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CONFORMAL DIRAC-EINSTEIN EQUATIONS ON MANIFOLDS WITH
BOUNDARY.

WILLIAM BORRELLI(}) | ALT MAALAOUI(®) & VITTORIO MARTINO®)

Abstract In this paper we study Dirac-Einstein equations on manifolds with boundary, restricted
to a conformal class with constant boundary volume, under chiral bag boundary conditions for the
Dirac operator. We characterize the bubbling phenomenon, also classifying ground state bubbles.
Finally, we prove an Aubin-type inequality and a related existence result.

Keywords: Einstein-Dirac equations, chiral bag boundary conditions, critical exponent, Aubin-type in-
equality.

2010 MSC. Primary: 53C21, 53C23. Secondary: 53C27, 58E30

1. INTRODUCTION AND MAIN RESULTS

The Einstein-Dirac equations describe the interaction of spin % particles with a gravitational
field. This interaction is modeled through a coupling of the Einstein-Hilbert functional (the total
curvature) and a fermionic interaction using the Dirac operator. Given a three dimensional compact
spin manifold M, the functional reads as

eD(90) = [ Ry dvg+ [ Dy~ 10 dv,

where g is a Riemannian metric on M and v is a spinor. We recall that the study of the first term
of this functional was heavily investigated and this led to beautiful results in geometric analysis
such as the solution of the Yamabe problem, when restricted to a conformal class of the metric,
and the positive mass theorem [47, 49].

Going back to the Einstein-Hilbert functional, the natural extension was then to consider manifolds
with non-empty boundaries. The functional is then modified by adding a term involving the total
mean curvature of the boundary and this is known as the Gibbons-Hawking-York action (see, e.g.
[18, 50]). Again, if one restricts the variations to a conformal class of the metric, one is led to the
Yamabe problem on manifolds with boundary, first investigated by Escobar [13]. This led to the
study of the positive mass theorem on manifolds with boundary [2, 24] and Dirac type operators on
such manifolds [6]. Notice that this brings extra challenges to decide which boundary condition one
should impose on spinors that would guarantee ellipticity and allows achieving the same geometric
properties. We refer to [29] and the references therein for the study of several boundary conditions
for the Dirac operator and their ellipticity.

In this paper, we propose to study the conformal version of the coupling of the Gibbons-Hawking-
York functional with the fermionic interaction while imposing a natural local boundary condition.
Indeed, let (M, g) be a compact oriented three-dimensional Riemannian manifold with boundary.
It is well-known that it admits a spin structure o, see for instance [36, page 87]. We assume
that the manifold M admits a chirality operator G on the spinor bundle M. Examples of such
3-dimensional manifolds are given by space-like hypersurfaces in a Lorentzian manifold, where G
is given by the Clifford multiplication by a unit time-like normal field to M, see e.g. [29] and
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references therein. The existence of a chirality operator allows to define a class of (local) boundary
conditions for the Dirac operator that behave nicely under a conformal change of metric (see
Section 2).

Let us consider the energy functional E°

1 R 1 b
) = 5( [ Vel dvgt [ Shoit doyt [ (D)=l o) [t do,.
1)

where hg is the mean curvature of 9M, b is a non-negative constant, Dy, XM are the Dirac operator
and the spinor bundle associated with o, respectively, and (-,-) is the real part of the compatible

1
Hermitian metric on $M. Notice that E® is defined on the space H = H'(M) x HZ(XM) where
HZ(XM) is the space of H 2 _sections of the spinor bundle satisfying chiral bag boundary conditions
(see Section 2). The energy functional E° arises from the following generalization of the Gibbons-
Hawking-York functional, which in its turn generalizes the Hilbert-Einstein functional for manifolds

with boundary

1
£00) = [ Rodvy+5 [ hydoy+ [ (D) = (i),

where ¢ is a Riemannian metric on M and % is a spinor field. As mentioned above, this model was
investigated (for manifolds without boundary) in full generality by [7, 15, 35] for the properties
of the critical points of the functional and examples of Dirac-Einstein structures, while in [40] the
authors study the compactness property of the set Einstein-Dirac structures. The functional E? is
obtained from & by restricting the latter to a conformal class of the metric with constant boundary
volume (Vol,(OM) = 1). The conformal version of the functional € has been studied by the second
and third named authors in [43] in the case of closed oriented Riemannian 3-manifolds. Observe
that the functional (1) can be considered as the three-dimensional analogue of the Super-Liouville
functional, for which a blow-up analysis and the existence of critical points has been studied in the
literature, see e.g. [31, 27, 28] (for the case M = ) and [16, 32, 33, 34] (for the case dM # 0).

The aim of the present paper is to study various properties of E® and of its critical points,
considering a local boundary conditions for the Dirac operator D,.

The critical points of E® solve the following system:

Lyu= ultp]?
on M
Dy = u?p
(2)
Bgu = % + %hgu = bud
on OM
Bty =0

Here BT is the operator defining chiral boundary conditions for spinors (see Section 2).
We define the Yamabe invariant for manifolds with boundary Y (M, 0M, [g]) by

Jar IVul? + $Rgu? dvg + [, 3hgu? doyg

(fMuﬁ dvg)g

Y(M,dM,[g]) =  inf
( [g]) uEHll(I]{/I),u>0

(3)
where R, is the scalar curvature of the metric g.

It is also important to notice that the operator (Ly, B,) is elliptic with compact resolvent. So
under the boundary condition Byu = 0, L, is self-adjoint and has a discrete spectrum. The first
eigenvalue of this operator is defined by

\ Jas IVul? + §Rgu? dvg + 3 [, hgu? dog
LT ueHI(M)\ {0} [y, u? dvg '

The sign of A; is a conformal invariant and it has the same sign as Y/ (M, 0M, [¢]). From now on,
we will focus on the case A; > 0 and by using the first eigenfunction as a conformal change, we can
assume without loss of generality that hy = 0 and R, > 0, as it was shown in Proposition 1.3 and
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Lemma 1.1 in [13]. The quantity [|ul|* = [, |[Vu[* + § Rgu® dvg, defines then a norm on H'(M),
equivalent to the standard one. Our new functional reads

1 1 b
E’(u,v) = —(/ |Vul? + = Ryu® dv, —I—/ (D, by — [ |ul? dvg) - f/ u* doy .
2\ 8 M 4 Jom

Looking for solutions to (2) via variational methods, bubbling phenomena may occur, due to
the conformal invariance of the functional, and one is led to study the limit equations describing
the blow-up profiles. We will distinguish two kinds of blow-up:

e Interior blow-up, when the energy concentration occurs in the interior of the manifold.
This phenomena is similar to the case of manifolds with no boundary that was studied in
[43] and hence the limit equations are posed on the whole space R? and read

—Au = ulyp|?
on R3. (4)
Dy = u?y)

e Boundary blow-up, when the energy concentration occurs at the boundary M. the limit

equations are posed on the half-space Ri and are given by

—Au = uly|?
Iy 2¢ on Ri_
=u
% _ bu3 (5)
on ORY
Bty =0

We recall that solutions of (4) have been studied by the first two named authors in [8] where a
classification result was exhibited for ground state solutions. We also distinguish the two limiting
functionals. Namely, weak solutions for (4) are critical points of the energy functional

1
Ego (u, ) = 5 (/]R Vul* + (D, v) — u2|¢|2d%3) : (6)
on H(R3) x ﬁ1/2(290R3). On the other hand, weak solutions (u, ) € ﬁl(Ri) X IOJ}F/2(ZQOR‘1)

to (5) correspond to critical points of the following functional

1 b
Egg (u, ) = 5 ( /R | IVul* +(Dy,9) —u2|¢|2dvgm3> -1 / uldog,, . (7)
+
In our investigation, we start by studying the asymptotic decomposition and the energy quan-

tization of Palais-Smale sequences of the functional E?, as described in the following result.

Theorem 1.1. Let us assume that M has a positive Yamabe constant Yg(M,0M) and let (uy, n)
be a Palais-Smale sequence for E at level c. Then there exist uso € C®(M), oo € C°(XM) such

that (Uso, Vo) is a solution of (2), m+{ sequences of points &+, -+ ™ € M and x\,--- , 2%, such
[e]

that limnﬁooa?fl =zFeM, fork=1,...,m. limnﬂmx’fl =2k € OM fork=1,--- ¢ and m+{

sequences of real numbers RL --- R™ RL ... R’ converging to zero, such that:

m 14
D) tn =t + Y08+ Y vk +o(1) in H'(M),
k=1 k=1
m 4
~ 1
i) Yn = too + D5+ Y 0 +o0(1) in HE (SM),
k=1 k=1

m I4

i) B (un, ¥n) = B (use, Yoo) + ) B (Uk, W) + D Efs (UL, ) + o(1),
k=1 k=1

where
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& = (B) ™" Broy, k(T5),

Yand pni() = expiz(éfb-) is the exponential map defined in a suitable

with op ) = (ﬁn)k)_
neighborhood of R3, o, = pglk and pp = Fypr (RE.) is the Fermi coordinate patch in a suitable
neighborhood of Ri. Also, here By, (resp. Bi) is a smooth compactly supported function, such that
B = 1 0n~Bl(5:k) (resp. B = 1 on By(z*)) and supp(B) C Ba(Z*) (resp. supp(Bx) C Ba(a*))
and (UL, Wk ) are solutions to the system (4) on R® with its Euclidean metric ggs while (U, ¥*))
are solutions to the system (5) on R3.

Roughly speaking, in items ), i) above we distinguish concentration profiles corresponding to
interior and boundary points, while item 4ii) gives the corresponding energy quantization. Notice
that such result holds for arbitrary b > 0.

Next, we will focus on the case b = 0 and we will let E := E°. We now consider the equation
describing boundary concentration profiles (5). The case of interior blowup points has been treated
in [8]. As explained in Section 2, both equation (5) and the functional (7) are conformally covariant,
and then can be equivalently considered on the round hemisphere (S‘i, go):

Lgyu = uly|?
Dgyp =u?yp  on S} ()
Byu=0

Bty =0  ondS%

1 Ry,
By =3 (/ (Vooul® + =u” +(Dy,v) - u2|w2dvgo) :
s

As proved in Lemma 5.1, for a non trivial solution (u,) € H*(S}) x Hi/Q(ZgOSﬁ_) to (8) there
holds

1

where Y (S3,0S%, [go]) and Afy;(S3,8S2,[g0]) are the Yamabe and the chiral invariant, respec-
tively, defined as in (3), (16). We mention that a similar lower bound for non-trivial solution to
critical Dirac equations on the round sphere has been proved by Isobe [26], in general dimension.
Considering (4) and (6) on the round sphere (S™, go) a similar energy gap for non-trivial solutions
is proved in [43], namely

Ess (u,v) > =Y (S%, [90]) AT (S?, [90)) , (10)

N |

where
1 R
Bt = 5 [ Vol + B2 4 (D) o vy )
Y (S3, [go]) is the Yamabe invariant and the conformal invariant

NS [oo]) = inf X @)vol(M. B

is the analogue of (16) on the round sphere.

Remark 1.2. Notice that since (see [13, 45])
Y (81,081, [g0]) <Y (8%, [g0]) ,

and
A& (83,087, [90]) < AT(S%, [90]) ,

the (sharp) lower bound for the energy of boundary bubbles is strictly smaller than the one for
interior bubbles. As a consequence, the former represents the threshold level for compact Palais-
Smale sequences, see Theorem 1.6.

Definition 1.3. A non trivial solution (u,) € H'(S3) x Hi/z(ZgoSi) to (8) is called ground
state solution if

1
ES‘}_ (ua ¢) = §Y(Si7 aS?H [go])AJCr‘HI(Siv 8817 [gO]) )
that is, equality holds in (9).
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The following result classifies ground states of (8). We mention that the analogous result
for Dirac-Einstein equations on the 3-sphere (i.e. for minimizers of (10)) and for critical Dirac
equations in arbitrary dimensions has been proved in [8, 9], respectively.

Theorem 1.4. Let (u,v) € H'(S3) x Hi/2(2908i) be a ground state solution to (8), and assume
u > 0. Then, up to a conformal diffeomorphism, u =1 and ) is a (f%) — Killing spinor. Namely,
there exists a conformal diffeomorphism f of the round 3-hemisphere and a (f%) — Killing spinor
U such that
u = (det(df))"/°
and
W = (det(df))/* Fyeg,g0 (S 1)
where Fy«gy 40 15 the isometry of spinor bundles for conformally related metrics, and the pullback
1V is defined as in (35).
The above results can be rewritten on the Euclidean space, in a more explicit form.

Corollary 1.5. Let (u,¢) € H*(R3) x H}F/z(ER‘i) be a ground state solution to (5) with u > 0.
Then there exist A > 0, y € R? and a parallel spinor &, € ERi such that, setting ® = (Pg—v-G )
there holds

u(z) = 22 v r=(%,23) €R3 (11)
T\ Nt —y2ral) T T

. 2\ 3/2 1 f—y €3 By o~ RB 12
w(x)_<x2+|5c—yl2+x§> <_( X A)) Lo ommmeR )

where & € R? and x5 > 0.

and

The last main results of the paper consist of the proof of an Aubin-type inequality and a related
existence result for the problem (2), with b = 0 (see [43, Section 5] for similar results in the case
of a manifold without boundary). We initially define the two functionals relevant to the statement

of the result:
(/ uLgudvg) (/ (Dgw,w>dvg> / (Dgtp, ¥)dvg
M M R (O T
[ e, [ lobds,
M M

for any non-trivial (u,) € H*(M) x Hé (XM) with [, [u|*[¢]* dvg # 0 and assuming (without
loss of generality) that hy, = 0. These functional will be addressed in Section 6. We also refer

E(an) =

1
the reader to [43] to get more context on the definition of these functionals. Now, let H?" be

1
the negative space of H} (XM according to the spectral decomposition of the Dirac operator and

consider P~ the projector on H%’*7 as explained in Section 2.3.
We can define the following conformal constant (namely, depending only on the conformal class
of the metric g)

) B(u,p); where (u, ) € H'(M)\ {0} x H? (SM) \ {0} s.t.
Y (M,0M,[g]) = inf . (13)
I(¥) >0, P~ (Dgp = I(¢p)u*h) =0
We point out here that there is an abuse of notation writing P~ (Dgw - I(d))qu) instead of

P~ (¢ — I(¢) Dy ! (ut)). In fact, the equation P~ (Dytp — I(¥)u?y) = 0 should be understood in
the sense of duality, that is:

1
(Dygtp — I()u*p, P_(¢)>H7%7H% =0 for all p € HZ(SM).
We want to compare Y (M, M, [g]) with the invariant on the sphere (S3, go), namely,
(8%, 08%, [go]) =Y (8%, 8%, [go) A& (8, 053, [g0]) -

This comparison will be entangled to an existence result for (2), in analogy with the classical
Yamabe problem [13, 37]. Indeed, we prove the following:
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Theorem 1.6. Let (M, g) be a compact oriented three-dimensional Riemannian manifold with
boundary. It holds:

Y (M, OM, [g) ALy (M, 0M, [g]) < Y (M, 0M, [g]) < Y (S, 057, [90]) (14)

Moreover, if
Y(M,0M,[g]) < Y (S5, 8S%, [90)),

then the problem (2), with b =0, has a non-trivial ground state solution.

1.1. Outline of the paper. In Section 2 we collect some preliminary results about the operators
involved and their conformal covariance, while in Section 3 we prove a regularity result for solutions
to (2). We then analyze the bubbling phenomenon in Section 4, proving Theorem 1.1. Ground state
bubbles are classified, as stated in Theorem 1.4, in Section 5. Finally, we prove the Aubin-type
inequality (14) and the related existence result stated in Theorem 1.6, in Section 6.

Acknowledgements. The authors wish to thank the reviewer for careful reading the manuscript
and for the accurate remarks.

Data availability statement. Data sharing not applicable to this article as no datasets were
generated or analysed during the current study.

2. PRELIMINARY PROPERTIES AND CONFORMAL COVARIANCE

In this section we review some notions on spin structures and Dirac operators useful in the
sequel, for the convenience of the reader. We refer to [30, 36] for more details. We also define the
Sobolev spaces that will play a role in the subsequent analysis and recall some of their properties.

The conformal Laplacian acting on functions on the Riemannian manifold (M, g) is defined by
1
Lou = —Agu+ gRgu,

where A, is the standard Laplace-Beltrami operator and R, is the scalar curvature. As already
observed, (Lg4, By) is elliptic with compact resolvent, where the boundary condition B is defined
n (2). We refer the reader to [1, Chap V] and [38, Chap 2,Sec 5], for more details.

We will denote by H*(M) the usual Sobolev space on M. By the Sobolev embedding and trace
theorems there is a continuous embedding

HY(M) — LP(M), 1<p<6and H' (M)~ LY (OM), 1<q<4,
which are compact if 1 <p <6 and 1 < ¢ < 4.

2.1. Spin structure and the Dirac operator. Let (M, g) be an oriented Riemannian manifold,
and let Pso(M, g) be its frame bundle.

Definition 2.1. A spin structure on (M,g) is a pair (Pspin(M,g),0), where Pspin(M,g) is a
Spin(n)-principal bundle and o : Pspin (M, g) = Pso(M, g) is a 2-fold covering map, which is the
non-trivial covering A : Spin(n) — SO(n) on each fiber.

In other words, the quotient of each fiber by {—1,1} ~ Z5 is isomorphic to the frame bundle of

M, so that the following diagram commutes

Pspin(M,9) ————— Pso(M, g)

~

A Riemannian manifold (M, g) endowed with a spin structure is called a spin manifold.
In particular, the Euclidean half-space (R}, gr») and the round hemisphere (S, go) with n > 2,
that are relevant for our purposes, admit a unique spin structure.

Definition 2.2. The complex spinor bundle XM — M is the vector bundle associated to the
Spin(n)-principal bundle Psp;n (M, g) via the complex spinor representation of Spin(n).
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The complex spinor bundle ¥M has rank N = 2[3] and it is endowed with a canonical spin
connection V (which is a lift of the Levi-Civita connection, denoted by the same symbol) and a
Hermitian metric g shortly denoted by (-,-). We will be using the euclidean structure rather than
the Hermitian one, hence, we will consider (-,-), the real part of (-,-).

In particular, the spinor bundle of the Euclidean half-space R} is trivial, so that we can identify
spinors with vector-valued functions 1 : R” — C¥.

The Clifford multiplication is a map - : TM — Endc(XM) verifying the Clifford relation
X Y4+Y X=-29X,Y)1spn,

for any tangent vector fields X, Y € I'(TM), and is compatible with the bundle metric g.
Taking a local oriented orthonormal tangent frame (ej);’:l the Dirac operator is defined as

3
D%y = Zej AVRT Y eT(SM).

j=1
Given a € C, a non-zero spinor field ¢ € T'(X¥M) is called o-Killing if
Vi =aX -4, VX e (TM).

For more information on Killing spinors we refer the reader to [17, Appendix A]. On (S7, go) a-
Killing spinors only exist for & = +1/2 and are restriction of o-Killing spinors on the round sphere,
and via the stereographic projection the pull-back on the Euclidean half-space Ri of the i%-Killing
spinors have the form

U(z) = (1+2x|2> (1+a) 3

where 1 denotes the identity endomorphism of the spinor bundle ¥, , Ri and ®q is a parallel
+

spinor, see e.g. [46].

Finally, observe that M, being an oriented hypersurface of M, is itself a spin manifold and its
spinor bundle is obtained by restricting ¥ M to the boundary of M. In particular in odd dimensions
the spinor bundle restricted to M can be identified with the intrinsic bundle on M, namely

SMgar = SOM .

2.2. Chiral bag boundary conditions and the chiral invariant. When the Dirac operator
is studied on manifold with boundaries, one can impose different kinds of boundary conditions
depending on the physical model or the invariant that one needs to compute. For instance in [4]
the authors introduced the celebrated non-local boundary condition in order to establish index
theorems. The (APS) boundary condition was also extensively used to establish other results see
[23, 49]. Another interesting boundary condition is the MITbag condition introduced in the study
of fields confined in a finite region of the space. The advantage of this condition is its local aspect.
In our case, we are interested in the chiral boundary condition (CHI) introduced in the study of
the mass of asymptotically flat manifolds as in [22] and for the proof of the positive mass theorem
for manifolds with boundary as in [2]. This boundary condition is more adequate for our problem
mainly because it is well behaved under a conformal change of the metric as it was expressed in
[45, 46]. We refer to reader to [29] for more details on the above mentioned boundary conditions.
A chirality operator on M is a linear map G : I'(XM) — I'(X¥M) such that

G’=1, (G, Go)= (P, ),
Vx(Gy)=CGVxy, X -Gp=-GX- 9,

for each vector field X and spinor fields 1, . A typical example of a chirality operator in three
dimensions is when the manifold is a space-like hypersurface of a four dimensional Lorentz manifold.
G in this case is defined by the Clifford multiplication by a unit time-like vector field. We refer the
reader to [22, Section 2] for more details about this example, and to the discussion in the proof of
[12, Thm.3.2].

Given a chirality operator G, the fibre preserving endomorphism v -G : T'(X0M) — I['(X0M) is
self-adjoint with respect to the pointwise Hermitian product and squares to the identity. Then it
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has eigenvalues +1 and

g

BE .= %(1 +v-G): L3(Z0M) — L*(V*F) (15)

is the the projector onto the eigensubbundle V* corresponding to the eigenvalue £1. Such operator
defines an elliptic boundary condition for D, called chiral bag boundary condition. More precisely,
in [14] the authors show that

Dy: HY(SM) := {p € H'(SM) : B} (pjom) = 0} = L*(EM)
is a self-adjoint Fredholm operator, whose spectrum consists of isolated real eigenvalues with finite
multiplicity. In fact, since Dy is elliptic of order 1 and self-adjoint, it is Fredholm as an operator
1
Dy : HZ(SM) = {p € H:(SM) : B} (pjon) = 0} = H 3(SM). More details about these
fractional Sobolev spaces will be provided in the next section.

Definition 2.3. The chiral bag invariant is defined as
N (M, OM,[g]) == nf [T (g)|vol(M, )", (16)

where )\%(g) s the smallest positive/negative eigenvalue of the Dirac operator under chiral bag
boundary conditions.

If n > 3 the Hijazi inequality on manifolds with boundary [45] relates AT (g) to the first eigenvalue
of the conformal Laplacian g1 (Lg):

A (9)? > ﬁ/ﬂ@g),

where equality holds if and only if (M, g) is isometric to a round half-sphere. Moreover, there holds

Nt (MM, g]) 2 45 Y (M, OM, [g])

2.3. Sobolev spaces of spinors. Using the spectral decomposition of the Dirac operator with
chiral bag boundary conditions one can define fractional Sobolev spaces of spinors. Of particular

1
interest for us will be the space H? (XM). As already observed, the Dirac operator D, has compact
resolvent and there exists a complete L2-orthonormal basis of eigenspinors {t; };cz of the operator

Dgp; = N,
and the eigenvalues {\;};cz are unbounded, that is |\;| — 0o, as |i| — co. Now if v € L2(XM),

there holds
= ait.
i€l
so that we can define the unbounded operator |Dy|* : L2(XM) — L*(XM) by
1Dg|*(¥) =Y ail\il "¢
i€l

We denote by H3 (XM) the domain of |Dy|*, namely there holds ¢ € H$ (XM ) if and only if

Za?|)\i|28 < 400.

i€z
For s > 0, the following inner product

(u,v)s = ([ Dg[*u, [Dy[*v) L2,

induces a norm on H? (3M); we will take

= |lull?

o~

u, u) = (u, u>%

|

as our standard norm for the space H7 (3M). The Sobolev embedding theorems ensures that there
is a continuous embedding

H?(SM) < LP(SM), 1<p<3,

1
which is compact if 1 < p < 3. Finally, we will decompose H? (XM) according to the spectrum
of Dgy. Let us consider the L2-orthonormal basis of eigenspinors {1; };cz: we denote by 1; the
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eigenspinors with negative eigenvalue, 1/);' the eigenspinors with positive eigenvalue and 1 the
eigenspinors with zero eigenvalue; observe that the kernel of D, is finite dimensional. Now we set

i 1o 1y
H?" =span{y; Yicz, HZ" :=span{y{}icz, H2" :=span{y; }icz,
where the closure is taken with respect to the H %—topology. Therefore we have the orthogonal
1
decomposition H? (XM) as:

1 1_ 19 14
H(XM)=H} ®©H} ®©H?".
1 1
Also, we let PT and P~ be the projectors on Hj’Jr and H}’ respectively. Depending on the

1
situation, it will be practical to denote by H the product space H = H'(M) x HZ (XM).

Observe that some of the result of the present paper will be for manifolds with positive Yamabe
invariant Y (M,0M, [g]) > 0. This implies that there are no harmonic spinors, that is, the kernel
of D, is trivial.

2.4. Conformal covariance. In this section we recall known formulae relating the Dirac and
conformal Laplace operators for conformally equivalent metrics, see e.g. [17, 25]. To this aim the
various geometric objects are explicitly labeled with the corresponding metric g, e.g. XM, V9, Dy,
etc.

Fix a smooth function f € C*° (M) and consider the conformal metric gy = e?f g, which induces
an isometric isomorphism of spinor bundles

F=Fy,: (X,M,g) — (ngM,gf).

Then there holds

141

Dy, Fle T 1y) = e T I F(D,), (17)

Lgf(e_anfu) = e_nTHngu.
The following quantities are conformally invariant. Setting
n—1 —
o :=F(e "z fq), vi=e 2 Ju (18)
there holds
/ uLgudvg = / vLg vdug, / (Dg¥, ) dvg = / (Dg; ;) dug,
M M M

M

[ ltan, = [ oavy, [ s = [ ef o, (19

/ |u|2|¢|2dvg :/ |U|2\<p|2dvgf, / u? dog :/ vt dog, .
M M oM oM

For boundary terms, notice that from the well-known formula for the mean curvature (see e.g.
[13]), hyg, = e T (hg + ZTJ:)’ where v is the outward normal to M, one gets

/ ngfvdagf:/ uBgudoy .
oM oM

As mentioned above, Chiral bag boundary conditions behave nicely with respect to conformal
changes of metrics. Namely, if G is a chirality operator on ¥,M, then

G::FoGoFfl:EgMﬁEgM

is a chirality operator for the metric g and the associated orthogonal projection Bgi as in (15)
define elliptic boundary condition for Dy ( see [29]). Consequently the action (1) is conformally
invariant, and hence also equation (2).

In particular, using a conformal change of the metric, (5) can be seen as an equation on the

round hemisphere (Si, go). This is done using the stereographic projection 7 : Si \N — Ri,
as a conformal transformation, where N € 881 is the north pole. Indeed, one has (77 1)*gy =

Wgﬂgs with 2 € R3. Therefore, if (u,?) € Hl(Ri) X ﬁi/Q(Ri,((?) is a weak solution

to (2), then one can consider (v,¢) defined in by (18) with €2/ = W. Such a pair is in
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HY(S3) x HY2(3,,S%) by (19), and it is a weak solutions to (8). Notice that, a priori, (v, ¢) is a
weak solution only on Si \ {N}. However, the removability of the singularity at the north pole N
can be proved by standard cut-off arguments.

Finally, we conclude this section by observing that, using (19), the functional (7) is also confor-
mally invariant, i.e.

3. REGULARITY

In this section we prove a regularity result for solutions to (2), using an argument similar to
[26, 43]. The the equations considered are critical and compared to [43], we do have a critical
behavior at the boundary. In order to initiate a bootstrap arguments one needs an extra step to
improve the regularity. This is usually what is referred to in the literature by e-regularity, where
the smallness of some critical norm, induces an improved regularity.

Theorem 3.1. Let (u,) € H'(M) x H%(EM) be a weak solution to the system (2), then (u, ) €
C™®(M) x C=(XM).
Proof. First of all, we recall the Sobolev embeddings:
HY (M) < LP(M), 1<p<6,
1
HZ(XM)— LP(XM), 1<p<3,
HY(M) < L1(OM), 1<q<4.

We also recall that the two operators (Lgy, By) and (D,,B") are elliptic. Now let p,n € C*°(M),
with 7 = 1 on supp(p) and let us denote Q2 = supp(n). We compute

1
Lg(pu) = =Ag(pu) + gRgPU
1
= —pAgu—ulgp —29(Vp,Vu) + gRgpu

= pLg(u) —ulgp —29(Vp,Vu)
=Y Ppu — ulgp —29(Vp, Vu),
and
Dy(pp) = pDgtp + Vp -1 = qu’pp + Vp - 1.
If supp(p) NOM # 0, we have

_ 9 _, 3. 9Op
By (pu) = pByu + ug, = bnpu’ + Uz,
and
BF (py) = pBT¢) = 0.
Notice that, since u € H*(M),and ¢ € L3(XM), we have
0
ulgp+29(Vp,Vu) € LA(M), Vp-i € L3(XM) and “a% e L*(OM).

Now one can define the two perturbation maps:

Py W24(M) — LI(M) x W' a4(aM), Py : WIP(EM) — LP(EM),
and
Pi(v) = (ny[*v, bnuv) Py(¢) = nu*¢.
In what follows we denote by | - ||op the operator norm, the norms of the spaces involved being

clear from the context.

Lemma 3.2. The operators P, and Py are bounded for 1 < q < % and 1 < p < 3. Moreover,

1Pullop < € (1125 gy + DlullZ gy + bllwl oy + 2 uls grnon )

and
1Pz lop < CPHUH%G(Q)v

where Q C Q.
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Proof. Notice that the estimate for || Px||,, follows by a simple application of Hélder’s inequalities.
So we focus on P; and we start by the second component of P;. Recall, from the Sobolev trace
theorem, that

ol a0 gy S Cllne*vllwraqan.

for all ¢ < % Hence, one needs to show that nu?v € WH4(M) for 1 < ¢ < % to insure that P; is
well defined. Indeed, we have

ol < Nllfsyllll o, ) < Cllulldsilolwaaqn.
On the other hand, we have
V(nu*v) = v?vVn + nu?Vo + 2nuvVau.
Therefore, since

Vol Lagary < IIUH%G(Q)IIUIIL%(M) < Cllullgoollvllwescan,

I 0laqan < oy [V, g, < Cllulio [ollwaaqan

and

InuvVullpaary < ||U||L6(Q)||Vu||L2(Q)||U||L3§q2q )

< Cllullzs @) I Vul 2 @) v llw2.aan
< Cllullfs gy + IVl 72 @llvllw2a(an,

We see that nu?v € WH4(M). Moreover, by Hélder’s inequality, we have, for the first component
of Pl,

2 2 2
IntPolzon < ClEs a0l g, 0 < ClRENEs ey ellw=oun,
Thus, P; is well defined and
1Plop < C(I06132m0) + bllullds @) + b Vullfe( )-

To finish the proof, we just need to estimate ||u|| g1 (). So we use pju as a test function in the first
equation (2), where p; € C°°(M) is compactly supported and p; = 1 on Q. This leads to

/p%uLgu:/ pru? 2.
M M

Hence, integrating by parts leads to
1
[ wvst-vusgival <o [ gt g [ gre = [ gl

M oM M M

Since
/ uVpt - Vu < 2[uVp1| 2 an)llpr Vull 22 ),
M

we have

/M P%|VU|2 < C(||u||2L6(Q)||1/’||%3(Q) + HUH%G(Q) + b”u”%‘l({)QHBM))'
Thus, if Q C Q = supp(p1) we have

lullzr @) < CUlullzo@) 1¥l s say + lullze@) + Olul 7 panonn)-

The set 2 should be thought of as a small dilation of € that shrinks when € itself is shrunk. To
summarize, we have

”Pl”O;D < C(”'L/}HiS(EQ) + b”“”iﬁ(ﬁ) + bHuHLG(Q) + b2||uHi4(QmaM))'
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In this way the operators
3
(Ly — %, By — bnu®) : W29(M) — LY(M) x L"(OM), l<g<gl<r<2

Dy —nu? . WHP(SM) — LP(EM), 1<p<3,
are invertible if |45 sq). [[ullps@nonr and [lullpeq) are small, which is possible by taking Q

even smaller. Therefore there is a unique solution (v, ¢) with v € W29(M) and ¢ € WHP(X M) to
the equations

Lgv —nlyPPv = —ulgp—29(Vp, Vu),
BQU - 77“’21) = U%,

D9¢_nu2¢ = qul}u

Bt¢ =0

f0r1<q<%and1<p<3.
Now we consider another pair of maps, defined as follows.

Py HY(M) —s H= (M) x H=% (M), Py: HZ (SM) — H-}(2M),
and

Py() = (nle|*o, byu?d) Py(¢) = nu.

Again, by Holder’s inequality and Sobolev embedding L3 (EM) — H-: (M), it is clear that P, is
well defined and .
1P2llop < CllullZoqy-

A more detailed argument is needed for Py. Indeed, we recall that we have the continuous injections
L5(M) < H Y(M) and L3 (dM) < H~2(dM). Therefore there holds
I3l -y < CllabéPal g
< Cll9l 35 lI9ll s (ar)
< C||7/J||2L3(Q)H77||H1(M)~
For the second term of ]51 we have

176250 -3 iy < CI2l 3 1

< C||UHL4(QmaM)HU||L4(8M)
< C||UH%4(maM)H5||H1(M)'

Hence, P is well defined and

1Ptllop < C (I3 a50) + blluliEsanonn )
As before, the operators
(Lg = nll*, By —nu®) : HY (M) — H™H(M) x H™*(OM),

Dy —nu?: H*(SM) — H™3 (M),
are invertible if [|¢||zs(xzq), ||u||Ls (@) and ||ul|Ls@nonr) are small; therefore there are unique solu-
tions & € H*(M) and ¢ € H2 (M) to the equations

Lyt —n|y|*0 = —ulyp — 29(Vp, Vu),

By (0) — nbuv = u%

Dy¢ —nuPp =Vp- o

B*(¢) =0

Moreover, since

3 1 3
W24(M) < HY (M), =, and WP (SM) — H2(XM), 5 <P<3,

2
one has, using the uniqueness, v = v = pu and (5 = ¢ = py, under the above conditions on ¢ and p.
Now, since p and n are smooth functions with arbitrary small supports, we have that u € W24(M)
and ¢ € WJlr’p(EM), provided g <g< % and % < p < 3. Therefore, by the Sobolev embedding,

ot o

<q<



CONFORMAL DIRAC-EINSTEIN EQUATIONS ON MANIFOLDS WITH BOUNDARY. 13

we get that w € LY1(M) and ¢ € LP(X M), for any 1 < ¢q,p < oo; and then by plugging them in the
initial equations, we have that v € W29(M) and v € I/V_lgp(EM)7 for any 1 < ¢,p < oo, by the
elliptic regularity estimates ( see [1, Theorem 15.2] for the scalar part and [11, Theorem 4.1] for the
spinorial part). Once more, by the Sobolev embedding for the Holder spaces, we have that there
exist 0 < a, 8 < 1 such that u € C%*(M) and ¢ € C%P(XM); finally by the elliptic regularity
again and bootstrapping, we get u € C*°(M) and ¢ € C*°(XM). O

4. BUBBLING OF PS SEQUENCES

This section is devoted to the proof of Theorem 1.1, which requires various intermediate results.
We start by showing that Palais-Smale sequences are bounded and then look at the behaviour near
concentration points. This allows us to distinguish the different blowup behaviours and bubbling
profiles, leading to the energy quantization.

We will be using notations and properties that we introduced in Section 2.3. In particular, since
in the statement of Theorem 1.1 we assume the positivity of the Yamabe invariant of the manifold,
there will be no harmonic spinors.

Proposition 4.1. Fvery (PS) sequence for E is bounded.
Proof. Let (un,¥n)nen € HY (M) x H_%(EM) =: H be a (PS) sequence for E°, that is
B, hn) = ¢, dE"(un, 1)) — 0, in H-'(M) x H=3(OM) x H, *(SM).

Therefore, there exists a sequence (g, 7y, 0,) € H-1(M) x H=2 (M) x H;%(EM) such that

Lgu, = [ |2ty + €, (20)
0 )
Dgwn = |un|21/)n + 5n7 (22)

with
£, — 0, in H Y (M) , 6, —0, inH*%(M) and rn%OGHfé(BM).
We let z, = (up,¥,) € H, then

b _ 2, R, _ 200 12 _ 4
(dE®(zn), zn) f/M|Vun| + g U +/M<D1/)n,1/1n> Z/Mun|1/)n| b/a U, .

M

b
2Eb(2,) — (dE(2), 2n) :/ [t [ [t0n]? dvg + 7/ uy dog.
M oM

2
Hence
b 4 20 (2
3 [t dvgt [ JunlPldal” dvg = 2e + of||znl]). (23)
oM M
Multiplying (20) by u, and integrating we have (combining with multiplying (21) by u, and
integrating)
R
Joavut= [ v [ St = [ i+ o)
M Onr M8 M
Thus,
lun® =/ [ [* |90 | dvg +/ buiy, dog + o||unll),
M om
hence

lun|* = 2¢ + o([|2al))-
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Now multiplying (22) by ¢;F = P*(¢,,), we find

Il < C /N ot 10| oy + o[

sc( [ il d)( [ it dvg)2+o<||¢,t|>
M M

(2¢+ olzal)) *llunllzo e 120 + oIl
(2¢+ ozl Ienll + ol

<

Q Q

<
Similarly, we have for ¢, = P~ (¢,) that

[ 17 < C(2¢+ ol|2nlD) [40nll + o(ll¥nll)-
Hence,
1]l < C(2¢+ ofllzall)) + o(1),
so that
]l < C + 0(]|2n]])

and ||z, is bounded.

]

As a corollary from the previous proposition, we have that up to a subsequence, z, — 2z, =
(Uoo, Vo) weakly in H, also u, — us in LP(M) for p < 6 and v, — ¢ in LY(M) for ¢ < 3

and u, — Us € L"(OM) for r < 4. We claim that z., is a week solution to (2).

20 = (up,%0) € H. Since (2,,) is a (PS) sequence for E°, we have

/ uoLgu, dvg = / |z/;n|2unu0 dvg + o(1),
M M

but |1h, |2 € L? (M) and u, € LS(M), thus u,|¢,|? converges weakly to too|thoo|? in L%, hence

/ W}n‘zunuO dvg ‘>/ |7/Joo‘2uooU0 dvg.
M M

Also, by the weak convergence we have that

/ ugLgu, dvg —>/ UgLglos dvg.
M M

Therefore,

Lytics = |thoo|*tico,
and similarly it holds

Dgtpoe = |tioo [*o0,

and

ou
2 = b,
ov Hoo

For now, We let v,, = u,, — uso and ¢, = ¥, — ¥, then we have the following
Lemma 4.2. Let hy, = (vn, ¢y), then
Eb(hn) = Eb(zn) - Eb(zoo) +o(1)

and

dE(hy) — 0, in H-X(M) x H™3(0M) x H7? (SM).

Indeed, let
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Proof.

2Eb(zn) = / |V (v, + “00)|2 + E(Un + UOO)2 dvg +/ <Dg(¢n + Vo), Pn + Voo) dvg
M 8 M

b
_/ [Un, + Uoo || Pn + Voo|? dvg — 5/ (Un, + Uoo)* do,
M OM

= 2E"(hy) + 2E%(200) + 2(dE"(200), hin) —/ Vi 2 [¢os |* + 2|vn]* (B, Yoo
M

+ oo [ [6n]? + 2| b0 |2 Vntios + 40nU00 (oo, Pn)duy,
b

— 7/ 43 Uy 4 602U dog
2 Jom

We first notice that, since dE?(25,) = 0, one can focus on the remaining terms. By the regularity
result in Theorem 3.1, we have that u., € C*%(M) and 1o, € C*#(XM). Since v, — 0 strongly
in L2(M) and ¢, — 0 in L?(XM), we have that

_/ |'Un‘2|¢oo|2 + 2|Un|2<¢n7woo> + ‘Uoo|2‘¢n|2 + 2|woo|2uoovn - 4vnuoo<1/)ooy¢n> dvg — 0.
M

The term fMQ|¢n|2vnuoodvg also converges to zero, as we have that ¢, — 0 in Lg(EM) and
vy, — 0in L>(M). In order to conclude with the energy splitting, we need to deal with boundary
terms. Observe that v, — 0 in LP(OM) for all p < 4. Hence,

/ 403Uy + 6020, do, — 0.
oM
Therefore, we conclude that

Eb(zn) = Eb(hn) + Eb(zoc) +o(1),

thus proving the energy splitting.
For the gradient part dE?, we denote by d, E® and dd,Eb the scalar and the spinorial components
respectively. We have then,

duE(hy) = dyE® (tn, ) — du B (e, Voo )
+ (|'(/)n|2uoo - |'(/)oo|2un + 2<wna¢oo>vna _3('“%“00 - Unuzo”BM)

But again, dy, E’ (o, ¥ss) = 0 and since 1, — 9o in L%(EM) and U, — U IN Lg(M) we have
that
|¢n|2uoo - |¢oo|2un — 0
in L5 (M) hence in H~1(M). We also have that v, — 0 in L (M) and ¢, = s in L5 (XM),
thus (1, 1e)vn — 0 in L3 (M), thus in H~1(M). Similarly, u, — us in L5 (0M), therefore
U2 Uoo — upu?, — 0 in L3 (OM) C H-2(OM).
Therefore,
dyE"(hy) = o(1) in H~'(M) x H™(OM).

The spinorial part can be handled the same way as in the case of manifolds without boundary, see
[43]. |

From now on, we will assume that our (PS) sequence z, = (un, 1y, ), converges weakly to zero in
HY(M) x H_%(ZM) and strongly in LP(M) x L1(XM), for p < 6 and ¢ < 3.

We assume that z, does not converge strongly to zero in H'(M) x H %(EM ), since otherwise the
(PS) condition would be satisfied. We will see below that this violation of (PS) happens when a
certain concentration phenomena occurs. This concentration can either be on the boundary or in
the interior of M. In order to describe this phenomena, denoting by B,.(z) the geodesic ball with
center in x € M and radius r, we define the following sets, for a given ¢y > 0:

¥ = {x € M;liminfliminf/ |t |Cdvg > eo} ,
r—0 n—oo B, () :
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Yy = {x IS M hmlnfhmlnf/ |1/)n\3dvg > 60} ,
B, (x)

n—oo

Ys = {x € M hmmfhmmf/ |un|2|wn\2dvg > 60} ,
B, (x)

n—

Y =<z edM,; hrnlnfhmmf/ |, |6 dvg er/ |, ]t dog > € ¢,
o0 JB,.(z) B, (z)NdM

Yy = {x € OM; hmlnfhmlnf/ ‘wn‘deg > 60} )
B,(2)

n—oo

n— oo
r

. b
Yy = {x € OM, hmlnfhmmf [t 2 [t0n]? dvg + Z/ lu,|* dog > eo} ,
@) B, (z0)NOM

Y, =<z e dM; hmlnf hmlnf/ \un\4daq >€pp-
n=0 JB.(z)NOM |

The interior concentration points in 31, Yo and X3 are relatively understood and were studied
in [43]. Indeed, the following result holds:

[e]
Proposition 4.3. There exists ¢g > 0 depending on M, such that if xg € M and x¢ & 31N32NX3,
then there exists r > 0 such that z, — 0 in H'(B,(x0)) x H2(XB,(x0)). In particular, one has
that 21 = 22 = 23.
For the boundary concentration points, the situation is a bit different.

Lemma 4.4. There ezists €9 > 0 such that ¥ C ¥; = 35. Moreover, if xog € OM and x¢ & ¥,
then there exists 7 > 0 such that z, — 0 in H*(Bn(x0)) x H2(SB,(20)). In addition, $5 \ X4 =
Y3\ Xs =31\ 2y

Before we proceed to the proof of the previous lemma, we provide a clarification on the different
concentration sets. Mainly, ¥, and X4 represent either a semi-interior blow-up (controlled by
the LG(M )-norm), or a pure boundary blow-up (controlled by the L*(OM)- norm), of the scalar
part u. Y, represents semi-interior blow up of the spinorial part and finally ¥, represents the
pure boundary blow up of u. The main difference here, compared to[43], is that there can be a
concentration in u while v is being controlled. This leads for instance to a limit equation that
is purely scalar, namely, the equation of prescribing zero scalar curvature and constant mean
curvature on the sphere. The other alternative is a semi-interior concentration of v while the pure
boundary behaviour is controlled. Again, this leads to (8) that we will study in depth in section 5.

Proof. We will prove this result by contradiction, by assuming that for every € > 0, there exists
2o & 31, such that for every r > 0, 2, 4 0 in H'(B,(x0)) x H2 (B,(x0)).
Given € > 0, there exists r > 0 such that fB4r(IO) | dv, + bez;r(IO)ﬁaM lun|* doy < e. We first

estimate the ¥ component. That is, we consider a smooth cut off function 7 supported on By, (o)
and equals to 1 on B, (z0), then by (22) we have:

Dy(mpn) = nDgthn + Vn -y,
= ntn]*tn + V1) - Y + 00,
where |6, | , -1 — 0. Hence, recalling that ker(Dy) = {0}, we have
Il 3 < Cillnlunl6n + V- o +m0all,, s

2
< Cs (IInlunall 3+ lnll 3 + 180l -3 ) -

Since Hw"HL‘% — 0, it remains to estimate

nfun Pl 3 < lunllZo sy, oy Imallos < Caesllmbnll 3
Hence, taking Cse'/? < %, we deduce that ny,, — 0 in HE, yielding
[mnlls — 0.
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In particular, xg & ¥, so that Xy C 1. We estimate next the scalar component u. So, consider a
smooth cut off function p supported on Bs,(xo) and equals to 1 on B, (zg), then by (20) we have
Ly(puy) = pLyun — unAgp —29(Vp, Vuy,)
= p|z/1n|2un —upAgp —2Vp - Vu, + pe,

and (o)
O(pun, 3  Op
= pb 5. Yn n
ov Pl 5 Gy tn 0T
where €, — 0 in H~*(M) and r,, — 0 in H~2(dM). From elliptic estimates now we have that
0
lowallan < € (llphbalPitn = waBp+29(Vp, Vun) + pealla—s + llobu + S+ pral -y )

< C(lewnlzunHLg +llunlpll s +2ll9(Vo, Vun) | g1 + bllpuy | 4

L5 (9M)
U220l g gy + Wonlliros + ol -5 o)
We estimate the terms Hp|wn|2unHLg and ||pu§l|\L%(aM):

lelnPunll ¢ < lmnllZsllpunllze < Crllnnll? s llpunl -
and
1
||Pui||L§(aM) < O||P“°’Un||i4(aM) < 02Hpun||H1(M)HunH%4(BwnaM)-

From the previous estimates and the estimate on the spinorial component 1, we know that for

n big enough we have C’C’1||m/1n||ill < 1. Similarly, since 29 ¢ %1, we can choose 7 so that
2

CC?H“H”%‘*(BzmaM) < CCse < 3. Thus we have that

Ip
[oun < C(HunApHLg +209(Vp, Vun)|[ -1 + [l 5~ + llpenll -2 + llorall,

a1t onn “z aM))

Now clearly

lundhpll s < Clluallzzan

L5(M)

Similarly,
dp
”8 nHL3(6M) Cllun|lL2onr)-

Next, the term

lg(Vp, Vun) g1 < sup
kEH k]| 72 <1

/ 9(Vp, Vuy)kdv,| .
M

But

Op kdag

‘/M 9(Vp, Vuy)kdvg, Unzg

< ‘/ un (kAp+ g(Vp, Vk)) dvg| +
M

< Okl (lunl2an) + ||un||Lz<aM)) 0.

Hence pu,, converges to zero in H*(B,.(x()) and this leads to a contradiction.
Now, we assume that zo € Yo U Xy. Then, there exists » > 0 such that fB4 (o) |'L/}n|3d1)g < €.
Then again we compute

Lg(pun) = p(Lgun) — unlgp —29(Vp, Vuy)
= p|w"|2u" - unAgp - QQ(va vun) + PEn,

where ¢, — 0 in H~!. From elliptic estimates now we have that

Ip
ot || 71 < CHPWHQUH - unAgP 29(Vp, Vuy) + penllg— ||pbu + £y

< C(llplwn\zun\\ +llunlpll, s +2l9(Vo, Vun) | g1 + bllpuy | 4

5+ 0l o)

L3(8M)

0
+ 22

aotall g oary + l0Eallirs + lorall -3 o )-
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Again, we estimate

2
L8 < nllZsllpunllze < Creg llpunllan-

||p|7/)n|2un||
and )
b||PU§L||L43(aM) < Coeg |l pun || mr -

2 1
Taking ey even smaller if necessary, so that C1Cef < % and CyCef < %, we have that
lotn |l < C1(||unAgPHLg +2[lg(Vp, Vun)ll -1 + [l pen | 1

+ H unll + [lprall

L3 M) H—%(aM))’

and as in the previous case we have that

0
lunBgpll g +2lg(V o, Vun )l + llpenlla— + 115~

D
VU"HL%(BM)+”’DT"H 1 — 0.

H™2(0M)

Hence ||puy|| g1 — 0. Next, we estimate the spinorial component:
Il 3 < Cullnlunl b + V-6 + 6l
< Cs (InlunPunll 3+ lnll 3 + 180l -3 )
But
Inlunl*nll 3 < lounllZelntnll, 2

Using the fact that [pun|g: — 0, we have that z, — 0 in Hl(BT(aco)) x Hz (LB, (0)). In
particular, 2o & 1 and as a corollary we have 3, \ Y, =3, \ ..

To finish the proof, it remains to study Ys. First, it is clear from Holder’s inequality that if
ty) g il, then xq g 23. So 23 C il.

Assume that zo ¢ X3. Then one can pick r > 0 so that fBzT-(zo) [ |?[thn |2dvg < €. We have then

lownll < Co (llplunl®nll, 3 + (1))
But

1
2

||p|un2wn||Lgs</ fun Pl ? dvg> lpunllzo,
Bar(z0)

1
lptonll g < Ccg llpunlla +o(1).

Similarly, we have for the u component,

lpunllim < C(llplnl2unll, g + blloul]

thus

Vi) +o0);

and

2

lelonlunllyg < ( [ JunPlonld, ) el
B2r(x0)

Il < Cedllpwnll 3 +olL).

Combining both the previous inequalities we have pz, — 0 in H*(B,(zg)) x H%(EBT(J}())) and
i) ¢ 21. O

Hence

Based on the previous lemma, we define the sets S = S;,r U Sy, where S,y := X1 and Sy := .
So we can deduce

Corollary 4.5. Let (z,) be a (PS) sequence at the level c. Then
o If (zy) does not satisfy the (PS) condition, then
S #0.

o [fc < L then (z,) converges strongly to zero.
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Proof. The proof follows from the boundedness of the (PS) sequences. Indeed, from (23) we have

b
/ |t |?[t0n |2 dvy + 7/ up dog = 2c+ o(1).
M 2 Jom

Hence if 2¢ < €y, we have that for n large enough,

b
[ Pl dog+ 5 [t doy <o
M oM

Thus z, — 0 strongly in H'(M) x H? (SM). O
We recall that if g = f%g then

Bg(f~'u) = f*By(u),
If Y € ¥,M and F(y) € £gM, where F' is the isomorphism defined in (2.4), then we have

BE(F(y)) = F(BZ(4)).

For now on, we will focus on the set Sy. The analysis of concentration phenomena occurring at
points in S;;,; is exactly similar to the case of a manifold without boundary treated in [43].

For a given (PS) sequence (z,), we define the boundary concentration function @,, for r > 0 by
b
Qn(r) = sup |Un|2|¢n|2 dvg + 5/ ui dog.
x€0M J B, (z) B, (z)NOM

We choose € > 0 so that 3e < €, then if X3 £ 0, we have the existence of z, € M and R, — 0

such that
b

Qu(R) = / P a2y + / il doy = e.
By, (2n) 2 JBg, (zn)noM

Without loss of generality, we can always assume that z,, € OM, =, — xo and (M) > 3, where
i(M) is the boundary injectivity radius of M. Also, we define the map p,(z) = F,, (R,x) for
x € Ri such that R,|z| < 3. Here F denotes the Fermi coordinates map, for brevity. We denote
also o, = p, 1.

We let B% + denote the upper half of the Euclidean ball centered at zero and with radius R.
That is,

B ={x=(7,7,2) € R% 2| < R;Z > 0}.
We can then consider the metric g, on B%) 4 defined by a suitable rescaled of the pull-back of g:
gn = R.pg.

Clearly, the two Riemannian patches (B%’ 4+>9n) and (Brr,, +(%n),g) are conformally equivalent
for n large enough and g,, — grs in CO"(B%y +)- We consider now the identification map (see [10])

(Pn)s : EP(BIO%,Jragn) — Epn,(p)(BRRn,Jr(xn)vg)»
and we set
prlp) = (pn);l O @O Pn.
Using these maps, we can define the spinors ¥,, on EB?{’ L by
VU, = Ruppthn,
and from the conformal change of the Dirac operator, we have that

D,y Vv, = R?LP:LDan7

and
+
B, (¥,,) =0, on By , NIRY.
So we get:
/ (Dyg,, ¥, ¥p)dvg, = / (Dgtn, ¥n)dvg,
By + BRrRy, 4 (Tn)

J;

WaPde, = [,
BrRy,+(@n)

0
R,+
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Now we consider the u component, that is we define

1
— 2 %
Un - Rn pnuna

so that by conformal change of the conformal Laplacian, we have:

5
Ly U, = R p;, Lytn,

and
B, U,
Hence
/ UnLg, Updvg,
B 4
/ |Un, ‘degn
B+
/ U *do,
BY, L NORY
and

|, WP, -

R,+

We have the following:

Lemma 4.6. Let us set

F, =1, U, —|V,]*U,, H, =D, ¥,

Then
F, —0in HloC (R3 ),

Here the convergence in H l;c is understood in the sense that for all R > 0,

sup {(Fp, F) -1 3 F € H'(RY), supp(F) C By ¢, [|[F|lm <1} — 0,

and similarly for H,, and K,.

w\w

= R2p;, Byun,.

/ Up Lgun,dvg,
BRRy, ,+(Tn)
6
/ |un|”dvg,
BRRn +(xn)

/ |un|4d0g7
BRR,, +(2n)NOM

—1
H, —0in H, 2 (SR3), and K, — 0 in H? (ORY).

Proof. Recall (20),(21),(22). Notice that by construction, we have that

5
Ly, Uy — |‘I’n|2Un = Ripp,(Lguy, — |¢n‘gun>

Hence we get

5
Fy = Rii py(en),

and similarly

H, = R2p%(6,) and Ky, = RE .
Now we consider F' € H'(R3) such that supp(F) C By, , and ||F| g1 < 1. Since R,, — 0, then for

n big enough we have that:

(Fo, FYg—1 g = /

F,Fdvg,

- / P (en) RE Fiu,,
BOR_1 +

:/BO Pt (en) Rt Fdv,s,

Ryt 4

- / enRn 20 (F)du, |
By (xn)

where o7 = (p%)~!. On the other hand, we have that HR;%JZ(F)”HI < C, hence

<Fn7F>H—1,H1 — 0.

[ uPloaPds,
BRR71,+(-'I«'n)

—|U.|*¥,, and K,, = B, U, —

(24)
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A similar estimate holds for H,, and K,,. Indeed, in order to estimate the H Z-norm independently
from n, we can assume without loss of generality that our test function F is in H' and use the
interpolation inequality
2
LI, < IE e (1] e

Consider the space
D'(RY) = {u € LY(RY); |Vl € L(RY)}
and ~
D} (zR?) = {v € L*(SR?); ¢l |9] € L2(R?) }

where here zZ is the Fourier transform of ¥. The space Dz (Ri) is then the restriction of functions
in D2 (R?) to R%. We have then the following:

Lemma 4.7. For ¢ > 0 small enough, there exist Uy, € D'(R3) and ¥ € D%(ZR‘:’_) such that
Un = Us in H (RY) and ¥,, —» Vo in HZ%OC(ERi). Moreover they satisfy

_AQ]RS Uso = |\Ijoc‘2Uoo
on RY.
ngg U = |UOO|2\I/(><>
(25)
B, oy =0
on ORY.
Bg]RB Uy = bUgo

Proof. Since the sequence Z, = (Uy,,¥,) is bounded in H} (R3) x HZ%C(ERi), for every 8 €
C§°(R3), we have that 8Z, is bounded in H'(R3) x H%(ZRi), hence there exist Uy, and Wqo

such that U, — U in H} (R%) and U,, — Ux strongly in L} (R%) for p < 6 and in L] (OR3)

for ¢ < 4. Similarly ¥,, — ¥, in Hl%C(ERi) and strongly in L} (SR3) for p < 3. Now we notice
that from (24), we have that

/ U [Cdv,, :/ Sl
BY BRrr, (zn)

R,+ n

Hence
1imsup/ |Un|dv,, <sup [ |un|®dv, < +oo,
B

n—o00 OR + n>1JM

hence Uy € L%(R%) and similarly ¥o, € L3(XR3) and Uy € L*(9R3). Also, as in the proof of
Proposition 4.1, we see that (Us, Vo) satisfies equation (25). Therefore,

/ |VUs|*dvg,, :/ [Uso|?| ¥ 0| *dug,, +b/ Us, dog,, < oc.
R3 ]Ri R2

+

and VU, € L3 (ZRY) ¢ H 2 (ZR%), which leads to Uy, € D'(R3) and ¥, € D7 (ZR%). Now,
using again Lemma 4.2, we can assume at this stage that ¥, = 0 and U, = 0 by replacing ¥,
by ¥,, — ¥, and U, by U, — Uy.

Let 8 € C§°(R?), then by elliptic regularity, we have that

1820l ey < € (1Lgga (B0l + 1 Bga (820 -y )

< C(HLgn (B2Un)l=1 + 1By, Unll ;-3 + 1(Lgps — Lg, ) (B*Un)ll -1
+ By, = By )(B2Un)ll -y + 182Unllz2 ).
Now, we have that ||32U,| 2 — 0, and we want to estimate the term
I(Lgys = Lg, ) (B2Un)lar-1 + (Bg, — By, ) (BUnl -3
We consider the map Py : H' - H-!' x H-% defined by
Py(u) = (Lgu, Byu).

=
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The adjoint of this map is Py : H=!'x H=2 — H! and defined by
(u, Py(f,9)) = (Pgu, (f,9)) = (Lgu, f) + (Bgu, g).

Then from [38, Theorems 5.1 and 6.5], we have that P, and P; are continuous. Let F € H' xHz,
then we have

{(Pyss = P ) (B2U), F)| = [BUw, BPL, — Po)(EW < |8Vl 8P, — P ) ()l
< 18U l51F 1 e,y (18(Eg, — Logs i sszs + 18Bo, — Byl o3
Notice that since g, — grs in C'°°, hence
I(Zg,s — Ly, )(B*Un) | ir-1 + By, — By )(B*Un)ll ;-3 — O
It remains to estimate the term || Ly, (8%U,,)|| -1 and || By, (ﬂzUn)HH,%. To this aim, observe that

L9, (B*Un)lltr-1 + 1By, (B2Un)l 1,y < 1821 ¥nl*Un + Fo)llar-1 + 118%(0U5 + Kl -3 +o(1),
and from Lemma 4.6, we have that 32F,, — 0 in H~! and %K, — 0 in H~z, therefore, we get
182Unll e < OB PUnll -1 + BlIBUR | -3 + o(1).
Now, if we take supp(3) € B(i + and recall that by definition
[ wapde, 43 [ <
BY 2 BY , NOR3

1,+

we have that

18°Unl|mr < C(”52|\I’n|2Un”L%(B%+) + bHUgHL%(B?#rTBRi)) +o(1)

< c((/B IUn|2|q,n|zdvgn>%HBQ%HD +bH/82UnHH1(/B

1 1
< Ce? |20, |15 + Cez||B2U, || g + o(1).
A similar computation can be done to show that

182l 3 < Ce?[|B2Un| Lo + o(1),

Nl

us dUgR3) ) +o(1)

0 3
1,4+ NORY

and combining these last two estimates we have that

||62Un||H1 + H/BZ\I/nHH% — 0.

We deduce from the previous Lemma that since

b
[ PP oy, 3 [ ot doy, = Q) =<,
0 BY | NoR%

1,4+
we also have
b
/ Uno|?| W oo |2 dvg 5 + 5/ , |Uso|? dog s = €.
BY BY , NORY

In particular, Uy # 0 and (Uso, ¥ ) satisfy equation (25); by the regularity results proved in the
previous section, we have that U, € C*%(R3) and ¥, € C1#(ZR3).

Notice here that there is a fundamental difference from the case where M has no boundary, namely,
if b > 0. Indeed, here, ¥, can be identically zero. Hence, we do have two kinds of solutions,
corresponding to different blowup profiles: a purely Yamabe-Escobar solution (Uy,, 0) with

~AU,, =0 on R?

e (2, 40, 0) = bUZ, on IR3..

Or coupled solution with W, # 0.
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Now, we assume that z, — x¢ and we consider a cut-off function § = 1 on Bj(xg) and
supp(B) C Ba(zg), we define then v,, € C>*(M) and ¢,, € C1#(XM) by
v = Ra? B03(Use) (26)
and

We start by stating the following Lemma

Lemma 4.8. Let u,, = u,, — v, and ¥, = ¥, — ¢,. Then, up to a subsequence, u, — 0 in H'(M)
_ 1

and v, — 0 in HZ (XM).

Proof. The proof of this lemma is similar to the one for manifolds without boundary. We will still

write here its details since the technical manipulations of the integrals will be useful in later proofs.

We already have that u,, — 0 and ¥,, — 0, thus to prove the lemma we only need to show the weak

convergence for v, and ¢,: these sequences are bounded in H'(M) and H'/?(XM) respectively,

then up to subsequences, they converge to some limit. So if we show that the distributional limit

is zero, then the limit in the desired space is also zero. So let f € C*°(M) and h € C*°(XM). We

want to show that

/ vp fdvg — 0
M
and
/ (s h) dvg = 0.
M
We fix R > 0, so that

/ opf dvg = R;%/ Boy(Uso) f dug
BRnR(xn)

Br, r(zn)

S G TG I

R,+

Hence

<CRHfll [ 1Wecl .

R,+

/ v f dug
BRnR(a:n)

Also, for n big enough we have that

/ v f dug z/ vp f dug
M\BR,, r(%n) Bs(xn)\Bry r(Tn)

— R P (B)P(F)Une dug,.

BO BY
srpt g PR

Hence, we have

5
/ onf dvg| < CRE||flloe / Use| dgs
M\BRr,, r(zn) 0 2

B
SR;I\ R

o=

<Clfle| [ U o,
3R+ B+

Based on these last two inequalities we have that

5
[ ot asy| <l | RE [ |Uoo|dng3+< [ o d)
M BO R3\B%)+ +

R,+
Letting n — oo and then R — oo we get the desired result. A similar inequality holds for the
integral involving ¢,, and h. O

6

Now we estimate the differential, that is
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Lemma 4.9. We have
dE"(Un, ) =0 and  dE"(un,1,) — 0
in HX (M) x H=2(OM) x H=2(SM).

Proof. We set
fn= Lgvn - |¢n|2vna kn = Bg(un) - ui

and

hn, :Dq¢n—|’0n|2¢n-
Let f € HY(M), h € J%( M) and k € Hz(dM). We compute
/fnfdvg—Rn (/ )fdvg+2/M g(=VB, Vo (U ))fdvg)

Rt [ ALy W duy = B [ Bl W) P U g
/ Use) fdv, +2 /M 9(V B,V )0 (Use)dv, — /a U)o,
/ “(Ly, Us fdug—R;%/Mﬁ3a;(|\poo| Uso)f dv,

/ Uso) fdvg +2 / 9(VB,V )07 (Uno)dvy — /a 3 dag)

LR MﬁJZ((Lgn Ly Us) f dvy + R /ﬁ 8307 (Woo |2Uno)  dvy
:le+12+13+14+f5.

The estimate for Iy, I, Iy and I5 are similar to the case of manifolds with no boundary in [43],
for which one can show that

I + Io 4 Iy + Is = ||| g1 (anyo(1).

Therefore we focus on the extra term due to the presence of the boundary, namely I5. We get

- 0
= 82| [ Do) o

Bt roun U g Vo) g

< C”fHHl(M)Rn(/ )

R, " Fg, (BQ(zo)ﬁE)M)\Rn ,n(Bl(zo)ﬂi)M)

< (f,

3R+ SRy N+

oo

Ul dory, )

4
YNOR3 Usel* da%g)
+

< [fllmro(1).
Therefore, we can conclude that f, — 0 in H (M) and a similar convergence holds for h, — 0
in H=2(SM).
We now deal with the boundary component k,. So we take k € Hz (9M) and we have
1 9]
/ knkdo, = Ry ® aﬁ S(Uso)k dog + Rn® | Bkot (B, (Us)) dog
oM oM oV oM
— bR, B3kot(Us)? doy
oM
—% 85 * _% *
=R, gan(Uoo)k dog + Ry Bkoy,(Bg, — By, )(Ux)) doy
aM oM
+bR, [ (8= B%)ko (Us)? doy
oM
=J14+ Jo+ Js.

We start estimating J;
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3
1

_1
< Ry ( Uncl? doys)
Ry ' Fal (Ba(0)NOM)\ Ry Fi L (B (m0)NOM)

< CRa [kl (|
iz (BO ., \B 1+>08R1

3R, 4+ LRy

SO g vy Yoy =0 o) s
-1 +

—1
+ ' FR;L+

3R,
< k1], 3 0(1)

3

Uncl? dory, )

For Js, we have

_3
g2l < Clilyy 2 ([ (By, = By sl dory,)
Ry FrH(Ba(z0)NOM)

< Ikl By, — Boya)Usscll 4

IS

0 3
(BY, .,  NORY)

< Clkl,y (I(By, ~ B J+ 1By, - Byy)

U°°”L%((R1\BO )maRi))'

9R3)U°°||L%(BORY+F18R:°;_ o,

The conclusion then follows from the fact that g, — grs on C*°(B% ) hence

I(Bg, — BQRS)UOOHL%(B%#OBRi) —0asn— o

and By, Us = bUZ € L5(9R%), therefore ||(By, —

Lastly, we estimate J3 as follows:

ngg)UOO”L%((R:}F\B%A»)HBR‘:»)) —0as R — oo.

N

[Js] < ClRI 3 pan B

4
H3 (OM) " Uso dgng)

2

(/Rnlfxnl(Bz(xo)ﬁaM)\Rnlfw;(Bl(xo)ﬂaM)
3

S CHkllH%(8M)HUO°||L4((BSR;1)+\BO 7+)ﬂaRi)

Frn

Next, we consider (,,1,,) and we fix again f € H'(M). First, notice that
_ — 0ty
duEb(ﬂn,¢n)f:/ ngﬂndvg—/ G f dvg+ | Sf dag—b/ ) f doy
M M onm Ov oM

:duEb(unywn)f_duEb(Un7¢n)f+/ Anf dvg""/ an d0g7
M oM

where
Ap = |7/}n|2vn - ‘¢n|2un + 2(¢n; Gn) (un — vn)
and
B, = —b(Suivn — 3UnU72L)~

Now, since we already proved that dy E®(uy,, ;) — 0 and d, E®(v,, ¢,) — 0, it is enough to show
that A, = 0in H~ ' and B, — 0in H—2 (OM). The convergence of the interior component A,, is
similar to the case of manifolds without boundary [43]. Then we focus on the boundary component
B,,, for which we get

v + [lunvrl

”B"”L%(GM\aBRnR(xn)) < C( L3 (0M\OBr, r(zn)) L%({)M\{)BRnR(acn)))
< C(||Un||i4(aM)||Un\|L4(aM\aBRnR(xn)) + ||unHL4(BM)an||%4(8M\8BRnR(mn))>

But [|un||£4aar) is uniformly bounded and

/ v, |* doy < C/ |Uso|* do, .
OM\OBR,, () <B§R71 +\B%T+>ﬂ8Ri
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Since Uy, € L*(9R?%) we have that [|vn||paoan08x, r(z.)) — 0 @s R — co. Thus

”B"”L%(aM\aBR aen) 0 as R — oo.

Next, we consider HB"”L%(BRR (@)nOM)° Observe that, by convexity of ¢ — t*/3, t > 0, we have

|unvn|4/3 < C(lun|8/3 + |Un|8/3) )

since |unvn| < |un|? + |vn]?. Then, the Holder inequality gives

/ [ttrop, (v, — un)|% doy
BRRn (In)ﬂaM

8 8
< Cllunlfsonn + lunll i onr) ( /

3

RRp, (xn)maM

|, — vn|4 dog>

But,

1
4 ) 4
/ [Up, — vn|* dog < C/ [R5 prun — Uso|™ dog,
BRR,, (zp)NOM BY ﬁaRi

3R, +

gc/ Un — Uso|* dog,,.
B NOR3,

On the other hand, from Lemma 4.7 we have that U,, — Uy in H}

loc

0
3R,+
(R3), and in particular

/ Up = Uso|* dog_, — 0 as n — oo.
BYy NORY

Using the boundedness of u,, and v,, in L*(OM), we conclude that

||Bn||L%(BRRn (2)nOM) — 0asn— oco.

Thus, collecting the above estimates we find

”Bn”H—% — 0,

(oM)
concluding the proof for d,E®. The same computations also hold for dwEb. O
Now we estimate the energy, that is:
Lemma 4.10. We have
B, ) = B, ) — By (Use, Wac) + 0(1)

Proof. We have
_ 1 R
Eb(ﬂna V,) = 5( |V (un — Un)|2 + g(un - vn)Q + <Dg(1/’n — On)yn — On)
M
b 4
- W)n - ¢n|2‘un - Un|2 dvg) - 1 /{)M(un - Un) dag
= E"(up, ¥n) + B (vn, 6n) — dE" (s, $) (U, ¥) + A + B,

where
~ 1
A, = _5 (/M |un|2|¢n|2 + ‘Un|2|1/}n|2 - 2|un|2<wn7 ¢n> - 2|"/}n|2unvn + 4unvn<wna ¢n> dvg) ;

and
~ b
B, = —f/ 6uZv: — dv,ul doy.
4 Jom

We first notice that since (uy,,) is bounded in H'(M) x H_%(EM), from Lemma 4.2, we have
that

dEb(Um bn) (Un, Pn) — 0.
Let us start by estimating B,.
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. b
B, =-b U2 (U, — vy,) doy — 5/ urv? do,
oM

Ll =s( [ e — )y + [ U2t — v)dry
BRRn (wn,)ﬂaM (M\BRR” (mn))ﬁaM

< C(llenll3sonn I1tnllzs 010 ltn = vnllis (B, (eoyionny

+ Hun”%‘*(M)||’Un||%4(8M\BRRn(w,L)) + ||Un||L4(M)\|Un||i4(aM\BRRn(m”)))-

/ (up, — vp)?* doy < / (Un — Uso)* dog,,.
BRRTL (:En)ﬂaM B NoR2

0
sr,+ NORY
(R3.), we have that

But,

and since U,, — Uy in H}

loc

un — vnllL4(Brg, (x.)noar) — 0, as n — oco. (28)

/ |Un‘4 dog = / P;B4U§od‘7gnv
oM OR3.

which clearly converges to ||Ux

Similarly, we have

74 (oR3) Therefore,

[onllzsonty = 1Usollza(oms )- (29)
Combining (28), (29) and the uniform boundedness of |[u, | r4(aar), we conclude that
[on 121 oan [tnll s @an) [tn = Vnll L4 (Brr, @n)non) — 0 as n — oo

Next, we estimate |[vn||L1(or1\Brr, (2n))- We have,

/ vy dog < C/
OM\Brr,, (xn) (B;)R

<C Ul dog,,.
ORI\BY |

Uéodggn
BY NOR3
S §,+) +

Therefore, since U, € L*(OR%), we have that
vnllLa o\ Brr, (zn)) — 0 a8 R — o0.

And thus, L1 = o(1). Using a similar procedure, we see that

b
Lza”/ Uldo, , .
2 8R3— ]R+

For the quantity A, one can show that
A, —>/ UZ|Woo|? dug,,.
R3 ’

The proof is similar to the case of manifolds with no boundary, hence we omit it. Therefore, we
have

Eb(Tpn,1,,) = E*(un, ¥n) + E°(vn, ) — 2E§<3+(Uoo, Vo) +o(1).

Now we estimate E°(v,, ¢,,). Indeed,

1 1 b
EY(vn, ) = = U Lgvyn + (Do, dn) — [va|?|on]? dvg ) — = U Byvy, — vk doy.
2 M 2 oM 2

Again, following [43], we see that

/ U Ly + (Db, n) — [vn]?|dn|? dvg — /R3 UsoLg,sUso +(Dyg s Voo, ¥oo) — U |2[ W o0 |2 dvg s -
M T
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Therefore, we focus on the boundary term. But as we saw above in (29)

/ vado, :/ Ut dog.s +o(1).
oM ) OR3. ‘

So we estimate

)
/ vy Byv, dog = R 5—*30;;(U00)2 dog, + R;? B20% (Us By, Us) do,
OM aV

oM oM "
= Hy{ + H>.
Now,
|H,| < CR, / Uz, doy,,
(BO o \BY )nf)Ri
3R, .+ 3 Rn,+
1
2
< c(/ | Ul dagkg_)
ORINBS
=o(1)
Next,
Hy = Rf( / 3207 (Uso BrsUso) doy + / 820} (Uso(By, — By, )Uso) doyg
oM OMFIBRRH ((L‘n)
+ 520, (UnclBy, = By )Unc) dorg ).
SM\BRRn (Z")
But,
R,;?/ B207Uss By, Uso dog = b/ ph B2UL do,, — b/ [Uso|* dog,...
oM RS, RS,
and
1 * *
2 / /BQUTL(UOO<B91L - Bgms)UOO)dog +/ BZUn(UOO(Bgn - ngs)UOO)do'g
n |JOMNBRR,, (Tn) OM\BRR,, (Tn)
<c(/ Une(By, = B )Usc| doy,, + | Uscll(By, = By )Use)| do,
BYy NORY

OR3 \ B
+\ 3Ry T+

S C||U00||L4(8R3_) (H(Bgn - BQR3)UOO||L%(B2R,+PI8R§_) + ||(Bgn - B.‘]RS)UOOHL%(aR.’i\BgRY+)) .

And one can see as in estimate Jo, that since ||(Bg, — BQR3)U°°”L%(6R§;\BO y 0 as R — oo and

3R,+
(B, — BQW)UOOHL%@R?F\BQR&) — 0 as n — oo, we have

H, = / U;lodcrg]RS + o(1).
OR3

Combining the previous estimates, we see that

Eb(v'm (bn) = E]]%i (UOO7 \IJOO) + 0(1) ’
and thus

Now we will prove the following energy lower bound for solutions in Ri.
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Proposition 4.11. There exists c3 > 0 such that if (U, ¥) € D'(R3) x D%(ZRi) is a non trivial
solution of

=AU = |v|2U
on Ri.

Dy ¥ = |U2®

By U = bU3
on 8R§_.

+ _
BgRS\I! =0
Then
Egs, (U, ¥) > c3. (30)

Proof. We let (u,v) the pull-back of (U, V) by stereographic projection to the hemisphere S3.
Then we have

1 b
By (U) = By (u0) = 5 [ JuPWoP? dogy + 5 [t doy,
s as3.

Also, we have

N (63088 oo < ([ P dvy, )

3
S+
Hence, since

ol

Y (5,082, [90])(/3 ub dvy, )

8%

R
S/ \VU|2+§U2 dvg
5%

we have

R
N (62,052, L)V (61, 08% o)) < [ [Vul? + S oy,
+

On the other hand,

R b
/ |vu|2 + 8 ’LL2 dvgn = 2E§5 (u7’¢) _|_ §/ u4d0'go S 4E§5 (U,w)
S:jr + ) +

53
Thus,
1
Egs (U, W) > 2N y,(S7, 081, [90]) Y (ST, 082, [go0]) = es.

We are now in a position to prove the desired result for Palais-Smale sequences.

Proof. of Theorem (1.1)

The process described in the previous propositions can be iterated for the boundary bubbles, ¢
times, for (U,,,,). Similarly, as described in [43], one can extact m interior bubbles. Thus we
have

m y4
EP(tn, 1) = E (too, oo ) + kZERg(U;,@’;O) + ;Eﬂzi(U;,qﬂ;o) +o(1),
=1 =1
where (UL, U% ) are solutions to equations (5) in R and (UE, ¥k ) are solutions of (4) in R3.
Notice that an uniform lower bound for the energy of interior bubbles holds, analogous to (30).
Then one has (see Remark 1.2)

m 4
Z ER3((7§07 \il]go) + Z Eﬂ%i (U;Coa \I]léo) > mc3 + éCS > (m + Z)CB )
k=1 k=1

so that we stop the process at least when ¢ — (m +£)cs < §. Then combining the previous results

o
and those from [43], we have the existence of m sequences Z.,--- ™ such that ¥ — 7% € M,
m sequences of real numbers R}, --- | R™ converging to zero, and ¢ sequences ), - - mfl such that
zk — 2% € OM, ¢ sequences of real numbers RL,--- Rk such that

Up = Uoo + D + -+ 0" + vl + -+ 0" +0(1) in H (M),
Un = oo + Gy O+ G+ 4 6L+ o(1) in HE(EM),
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where ~ - R
U = (Ry) ™2 Bray, 1, (U%),
n = (Ry) 7' Bud 1 (W),
un = (B)™2 Broy 4 (UL),
n = (Rp) ™ Buoy 1 (P5),
with &, = (Puk) ! and pp () = expig(]?ﬁ-) and o, = (pni) ! and p, () = fmﬁ(Rﬁ).
Also B, are smooth compactly supported functions, such that 8, = 1 on By (%) and supp(ﬁk) C
By (3%). O
5. CLASSIFICATION OF GROUND-STATE BUBBLES
In this Section we prove Theorem 1.4, as well as (9).
Lemma 5.1. Let (u,) € H'(S3) x Hi/Q(Si) be a non trivial solution to (5), then
1
By (u,) > 5V (82,08, [90))AGps (8%, 083, [g0))
where the conformal invariants on the right-hand side are as in (3), (16).
Proof. Recalling the variational characterization of the above invariants, we get
Jsz uLgoudvg, Jes w? [P dug,
Y (S, 08%, [go]) < — 5= o 75 (31)
(Jos lulodvg,) ™ (Jos Iul®do, )
and
3/2 4/3 31,/,[3/2 4/3
o (Jos 1DOP2dvg,) ™ (fog Nl 01/ dvy, )
ACHI(S+vaS+7 [90]) < = f U2|¢|2 dv
[ fos (D, ) v, 5t 9
Then Holder’s inequality gives
1/3
@052 < [ i)
+
The claim then follows by observing that for a solution to (5) there holds
1
Bgs (u,) = 5 | u’[$]* dug, .
+ 2 ISE 0
3
O

Proof of Theorem 1.4. Let (u,¢) € H*(S3) x Hi/2(Si) be a ground state solution to (8), with
u > 0. Then

2 () = [ wP i vy, = V(82,08 )N (52 0% o) (32)
+

Moreover, observe that by the maximum principle actually v > 0, so that the formula

g:= §u4go, on Si

defines a proper conformal change of metric. Consider the associated isometry of spinor bundles
. 3 3
F 3481 = XS .

_ /3 R
v.—\/gu, <p.—2u F(¢)a

by (17) we deduce that v and ¢ solve (8) in the new metric g, namely

Setting

Lgv = vlp|?

Dyp = ¢ on §%

ou

aTjr: %hgu?’ .
Bty =0 on OS7
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where hg is the mean curvature of 883_ in the metric g. By (31) we find

1/3
Y(SZ’_,@SZ’ [go]) <A3 |u|6d'l}go> S /S3 u2|1/)|2d’0g07

+ i
and combining this fact with (32) we get

1/3
Ani (S5, 083, [90]) > (/83 |u|® dv%)

+

The Hijazi inequality for manifold with boundary [45] then gives

3
gY(Si,ﬁSﬁ, [90]) < |ACH1|VOI(S§r,g)
2/3 (34)
- ( / |u|6dvgo> < Ne(S%, 052 go)?
+

where Acpy is the smallest eigenvalue of (D, B*). Since the first and the last term in (34) coincide,
we have equality in the Hijazi inequality and ¢ is a Killing spinor:

Vie=aX-p, VX e I(TSY).
Testing the above condition with vectors e;,7 = 1,2,3 of a local tangent frame and summing up

one gets
3

Dy = Zei Vi p=-3ap,
i=1
by the Clifford anti-commutation rules. Thus o = —%, using the second equation in (33). Moreover,
observe that

1 1
Vo = —5X =X DY, VX eI(TS}),

and ¢ is a twistor spinor, so that by [17, Prop. A.2.1]

9 3
(D9)*p = 19 = glee

so that R, = 6. Then [13, Thm. 4.1, 4.2] implies that there exists an isometry
f : (S?Hg) - (Si—agO)
such that f*go = g = u*gy. We thus conclude that

dvolg-g, = det(df) = <287u6> dvol,

u = \/gdet(df)l/6 .

Observe that f induces an isometry of spinor bundles A and the following diagram commutes
A
(Zf*QOSE))H f*go) - (Zgogivg())

l L

(Siaf*g()) 4]() (Siag())

and

the vertical arrows denoting the projections defining the spinor bundles. Notice that, with an abuse
of notation, we denote the metrics on the spinor bundles with the same symbol as the manifold
metrics. Then the spinor ¥ := Aopo f~1is —%—Killing with respect to the round metric gg, as
this property is preserved by isometries. Finally, we can rewrite

o=A1toVof= f*U, (35)
and then

202F () = det(df) P (f1W)

V=3
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Proof of Corollary 1.5. Formula (11) is obtained applying a conformal transformation of S‘i to a
standard bubble for the Yamabe problem on the half-space. Then we only have to deal with the
spinorial part (12).

Notice that Killing spinors on Si are mapped to Ri via the stereographic projection to get

2
U(z)=|—r——
() <1+ |Z|2 + x3
and the parallel spinor ® can be chosen to meet chiral bag boundary conditions. Our aim is to
prove that applying conformal transformations of (R, gr3 ) we get another spinor of the form (12),

3/2
) (1— (&,23))- P, z=(%,23) €R3,

for a suitable choice of parameters.
Given y € R?, XA > 0, consider the map f,  : R} — R? defined as

f(@as) = AN E —y,x3),
so that the pull-back metric reads f;/\gRi = >\_29R§r . Observe that since the frame bundle is
trivial PSO(Ri,gRi) =R3 x SO(3) we get an induced map

fy,)\(x7 vla U2a U3) = (fy,A(x)7 Ula /UQa U3) b
acting as the identity on the SO(3) factor. Then such maps lifts to Psyn (R3., gra) = R3 x Spin(3),
still acting as the identity on the second component. The spinor bundle is also trivial, so that we
obtain a map

Ay :RE xC? > R3 xC?
and the transformation on ¥ reads
w(x) = 6)\_29Ri7gmg+ A;;\\Ij(fy,)\(x»
2\

3/2 N
_ Fy AL (1— (228 180 g,
<)\2+|£—y|2+x§) A7%983 1983 y’A( ( AT 0

denotes the identification of spinors for conformally related metrics. The above

Here Fy-2

9r3 >9R3
RS 1IR3

discussion shows that F)-2 Ay_ﬁ\ can be taken to be the identity map, thus proving (12). Let

9r3 »9R3

T+
us now consider the effect of a rotation. Take R € SO(2), identifying it with a rotation preserving
3]1%‘3_ = R2. By the previous discussion, such map lifts to A : ERi — ERi. Now, considering a
spinor of the form (12) we get

AL _ 22 e A By o
n (W(Rx)) = N Ryt FA—zgRi,ngi r {1— SN - Dy

22X 3/2 TRy a3
= 11— ——=, = CAZN(D
() (- (F503)) o0,

since for given v € R?, ¢ € ¥R} we have Ag(v- @) = (Rv) - Ar(p). The proof is concluded as we
obtained a spinor of the form (12), with parameters R~y € R3, A > 0 and AR'(®9) € ¥R, O

6. AUBIN TYPE INEQUALITY

This section is devoted to the proof of Theorem 1.6.

To this aim, recall the definition of the functionals

(/ uLgudvg) (/ (Dgw,wdvg) /(Dgz/z,1/1>dvg
A A S (07 S A
/ 2 46 2, / 46 2,

M M

and of the conformal constant

B(u,¢) =

~ [ E(u,); where (u,9) € H'(M)\ {0} x H2(EM)\ {0} st.
Y (M,0M,[g]) = inf

I(}) >0, P~ (Dgyp —I(¢)uy) =0
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First of all, we need a characterization of the first eigenvalue of the Dirac operator in terms of
the following minimization problem: for a given u > 0 and smooth, we consider

Ao = inf {I(w); for ¢ € HZ (SM) st. 1)) > 0, P~ (Dyth — I(h)ueh) = 0} . (36)
then we have

Proposition 6.1. Let (M, g) be a compact oriented three-dimensional Riemannian manifold with
boundary. For any given u > 0 and smooth, we have that A, > 0. Moreover, the minimization
problem is achieved and X\, coincide with the first eigenvalue N (g.) for the Dirac operator D,
under chiral bag boundary conditions, where g, = %u‘lg.

Proof. Let 1, be a minimizing sequence, I(¢,) — M. We can assume

[ wtodn, =1, (37)
M

Then we have
I(Wn) = 0417 = Iy, 117

Since
0l = [ Dy} = ) [ 0,7 )
M M
by the last condition in (36). Then, using Holder’s inequality and (37), we have

o= 2 < 1) ( / u2|wn|2dvg)
M

< Cl(n),

where C' = C(u) = 51?1?((3)) and then
193112 = I(n) + ¥ 7 < (C + DI(¥n).

1
Now, if I(¢n) — 0, we would have that ¢, — 0 in Hf (XM), but [, u?|Y,|?dv, = 1. Therefore

Au > 0. Moreover if v, is any minimizing sequence, then |[¢,| > §, for some § > 0. In order to
prove the existence of a minimizer, we will follow the argument in [44] and [48]. So, we define

S ={y € H(EM); P~ (D¢ — I(¢)u*y) = 0},
and we claim that S is a manifold. Let us consider the operator
1 1
F:H?(XM)— H}p F(y) = P7(Dgyp — I(zb)u%b),

so that S = F~1(0); therefore, if DF(3)) is onto for all ¢ € S, then S will be indeed a manifold.
We compute its differential DF":

DF(ip)h = P~(Dgh — I(y))uh) — (Dl(w)h> P~ (u?).
Notice that

N fM<Dg"/J_I("/})u2"/Jah> dvg
B T TR TR

1 _
Hence, if we take 1 € S and restrict h to Hf’ , we get

(DPWH) =~ = 15) [ a?lhfa,
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1
Therefore DF (1)) is definite negative on H?"  and hence invertible on that space, so S is a manifold.

Now, we can find a minimizing sequence ,, for the functional I that is a (PS) sequence on S (by
1

Ekeland’s variational principle): we will show that it is still a (PS) sequence in H? (XM). So, if

we set DI(v,) = €,, we have that its tangential component ¢Z on the tangent space Ty, S of

the manifold S, converges to zero since 1, is a (PS) sequence for I on S. Regarding its normal

1 1_
component, we notice that since the operator DF(wn)|H%‘7 :H} — H7} s invertible, it has
i
1 1
an inverse, namely K, : H}' — H}' satisfying K, o DF(wn)|H%’
+
| Knllop < C, since we have that [, u?[¥y,|*dvg = 1. In this way, the operator P, = K, o DF (1)

1
is a projector on H 3 parallel to Ty, S: indeed, we have that if h € H}?’ then by construction
P,h = h and Ty, S = ker DF(v,,); we consider then P, the adjoint of P,, which is a projector

on the normal space NyS of the manifold S, parallel to H_%_’f Now, since (e,,p) = 0 for all

= Id 1 _ , such that
HZ

1 1
@€ H} , therefore g, € H_f_’+ and so we have ¢, = (Id— P)el (see Figure 1). Indeed, Pie, =0
and Pfet = ¢;-. Hence,

(Id— Py)ey = (Id = Py)(en — &) = en — & + &5

This shows that £, — 0 and v, is a (PS) sequence for I in H_% (EM).

Ny, $

FIGURE 1. Projection of X

In particular this (PS) sequence ¢, satisfies

I |1? < / u? |95y |[¥nldvg + o0 11) < C + ([0 ).
M

Since a similar inequality holds also for 1), , then the (PS) sequence %, is bounded in H_%_ (XM);
1 1
therefore up to subsequences, there exists ¢ € H?(XM) such that v, — ¢ weakly in H?(XM)
with ¢ satisfying
Dy = Auueh.

Finally, since Ay is & minimum, by the conformal change g, = %u‘lg, we have that

Ay = )‘T(gu)

We can now prove the Aubin-type inequality stated in Theorem 1.6.
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Proof of Theorem 1.6. We start by proving the first inequality in the formula (14). By the Sobolev
1
inequality and Proposition (6.1), we have for any non-trivial (u,) € H(M) x HZ(XM):

EW”°ZY“4WWMD(@@%%>§A/QWWW%

R
M
> Y (M, M, [g])A] (9u)Vol(gu)*

> Y(Ma 8M7 [g]))‘érHI(M7 aM? [gD

where g, = gu'g, and Y (M, M, [g]) is the Yamabe invariant (3). By taking the infimum on the
first side, we get the first inequality in (14). In order to prove the other inequality, let us consider
a spinor ¥, € ERi such that ¥y meets the chiral bag boundary conditions. We define the spinor

2
1+ |z —y|> + 2%

)3/2 (1— (@~ y,25) - Ty

Vo(z) = (
and the bubble

1/2
Uy = 2
0 <1+I£—yl2+x§)

where z = (Z,z3) € R, with Z € R? and 3 > 0. Then (U, ¥o) € H'(R3) x Hi/Q(ZRi) is a
ground state solution to (5), that is (Up, ¥q) is a critical point for Egs and

1~
Egs (Uo, o) = 57(5%, 98, ol):

Now, let 29 € M and A > 0, small enough. We set px(z) = exp,,(Az), similar to (26) and (27),
and we consider 8 a cut-off function supported in Bs(xg) and such that 8 =1 on By(zg). We can
therefore define the functions

Uy = )\_%ﬁU;(Uo),

Pa = A" Box (o),
where o) = pj\l. Arguing as in Lemma 4.8, Lemma 4.9, Lemma 4.10 one can show that, as A — O:
dE(ux,¥x) = 0,
and
/ uxLgupdvg = / |VU0|2dng3 + o(1),
M R3

+

/<D9¢>m¢/\>dvg:/ ( gms‘yOvWO)dngs +o(1),
M R3

+

[ wPlosfan, = [ 100100, +o(1),

+

Moreover, since b = 0, we do not have boundary terms. Now, in order to take the infimum of E,
by definition (13) we need to have

P™(Dgthx — I(yx)|ux[*v) = 0.
For our test functions this might not be true, therefore we will perturb ¥, so that the previous

1
condition is satisfied. In particular we will show that there exists h € Hf" so that

P~ (Dy(x +h) = I(thx + h)|uxl*(x + h)) = 0.
This is equivalent to solving
Dyh — P~ [I(¥x)|ux|*h] + B(h) = Ay,
where

Ax = P~ (Dgox — L2 [ual¥n),  B(h) = P~ ([I(¢x) = I(tox + h)]|ual*(¥x + 1)) -
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Next we define operator

T: Hé’_ — H%’_7 T(h) = Dgh — I(¢x) P~ (Jux|*h) + B(h),
and we compute its differential at zero

dT(0)p = Dy — I(x) P~ (Jual*0) — (dI(2), @) P (|ur[*»).
Now, the operator

¢ = Do — I(2) P~ (lur[*)
is negative definite on H%_’_, hence it is invertible for all A > 0; moreover we have that
(dI(r), )P~ (lual*Pn) = 0, as A= 0.

Then dT(0) is invertible for A small enough. Since we have that also Ay — 0 as A — 0, by the

1
implicit function theorem we get the existence of hy € H}' such that T'(hy) = Ay, moreover
hx — 0 as A = 0. Now, as before, we have that as A — 0,

/M<Dg(w>\ + h)\)7 (wA + h>\> dvg = / <D9R3 Vo, \I]0> dvgms + O<1)’

3
R+

and
/ lux|?[¢x + ha|? dv, :/ [Uo?[Wo|? dvg,, + o(1).
M R3

+
Hence, we have

E(u)nw)\ + h)\) = Y(Siaagia [90])>\$HI(S?|-7883-7 [90]) + 0(]—)7

therefore
Y/(M,0M,[g]) < Y (S, 0S%, [g0)),
and this concludes the proof. O

We are now in a position to prove our existence result.

Proof of Theorem 1.6. Let us consider the functional E: we want to show that E has the ge-
ometry of mountain pass type, in order to apply a min-max argument. Technically, one cannot
apply the classical mountain-pass theorem due to the nature of the functional and the restrictions
that one has, though we will provide a heuristic reason here on why one should expect the value
Y (M,dM, [g]) to be a critical value for E. So, for t > 0 and s > 0, we consider the functional

1

W(t,s,p) = E(tu, sv» + ¢), where ¢ € H?’ . This parametrization is consistent with the general-
ized Nehari manifold that will be introduced later. Notice that equivalently one could still define
W as W(t,s,¢) = E(tu, s¥" + ¢). Hence, one has

1
Wit,s) =5 (PlulP + 21077 = 25 [ w2t oy~ ol = [ a2l do,

M M

—2tts [t du,)

M
1
— 5 (Pl + 2t P = 257 [ P o+ Quate)).
M
where

Quale) = —[lll? — 2 /M W [l? dvg — 2425 /M P ) du,.

Notice that Q¢ s(-) is negative definite and strongly concave. Hence, it has a unique maximizer
@ := @(t, s,u,1) and this maximizer satisfies:

Dyp — P~ (u*¢ — st?uy ™) = 0.
Notice that this is equivalent to

P™(Dy(s¥™ +¢) = (tu)*(sv™ +)) =0,
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which is in some sense, the constraint that we have in the definition of Y (M, dM, [g]). Now, if we
substitute in W, we have

- N 1
W(t.s) = Wit ) = 5 (Bl + 210717 = 32 [ 1o av, ).

Thus, one can easily see that there exists C; and Cs positive and depending on u and ¥, such
that

Wi(t,s) > C1(t? + s?) — Co(t* + s1).
Therefore, for s and t small enough we have W(t, s) > ¢ > 0. On the other hand

W (t,t) < (|lull® + lo7F %) - * /M u?[§ [ dv.

Thus, as long as [, u?|¢*|* # 0, we have W(t,t) = —oco as t — +oo. With this we see that we
have a sort of a mountain pass geometry.
Next we consider the following min-max problem

1
max  E(tu,si + ¢); where (u, ) € HY(M)\ {0} x H?(EM) \ {0} s.t.
m — inf t>0,s>0,p€HZ"

I(¥) >0

which is equivalent to

max_B(tu, s); where (u, ) € H'(M)\ {0} x H? (SM) \ {0} s.t.
m = inf 120,520 ,

I(¥) > 0; P~ (Dyy — (tu)?) =0

Without the orthogonality condition, in the classical case, if E satisfies (PS) at the level m then
m would be a critical value; in particular, by a direct computation we have that

1-
Jmax E(tu, sy) = §E(u,w),

therefore 2m = Y (M, dM, [g]). This provides the heuristic proof on why one would expect m to
be a critical value.

Next we explicitly show that indeed we have a critical point at that level by introducing the
generalized Nehari manifold:

(u,p) € H'(M) x H?(SM); s.t.
N = _ _ 20,12 .
[ wtguds, = [ (D) vy = [ o s, 0

P~ (Dgyp — I(¥)u?y) =0
We first show that N is indeed a manifold, so we consider the operator
G:H (M) x H} (SM) - R xR x H (SM),
defined by

G(u,v) = [/M uLgu — |uf*[[* dvg,/M<Dg1/J = [ul*¥,¥) dvg, P~ (Dgtp — I(¥))|ul*¥) | .

In this way, since N = G=1(0), if DG (u,) is onto for all (u,) € N then N is a manifold. Let

(up, o) € N, we will show that DG(ug, 1) is invertible if restricted to some special subspace. For
1

he H? , we will use the following representation

(tug, st + h) = [t,5,h] € R x R x HZ'™,
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and we will express DG (ug, o) in this basis. Since [, [uol?[tho]?

sake of simplicity that [}, [uo|*[¢o*dvy = 1. We have then
DG(UOa wo)[17 0, O] :[07 -2, 2P~ (Dgwo)]a
DG(U()a 11[}0)[07 1a O] :[_2a 07 O]a
DG (ug,10)[0,0, h] =[2(Dytbo, k), 0, Dyh — P~ (Jug|*h)].

dvy # 0, we can assume for the

Now we define the operator K (h) = Dgh — |ug|*h, and we see that it is negative definite on Hz
in fact

(h by == = [ fuohido,

1
hence it is invertible. Now, for [a,b,c] € R x R x H}', we want to find [z, 2, w] so that

DG (ug,o)[z1, T2, w] = [a,b, c], namely we have to solve the following system:
a = —2x9 + 2(Dy)y, w)
b= —2$1

¢ =2x1P~ (Dgyipo) + K(w)

Since K is invertible, we find

g0
D)

23 = =5 + (Dyvo, K (c + bP™ (Dyuin))

w =K (c+bP~ (Dyiy))

Therefore DG(ug, 1) is onto and hence N is a manifold. Now, let us denote by A(ug, o) the

inverse of DG (uqg, 1g 1
( a'd] )|RHO@R¢0@H+2' 9

A(ug, o) : R x R x HJ%’_ — Rug @ Ry ® Hf’_,
with
A0, %0)lop < C (ol 0l)-

As in the proof of Proposition 6.1, by using Ekeland’s principle, we have the existence of a mini-
mizing (PS) sequence (uy,4y,) € N, for E restricted to N: we will show that this is indeed a (PS)

1
sequence for E also in H'(M) x HZ(SM). We set DE(up, ) = &, and we have that eX — 0,
since it is the tangential part of the (PS) sequence which is a (PS) sequence in N. Now we define

Pn = A(un,z/)n) [e] DG(’U,T“’(/},”)
1
and we notice that it is a projector on Rug ® Rypg ® HY" parallel to T\, y,)N. Moreover, since
1
Bluntn) = 5 [ fualunf? dvy = m,
M

we have that |lu,||? < C. Also

gl = /M et 2, ) sy,

Therefore
92l < [ funPlenliz do,
M
1 1
2 2 2 2 —12 2
< || |¢n| dvg |un| W)n‘ dvy
M M
< Chl|unl| s lltoy 123
so that

lnll < C.
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But we have that
I I = o |? = /M i P 2y,

hence
lol” < C.
Therefore, we have that P, is uniformly bounded. Let now P be the adjoint of P,; so that P

T
is also a projector on (Rug @ Repo & H?’ ) parallel to ./\/(umwn)N, the normal space of N at the
point (uy,¥y). Since

En € (RUO @ Ry & H%’_)L,

hence €, = (Id — P¥)el and so (uy,,) is indeed a (PS) sequence for E in H'(M) x H_%_ (XM);
in particular this (PS) sequence is at the energy level %Y/(M ,OM, [g]). Finally, from the classifica-

tion of the (PS) sequence Theorem (1.1), if Y (M, dM, [g]) < ?(Si,&Si, [g0]), the (PS) sequence
converges to a solution to our problem and the proof is concluded. ([l

REFERENCES

[1] S. Agmon, A. Douglis, L. Nirenberg, Estimates near the boundary for solutions of elliptic partial differential
equations satisfying general boundary conditions. I. Comm. Pure Appl. Math. 12 (1959), 623-727.
[2] S. Almaraz, E. Barbosa, L. L. de Lima, A positive mass theorem for asymptotically flat manifolds with a
non-compact boundary, Comm. Anal. Geom. 24 (2016), no. 4, 673-715.
[3] B. Ammann, H. Weiss, F. Witt, A spinorial energy functional: critical points and gradient flow. Math. Ann.
365 (2016), no. 3-4, 1559-1602.
[4] M. Atiyah,V.K. Patodi, .M. Singer, Spectral asymmetry and Riemannian geometry, I, II and I1I. Math. Proc.
Cambridge Phil. Soc. 77, 43-69 (1975); 78, 405-432 (1975) and 79, 71-99 (1975).
[5] C. Bar, P. Gauduchon, A. Moroianu, Generalized cylinders in semi-Riemannian and Spin geometry. (English
summary) Math. Z. 249 (2005), no. 3, 545-580.
[6] R. Bartnik, P. Chrusciel, Boundary value problems for Dirac-type equations. J. Reine Angew. Math. 579 (2005),
13-73.
[7] F.A. Belgun, The Einstein-Dirac equation on Sasakian 3-manifolds, J. Geom. Phys, 37(3), 229-236, (2001).
[8] W. Borrelli, A. Maalaoui, Some Properties of Dirac—Einstein Bubbles, J. Geom. Anal., 31, 5766-5782 (2021).
[9] W. Borrelli, A. Malchiodi, R. Wu, Ground state Dirac bubbles and Killing spinors, Commun. Math. Phys.,
383, 1151-1180 (2021).
[10] J-P. Bourguignon, P. Gauduchon, Spineurs, opérateurs de Dirac et variations de métriques. Commun. Math.
Phys. 144, 581-599 (1992)
[11] Q. Chen, J. Jost, L. Sun, M. Zhu, Estimates for solutions of Dirac equations and an application to a geometric
elliptic-parabolic problem. J. Eur. Math. Soc. (JEMS) 21 (2019), no. 3, 665-707.
[12] P. T. Chrusciel, D. Maerten, Killing vectors in asymptotically flat space-times. II. Asymptotically translational
Killing vectors and the rigid positive energy theorem in higher dimensions, J. Math. Phys. 47 (2006).
[13] J.F. Escobar, The Yamabe problem on manifolds with boundary. J. Differential Geom. 35 (1992), no. 1, 21-84.
[14] S. Farinelli, G. Schwarz, On the spectrum of the Dirac operator under boundary conditions. J. Geom. Phys. 28
(1998), no. 1-2, 67-84.
[15] F. Finster, J. Smoller, S.T. Yau, Particle-like solutions of the Einstein-Dirac equations, Phys. Rev. D. Particles
and Fields. Third Series 59 (1999).
[16] T. Fukuda, K. Hosomichi, Super-Liouville theory with boundary. Nuclear Phys. B 635 (2002), no. 1-2, 215-254.
[17] N. Ginoux, The Dirac spectrum. Lecture Notes in Mathematics, 1976. Springer-Verlag, Berlin, 2009. xvi+156
pp. ISBN: 978-3-642-01569-4
[18] G. Gibbons and S. Hawking, Action integrals and partition functions in quantum gravity, Phys. Rev. D 15
(1977), 2752-2756
[19] G. Gibbons, S. Hawking, G. Horowitz, M. Perry, Positive mass theorems for black holes. Commun. Math. Phys.
88, 295-308 (1983)
[20] B. Giineysu, S. Pigola, The Calderdn-Zygmund inequality and Sobolev spaces on noncompact Riemannian
manifolds. Adv. Math. 281 (2015), 353—-393
[21] C.Guidi, A.Maalaoui, V.Martino, Ezistence results for the conformal Dirac-FEinstein system, Adv. Nonlinear
Stud. (2021), 21, 1, 107-117
[22] M. Herzlich, The positive mass theorem for black holes revisited. J. Geom. Phys. 26, 97-111 (1998)
[23] M. Herzlich, A Penrose-like inequality for the mass of Riemannian asymptotically flat manifolds. Commun.
Math. Phys. 188, 121-133 (1998)
[24] S. Hirsch, P. Miao, A positive mass theorem for manifolds with boundary. Pacific J. Math. 306 (2020), no. 1,
185-201.
[25] N. Hitchin, Harmonic spinors. Advances in Math. 14 (1974), 1-55.
[26] T. Isobe, Nonlinear Dirac equations with critical nonlinearities on compact Spin manifolds. J. Funct. Anal.
260 (2011), no. 1, 253-307.
[27] A. Jevnikar, A. Malchiodi, R. Wu, Ezistence results for a super-Liouville equation on compact surfaces, Trans.
Amer. Math. Soc. 373 (2020), no. 12, 8837-8859



40

(28]
(29]
(30]
(31]
(32]
(33]
(34]
(35]
(36]

(37]
(38]

(39]
[40]
41]
(42]
[43]
[44]
[45]
[46]
[47]
(48]

[49]
(50]

WILLIAM BORRELLIY, ALI MAALAOUI® & VITTORIO MARTINO®)

A. Jevnikar, A. Malchiodi, R. Wu, Ezistence results for super-Liouville equations on the sphere via bifurcation
theory, J. Math. Study 54 (2021), no. 1, 89-122.

O. Hijazi, S. Montiel, A. Roldén, Eigenvalue boundary problems for the Dirac opreator, Commun. Math. Phys.,
231, 375-390, (2002)

J.Jost, Riemannian geometry and geometric analysis. Universitext. Springer, Cham, 2017. xiv+697 pp. ISBN:
978-3-319-61859-3

J. Jost, G. Wang, C. Zhou, M. Zhou, Energy identities and blow-up analysis for solutions of the super-Liouville
equation, J. Math. Pures Appl. 92 (2009), no. 3, 295-312.

J. Jost, C. Zhou, M. Zhu, Energy quantization for a singular super-Liouville boundary value problem. Math.
Ann. 381 (2021), no. 1-2, 905-969.

J. Jost, G. Wang, C. Zhou, M. Zhu, The boundary value problem for the super-Liouville equation. Ann. Inst.
H. Poincaré Anal. Non Linéaire 31 (2014), no. 4, 685-706.

J. Jost, C. Zhou, M. Zhu, The qualitative boundary behavior of blow-up solutions of the super-Liouville equa-
tions. J. Math. Pures Appl. (9) 101 (2014), no. 5, 689-715.

E.C. Kim, T. Friedrich, The FEinstein-Dirac Equation on Riemannian Spin Manifolds, J. Geom. Phys., 33(1-2),
128-172, (2000).

H.B. Lawson Jr., M.L. Michelsohn, Spin geometry.Princeton Mathematical Series, 38. Princeton University
Press, Princeton, NJ, 1989. xii4+427 pp. ISBN: 0-691-08542-0

J. Lee, T. Parker, Tha Yamabe problem, Bull. Amer. Math. Soc. (N.S.) 17(1: 37-91.)

J.-L. Lions, E. Magenes, Non-homogeneous boundary value problems and applications. Vol. 1. Springer-Verlag,
New York-Heidelberg, 1972. xvi+357 pp.

A. Maalaoui, Rabinowitz-Floer homology for superquadratic Dirac equations on compact spin manifolds, J. Fix.
Point Theory A., 13(1):175-199, (2013).

A. Maalaoui, V. Martino, Compactness of Dirac-FEinstein spin manifolds and horizontal deformations. J. Geom.
Anal., 32:201 (2022).

A. Maalaoui and V. Martino, The Rabinowitz—Floer homology for a class of semilinear problems and applica-
tions, J. Funct. Anal., 269, (2015), 4006-4037

A. Maalaoui and V. Martino, Homological approach to problems with jumping non-linearity, Nonlinear Anal.,
144, 165-181, (2016).

A. Maalaoui and V. Martino, Characterization of the Palais-Smale sequences for the conformal Dirac-Einstein
problem and applications, J. Differ. Equations, 266, 5, 2019, 2493-2541.

A. Pankov, Periodic nonlinear Schrédinger equation with application to photonic crystals, Milan J. Math., 73,
259-287, (2005).

S. Raulot, The Hijazi inequality on manifolds with boundary. J. Geom. Phys., 56 (2006), no. 11, 2189-2202.
S. Raulot, On a spin conformal invariant on manifolds with boundary.Math. Z. 261 (2009), no. 2, 321-349.
R. Schoen and S.-T. Yau, On the proof of the positive mass conjecture in general relativity, Comm. Math.
Phys. 65(1) (1979), 45-76.

A. Szulkin, T. Weth, The method of Nehari manifold, Handbook of Nonconvex Analysis and Applications, Int.
Press, Somerville, MA, 597-632, (2010).

E. Witten, A new proof of the positive energy theorem, Comm. Math. Phys. 80(3) (1981), 381-402.

J. York, Role of conformal three-geometry in the dynamics of gravitation, Phys. Rev. Lett. 28 (1972), 1082-1085.



	Copertina_postprint_IRIS_UNIBO (2)
	2204.00031
	1. Introduction and main results
	1.1. Outline of the paper
	Acknowledgements.
	Data availability statement

	2. Preliminary properties and Conformal Covariance
	2.1. Spin structure and the Dirac operator
	2.2. Chiral bag boundary conditions and the chiral invariant
	2.3. Sobolev spaces of spinors
	2.4. Conformal covariance

	3. Regularity
	4. Bubbling of PS sequences
	5. Classification of ground-state bubbles
	6. Aubin Type inequality
	References


