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Percentages versus Rasch estimates: alternative methodological 

strategies for replication studies in mathematics education 

We present an external close replication of the 1985 Fischbein and colleagues’ 

study about intuitive models of multiplication and division. We administered two 

batteries of mathematics items developed in the original study, via a spiralling 

process, to a quota sample of 903 students attending grade 7. Compared with the 

analytic strategy based on the count of correct answers employed in the original 

research, our study goes a step further as we propose a methodological approach 

that guarantees measurement invariance, thus allowing for the direct comparison 

of different groups of students and/or items. The advantages of Rasch estimates 

compared to percentages of correct answers over the total are critically discussed 

to show why the former should be considered as more robust than the latter. 

Introduction 

Many authors denounced the emergence of a crisis in science and, in particular, a crisis 

in replication studies at the beginning of the 21st century (Fanelli, 2018). Such crisis arises 

from the awareness of possible false positives in some studies and on the production of 

findings that cannot be replicated. In a recent study, Frias-Navarro and colleagues (2020) 

see this crisis as an opportunity to develop scientific research in terms of quality in 

production and in research practices, also thanks to the improvement of statistical, 

methodological, and technical instruments. 

Replicability of studies in education might be more complex than in other fields: 

each intervention must consider numerous auxiliary assumptions, and this might even 

lead to the impossibility of falsification of the experiment (Frias-Navarro et al., 2020). 

The impossibility in reproducing identical conditions of an experiment in the educational 

field (Schmidt, 2009), is confirmed also by Cai and colleagues (2018) for research in 

mathematics education, which involves students, teachers, and their interactions in the 

mathematics classroom. 



Within mathematics education, Sanchez-Aguilar (2020) argued that, despite their 

considerable importance, replication studies remain scarce, and the field of mathematics 

education is not well prepared to be open to replication studies. 

In this paper, we present an alternative methodological approach adopted in work-in-

progress research in which we replicate an important study published in 1985 by 

Fischbein and colleagues. With 184 citations on CrossRef, 430 citations on 

ResearchGate, and 849 citations on Google Scholar1, Fischbein and colleagues’ (1985) 

study is surely one of the most cited works on intuitive models of multiplication and 

division. Even recent publications rely on the results presented by Fischbein and 

colleagues (e.g. Qu et al., 2021; Erickson & Lockwood, 2021). Since this study has been 

so important for the field, remaking its findings and testing their robustness appears 

relevant. However, it is hardly replicable because relevant information (e.g. the sampling 

strategy) was not reported in the original study. We realized an as close as possible 

replication of this study: starting from the information published in Fischbein and 

colleagues’ works, we used the same materials developed by Fischbein and colleagues 

and administered them to a quota sample that, as discussed in the methodological section, 

mirrors the characteristics of the Italian students’ population. Compared with Fischbein’s 

study, our study goes further as we employed a methodological strategy, alternative to 

that adopted in the original study.  

Agreeing with Sanchez-Aguilar (2020) in terms of the worth of replication 

studies, we believe that our research could be important in the educational field, in which 

replication studies are still infrequent and, in particular, in the mathematics education 

field, as generalization of the previous research findings. 

In the current paper we use Fischbein and colleagues’ materials and show how an 

alternative methodological strategy (based on Rasch analysis) can overcome some of the 



limits of that used in the original study, thus contributing to the current knowledge by 

proposing the methodology itself and by refreshing results from their study while 

providing substantive evidence about their robustness. 

Replication studies 

Assuming that an exact replication study is impossible in education (Sanchez-Aguilar, 

2020), our replication study tries to remain as close as possible to the original one. 

Schmidt (2009) differentiates between direct replication and conceptual 

replication: the former refers to an exact replication of an experimental procedure, the 

latter “attempts to test the same fundamental idea or hypothesis behind the original study, 

but the operationalizations of the phenomenon, the independent and dependent variables, 

the type and design of the study, and the participant population may all differ 

substantially” (Frias-Navarro et al, 2020, p. 626). Hence, considering the continuum 

between these two possible basic notions of replication (Schmidt, 2009; Sanchez-Aguilar, 

2020), our study is to be considered as a close replication study (an intermediate model). 

Indeed, compared with the original study, we used the same materials (with few 

modifications explained in the “Materials” section), the same kind of participants (Italian 

grade 7 students; lower secondary school – on average, 12 years old), and the same 

variables, but we adopted a different approach in constructing the sample and used both 

the original and a more sophisticated methodology in analysing the data.  

Clements (2015) proposed a second type of classification for replication studies: 

we could consider our study an extension study, which “means using new data-gathered 

on a sample representative of a different population, or gathered on the same sample at a 

substantially different time, or both” (Clements, 2015, p. 327).  

Our new data are collected 35 years after the original study. Since the aim of our 

replication study is to “generalize” (in the sense of Sanchez-Aguilar, 2020) Fischbein and 



colleagues’ results, our sample was larger and constructed controlling context-variables. 

As part of the replication study, we employed the same analytical strategy developed by 

Fischbein and colleagues (see the methodological section). Then, we employed an 

alternative methodological strategy within the framework of the Rasch analysis that 

overcomes some shortcuts of the Classical Test Theory (CTT; Maclean et al., 2005). In 

our replication study, we provide all the necessary information to ensure that our research 

is transparent in terms of sampling strategy, data collection, methodologies, and 

materials, and we provide an open-access dataset (Mendeley database: Giberti, 2022), 

accessible for further investigations (Schoenfeld, 2018). Hence, we make our study 

replicable. 

 

The original study carried out by Fischbein and colleagues 

Research about intuitive models of multiplication and division dates back several years 

(e.g. Vest, 1971) and a large amount of research on this topic was published during the 

years, testifying how the interest in elementary models of multiplication/division 

remained high in time for researchers in education. This is still true in the recent years, 

when a new discussion about the harmonization of measure and multiplication is 

proposed by several authors (Simon et al., 2018; Izsàk & Beckmann, 2019; Polotskaia & 

Savard, 2020). Furthermore, the debate about elementary models of multiplication 

informs and nourishes the discussions about the teaching of multiplication properties (e.g. 

Maffia & Mariotti, 2018) and advanced multiplicative structures (e.g. Erickson & 

Lockwood, 2021).  

In their seminal study published in 1985, Fischbein and colleagues proposed several 

word-problems like “1 kilo of oranges costs 1500 lire2. What is the cost of 3 kilos?”, 

asking students to indicate the arithmetical operation allowing them to find a solution (the 



solution itself was not requested). They divided their sample (628 students attending 

grade 5, 7, and 9) in two groups and administered two different forms of the same 

questionnaire composed of 21 items each. The items were designed to test the following 

hypothesis: 

Each fundamental operation of arithmetic generally remains linked to an implicit, 

unconscious, and primitive intuitive model. Identification of the operation needed 

to solve a problem with two items of numerical data takes place not directly but as 

mediated by the model. The model imposes its own constraints on the search 

process. (Fischbein et al., 1985, p. 4). 

For instance, the intuitive model associated with multiplication is repeated addition. If 

this is true, a multiplication having a multiplier unconceivable as ‘times’ of iterations (e.g. 

a non-integer multiplier) would violate the intuitive model and should result as more 

difficult than a multiplication that is more easily explainable in terms of the intuitive 

model. Thus, a word-problem like “1 m of suit fabric costs 15000 lire. How much does 

0.75 m cost?” has a lower percentage of correct answers compared with the item about 

the price of the oranges abovementioned. 

The major finding provided in their work is the fact that the items in which the 

students provide the higher percentage of correct answers confirm repeated addition as 

an intuitive model for multiplication, and partitive and quotative divisions as intuitive 

models for division. If multiplication is interpreted as repeated addition, then (i) the 

multiplier must be a whole number, and (ii) the product must be bigger than the 

multiplicand. In partitive and quotative divisions, the divisor (a whole number in the 

partitive case) must be smaller than the dividend. Fischbein and colleagues believe that 

“many of the difficulties children encounter when dealing with arithmetical concepts and 

operations can be explained in a similar fashion as arising from the conflict between 



formal algorithmic structures and related tacit, uncontrolled, primitive models” 

(Fischbein et al., 1985, p. 15). 

 As far as the authors of this paper know, any direct replication of Fischbein and 

colleagues’ study has not been yet realized, nonetheless, conceptual repetitions of 

Fischbein and colleagues’ study are not rare in literature. Indeed, these studies cannot be 

considered as direct replications because: word-problems are changed with out-of-context 

number sentences (Graeber & Tirosh, 1990); different word-problems, including different 

numbers, are introduced (De Corte et al., 1988; Bell et al., 1989; Harel et al., 1994); many 

of them address a population of different age than the original study (De Corte, et al., 

1988; Kouba, 1989; Harel et al., 1994). These studies are usually aimed at testing if 

similar error patterns are found with similar problems, but the “similarity” of the problems 

may vary considerably. Some of these studies are qualitative (Kouba, 1989; Graeber & 

Tirosh, 1990) and confirm that, for some students, the difficulty in associating the correct 

operation to a word-problem may depend on the intuitive models described by Fischbein 

and colleagues (1985). Quantitative conceptual replication studies confirm that word-

problems violating the intuitive model are more difficult, but they all rely on CTT (e.g. 

Bell et al., 1989; Harel et al., 1994), which is a limit as we will explain in the next sections. 

Surely, conceptual replications provide important hints for generalization of 

results when confirmations are found; thus, Fischbein’s description of the intuitive 

models of multiplication and division could be considered as a solid finding in the sense 

that these “results […] do not stand alone but have emerged from a line of research 

consisting of a larger set of related studies” (Dreyfus, 2017, p. 58). However, considering 

the strong differences of the mentioned studies, we wonder if drawing general 

conclusions about children behaviour, like “They seem to be a natural outcome of years 



of work with whole numbers” (Graeber & Tirosh, 1990, p. 586, emphasis added), is 

appropriate on the base of the available data.  

Direct replication studies are lacking in literature, and we believe that, given the 

importance of those results, it is particularly relevant to have replications to test their 

robustness. Also, according to modern research methods in the educational field, the 

study by Fischbein and colleagues (1985) is susceptible to updating. For instance, 

Fischbein and colleagues describe their sample as made of 628 pupils (228 in grade 5, 

202 in grade 7 and 198 in grade 9) coming from 13 different schools in the same city, 

Pisa, in Italy. Neither information about the sample composition nor sampling criteria 

were provided. The lack of information about the sampling strategy makes the 

comparison of findings difficult, as it is well known that the sample characteristics can 

affect the outcome of educational research (e.g. Arnup et al, 2013; Baird, 2012). Then, 

considering possible important differences in the sample, our results could differ from 

those of the original study. Hence, we state our first research question as follows: 

(1) Does the methodological approach employed here confirm the results of the 

Fischbein and colleagues’ study? 

Furthermore, Fischbein and colleagues’ instruments are available in literature both in the 

original Italian version (Deri et al., 1983) and in English (Fischbein et al, 1985). The 

rationale behind the choice of the questions is explained, but the authors do not provide 

any measure of the validity and reliability of the instruments. The original authors explain 

that the total number of 42 items of the questionnaire was divided in two forms (21 items 

each) to reduce the fatigue effect. Each student responded to just one form. No evidence 

about the interchangeability of the two forms was provided in the original study, and so 

we are not sure if the comparison between items coming from different forms, 

administered to different students, is legitimate. To overcome this limit, in the current 



study we equated the administered forms by concurrently calibrating them within the 

framework of the Rasch analysis (see the next paragraph), thus allowing for the direct 

comparability of the answers given by different students to different items (Kolenn & 

Brennan, 2014).  

Furthermore, in our study, the Rasch model has also been used to validate the instrument 

administered to the students. Both equating and validation are not part of the replication 

study, but we conceive them as fundamental steps in our replication process as, in this 

way, we provided new insights onto the instrument used. Such an analytical strategy 

allows us to answer the following research question: 

(2) Which are the psychometrical features of Fischbein et al.’s instrument? In 

particular: Is the instrument valid and reliable? How are the items distributed 

in terms of their difficulty in the two versions of Fischbein et al.’s forms?  

Methods  

Materials 

In the original study, Fischbein and colleagues (1985) constructed a questionnaire 

composed of 42 word-problems, i.e. mathematical problems where important information 

is reported as a short narrative (Daroczy et al., 2015): the focus of the study were 12 

multiplication and 14 division word-problems, but 16 addition/subtraction word-

problems were also included in the questionnaire to reduce guessing effects. Starting from 

the full questionnaire, two forms (named A and B, respectively) were constructed and 

administered to two sub-groups of the sample. Each form was composed of 21 items, 

including 6 problems about multiplication, 7 about division, 8 about addition/subtraction. 

In the original study, authors provided the percentage of correct answers along with an 

indication of the most common error(s) for each item.  



We started from the same two forms of the original study, in particular we 

considered all the questions already published in the Italian version of the questionnaire 

(Deri et al., 1983): this allowed us to be sure that no modification in question formulation 

was due to the translation of the text. We slightly modified some questions to replace 

words no longer of common use in Italian, nowadays, that thus could have hindered 

students’ comprehension. For example, we substituted the Italian word ‘ghisa’ with 

‘acciaio’ because, even though both the words refer to iron alloys, the former is less used 

in the common language (De Mauro & Chiari, 2016). Finally, we decided to avoid 

abbreviations for all the units of measure (e.g. we wrote ‘kilograms’ instead of ‘kg’). 

The composition of the multiplication and division word-problems in the two 

forms was the same as in the original study. For the purpose of using a test equating 

technique to compare students’ answers to the two forms, we created an anchor test (i.e. 

a subset of common items, identical in the two forms, and representing the mathematical 

content of the whole test) (Kolen & Brennan, 2014). We developed an anchor composed 

by the 8 addition/subtraction word-problems (from the form B of the original study) along 

with 4 items (2 multiplication problems and 2 division problems) that we developed by 

using similar formulation and the same numbers used in other problems. 

A pilot study was then conducted to evaluate possible other ambiguities in the two 

forms of the test. The pilot involved 152 grade 7 students from 6 different schools: 74 

students answered to form A and 78 students answered to form B. The results of the pilot, 

discussed with the teachers of the classes involved, highlighted that three other words 

were not clear for many students. Finally, we deleted one pronoun in one question and 

repeated the corresponding noun to be clearer. 

Administration procedure 

The two forms were embedded in SurveyMonkey and administered at the end of the 



school year 2018/2019. The links were shared with the schools asking the teachers to 

assign randomly one version to half of the students in each classroom and the second 

version to the other half. SurveyMonkey automatically collects the answers and teachers 

did not have access to students’ answers once they completed the questionnaire. Students 

entered SurveyMonkey accessing the website and inserting a code (provided by the 

teacher). The teachers were asked to help the students to get online, but not to provide 

any support in answering. Each student worked individually by using a laptop or a tablet 

provided by the school.  

The online test started with short general instructions: students were asked not to 

perform the actual calculation, but only to indicate the operation used to solve the 

problem. Also, in the same fashion of Fischbein and colleagues’ study (1985), an example 

was provided (Figure 1). 

In the original study, Fischbein and colleagues reported that, to reduce any order 

effect, each of the two forms was ordered in two different ways. According to them, no 

order effect was found but no evidence supporting such claim was provided. Therefore, 

we decided to automatically randomize the order of the questions at each administration. 

This choice should avoid any order effect while mixing the questions related to different 

arithmetical operations. In the following, questions will be numbered for the sake of 

clarity in reporting the findings; that numbering does not correspond to the order of the 

items in the forms, but to the numbering provided in the original study.  

After the administration, each teacher was asked to fill a report indicating any 

technical difficulty or any anomaly in the procedure. None of them reported any problem. 

Each student had a maximum time of 45 minutes to answer the questions but, according 

to the teachers’ report, the whole time was never needed.  



Methodological approach  

Psychometric theory offers two approaches in analysing test data: Classical Test Theory 

and Item Response Theory (IRT) (e.g. Primi, 2017). CTT focuses on the total test score, 

by computing for example frequency of correct responses (to indicate item difficulty) or 

frequency of responses (to examine distracters) (e.g., Impara & Plake, 1998).  

In the present study, students’ answers were analysed within the framework of the 

Rasch analysis (Rasch, 1960/1980). The Rasch model, used to estimate students’ ability3 

in mathematics (i.e. the latent trait), describes the probability of giving a correct answer 

to a dichotomously scored item as a function of the so-called students’ ‘relative ability’, 

that is students’ ability compared with item difficulty, as specified in equation [1]. 

 

Pr(Xni=1)= student’s probability of encountering an item successfully 

βn=student ability 

δi=item difficulty 

[1] 

 

As with the CTT (employed in the original study), both person and item 

parameters (i.e. student ability and item difficulty) are based on the count of correct 

answers (called sufficient statistics), given to all the items by each student or by all 

students to each item (Errore. L'origine riferimento non è stata trovata.2). Sufficient 

statistics are thus the total scores, and it is assumed that all the information about student 

ability or item difficulty resides in the total score, by column and by raw respectively 

(Andrich & Marais, 2019): “The best estimate of the ability parameter for a person can 

be derived from his raw score only” (Rasch, 1960/1980, p. 76). Even though a sufficient 

statistic does not provide an exact value for the latent trait, it summarizes all that is known 

on which to base an estimate of that measure. Raw scores are thus the input data for the 

Rasch analysis (rather than the output of the analysis, as in the CTT).  



Even though CTT and IRT look so similar, there are several arguments favouring 

IRT (Andrich & Marais, 2019). Here, we focus just on (possible) differences between 

items difficulty (and thus persons’ ability) computed within the framework of the IRT 

and of the CTT, and the related topics such as measurement precision. In particular, 

within the framework of the CTT, the measurement precision is assumed to be equal for 

all individuals irrespective of their attribute level, i.e. without accounting for the pattern 

of responses given by each student to all the administered items: if a student correctly 

answers two difficult items or two easy items over ten administered items, his/her 

estimated ability is 2 in 10, the items’ difficulty is not accounted for and thus it does not 

contribute to the measurement of either students’ ability or items’ difficulty. In contrast, 

in the framework of the IRT, it is taken the whole pattern of item-scores into account. 

Therefore, it may reveal (even very subtle) changes in individuals’ ‘ability’ that could go 

unnoticed “if one uses the sum scores from CTT” which ignore the pattern of the item 

scores” (Jabrayilov et al., 2016, p. 560).  

Results achieved by employing CTT or IRT can be similar. For example, as 

recently pointed out by Jabrayilov, Emons, and Sijtsma (2016), “IRT is superior to CTT, 

provided that tests contain, say, at least 20 items, but in general the differences between 

the two methods are small.” (p. 568).   

Another critical difference, especially for the purposes of the current research is 

measurement invariance. CTT has been severely criticised because item difficulty and/or 

person ability based on the count of correct answers are sample dependent and, therefore, 

results based on percentages cannot be generalised (Hambleton, 2000). In contrast, IRT 

modelling overcomes such a limitation by estimating test-free persons’ parameter and 

sample-free items’ parameters (Wright & Stone, 1979): Rasch estimates are (i) person-

free (Schimdt & Embretson, 2003) as item-parameters are independent from the students’ 



sample (in fact, as long as items are from the same pool, their estimated parameters do 

not change when items are administered to different samples); and, (ii) item-free (Schimdt 

& Embretson, 2003) as person-parameters are independent from items’ characteristics 

thus allowing the comparability of their locations along the latent traits even when they 

were administered different items. Such a property, named measurement invariance 

(Engelhard, 2009; 2013), allows for comparing groups of students, groups of items, or 

groups of students with groups of items. 

Rasch estimates are invariant measures of the latent trait only when data meet the 

model’s assumptions: (i) unidimensionality, (ii) local independence; and (iii) 

cumulativity. In this paper, we tested data-model fit by using the traditional fit statistics 

that are standardized (Zstd) and mean-square (MNSQ) infit and outfit. Both infit and 

outfit are mean-square fit statistics. Their expected value is 1.0 with tolerable standard 

deviations around 0.20 (Engelhard, 2009).  

Nonetheless, even if the Rasch model’s assumptions hold, when both the test 

forms and the students sample change, the test forms may differ somewhat in difficulty, 

thus resulting in a biased comparison between groups of students and/or groups of items 

(Kolen & Brennan, 2014). Within the framework of the IRT modelling, a number of 

techniques have been developed to equate students’ answers so that both person- and 

item-parameters could be expressed in the same (logit) metric. Converting test metric (of 

each single form) onto a common metric is necessary to (i) use different questionnaire-

forms interchangeably; and (ii) put all items (administered in different forms) and all 

students (belonging to different groups) onto the same latent trait, thus allowing for robust 

comparisons between sub-groups of students and/or items. Skipping test forms 

equalization may result in biased estimates and hinder a meaningful comparison of 



different forms. To this end, we performed a concurrent calibration (Kolen & Brennan, 

2014) in Winstep (Linacre, 2022).  

Then, according to  previous literature (e.g., Andrich & Marais, 2019; Kolen et 

al., 2014), we claim that the Rasch model has to be preferred at least for three reasons: 

first, Rasch estimates are invariant across sub-groups of items and/or students, thus 

allowing for the generalization of results (measurement invariance); second, Rasch 

analysis provides a framework for the validation of the administered questionnaire-forms 

thus allowing us to go a step further compared with the original study; and, third, within 

the framework of the Rasch analysis, we can equate different questionnaire-forms and 

put results (both item difficulty and student ability) onto the same metric, thus making 

them directly comparable. 

Sampling strategy  

Since sampling criteria were not presented in the original study, we used those employed 

by the Italian national institute for the evaluation of the educational system (INVALSI). 

INVALSI is responsible for national assessment and thus administers every year its 

achievement tests to a sample statistically representative of the entire population. For the 

purposes of the present research, primary data were collected in Emilia-Romagna, a big 

region in northern Italy, where students’ mathematical performances in the national 

assessments are in line with the national average (Figure 3). Ethics approval was granted 

by the Department of Mathematics of the University of Pavia. Participation in the study 

was voluntary and active parental consent was obtained for each student.  

For forms equating, the ideal sample size within the framework of the Rasch 

analysis is 400 students per form (Kolen & Brennan, 2014). Our sample consists of 903 

students, attending grade 7 (on average, 12-years old). 



INVALSI collects data through a two-stage sampling design, stratified by school 

and region (Falorsi et al., 2019). In the attempt to replicate INVALSI sample structure, 

we used a proportional quota sampling (Moser, 1952), a non-random sampling design 

that requires defining groups (i.e., quotas) of units by using specific (non-random) 

criteria. The quota sampling strategy uses key categories in the larger population to 

specify how many members of the sample should fall into each of those categories or 

combinations of categories. This sampling is a non-probability technique because it 

requires only that the quota for each category is met without any further attention to how 

those sample members are located. Yang and Banamah (2014) claimed that quota 

sampling should be taken as an acceptable alternative to probability sampling. Indeed, 

proportional quota sampling has been extensively used as a quicker and cheaper 

alternative to random sampling because, when quotas are merged into the final sample, 

“the characteristics of the sample precisely match specified demographic characteristics 

of the survey population” (Lewis-Beck et al., 2004, p. 906).  

Nonetheless, as with Given (2012), we acknowledge that quota samples are not 

truly generalizable because even when the quota-based categories match the 

corresponding categories in the target population, the sample may not represent other 

critical characteristics outside the quota system.  Nonetheless, our research was not aimed 

to draw a statistically representative sample. Yet, we aimed to represent in our sample the 

characteristics of the real students’ population under the assumption that the exploration 

of students’ answers cannot disregard how they may change depending on students’ 

personal characteristics (e.g., Cascella, 2020a), such as their socioeconomic status. 

Previous studies have shown, for example, that (i) low-SES (socioeconomic status) 

students develop attainment more slowly compared to students from higher SES groups 

(Sidanius & Pratto, 1999) and, in particular, that “on average, math scores of students 



with indicators of high-socioeconomic status (SES) are over one standard deviation above 

those with low SES indicators” (Baird, 2012, p. 484).  Moreover, previous studies have 

shown that aggregated SES (at classroom and/or school level) is as important as 

individual SES (e.g., Coleman, 1966). The association between aggregated SES and 

individual students’ attainment increases over time, moving from primary to secondary 

school, and becomes more important than that between individual SES and attainment 

(Cascella, 2020b). 

In the present study, we used school SES composition as the first key variable to 

identify the quotas: starting from the entire list of lower secondary schools located in 

Emilia-Romagna (provided by INVALSI), we stratified schools depending on the SES of 

their students. 

To measure students’ SES, we used a sociocultural index (SC-index) based on the 

combination of highest parental education and occupation (Cascella, 2019)4. Results 

based on data collected by INVALSI (from 2014/15 to 2018/19) showed that SC-index 

ran in [–3; +2], with mean 0.02 and standard deviation 0.865. Based on the combination 

of SC-index’s mean and standard deviation, we identified three groups of schools (our 

quotas), i.e. schools with (i) low, (ii) medium, and (iii) high school SES. Then, we 

calculated the percentage of schools belonging to each quota. The proportional quota 

sample constructed for the purposes of the present study looked like that constructed by 

INVALSI in the same academic year (Table 1). 

Finally, in addition to students’ SES, we looked at the distribution of students by 

students’ (i) sex (males or females), (ii) citizenship status (native, first- and second- 

generation students), (iii) the number of classrooms per school, taken as an indicator of 

school size, (iv) the number of students per classroom, and (v) the proportion of regular, 

in advance, and retained students (Table 2). We considered these variables because 



previous studies based on Italian data showed that they are significantly associated with 

attainment (e.g., INVALSI, 2018). 

Results  

Replication 

In the work by Fischbein and colleagues (1985) the results of the multiplication and 

division items were provided in the form of percentage of correct answers.  

In table 3, we compared our results with those from the original study in terms of 

percentage of correct answers. There are some tasks for which we can observe differences 

in the percentages, but these differences do not question the nature of Fischbein et al.’s 

results. For instance, the percentage of correct answers for question Q23B (I paid 900 lire 

for 0.75 hectogram of cocoa; what is the price of 1 hectogram?) is higher in our replication 

(41%) than the original study (25%). This partitive division problem is compared, in the 

original study, with Q13A and Q14B which are still partitive problems having a whole 

number as operator. Both in the original study as in our replication, Q13 and Q14 have 

much higher percentage of correct answer than Q23B; this supports the fact that, 

according to intuitive model of quotative division, the operator must be an integer (see 

Giberti & Maffia, 2022). In the original paper, Q23B is also contrasted with Q21A (still 

partitive division) since a decimal number is the operator in the former and the operand 

in the latter. In the original study, there is a strong difference in the percentage of correct 

answers, while this is not the case in our replication. This may depend on the fact that one 

of the effects of the intuitive model was mitigated by other factors, but it is also possible 

that the comparison between these two tasks was not appropriate in the case of Fischbein 

et al.’s study, because these tasks belong to two different forms which are not equivalent 

as noted below.  



Rasch modelling 

Data-model fit and questionnaire validation.  

Before estimating person and item parameters, we double-checked data-model fit. All 

items showed both infit and outfit close to 1 (the ideal value), thus supporting the 

unidimensionality hypothesis (Table 4).  

Further, we investigated both person- and item-separation and reliability that 

provide evidence about construct validity and for the sensitivity of our measure in 

separating people and items along the latent trait (Table 4).  

Both item-separation and reliability were above the cut-off points (i.e., 3 and 0.9, 

respectively), thus providing empirical evidence of the reproducibility of measure 

location. Moreover, results indicated that the sample was large enough to confirm the 

item difficulty hierarchy of the instrument, thus supporting the construct validity of the 

instrument used in the present study.  

Person-separation and reliability was slightly lower than the cut-off point (i.e., 

lower than 2 and 0.8, respectively) thus suggesting that the instrument may be not 

sensitive enough to properly scale subjects along the latent trait, i.e. to distinguish 

between high and low performers.  

Both the CTT and Rasch model allows for ordering items (and subjects) 

depending on their difficulty (and relative ability). The Item-Person map (Figure 4) shows 

the distribution of both persons and items along the same latent trait. As expected, the 

items’ order based on Rasch estimates and on the count of current answers are pretty 

much the same with a very few exceptions when we analyse our data, but slightly different 

when we compare results from our study with those from the original one6.  



Discussion and conclusion 

We presented an external close replication (Sanchez-Aguilar, 2020) of a renowned study 

in mathematics education. Fischbein and colleagues’ (1985) study about intuitive models 

of multiplication and division has inspired many researchers but can be updated from the 

methodological point of view.  

Differently than the original study, we employed a proportional quota sampling 

and provided full details about the criteria employed to draw it up, thus making our study 

easily replicable. For answering our first research question, we started from the 

assumption (based on available literature) that the Rasch model should be preferred at 

least because Rasch estimates are invariant across sub-groups of items and/or students; 

Rasch analysis provides a framework for the validation of the administered questionnaire-

forms; we can equate different questionnaire-forms and put results onto the same metric. 

When we compared the count of correct answers in our data to the count realized 

by Fischbein et al. (1985), we observed some differences in the percentage of correct 

answers. However, we can state that our study confirms the results of the original one, 

because the effects of the intuitive model described in the original study are still predictive 

of the relative difficulty of the tasks6.  

It is worth noting that results of the current study based on the count of correct 

answers and those from the Rasch analysis are similar as the Rasch test scores are based 

on the sufficient statistics (i.e., the number of correct answers provided by all students to 

each item compared with the number of wrong answers). Results based on the Rasch 

analysis are more accurate than those based on the percentage, but they are consistent. 

Thus, we can answer our first research question by stating that a more robust 

analytical approach confirmed the solidity (in the sense of Dreyfus, 2017) of the results 

from the original result.  



Considering the second research question, our results showed that the forms 

developed in the original study are not equivalent, thus questioning the comparability of 

results in the original study and recommending, in future replication research, the 

administration of both forms – since they are not equivalent, it might not be possible to 

replicate the same result administering only one of the two forms.  

In the present study, we anchored the forms and equated them. Making answers 

comparable is a critical methodological improvement compared with the original study 

as Fischbein and colleagues assumed the comparability of both the forms and the two 

groups of students the forms were administered to. Nonetheless, the authors assumed such 

comparability without providing any prove of the direct comparability of neither the tests 

nor the answers. Results from our investigations showed that A and B cannot be used 

interchangeably, as also suggested by the different items’ hierarchy from the current and 

the original study (Table 5).  

Moreover, within the framework of the Rasch analysis, we explored instruments’ 

validity by investigating data-model fit and calculated both person- and item-separation 

and reliability. Then, we can answer to our second research question by stating that results 

suggest the necessity of deeper studies on the strength of the scale from a psychometric 

point of view. This is beyond the aims of a replication study but provides a possible line 

for future research. Also, further analysis and implementation of the questionnaires may 

help in selecting the items that are more representative of a certain phenomenon (namely 

of a certain intuitive model of multiplication or division) while preserving the reliability 

and validity of the instrument. That instrument would help in realizing more easily further 

replications, then deepening our understanding on how intuitive models intervene in the 

learning of arithmetic for different students. Such instrument may be used in studies about 



the effectiveness of the introduction of different models of multiplication/division when 

these operations are introduced for the first time in primary school. 

As a final remark, we add our voices to those researchers who have stressed the 

importance of continuing the replication of studies to strengthen the obtained results 

(Sanchez-Aguilar, 2020) and to provide solid findings to the field of mathematics 

education (Bolondi & Ferretti; 2021; Dreyfus, 2017; Primi, 2017). Then, we encourage 

the use of the data we are providing for further comparisons. 

 

Endnotes 

1. Sources: search.crossref.org - www.researchgate.net - scholar.google.com - data updated at 

9th June 2022 

2. ‘Lire’ was the name of the currency in Italy before the introduction of the Euro in 2002. 

3. ‘Ability’ is a technical term used within the framework of the Rasch analysis to refer to the 

latent trait that the instrument used to collect data purports to measure. In this study, 

students’ ability thus refers to their mathematical attainment. 

4. A detailed description of the procedure employed to construct the SC-index has been provided 

in Cascella (2019) along with a description of the procedure to deal with missing values 

and data imputation. 

5. INVALSI collects data at grade 2 and 5 (primary school), grade 8 (lower secondary), and at 

grade 10 and 13 (secondary school). No data are collected in any other grade. 

Nonetheless, since lower secondary school spans from grade 6 to grade 8, and since our 

sample units are schools (instead of students), information collected at grade 8 by 

INVALSI can be considered reliable to acquire the information we need (to construct the 

SC-index). 

6. The presence of differences between the results of the original study and our replication could 

depend on many causes (included the different samples, the changes in Italian curriculum 

during the last 35 years, and so on) that could be researched. In any case, the available 

data do not allow us to conjecture any interpretation and questioning the nature of those 

differences is beyond the scopes of this paper. 

https://scholar.google.com/
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Table 1. Number of schools in each SES quota. 

SES 

composition 

Population INVALSI sample Our sample 

N % N % N % 

Low 14957 40.1 660 40.3 6 40 

Medium  10571 28.4 472 28.8 5 33 

High 8065 21.6 391 23.9 8 27 

Missing 3657 9.8 115 7.0 0 0 

Total 37250 100.0 1638 100.0 15 100 
Source: our elaboration on INVALSI data collected in 2017 at grade 8 

  



Table 2. Students’ characteristics by school. 

 Gender Foreign students Regularity   

School Boys Girls 
2nd 

generation 

1st 

generation 
Total 

In advance 

students 

Retained 

students 

Classrooms 

in the school 

Students 

per 

classroom 

(average) 

1 53% 48% 7% 5% 12% 5% 1%   

2 49% 51% 0% 0% 0% 0% 0% 18 24 

3 54% 46% 10% 8% 18% 0% 0% 6 27 

4 53% 47% 0% 0% 0% 1% 0% 18 24 

5 51% 49% 5% 3% 8% 1% 3% 18 24 

6 58% 42% - - 7% 3% 2% 16 22 

7 52% 48% 13% 5% 18% 3% 0% 18 23 

8 55% 45% - - 17% 1% 1% 18 23 

9 53% 47% 10% 8% 18% 1% 7% 12 21 

10 49% 50% 18% 5% 23% 0% 3% 15 22 

11 54% 46% 7% 4% 11% - 6% 15 26 

12 51% 49% 14% 2% 16% 4% 3% 21 25 

13 53% 47% 15% 3% 18% 0% 0% 18 21 

14 53% 47% 17% 3% 20% 0% 0% 65 21 

 

  



Table 3. Items' difficulties from the Rasch analysis and those based on the percentage of 

correct answers. Each item is labelled with the letter Q followed by the numbering 

provided in the original study by Fischbein and colleagues. The letter A or B is added at 

the end of the code to indicate if the item belonged to form A or form B. For instance, 

item Q1A corresponds to the first item presented in Fischbein et al. (1985), while item 

Q26A is the last one, and they both belong to form A. 

Order of items based on Rasch 

(current study) 

Order of items based on 

percentage (current study) 

Order of items based on 

percentage (original study) 

Item Measure Item 
correct answers 

(%) 
Item 

correct answers 

(%) 

Q13A -2.75 Q13A 0.93 Q1A 0.96 

Q2B -2.08 Q2B 0.93 Q10B 0.93 

Q14B -1.54 Q14B 0.88 Q13A 0.93 

Q10B -1.41 Q10B 0.86 Q8A 0.91 

Q15B -1.25 Q15B 0.85 Q2B 0.91 

Q1A -0.86 Q1A 0.78 Q14B 0.90 

Q8A -0.80 Q8A 0.77 Q15B 0.89 

Q19B -0.61 Q19B 0.76 Q11A 0.85 

Q26A -0.51 Q26A 0.73 Q18A 0.79 

Q12B -0.28 Q12B 0.72 Q12B 0.78 

Q3A 0.06 Q3A 0.65 Q21A 0.77 

Q11A 0.13 Q11A 0.64 Q19B 0.77 

Q18A 0.18 Q18A 0.63 Q22B 0.74 

Q25B 0.47 Q25B 0.61 Q3A 0.74 

Q9B 1.07 Q22B 0.48 Q20A 0.71 

Q22B 1.21 Q9B 0.47 Q25B 0.63 

Q21A 1.25 Q21A 0.46 Q26A 0.62 

Q23B 1.37 Q20A 0.42 Q6A 0.57 

Q24A 1.43 Q24A 0.41 Q4A 0.57 

Q20A 1.49 Q23B 0.41 Q7B 0.43 

Q4A 1.94 Q4A 0.33 Q24A 0.38 

Q6A 2.23 Q6A 0.29 Q9B 0.38 

Q5B 2.29 Q5B 0.28 Q17B 0.30 

Q7B 3.05 Q17B 0.19 Q23B 0.25 

Q17B 3.12 Q7B 0.18 Q6A 0.24 

Q6A 3.32 Q6A 0.16 Q5B 0.18 

Note. Items were ordered by difficulty, from the easiest to the most difficult. Differences in the order 

according to Rasch model and according to percentage of correct answers (results of the current study) are 

highlighted in grey. 

Source: our elaboration 



Table 4 Items fit statistics. Items are ordered by difficulty, from the easiest to the most 

difficult. 

Item  Measure 
Model 

S.E. 
INFIT_MNSQ OUTFIT_MNSQ 

Q13A    -2.75 0.24 0.96 1.90 

Anchor_item_1 -2.66 0.18 1.08 1.55 

Anchor_item_2 -2.44 0.16 1.01 1.46 

Anchor_item_3 -2.33 0.16 0.97 1.36 

Anchor_item_4 -2.16 0.15 0.95 0.82 

Q2B    -2.08 0.21 0.91 0.66 

Anchor_item_5 -1.95 0.14 0.94 0.99 

Anchor_item_6 -1.74 0.13 0.94 1.01 

Q14B   -1.54 0.18 0.92 1.17 

Q10B   -1.41 0.17 0.95 0.79 

Q15B    -1.25 0.17 0.89 0.91 

Anchor_item_7 -1.10 0.11 0.96 0.97 

Anchor_item_8 -1.09 0.11 0.88 0.76 

Q1A   -0.86 0.14 0.95 0.72 

Q8A   -0.80 0.14 0.86 0.70 

Q19B    -0.61 0.14 1.11 1.24 

Q26A   -0.51 0.13 0.99 1.01 

Q12B    -0.28 0.13 1.02 0.86 

Q3A    0.06 0.12 0.96 1.27 

Q11A    0.13 0.12 0.97 0.98 

Anchor_item_9 0.14 0.09 0.94 0.89 

Q18A 0.18 0.12 1.00 1.09 

Anchor_item_10 0.31 0.08 1.03 1.00 

Q25B    0.47 0.12 0.90 0.83 

Anchor_item_11 0.90 0.08 1.03 1.16 

Q9B   1.07 0.12 1.03 1.17 

Q22B    1.21 0.11 1.12 1.15 

Q21A   1.25 0.11 1.12 1.24 

Q23B    1.37 0.12 1.05 1.07 

Q24A    1.43 0.11 1.16 1.24 

Q20A    1.49 0.11 1.00 1.04 

Anchor_item_12 1.61 0.08 1.01 1.21 

Q4A    1.94 0.12 0.97 1.06 

Q6A    2.23 0.12 0.87 0.88 

Q5B   2.29 0.13 0.93 1.31 

Q7B   3.05 0.15 0.87 1.10 

Q17B   3.12 0.15 1.19 1.17 

Q16A    3.32 0.14 1.09 1.90 
Note. PERSON: REAL SEP.: 1.82 REL.: 0.77; ITEM: REAL SEP.: 12.20 REL.: 0.99Note 

Source: our elaboration 

 

  



 

Figure 1. Example provided. 

  



 

 
Figure 2. Rasch Sufficient Statistics (total scores to estimate student ability and item 

difficulty). 

 

  



 

Figure 3. Deviation of students’ Rasch test scores in mathematics from the Italian 

national mean in the different Italian geographical regions. 



 

Figure 4. Person-Item map. 
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