ARCHIVIO ISTITUZIONALE
ONIVERSITA DI BOLOGNA DELLA RICERCA

Alma Mater Studiorum Universita di Bologna
Archivio istituzionale della ricerca

Transient Impact from the Nash Equilibrium of a Permanent Market Impact Game

This is the final peer-reviewed author’s accepted manuscript (postprint) of the following publication:

Published Version:

Cordoni, F., Lillo, F. (2024). Transient Impact from the Nash Equilibrium of a Permanent Market Impact
Game. DYNAMIC GAMES AND APPLICATIONS, 14(2), 333-361 [10.1007/s13235-023-00497-9].

Availability:
This version is available at: https://hdl.handle.net/11585/940655 since: 2023-09-06
Published:

DOI: http://doi.org/10.1007/s13235-023-00497-9

Terms of use:

Some rights reserved. The terms and conditions for the reuse of this version of the manuscript are
specified in the publishing policy. For all terms of use and more information see the publisher's website.

This item was downloaded from IRIS Universita di Bologna (https://cris.unibo.it/).
When citing, please refer to the published version.

(Article begins on next page)

07 May 2026


http://doi.org/10.1007/s13235-023-00497-9
https://hdl.handle.net/11585/940655

This is the final peer-reviewed accepted manuscript of:

Cordoni, F., Lillo, F. Transient Impact from the Nash Equilibrium of a Permanent
Market Impact Game. Dyn Games Appl (2023)

The final published version is available online at https://doi.orq/10.1007/s13235-
023-00497-9

Terms of use:

Some rights reserved. The terms and conditions for the reuse of this version of the manuscript are
specified in the publishing policy. For all terms of use and more information see the publisher's
website.

This item was downloaded from IRIS Universita di Bologna (https://cris.unibo.it/)

When citing, please refer to the published version.



https://cris.unibo.it/
https://doi.org/10.1007/s13235-023-00497-9
https://doi.org/10.1007/s13235-023-00497-9
https://doi.org/10.1007/s13235-023-00497-9

arXiv:2205.00494v2 [g-fin.TR] 19 Mar 2023

Transient impact from the Nash equilibrium of a

permanent market impact game

Francesco Cordoni'” and Fabrizio Lillo*3

Department of Economics, Royal Holloway University of London,

Egham TW20 0EX, UK.

E-mail: francesco.cordoni@rhul.ac.uk

2 Dipartimento di Matematica, Universita di Bologna,

Piazza di Porta San Donato, 5 - 40126 Bologna (BO), Italy

3 Scuola Normale Superiore, Piazza dei Cavalieri, 7 - 56126 Pisa (PI), Italy

E-mail: fabrizio.lillo@unibo.it

Date Written: May 1, 2022; Last revised: March 21, 2023

Abstract

A large body of empirical literature has shown that market impact of finan-
cial prices is transient. However, from a theoretical standpoint, the origin of this
temporary nature is still unclear. We show that an implied transient impact arises
from the Nash equilibrium between a directional trader and one arbitrageur in a
market impact game with fixed and permanent impact. The implied impact is the
one that can be empirically inferred from the directional trader’s trading profile
and price reaction to order flow. Specifically, we propose two approaches to de-
rive the functional form of the decay kernel of the Transient Impact Model, one of
the most popular empirical models for transient impact, from the behaviour of the
directional trader at the Nash equilibrium. The first is based on the relationship
between past order flow and future price change, while in the second we solve an
inverse optimal execution problem. We show that in the first approach the implied
kernel is unique, while in the second case infinite solutions exist and a linear kernel

can always be inferred.
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1. Introduction

Markets are far from being perfectly elastic and any order or trade causes prices to
move, which results in a cost for traders termed market impact cost. Therefore, in
order to minimize market impact cost, agents typically fragment their orders into small
pieces, which are executed incrementally over the day, see, e.g., |Almgren and Chriss
(2001), Moallemi et all (2012a). On the other hand, other agents might take advantage
of the knowledge that a trader is purchasing a certain amount of assets progressively by
buying at the beginning and selling at the end of the trader’s execution using predatory
trading strategies, Brunnermeier and Pedersen (2005), (Carlin et all (2007). All these
results produce a correlation in order flows which subsequently generate and increase the
market impact effect.

The relation between trades and price is known as market impact. In the seminal
work of |Almgren and Chriss (2001) the market impact is modelled by a constant fixed
over time, making market impact permanent and constant. However, many empirical
evidences Bouchaud et al) (2009, 2004), [Zarinelli et all (2015), Taranto et all (2018) have
shown that market impact is in great part transient, i.e. the effect of order flow on prices
is not constant but decays with time. One of the most popular methods to describe
transient impact is the so called Transient Impact Model (TIM) of Bouchaud et all (2009,
2004), also known as the propagator model. The TIM postulates that price is a linear
combination of past order flow modulated by a decaying function of time. Nevertheless,
the origin of transient impact is still unclear from a theoretical point of view.

In this work, we investigate theoretically how observed transient impact can emerge as
the result of the interaction between different types of agents, even when the underlying
impact is fixed and permanent. To this end we use the market impact game framework
of ISchied and Zhang (2019) which allows us to study the equilibrium characterizing the
price dynamics in terms of the activity of two or more agents simultaneously trading,
Schoneborn (2008), ISchied and Zhang (2019), [Luo and Schied (2020) . In particular,
we consider a market impact game with linear permanent price impact between two

traders who want to liquidate their position in a finite time horizon. This market impact

L Although market impact games suffer from Nash equilibrium oscillations, which may affect price
dynamics and trigger market instability, see (Cordoni and Lilld (2022), we set up the parameter model in
such a way that these spurious oscillations are controlled and prevented.



game model with linear permanent impact corresponds to the classical Almgren-Chriss
framework generalized to two agents. As inMoallemi et al. (20124, one of the agents acts
as an arbitrageur, which attempts to make a profit by exploiting market price movements
caused by the liquidation of the other agent named directional. However, in contrast to
them, we consider the symmetric information gamtﬁ of [Schied and Zhang (2019). The
price dynamics is obtained as the Nash equilibrium of the game. Even if recent works have
highlighted how market impact games can be studied in the more general setting with
J risk-averse agents trading M assets, see [Luo and Schied (2020) and (Cordoni and Lillo
(2022), respectively, we consider the simplest setting with J = 2 risk-neutral agents
trading the same asset (M = 1) of the original framework of [Schied and Zhang (2019).
We may interpret these two traders as representative agents of the market. However, in
the following we discuss also the generalization of this setting to the multi-agent case.

Once the Nash equilibrium solution of the market impact game with linear permanent
impact is found, we consider it from the perspective of an external observer who looks
at the price dynamics and at the execution of the directional agent and tries to estimate
from this data the market impact function. More specifically, we consider two different
approaches: in the first, the observer estimates the impact function from the observed
relation between the trading volume of the directional agent and the price dynamics.
This corresponds to the financial industry practice of estimating price impact models
by regressing price realizations over past traded volumes exploiting large datasets of
algorithmic executions. In the second approach, the observer looks at the executions of
the directional agent and infers which price impact he might have used for the optimal
execution. This second approach has been sometimes used in the literature, see for
example Zarinelli et all (2015).

In both cases, we find that the inferred impact is transient and that it is consistent
with the TIM of Bouchaud et all (2009, 2004), despite the fact the equilibrium solution of
the game has been obtained with a permanent impact as in |Almgren and Chriss (2001).
Thus, in this setting, the transient impact is the result of how the market impact model
is derived, specifically because it has been obtained by considering only part of the order
flow and its relation with the price. For these reasons in the following we will term the
inferred impact as implied transient impact.

Related literature. Trading in financial markets can be naturally modelled as a
dynamic game between agents who trade a given asset. Since trading affects price, the
reward (or cost) of an agent depends on how the other trade. Thus each player is trying

to anticipate and respond to the actions of the others. In optimal execution, if the liqui-

2To be precise, in the market impact game none of the agents has private information on the funda-
mental value of the asset.

3To better clarify our contribution, we remark that the purpose of this work is not to provide a general
optimal execution model, but to exhibit evidence of transient impact in a suitable simple market setting,
as described as follows.



dation of the large trade order is performed too quickly, other market participants may
notice it and try to front-run the trade, driving up the price and potentially reducing
the trader’s profit. On the other hand, if the trader moves too slowly, the opportunity
to execute the trade at a favourable price may vanish. Therefore, traders must find the
optimal execution strategy based on their best guess of what other market participants
will do. Thus at each time the decision of a trader depends on the past actions of the
other trader(s) as typically happens in a dynamic game. Moreover the process is not
simply a repeated game, because the conditions change at each time and the trading
decision taken at one time step affects the payoff in future time steps.

Dynamic games are widely used in finance from investment and corporate finance
problems to bankruptcy games, for an exhaustive review, see Breton (2018). For the
above reasons, in recent years the interest toward optimal execution problems in the
dynamic games literature has grown, e.g., Moallemi et al! (2012h), [Huang et all (2019),
Dong et al. (2022). Standard optimal execution algorithms (e.g., IAlmgren and Chriss,
2001) aims at minimizing market impact cost without considering the presence of other
investors or, to be more precise, consider them in an aggregated and non strategic form.
Moallemi et all (2012a) shows that such an approach leads to optimal schedules that
are quite unrealistic and counterproductive. Indeed, they exhibit predictive behaviour
which can be easily detected by arbitrageurs and therefore they increase execution market
impact cost. Thus, in an optimal execution problem, a trader should acknowledge the
simultaneous presence of other agents. In Moallemi et all (2012a) the authors formulate
the optimal execution problem as a dynamic game with asymmetric information, with a
trader and a single arbitrageur. The market impact is modelled as a linear permanent
price impact model. The authors analyzed and computed the Bayesian equilibrium of
the game numerically.

Our setting is different, since we consider the symmetric market impact game frame-
work of [Schied and Zhang (2019), where the authors show the existence and uniqueness
of the related Nash equilibrium, which turns out to be deterministic with a closed-form
expression. Moreover, this framework aligns with the optimal execution algorithm con-
text, where a trader has to plan the liquidation schedule with an a priori strategy. The
resulting equilibrium turns out to reduce transaction costs even when no other competi-
tors are present during the considered optimal liquidation trading time interval in the
sense of Nash equilibrium. In this paper, we exhibit how to relate the market impact
function to the dynamic activity of agents in optimal execution problems. We show how
the interaction of different traders generates an implied transient impact, even when the
underlying impact is fixed and permanent. The dynamic nature of our game is determined
by the fact that the optimal strategy takes into account both past and future actions of
the agents. To better highlight the dynamic nature of our game, in Section 2.2.1] we also

present a different version of the game where agents are assumed to be myopic, i.e. they



find the Nash equilibrium sequentially at each time step, and we show that the solution
is different from the one obtained from the game used in this paper.

The paper is loosely related to the “fair pricing” theory of [Farmer et al! (2013) where
an equilibrium condition is derived between liquidity providers and a broker aggregating
informed orders from several funds, in which the average price paid during the execution
is equal to the price at the end of the reversion phase. Authors connect the distribution
of order size with the shape of impact trajectory and to the price reached after the end
of the execution. The reversion predicted by the model is a clear sign of a partially
transient nature of impact in the model. [Farmer et _all (2013) propose that the transient
nature of impact is related to the fact that liquidity providers, who observe an algorithmic
execution of a large trade, are uncertain whether the execution is finished or not, while
in the present paper the execution horizon is fixed. Moreover [Farmer et al) (2013) do not
derive the explicit form of the decay kernel.

A different modeling approach to explain the transient nature of impact is via the
modeling of the Latent Limit Order Book of [Donier et all (2015) which assumes that
each long term investor has a reservation price (to buy or to sell) that they update,
due to incoming news, price changes, noise, etc. All these trading intentions constitute
the latent liquidity, i.e. is not immediately posted in the public order book. When the
market price hits the reservation price of a given buy (sell) investor, his order is executed.
Reservation prices remain sticky during a typical memory time and impact is expected to
decay as a power-law of time, reaching a small asymptotic value after times corresponding
to the memory time of the market. This decay is again a sign of the transient nature of
impact and, in fact, under the assumption of a small trading rate, the price dynamics
in the Latent Limit Order Book coincides with the one of TIM. Although interesting,
this approach is quite different from ours, which is based on a Nash equilibrium solution
between two different types of agents.

A closer point of comparison is the recent study of [Vodret et al. (2021), where the
authors proposed a micro-foundation for the propagator using a self-consistent equation
for the propagator function derived (as a limit) by an equilibrium of an agent-based
system. However, even if propagator like models can be seen as equilibria of suitable
agent-based models, the evidence of Vodret, et _all (2021)) does not fully explain the typical
propagator shape of transient impact in terms of order flows derived by optimal schedule
strategies.

Structure of the paper. The paper is organized as follows. In Section 2] we recall
the market impact games framework and we analyze the related Nash equilibrium by
showing its symmetries when the price impact is constant. In Section [3] we propose the
price dynamics approach to implied transient impact, whereas. in Section 4l we show how
to relate the Nash equilibrium to an equivalent optimal execution problem by presenting

theoretical results which characterize the implied transient impact function. Finally, in



Section [fl we conclude. All the proofs are reported in Appendix Bl

2. Market Impact Games and Transient Impact Model

2.1. The Schied and Zhang setting

Following [Schied and Zhang (2019), we consider the standard framework of market im-
pact games, i.e., two risk-neutral traders who want to liquidate the same asset during the
same time interval T = {¢g,t1,...,tn}, where 0 =ty <t; < --- <ty =T.

Given a suitable probability space (€2, (#)i>0, %, P), the price dynamics is described
by a right-continuous martingale, S, when none of the agents trade. However, the two
traders want to unwind a given initial position with inventory Z € R, where a positive
(negative) inventory represents a short (long) position, during a given trading time grid
T and following an admissible strategy, which is a sequence of random variable { =
(€05 C1s - -, () such that ¢ € .%;, and bounded Yk =0,1,..., N, and {o+ (1 +---+(n =
Z, see [Schied and Zhang (2019) for further details. The components of ¢ represent the
order flow during the trading time ¢, for each £ =0,1,..., N. We denote with X; and X,
the initial inventories of the two considered agents, with = = (&) € R2*V+D the matrix
of the respective strategies, where & . = {&1 1 }rer and &2 = {&ak rer are the strategies of
trader 1 and 2, respectively. Thus, when the two agents place orders, the price dynamics is
characterized by the market impact. In the original work ofSchied and Zhang (2019) it is
assumed that the price impact is described by transient impact model of Bouchaud et al.
(2009, 2004), which describes the price process S= affected by the strategies = of the two

traders, i.e.,

S;=15; - ZG@ —t)(§ip +&ok), VEeT, (1)

t<t
where G : R, — R, is the market impact function, also called decay kernel, describing
the lagged price impact of a unit buy or sell order overtime.

The objective of the agents is to minimize their expected costs given the other traders
strategies, E[Cr(&;,.|€2,.)], where the cost function is Cr(&;..|&2,.) is described by the sum
of the permanent impact and the temporary impact modeled by a quadratic term Hfik
at trading time k. More precisely, let (¢;)i—o1..n be an ii.d. sequence of Bernoulli
(%)—distributed random variables that are independent of o(|J,»,#:). Then the cost of
& . € 2 (X1, T) given & . € 27(X,,T) is defined as

N
Cr(€1]€2) =) <@£%k — S50 + exG(0)Eupbar + eff,k) +X:5,  (2)

2
k=0

where 27 (X, T) is the set of admissible strategies for the initial inventory X on a specified



time grid T. Similarly, the cost of 5. given &; . is defined in analogous way. The Bernoulli
variable ¢, models the execution priority at time t;, which is given to the trader who wins
the independent (Bernoulli) coin toss game. We refer to [Schied and Zhang (2019) for a
complete discussion on the definition of the cost functional. The temporary impact 95]27 k>
for each trader j, models the slippage cost, even if it can also be interpreted as a quadratic
transaction fee. In this work, we adopt the mathematical modeling of Schied and Zhang
and we do not specify exactly what this term represents.

Since we are interested in studying the optimal strategies of the two agents, under
complete and perfect information assumption, where the agents want to minimize the
expected costs of their strategies, we consider the following definition of Nash equilibrium.
Given the expected costs functionals of the two agents, the Nash Equilibrium of a market
impact games is a pair (7 ,&; ) of strategies in 2°(X;, T) x 2 (X3, T) such that

E[Cs(&,1¢3)] = min  E[Cr(€1,1¢;,)] and
E[C2(&;.1€1)] = min _ EICr(&.1¢1.)]

{2,.6(%‘()(2,’]1‘)

Then, |Schied and Zhang (2019) showed that for any strictly positive definite (in the sense
of Bochner) decay kernel G, time grid T, transaction cost parameter § > 0, and initial
inventories X1, X there exists a unique Nash equilibrium (&7 , &5 ) and it is deterministic.

Moreover, it is provided by

1 1
&1, = 5 (K + Xo)v+ 5 (X - Xp)w (3)

1 1
& = §(X1 + Xo)v — §(X1 — Xo)w, (4)
where the fundamental solutions v and w are defined as v = ﬁ(ﬂ) +1) e

e ] e

and w = m(re —I')teand e = (1,...,1)T € R¥*1. The solutions are called
fundamentals, since they represent the Nash equilibrium when X; = X5 = 1 and when
X; = —X, = 1, respectively. The kernel matrix I' € RVTUXWHD g given by T;; =

G([tici—tj1l), 4,7=1,2,...,N+1,for § > 0, I'y := '+ 20, and the matrix [is given
by
L,  ifi>j
Ly =q3G0) ifi=j
0 otherwise.

For the sake of simplicity, we refer to the previous framework as “Schied and Zhang

market-impact game”.



2.2. Market impact games with constant impact

The above setting cannot be used when G(t) = G; € Ry Vi, i.e. in alAlmgren and Chriss
(2001) setting. In fact, the assumption of strictly positive definite (in the sense of
Bochner) of t = G(|t|) no longer holds and the kernel matrix I' = Gee? € RWVFDx(NV+1) jg
singular. However, the existence and uniqueness of Nash Equilibrium associated with the
two agents (£*, n*) is guaranteed when 'y = '+ 261 is definite positive, and the matrices
I'y £ [ are invertible, see proof of Theorem 1 and Lemma 3 and 4 of [Schied and Zhang
(2019). Thus, by the matrix determinant lemmaH, see also Theorem 1 of [Ding and Zhou
(2007), the eigenvalues of 'y are Ay = G - (N + 1) + 26 and Ay(n41) = 26, so it is definite
positive as long as § > 0. 'y — [ =TI7 +20I is an upper triangular matrix where its
diagonal elements are different from zero, i.e., it is non singular and finally 'y + [ is
non singular if # > 0, see Appendix [Al Therefore, provided that # > 0, we proved that
also when G(t) = G > 0 is constant the Nash equilibrium exists and it is given by the
previous equations (B]) and (4.

In the previous framework, we have described the market impact game model, i.e., a
Schied and Zhang market-impact game with a constant impact function. Since the market
impact function GG; € R, is constant, without loss of generality, we may fix G; = 1 and
in order to prevent market instabilityl we set 0 > G1/4, e.g., 0 = 1.

We consider the interaction between a directional seller and an arbitrageur, where
without loss of generality, we may assume that their inventory is given by Xge. = 1 and
Xy = 0, respectively. Then, the Nash equilibrium for the directional is given by the
average of the fundamental vectors v and w. Interestingly both the optimal strategies

are symmetric in time. All the proofs are given in Appendix

Proposition 2.1. Let 8 > 0, then the fundamental solutions, v and w, of a Schied and
Zhang market-impact game where the market impact function G is constant, are equal

up to a time-symmetry, i.e.,
Vi = WNy2—k, k:1,2,,N+1 (5)

Furthermore, if we denote (I'y + f) = A,

_ A Te B Ale (©)
v el A-Te’ W= el A-le’

n—1

and v; = 5wy and vy = s forn =2, N + 1, where A = 20/G + } and

iIf A € RV*Y is a non singular square matrix and u,v € RY, then det(4 + wv®) = (1 +
vT A~ 1u) det(A).

>The instability appears as a result of oscillating Nash equilibria, which in turn affect price dynamics,
see |Cordoni and Lillo (2022) for further details. However, if § > G(0)/4 these spurious oscillations
disappear, see |Schied and Zhang (2019).



a=1-1/A\

In the standard single-agent|Almgren and Chriss (2001) framework, the optimal sched-
ule for the directional is to trade with a constant rate over the trading periods, making
the optimal execution independent from the permanent impact. However, when in the
market impact game we specify a constant market impact function, the optimal solution
for the directional provided by the Nash equilibrium has a U-shape, although it is as-
sumed a permanent impact model as in |Almgren and Chriss (2001). On the other hand,

for the arbitrageur, the optimal schedule has a round-trip shape, see Figure [Il

Theorem 2.2. In a Schied and Zhang market-impact game where the two agents are
a directional and an arbitrageur, then the Nash Equilibrium is given by the following

strategies:

&hiree, =
direc, —

€Zrbi,~ =

Xdiret:(v + ’UJ), (7)

Xdirec(v - ’lU), (8)

where v and w are the fundamental solutions and Xgire. 1S the inventory of the direc-
tional agent. Moreover, if the market impact function is constant and 8 > 0, the Nash

equilibrium is time-symmetric, i.e.,

g;lkirec,k = g;lkirec,N-l—Q—k? k= 17 27 ey N + 17 (9)
Sorvike = —CarviNtop F=1,2,..., N+ 1 (10)

Specifically, even if the Nash equilibrium of the directional agent is time-symmetric
when # > 0 in the market-impact games with constant market impact function, when
0 > 0* = G1/4 it is also positive, strictly decreasing in the first |(N + 1)/2] components

and convex, i.e., it has a U-shape.

Corollary 2.3. In a Schied and Zhang market-impact game where the two agents are
a directional, with inventory Xgiee > 0, and an arbitrageur, the market impact Gy is
constant and 6 > 0* = G1/4, the Nash equilibrium of the directional, &},..., has a
U-shape, i.e., it is time-symmetric, positive, strictly decreasing in the first | (N +1)/2]

components and convex, where N + 1 is the number of the trading time step.

2.2.1. Mpyopic market-impact game

To highlight the dynamic nature of the our game, we present here a different model where
agents optimize their trading by finding the Nash equilibrium at each time interval, i.e.
without considering the effect of their action on future prices (and rewards). For this

reason we term the agents as myopic. This new game might be thought of as a repeated



Directional Arbitrageur
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Figure 1: Nash equilibrium &}, .. of the directional (left) and &, of the arbitrageur
(right) trading only one asset. The trading time grid is equidistant with 26 points and
f = 1. The market impact is constant G, = 1.

game problem, even if the game will still remain dynamic, due to the fact that, as we will
see, the optimal actions depend on past price. We show that the solution of the myopic
market-impact game is different from the fully dynamical Schied-Zhang game.

For the sake of simplicity, we focus on the case where both agents are fundamentalist
and identical. Then, if we denote by ka’" the price at the beginning of the interval and

assume a ConstantH G, the cost function for agent 1 is (see Eq. [2)

G
C(1klbar) = 55%,19 — SgE1 k4 e G ko + 0L,

whose expectation is

G G
E[C (&1 k&) = 555,19 — SeME g+ §§l,k§2,k + 083 .-

6The computation is straightforwardly extended to the case of a variable G(t).

10



Therefore, the best response function of agents 1 and 2 is:

Stin - %f&k
G+20

Sf,;n - %fl,k
G +20

Ifrg = argmin E[C(& x[&ok)] =
&l = argmin E[C(&4|610)] =

Thus, considering

GEm _ G ebrf

€1/ — i EC (G len)] = T2

we may recover the related Nash equilibrium at time & for both agents

=& = i =a f,;n-
3G + 40
Therefore, the Nash equilibrium depends only on the price at the beginning of each
interval. Notice that we have not set any type of constraint on the inventory that each
agent wants to liquidate.
The price increment in interval k is
i, = ST = —G(& + &%) = —20GS".
thus ka’" = (1 —2aG)kSy. Tf 0 < 1 — 2aG < 1 the price decays exponentially fast
until the full inventory has been liquidated. Clearly 1 — 2aG < 1 because a and G are
positive. Interestingly, 1 —2aG > 0 avoid price oscillations, and this condition is satisfied
if @ > G/4, i.e., the stability condition of Schied and Zhang market impact games, see
Schied and Zhang (2019) and |Cordoni and Lillg (2022).

Finally, the number of time intervals is set by the condition, X; = Eff:ll 1% which

log(1—2X1G/Sp)
log(1—2aG)

as in the Schied and Zhang game.

gives N = , so that the number of trading rounds is fixed at the beginning,

The solution of the myopic game is an admissible strategy for the Schied and Zhang
market impact game. However, using Proposition .1l a direct inspection shows that the
Nash equilibrium of the latter is different from the solution of the former. Specifically,
at the first interval it is &7 > &7, which means that the myopic traders prefer to
liquidate more at the beginning. Finally, by computing the average expected cost of the
whole execution, the Nash Equilibrium of the myopic version is in general suboptimal,
i.e. providing a larger cost (for both traders) than the fully dynamic Schied and Zhang

impact game.

11
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Figure 2: Optimal execution schedule n};,.. of a directional agent in a TIM model. The
trading time grid is equidistant with 26 points and 6§ = 1. The market impact function
is an exponential decay kernel Go(t) = exp(—t).

2.3. Optimal execution in the Transient Impact Model

We now recall how to derive the optimal execution schedule in the standard TIM. In this

case, the equation of price, similarly to Eq. (1), is

tp<t

where, to avoid confusion with the market impact game, we denote with 1 the trading
strategy. Only one agent trade and thus there is no explicit interactions with other agents.

It is possible to show (Bouchaud et al.), 2009, |Schied and Zhang, 2019) that the ex-

pected cost of the directional agent is E[Cr(n)] = %nTl"g,gn, where I'g o is the decay

matrix defined above and corresponding to the kernel G(¢). Minimizing the expected

cost, the optimal solution for a directional trader with inventory Xg;,.. is obtained by

77* _ Xdirec F_l
di e ———
irec eTFG %e 0,2

Since 'y, is symmetric then it is trivial that 1}, .. is also time symmetric as &}, ...
Moreover, it is straightforward that if we assume a constant market impact function G,
the solution of m};, .. is constant in time as for the classical |Almgren and Chriss (2001)
solution. In the general case, where Ga(t) is a strictly positive decay kernel, the optimal

execution is characterized by a U-shape, e.g., see Figure 2.
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3. Implied Transient Impact via Price Dynamics

We first present a direct approach to obtain evidence of transient market impact, by look-
ing at the (average) price dynamics obtained in the market impact game described in Sec-
tion[22l Remind that the price dynamics on a given trading time grid T = {¢o,t1,...,tn}
is described by

SE=50 =) Gt — tx) &k + o),

tp<t

where S? is a right-continuous martingale defined on a given probability space which acts
as volatility term. Therefore, if we discard the noise due to volatility, the above relation

holds between the expected value of price increments and order flow. Thus, if Sy = SP,

S, —Sy=— Z Gt —t) €k + Ea),

tp<t

where X denotes the expectation of X, which can be recasted in a matrix form,
S =-CE, (11)

where S = (gi —S0,--- ,ngH —Sp) is the aggregate drift, 2 = &€, +& = (Z1,...,Zy )T

is the aggregate order flow and

G(ta — to) Gty —t1) 0 0 0
C— G(tg—to) G(tg—tl) G(tg—tg) 0 0
G(tN—tQ) G(tN—tl) G(tN—tN_l) 0
_G(tNH —ty) Gty —t1) G(tny1 —t2) - e Gty — tN)_
Notice that we may rewrite the above system as S = — Mg, where, in the case that T is

an equidistant time grid, g = (G(to), G(t1), ..., G(tn))T and

=1 0 0 0

= = 0 0 0

M . =3 =9 =1 0 0
N SN-—1 =1 0

=N+1 =N 5N-1 =1
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If the aggregate net order flow is different from zero at tg, i.e., =; # 0, the matrix M is

non singular and therefore there is always an unique solution
g=-M"18 (12)

from which we can recover the kernel G(t).

Thus, one could use &; and & , the Nash equilibrium solution of Schied and Zhang
market impact game and obtain S, from Equation (IIJ). Then, assuming only one agent
(the directional, say agent 1) one solves Equation (I2]) using the order flow of the direc-
tional, i.e., = = &, so that we can obtain the implied decay kernel associated with the
single agent TIM characterised by the price dynamics of the market impact games model.
This procedure to infer the (transient) impact model corresponds to the usual practice,
in the academia and in the financial industry, to estimate market impact from large sets
of algorithmic executions by regressing price changes over past traded volumes. Equation
(I2) leads to a first definition of implied transient impact function, which we emphasise

as:

Definition 3.1. (Implied transient impact function - Price Approach). The transient
impact function Ggii)l(t) which satisfies S = — Mg, where M depends on &girec and S

is recovered by the aggregate (drift) order flows, =, of the market impact game is called

implied transient impact function.

The implied decay is uniquely identified. We emphasise these results in the following

theorem.

Theorem 3.2. If the aggregate net order flow is different from zero at ty, i.e., = # 0,

the linear system S = —Mg has unique solution for g.

As a specific first example we consider the market impact model where the directional
and the arbitrageur trade on an equidistant time grid Ty = {£5|k = 0,1,... N} where
T =1, N =25, 0 =1, with inventory equal to 1 and 0, respectively. The decay kernel
is set to G = 1. Then, we compute the cumulative drift S generated by the interaction
of the two agents in the market impact games. We solve the system (I2) where M is
computed by considering only the drift generated by the directional &4;,... and we report
in the left panel of Figure [3] the implied transient impact function.

Before commenting on this figure, we note that this approach can be easily extended
to the case when more arbitrageurs are present. Specifically, we compute Ggi;l(t) in
a market impact game with one directional trader and two arbitrageurs, following the
Luo and Schied (2020) model, where the decay kernel is again set to G; = 1. We recall
that the Nash Equilibrium, in this case, is not anymore time-symmetric, see Figure
below. The right panel of Figure B shows the implied transient impact function in this

three player game.
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Figure 3: Scaled implied transient impact function, computed with the price approach,
solving the system (I2). The blue, red and orange lines correspond to the scaled Gl(-f;;l(t)
obtained from a game with one directional and one arbitrageur, from a game with one
directional and two arbitrageurs, and from a game with one directional and four arbi-
trageurs, respectively. Each function was scaled in such a way its initial value is equal to

one.

(+)

impl
in all settings. Qualitatively, we observe that the implied transient impact kernels differ

Figure Bl indicates that the implied market impact G, ° (t) is transient and nonlinear

in terms of “size impact”, i.e., the absolute value of GZ(ZLZ(O) is greater for the five/three
agent game than those obtained starting from the two agent game, but they exhibit the
same shape and they are both decreasing functions. Therefore, to compare them fairly,
we have divided each Ggrlz)l(t) by the related value at zero, GEZ;l(O). The initial values
for the (non-scaled) implied market impact functions were 2, 3 and 5, for the two, three
and five players game, respectively. We observe that the implied market impact function
has a more sharp decline when the number of arbitrageurs increases. We remark that in
order to account the way by which impact depends on the number of agents, a proper
scaling factor should be applied on both implied kernels, as the one discussed in Cordoni
and Lillo (2022). However, for our purpose is sufficient to equally compare both implied
market functions as done in Figure

In conclusion, following this approach, we have found evidence of the transient nature
of market impact. However, the implied impact results to be a concave function, in
contrast to what many empirical studies have found, e.g., Bouchaud et al. (2004). In
Appendix [C] we investigate how we can fix this undesired feature of the implied transient
impact function, by solving Eq. (I2) employing the scheduling of Almgren and Chriss

optimal execution model. However, the motivation of this alternative solution is not
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straightforward.
In the next section we propose a different approach to recover the implied market

impact function by solving an inverse optimal execution problem.

4. Implied Transient Impact via Optimal Execution

In the second approach we propose to derive the implied transient impact from the optimal
execution schedule. As in the previous section, we assume that the actual decay kernel is a
constant G; € R, . As shown in Section 2.2 the optimal solution of the directional trader
at the Nash equilibrium &, .. has a U-shape. As discussed in section 2.3} a U-shape is also
exhibited in the optimal execution problem using the transient impact model. Therefore,
when a suitable transient impact function is selected, the U-shape of &J;,.. is equivalent
to optimal schedules obtained by single-agent transient impact models. In other words,
given the optimal solution £J,,.. it is possible to select an appropriate propagator function
so that &5.... = N5,e.. We denote this implied transient impact function as G (t), More

precisely we define:

Definition 4.1 (Implied transient impact function - Optimal execution approach). The
transient impact function G@('ronfz) (t) such that the optimal schedule obtained by a TIM
with a single agent, n},..., is equal to the Nash equilibrium of the directional trader in

the market impact game, &J,,.., is called implied transient impact function.

Thus the question we plan to answer is: given the solution obtained by a market im-
pact game, how is it possible to derive the corresponding implied decay kernel associated
with the single-agent TIM? Moreover, is the implied transient impact function unique?

Without loss of generality we assume Xgire. = 1. Given &7, . € R¥*! we ask whether

the equation 1

G = rirg (13)
has solution and if it is unique. Since 6 > 0 is given, the only unknown is the symmetric
Toeplitz matrix I' such that I'y = I' + 2601, which depends on N + 1 parameters, thus in
principle there are N 4 1 equations in N + 1 unknowns. However, it is clear that if I' is a
solution, then any I' + Kee”, where K € R — {ﬁ} is a solution, as observed in the

following remark.

Remark 4.2. Using Sherman-Morrison formulaH, it is straightforward that

(Fe—l—KeeT)fle _ F;le—KP;IeeTP;Ie B < KeTl—‘;le ) ;1 P;le

= _ 62—7
1+ KeTF(jle 1+ KeTF(jle 1+ KeTFgle

“If T is a solution of (I3), Fe_l is positive i.e., mTl“;lm > 0 Ve € RVt see e.g. Lemma 2 of
Schied and Zhang (2019). Therefore 1 + KeTfe_le # 0 if and only if K # e_—ll

T
Iy'e
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for each K € R. Then,

Tpr-1
T T\—1 el,e
e (I'y + Kee e=——-°%">"——
(To ) 1+ KeTf‘e_le
thus,
(T + Kee™ ) le I,'e

el(Ty+ KeeT)le eIT,'e’
So G(t) and G(t) + K, where K € R — {%}, generate the same optimal execution of
e 0 e
a TIM, then the decay kernel is identifiable up to a constant.

Moreover, T'y is identified up to a multiplicative constant, i.e., if I'y satisfies (I3)) then
any al'y where o # 0 is a solution. Therefore, we may set G(0) such that the elements of
the main diagonal of I'y, which are G(0) + 26, are equal to 1. However, even if we select
a particular class of decay kernel we show that in general the identification of GEZZ) (t) is
not related only to a constant and multiplicative scaling.

To solve problem (I3]), let us set

hence
1= (e'T, e)Ty

and we may rewrite Equation (I3]) as

Hé:lirec =e€ (14)

where the unknowns are the N+ 1 different entries of I = Toep(go, g1, - - ., gn) = Toep(g).
Moreover IT is symmetric and satisfies e’ TI-'e = 1. Thus, we recast Equation (I4) into
a linear system in the unknowns g. Let us consider as an example the case of N + 1 = 4.

The original system is formulated as

g 91 92 93| |[&
g1 90 91 92| |&2
g2 91 9o 91| |&3
g3 92 91 go| [&a

|
e e e
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where we omit the upper * for the sake of simplicity, which can be rewritten as

&1 &2 & &a| |90 1
S &1+& & 0 o |1
& &+& & 0f g |1]]
a0 & & & |9s 1
i.e., as
Hg=e (15)

from which we may recover g. However, since £J,,... has a U-shape, in particular it is time-
symmetric, Equation (I5]) has in general infinite solutions. This means that the implied
transient impact function can not be identified without imposing some restrictions. Before

showing the main results we provide two examples.

Remark 4.3. If for some reasons &, is not time-symmetric (for example it is the result
of the Nash equilibrium of a directional trader against M > 1 arbitrageurs, see Section
13) and there are no other symmetries, the matrix H is full rank and invertible. The

unique solution is the constant vector g = which provides however a singular

€
T ¢ 9
€ Edirec

matrix II. Therefore, as we expect, when £, .. is not time-symmetric there is no I' which

satisfies Eq. (I3)).

FEzample 4.4. Let us consider the case when N + 1 = 4 and let us suppose &,,.. be a U-
shaped. As a consequence the matrix H is not full rank. We recover &J,... by the optimal
execution of a TIM where I'y = Toep(1,0.6,0.5,0.2), thus &, .. = 127'(5,1,1,5). The
rank of the matrix H is 2, so the space of the solutions is infinite and it has dimension 2 and
can be parametrized as g = (% — 35— % ,% — 3—3(1 + 2—596,04,6). Choosing a« = =0
we obtain IT = Toep(60/29, 48/29, 0, 0), which is clearly not proportional to the “original”

['y, which can be recovered with o = 0.8450704, 5 = 0.3380282, getting IT = 1.6901408[ .

Theorem 4.5 (Identification Problem of the Implied Transient Impact Function). Let
us suppose that &, . € RN has a U-shape, then the system

rg;,..=e<= Hg=e (16)

where I1 = Toep(g) is symmetric and g € RN has strictly decreasing components, has
infinite solutions, where the rank of H is equal to (N +1)/2 if N+1 is even and N/2+1
if N+ 1 is odd, respectively.

In other words, in general, there are (N + 1)/2 and N/2 solutions as much as implied

transient impact functions, when N + 1 is even and odd, respectively.
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4.1. The Implied Linear Transient Impact Function

We now investigate the previous problem when the implied decay kernel is restricted
to be linear. We assume that the time grid is equidistant Ty = {%|k = 0,1,..., N},
where withouth loss of generality 7" = 1 and N € N. If GEZZ)(t) = « + [t, where
£ < 0 and, since the kernel is identified up to a constant term, we impose without loss of
(08

impl

generality that « is such that (T') = 0. The previous matrix II is proportional up

to a constant to the decay kernel matrix I'y, so we search for a IT = Toep(go, g1, - - -, gn),
where g, = 2000+ o + 6%, for k=0,1,..., N where 03¢ is 1 for £ = 0 and 0 otherwise.
Then, if Xyje. is the inventory of the directional agent, since II€}, .. = 1 we may recove
the first | /N/2 + 1| conditions:

(Eq 1) Ck)(alirec + 2651 + % Z@]\L-;l(Z — 1)§Z — 17
(Eq. 2) aXairee + 208 + % <€1 + i - 2)&') =1
(Eq. k) OéXdirec+29§3+% <(/€ D&+ (E—2)& 4+ 260+ &1 + Zi\;—]:}H(Z _ k:)f,) 1

where k < | N/2 + 1|. From Corollary 2.3]if 6 > 0* = G /4, the components of £ are all

positive. Thus, subtracting each equation from the previous one we obtain that
(Eq. 1) — (Bq. 2) : 20(& — &)+ 2 (Mg — &) = 0;
N
(Eq. k—1) — (Eq. k) : 20(&—1—&)+2 (zﬁgj A gi> — 0, where k < [ N/2 +1].

Therefore, since Xgiree = Zfi’;l i, we may compute [ using the previous equation (Eq.
1) — (Eq. 2),
5 —20N - (& — &)

Xdirec - 251 ’

but from (Eq. £ —1) — (Eq. k)

_ —20N - (fk—1 - fk)

7= Xairee = 2301 & b
Therefore, it must hold for £ < [N/2 + 1]
20N - (& —&)  —20N-(&—&)  —20N - (& - §k)’ (17)
KXiiree — 261 Xdiree — 261 — 282 Xairee — 2301 ¢
which, since 6 # 0, is equivalent to
(& —&) (& - &) o (&1 &)

B T , k< [N/2+1]. (18
Xairee = 261 Xdiree — 261 — 262 X — 25" T e, (N/2+1]. (18)

8For the sake of simplicity we remove the upper * and direc from the component of &3, ...
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Then, we have proven that if the components of &%, satisfy the relations (I8) then
IT = Toep(g), where g, = 295k,0+a+6%, k=0,1,..., N is asolution for (I6]). Actually,
the above conditions on &},,.. are a necessary and sufficient conditions for the existence of
linear implied transient impact function in the above model setting. We now may prove

the following result.

Theorem 4.6 (Linear Implied Transient Impact Function). Let Ty = {EL|N €N, k =
0,1,..., N}, be an equidistant time grid and 0 > 0* = G1/4. There always exists a
linear implied transient impact described by II = Toep(g), where g = 2000 + a + 6%,
k=0,1,....,N and g = 2%

Xdirec—281

The theorem tells that linear solutions of (I3]) are contained in a one dimensional
(OE)
impl

(T') = 0, then we may identify the unique implied

)2 40NG?
T T 1602-G3

a=1—-1/\ A=20/G; + % Since 6 > (1/4 then the slope is always negative, i.e., the

linear implied market impact function is effectively a decay kernel. We also observe that

affine space, so if we impose that G

linear transient impact function. The slope is provided by —6N (1_aa since

this slope is in absolute value an increasing function of GGy and it decreases with 6. We

further investigate this latter relation in Section
Remark 4.7. We observe that if # = 0, then the relations (I7)) are satisfied. However, the

Nash Equilibrium of the market impact game model exists and it has no oscillations when
0 > 0* > 0. Therefore, we may set two different 6 one for the market impact game, 6,
such that the Nash equilibrium is well defined and one for the optimal execution model

0y where we set 05 = 0. We discuss this particular case in Section [4.4]

4.2. Role of Transaction Costs

In general, the implied transient impact depends on the level of transaction costs. This
is due to the fact that in the market impact game, the Nash equilibrium depends on the
parameter #. To give a concrete example, let us consider the same setting as in Section
and let us focus on the implied impact via optimal execution, restricting our attention

to linear functions. In Section 1] we proved that the slope of the implied impact is
40NG?

T 1602-G2-

to zero for large values of §. This phenomenon can also be explained by looking at the

So, the absolute value of the slope is a decreasing function of 6 and it goes

interaction between the two agents in the market impact game. Indeed, when transactions
costs increase, the interaction between agents in market impact game disappears, since
the arbitrageur gradually reduces the traded volume, so that the optimal schedule of the
directional becomes the same as in the standard Almgren-Chriss framework, see Figure
4. Therefore, when 6 increases, there is less and less interaction between the agents and

the implied transient impact function vanishes.

20



Directional Arbitrageur

0.25 ‘ ‘ 0.25 ‘ : :
—0=1 ——0=1
i —0=3 | i —¢=3
0.2 * 9=5 ;‘ 0.2 * =5
—~g=10 | | —~¢=10
0.15 | =100 | | 0.15 r ——0=100 |1
\ J 4
01 |\ /o 0.1
B 005 | B 005 "
k ks T
=] 0 e SN P = 0 S— ﬁwf*—**m
<] Q ?Na\***
: : R
=-0.05 f S-0.05 |
> > N
0.1 f 1 0.1 f
1
-0.15 | 1 -0.15 -
0.2 t - 0.2
-0.25 : : : ‘ : -0.25
0 5 10 15 20 25 0 5 10 15 20 25
k k

Figure 4: Nash equilibria of market impact games with fixed G; = 1, and equidistant
time grid where T"= 1, N = 25, when the transaction costs level 6 increases.

4.3. The Multi-Agent Case

Even if, in the previous setting, we may interpret the two traders as representative agents,
we now analyze the general setting with more than two agents. In a multi-asset mar-
ket impact game with J > 2 agents, we use the results of [Luo and Schied (2020) and
Cordoni and Lillo (2022) to derive the Nash equilibria of agents. However, the results
of Section are no more valid when we consider J > 2 traders, since the fundamental
solutions depend on the number of agents, which implies that the decay kernel matrix is
no more Toeplitz in general, see e.g., [Luo and Schied (2020). As an example, we consider
2 arbitrageurs and a directional tradexH, which trade the same asset. Figure [ exhibits
the related Nash equilibria for the agents when we set T'=1, N =25, G; =1, 60 = 1.
We observe that the solutions of the two arbitrageurs are identical. Even if for the arbi-
trageur the optimal solution is always a round-trip strategy facing the same direction of
the directional trader at the beginning of the session, it is quite evident that the optimal
solution for the directional is a U-shape which is no more time-symmetric. In particular,
it is optimal for him/her to trade more at the end of session, exploiting the arbitrageur’s

impact.

9All the agents are assumed to be risk-neutral.
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Figure 5: Nash equilibria for the market impact game model with a directional trader
and two arbitrageur, where 7' = 1, N = 25, G; = 1, # = 1. The solution of the two
arbitrageurs are identical.

4.4. Is it possible to incorporate transaction costs in the decay

kernel?

In this section we examine the relations between the transaction cost level #s and the
implied transient impact function. Specifically, we generalize the above setting by con-
sidering two different 6s for the two models and by asking whether it is possible to select
a kernel function for the TIM optimal execution problem in such a way the kernel incor-
porates the transaction cost level without estimating it. We focus our attention on the
case when ¢; > G1/4, while 65 = 0 for the optimal execution model. This last condition
implies that 7%, . is characterized by the vector I'"'e and the implied transient impact
function GEZZ) () is such that it incorporates the interaction between the two agents
together with the transaction costs of the market impact games, without relying on the
transaction cost level.

In Section .1l we have shown that there exists a linear implied transient impact
function, which is unique up to constant, where the slope is uniquely identified. However,
when 0, = GG1/4 but 0y = 0 any linear decay kernel (regardless of the slope coefficient)
can be selected as an implied market impact function. When 6; # G;/4 and 0y =
0 there are no linear implied transient impact solution. To show that, we consider a
different perspective when solving the optimal execution inverse problem. We start by
choosing a specific kernel G(t) in the optimal execution model and we search for a
suitable parameter setting of the market impact game model so that the selected decay

it (1)

kernel are the corresponding implied impact function, i.e., Gy(t) = Gipmpt (). In other

words, given mj},... we search a suitable parameter setting for the market impact game
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such that €);,... = Myiee- G2(t) is specified to be linear.

If Go(t) = a + SBt, where 5 # 0, then for an equidistant time grid, ¢; = i/N, i =
0,1,....,N, I';; = % + a. The inverse of I is given by, see Dow (2003),

[—nv/mver 10 0 B/nys ]
1 —2 0
R I 1 -2 0 0
26
0 0 —2 1
| B2/ 0 L —nn/nN+1]

where ny = 2a8+ *(N —1). Then, n};,.. = e)ﬁ%%efel“_le = [Xairee/2,0, -+, 0, Xgiree/2]T
regardless of any choice of § and a.

Therefore, when 6, = 0 in the optimal execution model, the optimal schedules are
given by a vector that concentrates the orders at the two extremes of the trading session
So, the

question is whether the solution of a market impact game has a shape that looks like the

and it has a (zero) constant trading rate for all intermediate trading time

one described above for the single-agent TIM.
Ezxample 4.8. We observe that Whe 01 = Gi/4, Ty, = 2611 + Gieel = %I + Giee’

and so

[ 1 .. 1
1 —1/2
2 1 1 /
. R
(F01 + F) - Gl ) (F01 + F) = Gl
2
—1 1
2
11 -1 1 -1
™ 1 ™ -1 -1
(F91 - F) =Gy ) (Pel - P) = Gl
1 -1
1 1
Therefore, v = [1,0,---,0]7 and w = [0,---,0,1]T and the solution for the directional

&iree In the market impact game model is exactly equal to the one obtained by the

10The same trading profile schedule is also exhibited in the exponential decay kernel case, where the
trading velocity at intermediary trading times is constant but different from zero.

H'We remark that when 6; = 67 = G(0)/4, and other generic assumptions, the continuous time Nash
equilibrium of a general market impact game exists and it coincides with the high-frequency limits
(N — o00) of the discrete-time equilibrium, as showed in [Schied et all (2017).
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optimal execution model with no transaction cost and linear decay kernel, i.e.,

E:lirec = [Xdirec/za 07 e 707 Xdirec/Q]T-

Thus, when 6; = 07, any linear decay kernel G5(t) can be selected as the implied
transient impact function Gggz)(t) in the market impact game model. Furthermore, it

holds the following results.

Proposition 4.9. In the market impact game described in Section [2.2,
éjlirec = [Xdirec/Qa 07 Ty 07 Xdirec/Q]T7

if and only if 6, = G1/4.

Therefore, when #; = 0 the implied transient impact function is linear if and only if

0, = G1/4, and all linear decay kernel functions are solution of the implied decay kernel
(OF)

impl (1) linear. We remark that, contrary to Section

(OE) (t) .

impl

problem, i.e., &;.. = Miire. for all G

411 in this setting we may select any slope coefficient for G

5. Conclusion

Understanding the transient nature of market impact is essential as it describes how
prices react to trades and it is related to the information content of a trade. Rather than
postulating its existence, this paper contributes to the recent literature by providing an
explanation for its origin. We showed that transient impact naturally emerges from the
Nash equilibrium of a market impact game with permanent and fixed impact. Using the
setting of market impact games, our paper indicates that, in general, the impact function
describing in the model the effect of trade volume on price is different from the impact
function that can be inferred by an external observer who measures it from the trading
activity of a specific agent (the directional in our setting). We term this inferred impact
as “implied”, and we show that the implied impact of a permanent market impact game
is transient.

More specifically, we propose two approaches to derive implied impact. The first con-
siders the lagged correlation between the directional trading volume and price changes,
while the second one considers the execution of the directional trader as optimal with re-
spect to a transient impact model and derives the possible kernel (or propagator) function.
Although the implied impact is transient in both cases, there are substantial differences.
In the first case, the solution is unique, while in the second one an infinite number of
possible solutions. In particular, under mild assumptions on the parameters of the mar-
ket impact game, a linear solution can be derived and characterized in terms of the Nash

equilibrium. We also analyze the sensitivity of the implied transient impact function
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to transaction costs level. Since the implied decay kernel results from the interaction
between a directional and an arbitrageur trader, when we increase the transaction costs
parameter, the volume of the arbitrageur reduces until the implied transient impact no
longer exists. Finally, we show that when we extend our framework allowing to incorpo-
rate the transaction costs in the implied price impact function, any linear family can be
selected as implied market impact.

In conclusion, our paper shows a possible origin of the transient nature of market
impact and highlights an essential difference between the real impact ruling the game
and the one that can be measured with statistical methods from trade data.

As a possible extension, one may ask whether the evidence of transient impact under
the notion of implied market impact function might be extended in a continuous-time
setting. However, the continuous-time extension of the Schied and Zhang market impact
game model is well defined only for § = G(0)/4, where |Schied et al. (2017) have shown
that the continuous Nash equilibrium exists and it coincides with the high-frequency
limit of the discrete model. Therefore, only in this special case the same evidence in the
continuous-time model might be found. The constraining assumption on 6 makes the
continuous-time model of marginal interest from an economic perspective. On the other
hand, the discrete-time market impact game turns out to be more flexible and relevant.
Moreover, as remarked in [Strehle (2017bh), “continuous trading is an idealization” and
every continuous-time trading strategy has to be discretized via block trades in order to
be executed. Another way to employ continuous-time modelling, which is not affected by
constraining conditions on 6 of continuous-time market impact game, is to follow [Strehle
(20174), where a different approach to modelling transaction costs is presented, so that
we may avoid the singularity presented by the parameter #. One could solve the optimal
execution problem with Fredholm integral equation, but only in the exponential case
a closed-form solution may be derived, and in the general case, the equation must to
solved numerically. An interesting question is to analyze whether the discretization of
this different model could be led back to one of the approaches we have analyzed, where
we might expect to solve a discretization of a Fredholm integral equation. However, this
further aspect is beyond the scope of this work and we leave it for further research and

study.
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Appendix A. When I’y + I is singular?

Let G(t) =G > 0and 6 > 0. Then, Ty + T =201 + T +T = A+ Gee” where

Ql=
M| =

— 1 -
A
_1 1
A2 A
_ (- _ 1 1
A1 — l A3 22 by
(Afl)N_Q (Afl)N_S 1 1
TN TONd D VDY
A=D¥ =N 11
L AN+ AN A2 )

Then, since A is non singular, for the matrix determinant lemma A + Gee” is non
singular if and only if 1 + G -eTA7'e # 0. Let € = GA'e, where z; = 1/)\ and
T, = %— )\—12 Z;g (%)k, n=2,...,N+1. We first observe that when A = 1, A+ Gee”
is non singular, since 1 + GeTAle =1+ G -efA7le = 2.

Thus we assume that A # 1. Then if 1+ G- e’ A~'e > £ > 0 the matrix A+ Gee is

non singular. In particular if @ > 0 then 1+G-e? A 'e > 1. Indeed, 1+G-eA7'e > &
Nt1 n—2 K
1 1 1 A—1 1
14 = - 2 - -
A (-2 () )+

k=
N+1 _
N+1 1 1 1—am ! A—1
<:>7+————E (7a)>—1, a=——#0, anda #1

if and only if

A

N +1 1NZ+1 1—an? NS N
— = = —_— —1, since - = — -
’ A N 1—qa

N+1 N+1
N+1 1 /1-—
;+1> (1—a"‘1)<:>1>——<%)
—a

> =
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since)\:2g+%>0and1—2ﬁ<0
N
<:>>\>(1—2N_+1> ,

1 1\ G
= 0> —F—=) =
1—95va 2/ 2

—%)%<O,thereforeif0>0,0>( L —%)%andsol+G-

1—2N+1

However, (

1
1-2NF1

eTA e # 0. Thus, if 6 > 0 and G > 0 then I'y + I is non singular.

Appendix B. Proofs of the results.

Lemma B.1. Let § > 0, then the inverse of the following matrices

(20 | 1 _
o, T2 1 1 ... 1 1
20 , 1
0 &tz 1 1 1
~ 0 .
(FG - F) = G1
: 20 | 1
' o T2 1
20 | 1
B ! 0 o T2l
[ 20 3 _
oty 1 1 1 1
2% |, 3
2 gtz 1 1 1
~ 2
(PQ + P) = G1
2% |, 3
' oty 1
2 |, 3
i 2 9 » 4 |
are given by the matrices,
_l 1 A—1 (A—1)N-2 (A—1)N-17
P D VD T I N NI
o L _1 ... _Q=p¥ (-pv
A A2 ANV-1 NN
~ 1o -
T, —T) 1= —
(Ty ) . |
. 1 1
: L Y
1
0 0 -

~ - _ T\ TpeT _™-T
(FG 4 F)fl — (FG o F)fT o Gl . (FG F) ee (F9~ F) ’
11+ Gy -el(Ty —T)Te
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_2 1
where A = o T3

Proof of Lemma[B1. The computation of (I'y — f)_l is straightforward, see also proof
of Proposition 3 of Schied and Zhang (2019). For (I'y + I')~* we may use the Sher-
man-Morrison formula. Indeed, (I'y + ') = (I'y — )T 4 Giee”, then since (I'y — I')T
is non singular by the Sherman—Morrison formula we have the results, (I'y + f)_l =

—I) " TeeT (Iy—T)""
(Fg ) — G- 1+G1 eT(F9 N-Te ° =

Proof of Proposition[2.1. Without loss of generality we may assume that G; = 1. Indeed,

let &, and &,. be the admissible strategy for X; and X, respectively. Then, since G

is constant, we may scale the trading strategies by (G;. In particular, we may introduce

1. = G1-&;. for i = 1,2, i.e., the corresponding admissible strategies for the transformed

inventory Y; = Gy - X;, i = 1,2. Then, the two games are equivalent since, S= =
— Lot Grl&un+&p) = 57 = 20 (g + 1), VEET.

If we denote (Iy — T') = A then by Lemma Bl (Iy + 1)~ = AT — %.

However,

~ TATe efATe A Te
To+T) le=ATe—ATe. -2 € _pTe. (1oL ¢ V__ 2 ¢
(To+T) e € €1 +elATe € 1+eTATe 1+eTATe
T ™-1 eTA—Te
Thus, e (Fg + F) e = m, then
1 ~ A Te
v = ~— o +TI)'e= ————
eIy +T)te elATe
1 ~ Ale
w = = (FQ—F) le:ﬁ.
eT(Fg — F)—le el A-le
Moreover, if we denote A‘le = x and using the explicit formula for A~! we obtain that
—n aanJfl
nw = =3 = R (R~ L H e — S
where A = 20+ and a = 2. Then Zi:”llxn = %ZNNJT(I n—1) Zk pa k= %
kf:i:_vfl) =1—a™*!, since 1 —a = +. Therefore, wy,; = pugEmEoy nd Wy, = %
A k
form=1,2,...,N. Olntheotherhand, if A Te=y, y, = /\,ynzi % e 0( )\Ji)l =
1_i(1—qant) =2 ., N+1. Then, 71y, = %Z lant = doet —
1 — a™V*!. Therefore, v, = m and v, = /\(fniNH forn=2,...,N + 1. O

Proof of Theorem[2.2. Without loss of generality, we may assume that the first agent is
the Directional, so that X7 = Xyjree and Xo = X0 = 0. From Schied and Zhang (2019)
the Nash equilibrium is provided by Eq. ([B)-(#), and we have Eq. ({)-(8). Then, since v

and w are time-symmetric from Lemma 2] we have

v Fwy = wny1 T oNp

U T wp = wNy2 k EONG2 g, K=1,2,...,N+1
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and it is straightforward to verify Eq. (9)-(L0) O

Proof of Corollary[2.3. W.l.o.g. we may assume G; = 1. From Theorem we have

the time-symmetry. On the other hand, from the characterization of the fundamental
ak—14gN—k+1

solution v and w, see Proposition 211 &}, = Kdivee SO onr s Where A =204 1/2

and a = 1 —1/\. Since § > 1/4, then A > 1 and a € (0,1) so each component of the
2€:lireck L
Xiy' et

Nash equilibrium is positive. Let us denote with 59 the components of E = =X,
A = ng — 59 be the first difference for k = 1,2,..., N. Then, since A(1 — a™*1) > 0,
A, = Ve o) feha B@ e g g o (N +1)/2]. For the convex-

A(1—aN+T) A(1—aN+T)
ity we consider the first difference of Ay, ie., Ay — Ap_1 for k = 2,3,..., N. How-
a— ak—liaN—k —(a— ak—QiaN—k-Q»l a— ak—liaN—kiak—Q aN—k+l
ever, Ak - Ak—l = (o=IX A(l),O(LN-fll))( ) = (1) M1—alN+T) - ) =
k—2 N—k
(a_l)('&_(ll)_(g]ul;’a ) > 0 and we conclude. O
Proof of Theorenl3 2. 1f Z; # 0 the matrix M is non singular. O

Proof of Theorem[4.5 Let us first consider the case when N + 1 is even. From the left-
hand side, since II is symmetric and &, .. is time symmetric, the first (N +1)/2 equations
are equal to the last (N +1)/2, where the first is equal to the N 4 1-th, the second is equal
to the N-th and so on. This, means that rk(H) < (N + 1)/2. However, since &},,.. has
a U-shape, in particular it is not constant but strictly decreasing with positive elements,
and g is strictly decreasing, then the first (N 4 1)/2 equations are different from each
other, since for each equation there are mixed products which are not contained in the
remaining equations. Thus, rk(H) = (N+1)/2. The case of N+1 odd is straightforward,
since using the same reasoning of the even case, we obtain that the first N/2 equations
are equal to the last N/2 where in addition, we have another equation at the N/2 4 1
coordinate. So, rk(H) = N/2 + 1. O

Proof of Theorem[4.6. From the discussion at the beginning of Section ]t is sufficient
to show that the components of £}, satisfy the relations (I8]).
W.lo.g. we may assume the impact function of the market impact game be equal to

G1 = 1. From the characterization of the fundamental solutions v and w, see Proposition
ak71+aN7k+l

RIL e = A Saanny— where A = 20 +1and a =1—1/X. So, let & be the

components of & then, for k < |N/2 + 1],

(E1— &) a2 aN TR gkl Nk 1 _
Xaieee = 2511 & 2A(L — a*1) R
e e A A1 — aN+1)
2M(1 — alvt1) . A1 — alV+1) — 2?2—11@1'71 + aN—itl) -

ab=2 4 gN-k+2 _ k=1 _ (N—k+1

1
2 A1 —al+) — Z;:ll(ai*l + aNfiJrl)'
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Since Y410 = (1 - a*1)/(1 — a) and o™+ Y 0 = (@2 - oV /(1 - a),

and A(1—a) =1

1 ak—2 4 gN—k+2 _ gk=1 _ (N—k+1

92 N+1 k=1, i 1 N—i+1

2 )‘(1_@+)_Zi:1(az +a Z+)

1—a ak2 4 gN-k+2 _ gk=1 _ (N-k+1

2 NI —a)(1— a1 — (I =gk T 1 aV k12 — gVl
l—a d" 242t N 1 g @F (1 —a) — a1 —a)

9 ak—1 _ gN—k+2 9 ak—1 — gN—k+2
_(1 _ a)2 ak—z _ a[N*k‘i’l _ a(l _ a)2 ak—2 _ aN*kH’l B (1 _ a)2 ak—l _ aka+2
9 ak—1 — gN-k+2 %2 abF—1 — gN—k+2 — 94 gkl _ gN-k+2
(1—a)?
20
Therefore, (5’“*;2%)_16 = (1;:)2 and so it is independent for each k < |N/2 + 1] and
direc ™ i=1 St
we conclude. m

Proof of Proposition[].9. From Example A8 if #; = G;/4 then the Nash equilibrium of
the market impact game is given by &€5... = [Xairee/2,0, -, 0, Xgiree/2]T. Vice-versa,
using the characterization of the Nash equilibrium, see Proposition 2.1 and Theorem
22, &ipeer = 32 Ut where a = 1 — I/X and X\ = % + 3, where 6; > G1/4

2 A(1—aNt1)o
1—gNt+1

so that a € [0,1). Thus, if £j,..; = Xo/2, then 1 +d"V = 52— = 14+d" =
l+a+a’+---+d¥V <= 0=a+a’+---+d" 1, s0a=0,ie, 0, =G, /4 O

Appendix C. A Different Solution to Equation (12)

We now follow the same argument of Section [3] with a particular difference.

One could use & and &, the Nash equilibrium solution of Schied and Zhang (e.g.,
using a linear constant decay kernel) and obtain the (equilibrium) price dynamics S,
from Equation (II). Then, we ask the following question. What is the impact faced
by the only directional trader when the directional does not consider the presence of
other agents? Precisely, what is the propagator function inferred by directional traders
if they solve the optimal execution problem in the standard Almgren-Chriss framework?
In this case, the market impact considered by the directional is the same as that of the
MIG, i.e., it is constant, even if the directional agent does not take into account any other
competitors. This is a substantial difference with respect to the previous approach. Thus,
once derived the optimal execution for the directional, & 4o = NX—fle, we wonder what the
market impact inferred by the trader is. To answer this question, we solve the Equation
(I2), where = = €4, so that we can obtain the intrinsic decay kernel associated with the
single-agent characterized by the price dynamics of the market impact games.

We first consider the same setting of Section B, wherein the market impact game
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there are the directional and one arbitrageur and the decay kernel is set to Gy (t) = 1.
Then, we compute the cumulative drift S generated by the interaction of the two agents.
We solve system (I2]) where M is computed by considering only the drift generated by
the directional derived by the same model by without considering the presence of the
arbitrageur, i.e., an Almgren and Chriss optimal schedule €4 and we report in Figure
the implied transient impact function ngzn(t). Moreover, we compute GZ(AZ)T(t) when
we consider a market impact game with 1 directional trader and 2 arbitrageurs using the
Luo and Schied (2020) model, where the decay kernel is set to G;(t) = 1.

As for the previous approach, we observe that the two implied transient impact kernels

(P)
wntr

seem to differ in terms of “size impact”, i.e., the absolute value of G, / (0) is greater for
the Luo and Schied game than those obtained starting from the Schied and Zhang model,
but they exhibit the same shape. In particular, they are both positive and qualitatively
decreasing functions.

The following motivation can interpret the shape of the fitted decay kernel. Since
the cumulative drift S is generated by the interactions of the fundamentalist and arbi-
trageur(s), it converges (in absolute value) to the inventory of the fundamentalist (1 in
our example). Precisely, due to the symmetry of Nash equilibrium, the aggregate order
flow decreases to zero since in the last trading times, the arbitrageur(s) and the direc-
tional have opposite orders which compensate each other, see Figure [l This shape is
obtained by setting a constant market impact. Therefore when we consider a constant
order flow, like the one obtained by the Almgren and Chriss optimal schedule &40, we
derive a strictly decreasing market impact function with an appropriate scaling factor
provided by G(tg) = (N + 1) - Z;. Moreover, since we set G(t) to a constant, the ag-
gregate volume traded is directly proportional to the price dynamics, see Figure [7 right

panels.
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Figure 6: The implied temporary impact function computed solving system (I2)) when we
consider the cumulative drift generated by a Schied and Zhang game with a 1 directional
trader and 1 arbitrageur, exhibit (a), and when we consider the cumulative drift generated
by a Luo and Schied game with a 1 directional trader and 2 arbitrageur, exhibit (b).
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Figure 7: Aggregate volume traded and its relation with price dynamics derived by a
directional and an arbitrageur following the Schied and Zhang game and, panel (a), and
by a directional and two arbitrageurs following a Luo and Schied game, panel (b).
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