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Existence of Positive Eigenfunctions to an
Anisotropic Elliptic Operator via Sub-Super
Solutions Method

Simone Ciani, Giovany M. Figueiredo and Antonio Suarez

Abstract. Using the sub-supersolution method we study the existence
of positive solutions for the anisotropic problem
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where € is a bounded and regular domain of RY, ¢ > 1 and A > 0.
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1. Introduction

In this paper the main goal is to show the existence of positive solutions of
the problem

pi—2 8
aZ) =it inQ,
u=20 on 012,

where Q € RV, N > 1, is a bounded and regular domain, p; > 1,i=1,..., N,
q > 1 and A is a real parameter. We will assume without loss of generality
that the p; are ordered increasingly, that is, p; < ... < pn.

There is a vast literature concerning to anisotropic elliptic problems. We
mention here only those references most strongly related to (I]). First, in [9]
it was proved that for ¢ < py for any v > 0 there exists Ay > 0 and u, with
lluyllp = v and w. solution of (1)) with A = A,. As the authors themselves
claim, from this result it can not be deduced the existence of solutions of
(CI) for a given A. In [4], using mainly variational methods, it was proved
that if p; < ¢ < py then there exist 0 < A, < A* such that:

(1.1)
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e If A <\, (II) does not posses positive solution.
o If A > \*, (L) possesses at least a positive solution.

Finally, for the general results of [14] (Corollary 1) we can deduce that for
the case 1 < ¢ < p; there exist 0 < A < Ay such that (L) possesses at
least a solution for A € (0, A.) U (A, 00).

In this paper we complete and improve the above results. For that, we use
the sub-supersolution method, see [I], [5] and [I6], (see also [6], [7], [8] and
references therein for the application of this method to problems with non-
linear reaction function including singularities or critical exponent).

This method allows us not only to prove the existence of a solution, but also
gives us lower and upper bounds of such solution. Specifically, our main result
is the following.

Theorem 1.1.

1. Assume that 1 < g < p1. There exists a positive solution of (I1]) if and
only if A > 0.

2. Assume that p1 < q < pn. There exists A > 0 such that (1)) does
not posses positive solutions for X < A and (1)) possesses at least one
positive solution for A > A.

An outline of the paper is as follows: in Section 2 we recall some definitions
and some properties of the eigenvalues and eigenfunctions of the classical
p-Laplacian. Next in Section 3 we enunciate the sub-supersolution method.
Then in Section 4 we construct sub and super-solutions by multiplication of
powers of p-Laplacian eigenfunctions to be applied in the existence theorem.

2. Preliminary Lemmas and Setting

Consider h(z,s) : Q x R — R a Caratheodory function, i.e. measurable in z
and continuous in the second variable s. Consider the anisotropic problem

_i o (| ou|"? ou
1 &u a’Ei
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The natural framework to study (2.1)) is the anisotropic Sobolev Space WO1 P(Q),
that is, the closure of C§°(€2) under the anisotropic norm

) = h(z,u(x)) inQ, (2.1)
on 0N).

N

[ullwre @) = Z

i=1

81‘1'

Pi

where g;f denotes the i—th weak partial derivative of w.
Recall that if we denote

Y1 _ \ N ‘
Z—>1, pi>1 Vi=1,...,N, p"i= =5, DPoo:=max{p",pn},
i Pi 25 1

(2.2)
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then for every r € [1, pso] the embedding
WyP(Q) € L'(Q)

is continuous, and it is compact if r < po. More precisely, it holds the
following directional Poincaré-type inequality for any u € CL(Q) (see for
instance [9])

dir|| Ou A
ull, < —||=—1|, Vr>1, d'= sup (x —y,e;), 2.3
Iull < || 5| | s woe). (23)
denoting by {e1,...,ex} the canonical basis of RY.

The theory of embeddings of this kind of anisotropic Sobolev spaces is vast
and we refer to [9] for directional Poincaré-type inequality and to [12] for
Sobolev and Morrey’s embeddings of the whole WP (£2) space, obtained with
an important geometric condition on the domain 2, namely that it must be
semi-rectangular. It is not a case that this semi-rectangular condition reflects
in our construction of the solution: the existence of traces for this kind of
functions is heavily depending on the geometry of the domain as shown in [12].
Regularity theory for orthotropic operators as the one defined by equation
(1) is still a challenging open problem, see for example [3].

We also recall the following definition.

Definition 2.1. A function v € W1P(Q) is defined to be a a sub-(super-)
solution to the problem (Z1)) if u < (>)0 in O and V0 < ¢ € WyP(Q) it

satisfies
N
b

Finally, a solution u € Wy'®(Q) to (Z1) has to satisfy

ou
(9.237;

P ou 09

h(x,u(x))gé] dx < (>)0. (2.4)

N

b
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— h(z, u(a:))(b} dr =0 Yoe WP Q).

Now, we recall some well-known results concerning the eigenvalue problem
for the p-Laplacian. Specifically, the problem

—Apu = )\|u|1’*2u n Q’
{ w=0 on 01, 29
where
N -2
o ou |77 Ou
— p—2 — P — - a..
st < 3 2 (e )

The following result is well-known:

Lemma 2.1. The eigenvalue problem (23) has a unique eigenvalue X = A\;
with the property of having a positive associated eigenfunction @1 € Wol’p(Q),
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called principal eigenfunction. Moreover, Ay is simple, isolated and is defined

by
Alzinf{/ |Vu|p:u€W01’p(Q),/|u|pdx:1}.
Q Q

Furthermore, ¢1 € C1P(Q) for some B € (0,1) and dp1/0n < 0 on 99,
where n is the outward unit normal on ). Finally, for N = 1 we have that

Vi P72V € WH2(9), (2.6)

and in fact
—A;,,(pl(x) =MANp1(x) ae x€Q.
Remark 2.1. The existence of A1 and main properties of w1 are well-known,

see [10], [13], [15). Property (2.4) holds in N = 1, see for instance [I1], and
for N > 2 is some specific domains, for example for 0 convez, see [2].

3. An existence sub-supersolution theorem

We start by stating an important theorem, see [I] and [5], that assures the
existence of a solution between a sub and a supersolution.

Theorem 3.1. Suppose that h : R — R a continuous function and that there
exist u,u € WHP(Q) N L>(Q) subsolution and supersolution of (Z1) such
that uw <. Then there exists u € Wy P (Q) solution to (Z1) such that

u < u <.

Proof. Since u and @ belong to L>(€2), then h verifies condition (hs) of [I].
This concludes the proof. O

4. Construction of sub and super-solutions: proof of the main
result

In this section we prove Theorem [[LTl For that, we apply Theorem Bl to
(CI). Mainly, we construct the sub and the supersolution.

4.1. Sub-solutions
Let us consider a rectangular bounded domain U C () i.e.
N
U:= HU“ where U; = (a;,b;), a;,b; € R Vi=1, . N.
i=1
Denote by v; = v;(z;) a positive principal eigenfunction of —A,, in U,
that is,

(4.1)

i—2 i
—Ap,vi = n;|vi[P %y in U,
v, =0 on 0U;.
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From Lemma [2.T] recall that, if n; is the outward normal derivative to 9U;,
we have

gfl <0 ondU; (4.2)
Let us consider the function
N
e|lvi(zi) zel,
u(x) = E ’ (4.3)
0 reQ\U,
where a; > 0,i=1,..., N, and ¢ > 0 will be chosen later.

Remark 4.1. We note that u(z) >0 in ) #U C Q.

As v; are bounded, it is clear that u € Wl’p(Q) and that Upo = 0. Hence, u
is subsolution of () provided that

P2 u 9

— dr < A/ wlodr Ve WyP(Q), ¢>0.
1 81‘1 Q

Observe that

N
A/ gq*%ﬁdxzieqﬂ/ Hv;“(q‘”qsdx. (4.4)
Q U

i=1
On the other hand, observe that

ov;
aj a—1 7 . )
8xl_6a7(Hv > v; 8_@ in U;.

J#i
Then, taking into account the positivity ofv;, Vi=1,..,N,
8u 8q5 B
83:1 ox; 8@,
pi—1 Ov; pi—2 ov: O
aJ a, 1 Vi v; 0¢ A gai
7#7 J VED)

with the obvious notation for d#’. Next, by using an integration by parts
argument and the Fubini-Tonelli theorem, we get

ulP P ou dp
1 8xi 6:@ 6:@

N i—1
_Z/ o [T 8 / 0 ( fai-Dmi-1) i |77 9wy b dzidi

. Il U; ! - J U, 8:Ei ¢ 8:Ei 3 !

=1 j#i I VE i

N pi—1 pi—2

. i—1)(p;i—1)| Ovi ov; i

+Z/ (eaiij") {/ 1( Dpi—1) . qbdxl}dx

i=1 /11 Us i oU: ‘
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The second term on the right can be discarded as g;’l? < 0 in OU;, see ([E2).
Considering that

9 p@i—Dpi=1) %pi_Qaw =
O \ ¢ ox; 0x;
v, |7 (i—1)(pi—1) O ov; pi—2 ov;
(0= 1~ 15|+ o ((on| o2)

and, from Lemma [Z1] that
pi—2 p)
v; R
—7) = —nul Y in v,

9 (19w
Ox; \ | Ox; ox;

our sub-solution condition becomes

A S
. ’ J , e ‘ ox;
i=1 Y Iz Ui g Ui '
N
N Uzgai—n(pi—l)mvfil} et ( 11 ng(q_l)> }¢ dasdi < 0.
k=1
(4.5)
Let us require a condition on the pointwise integrand
A=
S i\ (@)@ -1-au(a-1) O, | -
Z <6ai ij.y) vl i i [(1 — Oéi)(pi — 1)’8.13 +777;'Uf1:|
i=1 J#i ¢
N Pi—q Di
aj a;(pi—q)—pi v; i
= (L) o e - vfge| st
i=1 J#i !

Now we consider various cases.

e If 1 < g < p1, then by choosing a; > (,f)—i(,) > 1, letting € — 07 we
obtain that u is a subsolution provided A > 0.
e Assume that some ig € {1,.., N} we have p;,+1 > q > p;, taking pyy1 =

00. Then w is a subsolution if

A > A :=maxS
U

where
N Pi—q ( ) v, |Pi
_ X aj &i(pPi—q)—Pi . L ? yPi
s=3 (L) R
=1 VED)
We show that A, is finite. Observe that S = Sg + S; where
0 N\Pite4 ‘ Ov: |Pi
So=3) (eo‘i H”?’J) v im0 {(1 —a;)(pi — 1)‘ 3 |+ mvfi}
T

i=1 j#i
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and
> e (pi—q)—p dv; |™
S1= i 2 R e [ Y vy |
=3 (= 11 ) 0=t -fg] et
i=ip 4

It is clear that & is finite, taking a; > p;/(p; — q).
On the other hand, observe that the behaviour next to QU is controlled:
when v; — 07 then as %vi < 0 on OU; we have that there exists 6 > 0
small enough such that the quantity

a-ae-n|3ef

&fri
where

—|—T]wf”’] <0 inU) foralli=1,...,pi,

Moreover, Sy is bounded in U N Ui‘s. Then, Sy is bounded in U and we
can conclude that A, is finite.

4.2. Supersolutions
Since 2 is bounded, we can choose a domain U such that
N
acu=[Jv’, U =(ab), aib in R
i=1
Now for M > 0 we consider the function

N
:MHvi(xi), x €,

where v; are the first eigenfunctions to the p;-Laplacian in U?, whose first
eigenvalue we denote by n*. Observe that

sy > 0.
Then, u is a supersolution to () for all 0 < ¢ € W, P(Q2) holds

ow |2 ou ¢
qg—1 g—1 <
/M Hv $dx < /Z 35; a.
It is clear that
ou |’ ou ¢
lel 81‘1 (9.237 (9.237
LRI 55
Q5 i / 81‘1 (9.237 81‘1
N pi—1 pi—2
0 ov; ov; B
‘Z/Q<M,H”j) o, (8x axi)d"“‘
i=1 VE)
N N pi—1
Zni/ (Mij) ¢dx
i=1 Q j=1
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Thus we may ask for the strong condition

N N Pi—q
A=)y <M 11 vj> >\ (4.6)
i=1 j=1

Hence, if 1 < ¢ < py by letting M — oo we have that @ is a super solution
YA > 0.

Proof of Theorem [Tl

1. Assume 1 < ¢ < py. Fix A > 0. Then, we can choose € > 0 small and M
large enough such that u, @ are sub-supersolution of (1) and v <@ in
Q. Theorem B3] assures the existence of a solution u of (LT]) such that
u < u < u. This completes this case.

2. Assume p; < ¢ < pn. In this case, taking for example € = 1, we have
that w is subsolution provided that A > A, for some A,. On the other
hand, we can take M large such that u is supersolution and u < w.
Thus, there exists a positive solution for A > A,.

Now, we define

A :=inf{\ : (I) possesses at least a positive solution}.

We have proved that A < oo. For p; < ¢ < pn, in [4] it was proved
that 0 < A. We show now that this is also true for ¢ = p;. Indeed, let
now consider ¢ = p; and let us multiply the equation (II) by u and
integrate it on €2 to obtain

N
ou
>,

&fri
Now we use the embedding (23] on r = p; to get

Ppi N

dx:Z

i=1

ou
8{Ei

Pi
= Az = )\/ [P da
Di Q

dlpl)Pl Ou P1 N ou i
lellpt < ||50r ||+ 22 = Allull3;
< 2 Ox1l,, =5 1107l
and thus
2 P1
ul[PH X — >0.
|2~ (7) | 2
p1
But if A < dlipl this quantity is negative and we arrive to the

absurd of declaring ||u||,, # 0.

We prove now that for all A > A we have the existence of positive
solution. Indeed, fix A\g > A. Then, by definition of A, there exists
€ (A, Xo) and a positive solution, denoted by wu,,, of (LI for A = p.
Since p < Ao, it is clear that u, is subsolution of (II)) for A = Ao.
On the other hand, for M large, there exists @ supersolution of ([I.J]) for
A = Ag. Finally, thanks to regularity results, see for instance Proposition
4.1 in [I] or Lemma 2.4 in [5], we have that u, € L°°(Q). Hence, for M
large u, < u, and we can conclude the existence of positive solution for
A = Ag. This completes the proof.
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O

Remark 4.2. Since our subsolution u is strictly positive in U, we have by
Theorem [31] that w > u > 0 in a non empty open set contained in . In the
case p1 > 2 by the result of Corollary 4.4 [4] we have u >0 in Q.

Remark 4.3. We comment a possible further generalization.
Let ¥ = (x1,...,2n), where x; € ; C RNi | being ; an open, bounded and
convexr domain. Denote with V, the gradient along the vector x; and divs,

its divergence, and let
N; ;—2
<~ 0 ou [P"7° Ou
P2V, u) = ‘
j:Zl (9.237J < (9.237J (9.237J

be the p;-Laplacian acting on the x; vector. Problems of the kind of

Ap,u = divg, (|Vg,u

N
- ZApiu =it in Q=T
i=1
u=0 on 012,
can be faced with the same technique, using properties of the p;-Laplacian
principal eigenfuctions, and owing integrability condition as (Z8) to recent
reqularity results obtained in [2].

(4.7)
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