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ON THE PARTIAL AND MICROLOCAL REGULARITY FOR
GENERALIZED METIVIER OPERATORS

G. CHINNI

ABSTRACT. The partial and the microlocal regularity are provided via L2-
estimate and via FBI-transform respectively, for the following generalization
of the Métivier operator, [26],

Dz + (z2"+1Dy)2 + (xnymDy)2 )

in Q open neighborhood of the origin in R?, where n and m are positive
integers.

1. INTRODUCTION

In [26] G. Métivier studied the hypoellipticity for a class of second order partial
differential operators with analytic coefficients in {2, open neighborhood of the origin
in R™, whose principal symbol vanishes exactly of order two on a submanifold of
T*Q. In the case of sum of squares of vector fields the most representative model
of such class is the following

(1.1) Py = D} +2°D} + (yD,)’.

Métivier proves that the operator (1.1} is G2-hypoelliptic and not better at the
origin.

In [T77] we studied the hypoellipticity of the following generalization of the Métivier
operator

3
(1.2) My =Y X2=D?+ (2"'D,)" + (2"y™ D,)"
j=1

in © open neighborhood of the origin. Here n and m are positive integers. In
[I7] we show that the operator M, ,, is G?v%l—hypoelliptic and not better in any
neighborhood of the origin.

Throughout the paper we need the definition of Gevrey regularity as well as of
partial Gevrey regularity:

Definition 1.1. A smooth function f defined in U, open subset of R™, belongs to
G*(U), s > 1, the class of Gevrey functions of order s in U, if for every compact
set K € U there is a positive constant Cy such that

1D f(z)| < CleH ol Va ezt and Vi € K.

When s = 1 we shall say that u is analytic in U, uw € C¥(U).
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2 G. CHINNI

The function f(zo,x1,...,x,) belongs to the anisotropic Gevrey class G(@0:®1-n) (T])
at the point o if there exists a neighborhood, U, of xo and a constant Cy¢ such that
for all multi-indices 8

D fl < Pt g iU,

where B! = Bol@o0 B 1% ... 8,1,

Definition 1.2. A differential operator P is said to be G*-hypoelliptic, s > 1, in 2,
open subset of R™, if for any Q1 open subset of Q, the conditions u € 2' (1) and
Pu € G*(Q) imply that u € G*(Q21). When s = 1 we shall say that P is analytic
hypoelliptic.

Definition 1.3. A sum of squares operator
(13) P =73 (X;(xD))>,
j=1

where X; are vector fields in €, open subset of R"™, with real-valued real analytic
coefficients, satisfies the Hormander condition if the Lie algebra generated by the
vector fields X; and their commutators has the dimension equal to the dimension
of the ambient space, that is n.

The operator M, ,, satisfies the Hormander condition.
Furthermore by the results in [23],[28] and [5] the following subelliptic a priori
estimate holds: 3

(1.4) el 2 nny + D 11X ull® < O ({Mamu, w)] + [lul®),
j=1
Here u € C§°(Q), || - ||o denotes the norm in L?*(Q2) and || - ||s the Sobolev norm of

order s in Q.

The study of these models is motivated by the problem of the analytic hypoel-
lipticity sum of squares of vector fields with real-valued real analytic coefficients,
satisfying the Hormander condition.

A famous example, useful to better understand the complexity of the problem, is due
to Baouendi and Goulaouic, [4]. They studied the operator Pgg = D3+ D3 +x3D3,
in R?, showing that it is G2-hypoelliptic and no better in any neighborhood of the
origin.

Both Ppg and Pp; have non symplectic characteristic varieties, but in the case of
the Baouendi-Goulaouic operator the Hamilton (bicharacteristic) leaf lies on the
base of the cotangent bundle, whereas, in the case of the Métivier operator, the
Hamilton leaf lies along the fiber of the cotangent bundle.

In 1996 [31] Treves suggested that the analytic hypoellipticity could depend on
suitable geometrical properties of the characteristic variety, and he proposed to
use the Poisson-Treves stratification (see [32] and [13]), formulating the following
conjecture:

Conjecture: Let P be as in (|1.3). Then P is analytic hypoelliptic if and only if
every Poisson stratum of the characteristic variety is symplectic.

Recently in [3] and in [§] it has been shown that the sufficient part of the Treves
conjecture does not hold neither locally nor microlocally in dimension greater or
equal to 4. Moreover it is believed that it does not hold also in dimension 3.

The results in [3] and in [8] have de facto completely reopened the problem of the
analytic hypoellipticity of operators of the form .
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In dimension 2 no counterexamples are known, but it is believed that the Treves
conjecture holds.

For completeness we recall that F. Treves, in [32], has also stated a conjecture in
the global case: P is globally analytic hypoelliptic on €2, compact analytic manifold
without boundary and countable at infinity, if and only if every Poisson stratum of
the characteristic variety has the following property: the closure in T*Q of every
bicharacteristic leaf is compact.

We point out that the scenario can be very different moving from the local to the
global case see [20], [7], [16], [18].

We emphasize that at present, contrary to what happens in the local case, the
global Treves conjecture has not yet been proved or disproved.

In order to try to better understand what happens in dimension 2, we continue
the study started in [I7], and in this paper we analyze the partial and microlocal
regularity of the operator .

In [I2], Bove and Tartakoff studied the partial regularity of the Baouendi-Goulaouic
operator and more in general of the Oleinik-Radkevi¢ operator, [27], Por = D? +
tz(p’l)Dg + tQ(q’l)Dg, where 1 < p < g and p,q € N. They prove that Pog is
G/P-hypoelliptic and moreover that if u solves the problem Poru = f, f analytic,
then u € GG5051:52) where sg > 1 — % + %, s1>1and so > %; their result is sharp
(for generalization of this result in dimension greater then three see [14], [15].)

We state our result about the partial regularity of the operator .

Theorem 1.1. Let u be a solution to the equation My ,u = f, n > 1, f analytic.
Then u € G051) where s; = anrfl and sp =1+ m

Remark 1.1. We point out that in the above Theorem, we may assume that f
belongs to G*051)  moreover by Theorem 3.1 in [25] we deduce that u € G(%0-51)

. 2 1
with s1 > 2m"_’1 and so > 1+ I Em=T) -

2m

s s 18 1 accordance with that ob-

Remark 1.2. The Gevrey regularity index
tained in [I1] and in [9].

In the case of the Métivier operator , using the same strategy adopted in the
proof of the Theorem we have that the solutions u to the problem Pyu = f, f
analytic, belong to G*051)  where s, =2 and sy = %

We notice that this partial regularity with respect to x is better if compared to that
obtained in Theorem 1.1l This fact will be clarified at the end of the proof of the

theorem, see Remark[2.3

Concerning the microlocal regularity, the operator M, ,, has the following charac-
teristic set
Char(Mp,m) = {(z,y,&n) € T"R*\ {0} : 3 =0=¢, and n # 0},

the related Poisson-Treves stratification is given by

E0 = {(x7y7§a77) € T*RQ\{O} =0 257 y#oa 777& O}a

Si={(z,y,&m) €T*R*\ {0} : 2 =0=¢,y=0,7#0}.
From the point of view of the microlocal regularity, we recall the definition of the
Gevrey (analytic) wave front set of a distribution (function).

First of all we define the cutoff functions that are used for both the Gevrey and the
analytic case defined e.g. in Ehrenpreis [21] (see also Hormander [24]).
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Definition 1.4. For any N natural number, denote by ¢n = dn(y) a function in
C§e(R™). We say that ¢n is an Ehrenpreis sequence of cutoff functions if there is
a positive constant R such that for || < RN we have, for every N

026 ()] < CLHINTel,
where Cy > 0 and independent of N.

Next we define the Gevrey and analytic wave front set (see [24].) Definition
gives an equivalent definition more suitable when working with the FBI transform.

Definition 1.5. Let g € U and & € R"\ {0} and u € 2'(U). Let s > 1. We say
that the point (x9,&0) € W Fg(u) if and only if there is an open neighborhood U’ of
o and a conic neighborhood I' of & and a sequence of Ehrenpreis cutoff functions
identically equal to 1 on U’ such that

(15) [oxu(§)] < CNPINNUETN, N =12,
for every € € T' and for a suitable positive constant C' independent of N.

Theorem 1.2. Let u be a solution of the problem M,, p,u = f, then If p1 € ¥1 and
p1 & WFs, (f) then p1 ¢ WF, (u), where sg = %, if po € Zo and pg ¢ WF,(f)
then po & WE,(u).

We remark that the microlocal regularity obtained for the operator M, ,, remains
the same if we perturb the operator adding a pseudodifferential operator of order
less then (2n + 2)~1, this is a consequence of the result in [6].

The partial regularity of the solutions of the problem M, ,u = f, f € C¥(Q), will
be obtained using the same technique as in [I2], more precisely we will estimate a
suitable localization of a high derivative in the direction D, and D, iteratively us-
ing the subelliptic estimate ; the microlocal regularity of the points in 3¢ will
be obtained via FBI-technique (FBI=Fourier-Bros-lagolnitzer), taking advantage
of a result in [2].

Acknowledgement. The authors would like to thank the anonymous referee for
her/his comments and suggestions in order to improve the manuscript.

2. PARTIAL REGULARITY, PROOF OF THE THEOREM

2.1. Regularity with respect y-direction. Let ¢y (x,y) be an Ehrenpreis cutoff
sequence. Since in the region x # 0 the operator M, ,, is elliptic we may assume
that ¢y is independent of the variable z, since in that region analytic regularity is

expected.
In view of [9] we have the estimate
k k+1p.s1k
(2.1) onDlull, s < CFFE,
where s; = Zfrﬁl and C' is a suitable positive constant independent of k.

2.2. Regularity with respect x-direction. Let )5 be an Ehrenpreis-Hormander
cut-off sequence as in the previous paragraph. We replace u by ¢ (y)D¥u in (1.4).
We have

3
(22) [[onDiull2 + > || X0n Diullg < C ((Mipn Diu, ¥ Dyu)| + |l Diull3) ,
j=1
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1 _ —
where we set i) € and Mn,m =M.

We start by treating the last term on the right hand side. Since it can be rewritten
as || X19¥nDF1ul|2, we can use the subelliptic estimate and restart the process.
More precisely, we have

3
CllnDiull§ = Cl| X1on D ullg < C Y || Xon DYl
j=1
< C? ((Myn Dy~ u, o Dy~ )| + [[on Dy~ HulF) -
Now, focusing on the last term on the right hand side and using the same strategy
adopted above, it can be estimate by
C?|lyn Dy tull§ = C%|| X1pw Dy~ 2ullg
< C* ((Myn Dy~ 2u, o Dy~ 2u)| + [[n Dy~ 2ul3) -
So, after k steps we obtain

k
CllnDhull§ <Y COUMpn DEIu, o DETu) + C*[[hull5.

j=1

The last term in the sum gives analytic growth, the other terms in the sum,
(Mt DE=Iu, by DE=Iu), 5 = 1, ..., k — 1, can be handled as the first term on
the right hand side of , which we are about to analyze. The last term can be
bounded by CF.

Let us now focus on the scalar product:
(2.3)  (MynDiu, v Dyu)| < |(n Dy Mu,ypx Diu)|
+2|([#*" T Dy, ¥ n DE] u, Xothn DEu)| + 2|([2"y™ Dy, 1hn DE] u, X545 DEu)|
+ |<[x2n+1Dyv [x2n+1Dy7 wNDI;]] u, VJJND];U)\
+[([z"y™ Dy, [z"y™ Dy, n DY) w, oy D)

4

= (v DEMu, Diu)| + " I,

q=1
Let us estimate the terms in the sum above.
I,. Using the following formula
inf{p,k} k! » 1 Y
(2.4) DEaru= > ( ) (> S
— (k—=01\« i
where k£ and p are positive integers, we have
(2.5) I < 2|(z*" ) DEu, Xoun DFu)|
inf{2n+1,k}
k! 2n+1 _ _
2 ) (kﬁ)'( P >|<162”+1 ‘N Dy Dyu, Xaon Dyu))
=1 ’

- 0
< 2008 [y Diull + 5| Xatn Du



6 G. CHINNI

inf{2n+1,k} inf{2n+1,k} 1
442+l Z Cek%||x2n+1—€wNDl;—€Dyu”2+ Z E ||X2’(/JNDI;’LL||2,
(=1 (=1

where C;, j = 1,...k+1, are arbitrary constants. We choose C; = §~12/71 where

¢ is a fixed small positive constant. Since ( iv,rl:ff%“’k} C%) < §/2, the sum of

the second and the last term on the right hand side of (2.5 can be estimated by
8|| X2vny D¥ul|?; it can be absorbed on the left hand side of (2.2)). Concerning the

first term on the right hand side, setting 2C,6~! = Cj, we can use the subelliptic
estimate and restart the process:

3
Collwy) DRul| = Col| X100 §) DE1ul| < Co 7 || X0 DLl 3
j=1

< CoC (|(MuR DA,y DS + oy DA ull)

The last term on the right hand side can be submitted to the same treatment used to
handle the last term on the right of . The scalar product can be handled as done
in , producing, modulo terms which give analytic growth, terms of the form
(XX, ) DA, w0y DA and [([X;, [Xo, w0l D Ju, oy DA )] i = 2,3,
On all these terms we can restart the processes used to treat the terms I, ¢ =
1,2,3,4, on the right hand side of . We point out that one z-derivative on u is

turned in one derivative on . Now, the term [(X» [Xz,wj(\})D’;_l]u, w](\})D’;_luH
can be estimated as done in (2.5)), obtaining a term of the form ||w§3)D’;_1u||.
Such term has the some form of the first term on the right hand side of ,
we can restart the process above described. So, after k steps, modulo terms
which give analytic growth or terms of the form |[(X;[X, wg\]})D’;_j]u, Yy DFu)| and
(X5, (X, 00 DE=)u, 4y DFu)|, i = 2,3 and 1 < j < k — 1, we will obtain a term
of the form C’f”zbgf)u\\, which gives analytic growth.

We focus on the terms in the sum on the right hand side of the above inequality.
We use the Young inequality for products

(\/ik)flx|2n+1—£ — (\/ﬁk)(1—01)Z|x|2n+1—£(\/§k)6ﬂ
< ((\@k)(179,g)e|z|2n+14)q + <(\/§k)0ﬂ>p’

where ¢7' + p~! = 1 and 6, is a parameter that we will select later. Choosing
q= 22’};{2 and p = % we obtain

(ﬁk)emzmkz < (\@k)u—e@)%mznﬂ + (\/ik)ee(znﬂ)_
Thus we can estimate each term in the sum by
(2.6)
C2 K2 |22y DE=CD |2 < C(\@k)zu—ez)% 22"y DEL D u?
+ C(V2k)?4C ) [y DA D
= C(VaRY OB | Xy DY~ ul” + O(V2R) O Xy D 0 Dy
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£(2n41)

+ C(fk)Q(l 00) 317 ||x2"+11/)(1)D’;_éu||2.
For the first term on the right hand side we use the subelliptic estimate (| . thus

£(2n+1)

restarting the process with u replaced by CV/2(y/2k)1=0)z55=2 ¢y DF~4y. This
will produce a term of the form

02 fk) [2(1 0¢) 2(7?I1+1%]HX2’(/JND]€ 2£u||2

on which we can restart the process again. We point out that at any step ¢ z-
£(2n+1)
derivatives on u are “turned into” a factor k7% =51=7. In the case k/t € N,

iterating this procedure k/¢-times, the first term on the right hand side of (2.6))
will give a contribution of the form

(2.7) C20+D) 2k (=00 5527 || X op |2,

where C' is a suitable positive constant independent of £ and V.

In the case k/¢ ¢ N, this term can be handled essentially in the same way with some
more technical difficulties not significant for the purpose of the proof of the result.
We point out that in this case we can apply the same strategy only |k/]- times,
where |k/¢| denotes the integer part of k/f. Iterating this procedure |k/¢|-times,

(2n

we obtain a term of the form C2(LE/¢+1) g2Lk/E1(1=00) 37552 (M DY »1/JND]C >|7
where k' = k — | k/£]¢; on this term we can restart the procedure described in
up to removing all the z-derivatives acting on w.

Concerning the second term on the right hand side of (2.6)), we can once again use
the subelliptic estimate restarting the process. We point out that, in this case, {41
z-derivatives on u are “turned into” a factor k%("*t1) and in one y-derivative on
U.

Iterating this procedure k/(€ + 1) times, this term gives a contribution of the form

C2l+1 21@92 (2n+1> k2k9g 1+1 ||'(/JNDH1U||27

where C' is a suitable positive constant mdependent of k and N. Since in the
direction y we have a Gevrey growth of order we can estimate the this term

2m s
by
(2.8) Cc? k+1)k2k(92(2n+11)+2m o)
Now, we choose 6, so that the powers of k in (2.7)) and (2.8]) are equal. We set
2n+1 2m 1 2n+1
0 =1-0)———.
R b Sl Sy gy
We obtain
2ml(2 2)—(L+1)(2 1
(2.9) agzm(n—i—) ({+1)(2n+1)

(2n + 2)(2m — 1)(2n +1)
Replacing the value of 6, obtained in and (| we have
(2.10) Cz(k+1)k2k(1+2(n+1>(zm‘ =) )7

that is a Gevrey growth of order 1 4 W

Concerning the third term on the right hand side of (2.6)), we have
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£(2n+1)

C(V2k) 00357 22 g P D 2
< Oy (V2k)2 00 55527 | x, V) DE= (612,

Using the subelliptic estimate we restart the process. We point out that in this case
£(2n+1)
0+1 z-derivatives on u are turned into a factor k!~ 00) 2=t and in one y-derivative

on wN-
Iterating this procedure k/(¢ + 1) times, gives a contribution of the form

(2n+1)
Cz(k+1)k2(l 92)2+1 2n+1— 2N22+1

Substituting the value of 6, obtained in (2.9)) and taking N ~ 2k we conclude that
1

this term has a Gevrey growth of order 1 + D=1

I>. Consider I on the right hand side of (2.3). Using formula (2.4) and since
X3 = X3 —ima"y™ !, we have

(2.11) I, < 2|(a"y™ 0\ DFu, Xsipn DEu)| + 2m| ™y DEu, a™y™ oy DEw))|

inf{n,k}
+2 Z ( )|<x” Cy™ihn DEDyu, Xaihn DEu)|
mf{n,k} k! n
+om (k_g)'<€><x” Yy N DY Dyu, a"y™  py D)
=1 ’

=l + I+ 13+ Ira.

We analyze the terms obtained separately.
I51. We have

1 1 _
Iy < O3l Diull® + 811 Xy Dull® = Ol Xy D5l + 8| X Dful

where § is a small positive number. The second term can be absorbed on the right
hand side of . Concerning the first term we can restart the process, we remark
that one z-derivative on wu is turned into one derivative on 1y, so that, iterating
the process, yields analytic growth.

I 2. We have
Lo < O X190 DE || + Clow DEul?.

The first term can be handled as done a few lines above. The second term can be
handled as the second term on the right hand side of (2.2)).

I, 5. We have
(2.12)
inf{n,k} inf{n,k} 1
2n+1 20 n—~f, m k—2 2 k 2
Ly <4 ; Cek™|la™~*y™ b Dy~ Dyul*+ ; & | I Xsvn D3l

where we set Cp = 6712¢, § a fixed small positive constant. Since <me{" ok} éz <

6§, the last term on the right hand side can be absorbed on the left hand side of
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(2.2). In order to handle the terms in the sum we use the Young inequality for
products

(V2EY 2"~ = (V2RO 2"t (V2R) < (VR el )+ (VaR)

where ¢! + p~! = 1 and 6, is a parameter that we will choose later. Taking

q = ;%7 and p = 7 we obtain

(\/Ek‘)@‘xln—e < (\/ﬁk.)(i—ée)nﬁ@ |$|n + (\/Ek‘)e@%,

Thus we can estimate each term in the sum by

(213) 2K |2ty N DY Dyul|* < (V2h)PCOOTT |2y gy DEEDyul|?

+ C(VaR)? % [y DE Dl
The first term on the right hand side can be estimated by
(2.14) (V2k)*00757 | Xgyhy DE~u® + O (V2k) 2700757 || Xyl DE- Dy 2,

Let us examine the first term on the right. Using the subelliptic estimate we restart
the process. We point out that in this case ¢ x-derivatives on u are turned into
a factor k(7077 Iterating this procedure k/¢ times gives a contribution of the
form

(2.15) CHFN P00 TG | Xy ul?,

Concerning the second term on the right hand side of (2.13), it can be handled
using the same strategy adopted to treat the term in the second line of ([2.6), more
precisely we have

C(V2k)*" ¥ o Dy Dyul® = C(V2k)**% || Xy Dy~ H Dypul .
Now, we can take advantage from the subelliptic estimate, (|1.4), with u replaced by

01/2(\/§k)0‘%wND§_(Z+1)Dyu and restart the process. We point out that at any
time that we restart the process ¢ 4+ 1 z-derivatives on u are turned into a factor
k2%¢% and in one y-derivative on w.

Tterating the process k/(£ + 1) times gives a contribution of the form

n n _k_
(2.16) C? 741 R0 7T 20T ||y DI |2,
where C' is a suitable positive constant independent of k£ and N.

Since in the direction 3 we have a Gevrey growth of order 27—, (2.1)), we have

2m—1"
lon DI ul|? < CAOF V2w oty

We can estimate (2.16) by

(2.17) C20AD 2k (O sty t oy )

where Cs is a suitable positive constant independent of k£ and N.
Now, we choose 6y so that the powers of k in (2.15]) and (2.17)) are equal

n 2m 1 n
0 =0 —-0))——-.
Ty R v Sl G ey
Hence
(2.18) 6, — 2ml(n+1) —n(f+ 1))

n(n+1)(2m —1)
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Substituting the value of 8 in (2.15)) and (2.17)) we have a contribution of the form
(2.19) 204D 2k (1 oty

that is a Gevrey growth of order 1 + m

We come back to and we focus us on the second term on the right hand side.
We can take advantage of the subelliptic estimate restarting the process. We stress
that in this case £ + 1 z-derivatives on u are turned into a factor k~%)77 and in
one derivative on ¢ y. Iterating this procedure k/(£+ 1) times gives a contribution
of the form

C2(k+1)k2k% N2
Replacing 0y by the value obtained in (2.18]), and taking N ~ 2k we have a contri-
bution of the form
204D 2k (1 iy Gyt )|

that is a Gevrey growth (1)f order 1+ ﬁm. We remark that this index

is smaller than 1 + (CESV PSR

I 4. It can be handled as I>3. The only difference is the presence of the norm
lvnx DEwl||?, which can be bound as done in the analysis of I 5.

I3. Consider I3 on the right hand side of (2.3)). Using two times formula (2.4)), we
have

[x2n+1Dy» [:c2"+1Dy, wNDI;H

inf{2n+1,k—1}

1
_ g[$2n+1Dy, x2n+11/)1(\})DI;]+ Z Ck,2n+1,£[x2n+1Dyv xznﬂ*%ND’;*@Dy]
=1
9 inf{m,k}
_ 7I2(2n+1)¢§3)D§ + ; Z Ck72n+17£x2(2n+1)7€1/11(\})DlmcfﬁDy
=1
inf{2n+1,k} inf{2n+1,k—¢}
+ Y > ChanireCroranire, ?CrD =0y DE0 D2
=1 =1
where
k! 2n+1 (k—=20)! 2n+1
Ck.2n = — d  Cik_son =— .
k,2n41,¢ (k;—ﬁ)!( , ) an k—0,2n+1,6, G—i—m)\ o

We remark that the last sum above can be rewritten in the following form

inf{k,2(2n+1)}

2(2 1)—h k—h 12
> ) Cr2n41,6Ch—t2nr1,6, | 22Dy Dy~ DY

h=2 +61=h
1<,y <inf{k—1,2n+1}

inf{k,2(2n+1)}
— Z Dy, x2(2n+1)7h,¢)ND/;7th,
h=2
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where
h—1
Z Ck72n+17gck_g72n+17h_g if h=2,3,... ,inf{k, 2n + 2},
=1
Dy =
2n+1
> Cront1.Chotansrn—e if h=2n+1+2,... inf{k,2(2n+1)}.
{=h—(2n+1)

We point out that Dy, is given by the sum of at most 2n + 1 summands, moreover
since Ciont1e < 22771K% and Cr_roni1n—r < 22"71E"¢ we have that D), <
(QTL 4 1)22(2n+1)kh.

We obtain

|{[&2"*1 Dy, [z2"+1 Dy, DE] | w, by DEw)| < (2224 DR, 4 DEw))|

inf{m,k}
4 92n+2 Z k£| <m2(2”+1)_ew§;)D’;_€Dyu, wND];UH
=1

inf{k,2(2n+1)}
4gne) S gy DR D2y, gy Db
h=2
=1I31+ 32+ I35

We analyze the terms obtained separately.
I31. We have

@20y Dhy, gy DEu)| < C[(CyN) 'S DEu, (Cy N)n DEw)|
< C(CyN) 2|1 X190 DE Y2 + C(Cp N)?|| X1 pw DE |2,

The weight Cy N introduced above helps to balance the number of z-derivatives
on u with the number of derivatives on ¢¥n. We consider the factor Cy N as a
derivative on ¢, Cy N¢y and (CwN)’le(\?) behave as 1/)1(\}). On each term we can
restart the process.

We remark that both terms have the same behavior as the term HXlw](\})D’;_luHQ,
that is we have a shift of one derivative from wu to 1y ; iterating the process we will
obtain analytic growth.

I3 2. Since each term in the sum can be estimated by

ntle - 1 _
2£k25”z2 +1 Zﬂ}ND]; ZDyu||2+ |X17/1](V)D];Z 1u||2’

1
o
we have
inf{2n+1,k}
La<C Y 2 tyy DEIDul? + 20 Xawl) DY ul|.
=1

The norms in the sum have the same form of the norms in the first sum on the right
hand side of 1) so that they give a Gevrey growth of order 1 + W
To handle the last term on the right hand side we apply the subelliptic estimate

and remark that we have shifted one derivative from u to v, so that, iterating the
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process, yields analytic growth.

I3 3. We distinguish two cases. First: h < 2n + 1. We have
(e DY D2, apy D)

< kh|x2n+17h¢ND'I;7hDyu7 X2¢NDlxcu>|+kh|<x2n+1x2n+17h¢ND§thyu’ ¢§\})D§U>|

< (67" + DR |2y DERDyul|? + 8| Xotn DEul + C| X9 DE~Hul?,

where 4 is a small suitable positive number. The second term on the right can be
absorbed on the left hand side of (2.4). The first term can be handled as the terms
in the sum on the right hand side of (2.5)); thus this term will give a Gevrey growth

of order 1 4 m Concerning the last term, we point out that we shifted

one derivative from u to ¥y, yielding analytic growth.

Case 2n+1 < h <2(2n+1). We set h = 2n+ 1+ hy. Using (2.4), we have
RETEL R (o iy DGR TR DR,y D)
< R (|(a2 T DE-Cr I D, e DEDu)|
+2|<I2n+17h11/}NDI;7(2n+1)7h1Dyu7 ZZ’E\})D];UH)
< (kM g2ni=hiy Dh=hip g k20tlgy DE=Ct p )
+2|(kM g2k DR @ral=hp gy g2ntLy () Dhy)|

2n+1—hy
1 2n +1— hy)! 2n + 1)!
LIS D @n+ )

B=1

Bl2n+1—hy—B)!(2n+1-p)!

% (|<I€h1 x2n+17(h1+5)wNDlmvf(hq«Fﬁ)Dyu’ k2”+11/1ND’;7(2"+1)Dyu>\

(R a0y DR Dy, 2 ) DA D) )
2n+1—h1
SOYS R gy D
B=0
+ O2nt12(2n+1) ||X1wNDl£7(2n+2)DyuH2 + O2n+12(2n+1) \|X1¢§\})D§7(2n+2)u”2-

The second term and the terms in the sum can be handled as the terms in the sum

on the right hand side of 1) thus they give a Gevrey growth 1 + W
Concerning the last term we can restart the process. We point out that 2n + 1
derivatives on u are turned into a factor k2”+1w1(\}) and, since N ~ 2k, it behaves

as %(V%H). Iterating gives analytic growth.

I4. Consider I, on the right hand side of (2.3)). Using two times formula (2.4)), we
have

(2.20) [z"y™D,, [x"y™D,,¥n DY
1 W inf{n,k}
= g[xnymDyamnymwN DI;] + Z C/g,mg[xnymDy’x"_eymwNDl;—EDy]
=1
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inf{n,k}
n, 2m, (2 n, 2m— 1 2 n— m 1 —
— g2 yz 77[}1(\7)D1927mw2 yz 1¢§v)D§+; Z Ck,n,el’z eyz w}v’D’; sz
=1

9 inf{n,k}
m
2n—~0, 2m—1 k—¢
+T E Ok,n,éxn ym ¢ND9¢ Dy
(=1
inf{n,k} inf{n,k—0}
m 2n—0—€y, 2m—1 k—t—¢

+ N E E Crnyt Cri—tone, " LyT TN Dy 'Dy,

=1 l1=1

inf{n,k} inf{n,k—¢}

2n—l—ty, 2 k——1 12
+ g E Chynnt Cl—tyney ™" y™ Ny Dy Dy,

=1 £6=1
where
k! n (k—20)! n
Chmt = ——= d Cr_ppneyy=—"—"-— .
kol = & — 0] (z) e Mt = T ) (el)
We remark that the last two sums above can be rewritten in the following form
inf{k,2n}
Z Z Ck,n,@ Ck—é,n,él x?n—[—él yZWL_a¢NDI;_£_e1 Di_a
h=2 t+6=h
1<¢,61 <inf{k—1,n}
inf{k,2n}
_ Z Dy, x2(2n+1)x2nfhy2mfa,l/)NDl;7hD§7a7 a=0,1,
h=2
where
h—1
> ChmiCrtonn—e  if h=2,3,. .. inf{k,n+1},
=1
Dy, =

n
Z Ck7n7gck_e7n7h_g if h= n—|—2,...,inf{k,2n}.
{=h—n

We point out that Dj is given by the sum of at most n terms, moreover since
Crne < 27 k4 and Cr—tnh—t < 2nkh—t we have that D, < n22"k".
Hence

< [(@"y?™ ) DE, i D) + ml (2" y?™ 1Ry Diu, v Diu)|

inf{n,k}
4+ ontl Z ke|<x2n4y2m S)Diszy% ¢ND§U>|
£=1
inf{n,k}
4 m22n+1 Z k@‘ <x2n—£y2m—leDlz€—nyu7 ¢ND§U>‘
(=1
inf{k,2n}

+ m22n Z kh|<.’I}2n_hy2m_1¢ND];_hDyu, ’(/)NDI;UM
h=2
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inf{k,2n} 6
1920 Z KR (22n =Py 2ma DR D20, 4y DFu)| = Z Iy
h=2 i=1

First we remark that I, ; can be handled as I5 ;. I42 is analogous to Iy ;.

14 3. Since each term in the sum can be estimated by

n—~4, m — 1 1 —
2K " y " on DY Dyl + 7 | X100y D .

We have
inf{n,k}
Ls<C Y 2%ty DEDyul® + 20| X v DE L.
=1

The summands have the same form of the those in the first sum on the right hand
side of lj they give a Gevrey growth of order 1 + WM To handle the
last term on the right hand side we can use the subelliptic estimate. We remark
that we have shifted one derivative from w to ¥y, this term has analytic growth.

I4,4. Since each term in the sum can be estimated by
1
£1.20)|, .n—0 k—t 2 k02
2k |2y ™ o Dy Dyull” + S llvw Dyl

we have
inf{n,k}
La<C Y 2%z "y D Dyul® + 20|y Diul|*.
=1
The terms in the sum are analogous to the term in the first sum on the right hand
side of 1) and they have a Gevrey growth of order 1+ W The second
term can be handled as the second term on the right hand side of (2.2)).

14 5. We focus on a single term in the sum. We distinguish two cases. Case h < n.
We have

kP |22 =hy2m =Yy DEP D, by DEw)|
< CE*M|2" "y DEDyul|® + |y Dhul|>.

The first term can be handled as the terms in the sum on the right hand side of
(2.12). The second term can be estimated as the second term on the right hand

side of (2.2)).

Case h > n. We set h =n + h;. We rewrite the summands in I, 5 as
KM@ 2y DY Dyu, v D)
= k"KM (D" My gy DY M Dyu, oy DY )|
Using , we have
KM |(D 0P g DE D iy DE )|

ol (n — hy)! n!

1 - o e -
<K Y g mm gy @ e D Dy, o D)
;:O ! ! !
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'I’L—hl
< on—ha Z n2]k2(h1+ﬂ)\|x"_(h1+5)ymwND’;_(h1+B)Dyu||2 + k2”|\1/)ND’;_"u||2
B=0

All these terms are analogous to those in the sum on the right hand side of (2.12)).
I46. In order to handle this term we use the same strategy used to analyze I, 5.

We distinguish tow cases.
Case h < n. We have

k" (@ "2y DE" D2u, yhny DE )|
< EMja" "y oy DY Dyul® + (| Xsthn D ul?
+ 2mk" (2P DER D, by DE Y |
+ 2N (@2 P2y DER D2, () DEW).

The first term has the same form of the terms in the sum on the right hand side of
(2.12). The second term can be absorbed on the left hand side of (2.2]). The last
two terms have the same form as I 4 and Iy 3.

Case h > n. We set h = n + hy. We have
B (a2 DT DY, iy Dyu)|
< B (M2 DY Dyu, v DD,y

+ 2k (@ My DE M Dy, vy D))
+ 2mkm (@ P Ny DET M D, by DR

Using (2.4)), the right hand side of the above inequality can be estimated by

x (Igk" =02y DE= 00 D,y DS Dyu)|
+ 2| (kg Pty 2map D= =8) Dy kp\) DE=)|

+2m| (kh1x"i(hl+B)y2m711/1ND§7(h1+ﬂ)Dyu, E™abn D) |)

nfhl
< (2m+ 3)22n—h1 Z nzij(hl“‘ﬁ)||JU"_(h1+5)ymwND];_(h1+B)Dyu||2
B=0

+ 277 (62| Xy DD Dyl + 62| Xy DA D
R Xy DE )

The terms in the sum can be handled as those in the sum on the right hand side
of |D Iteration gives a Gevrey growth of order 1 + WM The last two
terms have analytic growth.
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Combining and iterating the above processes, modulo terms which give analytic
growth, we obtain terms of the form

N2(i7j)k2%( - eﬁ"‘Za:l(la_l_E))HXj %)D57(25=1 €B+ZZ=1(la717€))*iuH2

or

N20-0) 25227 (Thoy 5+ X ac la—1-¢)) Hw}(\af‘)D’;—(Zﬁzl fﬁZZ:l(la—l—e))—iuH?
Due to the result in the previous sub-section we can conclude that
3
lnDyull? o+ 31 Xsew Dfully < ¢ 02w ),
j=1

2(n+1)

where C' is a suitable positive constant. Thus we have a Gevrey growth of order
1+ m in the z-direction.

This concludes the proof of Theorem [1.1

Remark 2.2. In the case of the Métivier operator we obtain that u € G232),
This is due to the fact that the vector field yD, commutes with D,. More pre-
cisely, following the strategy used to estimate 1y DEu, we remark that we have to
handle only the terms involving the commutators with the vector field xD,, i.e.
[([xDy, vn D] u, (xDy)nDEu)| and |([xDy, [xDy, yn D] u, n DEu)|.

These terms give a Gevrey growth of order %

3. SHORT BACKGROUND ON THE FBI-TRANSFORM

In order to make the paper self-consistent and more readable we recall below some
of the main definitions and properties concerning the Fourier-Bros-Iagolnitzer (FBI)
transform. For further details on the FBI-transform we refer to the papers [29],
[22] and to the lecture notes [30].

3.1. FBI Transform. Let u € &'(Q); here &’(£2) denotes the space of distributions
with compact support in €2, open subset of R”, i.e. the dual space of the space of
smooth functions in 2 equipped with its natural topology.

In what follows Q is a neighborhood of a point xg. A phase function ¢(z,w),
ze€W cCC* we W cC" is a holomorphic function such that 9,,¢(z0,wo) =
—no # 0, det 0,09 (20, wo) # 0 and F02 (20, wp) > 0.

We define the FBI transform of u as

Tu(z,2) = / Dy (y)dy,

where z € W, A > 1 is a large parameter. Moreover we assume that W/ NR" D Q
and we take wg = xg.

We remark that if ¢ is a complex quadratic form, then the localization becomes
trivial.

To the phase ¢ we associate a weight function ¢(z), defined as

¢(2) =sup —Sp(z,y), z€W.
yeN

Example 1. A typical phase function is p(z,y) = %(z — y)?, called the classical
phase. The corresponding weight function is given by ¢(z) = %(%z)z
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We recall that T is associated to the following complex canonical transformation:
(3.1) Hr: (w,—0yp(z,w)) = (2,0,0(z,w)),

with ¢ as a generating function, from a complex neighborhood of (zg,79) to a
complex neighborhood of (zg, &), where §, = %az(b(zo).

We denote by Ay = {(2, —2i0,¢(2));2 € W}. In the case of the classical phase
function, we write

«%(.ﬁ,g) = (x_i£’§)7 ('rag) GRan

and set S (R?") = Ay, .
We recall the definition of s—Gevrey wave front set of a distribution via classical
FBI transform (see Example [1})

Definition 3.1. Let u be a compactly supported distribution on R™. Let (x¢,&) €
T*R™\ 0. We say that (xo,&) & WF(u), s > 1, if there exist a neighborhood Q of
xg — 1€y € C™ and positive constants C, € such that

|e—>\¢0(z)Tu(Z7 M| < Ce—az\l/s’
for every z € Q and A\ > 1.

3.2. Pseudodifferential Operators. Let A > 1 be a large positive parameter.

We write ) )
-D D= -0.
A )

Denote by g(z,&,\) an analytic classical symbol (see [29]) and by Q(x, D, )) the
formal classical pseudodifferential operator associated to ¢:

Qe D) = (52) [ e ate e Nuto N

The above expression is formal and we realize it by choosing an integration path in
the (complex) variable £ of the form

D=

§= ;@(3«") +iR(z —y),

where R is a sufficiently large positive constant and |z —y| < r, with r a sufficiently
small positive constant and ® denotes a weight function associated to a phase
function.

Using “Kuranishi’s trick” and applying Stokes theorem we have the following 2-
realization of ()

32 @M= (3) [ A e P L)

Q
where L(dy) = (2i)""dy A djj,  is a small neighborhood of (g, Zo) € C*" and the
integration path is 8 = . Here ¥(x,y) is the holomorphic function defined near
(z0,Zo) by ¥(z,z) = ®(x). We point out that since P is plurisubharmonic, we have
det 0,0y1 # 0.
For more details on the Q-realization we refer to [29], [22] as well as the appendix
in [10].

The advantages of such a definition are:
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1- if the principal symbol is real, Q% is formally self adjoint in L?(£2, e=2*®)

where L2(Q, e 2*?) = {u | ||u/|le < +oo} and
Julfy = [ @ (o)L (da).
Q

2- If G is a classical symbol of order zero, Q* is uniformly bounded as A — 400,
from Hg () into itself. Here Hg () is the space of all holomorphic functions
u(z, A) such that for every e > 0 we have

lu(z, N)| < CeMe@)t+e) C >0, z e
with C independent of x and A.
We recall the basic proposition on the composition of two pseudodifferential oper-

ators.

Proposition 3.1 ([22], Proposition 1.3). Let Q1 and Q2 be pseudodifferential op-
erators of order zero. Then they can be composed and

Q7 0 QY = (Q10Q2)" + R?,
where R is an error term whose norm is O (1) as an operator from Heya/0)a2 to
Hg_(1/cya2. Here d(z) = dist(x,0Q) denotes the distance of x to the boundary of
Q.

3.3. A subelliptic estimate for sums of squares on the FBI side. Let
X1(x,8),..., X, (x, &) be classical analytic symbols of the first order defined in an
open neighborhood Q of (zg,&)) € Ae. We assume also that the leAé are real
valued, so that we may think of the corresponding pseudodifferential operators as
formally self-adjoint in Hg. Let

(3.3) L(z,D) = Z X?(z,D).

Arguing as in [22], using Proposition and (3.2]), we see that the Q-realization of

L can be written as
v

(3.4) LY =Y (X + 0N,

j=1
where €'(A\?) is continuous from Hg to Hg_(1/¢)q2 with norm bounded by C'\2
(see Proposition (3.1)).)
We assume also that there is a Poisson bracket of the symbols of the vector fields of
length v(zg, &) which is elliptic at (x9,&p) € Ag and it is shortest iterated Poisson
bracket non zero at (g, &p).
Next we state the sub-elliptic estimate on the FBI side.

Theorem 3.1 ([1]). Let L% be as in . We write r = v(x9,&). Let Q1 be a
neighborhood of (xg,&p) such that Q1 € Q, then

2 - o
(3.5) N ull3 + D IXuld < € (B2, uhe + X lully 010, )
Jj=1

where C' is a suitable positive constant and « is a suitable positive integer.
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3.4. A criterion of analytic hypoellipticity. We consider an operator of the
form

N
(3.6) P(z,D)= Y Xi(x,D)ai;(x,D)X;(x, D)

ij=1

N
Z (xz,D) + ¢(x, D),

where D; = D, = i~'9,, and the a;;(x, ), b;(z,€), c(z, &) are analytic symbols of
order zero such that
(3.7) [@ij)ij=1,...N + [Gji)ij=1,..N > C,

where ¢ > 0 is a positive constant.

Let (z0,&) € Char(P). Denote by U a neighborhood of the point (xg,&y) in R?".
We assume that Char(P) N U is a symplectic real analytic manifold.

We assume that there exists a function r: U — [0, +o0], real analytic in U, such
that

(1) r(zo,&) =0and r(z,£) > 0in U \ {(z0, &)}
(2) There exist real analytic functions, ¢ (z,§), defined in U, such that

(3.8) {r(z,6),X Zage (2, 6)Xo(z, ),

where j=1,...,N, (z,§) € U.
Then the following result holds.
Theorem 3.2 ([2]). Let (x0,&) be a point in Char(P). Assume that Char(P)
is symplectic near (xo,&) and, as above, that there exists a function r € C*(U),
satisfying conditions (1), (2). Then we have that if (x0,&0) ¢ WFE.(Pu), then
(x()ago) ¢ WFa(u)'

Our purpose will be to use Theorem in order to characterize the microlocal
hypoellipticity of the operator M, ,, at the stratum .

4. MICROLOCAL REGULARITY, PROOF OF THEOREM
We recall that the characteristic set of M, , is
Char(M, ) = {(z,y,&,m) € T*'R*\ {0} : 2 =0=¢, and n # 0},
and that the related Poisson-Treves stratification is given by
Yo = {(z,5,&m) € T"R*\ {0} : 2 =0=¢, y#0,n#0},
S1={(z,y,&n) € T"R*\ {0} : 2 =0=¢ y=0,7#0}.

We point out that 3y is symplectic manifold of codimension two.
Let p1 € ¥4, p1 = (0,0,0,1) with n # 0. In view of [9] we have the estimate

”kaku” OkJrlkslk,

ST

where s; = 2m 7, C is a suitable positive constant independent of k. Here u is a

solution of the problem M, ,u = f, p1 ¢ WFEs, (f), and ¢y, is an Ehrenpreis cut-off
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sequence associated to the couple (Qo, 1), both open neighborhoods of the origin
with Q¢ € 1. We conclude that

|Gpu(C)| < CFFERs | C|7F ) Kk =1,2,...,

¢ = (&,m), for every ¢ € T conic neighborhood of (0,1) and for a suitable positive
constant C' independent of N. By the Definition we have that p; ¢ WFy, (u).

Let pg € g, without loss of generality we choose py = (0,y0,0,1), yo # 0. The
depth of pg is n + 1, i.e. the shortest iterated Poisson bracket of the symbols of
the vector fields non zero at py has length n + 1. Let @, M, and )?j, ji=12,
the FBI transform of u, M, ,,, and the vector fields X; respectively. By , the
Proposition and the Theorem we have

2
@1) A2 Y X %a)3, < o (<M3ma,a>¢o + )\‘X||a||?¢o,9\91) ,

j=0
where  and € are neighborhoods of the point (0,49 —i) € C?, Q; € Q and M,?m

is the 2—realization of the operator Mn_m.

In order to use the Theorem we have to construct a real analytic function
r microlocally defined in a conic neighborhood of the point pg € X, satisfying
conditions (1), (2), see the previous subsection. Let U be a small neighborhood of
the point pg in R*\ {0}. Let 7: U — [0, +00], the real analytic function of the form

(42) 7’(!177 Y, §7 77) - 52 + :L,2n+2 + (y - y0)2 + (77 - 1)2
We have that r(pg) = 0, r(z,y,&,17) > 0in U \ {po} and
2 2
(Xu,r} = {67} = @+ 2a?+ = 22202y — a4y ()Xo,

n
{Xo,r} ={2*" n,r} = =2(2n + D)2 né + 2(y — yo)z*" !

2 —
= (—2(2n + 1)2*"n) £+ <(y77ZM)> 2" = ag 1 (z,n) X1 + az2(y, )Xo,

{X5,r} = {a"y™n,r} = —2na™ Tyl + 2(y — yo)a"y™ — 2ma"y" " (n—1)n
2y — -1
—_ (*QHInilymn)er ((ynyO)) xnymn _ (2m7’y> I"ymn
= az,1(z,y, 1) X1 + az.2(y, 1) Xs.

r satisfies the properties (1) and (2), see (3.8]). Then by Theorem [3.2| we have that
if £o ¢ WFa(Mn,mu)7 then £o ¢ WFa(u)'

This concludes the proof of Theorem
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