; a source (respectively sink) if
its edge is outgoing (respectively incoming);

(4) The remaining vertices are called internal and are located strictly inside the disc. They
are either bivalent or trivalent;
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FIGURE 1. The graph on the left is acyclic, whereas the one on the right has a non-trivial cycle.
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FIGURE 2. The plabic network represents a point in a 10-dimensional positroid cell in GrTNN(4,9).

(5) G is a perfect graph, that is each internal vertex in G is incident to exactly one incoming
edge or to one outgoing edge. In the first case the vertex is coloured white, in the second
case black. Bivalent vertices are assigned either white or black colour.

Moreover, to simplify the overall construction we further assume that the boundary vertices b;,
J € [n], lie on a common interval of the boundary of the disc.

Remark 2.4. (1) The trivalency assumption is not restrictive, since any perfect plabic graph
can be transformed into a trivalent one;
(2) The assumption that the boundary vertices b;, j € [n] lie on a common interval of the
boundary of the disc considerably simplifies the use of the gauge ray directions for defining
the geometric signature in terms of the local winding and intersections’ numbers (see [6]
and Section 3.1). Indeed, one may assume that the graph lies inside the upper half-plane,
all edges are straight intervals, and the infinite face contains the infinite point.

Definition 2.5. Acyclic orientation A plabic graph G is called acyclically oriented if it
does not have closed directed paths [45].

Definition 2.6. Terminology for faces A face () is internal if its boundary has empty inter-
section with the boundary of the disc, otherwise it is a boundary face. There is a unique boundary
face including the boundary segment from b, to by clockwise and we call it the infinite face. All
other faces are finite faces.

The class of perfect orientations of the plabic graph G are those which are compatible with the
colouring of the vertices. The graph is of type (k,n) if it has n boundary vertices and k of them
are boundary sources. Any choice of perfect orientation preserves the type of G. To any perfect
orientation O of G one assigns the base Ip C [n] of the k-element source set for O. Following
[45] the matroid of G is the set of k-subsets Ip for all perfect orientations:

Mg := {Ip|O is a perfect orientation of G}.

In [45] it is proven that Mg is a totally non-negative matroid S{i¥ C Gr™™N(k, n). In Figure 2 we
present an example of a plabic graph satisfying Definition 2.3, and representing a 10-dimensional
positroid cell in Gr™N(4,9).
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Theorem 2.7. [45] A plabic graph G can be transformed into a plabic graph G' via a finite
sequence of Postnikov’s moves and reductions if and only if Mg = Mg.

A graph G is reduced if there is no other graph in its move reduction equivalence class which
can be obtained from G applying a sequence of transformations containing at least one reduction
[45]. Each positroid cell S/T\}l\IN is represented by at least one reduced graph, the so called Le—
graph (see [45] and Definition 4.8), associated to the Le-diagram representing Siy™. The plabic
graph in Figure 2 is a Le-graph.

If G is a reduced plabic graph, then the dimension of S/T\}ng is equal to the number of faces of
G minus 1.

Definition 2.8. Plabic network A plabic network N is a plabic graph G together with a col-
lection of positive weights assigned to its edges.

Definition 2.9. Weight gauge equivalence A pair of plabic networks N1, No are called weight
gauge equivalent if
(1) They share the same graph G;
(2) There exists a positive function t(U) on the vertices of G such that t(U) = 1 at all
boundary vertices and at each directed edge e = (U, V) € G:

(2.1) wi? = wty (tv) ™.
o) @

Here we’ and we” are the weights assigned to the edge e in networks N1, No respectively.
Plabic networks provide a global parametrization of the positroid cells STI™ [45].

Definition 2.10. Boundary measurement map In [45], for any given oriented planar net-
work in the disc it is defined the formal boundary measurement map

(2.2) M= 3 (~1)VrPh(p),
P:bﬂ—}bj

where the sum is over all directed walks from the source b; to the sink bj, w(P) is the product of
the edge weights of P and Wind(P) is its topological winding indez.

The image of the boundary measurement map is the same for all gauge weight equivalent
networks.

These formal power series sum up to subtraction—free rational expressions in the weights [45]
and explicit expressions of the M;; in function of flows and conservative flows in the network are
obtained in [51].

Definition 2.11. Boundary measurement matrix [45] Let I be the base inducing the ori-
entation of N used in the computation of the boundary measurement map. Then the point
Meas(N') € Gr(k,n) is represented by the boundary measurement matriz A such that:

e The submatriz Ar in the column set I is the identity matriz;

o The remaining entries A7 = (=1)7CrD M, v € [K], 5 € I, where o(iy, ) is the number

of elements of I strictly between i, and j.

Remark 2.12. If one changes the perfect orientation on the network and simultaneously changes
the weights on the edges with the following rule:

(1) If the edge e = (U, V') does not change the orientation, the weight we remains unchanged;
(2) If the edge e = (U, V') changes the orientation, the weight is replaced by its reciprocal,

then the new boundary measurement matriz A represents the same point of the Grassmannian

Gr(k,n).
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FIGURE 3. Example of Lam’s relations.

In the following we also consider a more restrictive class of plabic graphs.

Definition 2.13. PBDTP graph A plabic graph G is called PBDTP graph if it satisfies the
following additional condition: for any edge of G there exists a directed path from the boundary
to the boundary containing it.

Remark 2.14. This additional requirement means that the weights at all edges contribute to the
boundary measurement map.

We have the following elementary Lemma.

Lemma 2.15. (1) A PBDTP graph always represents an irreducible positroid cell;
(2) In a PBDTP graph all internal faces contain vertices of both colours;
(3) If a plabic graph is PBDTP in one orientation, it is PBDTP in all other perfect orien-
tations.

2.1. Lam’s relations for half-edge vectors. The boundary measurement map, defined in the
previous Section, admits an alternative representation in terms of linear relations in the half-edge
vectors, proposed by Lam [38]. Let us recall this construction.

Let V be a vector space and N be a plabic network. Assign a signature ey € {0,1} to any
edge e = (U, V). The signature is independent on the orientation of the network: ey = ey .

Then a collection of half-edge vectors zy . € V enumerated by pairs (U, e), where e is an edge
of N and U is one of the ends of e, is a solution of Lam’s system of relations if it fulfils the
conditions of the following Definition:

Definition 2.16. Lam’s system of relations [3§]

(1) For any edge e = (U,V), zye = (—1)UVwy v zve, where U is the starting vertex of e and
V' is the final one, and wy,yv is the weight in this orientation;

(2) If e;, i € [m], are the edges at an m-valent white vertex V, then Y i" | zy.e, = 0;

(3) If e;, i € [m], are the edges at an m-valent black verter V, then zv.e, = zv,e,; for all
i,j € [m].
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Example 2.17. Consider the graph in Figure 3. To each edge we associate a positive weight, a
sign and a pair of vectors. Lam’s relations for this graph are the following:

2y 1 + Zvieg + Zvi e = 0, Zvyeq + Zvien + Zvy e = 0,

Zvyen + Zviers + Zvyers = 0, Lo + vz eg + L eqy = 0,

LVyes = LVgsee = LVier DVses = ZVs.e0 = ZVs e10s

ZVses = LVoero = LVg,ers

Zve5 = (1) CDw(Vi, V2) Zvs 6, vy er = (—1)5CDw(Va, V3) Zy, or,

Dvyes = (=1 w(Vs, V5) Zs s Ty o0 = (—1)* w0 (V5, V2) D e

Zv o = (1) @w(Ve, Vi) Zvj 19, T ey = (=1 w(Vi, Vi) Zv, 01 s

Zyyers = (—1)* @2 w(Vy, V5) Zvy e, Ty ens = (= 1)) w(Vy, Vo) Zvg 15

Zyy e = (=1)5w(by, V1) Zyy o Ziyy e = (—1)5Dw(by, V3) Zvsy e
(2.3) Ziyy ey = (—1)5w(b3, V3) Zv, e, Zy ey = (1) Dw(by, Vi) Zyy, e,

Ty e = (—1)"w(bs, V5) Zvs 5,

(2.4)

We have 23 equations and 26 half-edge vectors. If this system has mazximal rank, we can solve
it for all of the half-edge vectors at the internal vertices, and we end up with 2 equations in just
the & half-edge vectors at the boundary Zy, ¢, , Zpyeos Lbsess Lbaess Zb

5,€5 *

Remark 2.18. If all internal vertices are trivalent, then the linear system can be interpreted as
the amalgamation of the little positive Grassmannians Gr'7(1,3), GrT"(2,3) [38].

In [38] it is conjectured that there exist simple rules for the assignment of signatures to the
edges so that the system in Definition 2.16 has full rank for any choice of positive weights, and the
image of this weighted space of relations is the positroid cell S{I'™ € Gr™N(k,n) corresponding
to the graph.

Of course, if such signature exists, it is not unique, because of the following gauge freedom:

Definition 2.19. Equivalence between edge signatures. Let eg)v and eg)v be two signatures

on all the edges e = (U, V) of the plabic graph G, edges at the boundary included. We say that
the two signatures are equivalent if there exists an index n(U) € {0,1} at each internal vertex U
such that

(2.5)
(2 _ 68)‘/ +nU)+n(V), mod (2) ife=(U,V) is an internal edge,
A eg}’)v +n(U), mod (2) if e= (U, V) is the edge at some boundary vertex V.

This gauge freedom corresponds to the following transformation of the system of half-edge
vectors at the internal vertices U:

26) )= (1 <f)

The gauge transformations (2.6) and the weight gauge transformations (2.1) leave invariant the
half-edge vectors at the boundary vertices, as well as the relations at the internal white and black
vertices. Therefore:

Proposition 2.20. If the system of Lam’s relations has full rank for a given collection of weights

and a given signature 68)\/7 then it has full rank for any signature eg%/ equivalent to GS)V and
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FIGURE 4. The index s(ek, ert1)-

for any weight gauge equivalent collection of weights. Moreover, in such case, the solutions of all
such systems of relations coincide at the boundary vertices.

Finally, the system of Lam’s relations remains invariant if one changes the perfect orientation
of the network N' and simultaneously replaces the weights as in Remark 2.12.

3. GEOMETRIC SYSTEMS OF RELATIONS ON PLABIC NETWORKS

In [6] we constructed systems of edge vectors on plabic networks N by extending Postnikov’s
construction in [45] to the internal vertices. These systems of edge vectors satisfy full rank linear
systems of relations whose solutions are expressed using a generalization of Talaska flows. In
this Section we recall such construction and then, in the following Section, we prove that the
associated geometric signature solves Lam’s problem.

3.1. Systems of edge vectors on plabic networks, edge flows and conservative flows.
In this Section, we recall the construction of the edge vectors in [6], and the definitions of the
edge flows and of the conservative flows.

To obtain a well-defined system of edge vectors it is necessary to fix a gauge by introducing
a gauge ray direction. Using this direction we define two local indices — the local winding
number and the local intersection number. These indices extend Postnikov’s topological
winding number of a path and the number of sources between its starting and ending
boundary vertices, to paths starting at an internal edge of the graph and ending at a boundary
sink.

Let us remark that earlier in [25], gauge directions were introduced to compute the winding
number of a path joining boundary vertices.

Definition 3.1. The gauge ray direction [. A gauge ray direction is an oriented direction |
with the following properties:

(1) The ray | starting at a boundary vertex points inside the disc;
(2) No edge is parallel to this direction;
(3) All rays starting at boundary vertices do not cross internal vertices of the network.

We remark that the first property may be always satisfied since we assume that all boundary
vertices lie on a common straight interval of the boundary of A'. We then define the local winding
number between a pair of consecutive edges ey, ex11 as follows.

Definition 3.2. The local winding number at an ordered pair of oriented edges Let
(ex, ex+1) be an ordered pair of oriented edges. Let us define

+1  if the ordered pair is positively oriented
(3.1) s(eg,ep+1) =< 0 if e, and ex11 are parallel
—1 if the ordered pair is negatively oriented



10 SIMONETTA ABENDA AND PETR G. GRINEVICH

s
€9 g ez €4

V3 V2

s

e
4 e
3 e,

bs by bz bo b4

FIGURE 5. The gauge ray direction fixes the winding number of ordered pairs of edges, whereas
the gauge rays starting at the boundary sources fix the intersection number of each edge.

Then the winding number of the ordered pair (ey,er+1) with respect to the gauge ray direction |
18

+1 if s(ek, ext1) = s(ex, 1) = s(l,epy1) = 1
(3.2) wind(eg,epr1) =< —1  if s(ek, exy1) = sleg, 1) = s(l,ep41) = —1
0 otherwise.

Let b;,, r € [k], bj,, | € [n — k], respectively be the set of the boundary sources and of the
boundary sinks for the given orientation. Then draw the rays [;. starting at b;., r € [k]| (see
Figure 5 for an example).

Definition 3.3. The intersection number of an edge The intersection number of the edge
e is the number of intersections between e and the rays l;,., r € [k] times s(l,e), and it is denoted
by int(e).

Example 3.4. Let us compute the winding and the intersection numbers for the example in
Figure 5:

(3.3)
wind(eg,e7) =1, wind(eg,e12) = —1, wind(eg,e7) =0, wind(ejg,e9) =0, wind(e13,e10) =0,
int(ez) = 0, int(es) = —1, int(es) = 1, int(eg) = —1, int(er2) = —1,

Next in [6] we define the j-th component of the edge vector at e as the following signed
summation over all directed paths starting at the edge e and ending at the boundary sink b;.

Definition 3.5. The edge vector E. [6] Assume that we have a set of vectors E; assigned
to the boundary sinks b; (we call these vectors boundary conditions). For any edge e, let us
consider all possible directed paths P : e — b; in (N, O,I) such that the first edge is e and the
end point is a boundary sink b;, j € I, where I is the base associated with the orientation O, i.e.
the subset of indices enumerating the boundary sources. Then we consider the following formal
sum:

(3.4) E, = Z Z (_Dwmd(P)Hnt(P)w(P)Ej,

where

(1) The weight w(P) is the product of the weights w; of all edges e; in P: w(P) = [[}2; w;.
If we pass the same edge e of weight we 1 times, the weight is counted as w(;

int(elg) = 2.
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(2) The generalized winding number wind(P) is the sum of the local winding numbers at
each ordered pair of its edges: wind(P) = S0 wind(e, ep11), with wind(ey, exy1) as in
Definition 3.2;

m
(3) The intersection number int(P) = ) int(es), where int(es) is as in Definition 3.3.
s=1
By definition, at the edge e at the boundary sink b;, the edge vector E, is

(3.5) E, = (—1)")y(e)E;.

It is easy to check that the formal sum in (3.4) converges if the weights are sufficiently small.
In [6] (see Section 3.2), we adapt Theorem 3.2 in [51] to our purposes: the sum over all paths
e — b; for a fixed pair e, b; in (3.4) is a rational expression in the weights with subtraction-free
denominator, and it may be explicitly computed in terms of flows. Let us recall the necessary
definitions. The following is a straightforward adaptation of Fomin’s notion of loop—erased walk
to our purposes (see [18]).

Definition 3.6. Edge loop-erased walks. Let P be a walk (directed path) given by
Ve 5V B3 Va— ... by,

where V. is the initial vertex of the edge e. The edge loop-erased part of P, denoted LE(P), is
defined recursively as follows. If P does not pass any edge twice (i.e. all edges e; are distinct),
then LE(P) = P. Otherwise, set LE(P) = LE(Py), where Py is obtained from P removing the
first edge loop it makes; more precisely, given all pairs [, s with s > | and e; = es, one chooses
the one with the smallest value of s and removes the cycle

Vi Vi B Vi — .. B,
from P.

With this procedure, to each path starting at e and ending at b; one associates a unique edge
loop-erased walk LE(P), where the latter path is either acyclic or possesses one simple cycle
passing through its initial vertex, since each vertex contains either one incoming or one outgoing
edge.

Next, in [6] the definitions of flows and conservative flows in [51] are adapted to the present
case.

Definition 3.7. Conservative flow [51]. A collection C' of distinct edges in a plabic graph G
is called a conservative flow if, for each vertex V in G, the number of edges of C' that arrive at
V' is equal to the number of edges of C' that leave from V. In particular C does not contain edges
incident to the boundary.

The set of all conservative flows C' in G is denoted by C(G).

The weight w(C') of the conservative flow C' is the product of the weights of all edges in C.
In particular, C(G) contains the trivial flow with no edges, which has weight 1.

Definition 3.8. Edge flow at e. [6] A collection F, of distinct edges in a plabic graph G is
called an edge flow starting at the edge e if:

(1) It contains the edge e;

(2) IfV is the starting vertex of e, the number of edges of Fe that arrive at V' is equal to the
number of edges of Fe that leave from V minus 1;

(3) For each other interior vertex Vy in G, the number of edges of F. that arrive at Vy is
equal to the number of edges of Fe that leave from Vy;
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(4) The intersection of F, with the set of the edges at the boundary sources is either empty
or contains just e itself.

We denote by F.;(G) the collection of the edge flows starting at e and containing the boundary
sink bj.

An edge flow Fep, € Fep, (G) is the union of an edge loop-erased walk Pep; with a conservative
flow with no common edges with Pep,. Three numbers are assigned to Fep, :

(1) The weight of the flow w(F,) is the product of the weights of all edges in F,.
(2) The winding number of the flow wind(F.yp,;): wind(Fep,) = wind(Pey,);
(3) The intersection number of the flow int(Feyp,): int(Fep,) = int(Pep, ).

3.2. The linear system on (N, O, ) and the rational representation of the edge vectors.
In this Section we recall the main results in [6]: edge vectors satisfy a maximal rank linear system
of relations at the vertices of A/, and the solution of such relations is obtained using flows; in
particular, the components of the edge vectors are rational in the weights with subtraction-
free denominators. This representation extends Talaska’s formula [51] for Postnikov’s boundary
measurement map to the internal edges.

From the definition of the components of an edge vector as summations over all paths starting
at this edge, it immediately follows that the edge vectors E. on (N, O, ) satisfy the following
linear equation at each vertex:

(1) At each bivalent vertex with incoming edge e and outgoing edge f:
(36) Ee — (_1)1Ht(€)+W1nd(€,f)weEf7

(2) At each trivalent black vertex with incoming edges ea, e3 and outgoing edge e; we have
two relations:

(37) Fy = (_1)int(ez)+Wind(eQ,el) wa By, By = (_l)int(eg)—i-Wind(eg,el) w3 By ;
(3) At each trivalent white vertex with incoming edge es and outgoing edges eq, ea:
(38) Es = (_1)int(83)+Wind(eg,e1) w3 By + (_1)int(53)+wind(e3,52) w3 Fs,

where Ej, denotes the vector associated to the edge eg.

The linear system defined by equations (3.6), (3.7), and (3.8) at the internal vertices of (N, O, [)
possesses a unique solution, and, moreover, this solutions can be written as a rational function
of the weights with subtraction-free denominator:

Theorem 3.9. Full rank of the geometric system of equations for edge vectors on
(N, 0,1) and rational representation for the components of vectors E. [6] Let (N, O,I)
be a given plabic network with orientation O = O(I) with respect to the base I = {1 <1< iy <
<o <k < n}, and gauge ray direction |.

Given a set {B;|j € I} of n — k linearly independent vectors assigned to the boundary sinks
bj, let the edge vectors at the boundary sinks be defined as in (3.5): Ee; = (fl)mt(eﬂ')weij,
j€1. Then

(1) The linear system of equations (3.6)—(3.8) at the internal vertices of (N, O,1) has full
rank. Since the number of equations coincides with the number of unknowns, it provides
a unique system of edge vectors on (N, O, 1);
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I
Ve ey Eeyy Va Be,, \ €1 Vi
e10 e12 Ees
d \Ct1o CE
€12 €s Ee1
1 &5 V7 Ee9 eq g Eea V3 &7 Ee, a
V.
Vg b 2 &1
E65 E94 Eea €2
e
€y 3 E62
bsg by bs bo b1

FIGURE 6. The network of Example 3.10 represents a point in GrT™N(2,5).

(2) The edge vector E. at the edge e defined in (3.4), is a rational expression in the edge
weights with subtraction-free denominator:

Z ( B 1) WINd(F)+int(F) w(F)

FEF,,(9)
(3.9) E, = Z S w0
JeI

CeC(G)

Bj,

where notations are as in Definitions 3.7 and 3.8;

(3) If e is the edge starting at the boundary source b;,., then wind(F) + int(F) = o(ir,7)
mod 2 for any F € Fep,(G), where o(iy,j) is the number of boundary sources between i,
and j in the orientation O. Therefore (3.9) simplifies to

Z ( B 1)un'nd(F)H'nt(F) w(F) Z w(F)

FeFep;(G) o(in.7) FE€Fewp;(G) L=
(3.10) El = (—1)7t9 ” = A}, jel,
Y w(©) Y. w(©)
CeC(G) CceC(9)

where A; is the the entry of the reduced row echelon matriz A with respect to the base I;
(4) Finally, if N is acyclically oriented (see Definition 2.5), then all edge vectors E. are
not-null. Indeed, in such case there exists o(e,b;) € {0,1} such that wind(F') + int(F) =
o(e,bj) mod 2 for any F € Fep,(G), and (3.9) simplifies to
(3.11)

E, = Z ( Z ( B 1) wind(F)+ini(F) w(F))Bj _ Z ((71)0(6,177-) Z w(F))Bj.

jeI  FeFep,(9) jer FeFep;(9)

Example 3.10. Consider the network in Figure 6. We assume that all weights are 1 except
(3.12) wVi,b1) =a, w(Va,V3)=0b, w(Vs,Vy)=1¢, w(Vs,V7)=d.
The graph has two oriented cycles C1 = {e11, eg, €7, es,e12} and Co = {e13, €10, €9, €12}. Our aim
is to compare three equivalent approaches:
(1) The direct computation of the edge vectors’ components as sums over all paths from the
edge e to the corresponding boundary sinks, see (3.4);
(2) The computation of the edge vectors’ components using the generalized Talaska’s formula

(3.9). We also test that they coincide with the original Talaska’ formula [51] if the edge
is a boundary source edge (see 3.10);
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(3) The computation of the edge vectors as solutions of the linear system (3.6), (3.7), (3.8).

1. Let us compute the edge vector E.., using the direct summation. The paths from e7 to by
are:

P = 67,68,612,051,051, .. .,Cfs,Cés,en,el,
for some choice of non—negative indices s, k1,...,ls, and
wind(Pr) = —1—ky—...—ks+li+...4+1ls, int(Pr1) =0, w(Pr) = abe(be)¥tFhs (de)ht-+ls,
Therefore the first component of E.., is
k + l k 1 —abc
1 cb (b Al = ———
k>0
Similarly, the paths from er to by are either 73%)) = er,e3 or:
Péé) = €r,€8,€12, Cfl) Céla ) Cfsu Cés7 €11, €6, €7, €8,
wmd(Pég)) =0 mt(P(O)) w(P%))O =b
wind(PY)) = =1 — ki — .. — ks +li+ ...+ 1, int(PG) =1, w(Py)) = bPe(be)ft+hs (de)lit-+e,
Therefore
(3.14)
]i' + l k 1 1 bC —b — de
—b|1—be (o) (ed) | = —b |1 — = :
(Ber)y = Z( ) (be)* (ed) 1+bc+cd 1+bc+cd
k>0
The paths from ey to by have the following form:
Pry = er,e8, €19, O, Ch ..., CFs Cl eqs, erpen,
wind(Prg) = —ky — ... — ks + 11+ ... +1s, int(Prg) =1, w(Prq) = bed(be)*1++hs (de)ht+Hls,
Therefore
k + l k: 1 —de
1 + _
(3.15) (E. bdZ( ) (be)* (ed)! = b el
k>0
Finally
1
(3.16) E., = — (abe,0,b + bed, bed, 0)

1+ bc+ cd
The computation of E., follows the same route, with all windings differing by 1 from those of
E.,; therefore
1

1+bc+cd

2. Let us compute the edge vector E.., using (3.9). We have 3 conservative flows — the trivial
one, C1 and Cy. Therefore the denominator in (3.9) is exactly 1 + be + cd. From e; to e; we
have only one flow which coincides with the loop-erased walk LE(P71) = er,es,e12,€11,€1 For
this path

(3.17) E., = (abc,0,b + bed, bed, 0) .

wind(LE(Pr)) = =1, int(LE(P71)) =0, w(LE(Pr)) = abe,
therefore we get (3.13). From e; to ez we have one loop-erased walk: LE(P(O)) LE('P%)) =
er,e3 and two flows: Fy = LE(P7(3)) and Fy = LE(Pég))) U Cs.
wind(Fy) = wind(Fy) =0 int(F) = int(F2) =1, w(F1) =05, w(F3) = bed,
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therefore we get (3.14). From e to eq we have only one flow which coincides with the loop-erased
walk LE(Pr4) = e7,es, €12, €13, €10, €4. For this path
wind(LE(P74)) =0, int(LE(Pr4)) =1, w(LE(P74)) = bed,

therefore we get (3.15).
We can proceed in a similar way to compute E., using either (3.9) or the original Talaska
formula (3.10), and it is easy to check that both of them coincide with (3.17).
3. The linear system of equations is
Ee), = —FEe;, — Eeg, Ee; = Eeg = —Eey,  Eep = —b[Eey + Eeg],  Eey, = c[Eey; — eyl
Eey = Eejy = —FEey,  Eeyy = Eeyg = Eey,  Eeyy = d[E64 + E€9]7
E., =a[1,0,0,0,0], E., =10,0,1,0,0], E., =]0,0,0,1,0].

Solving it with respect to E.., one gets

E66 = Ee7 Eez = _Ee77 Eell = _E61 - Ee7a

E68 — _Eeg - %7 Eeg = Eeg + %a Eelg = E63 + %7

Eeyy = d | Ee, + Eeg +§7] » Be =d [E54+E€3+;7] o Eey=d [E+E 5
E..

Ee, +

E
=—c [Eel + Ee, +d [Ee3 + E, +e7” ,

b b

from which one may easily conclude the E.. satisfies (3.16).

4. GEOMETRIC SIGNATURES ON PLABIC NETWORKS

In this Section we show that, if we identify the edge vector constructed in [6] at the edge
e = (U,V) with the half-edge vector zy,. up to a sign defined below, then it is possible to
define an edge signature, which we call geometric, and to reformulate the linear system for the
edge vectors in terms of Lam’s relations for the corresponding half-edge vectors. Therefore, by
Theorem 3.9, such geometric signature solves Lam’s problem. Indeed, if ¥V = R", the signature
is geometric and the weights are positive, then the solution of Lam’s system of relations at
the boundary vertices coincides with the image of Postnikov’s boundary measurement map in
Gr™N(k,n) for the same collection of weights.

Moreover, we show that the signature defined combinatorially in [4] on the Le-graph using the
Le-diagram is geometric.

4.1. Geometric signatures, half-edge vectors and geometric relations. The system of
relations in the edge vectors has full rank for all positive edge weights and its solution is naturally
related to the Postnikov’s boundary measurement map, therefore it is a natural candidate for
providing an explicit solution of Lam’s problem of constructing a “good” signature. In this
Section we define such a signature using the linear system of relations in the edge vectors, and
we call it geometric.

Definition 4.1. Geometric signature. Let (G,O,l) be a plabic graph representing a |D|-
dimensional positroid cell ST C Gr™N(k,n) with perfect orientation O associated to the base
I and gauge ray direction . We call geometric signature on (G,O,|) any signature equivalent
to the following one (the right-hand sides of all equations are taken mod (2)):
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e Ue V (N _(_1)int(3)W3ZVe el\U es V (N _(_1)1+int(3)+wind(1,3)
€3

ZU,e3 - ZU.e3 - W3ZV,e3

2, A () €s

€1
1+int(3)+wind(1,3)+wind(3,5) u €3 Vﬁ“ int(3)+wind(3,5)
—»(KZU%—( )R iR WAy, 7, —»(K 200, = (-1) Dz,
e, A

El=(-1)int(1)+Wi"d(1'3)w1E3 EZ=(-1)i"t(2)+Wi"d(2'3)w3E3 El:(—l)int(l)+wind(1,2)wl E, + (_1)int(1)+wind(1,3)W1E3

— — ZU,e +ZU,e + ZU,e = 0
ZU,el_ ZU,ez - ZU,e3 t 2 3

u & ,
U €2 i i _ ey 7 = (=1)nt@),-1F
e, Zye, = (_1)mt(1)+wmzi(1,3)W1 1E1 . Usey (GY) z )1
. . — (—1)1twind(1,2
e3 2 = (-1)lnt(2)+wmd(2.3)W2—1E2 Zye, = (—1) ( )Ez
— (—1)\1+wind(1,3
Zy,e, = E3 Zye, = (1) Es

FIGURE 7. The geometric signature of Definition 4.1 [top] and the reformulation of
the linear relations in the edge vectors as geometric relations in the half-edge vec-
tors compatible with Lam’s [38] approach [bottom]. We use the abridged notations
wind(i, j) = wind(e;, e;) and int(i) = int(e;).

(1) If e = (V,b;) is the edge at the boundary sink bj, j € I, then

(4.1) | int(e), if 'V is black,
. Vb =) 14+ int(e) + wind(e1,e), if V is white and ey is incoming at V;

(2) Ife = (b;,V) is the edge at the boundary source b;, i € I, then

(4.2)

| 1+4int(e) + wind(e,e3), if V is black and e3 is outgoing at 'V,
U T 14 int(e), if V' is white;

(3) Ifes = (U,V) is an internal edge, then

(4.3)
int(es), if U black and Vwhite;
_} 1+ int(es) + wind(e1, e3), if U,V white and ey incoming at U,
UV =N 14 int(es) + wind(e1, e3) + wind(es, e5), if e1 incoming at U white and es outgoing at V' black;
int(es) + wind(es, e5), if U,V black and e5 outgoing at V.

We illustrate Definition 4.1 in Figure 7[top]. Next we re-express the linear relations satisfied
by the edge vectors (3.6)—(3.8) on the network (N, O,[) of graph G as linear relations in the
half-edge vectors zy. using the following identification (see Figure 7[bottom]):

(1) If U is a black vertex of valency m, and e, denotes the unique outgoing edge at U, then
we define:

_q\int(e;)+wind(e;,em),, —1 e )
(4.4) e, = 4 DT emwg By, i #m:
»Cg Eem’ lf ,] — m’
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(2) If U is a white vertex of valency m, and e; denotes the unique incoming edge at U, then
we define:

(_1)1+Wind(€j,€1)Ee” if j#1;
45 We; = - ’
(4.5) e { (—1)te)y1E, | it j=1,

where, in the formulas above, if e; connects the vertices U, V', we; corresponds to wy,y if U is
the initial vertex of e; in the orientation O, otherwise it corresponds to wy .

Remark 4.2. We remark that with our definition of geometric signature, at the boundary sources
the half-edge vectors take opposite values to the corresponding edge vectors. The reason of this
choice is to keep the total geometric signature of each face invariant with respect to the changes
of the perfect orientation of the graph (see Section 5).

Remark 4.3. When passing from the system for the edge vectors (3.6)—(3.8) to the system of
relations in the half-edge vectors, there is a gauge freedom at each vertex which is evident from
Figure 7[top]. Indeed, at any internal black vertexr U we may use

(4.6) - { (71)1+mt(e]-)+wmd(ej,em)we—leej, if j £ m;
' " ~E.,,, if j=m,
instead of (4.4).
Similarly, at any white vertex U, we may use
ind(e;,e1) T .
_ ) (pvndeE, if j#1
(47) ZU7e]- — _1 1+int(el) 716]E| X . 1
( ) we1 €1 /Lf .7 - 5

instead of (4.5).

These alternative choices of the correspondence between half-edge vectors and edge vectors are
equivalent up to a vertex gauge transformation; therefore they correspond to gauge-equivalent
geometric signatures.

From now on we enumerate edges from 1 to m counterclockwise at any m-valent vertex V'
without reference to their orientation, and we use cyclical order in summations. We remark that
the following Theorem also holds in a perfectly oriented bicoloured network of valency bigger
than three.

Theorem 4.4. Lam’s relations for the geometric signature parametrize Sf,lNN . Let

(G,0,1) be a plabic graph representing a positroid cell ST C Gr™N(k,n) with perfect orien-
tation O associated to the base I and gauge ray direction [. Let wyy be positive weights at the
oriented edges e = (U, V'), let N be the associated network of graph G, and let €7y be the geomet-
ric signature defined in equations (4.1)—-(4.3). Then the linear system of relations (3.6)—(3.8) on
(N, O,1) may be re-expressed in Lam’s form:

(1) Ife=(U,V), then zy. = (—1)UVwyyzye;

(2) At each m-valent black vertex V' and for any pair of edges (e;, eiy1) at V., 2v,e, = 2vie; 1

i€ [m];
m
(3) For any m-valent white vertex V, Z 2ve, = 0, where e;, i € [m], are the edges at V.
i=1

Such geometric system of relations has full rank for any choice of positive weights. If the space
for half-edge vector is R™ or C™, and we assign the canonical basis vectors to the boundary sink
half-edge vectors zy, o, then the solution at the boundary sources b;, is E;, — Alr], where E;, is the
ir-th vector of the canonical base, and A|r] is the r-th row of the matriz in reduced row echelon
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FIGURE 8. The geometric signature for Example 4.5.

form for the base I = {iy,iq,...,ix}. Therefore the solution produces the boundary measurement
matriz for N with respect to the base I, and the half-edge vectors zy. may be expressed as in
Theorem 3.9.

Moreover, if €y is the geometric signature equivalent to ey via the gauge transformation
n(U), then the system of half-edge vectors Zy. on N associated to éyy and satisfying the same
boundary conditions at the boundary sinks is given by:

P (—1)’7(U)2:U,e if U is an internal vertex,
Ue 2Ue if U is a boundary source vertex.

Example 4.5. Let us compare the construction of the edge vectors and of the half-edge vectors
for the directed network in Figure 8. All edges, except e, es and ey, carry unit weight, and a, b, ¢
are assumed to be positive constants. The boundary measurement matrix is

b c 1 0
A_<—ab —ac 0 1>‘

Let E;, i € [4], be the canonical vectors in R*. Choosing Zper = 1 oand zpy e, = Fo, we
obtain the following system of half-edge vectors for the geometric signature associated to the
given orientation and gauge ray direction:

—CZg,e0s ZUes = —RUe; — AU,es — (ba 63070)7
—2Ves = (=0, —¢,0,0) = E3 — A[1], 2p,e, = a2v,e, = (ab,ac,0,0) = Ey — A[2].

RU,e1 = _bzb1,€17 2U,eq
ZV,e3 = ZV,eq = ZV,es = ZU,es>  bz,es

The solution to the linear system for the edge vectors Ee;, j € [5], defined in Section 3.2 for the
same boundary conditions Ey, = E;, i € [2], is

Eel = bEla Eeg = CEZa Ee5 = Eel + Eega

E., = E., = (b,¢,0,0) = A[l] — E3, E., = —aF,., = (—ab,—ac,0,0) = A[2] — Ey.
Notice that the components coincide with (3.9) in Theorem 3.9 and satisfy (4.4) and (4.5):
ZU,el - _E€17 ZU,EQ = _E€27 Zbg,e3 = _E€37 Zb4,e4 = _E€47 ZV,65 = Ee5-

4.2. The master signature on Le—networks is geometric. In [4], we have used combina-
torics on the Le—diagram to associate a master signature to the edges of each canonically oriented
Le—graph. The results of Section 4.1 imply that this signature is geometric. Moreover, it is easy
to provide a gauge ray direction generating this signature. Let us recall its construction from [4].

Remark 4.6. As in [4] we use the ship battle rule to enumerate the bozes of the Young diagram
of a given partition \. Let I = I(\) be the pivot set of the k wvertical steps in the path along
the SE boundary of the Young diagram proceeding from the NE vertex to the SW vertex of the
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n-k=5
1 =1 4=5
Kea 8,26 _ > |2 i =2, =5
| . 3 iz =4, A3=4
265 =7 M=2
9 8

Wig| 0 [Wqg

W49|Wag(Wae

0 |W7g| 7

FIGURE 10. Left: a Le-tableau T for the Young diagram of Figure 9 and its Le-network. We
mark the master signature of Definition 4.9 with blue colour on the horizontal edges and the
edges on the boundary sources, and with red colour on the remaining edges. Right: the choice
of gauge ray direction corresponding to the master signature for the same graph.

k x (n— k) bound box, and let I = [n]\I be the non-pivot set. Then the box By; corresponds to
the pivot element i € I and the non—pivot element j € I (see Figure 9 for an example).

Definition 4.7. Le—diagram and Le—tableau.[45] For a partition A, a Le—diagram L of shape
A is a filling of the bozxes of its Young diagram with 0’s and 1’s such that, for any three boxes
indezed (i,k), (I,k), (I,j), where i <l and k < j, filled correspondingly with a,b,c, if a,c # 0,
then b # 0. For such a diagram denote by d the number of boxes of D filled with 1s.

The Le—tableau T is obtained from a Le—diagram L of shape X\, by replacing all 1s in L by
positive numbers w;; (weights). We show an example in Figure 10[left].

To any Le—tableau there is associated a canonically oriented bipartite trivalent network defined
as follows (see Figure 10[right] for an example of a 10-dimensional positroid cell in Gr*™N(4,9)).

Definition 4.8. The trivalent bipartite Le—network [45] The acyclically oriented perfect
trivalent bipartite network in the disc, N, associated to the Le—tableau T is recursively defined
as follows. On the tableau place a white vertex V; and a boundary source vertex labelled b; in
correspondence of each i-th vertical boundary segment, i € I, and a boundary sink vertex b; for
each j—th horizontal boundary segment, j € I. colour black all boundary vertices; deform the
contour containing all boundary vertices to a horizontal line. Then starting from the bottom row
of the tableau and moving right to left on the given row, do the following for any i € I, j € I:

(1) Add a vertical edge of unit weight from b; to V;.

(2) Ignore all empty bozes;
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(3) For each box Bj; of T filled with w;; > 0, place a couple of vertices inside the box: VZ’J
coloured black and V;; coloured white to its left in such a way that all internal vertices
corresponding to the same row, included V; lie on a common horizontal line. Then add:
(a) A horizontal edge of unit weight directed from V;; to Vij;

(b) A horizontal edge of weight w;; from V;; to Vllj , where Vi is the first white vertex
on the same horizontal line to the right of Vi (here Vig means V;);

(c) A wvertical edge of unit weight and oriented downwards from Vij to either the boundary
sink b; if all bozes in the same column and below B;; are empty, or to the black vertex

Vl; if By; is the first filled box below Bjj.
In [4], we define the following signature on the Le—graph using the Le-diagram.

Definition 4.9. The master signature for canonically oriented Le—graphs [4] Let G be
the Le-bipartite graph associated to the positroid cell ;™ C Gr™N(k,n) acyclically oriented
with respect to the lexicographically minimal base I and let L be its Le—diagram. We define the
master signature €™ on G as follows
(4.8)

0 if e is a horizontal edge starting at a white vertexr and ending at a black one,

1 if e is a horizontal edge starting at a black vertex and ending at a white verter,
et =< 0 if e is an edge starting at a boundary source,

#(I N (1) mod (2) if e=(Vy;,V];) is vertical and incident at internal vertices,

#(I N (7)) mod (2) ife=(Vij,b;) is vertical and ends at a boundary sink.

Proposition 4.10. The master edge signature is of geometric type Let G be Le—graph as-
sociated to the positroid cell S/aNN C Gr™N(k. n). Then its master signature €™ is of geometric

type.

Proof. To produce the geometric signature for a canonically oriented Le-network, it is sufficient
to draw the gauge rays almost horizontally (see Figure 10 right). Indeed, all windings for this
choice are 0, and the intersections with the vertical edges have the same parity as the master
signature. Moreover, it is clear that this signature is gauge-equivalent to (4.8) with

0 if U is black,
() = { 1 if U is white.

O

In [4], we have proven that the system of relations associated to the master signature has full
rank and explicitly constructed its solution recursively, verifying that the vectors at the boundary
sources satisfy Theorem 3.9 for any choice of positive weights.

5. INVARIANCE OF THE GEOMETRIC SIGNATURE WITH RESPECT TO THE NETWORK GAUGE
FREEDOMS

In this Section we prove that the following transformations of the network:

(1) Changes of perfect orientation;
(2) Changes of gauge direction;
(3) Changes of graph vertices positions respecting the topology,
do not change the equivalence class of the geometric signature. Therefore, for any graph the
geometric signature is uniquely defined modulo gauge transformations.
The proof of this statement is rather straightforward: for any such transformation we explicitly
calculate the corresponding gauge change.
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€ c
g f
£ g
[e,f,g]=0 [e,f,g]=1

FIGURE 11. Cyclic order on triples of vectors. By definition [e, f, g] = [f,g,€] =
[gve7f] =1- [evg)f] =1- [gvfae] =1- [f?eag]'

FICGURE 12. We illustrate the marking of the regions.

Following [45], any change of perfect orientation can be represented as a finite composition of
elementary changes of orientation, each one consisting in a change of orientation either along a
simple cycle Qy or along a non-self-intersecting oriented path P from a boundary source iy to a
boundary sink jo.

5.1. Some auxiliary indices. Following [6] let us introduce the following auxiliary indices to
study the effect of changes of orientation.

Definition 5.1. Cyclic order. Generic triples of vectors in the plane have a natural cyclic
order. We write [f,g,h] = 0 if the triple f, g, h is ordered counterclockwise, and [f,g,h] =1 if
the triple f, g, h is ordered clockwise (see Fig 11).

Assume that we change the perfect orientation either along a non-self-intersecting oriented
path from a boundary source to a boundary sink or along a simple cycle. Then mark all regions
of the disc by either + or — using the following rule.

(1) If Py is a non-self-intersecting oriented path from a boundary source iy to a boundary
sink jo in the initial orientation of N, one divides the interior of the disc into a finite
number of regions bounded by the gauge ray [;, oriented upwards, the gauge ray [},
oriented downwards, the path Py in the initial orientation and the boundary of the disc
divided into two arcs, each oriented from jg to ig. Then a region is marked with a + if
its boundary is oriented, otherwise with —.

(2) If Qp is a closed oriented simple path, it divides the interior of the disc into two regions:
we mark the region external to Qp with a + and the internal region with —.

This marking remains invariant after the change of orientation.

(1) If the edge e & Py (respectively e € Qp), then we assign it the following index:

0 if the starting vertex of e belongs to a + region,
(5.1 o ={ ; ; ;

1 if the starting vertex of e belongs to a — region,
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FIGURE 13. The vertex gauge transformation at a white [left] and at a black [right]
vertex consists in moving an internal vertex from position U to U.

where, in case the initial vertex of e belongs to Py or Qy, we make an infinitesimal shift
of the starting vertex in the direction of e before assigning the edge to a region;
(2) If the edge e € Py (respectively e € Qp), we assign it the following two indices 7;(e),
v2(e) using the initial orientation O:
(a) We look at the region to the left and near the ending point of e, and assign the index

(5.2) (e) = 0 if the region is marked with +,
' T =Y 1 if the region is marked with —;
(b) We consider the ordered pair (e, [) and assign the index
1—s(e,!
5:3) (o) = L2

with s(-,-) as in (3.1).
It is easy to check that 7i(e) + v2(e) + int(e) does not change after the change of orientation.

5.2. Invariance of the geometric signature. By definition, geometric signatures depend on
the orientation of the graph, on the position of the vertices inside the disc and on the gauge ray
direction. In this Section we show that all these transformations generate gauge transformations
of the signature, therefore geometric signatures are well-defined.

Remark 5.2. Vertex gauge freedom of the graph The boundary map is the same if we
move vertices in G without changing their relative positions in the graph. Such transformation
acts on edges via rotations, translations and contractions/dilations of their lenghts. Any such
transformation may be decomposed in a sequence of elementary transformations in which a single
vertex is moved whereas all other vertices remain fized (see Figure 13).

Theorem 5.3. The effect of the network transformations on signatures and the
uniqueness of the geometric signature For any given plabic graph representing a positroid
cell S/T,[NN there is a unique geometric signature up to gauge equivalence. Indeed, let (N, O, 1) and
(/\A/,@,A() be a pair of plabic networks representing the same point [A] € STV € Gr™N(k,n),
where N is related to N by a composition of changes of the perfect orientation, of the gauge
ray direction and of the positions of the vertices. Let €., é. be the geometric signatures on them

defined by equations (4.1), (4.2), (4.3).



GEOMETRIC RELATIONS ON PLABIC GRAPHS 23

Then €, and é. are gauge equivalent in the sense of Definition 2.19, that is there exists a gauge
function n(U) € {0,1} defined at the internal vertices of the initial graph such that
(5.4)
. Jewv+nU)+n(V), mod (2) ife=(UV) isan internal edge,
A evy +n(U), mod (2) if e= (U, V) is the edge at some boundary vertex V.

More precisely, the gauge function may be explicitly computed by composing the following ele-
mentary transformations:

(1) If (N, @,E) is obtained from N reversing the orientation either along an edge loop-erased
path P from the boundary source ig to the boundary sink jo or along a closed cycle Q,
and [ = 1, then the signatures €. and é. are related by the gauge transformation (2.5) with
the following gauge function n(U):

(5.5)
0, if U & Q (P) and belongs to a + region,
() = 1, if U & Q (P) and belongs to a — region;
" )] wind(e1,e2) +i(e1) +y2(e2) +1, if U € Q (P) is white;
wind(eq, e2) + v1(e1) + y2(e1), if U € Q (P) is black.

Here eq, ey is the pair of edges changing orientation at U and ey is an incoming edge at
U in the initial orientation. The indices in the right hand side of (5.5) are as in (5.2),
(5.3).

(2) If (/V,O,i) is obtained from N changing the gauge ray direction from [ to f, then the
signatures €. and é. are related by the gauge transformation (2.5) with the following
gauge function n(U):

() = cr(U) + par(en), if U m — valent white;
| er(U)+ par(er), if U m — valent black.

In the right hand side of (5.6), par(e) is 1 if e belongs to the angle [/,\[’ , and 0 otherwise;
cr(U) denotes the number of gauge rays passing the vertex U during the rotation from [ to
[ inside the disc; e, (respectively e1) denotes the unique incoming (respectively outgoing)
edge at U;

(3) If (N, 0,1) is obtained from N moving an internal vertex U where notations are as in
Figure 13, then the signatures €. and é. are related by the gauge transformation (2.5)
with the following gauge function:

(a) If an internal vertex V is not connected to U by an edge, then n(V) = 0;

(b) n(U) is given by (5.6);

(c) If the oriented edge e; = (U, V;) connects U with V; (i =1 if U is black and i € [m—1]
if U is white), then

N _J par(e;), if Vi is white;
>0 n(vi) = { 0, if Vi is black.
d) If the oriented edge g = (W;,U) connects W; with U (j € [2,m] if U is black and
J J
j=m if U is white), then

N _ ) par(ej), if Wj is black;
(5-8) n(Wj) = { 0, if W; is white.

To prove Theorem 5.3 it is sufficient to check the effect of transformations case by case. We
do these calculations in Appendix 8. In the following examples we apply Theorem 5.3 to check
that the initial and transformed geometric signatures are related by a gauge transformation at
the vertices.
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FIGURE 14. The computation of the gauge function in the case of a change of orienta-
tion. The bold numbers are the geometric edge signatures.

FIGURE 15. The computation of the gauge function in the case of a change of gauge
ray direction. The bold numbers are the geometric edge signatures.

Example 5.4. Consider the graphs in Figure 14. We mark the regions in the initial graph
following the rules of Section 5.1, and the edge signatures are calculated using Definition 4.1.
Let us compute the gauge function n(U) using Formula (5.5). Since

’Yl(ebhvl) =1, 'Yl(eVl,Vz) =0, ’Yl(eVQ,bz) =0, ’72(661,V1) =0, ’72(6V1,V2) =1, 72(6‘/2,52) =1,

n(Vi) = wind(ep, vy, €vi,va) + Y1(€p,v7) + Y2(€viv,) +1 =0,
n(Va) = wind(evy vy, evy b,) + 71(evi1e) +72(€150,) = 1,
n(Va) =1, n(Vy) =0,

It is easy to check that that the signatures are related by this gauge function.

Example 5.5. Consider the graphs in Figure 15. The edge signatures are calculated using
Definition 4.1. Let us compute the gauge function n(U) using Formula (5.6):

77(‘/1) = CT(Vl) +par(ebl,V1) =0, 77(‘/2) = CT(VQ) +par(€V2,b2) =1,
n(Vs) = cr(V3) + par(ev,,v;) = 1 n(Va) = er(Va) + parev, ;) = 1.
Again, it is easy to check that that the signatures are related by this gauge function.

Example 5.6. Consider the graph in Figure 16. The edge signatures are calculated using Defi-
nition 4.1. Let us compute the gauge function n(U) using Formulas (5.6), (5.7), (5.8).

n(Vi) =0, n(V2) =0,
n(Vs) = paT(eV4,V3) =0 n(Va) = er(Va) + par(eV47V3) =1
It is easy to check that that the signatures are related by this gauge function.

Corollary 5.7. The effect of the network transformations on half-edge vectors Let
(N,0,1) and (N,O,1) be a pair of plabic networks as in Theorem 5.8, and zy., Zu. be the
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FIGURE 16. The computation of the gauge function in the case of a change of a vertex
position. The bold numbers are the geometric edge signatures.

corresponding half edge vectors for the same boundary conditions. Then, at any internal vertex
U,
2pe = (—1)"Dzp,.

The proof is straightforward.

Corollary 5.8. For a face Q2 of the graph G let €(§2) be the total contribution of the geometric
signature at the edges e = (U, V') bounding the face Q:

(5.9) €(2) = Z €e-

ecof)
Then €(2) mod (2) is invariant with respect to the changes of orientation, gauge ray direction
and of the position of the internal vertices.

Proof. In Theorem 5.3 we prove that there exists a gauge transformation of the signature for any
change of the orientation, of the gauge ray direction and of the position of the internal vertices.
Therefore all these changes preserve the equivalence class of the initial geometric signature, and
they do not affect €(€2). Indeed, inserting (5.6) into (5.9), the gauge function n(U) contributes
twice at each internal vertex U in 0f). O

6. COMPLETENESS OF THE GEOMETRIC LINEAR RELATIONS

From now on we restrict ourselves to PBDTP graphs (see Definition 2.13). We also assume
that the half-edge vectors are elements on R", and the construction of the Grassmannian point
is as in Theorem 4.4. Then, we show that, if a signature has the following properties: for any
collection of positive weights:

(1) Lam’s system has full rank;
(2) The image at the boundary vertices is a point of the totally non-negative part of the
Grassmannian,

then this signature is gauge equivalent to the geometric one. Therefore, as a consequence of The-
orem 4.4 , the boundary map associated to the present construction coincides with Postnikov’s
boundary measurement map.

The following Lemma is the key ingredient in the proof of completeness. Indeed, by definition,
for all plabic graphs the sum of equivalent signatures has the same parity along each directed
path from the boundary to the boundary of the graph. In Lemma 6.1 we show that also the
opposite is true under the hypothesis that the graph in a PBDTP graph.

Lemma 6.1. Parity of equivalent signatures on simple paths and cycles Let G be a

PBDTP graph representing an irreducible positroid cell S/\TANN with a fized orientation O. Let

68’)‘/, eg)v be two signatures on (G, 0). Then, Eg)v is equivalent to 68)‘/ if and only if, for any
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path P from a boundary source to a boundary sink and for any closed cycle C, the sum of the
signatures of the edges on P, respectively on C' has the same parity with respect to both signatures.

Proof. In one direction the proof is trivial and follows directly from the definition of equivalence.

Let us now suppose that two signatures e €2 have the same parity on any edge loop-erased
path P from a boundary source to a boundary sink and on any closed cycle Q. Then the parities
also coincide on any directed path from a boundary source to a boundary sink. Let us construct
a gauge transformation 7(U) transforming €® to €M) step by step using the following procedure:

(1) Define at the initial step e (e) = ) (e) at all edges of the graph;

(2) Next, select a loop-erased path from a boundary source to a boundary sink, and compare
the signatures at each edge starting from the edge at the boundary source. If the edge
e = (U,V) is not the final edge of the path, then

(a) If €®)(e) = €M (e), we mark e and assign (V) = 0 and proceed to the next edge;

(b) If €®(e) # €M (e), we mark e, assign n(V) = 1, invert €® at all edges at V and
proceed to the next edge;

If e is the final edge of such path and the signatures coincide at all its other edges, then
necessarily they also coincide at e;

(3) Next for any other path (not necessary loop-erased) from a boundary source to a boundary
sink, containing at least one unmarked edge, we proceed as follows:

(a) If the edge e = (U, V) is marked, we have already assigned n(U) and n(V'), and we
proceed to the next edge. In particular, e is always marked if V' is white and at least
one of the outgoing edges at V' is marked.

(b) If e = (U, V) is not marked and all outgoing edges at V' are not marked, we proceed
as in Step 1.

(c) Let e = (U,V) be unmarked, V' be black and the outgoing edge at V' be marked
(therefore the signature n(V') is already assigned). Since n(U) was assigned at a
previous step, we have two possibilities:

(i) The outgoing edge at V' was marked using one of the previous paths. In such
case there exists a path from a boundary source to a boundary sink such that
e is the only unmarked edge. Since the initial signatures have the same parity
and the transformation procedure preserves the parity, e!) at e coincide with
the current € at e. Therefore we mark e and proceed to the next edge.

(ii) The outgoing edge at V was marked at some previous step while going along
this path. Then these two edges at V belong to a cycle, and e is the only
unmarked edge of this cycle. Then the parity of signatures e(!), ¢®) guarantees
that they coincide at e, we mark e and proceed to the next edge.

O

Remark 6.2. If some edge e does not belong to any path from boundary to boundary, it never
participates in the boundary measurement map, and we have an extra gauge freedom in assigning
its signature. Therefore the PBDTP condition in Lemma 6.1 is essential.

In the following Theorem we verify that for any signature not of geometric type there exists
a collection of positive weights such that either the image is not totally non-negative or the
linear system has not full rank. Therefore, a signature on G guarantees the total non-negativity
property for arbitrary positive weights if and only if it is geometric; moreover, in such case the
image is exactly Sip™N.

As a consequence the edge vectors represent a natural parametrization for the amalgamation
procedure introduced in [17] (see also [8, 30, 43]) in the total non—negative setting.
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Theorem 6.3. Completeness of the geometric signatures
Let (G,O(I)) be a perfectly oriented PBDTP graph representing the irreducible positroid cell
SUN. Let ey be a signature on G. Then

(1) Lam’s system of relations in Definition 2.16 possesses a unique solution zy . in R™ on the
signed network (G, O(I),wy,v, ey,v) for almost any collection wy,y of real edge weights.
(2) Let us assign the canonical basis vectors at the boundary sinks and let A be the k x n
matriz whose r-th row Alr] = E;, — 2b; e:, » Where B is the i.-th vector of the canonical
basis and zy, ., is the half-edge vector at the boundary source b, , v € [k].
If, moreover, the matriz A is totally non-negative for almost every collection of positive
weights, then
(a) The signature ey y is equivalent to the geometric signature;
(b) The system of relations possesses a unique solution for every choice of positive
weights;
(¢) A coincides with Postnikov’s boundary measurement matriz for the base I.

Proof. Step 1. Let &, be the geometric signature. From Theorem 4.4 we know that the matrix
representing Lam’s system of relations for such signature has non zero—determinant for any choice
of positive weights. The determinant is a polynomial in the weights, therefore it remains different
from zero for the geometric signature and almost all real weights.

Lam’s system of relations is not affected by the following transformation of signature and
weights:

€o — Eo
(6.1)

We — We = (—1)° " we.

Therefore Lam’s system of relations on the signed network (G, O(I),wy,v, ev,y) is equivalent to
Lam’s system of relations on (G, O(I), We, ). This completes the proof of the first part.

Step 2. For the geometric signature ¢, and the collection of weights ., the matrix A can be
directly computed using Talaska formula (3.10):

> @(F)
(6.2) Aij = (*Dgij%,
> @(0)

CeC(9)

where 05 is the number of sources between b; and b;. We observe that transformation (6.1) does
not change Lam’s equations and their solution, therefore (6.2) can be rewritten as:

Y (- 1)6§F56_56w(p)

(6.3) Ajj = (—1)%4 Feri;(9)

> €e—¢e ’
Z (_ 1)e€c w(C)

CeC(G)

Step 3. Let us now assume that the matrix A is totally non-negative for for almost every
collection of positive weights we, and let us prove that the total signatures e(P), €(C)) have
the same parity of the total geometric signatures (P), (C')), for any simple path P from the
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FIGURE 17. On the left: a simple path P, from the boundary source b; to the boundary
sink b; passing through the edge e. On the right: a one-component conservative flow
C = P, + P;3 containing e and a simple path P = P, + P, 4+ P, from the boundary source
b; to the boundary sink b; passing through the edge e.

boundary to the boundary and for any conservative flow C with one connected component:

e(P) =¢(P) mod (2), e(C) =¢(C) mod (2), i.e.
(6.4) Z €e — ¢ =0 mod (2), Z €c — ¢ =0 mod (2).
ecP ecC

In the following we use notations consistent with Figure 17.

To prove the first identity let P; be a simple path from the boundary source b; to the boundary
sink b;. Consider all collections of positive weights w, with the following property: all the weights
on the edges belonging to P, are of order 1 and all other weights are of order § < 1. Then equation
(6.3) takes the form

Z €e—Ee
—1)n w() +0(9)
1+ 0(9)

The total non-negativity condition implies that the sign of A;; is the same as the sign of A;; for
the geometric signature, therefore (6.4) holds true for all simple paths from the boundary to the
boundary.

To prove the second identity consider a one-component conservative flow C' = P, + P;. By
hypothesis there exists a simple path P = P, + P» + P4 from the boundary source b; to the
boundary sink b; passing through a given edge e € C. Consider all collections of positive edge
weights with the following property: all the weights on the edges belonging to P, P», P3, Py are
of order 1 and all other weights are of order 6 < 1. Then equation (6.3) takes the form
(6.6)

(6.5) Ay = (-1

Z €e—Ee
oo (= 1)e€P1+P2+Py w(P) _|_O(5) o w(P) + O(§
Ay =y DT = (-1y e ,
14 (= 1)< w(C) + O(3) 14 (= 1)< w(C) + O(3)

where we use the first identity. The total non-negativity condition implies that the sign of the
denominator has to be positive. Since the weight w(C') can be any positive number, we conclude
that (6.4) holds true also in this case.

Step 4. Lemma 6.1 implies that the signatures ¢, and ¢, are equivalent. O
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wind g (b})=—1 wind g (bj)=+1 wind ¢, (b;)=0 wind g, (b;)=0

FIGURE 18. The topological winding wq at pairs of edges at internal vertices with
change of orientation (top left), at the boundary sinks (top right) and at the boundary
sources (bottom).

7. TOTAL SIGNATURES OF THE FACES OF GRAPHS
In this Section we compute the total geometric signature of the faces of the oriented PBDTP
graph G.

Remark 7.1. In the following we orient the boundary of the disc clockwise.

Definition 7.2. Topological winding of faces Let €) be a face. Let us define a topological
winding windg (v;) at both the internal and boundary vertices v; in 0. Let us label the edges
bounding Q2 (including those belonging to the intersection of Q with the boundary of the disc) in

increasing order counterclockwise: ey, ea, ..., e, e+1 = e1. Let v; be the vertex in 02 common to
the pair of consecutive edges (e;,ej+1). Then
(7.1)
wind(e;, €;41), if both of them are internal and both are
either oriented clockwise or counterclockwise,
wind(e;, e;41) = 0, if v; is a boundary sink,
windg(v;) = < wind(e;, €;41), if v; 1s a boundary source,

wind(e;, ) + wind(f,e;41), if both of them are internal, one is oriented
clockwise, and the other counterclockwise, and
f s the third edge at v;,

(see Figure 18).
Next we define the total winding of a face €):

l
(7.2) wind(Q) = Z windgq (v;).
i=1
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If Q is a boundary face (see Definition 2.6), we also define

wind; () = Z windg (v;),
(7.3) mternal vertices v;edQ
windy(2) = Z windg (v;)

boundary vertices v;cdQ

Of course, for boundary faces Q) we have
(7.4) wind(Q) = wind;(Q2) + windy().

Notation 7.3. Let us introduce the following notations:
(1) €(§2) is the face signature defined in (5.9);

int(2) = Y int(e). Let us remark that for all internal faces int(2) = 0.
ecof)
Nuwhite(2) denotes the total number of white vertices in 0€);

(2)

(3)

(4) Nsource(2) is the number of boundary sources belonging to €);

(5) cdynite(2) is the number of internal white vertices v; such that e;, e;11 have opposite
ortentation;

(6) cdsource($2) is the number of boundary source vertices v; such that e;, e;11 have opposite
ortentation.

We need the following simple topological Lemma:

Lemma 7.4. The total winding of a face. The following formula holds true:

1 — cdyhite(2) if Q0 is an internal face
(7.5) wind(Q) = < 1 — cdynite() — cdsource(2) if Q is a finite boundary face
— cyhite(2) — cdsource(S2) if Q0 s the infinite boundary face.

Proof. If all the edges at the boundary of Q are oriented counterclockwise (or clockwise), the
statement is well-known: one starts from e;, continuously assigns angles to each e; and counts
the increment of angle d¢ after returning to e;. Then wind(2) = d¢/27. Any change of direction
along the boundary adds —m to d¢. Since changes of directions occur in pairs for both internal and
boundary faces, it is enough to count the number of changes from counterclockwise to clockwise
and multiply it by 2. O

Theorem 7.5. The total signature of a face Let (G,O(I)) be a PBDTP graph in the disc
representing a positroid cell ST C Gr™"(k,n), and let ey be its geometric signature. Then

Nuwhite(2) + 1 mod 2, if Q is a finite face;
(7.6) () =
Nuwhite(2) + k mod 2, if Q is the infinite face.

Remark 7.6. [t is easy to check that Theorem 7.5 is true for the examples discussed in the
previous sections (see Figures 8, 10, 14, 15, 16).

Proof. From Definition 4.1 we have
(7.7) €(§2) = windj(q) + Nwhite(2) + cdwhite (1) + Nsource (£2) + int(€2) mod 2.

Let us introduce the following notations:

[
(1) # N denotes the number of sources at the boundary of € such that 2 lies to the left of
the boundary source and the gauge ray direction points inside the face;
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(2) # f/ denotes the number of sources at the boundary of €2 such that €2 lies to the left

of the boundary source and the gauge ray direction points outside the face;

[
3) #V/ denotes the number of sources at the boundary of {2 such that 2 lies to the right

of the boundary source and the gauge ray direction points inside the face;
[

(4) # \¢ denotes the number of sources at the boundary of  such that €2 lies to the right

of the boundary source and the gauge ray direction points outside the face;
Since

(7.9 40+ # 1 = @

we have

1+ cdyhite(Q2) + # 3 + # f/ mod 2, if Q is a finite face ,

(7.9)  wind(Q2) =
cdwhite(Q2) + # :M + # f/ mod 2, if @ is the infinite face.

Since

(7.10) windy, () = # & + # KL mod 2,

we have

[ [
(711) windi(Q) = 1+ cdwhite(Q2) + # f/ + # \i mod 2, if Q is a finite face

[ [
cdwhite(2) + # f/ + # \t mod 2, if Q is the infinite face.

0 mod 2, if € is an internal
[ [

# L‘ + #TL mod 2, if Q is a finite boundary face

(7.12) int () =
[ [

k+ # 3 + #fz mod 2, if Q is the infinite face.
Therefore
(7.13)

[ [
# f/ + # \i mod 2, if © is a finite boundary face
nsource(Q> + int(Q) - [ [
k+ # f/ + # \i mod 2, if  is the infinite face.

Inserting (7.13) into (7.11) we get

1 + cdyhite(2) + Nsource(2) + int(2) mod 2 if € is a finite face
(7.14) wind;(Q2) =

Inserting (7.14) into (7.7) we finally get
(7.15)
((Q) = { 1+ 2dehite(Q> + 2nsource(Q) + 2int(Q> + nwhite(Q) =1+ nwhite(Q) mod 2,
k+2 dehite(Q) +2 nsource(Q) +2 int(Q) + Nwhite(2) = k + nwhite(Q) mod 2,

kE + cdywhite(2) 4+ Nsource(2) +1nt(2) mod 2 if © is the infinite face.
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FIGURE 19. The effect of the square move.

respectively for a finite face €2 and for the infinite one. O

Remark 7.7. Connection between () and Kasteleyn theorem In [1], a Kasteleyn’s sign
matriz is associated to each reduced bipartite graph in the disc, with entries equal to (—1)6(61'7')
if the edge e;; joins the black vertex b; and the white vertex w;, and 0 otherwise; and it is
proven that its maximal minors count the dimer configurations on the graph sharing the same
boundary conditions. Therefore, the geometric signature realizes Speyer’s variant [50] of the
classical Kasteleyn’s theorem [31, 32] for such class of graphs.

Conjecture 7.8. In the present setting of PBDTP graphs, we can define a sign matriz using the
geometric signature and we claim that it explicitly realizes the variant [50] of classical Kasteleyn
theorem for planar bicoloured graphs.

7.1. Effect of moves and reductions on signatures. In [45] Postnikov classified the set
of local transformations - moves and reductions - on planar bicoloured networks in the disc
which leave invariant the boundary measurement map. Two networks in the disc connected by
a sequence of such moves and reductions represent the same point in Gr™N(k, n). Since we are
interested in the class of PBDTP graphs, we shall describe the effect of

(1) (M1) the square move (Figure 19),

(2) (M2) the unicoloured edge contraction/uncontraction (Figure 20),
(3) (M3) the middle vertex insertion/removal (Figure 21),

(4) (R1) the parallel edge reduction (Figure 22),

on the geometric signature, using the characterization of geometric signatures obtained in the
previous Sections.

Let (N, O, ) be the initial oriented network, and (N, O, 1) be the oriented network obtained
from it by applying one move (M1)—-(M3) or one reduction (R1).

(M1) The square move If a network has a square formed by four trivalent vertices whose
colours alternate as one goes around the square, then one can switch the colours of these four
vertices and transform the weights of adjacent faces as shown in Figure 19. The relation between
the face weights before and after the square move is [45] f5 = (f5)™%, f1 = fi/(1 + 1/fs),
fo = fo(l+f5), f3 = f3(1+f5), fa = f1/(1+1/f5), so that the relation between the edge weights

with the orientation in Figure 19 is &1 = 0‘32‘4, G = g +ajasay, g = aeag/de, Gy = arag/as.

Lemma 7.9. If a signature €(e) is geometric for the initial network (N, O,1), then it remains
geometric after the square mowve.

The statement follows immediately from Theorems 7.5 and 6.3.
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FIGURE 20. The insertion/removal of an unicoloured internal vertex is equivalent to a
flip move of the unicoloured vertices.

> /‘ i,
Ey Er g Es/
[ 3 @<

wWiw, £
LI LI

FIGURE 21. The middle edge insertion/removal at a white vertex.

(M2) The unicoloured edge contraction/uncontraction The unicoloured edge contraction/un-
contraction consists in the elimination/addition of an internal vertex of equal colour and of a
unit edge, and it leaves invariant the face weights and the boundary measurement map [45]. The
contraction/uncontraction of an unicoloured internal edge combined with the trivalency condi-
tion is equivalent to a flip of the unicoloured vertices involved in the move (see Figure 20). We
consider only pure flip moves, i.e. all vertices keep the same positions before and after the move.

Lemma 7.10. Let the initial signature be geometric, and such that the signature of the internal
unicoloured edge is equal to 1 if both vertices are white, respectively to 0 if both vertices are black.
Then, the signature remains geometric after the transformation.

Again, the statement follows immediately from Theorems 7.5 and 6.3.

We remark that the above condition on the initial signature is not restrictive, since we can
always apply a gauge transformation at one vertex to fulfill it.

(M3) The middle edge insertion/removal The middle edge insertion/removal consists in

the addition/elimination of bivalent vertices (see Figure 21) without changing the face configu-
ration.

Lemma 7.11. Let the initial signature be geometric, and define the transformed one to be equal
to the initial one at all edges common to both networks, and to satisfy the following identity at
€1, €2, €12/

| 0 if the additional vertex is black;
(7.16) eler) + e(e2) +elerz) = { 1 if the additional vertex is white.
Then the transformed signature is geometric as well.

Again, the statement follows immediately from Theorems 7.5 and 6.3.
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FIGURE 22. The parallel edge reduction.

(R1) The parallel edge reduction The parallel edge reduction consists in the removal of
two trivalent vertices of different colour connected by a pair of parallel edges (see Figure 22). If
the parallel edge separates two distinct faces, the relation of the face weights before and after
the reduction is f; = 1+(fo — A fo = fo(l+ fo), otherwise fi = fo = fifo [45]. If the original

signature is geometric, necessarily it takes the same values at both parallel edges €(e2) = €(e3).

Lemma 7.12. Let the initial signature be geometric, and let us impose that the transformed
signature remains unchanged at all edges common to both networks, whereas at e, es, e3, e4, €1

it fulfils
(7.17) 6(61) + 6(62) + 6(64) + 6(@1) =1.

Then the transformed signature is geometric as well.

Again, the statement follows immediately from Theorems 7.5 and 6.3.

7.2. Amalgamation of positroid cells and geometric signatures. In [17] Fock and Gon-
charov introduced the amalgamation of cluster varieties, which has turned out to be relevant
both for the construction of integrable systems on Poisson cluster varieties [29] and for the
computation of the scattering amplitudes on on-shell diagrams in the N = 4 SYM theory [8].
The amalgamation of positroid varieties admits a very simple representation in terms of sim-
ple operations on the corresponding plabic graphs. In our setting the vertices are those of the
graph and the frozen ones are those at the boundary. Since the planarity property is essential,
amalgamation is represented by compositions of the following elementary operations:

(1) The disjoint union of a pair of planar graphs (see Figure 23) which corresponds to the di-
rect sum of the corresponding Grassmannians via a map Gr™N (ky, n1) x Gr™N(kg, na) —
Gr™N(ky + ko, n1 + ng);

(2) The defrosting of a pair of consecutive boundary vertices (see Figure 24) which corre-
sponds to a projection map Gr™N(k,n) — Gr™N(k —1,n — 2).

Let the initial points be [4;] € Gr™N(k;,n;), i = 1,2. Then we have exactly two ways to
perform the disjoint union preserving the total non-negativity property:

(1) All boundary vertices of one network precede all boundary vertices of the second one (see
Figure 23 [left]). In this case the resulting infinite face €y is the union of the infinite
faces 9,1, 20,2 of the initial networks and all finite faces are not modified;

(2) All boundary vertices of one network are located between two consecutive boundary
vertices of the other one (see Figure 23 [right]). Let us denote €2, € respectively
the finite face containing this pair of boundary vertices in the initial and final networks.
In this case the infinite face {2y coincides with (g2, the infinite face of the “external”
network (N2 in Figure 23 [right]), whereas €2; is built out of € 2 and of € ;, the infinite
face of the “internal” network (N7 in Figure 23 [right]). All other faces are not modified.

Since we work only with planar directed graphs and we assume that any internal edge belongs
to at least one path starting and ending at the boundary of the disc, in our setting defrosting
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Qo1 Qo2
Qo1 Qo2 \ Q>
Qo
Qo ]Fi Q,

FIGURE 23. The two possible ways of constructing disjoint unions of two given networks
in the disc preserving the planarity property.

bi1 by

FIGURE 24. All the admissible ways of defrosting a graph preserve the planarity property.

consists in the elimination of two consecutive boundary vertices, one of which is a source and the
other one is a sink, and in gluing the resulting directed half-edges (see Figure 24). Defrosting
transforms the face €25 into the face Qz, and the faces 1, {23 are merged into the face Ql.

It is easy to check that any planar graph in the disc considered in our text can be obtained start-
ing from several copies of Le-graphs associated with the small positive Grassmannians G’ (1, 3),
GrTP(2,3) and GrTP(1,2) in such a way that at any step planarity is preserved and any edge
of the resulting graph belongs at least to one directed path starting and ending at the boundary
of the disc.

Let us now explain the effect of amalgamation on the face geometric signature. At this aim
we use Thereom 7.5 to compute the edge signatures of the faces of the amalgamated networks
in terms of those of the initial networks. As in the previous Section let N be a plabic network
representing a point in Gr™N(k, n), and for any given face 0, let the indices €(2) and nypite(2)
respectively denote the edge signature and the number of white vertices 2. Then the proof of
the following Lemmas follows from Formula (7.6).

Lemma 7.13. Edge signature of the direct sum Let N; be plabic networks representing
points in Gr™N(k;,n;), i = 1,2 and N be their disjoint union representing a point in Gr TNV (ky +
ka,n1 + ng) with notations as in Figure 253. Then, the edge signature behaves as follows:
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(1) If all boundary vertices of No precede all boundary vertices of N1 (Figure 23 [left]),
(718) E(Qo) = 6(9071) + 6(90’2) mod 2,

and is unchanged in all other faces;
(2) If all boundary vertices of N1 are located between two consecutive boundary vertices of
Ny (Figure 23 [right]),

(7.19) E(Qo) = 6(90’2) + k1 mod 2, E(Ql) = E(Qo’l) + E(Ql,g) + k1, mod 2,
and is unchanged in all other faces.

We now describe the effect of defrosting on the edge signatures. We remark that if both faces
Q1, Qs are finite, then ) is also a finite face, otherwise it is the infinite face. Similarly, €25 is
the infinite face if and only if €25 is the infinite face.

Lemma 7.14. Effect of defrosting on edge signatures Let N be a plabic network represent-
ing a point in Gr™N(k n), and N be the defrosted network representing a point in GrT™N(k —
1,n — 2) with notations as in Figure 24. Then, the edge signature behaves as follows:

(1) If b; # b1,bp—1 and Q9 is not the infinite face, then
e(Q1) = () +€(3)+1  mod 2,
(7.20) e(Q2) = €(Q2),  mod 2,
e(Q) = e(Q)+1  mod 2,

(2) If bj # b1, bp—1 and Qo is the infinite face Qo = Q , then
(7.21) 6((?1) = €e() +€(Q3)+1 mod 2,
€(22) = €(2) + 1, mod 2,

(3) If b = by—1 then
e(Qo) = Q) + () mod 2,
() = €(Qy), mod 2.

(4) The case b; = by is similar to the previous one.

(7.22)

In all other faces the signature is unchanged.

8. APPENDIX: PROOF OF THEOREM 5.3 (INVARIANCE OF THE GEOMETRIC SIGNATURE)
Remark 8.1. All the identities in this Section are meant mod 2.
The following relations between the geometric indices and the cyclic order are proven in [6].

Lemma 8.2. [6] Let V belong to Py or Qp, e1,es, f be the edges at V', where e, es belong
to Py or Qqp, and ey (respectively es) is an incoming (respectively outgoing) edge in the initial
configuration.

(1) If V is black, then:

(8.1) int(f) + int(f) +7(f) +71(e1) = [e1, —ea, f]  (mod 2),
(8.2) wind(e1, e2) + wind(f, e2) + wind(f, —e1) + v2(e1) = [e1, —e2, f] (mod 2).
(2) IfV is white, then:
(53) A(f) +mer) = fer, —ea,—f]  (mod 2),
(8.4)  wind(ey, f) + wind(—ea, f) + wind(—ea, —e1) + y2(e1) =1 — [e1, —ea, — f] (mod 2).
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FIiGURE 25.

Finally we prove Theorem 5.3 step by step:

(1) Let us prove that every change of orientation corresponds to a gauge transformation as

in (5.5):

(a) If U and V do not belong to Q (respectively P), then the winding numbers at U
and V remain the same, and the intersection number of the edge (U, V) changes
if and only if U and V lie in regions with different sign marks. If V is either a
boundary source or a boundary sink, by construction the latter is always in a +
region. Therefore, in this case (5.5) holds true.

(b) If U does not belong to Q (respectively P) and V' belongs to it, equations (8.1),
(8.3) are equivalent to:

(8.5) n(U) :int(f)+ii\t(f)+71(e1)+{ E:Z{]ﬂ i 1‘; 12 lvovlslcti

We also have:

(8.6) wind (e, e2) + wind(—ea, —e1) = Y2(e1) + y2(e2).

We have four possible cases (see Figure 25).
(i) If V is black (Cases 1 and 2), then

e(f) + e(f) = int(f) + int(f) + wind(f, e2) + wind(f, —ey).
Using (8.2) we obtain:
e(f) + é(f) = int(f) + int(f) + wind(e1, e2) + ya(e1) + [e1, —ea, f] =

= [int(f) +nt(f) + 71 (ex) + [er, —e2, f]] + [11(e1) +7a(e1) + wind(ex, e2)] = n(U) +n(V);
(ii) If V' is white (Cases 3 and 4), then

e(f) + &(f) = int(f) + int(f) + wind(ey, f) + wind(—es, f).
Using (8.4) we obtain:

e(f) + €(f) = int(f) + nt(f) + 1+ wind(—ez, —e1) +y2(e1) + [e1, —e2, — f].
Using (8.6) we get

e(f) + e(f) = int(f) + int(f) + wind(eq, e2) + 1 + ya(ea) + [e1, —e2, —f] =
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FIGURE 26.

= [int(f) +int(f) +y1(e1) + [er, —e2, =fI] + [L+71(ex) +2(er) + wind(ex, e2)] = n(U) + (V).
(c) If both U and V belong to Q (P respectively) and none of them is a boundary
vertex, then we have four possible cases (see Figure 26). It is easy to check that in

all cases

(8.7) int(e2) + int(ez) = 1 (e1) + 71 (e2).
(i) If both U and V are black (Case 1) , then
e(e2) + é(e2) = int(eq) + i/n\t(eg) + wind(eg, e3) + wind(—eq, —e2).
Using (8.6) and (8.7) we obtain
e(e2) + é(e2) = m(e1) + v1(e2) + wind(ez, e3) + wind(eq, e2) + v2(e2) + y2(e1) =
= [wind(e1, €2) +71(e1) + 72(e1)] + [wind(ea, e3) + 71 (e2) + 72(e2)] = n(U) +n(V);
(ii) If U is black and V is white (Case 2) , then
e(eg) + €(e2) = int(eq) + i/n\t(eg) + wind(—ej, —es) + wind(—eq, —e3) + 1.
Using (8.6) and (8.7) we obtain
e(ez) + €(e2) = v1(e1) + y1(e2) + wind(eq, e2) + wind(ea, e3) + v2(e1) + y2(e3) + 1 =
= [y1(e1) +y2(e1) + wind(er, e2)] + [v1(e2) + 72(e3) + wind(ez, e3) + 1] = n(U) + n(V);
(iii) If U is white and V is black (Case 3) , then
e(e2) + é(e2) = int(e2) + int(es) + wind(eq, e2) + wind(es, e3) + 1.
Using (8.7) we obtain
e(eg) + é(e2) = y1(e1) + 71(e2) + wind(eq, e2) + wind(eg, e3) + 1 =
= [y1(e1) + 72(e2) + wind(ey, e2) + 1] + [y1(e2) + v2(e2) + wind(eg, e3)] = n(U) + n(V);
(iv) If both U and V are white (Case 4), then
e(e2) + é(e2) = int(ea) + i/n\t(eg) + wind(eq, e2) + wind(—eg, —e3).
Using (8.6) and (8.7) we obtain
e(e2) + é(e2) = 71(e1) + 71(e2) + wind(eq, e2) + wind(ez, €3) + y2(€2) + y2(e3) =
= [wind(e1, e2) + v1(e1) + 12(e2) + 1] 4+ [wind(ea, e3) + v1(e2) + v2(e3) + 1] = n(U) +n(V).



GEOMETRIC RELATIONS ON PLABIC GRAPHS 39
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FiGURE 27.

(d) If U belongs to P, and V = b is a boundary vertex on it, then we have two possible
cases (see Figure 27). In both cases we have

int(e1) + int(e1) = 1 (e1) + v2ler) + 1.
(i) If U is black, then

e(e1) + é(e1) =1+ int(e1) + wind(eq, e2) + i/n\t(el) =

= 71(e1) +12(e1) + wind(er, e2) = n(U);
(ii) If U is white, then

e(e1) + é(er) = 1 +int(er) + 1 + int(er) + wind(—ez, —e1) =

=1+7(e1) +72(e1) + wind(er, e2) + 2(e1) + y2(e2) = n(U).

The proof of the first statement is complete.
To prove the invariance with respect to a change of gauge direction, we assume that the
graph is generic, and we continuously rotate the gauge ray direction from [ to [. Then
ey and n(U) become functions of the rotation parameter. Let us check that (2.5) is
true for all values of the rotation parameter.

Let e = (U, V) be an internal edge (for boundary edges the proof goes through with
obvious modifications). The left-hand side and the right-hand side of (2.5) may change
if:

(a) A gauge ray crosses either U or V;

(b) The gauge ray direction becomes parallel to one of the edges at U or V.

The assumption that the graph is generic means that we have at most one of such events
for each value of the rotation parameter. Let us check that after each such an event (2.5)
remains true.

(a) If a gauge ray crosses U, then

vy ~evyv + 1L nU) =)+ 1, nV)—=nV);
(b) If a gauge ray crosses V, then
evy —evy +1, nU) = nl), (V) —=nV)+1;

(c) Let us check what happens if the gauge ray direction is parallel (not antiparallel) to
one of the edges at U or V. In Figure 28 the edges appearing in the formulas for
the signature or gauge are drawn thick.

If the gauge ray direction becomes parallel to one of the edges drawn thin, neither
ev,y nor n(U), n(U), change. Therefore it is sufficient to check what happens if the
gauge ray direction is parallel to one of the thick edges.
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€,y =1+ int(e;) +wind(e, ,e;)

Euv= int(ey) u,

€ v=1+ int(es) +wind(e, .e;)+ €, =int(e;) +wind(e;.e5)

+wind(eg,e5)

FIiGURE 28.

(i) If U is black, V' is white, and [ passes the direction of e3, then we have the
following transformation:

evy —evy, NU)—=nU)+1, n(V)—=nV)+1;

(ii) If U and V are white, and [ passes the direction of e;, then we have the
following transformation:

evy —evy +1, nU) = nU)+1, n(V)—nV);

(iii) If U and V are white, and [ passes the direction of e3, then we have the
following transformation:

evy —evyv +1, nU) =), n(V)—=nV)+1;

(iv) If U is white, V is black, and [ passes the direction of e, then we have the
following transformation:

vy ey +1, nU) = nU)+1, nV)—n(V);
(v) If U is white, V' is black, and [ passes the direction of ez, then we have the
following transformation:
ev,y = evy, nU) =), n(V)—=nV);

(vi) If U is white, V is black, and [ passes the direction of es, then we have the
following transformation:

evy —evy +1, nU) = nl), (V) —=nV)+1;

(vii) If U, V are black, and [ passes the direction of e3, then we have the following
transformation:

evy —evyv +1, nU) = nU)+1, n(V)—nV);

(viii) If U, V are black, and [ passes the direction of e5, then we have the following
transformation:

evy —evyv +1, nU) =), n(V)—=nV)+ 1.
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FIGURE 29. If one of the edges at U becomes parallel to |, some windings may change.
We mark the edges participating in these windings with continuous lines and all other
edges with dashed lines.

The proof of the second statement is completed.
Let us prove the invariance of the signature with respect to a change of position of an
internal vertex.

Again we assume that our configuration is generic, we continuously move the vertex
U, so that the position U is a smooth function of a parameter ¢, and for each t at most
one of the following events may occur:

(a) U crosses one of the gauge rays, and there is no edge at U parallel to the gauge ray
direction;
(b) One of the edges at U is parallel to the gauge direction.

In the first case n(U) changes by 1, all edges connected to U change the intersection
number by 1, and all windings remain unchanged. Therefore the signatures at these edges
change by 1, and the statement holds.

To check the Theorem in the second case we consider all possible configurations.

Assume that U is not connected by an edge to the boundary.

(a) Let U be white as in Figure 29. Here W is the second end of the unique incoming
edge e,,, V; denote the ends of the outgoing edges e; at U. A simple calculation
shows that the statement is correct since:

e(f) —&f) =0,
€(gi) — €(gi) = par(e1),

ele;) — &(e;) = {

par(e1) + par(ey,) if V; is white,

par(em,) if V; is black,
. | par(en,) if W is white,

élem) — élem) = { 0 if W is black,

~ 0 if W is white,
e(hi) — é(hi) = { par(en) if W is black;

(b) Let U be black as in Figure 30. Again, a simple calculation shows that the statement
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FIGURE 30. If one of the edges at U becomes parallel to |, some windings may change.
We mark the edges participating in these windings with continuous lines and all other
edges with dashed lines.

is correct since:

.\ _ J par(er) if V1 is white,
€(gi) — €(g:) = { 0 if V7 is black,
(e1) — é(er) = 0 if V7 is white,
A=A =9 par(er)  if V4 is black,
~, | par(er) if W; is white,
elej) = éle) = { par(e;) + par(e;) if Wj is black,
N 0 if W is white,
€(hy) — éhy) = { par(e;) if Wj is black;
(8.10)

If V is a boundary sink, then par(U, V) = 0, and formulas (8.9), (8.10) are valid.

If W = b is a boundary source, and U does not pass the gauge ray starting at b, then
par(b,U) = 0, and formulas (8.9), (8.10) are valid. If U passes the gauge ray starting
at b, then contemporary cr(U) and par(b,U) change by 1. In this case all other edges
at U change intersection index by 1, and winding numbers as in formulas (8.9), (8.10).
Therefore, in the notations of Figure 31:

- 1 if U is black, .
(8.11) e(e;) —é(ej) = { 0 if U is white for all j.

The proof is complete.
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FIGURE 31. If one of the edges at U becomes parallel to |, some windings may change.
We mark the edges participating in these windings with continuous lines and all other
edges with dashed lines.
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