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MODULI SPACES OF ABSTRACT AND EMBEDDED
KUMMER VARIETIES

MATTIA GALEOTTI AND SARA PERNA

ABSTRACT. In this paper, we investigate the construction of two moduli
stacks of Kummer varieties. The first one is the stack ICf;bS of abstract
Kummer varieties and the second one is the stack /g™ of embedded
Kummer varieties. We will prove that ICSbS is a Deligne-Mumford stack
and its coarse moduli space is isomorphic to Ay, the coarse moduli
space of principally polarized abelian varieties of dimension g. On the
other hand we give a modular family W, — U of embedded Kummer
varieties embedded in P?* ! x ]P)Q'LLI7 meaning that every geometric fiber
of this family is an embedded Kummer variety and every isomorphic
class of such varieties appears at least once as the class of a fiber. As
a consequence, we construct the coarse moduli space K5™ of embedded
Kummer surfaces and prove that it is obtained from Ay by contracting
the locus swept by a particular linear equivalence class of curves. We
conjecture that this is a general fact: K§™ could be obtained from A,
via a contraction for all g > 1.

Kummer variety; moduli; abelian variety; abelian scheme.

1. INTRODUCTION

The main subject of this work are the moduli of Kummer varieties. These
varieties can be defined in an abstract way as the quotient of an abelian
variety, or as the image of a natural embedding from principally polarized
abelian varietis.

In order to define the moduli of abstract Kummers, let A an abelian
variety of dimension g and denote by i : A — A its natural involution. We
define the abstract Kummer variety of A as K4 = A/(i). If ¢ > 2, K4
is a singular variety of the same dimension as A with 229 singular points
corresponding to the image of the 2-torsion points via the projection w :
A — A/(i) (see [3, Section 4.8]).

The first result of our paper concerns the moduli stack K;bs of abstract
Kummer varieties of dimension g, that is the stackification of the category
fibered in groupoids over schemes whose objects are abelian schemes quo-
tiented by their natural involution (see Definition B1]).

Theorem A. The category ICZbS is a Deligne-Mumford stack. Its coarse
space is the moduli space Ay of principally polarized abelian varieties.

We consider now an abelian variety over C, carrying a principal pola-
rization ©. Note that the line bundle 20 is canonically defined. Indeed, one
1
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can choose a symmetric divisor D in the class of © and then the line bundle
2D will not depend on D. Let ¢ : A — P?*~1 be the map defined by the line
bundle 20. We recall that, with a suitable choice of a theta structure, the
map ¢ is given by second order theta functions. If the principally polarized
abelian variety (A, ©) is indecomposable, then ¢ factors through the quo-
tient 7 : A — K4 followed by an embedding of K4 into P?’~1. If (4,0) is
decomposable and (A;,01) x - -+ x (As, Og) is the decomposition of (A, O)
into irreducible principally polarized abelian varieties of lower dimension,
then ¢ factors through the product K4, x --- x K4, and moreover ¢ gives
an embedding of this product into P?*~1 (see [3, Section 4.8]). The image
of ¢ is a g-dimensional variety of degree (20)9/2% = 2975gl. Clearly, if a
principally polarized abelian variety is indecomposable, then its associated
abstract Kummer variety is isomorphic to the image of the corresponding ¢
morphism.

In the second part of our work we focus on the case of embedded Kummer
surfaces over C. In order to define the moduli of embedded Kummers, in
§5.11 we introduce a family

W2(—>-U ><]P)3

|

U

defined via theta functions on the Siegel space Hs. An embedded Kummer
surface is therefore defined as a geometric fiber of this family. The moduli
stack 5™ of embedded Kummer surfaces is the stackification of the category
fibered in groupoids over schemes whose objects are flat families Kummer
surfaces embedded in a projective bundle (see Definition [5.1).

The abstract Kummer surface of an indecomposable complex abelian sur-
face over is a quartic hypersurface in P? with 16 nodes. These have been
completely classified in terms of configurations of points and planes in P3
(see [9]). The blow up of this Kummer surface at the 16 nodes is known to be
a K3 surface. In the case of a decomposable abelian surface E; x Eo, where
FE4 and E5 are two elliptic curves, the associated Kummer variety is a double
quartic. We denote by A;; the image of the natural map A; x Ay — Ag
sending a pair of elliptic curves to their product. If we fix any elliptic curve
B, we denote by C’fB) the curve in Ao which is the locus of abelian surfaces
B x E where F is any elliptic curve. The linear equivalence class of C’£B) is
independent of B and is denoted by C7. We denote by Ay — Ag the Mori
contraction on Ay associated with the ray R, this means that the entire
locus A1,1 gets contracted.

Theorem B. The category KS™ of embedded Kummer surfaces is a Deligne-
Mumford stack. Its associated moduli space KS™ is isomorphic to the space
A, obtained via the Mori contraction above.
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We conjecture that this is a general fact, that K™ should be obtained
from A, via a contraction for all g > 1. A similar statement has been proved
in [19] for the perfect compactification Af; and g < 11.

Let us outline the structure of the paper. In Section Bl we introduce
principally polarized abelian varieties, the moduli stack .4, and the Siegel
space

H,. In Section B, we treat functor lC;bS of abstract Kummer varieties,
while in Section Ml we introduce the universal embedded Kummer surface. In
Section Bl we introduce the embedded Kummer functor I§™ and construct
its coarse moduli space K§™. Finally, in Section [l we consider rank 1
degenerations of principally polarized abelian varieties aiming at pointing
to a possible (partial) compactification of the moduli space of embedded
Kummer varieties.

2. PRELIMINARIES

In this section, we briefly give the definition of principally polarized
abelian varieties over an algebraically closed field k and describe their mod-
uli space, then we give the general setup more specifically for the complex
case.

2.1. Principally polarized abelian varieties. An abelian scheme over
a scheme S is an S-group scheme A — S which is proper, flat, finitely
presented and has smooth and connected geometric fibers. A well known
fact is that such an abelian scheme is actually a commutative group scheme.
As a consequence there exists a 0-section €: S — A. For any invertible sheaf
L over A, a rigidification is an isomorphism Og — £*L.

For every abelian scheme A — S we define its dual abelian scheme A 8.
Consider the relative Picard functor Pic(A/S), which is the functor from
Sch/S to sets such that

Pic(A/S)(T) = {

isomorphism classes of line bundles £ on
Ar = A xg T rigidified along ep = e xgT |~

The Picard functor is represented by a scheme locally of finite presentation
over S denoted by Pic(A/S). We denote by Pic’(A4/S) the subfunctor of
Pic(A/S) corresponding to line bundles £ such that for all t € T', L ® k(t)
is algebraically equivalent to zero on A;. This functor is represented by a
subscheme Pic®(A/S) of Pic(A/S) which is an abelian scheme over S (see [4,
§1]), called the dual abelian scheme of A and denoted by A := Pic®(A4/S).

There exists a canonical isomorphism A = A.
Ifr: A— Sis the structural morphism of A, any invertible sheaf £ on A
defines a morphism ¢,: A — A such that for all a € A(S),

a—T'LRL @ (aom) L7 ® (c0m)*L,
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where T, : A — Ais the translation by a. The morphism ¢, is in fact a group
morphism by the theorem of the cube (see [15, Chap.3, p.91]). If P is the

Poincaré line bundle over A x g A rigidified along A~ S x s A % Axg A
and v: A — A is an abelian scheme morphism, we define a new line bundle
over A, L2(v) := (id4 xv)*P. Furthermore, the following is a well-known
fact (see again [4, §I1.1])

(1) ¢£A(u) = 2v.

If S = Spec(k) is the spectrum of a field, an abelian scheme over S is
called an abelian variety over k.

Definition 2.1. Given an abelian scheme A — S, a polarization is an
abelian scheme morphism v: A — A such that for each geometric point §
of S there exists an ample line bundle Lgz over Az with the property that
vs = ¢r,. The polarization is principal if it is an isomorphism.

Note that the ample line bundle Lz, on each geometric fiber, appearing
in the above definition is unique only up to algebraic equivalence.

We introduce now the moduli problem of principally polarized abelian
schemes, using the language of categories fibered in groupoids over schemes.

Definition 2.2. Let ¢ > 1. We denote by A, the category fibered in
groupoids whose objects are principally polarized abelian schemes (A — S, v)
of relative dimension g, and whose morphisms are abelian scheme isomor-
phisms commuting with the polarizations. The fibration functor Ay — Sch is
the natural forgetful map. For any scheme S, the fiber Ay4(S) is the groupoid
of abelian schemes over the scheme S and whose maps are lifting of idg.

The category Ay is in fact a stack, and more notably a Deligne-Mumford
stack: see for example [4] for a proof of this.

2.2. Complex tori. An abelian variety over C is a complex torus. More-
over, since the elements of the Néron-Severi group NS(A) are first Chern
classes of line bundles on A, a polarization on A is given by a positive def-
inite Hermitian form H € NS(A). We will denote by (A, L) or (A, H) the
abelian variety A with polarization given by (the first Chern class of) a
line bundle L or with polarization given by a positive definite H € NS(A),
respectively.

Let A =V/A be a complex torus. We denote by II the period matrix of A

Theorem 2.3 (Riemann’s relations, see [3, Theorem 4.2.1]). A complex
torus A with period matriz I1 is an abelian variety if and only if there is a
non degenerate alternating matriz M € Mog(Z) such that

OM M =0 and ilIM ™I > 0.

Suppose A is an abelian variety with polarization of type D. With respect
to opportune symplectic bases, the period matrix of A is of the form II =
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(1, D) for some 7 € My(C) and the matrix 7 is in the Siegel space of degree
9,

(2) Hy = {7 € My(C) | ‘7 =7, Im(1) > 0}.

If one fixes the type D of the polarization, any abelian variety with a pola-
rization of type D together with the choice of a symplectic basis of its
lattice defines an element of H,. Conversely, any matrix 7 in the Siegel
space defines a polarized abelian variety of type D with a symplectic basis,
A, =C9/729 ® DZI.

Let I'y be the integral symplectic group of degree g:

I, = {’y € Magyoy(Z) | v (—gg 109) fy = (-919 109>} '

It acts on H, by a generalization of the Mdbius transformations of the com-
plex plane. If v = (‘; 2) € I'y, where a, b, ¢, d are g x g matrices, then for
any 7 € H, the action is defined as

y-1i=(aT +b)(er +d) .

It is classically known that for 7, 7/ € H, the principally polarized abelian
varieties A; and A, are isomorphic if and only if there exists v € I'; such
that 7/ = v - 7. So the points of

(3) Ay :=Hy/Ty

are in one to one correspondence with the set of principally polarized abelian
varieties of dimension g. Indeed, A, is the coarse moduli space of these
varieties (see [4, §1.6]).

3. THE ABSTRACT KUMMER STACK

The first Kummer stack we introduce is the stack of abstract Kummer
varieties of dimension g, denoted by ICZbS. We will define the category fibered
in groupoids of families of abstract Kummer varieties, and le;bS will be its
stackification. In this section we work over a field k of characteristic different
from 2.

Definition 3.1. For any g > 2, le}bS’prC s a category fibered in groupoids
over Sch/k whose objects are morphisms K — S such that there exists an
abelian scheme A — S of relative dimension g, with K = A/i.

We will call any pair K — S as above a Kummer scheme over S. Given
any abelian scheme A — S, the Kummer scheme K = A/i — S defined as
above will be called the Kummer scheme associated to A — S.

A morphism in K3 between two Kummer schemes K' — S’ and K' —

S" is a pair of morphisms (u: K' — K";v: 8" — 5"), such that the following
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diagram is a cartesian square

K/ u K//

-

S/ v S//

and, moreover, such that there exists two abelian schemes A’, A” such that
K' =A)i', K" = A"/i" and u lifts to a scheme morphism A" — A”.

We work in g > 2, because with this constraint the set of K — S ram-
ification points coincides with the set of singular points of K. In the case
g = 1 in order to properly define K?bs’pre we have to introduce a section
o: S8 — Symflg(K ) sending any point to the ramification set of its fiber.
With this correction the results of this section remain true for g = 1 too.

We will prove later that the category KC is in fact a prestack, and this

K:gbs ,pre

abs,pre
g

justifies the notation we choose. Before that, we will only consider
as a category fibered in groupoids over Sch/k.

Definition 3.2. The stack lC;bS of abstract Kummer varieties of dimension
g, is the stack associated to ICzbs’pre, i.e. it is a stack equipped with a mor-
phism of categories F': ICZbS’prO — ngbS and such that for any stack K' the
functor

HOM(K2", K') — HOM(K2"*P, k')

induced by F, is an equivalence of categories.
Given any category fibered in groupoids C over Sch/k, two objects X’ and
X" over the schemes S’ and S” respectively and a morphism f: S — S/, we

denote by Isome (X', X”) the set of morphisms X' — X" over f.
Given an abelian scheme A — S, we define the abstract group

Autg(A) = Isomgep/s,idg (A4, A).

Furthermore we define the group scheme Z/27Z such that if S is any scheme

with V(S) as its set of connected components, then Z/27Z(S) := (Z/2Z)*"V (5.
For every abelian scheme A — S there exists a natural inclusion

LA)S*: Z/—2Z(S) — Auts(A).

Indeed, it suffices to define ¢4,5 in the case of S a connected scheme, and
in this case t4,g sends the non-trivial element of Z/27Z(S) to the canonical
involution in Autg(A).

The inclusion ¢4, is compatible with pullbacks in the sense of [2, p.16].
Indeed, for every base change f: T — S and any morphism of abelian
schemes ¢: f*A — A, we have

Lf*A/T o f* = ¢* @) LA/S: Z/2Z(S) — Aut(f*A)
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As a consequence we can introduce the rigidification Ay J(Z/2Z), a stack
with some important properties.

Theorem 3.3 (See [2, Theorem 5.1.5]). There exists a stack Ag/] (Z/2Z)
and a natural morphism F: Ay — Ay [/(Z/27) with the following properties:

(1) F is a Z/2Z-gerbe;

(2) for all objects A — S in Ay(S) any element of Z/2Z(S) C Autg(A)
maps to the identity via F, and F is universal with respect to this
property, i.e. any stack morphism with this same property factors
through F';

(3) AgJJ(Z/2Z) is Deligne-Mumford;

(4) A,[J(Z]2Z) has a coarse moduli space which is isomorphic to A,.

As stated in the proof of the paper of Abramovich-Corti-Vistoli [2], the
stack Agy//(Z/2Z) is the stackification of the prestack (Ag/(Z/2Z))P", who
has the same objects of A,. Moreover, if we consider two abelian schemes
A — 8§ A" — S, then for any map f: S’ — S” the set of morphisms
A" — A" over f is

IsomAg,f(A/,A”)
Z)27.(S")

(4) Isom(Ag/(%))pre,f(A/, A”) =

where Z/27,(5") C Autgr(A") acts naturally on Isom g, r(A’, A”). This jus-
tifies the notion of rigidification, because A, J/(Z/27Z) is obtained by keeping
the same objects — i.e. abelian schemes — and quotienting out the natural
abelian scheme involution, over the whole A, stack.

Given any abelian scheme A — S, and two elements s1,59: S — A, we
denote by p(s1,s2) = s1 + s2 the multiplication morphism. We consider the
canonical 0-section : S — A, multiplication pu: A xg A — A, the diagonal
morphism A: A — A xg A and the involution i: A — A. We define the
subscheme of 2-torsion points

Al2] = (no A)7H(e(S))
and we denote by Homg(S, A[2]) the set of sections of A[2] — S.
Consider the morphism of categories fibered in groupoids over schemes
G (Ag (222 — K=o,

that sends any abelian scheme A — S to its associate Kummer scheme
K = A/i — S. By the definition of ICZbS’pm, the morphism GP'® is essentially
surjective. Moreover, by the universal property of stackification, it extends
to a morphism of stacks G': Ay J(Z/2Z) — le;bS that fits into the following
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commutative diagram.

abs,pre b:
(5) — K5

(s

(AgJ(Z)2Z))P — Ay J(Z/2Z)

The morphisms marked with a double arrow are essentially surjective, and
the two other horizontal arrows are the stackification morphisms.

Given any category C fibered in groupoids over the category of schemes,
if we have two objects x,y over the same base scheme S, then we denote by

Isome(z,y) := Isome jqq (z,y)

the set of isomorphisms over the identity morphism idg. If the category
C is clear from context, we will simply write Isom(x,y). Furthermore, we
introduce the functor Isom¢(x, y): this is a functor from Sch/S to sets that
sends any scheme morphism w: T"— S to the set Isomp(w*z, w*y).

Recall that, given any abelian scheme A, A[2] is the group subscheme of
2-torsion points. We observe that the group scheme A[2] is also well defined
for any object A of Ag//(Z/27Z). Observe furthermore, that the translation
ta: A — A by a 2-torsion point a € A[2], pushforwards to the associated
abstract Kummer K4.

Consider two abelian schemes A" — S and A” — S, and the associated
Kummer schemes K/ — S and K” — S. The next lemma gives a relation
between Isom 4 j7/27)yre (A’, A”) and Isomlczbs,pm(K’, K"), where both sets

are intended over the same base scheme S, but in different categories.
Lemma 3.4. We have the equality of functors
Isom’C;bs,prc (K/, K”) = Homg(—, A// [2]) X Isom(Ag/(Z/QZ))pre (A/, AH),

where Homg(—, A”[2]) is the functor sending any object T of Sch/S to the
set of morphisms Homg (T, A"[2]).

The above lemma means that an isomorphism of K’ and K" is the com-
position of a 2-torsion point translation, with an isomorphism A’ — A” in
Ay [](Z/2Z)P*°. Equivalently, Isomorphisms K’ — K" up to 2-torsion point
translations, identify with abelian scheme isomorphisms A’ — A” up to
involution, and all this in a functorial sense.

Proof. Clearly, it suffices to prove that there is an identification of groups
Is0mcabs pre (K', K") = Homg(S, A"[2]) x ISOm(Ag/(%))pre(A/, A")

which is functorial in S.
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We first define a group homomorphism
Homg(S, A"[2]) x Isomy, (A", A”) 5 Isom abs,pre (K, K”).
g9

For any scheme morphism « in Isomg.;(A’, A”) and a in Homg(S, A”[2])
we denote by « + a the isomorphism defined by

(a+a)(z) = alz) +a(v(z)) VzeA.

Given any morphism ¢ in Isom 4, (A’, A”) and a in Homg(S, A”[2]), the
morphism ¢ + a passes to the Kummer quotient and we denote by ¢ + a its
class in Isom abs pre (K', K”'). The map v sends the pair (a,¢) to ¢ +a.

g

Let us show that ~ is surjective. Consider an isomorphism @ € Isom -abs,pre (K, K")
g

K
and the associated diagram

A A

K/ _¢> K//

g4 g

where ¢ is an element of Isomg.,(A’, A”), existing by definition of Kum-
mer morphism. The projection of 2-torsion points is fixed by @ because
it coincides with the singular locus of the Kummer schemes. Therefore we
have

B(n'(A'[2])) € ="(A"[2]).
This implies that the codomain of ¢ o ¢ is included in A”[2], or equivalently

¢ oe € Homg(S, A"[2]).

Therefore we observe that morphism ¢ — (¢ o ¢) is a lifting of @ which
preserves the 0-section &, and therefore it preserves the abelian structure
of A/, A” by the Rigidity Lemma [I5, p.43], i.e. we have ¢ — (poe) €
Isom 4, (A’, A”). This proves that v is surjective.

Observe that the group Isomy, (A", A”) acts on Isom 4, (A’, A”) by com-
position. Consider now any element @' € Isom,abspre (K', K”), and a preim-
g

age (a,¢’) of @ via . Therefore any other preimage of @ is of the form
(a,¢" o) with ¢" € Isom 4, (A", A”). Moreover, by definition of associated
Kummer scheme, ¢” must be in the subgroup Z/27Z(S) C Isom 4, (A", A”)
generated by the natural involution. Therefore, in consequence also of the
equality (@), v induces the isomorphism

5: Homg(S, A"[2]) x ISOm(Agi(Z/ﬂ))prc(A/, A"y — Isomlczbs,pm(K', K").
U
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Corollary 3.5. The category fibered in groupoids over schemes K;bs’pre is

a prestack.

Proof. Being a prestack is equivalent to the fact that the functor Isom abs,pre (K "K")
g

is representable for any pair of objects K’ — S, K” — S over the same

scheme S. Thisis a direct consequence of the lemma above, because Homg(—, A[2])

is clearly represented by the scheme A[2] and given any two abelian schemes

A/, A" over S, then IsomAgi(Z/%)pm (A/, A”) = IsomAg/(Z/QZ) (A,, A”) is rep-

resentable because Ag/ (Z/27) is a Deligne-Mumford stack by Theorem

B3l O
Consider now a Kummer scheme K — S. There exists a morphism S —

K;bs’pre canonically associated to K — S. We denote by A — S an abelian

scheme whose associated Kummer scheme is K — S.

Lemma 3.6. With the above notation, we have

(Ag(Z/22))7™ X oo S = A[2].

In particular the morphism GP*¢ : (Ag/] (Z/2Z))P*¢ — ICZbS’prO is repre-
sentable, finite, étale and surjective.

Therefore if we pullback the prestack morphism GP™ (see diagram ([5l))

b . . s
along S — K3 »P*) we obtain a scheme. Furthermore, even if we used this

notation, the pullback is independent of the choice of the abelian scheme A
over K, therefore this lemma implies that the 2-torsion point scheme A[2]
is independent of this choice too. In the following we will denote this finite
scheme over S by K|[2].

Proof. For any scheme T', by the definition of fibered product we have

((Ag J@/22))™ X cabee s) (T) = Hom(T, (A (Z/2Z))"™ X gavere S) =

A’ A’ — T is an abelian scheme,
= \l/ ; T 1) S, /8 B € Isom’cabs,pre (K,, 'U*K),
g
T K' = A’/i is the Kummer scheme associated to A’.
By Lemma B.4] we have

ISOm abs,pre (K/, U*K) - HOmT(T, U*A[Z]) X ISOm(AgI(Z/2Z))prC (A/, 'U*A)
g  —

K

Therefore, we have
(A (2227 X e ) (T) =

A’ A’ — T is an abelian scheme,
= L, TS, B, || B € Homg(T, A[2])
T B € ISOII](AJ(@))WC (A/, U*A)



MODULI SPACES OF ABSTRACT AND EMBEDDED KUMMER VARIETIES 11

This concludes the first part of the Lemma. The second assertion follows
from the fact that A[2] — S is finite, étale (because char(k) # 2) and
surjective. O

We want to prove that ICZbS is a Deligne-Mumford stack, which unformally
speaking means that there exists an atlas U — ngbS which is a scheme. In
order to prove that, we start by considering the Deligne-Mumford stack A,
of principally polarized abelian varieties of dimension g. By Lemma [3.4] we
know that given an abelian variety A and the associated Kummer variety K,
then the automorphism group of K is obtained by an extension of Aut(A4)/
1 with a finite set: this is the crucial ingredient in proving that le;bS is a
Deligne-Mumford stack.

Theorem 3.7. The stack K;bs is a Deligne-Mumford stack. Moreover,
the natural morphism A, — ICZbS factors through a morphism G : Ag/]
(z)2Z) — ngbS which is representable, finite, étale and surjective.

Proof. We have to prove that the diagonal morphism ngbS — ngbS X ngbS is
representable, separated and quasi-compact, and moreover that there exists
a (representable) étale surjective morphism U — IC;bS.

For the first point, it is sufficient to prove that the diagonal morphism of
prestacks ngbS’pre — ngbS’pre X ngbS’pre is representable, separated and quasi-
compact. To show that, we consider a morphism f: S — ICZbS’pre X K;bs’pre
from a scheme S. This morphism corresponds to a pair of objects K’ — S
and K” — § in Ka"P™(9), i.e. two Kummer schemes over S. We fix two
abelian schemes A’ and A” whose associated Kummer schemes are K’ and
K" respectively. For any scheme T we have

(S X (]Czbsvprcxlczbs,prc) ICZbS7pre)(T) HOII](T, S X ICZbS,pre)

(Kgbs,prc ~ lczbs,prc)

= {(’U: T — S, ﬁ)| ﬁ S Isoszbs,pre(U*K/,'U*K”)}

= {(’U: T — S, V)| vV E HomS(T,IsomIC;bs,pre(K/, K//)}
= :E[OII](CZ—'7 Isomlcabs,prc (K/7 K”)).
g

abs,pre . / "
Therefore S x (absPre K;bs,prc)]Cg is represented by the functor Isom abs,pre (K',K").

K
Using Lemma [3.4] we obtain

ISOm abs,pre (K,, K”) - Homs(—, A” [2]) X ISOmAgi(Z/2Z) (A,, A”) .
g S —

K

We observe that, as A, //(Z/2Z) is an algebraic stack, Isom Agi(Z/ﬂ)(A/ ,A"
is represented by a separated and quasi-compact scheme. Moreover, we ob-
serve that Homg(—, A”[2]) is represented by the S-scheme A”[2] which is
proper over S. As a consequence Isom’cgbs,pre (K', K") is represented by a

separated and quasi-compact scheme too. This proves the first point.
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The fact that Ay //(Z/27Z) is a Deligne-Mumford stack implies that there
exists a scheme U and a representable, étale and surjective morphism U —
AgJ(Z/2Z).

By Lemmal[3.6} the morphism of prestacks G***: (Ag J7Z/27))P*¢ — ICZbS’prO
is representable, étale and surjective. This implies that also the morphism
G: AgJ(Z)2Z) — ICZbS is representable, étale, finite and surjective (which
also proves the second assertion of the Theorem). Therefore, the composi-
tion

U — Ag[(Z/2Z) — K2>

is representable, étale and surjective, and we are done. O

4. EMBEDDED KUMMERS

Recall that every principally polarized abelian scheme 7: A — S of rel-
ative dimension g comes with a globally defined divisor which is fiberwise
equivalent to twice the theta divisor associated to the polarization (see [5,
Section VI.2]). We will denote this divisor by 20 C A. Since 20 is globally
generated and has vanishing higher direct images, we get a morphism

po0: A = Pp =P (1.0(20)),

where P is a projective bundle of rank 29 — 1. The image of ¢20, which we
will denote by Ksg, is called the embedded Kummer scheme associated to
the abelian scheme 7w: A — S.

In this section we work over C, and our goal is to introduce a universal
Kummer embedding in the case g = 2,

H, x C?2 — P3 x P3.
From this we will be able to define the notion of embedded Kummer surfaces.

4.1. Theta functions with characteristics. We will briefly introduce
theta functions with characteristics, which represent a remarkable example
of Siegel modular forms and will be very useful in our study of the geometry
of embedded Kummer surfaces. For a detailed study of theta functions as
modular forms see [13].

Given a point 7 € Hy, the factor of automorphy

e(tn+4q,2) = e_”(t”m”tm), n,q€eZ9 z€C

defines a principal polarization L, on X, (see [3| Appendix B] for the rela-
tionship between line bundles on complex tori and factors of automorphy).
The unique section up to scalar for L, is defined by the series

I(r,2) = Z (%tm'n + tnz) )

nez9I
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where (t) = *™. This is called the classical Riemann theta function and
it is a holomorphic function in both arguments. This function cuts out the
theta divisor © associated to (A, L;)

©={z¢€ A, |9(r,z2) =0}

The geometry and the singularities of the theta divisor are extremely in-
teresting in the theory of abelian varieties and have been widely studied
(see [11] for an introduction to the subject).

For any = € A, let t,: A — A be the translation by z. Since the first
Chern class is invariant by translations, the line bundle ¢} L. defines again
a principal polarization on A,. The sections of the line bundles t: L, for x
a 2-torsion point are extremely interesting in the theory of modular forms.
If m = [3], a, b€ {0,1}9, the point x,, = ag + b% is a 2-torsion point in
Ar. The line bundle ¢} L, is symmetric and its unique non-zero section up
to scalar is the theta function with characteristic

Im(1,2) =0 [3](7,2) = Z <%t(n+ a/2)T(n+a/2) + 2" (n +a/2)(z + b/2)> .
nez9

The function 1, is an even function of z if ‘ab = 0 (mod 2) and it is an
odd function of z if ‘fab =1 (mod 2). Correspondingly, the characteristic m
is called even or odd.

Consider the locus

Onutl = { H r(9771(7', 0) = 0} C Ag,
m even

which is an irreducible divisor. It is the locus of those principally polarized

abelian varieties for which the theta divisor has a singularity at a 2-torsion

point. Moreover, for g = 1, 0, is empty; for ¢ = 2 it is equal to the

set of reducible abelian varieties; for ¢ = 3 it contains the Jacobians of

hyperelliptic curves of genus three.

4.2. Kummer polarization and theta functions: the universal em-
bedded Kummer surface. Let (A;, L;) be the principally polarized abelian
surfact corresponding to a point 7 of Hy. The Kummer polarization on A,
is then given by the line bundle L2. A basis of sections of L2 is given by the
second order theta functions

O[o](r,2) = 9[§](27,22), o € {0,1}*.
Remark 4.1. We consider the theta group associated to a line bundle
G(L) = {(x,¢) | x € H(L), p: L =+ t;L}

with group law (y,1) - (z,¢) = (x +y, 130 0 @) for any (x,¢), (y,¥) € G(L).
This group can be entirely described in terms of the type of the polarization
as

G :=G(215) = C* x (Z/2Z)* x (Z/27.)*.
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Indeed, there exists a natural theta structure, that is a group isomorphism
which is the identity over center C*,

(6) ar:G(L2) = G.

For the theory of theta structures and other general results about the rep-
resentation theory of G and G(L), we refer to [1]]].

From these constructions it follows that the induced morphism in projec-
tive space is given as

Fri A, —P3
(7)

2 [...,00](r,2),...].

The map F; is equivariant for the action of G on theta functions. By [6],
this action is explicitly given by

(8) (t,z,y) - Oo] = t(-1) "+ V0[5 + .

It then gives an action of the Heisenberg group # = G/C* on P3. We observe
moreover that the Heisenberg group is the maximal group acting on P3 and
preserving the embedding. To prove this we define an F. automorphism as
a pair (h',h) where h': A, — A, is a scheme automorphism, h: P3 — P3 is
a projective automorphism, and F, o h' = ho F,.

Lemma 4.2. If (W', h) is a F. automorphism, then h is an element of the
Heisenberg group H.

Proof. The fact that any morphism in H induces an F, automorphism is
implied by the construction above.

For any 2-torsion point x of A, we denote by (t,, h;) the F, automor-
phism associated to the z-translation, and we observe that h, is an element
of the Heisenberg group.

For any F, automorphism (h',h), h is in H. Indeed, consider any F.
automorphism (h’, h), by construction A’ sends any 2-torsion point to a 2-
torsion point, so h fixes F(A.[2]). If  is the origin of A,, then h/(¢) = 2/ is a
2-torsion point of A, and therefore, taking (h'ot_,, hoh_,/) instead, we can
suppose that b’ fixes the origin, h/(¢) = e. Furthermore, if  is any 2-torsion
point of A;, the translation t, on A, induces a bijection t%: HY(L2) —
HY(L2). The fact that h fixes F,(g) implies that the set

{s € H(L?)| s(c) = 0}

is fixed, and therefore by taking ¢} we conclude that the set of sections with
a zero at z is fixed for every 2-torsion point. Therefore h'(x) = z for every
2-torsion point z of A,. Finally, if we fix 7, the second order theta functions
O[o](r, ) generate HY(L2). Moreover, for any o € {0,1}2, the zero set of
Olo](T, z) is included in the set of 2-torsion points. This means that h acts
as the identity on PH?(L2) = P3. Thus any h as above is of the form h,,
i.e. it is an element of H. O
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As a consequence of what we said, the following map is holomorphic,
0, :Hy x C* —» P?
(1,2) = [...,0Olo](1,2),...].

We introduce the universal Kummer surface, an object which has been
largely studied, see for example [7] and [I7]. Consider the map

© ¢ : Hy x C? — P3 x P3
(1,2) = [6:(0),0-(2)].

The image of this map is a quasi-projective variety of dimension 4. We
denote by W, the closure of the image of ¢ inside P3 x P3. Moreover, we
consider the restriction of this morphism to the first components of the
products, thus we have

é1: Hy — P3
7 [0,(0)].

We denote by Uy C PV the image of ¢1, which is a quasi-projective variety
(see [7]). With this notation, we have that

(10) W2/—> U2 X Pg

|

Us

Definition 4.3. We call Wy — Us the universal embedded Kummer. We
will call embedded Kummer surface any geometric fiber of the family (I0).

To every abelian surface is naturally associated one embedded Kummer
surface, which is an embedding of the abelian surface in P3. For an in-
decomposable principally polarized abelian surface (A, ©), the associated
embedded Kummer surface is isomorphic to the image of the canonical em-
bedding Kee C PH?(O(20)) and to the corresponding abstract Kummer.

In the decomposable case (A,0) = (A1, 01) x (Az, O3), the image Kyg is
the reduced scheme associated to the embedded Kummer surface.

We observe that Us has exactly one geometric point corresponding to the
embedding of any decomposable abelian surface and such that the geometric
fiber over this point is a double quadric embedded in P3. Indeed, if (4, ©) is
a decomposable abelian variety A = Fy X Fs, with a principal polarization
O, the embedding Kog C PHY(O(20)) is isomorphic to a reduced quadric
in P3.

5. MODULI SPACE OF EMBEDDED KUMMER SURFACES

In this section, we will focus on embedded Kummer surfaces over C and
give a description of the moduli stack and the coarse moduli space of these
varieties.
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5.1. Moduli of embedded Kummers. We start by defining the embed-
ded Kummer functor 5™, and for this we need to consider the universal
embedded Kummer of equation ([I0).

Definition 5.1. The K™ is a fibered category over schemes whose objects
are the diagrams
K——=p

where K — S is a flat morphism of schemes, B is a projective bundle of rank
3 over S, and every geometric fiber of this diagram is an embedded Kummer
surface (see Definition [{.3).

Given a pair of embedded Kummer families S < K < B and S’ + K' —
B', a morphism between them in K3™"'° is a pair of scheme morphisms
(u: S =5’ v: B— B'), such that in the following diagram every square is
cartesian

K~——=B

TN N

S K'——=p

N

S’
By construction K" is a prestack. The stack K$™ of embedded Kum-

. . . . em,pre
mer varieties is the stack associated to IC, pre.

Proposition 5.2. The universal embedded Kummer is a flat family.

Proof. As shown in [7], the closure W, is cut out by a single equation and
this implies the flatness over Us. O

We denote by
p(t) == 2% + 2,
the Hilbert polynomial of any degree 4 hypersurface inside P2, which there-
fore is the Hilbert polynomial of the general embedded Kummer surface. By
the universal property of the Hilbert scheme, we have a morphism

¢': Uy — HilbEY) .

Remark 5.3. The lack of the flatness property is the obstruction to gener-
alize our results to g > 2. Indeed, the universal embedded Kummer is not
proven to be flat for greater g, and therefore we don’t have an immersion of
the general Uy scheme in the Hilbert scheme.

We recall from [6] that the group I'(2,4) is the subgroup of the integral
symplectic group of rank 4 such that its action on Hy preserves the isomor-
phism class of a principally polarized abelian variety plus a theta structure.
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The quotient Hy/I'(2,4) is denoted A2(2,4) and is the coarse moduli space
of principally polarized abelian varieties with a theta structure.

Lemma 5.4. The morphism ¢’ o¢y: Hy — Hilbﬁgt) factors through Ay (2,4).

Proof. 1t suffices to prove that two points of Hy corresponding to the same
theta structure on a certain abelian surface (A4,20), are sent in the same
point of Hilb‘;gt). In fact, given a theta structure on the abelian surface
above, the morphism A — P3 is uniquely determined. This implies that the
two images inside P3 coincide, and therefore they correspond to the same
point of Hilb;gt). O

As another consequence of the above setting, the action of H on P2 induces

an action of the same group on Hilbggt). If we denote by U, the image of

¢’ inside Hilb’];(;), then Us is fixed by the H action. Indeed, the action of

‘H on Hilbfl;gt) changes the coordinates of P? and thus sends any embedded
Kummer variety to another embedded Kummer variety.

Theorem 5.5. The moduli stack K§™ is the quotient stack [Us/H), and
therefore it is a Deligne-Mumford stack.

Proof. To prove this, we first define a morphism of categories fibered in
grupoids
wPre: 5P — [Usy/H].

As [Uy/H] is a stack, this induces a natural morphism ¥: K§® — [Uy/H].
Finally, we will prove that ¥ is an isomorphism.

Consider an object of K5"P™ i.e. a family of embedded Kummer varieties
K——=B
S.

By definition, every geometric fiber of 7 is an embedded Kummer variety,
therefore by Lemma [£2] B is naturally a H-bundle over S. We denote by
&: E — S the principal ‘H-bundle associated to B. We observe that £*B is
a trivial projective bundle, i.e. we have

Ex¢g K——=FE x PV

|

E

for some vector space V. By the universal property of the Hilbert scheme,

there exists a unique morphism m: E — Hilb’{n(‘? which is H-equivariant.

By construction, we have that the image of m is included in (72, and finally
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the object WP*(K — 9) is

E——1U,
|
S.

We construct now the image via ¥ of a morphism (u, v) in K5""P" between
two families of embedded Kummer varieties S’ < K’ < B’ and S” <«
K" — B”. We denote by £/ — S" and E” — S” the principal H-bundles
associated to B’ and B” respectively. Moreover, we denote by m': E' —
Uy and m”: E” — U, the associated H-equivariant morphisms. Then the

morphism v: B’ — B’ induces and H-equivariant morphisms E' — E”
commuting with m’ and m”, and such that the following diagram is cartesian

El El/

L

s — 3",

This map between E’ and E” is exactly the image morphism ¥ (u,v).

To prove that ¥ is a morphism of categories it suffices to prove that
given a morphism (u/,v") from S’ + K’ < B’ to §” «+ K" — B” and
a morphism (u”,v”) from S” < K" < B"” to 8" < K" < B", then
U ((u”,0") o (u,0") = U(u”,0") o U(u,0v"). This follows easily from the
construction above.

It remains to prove that ¥ is an isomorphism. It suffices to show that for
every scheme S, the functor Wg: K§™(S) — [Uz/H](S) is fully faithful and
essentially surjective, i.e. it is an equivalence of categories (see [I, Lemma
5.1 §12)).

Fully faithfulness means that there is a bijection between the set of au-
tomorphisms of a family S < K < B and the set of automorphisms of the
associated H-torsor:

Homycgm (K, K') = Hom,

Ty (P ), W(K)).

This is equivalent to proving the same property for the prestack 5™ """ and

morphism V¥, and it follows from the definitions.

Essential surjectivity means that any object of [ﬁg /H] is isomorphic to
the image via ¥ of some object in K§™. This is equivalent to say that for
any object of E — S of [Uy/H], there exists a covering {S;} of the scheme S
such that every restricted object E|gs, — S; is isomorphic to the image via
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m,pre

U of some object in K5 . To prove this, we consider the universal family

Ve = Uy x PV

Uy
which is the restriction of the universal family over the Hilbert scheme.

We consider an object of [Us/H], i.e. an H-torsor plus an H-equivariant
morphism to Us

E-2-17,
S.

The group H acts equivariantly and freely on F and ), so we consider a
covering {S;} of S that induces a trivialization of E, equivalently such that
E|s, = S; x H for any S;. We consider now the quotient family

(m*Y|s,)/ H— S; x PV

“l /

Si.

By the definition of ), for any S; this is a family of embedded varieties
whose Hilbert polynomial is p(t), i.e. a family of embedded Kummers, there-
fore an object of £5™P*°(.S;). This completes the proof. O

In order to give a description of the coarse moduli space of embedded
Kummer surfaces, we define a 1-cycle numerical class on the coarse moduli
space of abelian surfaces As.

Definition 5.6. Given a 1-dimensional abelian variety B, we denote by

C’fB) C Ay the locus of abelian surfaces isomorphic to B x E, where E is
any 1-dimensional abelian variety.

Remark 5.7. The curves C’}B) i Ao are all linearly equivalent, indepen-
dently of the abelian variety B. Indeed, there exists a morphism

EZA1XA1—>A2,

sending any geometric point [B] x [E| of the product to the point associated

to the abelian surface [B x E]. Therefore CfB) = E({[B]} x A1), and as

A, =P, the curve C}B) is in the same equivalence class Cy for any B.
We define now a natural map f: A2 — K§™. Consider any abelian

scheme A — S in As. By definition there exists an associated morphism
pa: S — Ao Consider a lifting p4: S — Hs, and the morphism ¢ : Hy — Us.
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By pullbacking the universal family W, over S via ¢10p4, we obtain a family
of embedded Kummer varieties

K——=PV xS

|

S.

Changing the lifting p4 changes the immersion morphism of K by a projec-
tive automorphism of PV. Therefore the isomorphism class of the family is
well defined, and this is the image of A — S in K§™ via B.
This induces, passing to the associated coarse moduli spaces, a map Ay —
5™, also called 2. We denote by A;; the image of the map = in Remark
B.7 i.e. the sublocus of decomposable abelian surfaces.

Theorem 5.8. The map [2: Az — K§™ is the contraction of the class C1,
the equivalence class of CfB) for any B.

Proof. For every geometric point 5§ of Aj 1, [2(5) is always the same point
y € K§™ corresponding to the double quadric embedded in P3. We observe
that Ag\A;; is isomorphic to KS™\{y}, because families of irreducible ab-
stract Kummer surfaces are in natural bijection with families of irreducible
embedded Kummer surfaces. Therefore every point in A;; is contracted
to y and every point outside A;; is not contracted. As A;; is covered by
curves linearly equivalent to C7, this proves that § is exactly the contraction
of Cl. O

Remark 5.9. We observe that since no point outside Ay 1 is contracted, the
proof above implies that any curve not contained in Ay 1 is not equivalent to
C1. Equivalently, Aq1 is the locus covered by all the curves in the class C;.

We have thus proven that the moduli space K§™ is a Deligne-Mumford
stack and its coarse moduli space K5™ is obtained by contracting a particular
curve class inside Ao. It remains an open question if such a theorem is true
more generally for any g. We observe that if the coarse moduli space K™
exists, abelian varieties of the type By_1 x E, where By_; is a fixed (g — 1)-

dimensional abelian variety and E any elliptic curve, run a curve C’fB) always
in the same class C7, and they are represented by the same geometric point
of Ki™. We conjecture that Ki™ is obtained via the contraction of the curve
class C1 on A, for any g > 2. The key obstruction to this remains the proof
that g™ is Deligne-Mumford.

In [19], Shepherd-Barron treat the locus Aﬁ g—1 C Af; of decomposable
abelian varieties of the type B,_1 X E inside the perfect compactification of
A,. He proves that for g < 11, Af g—1 is the exceptional locus of a semi-
ample line bundle and therefore there exists a contraction Ag — Vj of the
class C1. This algebraic variety V; would contain K™ as a dense a open
subset if our conjecture is correct.
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Furthermore, in [20, Corollary 3.4] the same author shows that in the case
g = 11, our conjecture would imply that a suitable compactification of K{7}*
is the canonical model of Aq;.

5.2. Equations for a family of embedded Kummer surfaces. The
universal Kummer variety in dimension 2 can be described in equations, as
done for example in [I7, Example 1.1]. In this section we show these equa-
tions and show that they also parametrize the embedded Kummer surfaces
of reducible abelian varieties and count them with the right multiplicity.

If g = 2 the map (@) is the map

¢ :Hy x C2 - P3 x P3
(1,2) = [@T(O),@T(Z)].

Let x, = O[o](t,2) and u, = O[o](r,0). Then set u = (ugo, uo1, U10, U11)
and x = (xg0, Zo1, 10, 211) and take (u,x) as the coordinates in the above
P3 x P3.

By [7], we know that the closure of the image of ¢ is given by a single
equation F'(u,x) which involves Heisenberg invariant polynomials.

By (), it is easy to see that the action of the Heisenberg group on the x
coordinates is generated by the following transformations

00, 01,10, T11 x107x117x007x01)7

00, 01,105 T11 ‘T017x007x117x10)7

(
(
(200, Zo1, T10, T11 200, Z01, —%10, —Z11),
(

) —
) —
) —
) —

o~~~ o~

00, 01,10, T11 xOOy_x017x107_x11)-

The space of Heisenberg-invariant quartics is generated by the following
ones:

Py = xgg + xgy + ¥ + T1y;

Py = 2(aggxy + #foriy);

Py = 2(aggzy + 231 21);

Py = 2(aggzty + 231 70);

Py = 4x00701710711-

The equation of the universal Kummer variety is then given as:

PR P Py P Py
3 2 2 2
Ugg U00UHy UoOUTy Uo0UT] UO1ULOULL
3 2 2 2
(11) F(u,x) =det | ug; ufouor Uoiui; Uo1Ujy UooUioU11
u%O ulOu%l ugoulo U%IU%O UooU01U11
3

2 2
Uyp UfgU1l Upg U1l UgoUll  UooUO1UL0
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As we already mentioned, the locus of decomposable principally polarized
abelian surfaces is the divisor

null—{ H I O}CAQ,

m even

where ¥, (7) := U, (7,0). Whereas 0,,,;; is irreducible in Ay, its lifting to
Hs has 10 irreducible components, each corresponding to the vanishing of
one of the even theta constants ¢, (7).

Riemann’s addition formula gives a way to find equations for these com-
ponents that are particularly useful to our purpose. Indeed, these equations
can be written in terms of second order theta constants which do not satisfy
any algebraic relation in degree 2. For £, § € {0,1}9, one has the following
formula:

(12) I[51(r)P = Y (=1)"?©[0](7,0)0[0 +¢](r,0).

0€{0,1}2

We write a theta characteristic in rows, i.e. m =[5 52]. We will order the
10 even characteristics in the following way:

0
1

oo

]7m3:[

me = [9 4], mr =[§ 4], ms =[{

my=1[30], ma =[] I, ma=1[99], ms = [§§],
11
11

J.mo=1[§g], mio=|

—=o

Correspondingly, we can easily find the equations of the irreducible compo-
nents of 0, by (IZ). These are the zero locus of the 10 quadrics:

q1(w) = ug + ugy +ufy + iy,
2 2 2

g2 (n) = ugy — udy + uiy — uiy,
2 2 2 2

g3(u) = upy + upy — Ui — Uy,

= ufy — upy — uiy +uiy,
= 2 (ugouo1 + u10u11),
= 2 (upouo1 — U10U11),
= 2 (ugou10 + uo1u11),
= 2 (ugou10 — Up1U11),
= 2 (upru10 + uoou11),
= 2 (upou11 — Up1U10)-

By computations in Macaulay2 [10], we compute equation (II)) on the
irreducible components of the 6,y divisor. Let k; = F(u,%)|{g, (u)=0}, then

ki(w,x) = pi(u) fi(x)?, i=1,...,10,
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where p;(u) is a polynomial in ugg, w1, u19, u11 and

I
8
o
(=)
8
[y
o

|
8
o
=
8
—
o

fio(x) =zooz11 — To1Z10-

It is interesting to see that we get essentially the same quadrics but doubled.
This mirrors the fact that, moving from an irreducible abelian surface to a
decomposable one, the degree of the image of the map defined by the line
bundle L2 drops. Then, a flat family of embedded Kummer surfaces should
carry a suitable non-reduced structure.

6. TOWARD COMPACTIFICATIONS: TORUS RANK 1 DEGENERATIONS OF
PRINCIPALLY POLARIZED ABELIAN VARIETIES

Regarding the moduli space of principally polarized abelian varieties over
C, of dimension g, there are essentially two kinds of compactifications that
have been studied: Satake’s compactifications and toroidal compactifica-
tions.

Satake’s compactification is developped the setting of bounded symmetric
domains: it is the projective scheme associated to the graded ring of scalar
modular forms with respect to the full modular group. As a set

ZS

t
g =AgUA L LA,

therefore it has a boundary of Zjat has high codimension. Moreover the
Satake’s compactification of A, is highly singular along the boundary. We

. —S . .
will denote by A,/ “ the Satake’s compactification of A,.

The toroidal compactifications are a class of different compactifications of
A,, each one corresponding to a way of decomposing the cone of real positive

quadratic forms in g variables. They lack some of the bad properties of Zjat,
in particular the boundary of any toroidal compactification is a divisor.

The investigation of degenerations of abelian varieties is a crucial point
in the study of toroidal compactifications of A,. These indeed represent the
boundary points of such compactification. Only recently the knowledge of
deeper boundary strata of the toroidal compactification corresponding to
the perfect cone decomposition has been increased (see [12]).
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The so-called Mumford’s partial compactification of A,, denoted by Z;V[um,
is contained in any toroidal compactification and we can think of it as rep-
resenting the most superficial strata of the boundary of any toroidal com-
pactification. This compactification can be seen as the blow-up of the open
set AgLIA,_1 in Agat along its boundary Ag_1.

As explained in [16], Z;wum is the coarse moduli space of principally po-
larized abelian varieties of dimension g and their torus rank 1 degenerations,
which represent the points on the boundary of this partial compactification.

Following [16] we give the definition of a torus rank 1 degeneration of
dimension g. We recall that if B is a principally polarized abelian variety
and we denote by Bits dual, then B is canonically identified with B thanks
to the principal polarization. Moreover, consider an extension G of B by
C*, that is an algebraic group who fits into the short exact sequence

0—-C*"—-G—B—0.
The group of B extensions by C* is isomorphic to B,
Ext!(B,C*) =~ B = B.

Definition 6.1. Tuke B a principally polarized abelian variety of dimension
g — 1, let G be an algebraic group which is an extension of B by C* and
suppose the class of G in Ext'(B,C*) is identified with the point b € B.
Consider G as a C*-bundle over B and let G be the associated P -bundle.
Then G — G equals Go U G, the union of two sections of G over B; G is
the variety obtained by gluing Gy, Gse with a translation by b, then G is a
complete g-dimensional variety.

Consider an ample Cartier divisor D on G such that h°(D) = 1, not
equivalent to the divisor of the glued sections éo,éw. Then (G, D) is a
torus rank 1 degeneration. Such a degeneration will be denoted by X (B,b).
A wvariety constructed in such a way is also known as a semi-abelic variety
of torus rank 1.

By [16], we know also that the complete variety G is the limit of a g-
dimensional abelian varieties. By the equation (3) on Ay, one can give an
analytic method to construct this limit. This will also give us a way to write
explicitly the divisor D and hence we get an analytic description of a torus
rank 1 degeneration of an abelian variety.

Recall that any point 7 € H, defines the principally polarized abelian
variety

A, =CI/r29 + 79
with theta divisor
©={z¢€ A, |V¥(r,z) =0},
where ¥ is the theta function with 0 characteristic. Then a point on the
boundary of Z;V[um gives a degeneration of the abelian variety A, when
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Im7; — oo and 7 — Ti’j finite limite, for ¢ > 2 or 5 > 2. If

_)z'ootb
T b )’

we get the semi-abelic variety X (A;/,b) as the limit. By Definition [6.1] the
0-section and the oco-section of the P'-bundle over A,/ are glued compatibly
with the shift by the point b € A.,. Formally, the identification is

(2/,0) ~ (2 — b,00).

We can also compute the degeneration of the theta divisor by analytic
methods. Following [12], formula (4)], we define the semi-abelic theta func-
tion to be

lim ((T;)l tlf) , (Zl_T,“/Q)) =91, 2) + qI(7, 2 +b),
T11—100 T z
where 2’ = (22,...,24) is the analytic coordinate on B and ¢ := e2™*1  Note
that ¢ can be viewed as the coordinate in the fiber C* of G and the theta
divisor Z on A, as the zero locus of ¥(7/, 2'). The degeneration of the theta
divisor is the zero locus of the semi-abelic theta function.

In [12] one also finds a description of the “2-torsion points” on a torus
rank 1 degeneration of a principally polarized abelian variety as fixed points
of an involution that preserves the semi-abelic theta divisor.

Let X = X (B,b) be a torus rank 1 degeneration of a principally polarized
abelian variety constructed as above. Following [12] we will first describe
a uniformization of the smooth part of X. Let B = CI~1/(Z9"'r ¢ Z971)
for 7 € Hy_1. The semi-abelian variety corresponding to a point b € B
is the quotient of the trivial C*-bundle C9~! x C* — C9~! by the group
729-1) = 7917 @ 797" acting via

(n,m) : (z,2) = (z + n7 +m, (~'nb)z),
where as before (t) = €27,

Then the involution j on the semi-abelic variety that preserves the semi-
abelic theta divisor is given as follows:

j(z,z) = (—(z+b),z7 ).

Note that the involution j exchanges the O-section and the oco-section.

The fixed points of the involution j are the limits of the 2-torsion points
on the degenerating family of abelian varieties. There are two possibilities:
they can lie either on the smooth part of X or on its singular locus. The
points

z=—(te+6+b)e 6€{0,1}97,
r==+(-"eb).

are the 22971 fixed points of j on the smooth locus of X. Each point is the
limit of a single family of 2-torsion points on smooth abelian varieties.
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On the other hand, the fixed points of the involution j lying on the sin-
gular locus are of the form

z=—(te+6),e,0€{0,1}97 1.

Each point must be counted with multiplicity 2 since it is the limit of two
2-torsion points on a smooth abelian variety. So we get 29! fixed points of
the involution on the singular locus of X.

Note that on a semi-abelic variety it does not make sense to say that a
fixed point of the involution is even or odd. Indeed, a fixed point of j, say
on the singular locus, can be the limit of odd 2-torsion points and of even
2-torsion points (see [12] for the case of elliptic curves).

We would like to understand if the computation of the degeneration of
the map

¢:Hy xCI =PV x PV
(7, 2) = [6+(0), O-(2)].
defining the universal Kummer variety might lead to the construction of a
compactification for the moduli space of embedded Kummer varieties. We
leave it here as an open question.
One could try to compute the degeneration of the coordinates ©.(z) and
©.(0) separately. Regarding ©,(z), we have seen that they define the em-

bedding of the embedded Kummer varieties of a principally polarized abelian
variety. For A, a principally polarized abelian variety, let

f: A —P¥1
7= [O7(2)]
be the map defined by second order theta functions. By [16] we know that

such a map extends to torus rank 1 degenerations. If Im7;; — oo, it is
defined by the 29 “theta functions”

Oll(r',2) + ¢*O[e] (7', 2/ + b),
q®le](r', 2 + b/2),
for € € {0,1}97. In order to compute such degenerations, one can perform
the Fourier-Jacobi expansion. By direct computations one has that
e O[0¢|(r, 2) degenerates to Ole](7/, 2') + ¢*O[e] (7', 2’ + b),
e O[1¢](7,2) degenerates to ¢O[e](7, 2 + b/2).
So, at least on Mumford’s partial compactification, this this would give the
degeneration of the coordinates O,(z).

What about the coordinates ©,(0)7 If we denote by Ay(2,4) the moduli
space of principally polarized abelian varieties with theta structure, we know
that they define a map

D:AH(2,4) - PP
7= [0:(0)]
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such that the closure of the image of ® is the Satake compactification of
A (2,4).

It would be interesting to see if there exists a toroidal compactification
A, (2,4)"" of A, for which it is possible to define a projective map

A, (2,4) —P"

for some n such that the restriction of ¥ to A4(2,4) coincides with ®. We
expect that this map should be given by some “degeneration” of theta con-
stants.
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