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Smoothing effect and Strichartz estimates for
some time-degenerate Schrodinger equations

Serena Federico

Abstract In this paper we present recent results about the smoothing properties of
some Schrodinger operators with time degeneracies. More specifically, we will show
that time-weighted smoothing and Strichartz estimates hold true for the operators
under consideration. Finally, by means of the aforementioned estimates, we will
derive local well-posedness results for the suitable corresponding nonlinear initial
value problem.

1 Introduction

In this paper we shall investigate the smoothing properties of some time-degenerate
Schrodinger operators of the form

Lo =i0 +1"A+c(t,x)- Vy (1)

and
Ly :=id; + D' (A, 2)

where @ > 0, c(t,x) = (c1(t,x),. . .,cn(t, x)) is such that, for all j = 1,...,n, c;(t,x)
is a complex valued function satisfying suitable dacy assumptions, while » € C!'(R)
and satisfies b(0) = b’(0) = 0. We will go through the analysis of two kind of
smoothing properties characterizing the solutions of Schrédinger equations in the
Euclidean setting, that is, those described by smoothing and Strichartz estimates.
More specifically, we will prove that local weighted smoothing estimates are satisfied
by L., while local weighted Strichartz estimates are satisfied by L. Once these
results will be at our disposal, we will consider suitable nonlinear initial value
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problems for L, . and L, and give the corresponding local well-posedness results
in each case.

Considering what previously mentioned, it should be clear that the estimates
object of this work constitute a crucial tool to attack nonlinear IVPs (initial value
problems) for dispersive equations.

Smoothing estimates are used to show that the solution of a certain equation
gains regularity (in terms of derivatives) with respect to the regularity of the initial
datum (homogeneous smoothing estimate) and/or with respect to the regularity
of the inhomogeneous term of the equation (inhomogeneous smoothing estimate).
Therefore these estimates are the suitable ones to be used when dealing with nonlinear
problems with derivative nonlinearities.

Strichartz estimates, instead, allow to obtain a gain of integrability of the solution
of a certain equation with respect to the integrability property of the initial datum
(homogeneous Strichartz estimate) and/or with respect to the integrability property
of the inhomogeneous term of the equation (inhomogeneous Strichartz estimate).
These are the estimates to be used to solve semilinear IVPs.

Results concerning smoothing and Strichartz estimates for constant coefficient
Schrodinger equations, but also for general constant coefficient dispersive equations,
are by now classical (see [17, 5, 6, 20, 21, 18, 35, 3, 37, 19]). As for the the variable
coefficients case where the Laplacian is replaced by a variable coefficient (elliptic)
operator (the constant case with potentials is also well understood and widely studied)
the situation is much different, and the results available are quite limited.

The smoothing effect of Schrodinger equations with nondegenerate space-variable
coefficients was proved in [22] by Kenig et al., where the authors considered and
solved the ultrahyperbolic case too. Important achievements in the study of smooth-
ing estimates are due to Doi (see [7] and [8]), who considered the problem in the
general manifold setting. As regards Strichartz estimates, Staffilani and Tataru proved
in [34] the validity of such estimates for Schrodinger equations with nonsmooth co-
efficients (with compactly supported perturbations of the Laplacian), while in [30]
Robbiano and Zuily obtained these estimates for Schrodinger equations with small
perturbations of the Laplacian. Let us mention that several results have been proved
for equations with potentials and in the manifold setting, and we refer the interested
reader to [1, 2, 27, 9, 10, 29] and references therein.

Our analysis here, despite the aforementioned results, focuses on time-degenerate
Schrodinger operators of the form (1) and (2). It is worth to mention that the class
of operators (1) was first considered by Cicognani and Reissig in [4], who studied
the linear problem and proved the local well-posedness of the linear IVP both
in Sobolev and Gevrey spaces. The results about the local smoothing effect of
the class (1), proved by the author and Staffilani in [12], will be presented below
in a selfcontained way. Some results about the homogeneous smoothing effect of
nondegenerate operators of the form (2) were proved by Sugimoto and Ruzhansky in
[32]. As for Strichartz estimates and local well-posedness for the class £, on the one
and on the two-dimensional torus, and possibily generalizable to general compact
Riemaniann manifolds, they were proved by the author and Staffilani in [13], where
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some nondegenerate space-variable coefficient Schrodinger operators on the one and
on the two-dimensional torus were also studied.

Concerning the Strichartz estimates for (2) treated in this paper, they were proved
by the author and Ruzhansky in [11], where some homogeneous smoothing results
were also established by means of comparison principles.

Let us now conclude this introduction by giving the plan of the paper. In Section
2 we shall analyze the local smoothing effect of L, . in two cases: when ¢ = 0
(in Subsection 2.1) and when c is not necessarily identically O (in Subsection 2.2).
In each case we also give the local well-posedness result for the corresponding
nonlinear IVP.

In Section 3 we focus on the class £, and on the validity of local Strichartz
estimates in this case. A local well-posedness result for a semilinear IVP for £, will
also be given.

Notations. We use the notation A < B to indicate that there exists an absolute
constant ¢ > O such that A < ¢B. We shall denote by A® the pseudo-differential
operator of order s whose symbol is given by A%(£) = (£)* = (1 + |£[*)*/%.

The mixed norm space LY LI(R" x [0,T]), 1 < p,q < oo, is the space of
functions f(z,x) that are L4 in time on the interval [0,7] and are L? in space.
The norm is taken in the right to left order. In a similar manner we define the
spaces LP([0,T]; H*(R™)), 1 < p < oo, of functions that are L” in time and in
the Sobolev space H*(R") in space. Finally we shall denote by S := ST the
class of classical symbols of order m € R defined by

S™ = {p(x,€) € CR" X R"): p|Sh, < oo,

where 5
g _ i s
Iplgm == sup [[(&)""IVERPED) ).
la+B|=j
Finally, by writing ¢ # 0 we will mean that a function g = g(#, x) is not
necessarily identically 0.

2 Smoothing effect and local well-posedness for the class L, .

This section is devoted to the study of the class L, . as in (1). Below we will discuss
the cases ¢ = 0 and ¢ # O separately, in Subsection 2.1 and 2.2 respectively . This
distinction is done in order to show that one can use standard techniques in the first
case ¢ = 0, and that in the more general case ¢ # O the usual technique does not
work anymore (the case ¢ = 0 is always contained in the case ¢ # 0 according
to our notation). For the reader convenience we shall state our main results for the
class under consideration at the beginning of each subsection. As explained in the
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introduction, these results will be about the local smoothing and about the local
well-posedness of the nonlinear IVP.

2.1 The class L,

In the sequel we will use the notation L, := Ly = i0; + t*Ax. The operator
W, (2, s) in the statements below is the operator defined as in (9) giving the solution
at time ¢ of the homogeneous IVP for £, with initial condition u(s,x) = us(x) at
time s. Our main results for £, are the following.

Theorem 1 Let W, (t) := W, (2,0), with a > 0, then
Ifn=1forall f € L*(R),

2
sup 2D WaO) f1 0 1y S 112y 3)
x LA

If n > 2, on denoting by {Qg}gezn the family of non overlapping cubes of unit
size such that R" = Ugezn Op, then for all f € L2(R™),

T 1/2
sup ( / / DY Wo( fRdr dx| < s 4
BeZ™ Qﬁ 0

where D}, f(x) = (£ f(£))" (x).

Theorem 2 Letn=1and g € L)ICLIZ(R X [0,T)), then

1/2
Dy / 172 Wa (0.0t 2 my S N181ILL 2207 )

R,

and, forall g € L} L)ZC([O, T]xR),

t
1/2
%D}/ A Wa(t. D)8 | o @200y S N8l 2 qo.re)- ©

If n > 2, on denoting by {Qg}gezn a family of non overlapping cubes of unit size
such that R" = Ugezn Op, then, for all g € LIL2([0,T] x R™),

up ( /
BEL* \J QOp

Theorem 3 Let k > 1, then the IVP

2

t
2D [ Watgrds
0

1/2
dx S ||g||L1L2([o,TJxR")' N
L2(0.T]) o
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Lou = iululzk
{M(O, x) = up(x), ®)

is locally well-posed in H® for s > n/2 and its solution satisfies smoothing estimates.

Remark 1 Notice that Theorem 2 amounts to the validity of the homogeneous and
inhomogeneous weighted smoothing estimates with a gain of 1/2 derivative for £,.

When @ = 0 one has actually an inhomogeneous smoothing effect better than the
one described in (7), that is the inhomogeneous part of the solution gains 1 instead
of 1/2 derivative with respect to the inhomogeneious part of the equation (in other
words, when a = 0, one can replace D)lc/ 2 by D; in (7), see [20]).

When a # 0 the suitable corresponding weighted estimate still holds. This prop-
erty is described in Theorem 4 part (iii) below for the general case L, ., with ¢
being not necessarily identically 0, directly.

We stress that the proofs of the results of this subsection rely on the explicit
knowledge of the solution of the inhomogeneous IVP for £,. Indeed, by using
classical Fourier analysis methods and Duhamel’s principle (that still holds in this
case, see [12]), we get that the solution of the [IVP

{‘E(lu = f(t,x)

u(s, x) = ug(x),

for s < t, is given by

t
ult.3) = Wolt. () + [ Walta )10t
S
where
,r(t+17s(t+l . t”+l—.v“+l -
Wy (t, $)ug(x) = e o Axy(x) ::/ e_’(T“f'z_x'f)us(f)df )
Rl‘l

is the so called solution operator, that is the operator giving the solution of the
homogeneous problem at time ¢ with initial condition at time s. This is a two-
parameter family of unitary operators satisfying:

1. Wu(t,t) =1,

2. Wul(t,s) = Wyu(t,r)Wy(r,s) for every s,t,r € [0,T];

3. Wo(t,s)Axu = AxWy(t, s)u;

4. Wolt, S)usllas = llusllas-

Let us remark that in the case @ = 0 the operator above coincides with the well

known Schrodinger group.
Now we can finally give the proofs of Theorem 2 and Theorem 3.

Proof (Proof of Theorem 1) First note that (3) and (4) are true when a = 0, that is,
when W, () = Wy(t) = €'~ (see, for instance, [20]). Then it suffices to prove that
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11972 DY *Wa(0) 117 = |DY*Wo(0) 117

L%([0,T]) L2([0,T7])

To prove that the identity above is satisfied, we use the change of variables

12 /(@ + 1) = s, and get

T 2
12 _i(ratl g2 —x- 7
12D Wa O 11001 = /0 ’Q/Z/R T O (f)df' “
Ta+l

o ) - 2
- [ e e as
0 n

= IDY*Wo() £11?

L(0,T*! /(a+D)])"

Finally, by application of the smoothing estimates for Wo(¢) = ¢!"*x, we conclude

(3) and (4) (see [20], Theorem 2.1). O

Proof (Proof of Theorem 2) Inequality (5) follows directly from (3) by duality.
As for (6), on denoting by LY := LE(R"), we have

t
”ta/zDi/z'/O'Wa(t»T)g(T)T”L?LIZ([O,T])
T T
I

T
< Wo(0,7)e(T dr =
5 /O IWa(0, 002 d7 = llgllyygorpi

<
Minkowski

, (12
t”/zD,lcﬂWa(t, T)g(T)) dt) dr
Lo

which gives (6).
To prove (7) we first observe that, by Minkowsky inequality,

t
2D [ Watogride
0

. / 172D W (1.0)Wa (0.8 (D)l 2 0.1 47
L2([0,T])

therefore

iA

2 1/2
dx)

T 2
/Q ( /0 ||r“/2Dl“Wa<t>wa(o,ﬂg(r)HL;([o,n)dr) dx
B

t
t"/zD,lc/2 / Welt,T)g(t)dT
0

L([0,T])
1/2
<

12
T

a/2 /2
—— ( L DLW OWa 0 T)g<r)||L2([OT)]d) dr.

Then we apply the supgc7» on both the RHS and the LHS of the previous inequality
and get
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1/2
sup ( / dx)
ﬁeZH, QB

1/2
T
< /0 sup ( /Q ||r“/2Di/2wa<t,o>wa<o,r)g(r)ﬂig(mdx) dr
B

‘ 2
t"/zD,lc/2 / We(t,T)g(T)dT
0

L2([0.T])

BGZ"
T T
< W O,T T) 2 (Rn dT = / T 2 mn dT,
= /0 L P A LG P
which gives (7) and concludes the proof. 0

We are almost ready to prove our well-posedness result, but first let us recall what
we mean by saying that the IVP (8) is locally well-posed.

Definition 1 We say that the IVP (8) is locally well-posed (1.w.p) in H*(R") if for
any ball B in the space H*(R") there exist a time T and a Banach space of functions
X c L*([0,T], H*(R™)) such that, for each initial datum u( € B, there exists a unique
solution u € X c C([0,T], H*(R")) of the integral equation

u(x,1) = Wo(tug + / I Wo (2, T)|u|* u(t)dr.
0

Furthermore the map ug +— u is continuous as amap from H*(R") into C([0,T], H*(R")).

Proof (Proof of Theorem 3) The proof is based on the standard contraction argu-
ment. We summarize below the main steps of the proof. For further details we refer
the interested reader to [12].

Let us first assume that n = 1, and let us define the metric space X as

1/2+4
X:={u:[0,T] xR —> C; ||la/2Dx/ H”“L;"Ltz([O,T]) < 00, “u”L‘t"’([O,T])H; < o0},
which we equip with the distance
1/2+s
d(u,v) = ||fa/2Dx/ - U)HL;OL,Z([(),T]) + lu— U||L;°([0,T])H; +lu - U||L;°([o,r])L)zc,

where H? stands for the homogeneous Sobolev space. We then consider the map
t
D:X > X, DOu)=Wu(t)uo +/ W (t, T)ulu|* (t)d,
0

and prove that it is a contraction on a ball of X, that is on Bg := {u € X; ||ul|lx <
R} c X for a suitable R.
By using the estimates in Theorem 2 and in Theorem 3 we get that

[Dw)llx < 3lluollus + CiT|lul2*,

which, for R = 6||uo|lgs and T = ﬁ, gives that ® sends Bg into itself. Now,
fixing R = 6||uo||s, and by using arguments similar to those used above, we can
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conclude that @ is a contraction. Indeed, for all u,v € Bg, we have

[®(u) = D(v)llx < CaTR*[lu = vl|x,
therefore, by choosing 7 such that T = min{w, ﬁ}, we obtain that @ is a
contraction, and the result follows by the fixed point theorem.
Let us now assume that n > 1. In this case we define X to be the space

X :={u:[0,7T] xR" — C; |||ta/2D;+l/2u|||T < 00, HMHLFST]H;’ < o0},

where

I-llr = sup || - ll;2 2 s
pomn Lk @pLi0.T)
and

1/2
dx(u,v) = |lt*"* Dy, / (u=0)llr + [lu - U||L§°([0,T])H; + |lu - U||L;°([0,T])L§~

Then, considering the map @ as before but now defined on the new space X, we can
exploit the estimates in Theorem 2 and in Theorem 3 holding in the high dimensional
case to get the same estimates and properties as in the case n = 1. The result then
follows again by the fixed point theorem. For more details and explicit computations
see [12]. O

Remark 2 Let us remark that the methods applied above in the case L, := L4,0 can
also be applied to the case L4, = Lg ry, With v being a complex vector v € C".

2.2 The class L .

This section focuses on the study of the more general case L, . with ¢ being not
necessarily identically zero (¢ # O in our notation). We stress that the results of this
subsection hold true in the case ¢ = 0 as well, and that in the latter case a direct
proof can be performed. However, due to the presence of the variable coefficients
¢(t, x), whose properties will be stated soon (see Theorem 4), the strategy to be used
to analyze the problem for L, . is different than the one used before for £,. The
key tools of our analysis will be the use of the pseudodifferential calculus and the
application of a lemma due to Doi in [7], that we shall call Doi’s Lemma, that we
recall in Lemma 2 in the Appendix.

We shall state in Theorem 4 below our result about the smoothing properties of
the solution of the IVP

{6;14 = it"Au + ic(t,x) - Viu + f(t,x),

u(0, x) = up(x). (10)
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Moreover, we will give in Theorem 5 and Theorem 6 local well-posedness results
for the IVP (10) when f = [u|*u, k > 1, and when f = +/% 31_ (0, u)u, with
B = a > 0, respectively.

Theorem 4 Let ug € H*(R"),s € R. Assume that, for all j = 1,...,n, ¢; is such that
¢j € C([0,T],CX(R™)) and there exists o > 1 such that

lIm &Y c;(, x)], |Re 8 c;(t,x)| < 1¥(x)y™ 7" x eRr". (11)

Then, denoting by A(|x|) := (x)™7, we have the following properties:

(i) If f e L'Y([0,T]; H*(R")) then the IVP (10) has a unique solution u €
C([0,T]; H*(R™)) and there exist positive constants Cy,Cy such that

rast T
sup_[lu(t)lly < Ce@Cart ) (||Mo||s +‘/0 ||f(f)||sdt) ;

0<t<T

(ii) If f € L*([0,T]; H*(R")) then the IVP (10) has a unique solution u €
C([0,T]; HS(R™)) and there exist two positive constants Cy,Cy such that

T
2
sup o+ [ [ oo
0<t<T 0 R7

T(Y+1 T
< €O +T>(||uo||3+ / ||f<r>||.%dr);
0

(iii)  IfASV2f € L2([0,T] xR 1= A(|x|)" dtdx) then the IVP (10) has a unique
solution u € C([0,T]; H*(R")) and there exist positive constants C1,C, such that

T
2
sup [lu()]2 + / / @
0<t<T 0 Rn

a+l T
< Ol (||uo||§+ / / (1]
0 Rn

Above we abbreviated the norm || || gs®n) =: || flls-

2
AS+1/2M| A(|x|)dox dt

2
A”]/2u| A(|x|)dox d

2
As‘1/2f| dx d;).

Theorem 5 Let L, be such that condition (11) is satisfied. Then the IVP (10) with
f(t,x) = +|u|*u is locally well posed in H* for s > n/2 and the solution satisfies
smoothing estimates.

Theorem 6 Let L, be such that condition (11) is satisfied with o = 2N (thus
A(lx]) = (x)72N) for some N > 1, and let s > n+ 4N + 3 be such that s — 1/2 € 2N.
Then, the IVP (10) with f = +tP z;‘:l(axj u)u, where B > a > 0, is locally well posed
in Hy := {up € H'(R"); A(|x)up € H*(R")} and the solution satisfies smoothing
estimates.
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Remark 3 Let us stress that it is natural to require the coeflicients c; of the first order
term to satisfy some decay conditions, usually called Levi conditions. Indeed such
kind of conditions were proved to be necessary to have the local well-posedness of
the linear IVP in the case @ = 0. To be precise, it is enough to impose some decay on
Re 0} c;(t,x) only (for all j = 1,...,n,) to conclude the local well-posedness of the
linear IVP. However, the additional condition on Im o"@cj(t,x), forall j =1,...,n,
appears in order to get estimates with ”gain of derivatives”, namely smoothing
estimates, needed to deal with the nonlinear problem with derivative nonlinearities.

Remark 4 Notice that part (i) and (iii) in Theorem 4 correspond to the weighted
homogeneous and inhomogeneous smoothing estimate for L, . with a gain of 1/2
and 1 derivative, respectively. When « = 0, these results coincide with the classical
ones for Ly . (see, for instance, [20] and [22]).

The proof of Theorem 4 is based on the results in Lemma 1 below. The proof of
Lemma 1, instead, relies deeply on the use of Lemma 2, also called Doi’s lemma.
The crucial result due to Doi in [7] is needed to define a new norm N, equivalent to
the H®-Sobolev norm, which is used to perform the energy estimate from which the
smoothing estimates are derived. We explain below the way we use Doi’s lemma,
that is Lemma 2, to define N.

We apply Lemma 2 on the symbol a¥ := a = as + ia; + ap with as(x,&) = |£]?
and a; = ap = 0. In this case conditions (B1) and (B2) of Lemma 2 are trivially
satisfied, while (A6) holds with ¢(x,&) = x - £(&)~!. Therefore, by Lemma 2 with
A'(|x]) = C’{x)~7 (see Remark 6), with C’ to be chosen later, we get that there exists
pE $9 and C > 0 such that (37) holds.

We then consider the pseudo-differential operator K with symbol K(x,&) =
ePEAS where A = (£)° and p(x,&) is the symbol given by Doi’s lemma,
and define the norm N on H*(R"), equivalent to the standard one (see [22] for the
proof of the equivalence), as

N@)? = [|Kullg + lull} 12)

s—1°

where || - ||s stands for the standard norm in the Sobolev space H*(R").

With the norm N(-) in (12) at our disposal we can prove Lemma 1 from which
Therem 4 will follow. To prove Lemma 1 we employ the technique used in [22].

Lemmal Let s € R, A(|x|) := (x)77, Py = 0y — it*Ax — ic(t,x) - Vy, and
o > 1 such that (11) holds. Then there exists C;,Co > 0 such that, for all
u € C([0,TT; HS2(R™) N C([0, T]; H*(R™)), we have
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a+l T
sup [lu(®)lls < CeCUam+T) (||u0||s + / ||Pau(r,~)||sdz); (13)
0<t<T 0

Ta+l T T
sup [lu(r)lly < CreC U@+ )(Ilu(-,T)Ils +/ IIPZM(t,-)IIsdt); (14)
0<t<T 0

T 2

sup [lu(o)]]2 + / / S Y
0<t<T 0 R”?

el 2 g 2

< CreClaT )(Iluolls +/ IIPau(t,-)Ilsdt); (15)
0

2
A~“+1/2u| A(|x|)dx di

T
2
sup ()l + [ [ e
0<t<T 0 R
CT(H—I ) T 1
< CpeC2an ||u0||5+// YA(x])”
0 JR?

Proof The proof is based on an enery estimate in terms of the norm N(-) in (12). We
recall that P, := 0; — it*Ay —ic(t,x) - Vy, Dx = (Dx,, ..., Dx,) := (=i0x,, ..., —i0x,),
and that (-,-) stands for the L(R")-scalar product. We then consider

s=1/2 2
ASTV2P (e, | dxdt |.(16)
U

ONY = 0 \IKullg + d,llully_, = 1+11,

and estimate 7 and /1 separately.
We start by estimating term /7, for which we get

11 = 8,|lull>_, = 2Re(A* " 8,u, A 'u) = 2Re(A ™ Pyu, A ')
—2Re(A " le(t, x) - Dyu, A" 'u) + 2Re(ASTL £, A )
Cr||ull? + 2Re(AS™ £, A5 1w,

IN

Now, since
2Re(A £, AT ) < 2| flls—1llulls—1 < CN(fIN(u) (17)
and

2Re(A* ! £ A ) = 2Re (P A(x) T P AT £, P A x ) P AT )
< Ay AT £ + 112 ad ) P AT ullg
S O TIATIRL AT ) + 1N @), (18)

it follows that
11 < Ct*N(u)? + C’ min{N(f)N(u); (¢ 2 A(|x|)'AS2 £, A712 1)), (19)

with C and C’ new suitable constants.
As for term I we have that
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O, ||Kull3 = 2Re(d, Ku, Ku) = 2Re(Kd,u, Ku)

= 2Re(KP,u,Ku) + 2Re(K f, Ku)
= 2Re(it*[K, A Ju, Ku) + 2Re(it* Ay Ku, Ku)

=0
— 2Re(K b(t,x) - Dyu, Ku) + 2Re(K f, Ku)
= 2Re(it*[K, A Ju, Ku) — 2Re([K, c(t, x) - Dy |u, Ku)
— 2Rele(t,x) - Dy Ku, Ku) + 2Re(K f, Ku), (20)

therefore, in order to estimate I, it is crucial to prove suitable upper bounds for the
quantities 2Re(it*[K, A, Ju, Ku) and 2Re([K, c(t, x) - Dy |u, Ku) in the the fifth line
of (20).

By using the pseudodifferential calculus we can compute the symbol of the
commutator [K,c(t,x) - Dx], which is an operator of order s, and get, thanks to the
properties of ¢ (recall that ¢ € C;” and is bounded, together with its derivatives in
space, by 1% A(]x|)), that

—2Re([K, b(t, x)D Ju, Ku) < Ct%||ul)?.

For more details about how to get to this estimate see Lemma 5.0.1 in [12].

For the term 2Re(it*[K, Ay u, Ku), once more by using the pseudodifferential
calculus, we have that [K,Ax](x,D) = [p,Ax]K(x,D) + rg(x,D), where ry is an
operator of order s, while p = p(x, D) is the operator of order O appearing in the
definition of the norm N(-).

These considerations lead to

(20) < Ct"||u||§+2Re((it"[p, A)(x,D)—c(t,x)-Dx)Ku, Ku)+|2Re{it*r¢(x, D)u, Ku)|

< Ct|ul)? + 2Re{(it[p, Ac)(x, D) — c(t, x)Dy)Ku, Ku), 1)

where C is a new suitable positive constant.
Now we denote by Q(x, D) := it*[p, Ax](x, D) — b(t, x) - D, the operator whose
symbol satisfies

ReQ(§) = Re (ir"(=){p—IE1PH(x.8) = bt x) - €) + ro
< P IEPHxE) + [Re bt x) - €] + 1o
S5y ~C1 AR+ Cor® + Cor A x| + €

< —CrPA(|x)IE] + Cot® + Cy
< =CroA(xD + |EP)V? + C3t* + Cy
= 17(=CA(Ix)(1 + €)' + C3) + Gy,

where we chose C’ (which is possible by Doi’s lemma, see Remark 6) in order to
have Cy — C’ < 0.
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The property of the symbol of Q allow us to apply the sharp Garding inequality
and to conclude that
2Re(Q(x, D)Ku, Ku) < —Ct*(A(|x|)A'Ku, Kuy + Ct®||Kul|3 + C4||Kul|}
—CrA(xDA Ku, Kuy + C31%[|ul[} + Calull}
Cro A1) AYV2Kullg + C3t®[ul + Callullf,  (22)

IA

IA

where C > 0 is a new suitable constant.
By plugging (22) in (21) we get

& |IKullo < Ct*N(u)* +C’'Nu)* - C”t*(|A(|x)' > A 2 Kul|2 + C""N(f)N(u). (23)

Finally, (19) and the equivalence of the norms || - ||; and N(-) (see [22] pag.390)
yield
AN = 0, | Kull® + & lull}_,
< Ct*N(u)* + C'Nu)* = 1| A(|x) A2 Kul|2 + C"" N(f)N(u)

+ C3min{N(f)N(u); (™ A(x) " ASTV2 £, A2 1)), (24)
O

where the constants are (eventually) new suitable constants.
Estimate (24) is now the starting point to get (13), (14) and (15).

Proof of (13). From (24) we have
O N(u)* < C1(t” + DN(u)* + CN@N(f)
(again with C| and C; new constants), which gives
20,N(u) < C\(t* + )N (u) + CoN(f)

and
at (26*%C1(t0+]/((l+1)Jr[)N(M)) < Cze*%CI(tle/(a+])+t)N(f)‘

Hence, by integrating in time from O to ¢ and using the equivalence of the norms
N(-)an || - |ls, (13) follows.

Proof of (14).The proof of (14) follows from (13) applied to the adjoint operator and
with u(z, -) replaced by u(T —t,-).

Proof of (15). Here we use the fact that there exists a pseudodifferential operator K
such that
I=KK+Y¥,,

where ¥, | is a pseudodifferential operator with symbol r_; of order —1 (see [22]
pag.390 for the proof of). This gives that
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1A(xD A 2ullg < [[(A(x) 2 A2 (A K)Kully + O(N(w)
< A RYA(ED A ully + eN ) < ¢ (1D A Kull + N@) . ©25)

since [ASK, A(|x|)'/2A/2]K A'/? is a pseudo-differential operator of order s. There-
fore, (24) and (25) yield

AN +Co (P A(|x) P AT P, 192 A(|x ) P A2 0) < CL(1®+1)N(u)>+CaN(f)>.

Now, integrating in time from O to ¢ the previous inequality, using (13) and the
estimate

t
e%C](t‘”l/(a+l)+t)/ e—%cl(s"“/(a+1)+s)<sa/2/l(|x|)1/2As+1/2u’ s“/le(lxl)l/zA””zu)ds
0

t
> / <SQ/2/I(|X|)1/2AS+1/2M, s“/2/1(|x|)]/2/\‘9+l/2u)ds,
0
(15) follows (for further details see [12]).
Proof of (16). To prove (16) we exploit the following estimate

2Re(K f,Ku) = 2Re(t®?AVPAV2K 1702 A7 P A2 Ky (26)

IA

1 4
crellt AN 2|3+ o= || PAT ATV I3 4 et |l
£
By using (25) and (26) in (24) and the equivalence of N(-) and || - ||5, we obtain
1
ON(u)* + (co — c1etPAPAST2y)|12 < e3t"N(u)? + co= |21 2As12 £)12,
£

where c;, j = 0,1,2,3, are new suitable constants, and where £ > 0 can be chosen
in such a way that ¢o — cie > ¢ > 0. Finally, integrating in time from O to ¢, and

arguing as in the proof of (15), the result follows. This concludes the proof. O

Proof of Theorem 4 Estimate (13) of Lemma 1 gives readly the uniqueness of the
solution. In fact, let u be a solution of the homogeneous IVP for L, . with initial
datum ug = 0. Then, by (13) of Lemma 1, # = 0, which proves the uniqueness (even
in the general inhomogeneous IVP where f # 0 and ug # 0).

As for the existence, it will follow by using density arguments.

Case I: f € S(R™) and ug € S(R™).
We consider the subspace E ¢ L'([0,T]; H™S(R")

E={P'¢; ¢ € CT'(R" X [0,7))} = (8; — it A + b(t,x) - D) (C3(R"™))

and the linear functional
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T
" E—>C, (P = /0 (@) axp2dt + (uo, (-, 0)) 25 2.

Now inequality (14) of Lemma 1 (applied to ¢) with s replaced by —s gives, for
n=Pyand p € C(R" x[0,7)),

1€ < N flwro.rias) sup N@llugs + lluollig le(O)lays
t€[0,T]

a+l
< ST @D il o ryaagy + ol ) 11 cyqo sy
which implies the continuity of ¢* on E. Then, by the Hahn-Banach theo-
rem we can extend ¢* on L'([0,7] : H*(R")) and finally get the existence of
ue LY([0,T); HS(R™))* = L*([0,T]; H*(R™)) such that

T
(P @) = (U, P*Q) 2y 2 = ./0 (f> ) Laxp2dt + (o, (-, 0)) 251 2,

and thus Pu = f in the sense of distributions for 0 < ¢ < T.

Notice that Pu 2 f means that (9; — it*Ayx + b(t,x) - Dyx)u 2 f (as dis-
tributions on C°([0,7) X R")). Therefore, since f € S(R™), we have that
Ou € (L®[0,T) : HS2(R™)), which gives u € (C([0,T) : HS"2(R")). We then
use the equation once more, that is d,u = it*A, + b(t,x) - Dyu + f, and get, by
the same consideration, that u € (C'[0,7) : H*~*(R™)) and u(x,0) = uo(x). Finally,
since uy € HS(R"), repeating the previous argument with s + 4 in place of s we
conclude that there exists a solution u of the IVP associated to (10) to which parts
(i)-(iv) of Lemma 1 apply.

Case 2: f € LY([0,T]; H*(R™)) and uy € H*(R").
In this case we take two sequences f; € SR™1), v; € S(R") such that f; — f in
(L'([0,T]) : H*(R") and v; — ug in HS(R").

By the arguments of case 1 we find a solution #; of (10) with f; and v; in place of
Jf and ug respectively. Since u; satisfies (13) of Lemma 1, we have that u; is a Cauchy
sequence, therefore, passing to the limit, we get that u = lim;_, u; is a solution of the
IVP with inhomogeneous term f and with initial datum ug satisfying (14) of Lemma
1, which proves part (ii) of the theorem.

Case 3: f € L*([0,T]; H*(R™)) and ug € H*(R").

Here we proceed as in case 2 but with f; € S(R™*!) being such that fi— fin
(L*([0,T]); H*(R™). Under this hypothesis we obtain point (ii) of the theorem, that
is, it exists a solution u € (C[0,T) : H*(R")) satisfying (15) of Lemma 1.

Case 4: N°~12f € (L*(R" x [0,T]) : 1~ A(|x|)"'dxdt) and ug € H*(R™).
In this case it is possible to prove that there exists g; € S(R™1) such that g —
ASTV2 £ in (L2(R™) x [0,T] : =@ A(|x|)~"dxdr). Applying once again the strategy
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used in case 1 with f; replaced by A~*12g 7 in (16) of Lemma 1, and passing to the

limit, we finally obtain point (iii) of Theorem 4. O

As a consequence of Theorem 4 one gets the local well-posedness results stated
in Theorem 5 and in Theorem 6. We will not give a complete proof of these results
here, and we refer the interested reader to [12] for detailed proofs. However, we give
below a scketch of the proof listing the main ingredients of the argument.

Sketch of the proof of Theorem 5 As in the case ¢ = 0, the proof is based on the
standard contraction argument.

According to Theorem 4 we have the local well-posedness in H*, s > n/2, for the
linear IVP (10) for a general function f satisfying the assumptions. We now write
the solution of (10) as

u(t,x) = Wo(t)ug + /t We(t,7) f (1, x)dT, 27
0

where W, (¢,7) is a new suitable two-parameter family of unitary operators repre-
senting the solution operator.

Because of the previous assumption, solving the IVP (10) with f = u|u|?* is
equivalent to find the solution of the integral equation

u(t, x) = Wo(t)uo(x) + /O t W (t, T)ulu|* (1, x)d.

Hence, as in the proof of Theorem 4, we look for the solution given by the fixed
point of the map

t
D, (1) := Wo(t)ug +/ Wa(t,‘r)u|u|2kd‘r,
0

defined on

T 1/2
X5 ={u: [0,TIXR" > C; [|ull = pg < oo, (// 1A x| A 2uPdx dt | < oo},
0 JR™

where, recall, A(|x|) := (x)?, with o > 1 being such that (11) holds. Notice that the
choice of the space X3 is dictated by the smoothing estimates we proved in Theorem
4. To conclude that @, is a contraction on the space X7, we apply the estimates
in Theorem 4 together with Sobolev embeddings and a few tecnical lemmas taken
from [22]. Finally, the application of the fixed point theorem then gives the result.
Notice that the solution will belong to the space X7, and, consequently, will satisfy
smoothing estimates. (]

Sketch of the proof of Theorem 6 Ther proof of this result follows by using the
same arguments as before. Here the contraction argument is performed on a different
space, that is, specifically, on the space
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T 1/2
X5 :={u: [0,T]XR" = C; |lullpop; <oo, (/ / (A xDIAST P uPdx dt| < oo,
0 JR?

-1
[lA(]x]) MHL?H;&Ns/z < o0},

where

T
2 2 s+1/2 12 -1 2
Nl = Nl + / / @A Puld di + Q) P o s
T t X 0 R7 Lt HX

We repeat the assumption that the solution of (10) is given in terms of a solution
operator W, (t, s), so we look for the solution of the nonlinear problem as the fixed
point of a map @y, as before, but now with f = ¥ ¢ ulul?, with B > a. We
then use the smoothing estimates in Lemma 1, more precisely (16), togheter with
Lemma 6.0.1 in [12] and some technical lemmas taken form [22], and conclude
the result via the standard contraction argument. Once again the solution satisfies
smoothing estimates. For the complete proof see [12]. O

Let us remark once again that the previous results still hold true in the case ¢ = 0.
Moreover, more general nonlinearities can be considered in the IVP for £, ., thatis,
for instance, nonlinearities containing polynomials in u, in the derivatives of order
one of u, and in their complex conjugates. The specific choices we made for the
nonlinear terms were to keep the exposition simpler and shorter.

We finally conclude by saying that the smoothing and well-posedness results
presented here are very likely still true for some generalizations of L, ., that is for
equations containing first order terms in i and with time degeneracies different than
t* (for more details about these generalizations see Section 7 in [12]).

3 Strichartz estimates and local well-posedness for £

This section is devoted to the study of the class £, as in (2), for which, as we
shall show below, local weighted Strichartz estimates hold true. Additionally, we
will employ such estimates to prove the local well-posedness of a semilinear IVP
associated with £, where the form of the nonlinear term is dictated by the inho-
mogenous Strichartz estimate at our disposal. The results of this section were proved
in [11] where results other than local weighted Strichartz estimates are proved. In
particular, in [11] also global weighted Strichartz estimates are derived, as well as
homogeneous smoothing estimates for time-degenerate operators of any order by
means of comparison principles. Our choice to treat the local estimates only is due
to the fact that these inequalities, because of their different form with respect to the
global counterpart, are the ones to be used to get the well-posedness of the semilinear
IVP. For more deatails and results about the class £, we refer the interted reader to
[11].
The semilinear IVP we will study in this section is
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{6’“ +ib' () Au = p|b'(t)||ul”u,

u(0, x) = ug(x), (28)

with p > 1 suitable, u € R, and b satisfying the following condition (H):

(H) b e C'(R), b(0) = b’(0) = 0, and, for any T < oo, #§{t € [0,T],b'(¢) = 0} =
k < o0,

Since we are interested in the time-degenerate case, we assume k > 1 in condition
(H), that is, b(0) = b’(0) = 0. However, our results are applicable in the nondegen-
erate case b’(t) # 0, t € [0,T], as well.

Notice that, as for L, the solution operator for L (giving the solution of the
homogeneous IVP at time ¢ starting at time s) can be computed explicitely, and is
given, for s < 7, by

t
PPy () 1= Wt sus(x) = / oM ETIBOPOIERG, (£)de,

s

which coincides with the Schrodinger group ¢/“~$)2 when b(f) = t. Moreover,
Duhamel’s principle still holds true in this case.

As we will make use of the so called admissible pairs, we recall this notion here
for completeness.

Given n > 1 we shall call a pair of exponents (g, p) admissible if 2 < q,p < oo,

and

2
- = n’ with  (g,p,n) # (2,00,2).
q

+ —
2

SRS

With this definition in mind we can now state the main results of this section.

Theorem 7 (Local weighted Strichartz estimates)

Let b € CY([0,T]) be such that it satisfies condition (H). Then, on denoting
by LILEY := L4([0,T]; LP(R™)), we have that for any (q,p) admissible pair, with
2 < g,p < oo, the following estimates hold

1B (@)1 Pl a e < Cliglz @n, (29)
||€ib(t)A‘P||L;°L§ = ||‘P||L)2C(Rn)a (30)

t
|||b'(t)|1/"/0 |’ (s)]e" PO (5)dsll g e < Clllb'll/qgllLtq'UXw, (€2

and .
I /0 Ib’(S)Iei(b(’)_b(s))Ag(S)dSIIL;OL; < Clllb’ll/q/gllL;ﬂqu (32)
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with C = C(k,n,q, p).

Remark 5 Observe that, as opposed to the classical statement of Strichartz estimates,
that is in the case when b(f) = t, we have estimates involving only one admissible
pair (g, p), and not two arbitrary admissible pairs (¢, p) and (g, p). However, this is
enough to derive the following well-posedness result.

Theorem 8 Let 1 < p < % + 1 and b € C'(J0, +0)) satisfying condition (H). Then,
for all uy € L>(R"), there exists T = T(||ugll2, n, it, p) > O such that there exists a
unique solution u of the IVP (28) in the time interval [0,T] with

we CO.TT; L2 ®™) () L0, T]; LY (™)

and q = ig’:g Moreover the map ug — u(-,1), locally defined from L*(R™) to

C([0,T); L>(R™)), is continuous.

Proof of Theorem 7 Estimate (30) is immediate and follows by the unitaity of
€A As for (31), we consider 0 = Ty < Ty < T < ... < Ty < Ti41 = T such that
b'(T;) = 0for j = 1,...k, so that b is strictly monotone on [7},T}+1], and we have

1/q
15" ()]" /98 gl a

k
’ 1/q ,ib(t)A 19
Z(; 16" ()] e ‘p||Lq([T,,T_f+1];L§3)

IA
M~ 5

~,
I}
(=]

15 O™ ol a7, 1,12

M»

itA o
oSy 2 el et < 6+ DC g Pz,

~
I}
(=]

which proves the estimate.
To prove (29) we split the time interval again, and get

t
oK /O 1B PO-P g )|

k t
< > el /0 |6’ (5)]e" PO (s)dsll o 17, 7 o (33)
Jj=0

Now, by using the changes of variables " = b(t) and s” = b(s), each therm in the
sum above satisfies
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t
IO [ IO g5 sl 7, 1,10 (34)
b i(t'=s")A ~¢ o/ ’
R
_ b i(t’—=s")A
S R g1, 1,

where § = go b7, TJ = b(T;) and x = 1[o p(s)]- We then analyze the last quantity,
and, by using the properties of the Schrodinger group ¢4, we have

b i( )A
i(t'—s’ Nal N\ Jo! L
|| /O MRS 1, 7, )
b(T) (=S
LI R e ds g, 7,

b(T)
I [ s Ry b s
7| ' "N g '
H_E,s C(n’ q,P)”g”Lz ([Tj,TjH];Lg ) t:bé ) C(I’l, q,P)” |b | g”L;I ([Tj,TjH];Lg )
where H-L-S stands for the application of the Hardy-Littlewood-Sobolev inequality.
Summarizing, we have proved that

t
e ()1 /0 IO LG BV IP——

Sy g o AREEY

LY (T Ty Ly ) ~ LY (0.TL:LE Y

which, together with (33), gives
|IIb'(t)ll/qeib(’)%llL;ng; < (k+ l)C(n,q,p)lllb'll/"'glng'LQr,

and thus (31).
We are now left with the proof of (32). By using the fact that ¢’*(2 is unitary,
we have

I [ W gz, < [l g,

= /Rn (‘/O't |b,(s)|e—ib(s)Ag(s)ds) (‘/(: |b,(sz)le—ih(s')Ag(s,)ds, dx

t t
< /0 16/ )19 g(5)l, 16" )] /0 15"/ PV g5V p i
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< (k+1D)Cnqp)|b'|'4 g|?
by(31)( )C(n,q.p)lI|B’|V gl

L4 2"
which, in particular, gives (32). This concludes the proof . (]

Proof of Theorem 8 The proof is standard and based on the fixed point argument.
Here the space where the contraction argument is performed is

Xr = {u € C(10.TY; LR () L7 (0.71: LL ®™): ullx, < o)

where
. 1
lullx, = llull =2 + 116" /"ullL;,Lgn,

with L/ LY := L9([0,T]; LY (R™)), and the map @, is
t
Dy, (1) := PO+ u/ B (s)|e"CO-bEDA  P=1y, gs.
0

Then we take g = 2((’;})) so that (g, p + 1) is an admissible pair, and we prove that

the map above is a contraction on a suitable ball of X7 (with sufficiently small radius
depending on ||u|l,2) by using the estimates in Theorem 7. Finally, the application
of the fixed point theorem gives the reslt. For a detailed proof see [11]. O

We conclude this section by giving a few examples of operators to which Thoerem
8 for the IVP (28) applies.

Example 1 L, = L,e+1 =0; +it"A, a >0;
a+l

Example 2 L, = Loi_;_1 = 0 +i(e' — 1A,
Example 3 Ly = Leosr) := Opu — i sin(f)A.

Notice that in the first two examples we have only one degenerate point, that is at
time ¢ = 0. Example 3, instead, is more interesting, since we have k > 1 degenerate
points on any finite time interval [0,T]. Since Theorem 8 applies to all the cases
listed above, this gives that, if the time of existence T in Theorem 8 is large enough,
then in Example 3 we will cross more than one degenrate point.
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Appendix

We use this section to give the statement of a key result used in this paper, that is,
specifically, that of the so called Doi’s lemma (Lemma 2.3 in [7]). But first, let us
make clear the conditions needed to apply the aforementioned lemma.
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In the sequel we will use the notations used by Doi in [7], so we shall denote by
(B1), (B2) and (A6) the following conditions:

Let a®(t, x, &) be the Weyl symbol of a pseudo-differential operator A = A(t, x, Dy)
(see [16]). We shall say that a® := a satisfies (B1), (B2) and (A6) if

B1) alt,x,&) =iax(x,&) + a|(t,x, &) + ag(t, x, &), where ap € S12,0 is real-valued
and aj € S‘{’O, forj =0,1;

B2) |ar(x,8)| = 6|&)> with x € R™, |€)* > C, and 6,C > 0;

(A6) There exists a real-valued function g € C®(R"™ X R"™) such that, with
Cap,C1,C2 > 0,

|08 9% q(x.€)] < Cap(x)(€)1], x.£eR",

HazQ(xaé‘:) = {027 q}(xvé:) 2 Cl |§| - CZ’ x’é: € Rn»

where we denoted by S{ 0= s/ 1520 =" S/ the standard class of pseudo-differential
5 p=1,0=
symbols of order j, and by {-,-} the Poisson bracket.

Lemma 2 (Doi [7], Lemma 2.3)
Assume (B1), (B2) and (A6). Let A(s) be a positive non increasing function in

C([0,0)). Then
1. If 1 € LY([0, 00)) there exists a real-valued symbol p € S° and C > 0 such that
Hazp 2 )'(|x|)|§| - C’ x?f € Rn’ (35)

2. Iffot A(t)dt < Clog(t+1)+C’,t =20, C,C’ > O, then there exists a real-valued
symbol p € S?(log(f)) such that

Hap 2 A(|x))[E] - Crlog(é) — Ca, x,& €R™ (36)
Remark 6 We remark that, by taking A’(|x|) = C’A(]x|) in Doi’s lemma, where C’

is any positive constant and A is as in Lemma 2, then we get that there exists a
real-valued symbol p € S° and a constant C > 0 such that

Ha,p 2 C'A(IxDIE] - C, x,& €R™ (37)
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