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ON THE MEASURE OF PRODUCTS FROM THE MIDDLE-THIRD
CANTOR SET

LUCA MARCHESE

ABSTRACT. We prove upper and lower bounds for the Lebesgue measure of the set of
products zy with = and y in the middle-third Cantor set. Our method is inspired by
Athreya, Reznick and Tyson, but a different subdivision of the Cantor set provides a more
rapidly converging approximation formula.

1. INTRODUCTION

The middle-third Cantor set is the well-known set K C [0, 1] of points of the form

x = %, where oy €{0,2} for k>1.
k=1

Define P : R? — R by P(z,y) := xy and consider P(K x K), that is the set of products xy
with x,y € IC, which is a closed set because P is continuous and K is compact. Denote £
the Lebesgue measure on R. The main result of this paper is Theorem 1.1 below.

Theorem 1.1. We have
91782451 < 1
113374080 | — 106"

In [2], Athreya, Reznick and Tyson prove the bounds 17/21 < L(P(K x K)) < 5/6. Then,
running a computer program, the authors of [2] get
(1.1) L(P(K x K)) =0,80955358 & 10°.

After, in [4], Gu, Jiang, Xi, Zhao can run a different computer program which confirms the
same first 5 digits in (1.1). Theorem 1.1 confirms such first 5 digits by a rigorous proof.

L(P(K xK)) —

Other arithmetic operations with x,y € K are considered in [2], which describes the
structure of quotients y/x with z # 0 and proves that [0, 1] is covered by products x?y, so
that in particular any element of [0, 1] is the product of 3 factors in K. In [5] it is proved
that sums 2% + x3 + 23 + 23 with z; € K for i = 1,2, 3,4 cover [0,4], which was conjectured
in [2]. In [6] is described a general condition on maps f : R* — R such that f(K x K) has
non-empty interior, where such condition is obviously satisfied by the arithmetic operation
mentioned above. For the image under affine maps, and in particular for S(z,y) ==z +y, a
much larger class of Cantor sets and other fractals have been studied. Specific gap conditions
guarantee that the image is an interval. A first use of gap conditions appears in [7] and a
more recent application in [3]. A gap condition is used for the product of Cantor sets in [10],
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and for Lipschitz perturbations of S(-, ) in Theorem 1.12 in [1]. Related ideas inspired by [2]
are used also in this paper. Other techniques appear in [8] and [9].

1.1. Approximation formula. For E C Rand ¢ > 0set ¢- E := {cx : x € E}. It is helpful
to consider only products xy with x,y € [2/3,1]. For this reason we consider the right half
R:=KnN[2/3,1] of K. From K = {0} UU;2;,37" - R we get

P(KxK)={0yu|J3™" PR xR).
k=0
The union above is disjoint, because P(R x R) C [4/9,1] and 1/3 < 4/9. Therefore
(1.2) L(P(C < K)) =3 37 L(P(R x R)) = gE(P(R < R)).
k=0

A natural way to estimate the measure of P(R xR), and thus of P(K x K) by (1.2) above,
is to consider the iterative construction of the Cantor set R and estimate how the measure
of the product set of the n-th step of the iteration converge to a limit. In order to do so, we
introduce the following terminology. A subdivision for R is a nested family of compact sets
RoD -+ DRy D Rpsi... such that R = (), R,, where any R, is obtained removing
from R,, some open intervals (finitely or countably many). The standard subdivision R,, for
R is obtained setting Ry := [2/3,1] and iteratively

3n . .
_ 3—1)+1 3(7j—-1)+2
Ry :=TRn1\ U ( T , T for n>1.

j=2-3n—141

Remark 8 in [2] gives

(1.3) 0< L(P(Ry x Ry)) — L(P(R x R)) < %(g)n

The bound 17/21 < L(P(K x K)) < 5/6 in [2] follows from L(P(Ro x Ry)) = 5/9 and
(1.2), applying (1.3) with » = 0. Then (1.1) follows applying (1.3) with n = 11, where
of course the estimate of the measure of P(Ri; x Ry1) can only be done by a computer.
In [4], approximation formulae like (1.3) are used in different applications. Our main tool
to prove Theorem 1.1 is an approximation formula analogous to (1.3), where we replace
the standard subdivision (R,),>0 by the fast subdivision (D,),>0 for R, which is obtained
by removing not just the middle third of each interval in each step, but rather countably
many intervals simultaneously (the definition of D,, is given in the next § 2.2). According
to Proposition 1.2 below, the fast subdivision provides a sequence of approximations for the
measure of P(R X R) which converges more rapidly than (1.3).

Proposition 1.2. Let (D,),>0 be the subdivision in (2.3). For any n > 0 we have

0 < L(P(D, x D,)) — L(P(R x R)) < i(i)n.



1.2. Proof of main Theorem 1.1. Theorem 1.1 follows directly applying (1.2), Proposi-
tion 1.2 with n = 3, and the next Proposition 1.3, which is proved in § 3 below. For the
error observe that

3( 1 n 1 ) B 11 - 1
2\64-96 " 63-363/ 7-16-311 " 106
Proposition 1.3. We have

L(P(D3 x D3)) —

91782451 < 1
170061120 | — 64 - 95

Structure of this paper. § 2 is devoted to the proof of Proposition 1.2. In § 2.2 we
introduce the fast subdivision (D,,),>0. The n-th generation product set P(D,, x D,,) differs
from P(R x R) because further subdivisions create gaps in P(D,, x D,), that is intervals
G with G C P(D,, x D,,) \ P(Dy+1 X Dyy1). According to Lemma 2.2, the new gaps only
appear in product sets of the form P(I x I) for a given interval I of D,,. In § 2.3 we describe
such new gaps for an interval I which undergoes a single step of the fast subdivision. § 2.3
contains the technical notation and definitions which are used in the rest of the paper. The
proof of Proposition 1.2 is completed in § 2.4.

§ 3 is devoted to the proof of Proposition 1.3. The analysis from § 2.3 only provides a local
information, but some gaps G in P(I x I) generated by the subdivision of I may be covered
by other regions of P(R x R), that is G C P((RxR)\ (I x I)). Such gaps are called covered
gaps, and they don’t give negative contribution to the measure of P(R x R). A precise
estimate of the measure of P(D3 x Dj3) requires detecting as many covered gaps as possible.
The main tool is an arithmetic characterization of covered gaps, which is provided by (3.2)
and by (3.3). According to Lemma 3.1, we have an exact description of all covered gaps of
P(Dy x D), and the exact value of its measure follows from (3.7). On the other hand, some
covered gaps of P(D3 x Dj3) arise because of configurations not treated by Lemma 3.1. Such
configurations are considered in Lemma 3.2 and Lemma 3.3, but we don’t have an exact
characterization of all covered gaps that they produce. For this reason we can only give an
approximation for the measure of P(Ds x D3). This is done in § 3.4, which completes the
proof of Proposition 1.3. A more detailed outline of the proof of such estimate is given in

§ 3.1.

Acknowledgements. The author is grateful to the anonymous referee.

2. THE FAST SUBDIVISION: PROOF OF PROPOSITION 1.2

For a closed interval I = [a,b] set |I| := |b—a| and let A;: [0,1] — I be the unique affine
orientation preserving bijection between [0, 1] and I, that is

A(z) :=a+ (b—a)x = Ar(0) + |I]z.

For a set S C [0,1] which is the union of countably many points and countably many
intervals, define

E(S) :=={I: Iis a connected component of & with non-empty interior}.

that is the family of intervals of S.



2.1. Product sets along and outside the diagonal. The set R is constructed by repeat-
edly removing the middle third of certain intervals. Therefore it is important to understand
what happens to the product set P(I x J) when we remove the middle third of some intervals
I,J C [2/3,1]. We consider two cases separately: when I = J, that is along the diagonal,
and when I N J = (), that is outside the diagonal.

For any closed interval I C [2/3,1] write I = [a,a + 3t] with 2/3 < a < a+ 3t < 1, then

set
I:=la,a+t]U[a+2ta+3t].

Since (a +t)? > a(a+2t) and (a +t)(a + 3t) = (a + 2t)* — t* < (a + 2t)?, then
(2.1) P(Ix )\ P(Ix1I)=((a+2t)*—1,(a+2t)?),
that is the interval ((a + 2¢t)? — ¢2, (a + 2t)?) is a gap in the product set P(I x I) with size
|7]2/9. On the other hand, consider intervals I, J C [2/3,1] with I N J = () and assume that
they have the same length |/| = |J|. Lemma 11 in [2] gives
(2.2) P(IxJ)=PIxJ),

that is the product set P(l: x J ) has no gap. The elementary proof follows computing the
extremal values of P(-,-) over the four connected components of I x J and checking that the
images overlap. The next Lemma 2.1 is a standard argument, which is left to the reader.

Lemma 2.1. Let f : R? = R be a continuous function and (Cy,)n>0 be a sequence of compact
sets of R? with C,,1, C C, for anyn > 0. Then

f(o) = ﬂ f(Cy)  where C := ﬂ Ch.
n>0 n>0

Recall that K C [0, 1] denotes the middle-third Cantor set.

Lemma 2.2. Consider intervals I,J C [2/3,1] with the same length |I| = |J| and assume
that INJ =10. Then we have

P(AI(IC) X AJ(IC)) = P(I x J).
Proof. Set 7y := I and Jy := J and for n > 1 define inductively the compact sets
T, = U E and J,:= U F,
EBe&(In—1) Fe&(Jn-1)

where Z,, C Z,,_; and J,, C J—1. We have A;(K) = (", Z, and A;(K) =(.—, J». For any
n > 0, any two intervals (E, F') with E € £(Z,,) and F € £(J,) satisfy the same assumption
as the pair (7, J) in the statement. Then (2.2) implies

P(Zpi1 X Tpst) = U P(E x F) = U P(E x F) = P(Z, x J,).
EcE(Zn),FEE(Tn) E€E(Ln),FEE(Tn)
This implies P(Z,, X J,,) = P(I x J) for any n > 0. Lemma 2.1 gives

P(A1(K) x Ay(K)) = [ P(Z. x Ju) = P(I x J).

n>0



2.2. Definition of the fast subdivision. Consider the compact set D below

o0 ((Ultt)) (1) (U5 57)

which is the union of countably many intervals, together with the points {0} and {1}. Recall
that for S C [0, 1] which is the union of countably many points and countably many intervals,
we denote £(S) the family of intervals of S. Define the fast subdivision (D,,)n>0 of R setting
Dy :=[2/3,1] and iteratively

(2.3) D,:= |J AD) for n>1,

Ie& Dn 1)

where we observe that such notation gives Dy := Ajg/3 1] (D). Elementary arguments which
are left to the reader easily give the next Lemma 2.3.

Lemma 2.3. (2.3) defines a subdivision for R.

Observe that for any n > 1 we have

o= Y (X )= > (WY )

I€&(Dy) JEE(Dp—1) I€E(JNDy) JEE(Dp—1) Ie&(D)
142 1 2 117 /1y»
RGN CIE I TS I HE
> (e (2))=n X =] (e
JEE(Dn_1) k=2 JEE(Dn_1)

where the second equality holds because for any J € £(D,,_yy) the intervals I € £(J ND,,)

are the images of the intervals I € £(D) under A, which is affine with dA;(t)/dt = |.J| for
any t € [0,1]. Hence we get

24 > i =5(x)"

I1€€(Dy)

which we will use in the next § 2.4.

2.3. Gaps in the product set for a single step. In this paragraph we study in detail a
single step of the fast subdivision in (2.3), that is we consider any interval I C [2/3,1] and
we describe the infinitely many gaps in the product set P(A;(D) x A;(D)) generated by
the subdivision of I. If I is an interval in D,,, this describes the gaps appearing in P(I x I)
when [ is subdivided. According to the next Proposition 2.6, these gaps form the family
G defined in (2.5) below. All the notation used in the rest of the paper is introduced in
this paragraph, before Remark 2.5. Figure 1 represents the gaps in the products set, and
provides a guide to such notation.

Fix an interval I C [2/3,1]. Consider the map AI [0,1] = I and for 0 <z <y <1 set
I(z,y) = [Ar(z), Ar(y)].
For k > 0 define the intervals
Pirn—y = P(1(2/3,1/3%) x 1(0,1/3"1))
Pirgot) = P(I(1—1/3F1 1) x I(1 —1/3%, 1 —2/3F1)),
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where Pro,-) = Puo+) = P(1(2/3,1) x 1(0,1/3)). Intervals P x4 correspond to product
sets arising from the light grey regions in Figure 1.

Lemma 2.4. For any I C [2/3,1] and any k > 0 we have
Pukoys Purs) C P(Ar(K) x Ar(K)).
Proof. We have Aj1/3)(K) C Ar(K) and Aj31)(KC) € Ar(K). The statement follows for
P10,-) = P,0,+) because Lemma 2.2 gives
P(1(2/3,1) x 1(0,1/3)) = P(Az(z/31)(K) x Ar0,1/3(K))-
The same argument applies to P, —) and Py 4 for £ > 1. O]
For k > 0 set I,y := 1(0,1/3%) and I ) := I(1 —1/3" 1), where o) = [0y = I.

Recall (2.1) and for k£ > 0 define the open intervals

Giry = Py X Toy) \ Pk X Lt )

Gy = Py X Loo) \ Py X L)
Observe that G0y = Guo4) = P(I x I)\ P(I x I). Referring to Figure 1, the intervals

G(1k,+) correspond to product sets arising from the white regions spanned by hyperbolas not
intersecting A;(D) x A;(D). Set

(2.5) gr:= ( O g(],k,ﬂ) UG,y U ( G g([,k,+)>'
k=1 k=1

Finally for £ > 1 denote the elements of £ (AI(D)) by
Dig—y:=1(2/31,1/3%) and D4y = I(1 —1/3F 1 —2/3F1)
and define the intervals
Qi = PDuw-) X D) and Q. = P(Dipr) X Digp))-

The intervals Q; +) correspond to product sets arising from the black squares along the
diagonal in Figure 1.

In order to describe the structure of P(A;(D) x A;(D)) we compute the endpoints of its
subsets P r+), Gup) and Qp ). These endpoints are given by products A;(x)A;(y),
where x,y are endpoints of intervals in D, and their reciprocal position is described in the
next Remark 2.5. The Remark applies 8 times the next (2.6), and at each time the values
for z,y, z,t to be plugged in (2.6) are given by the above definitions of the subsets P(; s 1),
G(1k+) and Qg +). Alternatively, the correct values of z,y, z,t can be easily deduced from
Figure 1.

Remark 2.5. Fiz I. For simplicity write A = Ay. It is easy to check that for x,y,z,t € R
we have

(2.6) A(X)Ay) > A(2)A(t) & z2t—ay< JTE_T) (x+y—2z—1).
6



¢ g(l,1,+)

Quri+) ; |
Pro+ < Puis)
G- >
P R < G(1,0,4)
Q(I,l -) | q

F1GURE 1. The big square represents I x I, and the union of the black rect-
angles in the picture is A;(D) x A;(D). By Lemma 2.2, each dark grey square
has the same P(-,-)-image as its intersection with A;(D) x A;(D), represented
in black. Such images are the intervals P +), & > 0. White regions of hyper-
bolas not intersecting A;(D) x A;(D) correspond to the gaps G(rx,+), k > 0.
The intervals Q. +), k > 1 are the images of the black squares J x J along
the diagonal, where J € £(A;(D)). The superposition between such black
squares and the light grey regions generates covered gaps (see § 3.1) at the
next subdivision.

Using (2.6), and observing that A(0)/|I| > 2 for intervals I C [2/3,1], it is easy to verify
that for for any k > 0 we have
SUp Gz e1,—) = inf Qrpr1,—) < inf Py ) < A(2/3572)* < A(0)A(2/3"11)
inf P,y < sup Quar1—y < A(0)A(2/3M1) < A(1/3F)?
SUP Q1 41,y < SUp Prp ) & A(1/3M1)? < A(1/3%) A(1/35H1)
sup P r,—) =t Grp ) <supGrx,—) < sup G4y = inf Q(rpi1,4)
and for any k > 1 we have
inf Qr x4y < inf Py & Al —1/3F)2 < A(1 —1/3"1)A(1 - 1/3)
inf P4y < sup Qurpy < AL — 1/3FA(1 — 1/3F) < A(1 —2/3"11)?
SUP Q1 14+) < SUP P14y & A(1 —2/3F1)2 < A(1)A(1 — 2/3F)
sup Pri+) = inf Gir 1) < supGrp,+) = inf Q1 p41,4)-

All the equalities above are immediate consequence of the definitions of P +y, Gir+) and
Q(1,k,+)- See Figure 1.

Remark 2.5 implies that G; is a disjoint union. Then (2.1) implies

TINS SU
(2.7)  L(Gr) = L(Gu,-)) + Z L(G(1x,-)) + LG5~ Z 3212 1]



Proposition 2.6. Fiz an interval I C [2/3,1]. We have
(2.8) P(I x I)\ P(A;(D) x A(D)) = Gr.

Proof. Write E? := E x E for sets E C [0,1]. Tt is also convenient to write Dy := A;(D).
The set D? N {(z,y) € R? : y < z} is contained in the union over k& > 0 of the sets

D(QL’HL—) U D?I,k+1,+)u
<[<2/3k+1, 1/3k) X [(k—i-l,—)) U (I(k‘*‘l,-&-) x I(1— 1/3k’ 1— 2/3k+1)).
This implies
(2.9) P(D?) C ( U P g,y U P(z,k,+)> U < U Q) U Q(I,k,+)>.
k>0 1

On the other hand A;(K) C D; by Lemma 2.3. Hence Lemma 2.4 implies that P(D?)
contains Py .-y and P(r ) for k > 0. Obviously P(D7) also contains Qs -y and Qs +)
for any & > 1. Therefore the inclusion in (2.9) is indeed an equality between sets. The
intervals in Gy fill the gaps in P(D?) by Remark 2.5. This proves (2.8). O

2.4. End of the proof of Proposition 1.2. Fix n > 1 and consider two intervals J;, Jo
in £(D,,) with J; # J;. Without loss of generality assume sup Jo < inf J;. Let m <n —1
be maximal such that there exists I € £(D,,) with J; C I for i = 1,2. Maximality implies
that J; and Js are included into different connected components of A;(D). If J; C D1 e—
for some k£ > 1, then Lemma 2.4 implies

P(Ji % Ja) C P(I(Q/B’““, 1/3) x 1(0,1 /3’““)) = Pny C P(RxR),
where we recall that A;() C R by Lemma 2.3. Otherwise there exists [ > 0 with
Jox Jy cI(1—1/3%1 1) x 1(1—1/3",1—2/3"h

and we get again P(J; x J2) C P4y C P(R x R) by Lemma 2.4. Both inclusions cannot
be derived directly from (2.2) because, a priori, J; and Jo have different sizes. Thus

P<(Dn><Dn)\ U le) CP(RxR) forany n>0.
I€€(Dn)
Since P(R x R) C P(D,, x D,,) for any n > 0, then (2.3) and (2.8) give
P(D, % D,)\ P(Dpi1 X Dps1) C

J PUIxI)\ P(Dpy1 x Doiy) €

Ie&(Dy)
U PUxD)\P(A(D)x A(D) = | ] Gr
I€E(Dy) I€€(Dn)
Therefore (2.7) and (2.4) give
5 5
— < = — 2o
L(P(Dy x Dy)) = L(P(Dos1 X Dog)) < Y L(G)) T > o 3
I€&(Dy) I1€€(Dn)

8



For any n > 0 and m > n + 1 a telescopic argument gives

—~ 5/9 _ < 5/9 1
0 < L(P(Dn x Dp)) = L(P(D % D)) < k;ﬂw = k;lﬁ ~63-36m

We have L(P(D,, x Dy,)) — L(P(R x R)) as m — oo. Proposition 1.2 is proved.

3. COVERED GAPS: PROOF OF PROPOSITION 1.3
In this section we use the notation introduced in § 2.3.

3.1. Definition of covered gaps and structure of the proof. If F is an interval of
some D,,, its subdivision at time m + 1 generates a family Gg of gaps in P(E x E), which
is described by Proposition 2.6. A gap G € £(Gg) is covered if G C P(R x R). Such gap
G doesn’t give negative contribution to the measure of P(R x R). The next § 3.2 describes
qualitatively the geometric configuration which produces covered gaps.

In § 3.3, we give an arithmetic characterization of covered gaps. More precisely we fix n
and an interval I of D,,, and we consider the two consecutive subdivisions of I at generations
n+ 1 and n + 2. Intervals £ in I N D, are labelled by an integer k, and for any such
E a second integer [ labels the gaps in P((E N Dyy2) X (E N Dyys)), which we can denote
here by G (a more precise notation is used in § 3.3). Equation (3.2) (or its analogous
(3.3)) gives a condition on k and [ so that the corresponding gap G, is covered. A relevant
aspect of (3.2) (and of (3.3)) is that the same arithmetic condition determines the same
inequality both for inf G;;y and for sup G, ), that is a gap G, is either covered, or disjoint
from P((INR) x (INR)). This is resumed by Lemma 3.1.

Finally in § 3.4 we obtain the estimate for the measure of P(D3 x D3). A first observation
is that Lemma 3.1 gives the complete description of all covered gaps for P(Ds x Ds), so that
by (3.7) we obtain the exact value of the measure of P(Dy x D;). For any interval E of
Dy, the 3-rd generation gaps G arising from E with G C P((ENR) x (ENR)) are again
described completely by Lemma 3.1. The main technical problem is that there exist 3-rd
generation gaps G arising from E with GNP((ENR) x (ENR)) = but at the same time
GNP((RxR)\ (E x E)) # 0. These G are considered in Lemma 3.2 and Lemma 3.3.

3.2. How covered gaps appear. In this paragraph we describe qualitatively the geometric
configuration which produces covered gaps. This is also represented in Figure 1.

Fix n > 0 and I € £(D,). For k > 1 consider E := D, ), which is an element of
E(A(D)), and Qs -y = P(E x E). We have inf Py 1) < sup P(E x E) by Remark 2.5.
See also Figure 1. Recalling Lemma 2.4, for [ > 1 we get

g(E717+) C P(Lk_L_) C P(R X 'R,)
Hence the subdivision of E (at step n+ 2, after the subdivision of I, at step n+ 1) generates
a tail of covered gaps G(g, +). We also have inf P(E x E) = sup G ,—) < inf P;,—y, which
follows again from Remark 2.5. Hence for [ > 1 we have

Gri. N P((A(D) x AL(D)) \ (E x B)) =0,

that is

Giii—) C P(INDys1) x (INDyi1)) \ P((I N Dpy2) X (I NDyis)).
9



The same holds for F' := D4y with k& > 1, indeed supG(rp—1,4) = inf Qx4 and
inf P(rx,+) < sup Q(x+) by Remark 2.5. Thus for [ > 1 we have

Gri+) C Puw+) C P(RxR)
and
Gy N P((Ar(D) x A1(D) \ (F x F)) =0,
that is
Gy C P((INDps1) x (I NDpjr)) \ P((I N Dpsya) X (I N Dyy)).

3.3. Arithmetic condition for covered gaps. Fixn > 0and I € £(D,,). The main result
in this paragraph is Lemma 3.1, which considers the two consecutive subdivisions of I at
generations n+1 and n+2. The Lemma determines arithmetically the gaps from generation
n+2 which are contained in P((INR) x (INR)), that is are covered. The Lemma also proves
that all other gaps arising from I at generation n + 2 are disjoint from P((INR) x (INR)).
These gaps may or may not be covered by some other part of P(R x R\ I x I), but this is
not determined by Lemma 3.1, which is a local result.

For k > 1 consider E := Dy ), that is E = I(2/3*",1/3%). Consider the affine maps
Ar:[0,1] = I and Ag : [0 1]—>E Forl'GRwehave

Ar(z) :AE( (g’;E £(0 )) :AE(?)"}T( 3k+1>|f|) Ap(351z — 2).

We have inf P(; 1,y = A(0)A;(2/3%) = Ap(—2)Ag(4). From the definition of D in § 2.2,
it is clear that for [ > 0 we have

. 2 1 2
(31) inf g(E,l,—i—) — AE'(l)AE <1 — F) and sup g(EJ’_i_) = AE(l — ﬁ) .
Finally Ag(0)/|E| = 31 A;(0)|1| + 2. Hence (2.6) gives
2 2 Ap(0) 2
Ap(-2)Ap(4) < Ap(Ap(1 - ooy ) & =8 =1+ 5r < - R
2 k+1AI(O) 2 1+2 k;A (0)
B R G TR F Rt R

3t — 1>2 _Agp(0) 2

1 2
Ap(-2)4p(4) < Ap(1- 77) & -8 - (S5 o

3l+1

1 A (0 Az (0
3l+3+ﬁ 2_3k+1 |I(|>+6<:>3l+2>2 3k: |I(|> ’

where the last equivalence holds because A;(0)/|I] is integer (this can be seen by induction
on n) and therefore we always have 373 £ 2. 3571 4,(0) /|| + 6. We get

Ar(0)
1|

Similarly, for k > 1 consider F := D(; . ), that is FF = I(1—1/3% 1 —2/3k1). For z € R
the maps Ay :[0,1] — I and Ap : [0, 1] — F satisty

Aj(x) :AF<3|]}+|1 (x—1+ )\]|> Ap (3 (z — 1) + 3).
10

3.2) infPyr_1-) <infGgy o 3H2 > 0.3k
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We have inf Py 4) = Af(1 — 1/3" 1) A (1 — 1/3%) = Ap(2)Ap(0). For [ > 0 the expression
of inf G(py 4y and sup G(py 4y in terms of Ap is as in (3.1). Thus (2.6) gives

2> 2, __Ar(0) 2

Ar(2)Ap(0) < Ap(1)Arp <1 Tg) Tgm ST |F| 3t
l_ k+1 AI( ) . 2 I+1 k+1 AI(O) _
gL 1< (3 ( 1] +1) -3 g T =2 S 1] +1) -1
1 \2 3 —1\2  Ap(0) 2
Ap(2)Ap(0) < AF(l - ﬁ) —< 3+ ) |F| 30+

1 Ar(0) A;(0)
I+1 k+1 _ I+1 k+1 _
3T+ = >2-3 ( 7] +1> 437 >2-3 ( K —l—l) 4,

where again the last equivalence holds because A;(0)/|7] is integer and therefore we always
have 31 2£ 2. 3571 (A,(0) /1] + 1) — 4. We get

Az (0
(3.3) inf Prpyy <inf Gy & 3+t > 2. 3’““( u_(’ ) + 1) —4 & inf Py <supGpy4)-
Lemma 3.1. Fixn >0, I € £&(D,) and k > 1. The following holds

(1) We have L(k) := min{l > 0: (3.2) holds } > k +2n. For E := Dy and for any
I > L(k) we have Ggy4) C P(INR) x (INR)). On the other hand

(3.4) (U 9w ulUbdwin) NP0 D) x (1N D)) = 0.
0<I<L(k)—1 =1
(2) We have R(k) :=min{l > 0: (3.3) holds } > k + 2n. For I := D) and for any

l > R(k) we have Gy 4y C P(INR) x (INR)). On the other hand

(3.5) ( U Gri+) U UQ(F,Z,_)) N P((I NDyi2) X (IN 'Dn+2)) = 0.
0<I<R(k)—1 =1
Proof. We have A;(0)/|I| > 2-9" for any n > 0 and any I € £(D,). This can be easily
proved by induction on n, observing that A; ( ) /|I| = 2 for I = [2/3,1] = Dy. Therefore
(3.2) and (3.3) give L(k) > k + 2n and R(k ) > k + 2n. Moreover (3.2) implies
G(E,L(k),+) C ’P(],kfl ( I N R (I N R))
and

G114 0 P((A1(D) x A1(D) \ (E x E)) = 0.
The order between gaps established by Remark 2.5 gives
G4 C P((IﬂR) X (IﬂR)) for 1> L(k)
and
U G+ U U g(EJ,—)) N P((AI(D) x Ap(D)) \ (E x E)) =0.
0<I<L(k)—1 0<l<oo

According to Proposition 2.6, all gaps Gg;+) are removed from P(E x E) at generation

n + 2, thus (3.4) follows. Part (1) is proved. Part (2) follows by a similar argument. O
11



In the notation of Lemma 3.1, gaps G(g,,+) with [ > L(k) and gaps G(p;4) with [ > R(k)
don’t give negative contribution to the measure of P((I N Dp42) X (I NDyy2)). For a sharp
measure estimate we cannot take into account the measure of these gaps. Therefore, for a
generic interval J and and integer N > 1, we replace (2.7) by

|J]? [J* [P0 1
U G+ U U g(JJ,—)) = Z z+1+ Z T = <§_9_N>

0<IKN-1 1<l<o0 0<I<KN-1

We apply (3.6) with J := E and N := L(k) if we are as in Part (1) of Lemma 3.1, while we
set J := F and N := R(k) if we are as in Part (2) of Lemma 3.1.

3.4. End of the proof of Proposition 1.3. Set I :=[2/3,1]. We have A;(0)/|I| = 2. For
any n > 1 define

= L(P(I x I)\ P(D, x D,)).
According to (2.3) we have Dy = Apy311(D), thus (2.8) and (2.7) give

) )

2
1 = L(Gpp/31) = 36 2/3,1]]" = 18

For k > 1 consider Ej, := [(2/3*,1/3%) and F}, := I(1 — 1/3% 1 — 2/3*"1). We have
|Ey| = |Fi| = |I|/3F1 = 1/3¥2. We apply Lemma 3.1 with n = 0 and I = [2/3,1], and
since A7(0)/|I] = 2, it is easy to see that we get L(k) = k and R(k) = k+2. Thus Lemma 3.1
and (3.6) give

B 210001 L |F21000 1 859
SR L OSSR B
(3.7) po == g \9 Ok > 8 \9 o2) T 9i.5.64

Fix k > 1 and F = Fj,. Form > 1let D(m, %) := Dpm +) be the intervals arising from the
subdivision of F" at the 2-nd step. At the 3-rd step any D = D(m, £) generates gaps G(p +)
with [ > 0. These gaps appear in the product sets Qg +) C P(Dy X D,), where we recall
that in our notation Qpm 1) = P(D(m,+) x D(m,=£)). We have Ap(0)/|F| = 3" — 3.
Thus (3.2) and (3.3) give

Gm,—)14+) C PFEm-1,-) & 32> 2. ?)m(3k+2 -3)+2<l>m+k+1.

Gom+)i4) C Pirmay & 37 >2.3" @ _2) —d el >m+k+3.
The two conditions above determine those gaps G(p; +) with
Q(Dvlyi) N P((FﬂR) X (FﬂR)) = (Z)

But such gaps are subsets of the product sets Q g, +), which can have non-empty intersection
with P((R x R) \ (F x F)). Therefore in the family of non-covered 3-rd generation gaps
arising from I = F} some values of m are excluded because of a configuration which is not
treated by Lemma 3.1. The next Lemma 3.2 determines the relevant values of m.

Lemma 3.2. The following holds.
(1) For any m > k + 3 we have

Qrm,+) C P4
12



(2) On the other hand
k+2

(UQ(Fm UUme+)ﬂP((R><R)\(F><F)):Q).

Proof. Part (1) follows because R(k) = k + 2, so that for m > k + 3 we have
inf Gppt1,4) <IEPrp) <InfGrpro+) <Inf Qppis ) < Inf Qrm 1),

where the second to last inequality follows from Remark 2.5. In order to prove Part (2), we
observe that Q(rji21+) N Prk+) =0, indeed using (2.6) as in § 3.3 we get

. 2 \2
sup Qrit2,4+) < inf Pyp 4y & Ap(2)Ar(0) > AF(l _ _) o

3k+3
(&)2 Ap(0) 4 o 4
3k+3 [F| 3k+3 3k+3

which is true for any k& > 1. Part (2) follows because for any m > 1 we have

sup Prp-1,4) < inf P(F x F) < inf Q(pm,—) < sup Q(pi+2,4)-
d

Let 5k be the total measure of non-covered gaps generated by intervals D(m,+) € E(Dp),
where F' = Fj, and m > 1. The discussion above and (3.6) imply

o k+2
|D(m, —)|? /10 |D(m, +)? + )17 /10 1

B = Z 3 < 9 9m+k+1> Z < 9 9m+k+3>

m=1

00 k+2

1 1 10 1 1 1 10 1
-3 Z gk+m-+3 (? N 9m+k+1) ™ S Z Qk-+m+3 <§ - 9m+k+3>
m=1 1

1720 91/5  1/10
T 64 (9k+4 Q246 94k+10>

Now fix k > 1 and ' = Ej. For m > 1 let D(m, %) := D m+) be the intervals arising
from the subdivision of F at the 2-nd step. At the 3-rd step any D = D(m, +) generates
gaps G(p4) with [ > 0. We have Ag(0)/|E| = 23" + 2. Thus (3.2) and (3.3) give

Goim—yi+) C Prmoy 32 >2.3m2.3" 1 2) 4+ 2o 1 >m+k+ 1.
Goimyis) C Pirmyy €37 >2.3m12. 3" 1 3) —d4 e 1 >m+k+3.
The two conditions above determine those gaps G(p; +) with
G NP((ENR) x (ENTR)) = 0.

But such gaps are subsets of the product sets Qg m, +), which can have non-empty intersection
with P((R x R) \ (E x E)). Therefore in the family of non-covered 3-rd generation gaps
arising from E = Fj, some values of m are excluded, because of a configuration which is not
treated by Lemma 3.1. The next Lemma 3.3 determines the relevant values of m.

Lemma 3.3. The following holds.
(1) For any m > k + 1 we have

QEm+) C Puk—1,-)s
13



(2) For m =k we have
Qe k) NPug—1,-) =0 if k> 2
Qe ) N Pug—1—) # 0 if k =1.
(3) Finally

< @ QEm,—) U kL_:j Q(E,m,+)> N P(((IHR) x (INR))\ E x E) =0,

where of course UI:,~;11 Qem+) =0 fork=1.
Proof. Part (1) follows because L(k) = k, so that for m > k + 1 we have
inf g(E’k_L_F) < inf 'P(17k_17_) < inf g(E,k,+) < inf Q(E,k‘—l-l,—i-) < inf Q(E,m,—l—);

where the second to last inequality follows from Remark 2.5. Part (3) follows because for
any m > 1 we have

sup P~y < inf P(E x E) <inf Qg m -y < sup Qg i—1,4) < inf Qg 4y < inf P p_1,-y,
where the last inequality follows observing that applying (2.6) as in § 3.3 we get

. ) 12
inf Qg4 <inf Pyp_1,-) & Ap(—2)Ap(4) > Ag <1 _ ¥> N

3F—1\2 Agp(0) 2 1 1
( o )+8< T §<:>3—k<3 + 6,

which is true for any £ > 1. In order to prove Part (2) we apply again (2.6) as above and
we get

. 2 \2
sup Qg k,+) < inf Prp-1,-y) & Ap(—2)Ap(4) > Ag (1 _ _> N

Jk+1
3hFL—2\2 Agp(0) 4 oo A4
(—3k+1 ) +8< T 3k+1<:)3 +—3k+1<12,
which is true for £ = 1 and false for k£ > 2. O

Recall that in our notation E = Ej and £(Dg) = {D(m,x) = Dgms) : m > 1}. In
particular D(k,+) = D(g,r+) C Ei. Let ap be the total measure of non covered gaps
generated by intervals D(m, +) € E(Dg) \ {D(k,+)}. The discussion above and (3.6) give

N

-1

= 10 1 |D(m,+)|* /10 1
Z ( 9 9m+k+1> - R (3 - 9m+k+3)
m=1 m=1

. 2D, )P + 10 1oy, 1 1 /10 1

- Z < 9 9m+k+3> =B — 8 Z 92k:+j <§ - 92k+j>'

7j=34

Let 7, be the total measure of non covered gaps generated only by D(k,+). For k =1 we

have Q(g1.4) N P(ro,-) = 0. Then applying (3.6) with N =k +m + 3 for m =k =1 we get
_ |D(1,+)|2(10 1 > 5 1

8 9 o ©4-95 8.9107




Conversely Qg r+) NP i-1,-) 7 0 for k > 2. Thus P(1x—1,—) cover some gaps arising from
D(k,+) and we can only give an upper bound on -, using (2.7). We obtain

0 < pg — <M2 +7+ Y (B + Ozk)) <> w <Y LGpis)

k>1 k>2 k>2

_25 11
N 36 92k+3  64-96°
k>2

We have
I~ 5 910  91/20  1/40 = 6643 157
Zﬂ’f tar=g Z Qk+4  Q2k+6  2k+6 | Qak+10 | gak+10  39.06  ©
E>1 k=1
where 1 91/20  1/40 6643 1
6::—2 / — / — E(,—).
8 92k+6 94I<:+10 94I<:+10 128 - 96
k>1
Set M := pus + v + 157/(32 - 9%), so that
5_M_5_<5 N 859 N 5 1 +157>_91782451+ 1
9 9 4-81 94-5-64 4-95 8.910 © 32.96/) 170061120 8 -910°

We have L(P (D3 x D3)) =5/9 — ps. Therefore
-1 —1 1

61.95 ~64-9° 8.9
Proposition 1.3 is proved.

91782451 - 1
170061120 — 8- 910

+e<

+€§£(P<D3XD3)) 61.96°
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