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Using Malliavin calculus to solve a chemical diffusion master
equation

Alberto Lanconelli*

March 6, 2023

Abstract

We propose a novel method to solve a chemical diffusion master equation of birth and death
type. This is an infinite system of Fokker-Planck equations where the different components are
coupled by reaction dynamics similar in form to a chemical master equation. This system was
proposed in [del Razo et al., 2022] for modelling the probabilistic evolution of chemical reaction
kinetics associated with spatial diffusion of individual particles. Using some basic tools and ideas
from infinite dimensional Gaussian analysis we are able to reformulate the aforementioned infinite
system of Fokker-Planck equations as a single evolution equation solved by a generalized stochastic
process and written in terms of Malliavin derivatives and differential second quantization operators.
Via this alternative representation we link certain finite dimensional projections of the solution of
the original problem to the solution of a single partial differential equations of Ornstein-Uhlenbeck
type containing as many variables as the dimension of the aforementioned projection space.

Key words and phrases: Particle-based reaction-diffusion models, Fock space, Malliavin calculus.

AMS 2000 classification: 60H07; 60H30; 92E20.

1 Introduction and statement of the main result

Suppose we want to model the probabilistic evolution of a system that is initially constituted by
a single particle of a chemical species A, which is located somewhere in the interval [0, 1] according to
a given probability density function ¢ : [0,1] — R, and that undergoes:

e degradation and creation chemical reactions

@O AMD o ) g 2 g (1.1)
where A\g(z) denotes the rate function for reaction (I) to occur for a particle located at position

x € [0,1] (i.e., the probability per unit of time for this particle to disappear) while A.(x) is the
rate function for a new particle to be created at position z € [0, 1] by reaction (II);

e driftless isotropic diffusion in space.

While reactions (|1.1]) alone can be analyzed via the standard chemical master equation [Gillespie, 1992],
[Lecca et al., 2013], [van Kampen, 1981] and the sole diffusive motion of the particles through a Fokker-
Planck equation [Allen, 2007],[Gardiner, 2009], the combination of these two phenomena makes the
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mathematical description quite challenging. This is due to the hybrid nature of the considered reaction-
diffusion process, i.e. discrete in the evolution of the number of particles (and hence of the spatial
dimension of the problem) and continuous in the random movement of those particles. In the recent
paper [del Razo et al., 2022], the authors proposed a set of equations for the functions

oty x1, s xy) = pr(t, 21, .oy 2 )P(N(t) =n), n >0,
that aims to model the reaction-diffusion process described above. Here p,, (¢, x1, ..., x,) represents the
joint probability density function, conditioned to the event {N(t) = n}, i.e. the number of particles at

time ¢ is equal to n, for the positions of these particles at time t. The model is named chemical diffusion
master equation of birth and death type and it takes the form:

Brpot) = / M) (£, y)dy — / Aey)dy - po(t), > 0:

n
atpn(t7 x, ,.’13”) = Zailpn(taxh 7xn)

1
+ (n + 1)/ Ad(y)pTH—l(taxlv axfwy)dy
0

n (1.2)
— Z)\d(xi)pn(t,xl,...,xn)
1i (11 st )
n & l“z Pn— 1 y L1y ey Ti—1, Lit1y -5 T
1
7/ )‘C(y)dy'pn(tvxla"'azn)a nZ 15t>07 (:C17~'-7xn) G]Oal[nv
0
with initial and Neumann boundary conditions
po(0) = 0;
A0 =G, @ €01 "
pn(oaxh ,$n) =0, n>1, (LU],...,.’En) € [07 1}n7 '
Ovpn(t,x1,.cyzy) =0, n>1¢t>0,(x1,..,2,) € 9[0,1]".

This is an infinite system of Fokker-Planck equations where the components have an increasing number
of degrees of freedom (to account for all the possible numbers of particles in the system) and are coupled
through the reaction mechanism (1.1)). The term

n
Z@iipn(t,xl, ey Tp,)
i=1

in ([1.2]) refers to the driftless isotropic spatial diffusion; the terms

1 n
(Tl + 1)/ )‘d(y)pn+1(t,1'1; ceey xnay)dy - Z)‘d(xi)pn(taxla 7xn)
0

i=1
formalize gain and loss, respectively, due to reaction (I), while

n

1 1
EZ/\c(xi)pn,l(txl,...,xi,l,xiﬂ,...,xn) —/ Ae(y)dy - pn(t, 21, ..., Tn)
0

i=1



relate to reaction (II). The functions Ag, Ac, ¢ : [0,1] — R in (1.2)-(L.3) are assumed to be non negative,
bounded and measurable; in addition, ¢ is smooth with ¢’(0) = ¢’(1) = 0 and f[O,l] ((z)dz = 1. The
symbol J, in stands for the directional derivative along the outer normal vector at the boundary of
[0, 1]™. The particles are assumed to be indistinguishable thus entailing the symmetry of p,, (¢, z1, ..., ),
and hence of p,(t, 21, ..., z,), in all their space variables. We observe that by construction,

/ Pr(t, 1, .oy Tp)dxy - - - day, =1,
[0,1]™
and hence
/ on(t, 1,y xy)day - - - dxy, = P(N(t) = n). (1.4)
[0,1]™

Therefore, since >, -, P(N(t) =n) = 1, the solution to should fulfil

Z/ pn(t, 21,y p)day - - - dey, = 1. (1.5)
o/

But this is indeed the case; in fact, if we assume the functions Ay and A, to be constant and we integrate
out the spatial degree of freedom in (1.2]), we see that the diffusive part vanishes by virtue of Gauss
theorem combined with the Neumann boundary condition in (|1.3); moreover, recalling (1.4) we get

P(N(t) = n) =(n + DAP(N(t) = n+ 1) — nAP(N () = n)

FAPN() =n— 1) — AP(N(t) = n). (16)

Equation (|1.6) is exactly the chemical master equation as derived from the classical law of mass action
for reactions (|1.1)) in spatially well-mixed systems [Gillespie, 1992]; this fact proves condition (1.5 and
the consistency of model (|1.2)-(1.3)) with classical equations of chemical kinetics.

Aim of the present paper is to propose a novel method to analytically solve system —.
Our idea consists in transforming the deterministic problem — into an equivalent stochastic one
by using iterated Ito integrals with respect to a one dimensional Brownian motion and the Wiener-1t6
chaos expansion theorem. Then, exploiting the Gaussian framework induced by the aforementioned
1t6 integration, we obtain a single partial differential equation of Ornstein-Uhlenbeck type in infinitely
many variables which is directly connected to the problem — via the so-called Stroock-Taylor
formula: this provides an analytical representation for the solution of the original system.
The main steps of our approach are summarized as follows:

e we assume the existence of a classical solution {p, },>0 for (L.2)-(1.3); the continuity of p,(t,-)
together with its symmetry in the spatial variables imply the membership of p,(t,-) to L2([0,1]"),
the space of symmetric square integrable functions;

e we Ito-integrate all the space variables of p,(t,-) with respect to a one dimensional Brownian
motion {Bg}e[0,1]; this produces a sequence of multiple It6 integrals {I,(pn(t,-))}n>0 which
solves a new set of equations, equivalent to but expressed in terms of differential second
quantization operators, Malliavin derivatives and their adjoints (see equation below);

o we define ®(t) := > -, In(pn(t;-)); this is a generalized stochastic process, solution to a single
infinite dimensional differential equation, see below, and whose kernels (from its Wiener-Ito
chaos expansion) are by construction the elements of the sequence {p,},>1. In this Gaussian
framework one can rewrite the adjoint Malliavin derivative, which appears in the equation for
{®(t)}1>0, as a difference between multiplication operator and Malliavin derivative;

e using this transformation, the equation for {®(¢)};>¢ is reduced to a single parabolic equation
of Ornstein-Uhlenbeck-type with infinitely many variables; the kernels of the solution to suitable



[ {pn}n>0 solves — ] —>[{In(pn(t, )) }n>0 solves ]

[pn(t,xl, ey Ty) = %E[Dmhm,mnu(t)]] [@(t) = ano I,(pn(t,-)) solves 4.6]

AN /

[(I)(t) — u(t, [ (61), 11 (€), ...) with u from ]

Figure 1: Representation of {p, }»>0 as Wiener-It6 kernels of the stochastic process {®(¢)}i>0

finite dimensional projections of such equation provide, through the Stroock -Taylor formula, an
analytic representation for the corresponding projections of the sequence {py}n>0 (see formula

below).

Problem — corresponds to one particular instance of the class of problems formalized
in the recent paper [del Razo et al., 2022]. The aim of that work was to develop a general frame-
work for stochastic particle-based reaction-diffusion processes in the form of an evolution equation
for the probability density of the open system. We refer readers to the nice account, presented in
|[del Razo et al., 2022], of the vaste literature concerning the mathematical modelling of chemical and
biochemical phenomena which combine diffusion and chemical reactions.

Compared to the model from [del Razo et al., 2022] which system — refers to, we made some
simplifying assumptions. In [del Razo et al., 2022] the authors assume that the single particle can move
in the open bounded region X C R?, so that p,, is defined on [0, +00[xX®"; in addition, they deal with
a non necessarily isotropic diffusion with drift term. Here, for simplicity we focus on a one dimensional
case, i.e. X =|0, 1], and assume driftless isotropic diffusion but our technique readily extends to the
general case.

Contrary to the L!-framework adopted in [del Razo et al., 2022] and utilized to set up the Fock-space
formalism for describing and analysing the problem, we restrict to the L2-space (which is legitimate
by assuming the existence of a classical solution for -) and fully exploit the Wiener-Ito-Segal
isomorphism between the symmetric Fock space based on a Hilbert space and the family of square
integral Brownian functionals.

To state our main result we introduce a few notations and a couple of standing assumptions.
Assumption 1.1. There exists an orthonormal basis {& }x>1 of L*([0, 1]) that diagonalizes the operator
A= 02+ \(2), 2€]0,1], (1.7)

with homogenous Neumann boundary conditions. This means that for all j,k > 1 we have
1
| s =5, 60 =& =0,
0
and there exists a sequence of non negative real numbers {ay}r>1 such that

A& = apé,  forall k > 1.

Remark 1.2. We note that according to the classical Sturm-Liouville boundary value problem the conti-

nuity of \q is sufficient for Assumptz’on to hold true (see for instance Theorem 2.29 in [Al-Gwaiz, 2008]
).



We now denote by Iy : L?([0,1]) — L?([0,1]) the orthogonal projection onto the finite dimen-
sional space spanned by {&1,...,En}, ie.

N
Iy f(z Zfﬁk r2(o,aék(@), = €[0,1];
k=1
we also set

1
di = (A, &) L2 ((0.1))> k= Ay Er)L2(oa])s Y i:/ Ac(y)dy, and G = ((, &) 20,1, (1.8)
0

where the functions A4, A. and ¢ are those from (|1.2)-(1.3]).

Assumption 1.3. There exists No > 1 such that IIn, g = Aa; this is equivalent to say IInAg = Ag for
all N > Nj.

Remark 1.4. Assumption (1.3)) is readily fulfilled in the case of a constant function \g(x) = Agl(z),x €
[0,1]; in fact, in this case

(Af)(@) = =f"(x) + Xaf (@),  &l(x) =cos((k —D)mz), k=1,

and
ap = (k=114 Xg, k> 1
This gives
&(z)=1(z) and hence (II1Ag)(x) = Aa(x),
i.e. Ng=1.

We are now ready to state the main result of the present paper; its proof is postponed to Section
[ but a direct verification of its validity is presented in Section [2] for n = 0,1,2. In the sequel we set
%" to be the orthogonal projection from L2([0,1]™) to the linear space generated by the functions
{6, ® - ®&,,1<ip,. i, <N}

Theorem 1 5 Let Assumptions (1.1] n—. 1.5 be in force and denote by {pn}tn>0 a classical solution of
equation (|1.2] . Then, for any N > Ny and t > 0 we have the representation
pO(t) = ]E[’U,(t, Z)]a (19)

and for any n > 1 and (z1, ...,x,) € [0,1]™,

5" o (t, 1, ey ) Z E[(0:,, - 0z, u) (£, 2)] &, (1) -+ &, (xn). (1.10)

Jl, Jn=1

Here, Z denotes a standard N -dimensional Gaussian vector and
212
E [((Ln s 0, ) (8,2)] = / (02, -+ 0, u) (t,z)(27r)*N/267%dz, (1.11)
. . v .
while u : [0, +0o[xRY — R is a classical solution of the partial differential equation

Opu(t, ) Zaka u(t, z +Z (di — e — agzy) Oz ult, 2) (chzk— > ,2)

N

2) :ngzk, t>0,zeRN.
k=1

(1.12)



The paper is organized as follows: in the next section we describe how to verify the validity
of formula through a direct computation: this should help the reader in understanding the
mechanism that relates — to ; Section 3 describes the Gaussian setting needed to formalize
our approach: here we recall few basic ideas and tools from Malliavin calculus and infinite dimensional
Gaussian analysis; lastly, in Section 4 we prove formula , passing through several intermediate
steps that illustrate the main ideas of our technique.

2 Verification of formula ([1.9))-(1.10) for n =0,1,2
The aim of this section is to show via a direct verification the validity of formula (1.9)-(1.10).
n (203

This will be done only for n = 0,1, 2 and serves as an illustration of the connection betwee

and . We remark that one could in principle use this verification procedure to prove by induction
on n Theorem However, we prefer to present in Section 4 a general method to derive formula
- which shows its potential application to the study of chemical diffusion master equations
involving more complex chemical reactions.

First of all, using the notation with subscript 7 to denote its action on the i-th variable x;, we

rewrite (1.2 as
1
Oo(®) = [ Aalwn(t.9)dy = 3p0(0)

Orpn(t, 21, ) = — > Aipn(t, 21, o0 )
i=1

1
+ (n+1)/ )‘d(y)pn+l(t7xla~-~>$nay>dy
0

1 n
+ - z; Ae(@i) pr—1(t, &1y ooy T, Tig1, oy Tp)
i=

— YPpn(t, T1, ey Tpy)-

Then, we find the equation solved by {H%"pn}nzo.

Proposition 2.1. Let Assumptions be in force and denote by {pn}n>0 a classical solution of
equation (2.1))-(1.3). Then, for any N > Ny the sequence {Hf%"pn}nzo solves

Drpot) = /0 Na(u) Ty s (1, 9)dy — vp0(0):

N n
atH%npn(t’xlv ,In) = Z < aji) <pn(t, ')v€j1 & - ® gjn>L2([O,1]ﬂ’)£jl (561) o gjn (.Tn)
1

Jtseedn=1 \i=

1
+(n+ 1)/ A@)TIE D gy (6 @1, o 2, ) dy
0

1« ®(n—1)
_ II )\c i II n— t) g eeeyg—1,5 Ly PREEP R 7)
+n§ NA(@)T Vo1 (8,21, oy i1, Tig 15 005 Tn)

=1

f'yH%"pn(t,xl,...,xn).

Here, we set Hf%opo = po-



Proof. Since {py }n>0 solves (2.1]), we can write for n > 1 that

8tH%"pn(t, X1y ey Tny) :H%”@pn(t, X1y ey Tpy)

n
= H%’ﬂ Z-Azpn(ta Ty, ,Jjn)

=1

1
=+ (n + 1)/ Ad(y)H%npn-i-l(tvxh 7In,y)dy
0

+ — ZH®" x’L Pn— 1(t T, .- xi—lazi—&-l;-",zn)]

’yHN pn(t T,y ) (2.3)
- — HE@\)}’I’L ZAzpn(ta X1, 7*%'77,)
i=1

1
+(n+1) / AT o1 (8,1, oo 2 )y
0

1 & 1
+ - z; HN/\C(%‘)H%(H )pn—l(t7 LYy ey B 1, Tig 1y oeey Tny)
1=

- ’VH%nPn(ta Iy, 7xn)

We now observe that

Yo Aipa(tarsnma) =D A Y (palts )&y @ © &) r2omE (1) - &, (2n)
i=1 ) j

= > (Z aji) (Pn(t, ), €5, ® - ® & ) 2(0ym)Eq (1) - - - & (X)),
=1

Jisesdn21

and hence

n
H%n Z.Aipn(t,a:h veey xn)

=1

N
- (ZO‘”> pr(ty); &y © - @& ) 2o, Er (T1) - - &, ()
J1seegn=1

Moreover, according to Assumption [I.3] we have

1 1
/ Ad(y)H%nan(tﬁﬁ,~~-,$n,y)dy :/ HN)\d(y)H%npnqtl(taxl? 7xn7y)dy
0 0

1
_ / AT o (£ 21, s s )y
0

If we employ these two last facts in (2.3]), we arrive at (2.2 for n > 1. Similarly, the equation for n =0
can be derived by virtue of Assumption

Brpolt) = / Na()or(t,y)dy — vpo(t)

:/O HN)\d(y)pl(t,y)dy—wo(t)



_ /0 Aa(y)Tnpi (8, y)dy — vpo(t).
O

Remark 2.2. The initial and boundary conditions for the sequence {H}%npn}nzo are easily deduced
from (L.3) and the corresponding boundary conditions for {&x}r>1; more precisely,

(0) = 0;
HNPl(O z1) = ln((z1), for all z1 € [0,1]; (2.4)
0% 00 (0,21, ...,z,) =0, for alln > 1 and all (zy,...,x,) € [0,1]"; '
grad (115" p,) (t, @1, oy zn) =0,  foralln >1,¢>0 and (21, ...,z,) € 0[0,1]™.
Remark 2.3. It is useful to recall that the solution to the Cauchy problem
N
Opu(t, z) = ZaﬁQ (t, 2) +Z(di—cl a;z;) 0y, u(t, z) (Zczzz > (t, 2);
=t (2.5)

z) = Z Gizi
i=1

which is the key ingredient of formulas (L.9)-(1.10), admits the following Feynman-Kac representation
(see for instance [Karatzas and Shreve, 1991)]):

N t N
- KZ GZF (t)> exp {/0 (Z G ZF (s) — 7> dsH L t>0,2= (21, 2n) RN, (26)
i=1 i=1

Here, for i € {1,...,N}, the stochastic process {Z;*(t)}i>0 is the unique strong solution of the mean-
reverting Ornstein-Uhlenbeck stochastic differential equation

with {W1(t) }i>0,--., {Wn (t) }1>0 being independent one dimensional Brownian motions. It is well known

that the solution to (2.7)) can be explicitly written for a; > 0 as

. d; — ¢ ¢
ZF(t) = zie” it + 7104 G (1—e") —|—/ e =)\ Do dWi(s),
i 0
and simply
Zzzl (t) =z; + (dz — Cl)t,

when a; = 0. This shows that the function z; — Z7*(t) is almost surely affine and hence that, according
to equation (2.0), for any T > 0 there exist positive constant my and mg such that

lu(t, 2)] < mye™Z for all t € [0,7] and z € RV, (2.8)

This bound entails the finiteness of the expectation in (1.9); since the same reasoning applies to the
partial spatial derivatives of u (they also satisfy an equation of the form (2.5)), we conclude that the
expectations in (1.10) are well defined and finite as well.



We are now going to verify that the right hand sides of (1.9)-(1.10) solve equation (2.2)) for
n =0,1,2; to ease the reference to formula (1.9)-(1.10]), we write down explicitly the first four terms:

po(t) = Elu(t, Z)};

N
Onpi(t, 1) = ZE [(02,u)(t, Z)] &(21);

2.9
52 pa(t, 21, 22) Z E [(8s,,0:,, u)(t, Z)] &, (£1)&), (x2); (29)
1,J2=1
17 7N
Hf%gm(t,fflax%xs):g Z E [(0.,,0-,,0-, u)(t, Z)] &, (21)€;, (2)&;, (23).
J1,J2,J3=1

2.1 Equation for pg
We have:

O E[u(t, 2)] =E[

—

Opu)(t, Z)]

N
=E Oéka u t Z Z di — ¢, —Oszk>azku t Z) <ch2k — > t Z)

1
-

E[(dx — ek — axZk) 0z, ul(t, Z)]

M=T1

RE[OZ, u(t, Z)] +

p”qz

B
Il
-
o~
Il

(chzk— ) 1tZ)

Observe that an integration by parts gives (the boundary term vanishes thanks to the bound (2.8]
applied to 0., u(t, z))

E[0? u(t, Z)] = E[Z,0.,u(t, Z));

therefore,

N N
OEu(t, 2)] =Y oxE[Zk0,u(t, Z)] + > B[(dx — cx — oxZi) Oz, ult, Z)]
k=1

k=1
(chzk— > tZ)

N
> E((di — cx) O:ult, Z2)] + E

N
<Z ckZy — 'y) u(t, Z)

k=1 k=1
N N N
=Y dE [0, ult, 2)] = Y kR [0, u(t, Z)] + E (chzk - ) (t,Z)| .
k=1 k=1 k=1
An additional integration by parts yields

N
chE (‘Lku t Z <Z cka>
k=1




and hence

OiE[u(t, Z)] =Y dyE[0:,ult, Z)] — 1E [u(t, Z)]
k=1
= /0 Aa(y) (Z E [(azj u)(t, Z)] & (y)) dy —YE[u(t, Z)].

This corresponds to equation (2.2) for n = 0, with po(¢) = E[u(¢, Z)] and

N
Myp(tar) = 3 E [(05,0)(t 2)] € (a):

j=1
2.2 Equation for IIyp;
We have
N N
01 Y E[(0:,u)(t, 2)] &(w1) = DB [(0:,0u)(t, Z)] & (). (2.10)

j=1 j=1

Now,

E [(9.,8:u)(t, Z)] = / (0., 0u) (£, 2)(2m) N2 = dz
]RN
N N w
:/ 8Zj (Z akafku(t, z) + Z (dp — cp — Ozkzk) 8Zku(t, Z)) (27T)—N/26_Td2:

RN k=1 k=1

N 2
+/ 0., ((Z CrZk — ’y) u(t,z)) (QW)*N/ze*%dz
RV \ k=1
N 2
:/ (Z 0,02 u(t, 2) —ajazju(t,z)) (27T)_N/26_‘Z2‘ dz
RN

k=1

b

al 2
+/ (cju(t, z) + (Z Ckzp — 7) 8zju(t,z)> (271’)_N/2e— 12| &,
RN k=1

An integration by parts with respect to 0., in the first term of the fourth line above will produce the
term

N 12)2

(dy — ¢ — agzg) 02,0, ult, z)> (277)7N/26* 2 dz

al 2
/ (Z akzkazjazku(tvz)> (27)_N/2€_‘22‘ dz,
RN

k=1

which is identical to one of the terms from the fifth line but opposite in sign. We can therefore write

E [(0-,00u)(t, Z)] = /

RN

N 2
(—aj(‘?zju(t, z) + Z (dx — cx) 0,0, ult, z)) (2m)~N/2e~ = dz

k=1

N 2
—I—/ <cju(t, z) + (Z Crzl — 7) 8zju(t, z)) (27r)_N/26— El s
By k=1

(2.11)

10



Similarly, an integration by parts with respect to 0, in the term

N
/]RN (—chazjazku(t,z)> (2m)~

k=1

from the first line of (2.11)) will give

N
_/ (Z ckzk> Oz, u(t,z)(2m)~
RY \k=1

hence canceling the corresponding term from the second line in (2.11]). Summing up,

N 2
E [(0.,0u)(t, Z)] :/RN (—ajazju(t,z) + deazjazku(t,z)> (QW)—N/Qe_%dZ

k=1
ciul(t,z) — u(t, z m _N/2e_# ¥4
+/RN(J(t,) 70, u(t, z)) (2m) d
N
= — o B[(0:,u)(t, 2)] + > _ dxE [(02,0:,u) (¢, Z)]
k=1
+ ch[u(ta Z)] - ’YE[(az]'u)(u Z)}

We can now plug the last expression in (2.10)) to get

atZE [(0:,u)(t, Z)] &(x1) Z]E [(0-,80u)(t, Z)] &;(x1)

j=1 Jl

N N
:_Zaj (0=,u)(t, 2)1&j (1) + D> diE [(92,0:,u)(t, Z)] & (1)

j=1k=1

N
+Zc] ult, 2)1¢i(x1) — 7 Y E[(0:,u)(t, 2)I¢; (1)
j=1

:—Za] (0=,u)(t, Z)]&; (21 +2/ Aa(y H% pa2(t,x1,y)dy

Jj=1
+ OnAc(x1)po(t) — YN p1(t, 21).

This corresponds to equation (2.2) for n = 1 with the prescriptions (2.9)).

2.3 Equation for HN 02
We start as before with

1 N
(2 IZ: [(9:,,0:,,w)(t, 2)] 5;‘1(301)51'2(552))
’ N
Z

z]2 2]1 atu) (t’ Z)] gjl (1’1)ij (xQ)

N =

J1,J2

Now,

E [(821.2 02;, Oru)(t, Z)]

11
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2|2

z/ 8Zj282j13tu(t,z)(277)7%67 2 dz
RN

| 2

N N
- / Pt (Z adZ u(t,2) + ) (di = ex = awz) Oault, z>) (2m) Fem 7 dz
RY k=1

k=1

N
N _z?
.0, E - t, 2m)"2e 2 d
+/sza”8“<< Ck 2k ’y)u( z))(w) e z

k=1

N
:Zak/ ('Lhazjlagku(t,z)(27r)_%e_ 2 dz
k=1 JRY

|2]2

+/ (=, 0., 0., u(t, z) — @, 0., O u(t,z))(Qw)*%e*sz
RN

Zja 241 Zj1 ~Ri2
+ / (
N
RY \k
|=|?

N
+ / (cjlazhu(t, z) + ¢4, 05 u(t, 2) + (Z Crak — 7) 0z, 8Zj1u(t,z)> (QW)_%G_ZTCZZ.
RN k=1

N
N 1212

(d, — cr — azk) 0z, 0:; Oz, ult, z)) (2m) e 2 dz

=1

Integration by parts with respect to 9,, in

0

0z, 92 ult, 2) (2#)7% e” 2 dz
RN

Zjo

and

N
/ (ZCkazhazh Zku(t72)> (27'()7%67@ dz
RN

k=1
will simplify the expression to

E [(9., 0

Zj1

dyu)(t, Z)]

Zjg

= / (—ajla%f)zjlu(t,z) — ajzazjlazj2u(t,z)) (271’)_%6_27(12
RN

N
+) i / 8.,,0., O.ult,2)(2m) " Fe” = dz
k=1 YRV

—|—/ (cjlazjzu(t, z) + ¢, 05, u(t, 2) — 70,5, 0, ult, z)) (27‘()7%67 2 dz
RN

= —(aj, + ;) E[(0:,0:,,u) (t, 2)] + Y _ diE [(02,,02,, 0z,u) (¢, Z)]

k=1
+ leE [(azjz U’) (t7 Z)] + Csz [(azjl U) (t7 Z)} - rYE [(82j2 aZjl U’) (t7 Z)]
Therefore,
1 X
atH%2p2(t7 T, 1‘2) 25 Z E [(8Zj2 8Zj1 atu) (ta Z)} 531 (xl)fjg (1'2)

it

Jlj N
=—5 > (0 +ag,)E[(0:,0:,u) (1, 2)] &, (1)), (v2)

J1,J2=1

12



N
- % Y E[(0:,0:,u) (1. 2)] & (21)€, (22)

= - % Z (ajl + ajz)]E [(azjz 841 u) (t7 Z)} £j1 (x1>€j2 (.’L‘g)

J1,J2=1
1
+3/ (WIS ps(t, 21, 2, y)dy + TN ANy (t, ) (21, 22)
0
—WHf%zpz(t,xh%z)-

This corresponds through identities (2.9)) to equation ([2.2)) for n = 2.

3 Preliminary material

In this section we introduce the framework utilized for proving our main theorem. For more
details on these topics, we refer the reader to one of the books [Bogachev, 1998], [Janson, 1997] and
[Nualart, 2006].

3.1 Wiener-Ito chaos expansion

Let (92, B,P) be the classical Wiener space over the interval [0, 1], i.e. € is the space of continuous
functions defined on the interval [0,1] and null at zero, B is the Borel o-algebra of € induced by the
supremum norm and P the Wiener measure on (2, B). We denote by

B,:Q—=R
w By(w) :=w(z), ze€]l0,1],

the coordinate process which by construction is a one dimensional Brownian motion under P. According
to the Wiener-Ito chaos expansion theorem, any random variable @ in I.2(2) can be uniquely represented
as

= I,(h), (3.1)

n>0
where
o Ny :=E[D];
e for n > 1, h, € L?([0,1]™), the space of square integrable symmetric functions;
e Iy(hg) := ho = E[P];
e for n > 1, I,,(hy) stands for the n-th order multiple It6 integral defined as

1 1 Tp—1
Iu(hy) == n!/ / / B (21,5 ooy @ )d By, - - - dBpyd By, .
0 0 0

The series in (3.1)) provides an orthogonal decomposition of ® that converges in L.?(£2); in fact, multiple
1t6 integrals possess the following general properties:

13



e for all n > 1, E[L,(h,)] = 0;

o if n # m, then E[I,,(hn) I (hm)] = 0;

o for n > 1, E[I,(h,)?] = n!|hn|%2([071]7,).
From the last two identities we get

E[@2] = Z n!|hn|%2([071]n)7

n>0

and, for ¥ € L?(Q) with

n>0
that
E[QV] = Zn!<hnagn>L2([0,1]")' (3.3)
n>0

Two notable subsets of 12(f2) are
M
F:= {Z I,(hy), for some M € NU{0}, hg € R and h,, € L2([0,1]"), n =1, ,M} )
n=0

which collects the random variables with a finite order chaos expansion, and

®n
E:= S(f)::ZIn<f ),forsomefELQ([O,l]) ,

n!
n>0

which is the family of the so-called stochastic exponentials. It is well known that

E(f) =exp {h(f) - ;|f|2L2([0,1])}

and that F and the linear span of E are both dense in L%(Q). In particular,
E[®Z] = E[UZ], forall Z € F,
or
E[®E(f)] = E[WE(f)], for all f € L%(]0,1]) (or some dense subset of L?([0,1])),

implies ® = ¥, P-a.s.. Note also that, according to (3.3]), we can write

E[@E(f)] = Z(hn, FE) L2(0,1)m)

n>0

whenever ® =3, In(h,). We recall in addition that, by virtue of the Hu-Meyer formula

() - T () = %ﬂ r! <”) (’:‘) Iz (B @rhim), (3.4)

r
r=0

14



the linear space F is an algebra with respect to the point-wise multiplication. If we denote the r-th
order contraction of h,, and h,, by h, ®;, hp,, i.e.

(hn Or hm)(xla EERE) $n+m727‘)

3.5
::/ hn(xh~~~7xn7’r7y17“wyr)hm(yla“wyrvxnfrJrla-~~7xn+mf2r)dy1 o 'dyr7 ( )
(0,1]"
then h, &, h,, in equation (3.4) denotes the symmetrization of h, ®, hp, i.e.
(hn®rhm)(ﬂcla "";xn—O—m—Qr)

1 (3.6)

S — hn rhm a(l)s s Lo(n+m—2r))s '

(ntm —2r) Do (@ b)) (@ (1), s Tonpm—2r))

0ESntm—2r

with Sy, m—2r being the group of permutations on {1,...,n +m — 2r}.

3.2 Malliavin derivative

The Malliavin derivative of & = 271\14:0 I,(hn) € F, denoted {D,®},cjo,1], is the element of
L?([0,1]; F) defined by

M-1
D@ =Y (n+ 1)L (hnia(2)), x€[0,1].

For I € L2([0,1]) and ® = " I,,(h,) € F, we also write

M—-1

Do .= <D<I>,Z>L2([071]) = Z (’rL +1)I, (/(; hn+1('7y)l(y)dy>

n=

(=)

" (3.7)

- i (n+ DI, (hpy1 @11)
=0

T

=

for the directional Malliavin derivative of ® along ! (in the last member above we utilized the notation
(3.5)). We remark that D;® is also a member of F.

If we now take [ € L?([0,1]), ® = ZQ/I:O I,(h,) EFand ¥ = Zf:o I.(g9n) € F, we can write

(M-1)AK
E[D;® - ] = Z nl(n + 1) (hng1 @11, 9n) L2(j0,17)
n=0
(M—-1)AK
= Z (n+ 1)'<hn+17l®gn>L2([071]"+1)

n=0

(M—1)AK
= > 4D ni1,18gn) 120,14 (3.8)
n=0
MA(K+1)
= Z 1!, I®gn—1) £2([0,1]m)
n=1
=E[® - D}V ,
where
K41
Div =" I,(1&g.1)
n=1
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and

n

R 1
(&@gn—1)(1, .0y p) == " ; J(@i)gn—1(x1, ., i1, Tig1, o Tp)

(compare with definitions and for r = 0). We remark that in we utilized the symmetry
of hy41 and the fact that the symmetrization operator is idempotent and self-adjoint in L2([0, 1]™).

It is clear that D} W also belongs to F; moreover, E[D; W] = 0, for all I € L?([0,1]) and ¥ € F.

If in the Hu-Meyer formula we take m = 1 and set g; = [ € L?([0,1]), we get

Li(hn) - (1) = L1 (hp®1) + Iy—q (hn, @1 1)
— Dt 1 (hy) + Din(hn).

Summing over n and using the linearity of the operators D} and D;, we deduce the identity
D9 + DV =T I(1), (3.9)
which is valid for ¥ € F and [ € L%([0,1]). One can also introduce the adjoint of D,, denoted d: if

O(x) = ZM I,(hn(:;2)) is a stochastic process in F, then

n=0 """
M ~
5((1)()) = Z In+1(hn) €F,
n=0

where h,, stands for the symmetrization of h,, with respect to the n + 1 variables 1, ..., xy, x.
It is useful to mention that the definition of Malliavin derivative can also be extended to the members
of the family E: for any f,1 € L?([0,1]), we have

DLE(f) = f(@)&(f),z €[0,1]  and  DiE(f) = {f, )20 €(f)- (3.10)

3.3 Second quantization operators

Let A : L2([0,1]) — L?([0,1]) be a bounded linear operator; for ® = ZQ/I:O I,(hy) € F we define
the second quantization operator of A as

M
D(A)® =Y I, (A®"h,),

n=0

and the differential second quantization operator of A as

M n
dr(A)® =Y 1, (Z Aihn> 7

where A; stands for the operator A acting on the i-th variable of h,,. The boundedness of A implies that
both T'(A)® and dI'(A)¥ also belong to F; note in addition that for A being the identity, we recover
from dI'(A) the well known number operator:

M
NO = "nl, (h,).
n=1

Via a simple verification on can see that for all & and ¥ in F the following identities hold true:

E[[(A)®] = E[®]; E[dT'(A)®] = 0;
E[[(A)® - U] = E[® - T(A")V]); E[dT(A)® - U] = E[® - d['(A*)T].
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Here, A* denotes the adjoint of 4 in L?([0,1]). As for the Malliavin derivative, the actions of second
quantization and differential second quantization operators can be extended to the class E of stochastic
exponentials:

D(A)E(f) = E(Af)  and  dD(A)E(f) = DisE(S).

The differential second quantization operator can also be represented as a composition of the Malliavin
derivative and its adjoint; more precisely,

dT'(A)® =6 (AD.®). (3.11)

3.4 Space of generalized random variables

We remark that the convergence of the series in (3.3)) is implied via the Cauchy-Schwartz inequality
by the conditions

Zn!|hn|%2([071]n) < +OO and angnl%z([o’l]n) < +o00. (312)
n>0 n>0

However, if ¥ has a finite order expansion, i.e.

M
U =" TI,(gn), for some M € NU{0}, (3.13)

n=0

then one can drop the first condition in (3.12)) and get a still well-defined pairing between the generalized
random variable ®, represented by the formal series ), - In(hy,) (which in general will not convergence

in L2(2)), and the regular or test random variable ¥ with finite order expansion ([3.13)). Let

F* .= Z L,(hy), for some hg € R and h, € L2([0,1]"), n > 1
n>0

be a family of generalized random variables. The action of T'= 3" . I;,(h,) € F*on g = ZTAL/[:O I.(g9n) €
F is defined as -

M
(T, ¢)) = Z n!(hn, 9n>L2([0,1]")~

n=0

By construction, we have the inclusions

with
(T, ¢)) = E[T,
whenever T' € L2(2). We will say that T = U in F* if

(T, ) = (U, ), forall p €F.

The generalized expectation of T =" - In(hy) € F* is E[T] := ((T, 1)) = ho. It is also important to
observe that, according to the Hu-Meyer formula , the vector space F is closed with respect to the
point-wise product between random variables. Therefore, if T' € F* and 1 € F, the product T - is well
defined and corresponds to the element of F* given by the prescription

(T, 0)) = ((T,¢-¢), @E€eF.
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The definitions of Malliavin derivative, its adjoint and (differential) second quantization operators can
be lifted from F to F* by duality:

(DT, ) == (T, Dig)),  (D[T,p)) = (T, Dip))
(LT, ¢)) := (T,T(A)g)),  (dT(A)T, ) = (T, dT(A%)p)).

Lastly, we recall a generalized version of the so-called Stroock-Taylor formula: if ' =" I,,(hy) € F*,
then -

1
hn (21, .y Tp) = EE[D“"”’I”TL (T1,...,xn) € [0,1]". (3.14)
Here, E[Dy, ...+, T] stands for the the generalized expectation of the n-th order Malliavin derivative of
T.

Remark 3.1. The space F* has been already utilized for solving some stochastic partial differential equa-
tions which admits only generalized solutions. See for instance the paper [Mikulevicius and Rozovskii, 2012]
where the authors investigate an unbiased version of the stochastic Navier-Stokes equations.

4 Proof of Theorem [1.5]

In this section we present the rigorous derivation of formula ([1.9)-(1.10)). Firstly, we devote our
Hn

attention to the original system, i.e. the one without projection operators IIy", that we report here for
easiness of reference:

1
Dupo(t) = /0 Na()pr (t, y)dy — 7po(t);

atpn(tvxlv 71'71) = - ZAipn(taxlv 7xn)
i=1

! (4.1)
+ (n+ 1) )\d(y)pn+1(t7$1,--~>$my>dy
0
T D WA PR
n g c\Tq Pnfl y L1, "';x1717x7,+17"'7xn
77p7l(tax17"'7xn)7
with initial and boundary conditions
po(0) = 0;
p1(0,21) = ((z1), =1 €[0,1]; (4.2)
(0,21, ...,2,) =0, n>1(x1,...,2,) €[0,1]" ’
aupn(taxlv 7:CTL) = 07 n Z 17t Z 07 (xla 7:1771) € 6[07 1]”

The first fundamental step of our analysis consists in integrating all the spatial variables of
pn(t, @1, ..., x,) With respect to the one dimensional Brownian motion {B; },¢[o,1); this procedure will
produce a sequence of time-dependent multiple It6 integrals which satisfies a stochastic counterpart of

equation (4.1))-(4.2)).
Proposition 4.1. Let {p,}n>0 be a classical solution to (A.1)-(4.2). Then, the sequence of random
variables {I,(pn(t, ")) }n>0 satisfies the equations
Oln(pn(t, ) =dU(—=A)Ln(pn(t, ) + DayInt1 (Pns1(t,-))
+ DX In—-1(pn-1(t,")) = vIn(pn(t,-)), ¢>0,n = 0;
Li(p1(0,-)) =5 (Q);
In(p’ﬂ(oa )) =0, fO?“ alln 7é 1,
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with probability one. Here, we agree on setting I_1(-) = 0.

Proof. Using the first order contraction, see (3.5)), and symmetrized tensor product, see (3.6)), we can
reformulate (4.1)) as

O¢po(t) =Xa @1 p1(t,-) —vpo(t);
Oupn(t, 1,y n) == > Aipn(t, 1, s Tn) + (0 + 1)(Aa ®1 pryr (t, ) (@1, o Tn) (4.4)
=1

+ ()\c®p(t? '))(1'17 7.’17n) - prn(tvxla ) xn)

The continuity and symmetry of the functions py, (¢, 21, ..., @), ¢ pn (t, T1, ..., k) and > | Aipy (t, 1, oy T,

entail their membership to L2([0, 1]); this allows us to perform, for any n > 1, an n-th order multiple
Itd integral on both sides of the equation (4.4)) to get

L, (0ipn(t, ) = — I, <Z Aipn(t, )) + (n+ 1)1, (Mg ®1 pnyi(t,-))
i=1

+1p (/\c®pn71(tv )) =1L (pnlt, ")),
or equivalently,

OpIn(pn(t, ) =dU(=A) Ly (pn(t, ) + DayInt1 (Pnsa(t, )
+ DXCIn—l (Pn—l(tv )) - 'an(pn(tv ))

The last identity holds for all n > 1, ¢ > 0, P-almost surely. The initial conditions in (4.3 are readily
checked. O

Our next step is to construct a generalized stochastic process {®(t)};>0 out of the sequence
{L.(pn(t,-))}n>0 in the spirit of the Wiener-Ité chaos expansion.

Proposition 4.2. Let {p,}n>0 be a classical solution to ({4.1)-(4.2]). Then, the stochastic process

O(t) =Y In(pn(t,-), t=>0, (4.5)

n>0
belongs to F* and solves the differential equation

0, D(t) =dT(—A)D(t) + Dy, ®(t) + DL B(t) — 7®(t), t>0,

(0) =1 (0). (46)

Proof. The continuity of p, (¢, ) together with its partial derivatives up to the second order ensure that
the dual pairing ((®(¢),¢)) between ®(¢) from and any element ¢ = Zf«\f:o I, (hy) of F is well
defined thus entailing the membership of ®(t) to F*, for all ¢ > 0. To prove that {®(t)}¢>0 solves (4.6),
we sum equation over n > 0 with the convention that I_;(-) := 0 (recall also that Dy, Io(:) = 0):

this will lead to
0®(t) =0, > Ln(pn(t.")) = > diLulpalt."))
n>0 n>0

=S A0~ AL (put ) + 3 DayLoss (prsa (8,7))

n>0 n>0

+ Z Dicln—l (Pn—1(t,")) — Z L(pn(t,-))

n>0 n>0
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=dT(—A) Y " L(pn(t.")) + Dr, Y Ingr (posa(t, )

n>0 n>0
+ D3> o1 (pnoa(t) =7 D> Inlpalt
n>0 n>0
=dl(=A) > Li(pa(t,-)) + Da, > I (pu(t,-)
n>0 n>1
j{:lﬁ 1 pn 1 W/EE:]V p”
n>1 n>0

=dD(—A)D(¢) + Dy, ®(t) + D} O(t) — yD(t).

Observe that the smoothness of the functions {p,},>0 allows for the interchange between the series
and operators O, dI'(—A), D), and D} (since we are working in the space F*). The initial condition
in is trivially verified and the proof is complete. O

Remark 4.3. The stochastic process {®(t)}1>0 and differential equation provide a concise refor-
mulation of the sequence {pn}n>0 and system of partial differential equations —. In principle,
one may start solving equation and then identify, via the generalized Stroock-Taylor formula ,
the kernels of this solution as the sequence {pntn>0 fulfilling @—@

We now proceed with the investigation of the projected sequence {II5" py(t, ) }n>o-

Proposition 4.4. Let {py, }n>0 be a classical solution to —-. Then, for any N > Ny the sequence
of random variables {1,115 p(t,-)) }n>0 satisfies for any t > 0 the equations

OuLn (115" pu(t,)) =D (~A) Lo (15" pu(t,) + D Lus (IF" pra 8.9))

+ Dir et (TR puca(t)) = AL pu(t, ) wn
LMy p1(0,-)) =L (HnC);
L,(I%" pn(0,-)) =0, for alln # 1,
with probability one.

Proof. We know from Proposition E 4.1) that the sequence of random variables {I,,(p, (%, -)) }n>0 satisfies
equation (4 , moreover, according to the definition of second quantization operator we can write

L(TR"pu(t, ) = T(TIN) In(pu(t, ))-
Therefore,
0L (IR pu(t, ) =0 L (TIIn ) L (pu(t, )
=L(IIN)0 In(pn(t, "))
=I(Iy) [dT(=A)In(pn(t, ) + Dagdnt1 (prsa(t;-))]
+T(IIy) [DX, In-1 (pn—-1(t,-)) = vIn(pn(t,-))]
=I(IN)dl (= A) L (pn(t;-)) + T(HN) Day Ingr (pnta (2 )
+ T(IN) D3 In-1 (pn-1(t, ) = YD(IIN) L (pn (2, ).
We now have to investigate the commutation relations of I'(Tly) with dI'(—A), Dy, and D} . Let
h € C?%(]0,1]); then,
E[L (T )dT (= A) In(pn(t, ) - E(R)] =

(4.8)

E[dl (= A) L (pn(t, ) - E(Inh)]
Elln(pn(t, ")) - dU(=A)E(ILyh)]
=E[L(pn(t,)) - DX amyn€ ()]
E[In pn(t> )) D HN.AhS(HNh)]



On the other hand,

E[dl (= A)LIIN) In(pn(t, ) - E(R)] = E[LIIN)In(pn(t, -)) - dT (= A)E(R)]
= E[LIIN)In(pn(t, ) - DL 4,E(R)] (4.10)
= E[ln(pn(t, ) - Ty ) D* 4, E(h)] '
=E[n(pn(t,-)) - DZipy an€(nh)]
Comparing the first and last members of and we deduce that
B[y )dl (= A)In(pn(t, -)) - £(h)] = E[dT (= AT (N ) I (pn(t, ) - E(R)],
for all h € C?%([0,1]) and hence that
P(I )AL (—A) L (pn (1)) = dD(— AT Lu(pa(t, ), P = as. (4.11)
We now consider the commutation between I'(IIy) and Dy,
E[N(IIN) Dy In(pn(t, <)) - E()] = E[Dx,In(pn(t,-)) - E(nh)]
= E[nln-1(Aa ®1 pn(t, ) - E(nA)]
= n(Xa ®1 pn(t,-), xh)®" 1) 120,171
=n(Aa @1 H® " DPn( s h®n_1>L2([0,1]"*1)u
while
E[D/\dF(HN)In<pn(ta )) )] E[DAdIn(H%npn(t’ )) : g(h)}
=E[nl—1(Aa ®1 I pn(t,-)) - E(h)]
— Elnl, 1 (Mx A ©1 T3V (t,)) - ()]
= 7’L<HN>\d &1 H%(nil)pn(t, -), h®n_1>L2([0,1]n71).
Therefore,
T(IIN) Dy In(pn(t, ) = Dx, LN ) In(pn (2, ), (4.12)

if Aq = Iy Ag; but this is the case since we are assuming N > Ny (recall Assumption [1.3). Lastly, we
investigate the commutation between I'(Ily) and D, :

comparing the first and last members we can conclude that

T(IIN) DY Tt (pn-1(t,-)) = Diy o TN ) Iy (pna(250)) 5 (4.13)

almost surely. Now, using (4.11))-(4.12)-(4.13) in (4.8]) we obtain

0L (TLF" i (t, ) =T (In )dL (= A) L (pu(t, ) + T(TIN) D, Lot (P (¢, )
+ T(IIN) DX o1 (pn-1(t, ) = AT (UN) I (pa(t; )
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=dD (= A) (115" pu (2, ) + Day Lo (IR pasa (8.))
+ Diordne (5" paca(t)) = A1 pu(t: ),
which corresponds to (4.7]). O

The last step of our construction consists in rewriting equations (4.7) from a standard partial
differential equation’s perspective.

Proposition 4.5. For anyn > 1,

LMY pu(t, ) = o (8, 11(&1), .. 1 (EN)) (4.14)

where on N ¢ [0, +00[xRY — R is a polynomial of degree n in the variables I1(&1),..., Ii(En). With this
representation, equations (4.7)) read

(815301'7,,]\7 Z akazk ©n, N t Z Z akzkﬁzk Pn, N t Z + Z dkaz;C Pn+1,N (t Z)
k=1 k=1 k=1
. (4.15)
+ Yn-1, N t Z (Z Ckzk> - Z Ckazk,gonfl,N (tv Z) - ’ycpn,N(ta Z)a
k=1

forn>1,t>0 and z = (21,...,2x) € RN. Here we set p_1 y = 0.

Proof. We start observing (see for instance [Janson, 1997]) that

Ln(IX" pu(t,+)) = D(TN) In(pn (¢, ) = E[Ln(pn(t, )| (11 (1), -, Lu(En))],

where the right hand side above stands for the conditional expectation of the random variable I, (py, (¢, ))
with respect to the sigma-algebra generated by the random variables {I;(&1),...,J1({n)}. It is also
well known from the theory of multiple It6 integrals that I,,(p,(t,-)) can be written as an infinite
linear combination of polynomials of degree n in the variables I7(£1), I1(£2), ...; the action of the con-
ditional expectation above reduce that linear combination to a finite number of terms in the variables
{L(&), ..., [1(€x)}. This proves identity . Let us now derive equation ; according to formula
we have

AT (= A) L (TR pu (¢, ) =dT (= A)pn (t, 11 (61), -, T2 (EN))
== 6 (AD.pn N (£, 11(&1), -, [1(En)))

N
== <Z(3zk80n,1v) (t, I (&), -, 11 (EN)) Aﬁk('))

k=1

N
= Zak6 ((azk@n,N) (t’ 11(51)7 "'711(51\/')) fk())

N
=— Zak5(§k) Oz, on,N) (8 11(&1), o L1 (EN))
P

N

+ Zakafksﬁn,N (t, 11(&1)s -, 11 (EN)) 5

k=1

moreover, using the chain rule for Malliavin derivatives we get

Dy Ins1 (Hf%(n Ry )) =Dx,Pn+1.5 (6 11(61), - [1(EN))
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(02 fn1,8) (&, 11(61), s T1(EN)) (A €k) L2(0,1))

M= T

di Oz Pnt1,n8) (8 11(&1), s T1(EN))

>
Il
—

and

Ditadn-1 (TR Vpu-1(t,)) =Ditgr, @n1n (b 160, - h(En))
=pn—1,8 (&, 11(&1), ., [1(éN)) - Ii(TIn Ac)
— Dy, pn—1,n (&, 11(&1), . 11 (€N))

N
=Pn-1,n (£, 11(61), - 11 (€N)) - (Z Ckﬁ(fk))
k=1

Mz

(O, on—1,n) (6, 11(&1), - 11 (EN)) ci
k=1

Note that in the second equality above we made use of identity (3.9). Combining all the previous
identities we can rewrite equations (4.7)) as

N
(Orpn.n) (6 L&), T(EN) =Y awd2 o (811 (&), - [1(€N))

k=1

N
- Z Oék(S(fk) : (aZkW’n,N) (t7[1(§1)7 ) Il(fN))

N

+ de(azksﬁnH,N) t, (&), ... Ti(€n))

k=1

+on-1,n (6, 11(6), - [1(€N)) - (Z %h(ﬁk))
k=1

N
=Y Oz pn1,n) (6T (), s TEN)) e

— YPn,N <t7 11(51)7 ceey ]l(é-N)) .
This corresponds to (4.15]) upon replacing I () with zg, for k=1,...,N. O

We are now ready to prove Theorem Let

u(t, [1(61), s (€)= Y nw (6 11 (60, s Ti(EN)) - (4.16)

n>0

According to the last proposition, summing over n > 0 equations (4.15)) we see that the function w in

(4.16)) solves

N
Opu(t, 2) Zakazku t,z) + Z di, — ¢ — agzy) 0z, u(t, 2) <Z CL2r — ) )
k=1

k=1

N
z) = Z Crzk-
k=1
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On the other hand, by construction

Z@n,N (tall(§1)7~-~7 ZIn N pn )) ;

n>0 n>0

this gives

u(t, [ (&), s i(EN)) = D In (TR pa(t, ) -

n>0

Thus, the kernels in the Wiener-Ité chaos expansion of u(t,I(&1),...,J1(§n)), which in general can
be represented via the Stroock-Taylor formula , coincide with the sequence {II% N Pn(t, ) tn>o-
Therefore,

05" o (t, @1, .. 2y) =%E Dy ut, [1(€1), ooy TL(EN)))]
1 N
! Z E [(8zn . '8Zjnu) (t,Z)] & (1) -+ & (),
J1s--Jn=1

where

B0, 05,0 (. 2)] = [ (00, 0,0 (12)(2m)"
This completes the proof of our main result (recall that the orthonormality of the functions &1, ..., &{n
implies that I1(&1), ..., I1(§x) are independent standard Gaussian random variables).

Remark 4.6. Following the previous construction, we could formally associate equation (4.6)) with

Opu(t, z) = Zak u(t, z) +Z (di — e — agz) Oz ult, 2) + chzkffy u(t, 2)

k>1 k>1 k>1
u(()’ Z) = C(Z)’

where now u(t, z) = u(t, 21, 2, ....) is a function of infinitely many variables, and obtain the identity

(I)(t) =Uu (t, 11(61)7]1(52)a ) .

From this point of view, the use of the projection operator Iy is needed for reducing to a standard
partial differential equation with a finite number of spatial variables. It is however worth mentioning
that we are not sure whether equation as well as its probabilistic counterpart , may help in
assessing well-posedness for the chemical master equation .

(4.17)
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