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A Marshall-Olkin type multivariate model with underlying
dependent shocks

Sabrina Mulinacci*

Abstract

In this paper we study the distributional properties of a vector of lifetimes modeled as the first
arrival time between an idiosyncratic shock and a common systemic shock. Despite unlike the classical
multidimensional Marshall-Olkin model here only a unique common shock affecting all the lifetimes is
assumed, some dependence is allowed between each idiosyncratic shock arrival time and the systemic one.
The dependence structure of the resulting distribution is studied through the analysis of its singularity,
its associated survival copula function and conditional hazard rates. Finally, some possible applications
to actuarial and credit risk financial products are proposed.

Keywords: Marshall-Olkin distribution; Kendall’s distribution function; Kendall’s tau;
systemic risk; conditional hazard rates; copula

Mathematics Subject Classification (2020): 62H10; 62N05; 91B05; 91G45

1 Introduction

In this paper we consider a particular generalization of the multidimensional Marshall-Olkin
distribution (Marshall and Olkin, 1967) in the specific case in which, in addition to the
idiosyncratic ones, only one common shock is considered whose occurrence causes the si-
multaneous end of all lifetimes. More specifically, if (Xg, X1,...,Xy) are positive random
variables that represent the arrival times of some shocks, then we consider, as resulting
lifetimes, the random variables 71, ..., T, defined as T; = min(Xy, X;), j=1,...,d.

In the Marshall-Olkin model the underlying shocks arrival times are assumed to be in-
dependent and exponentially distributed. Many extensions exist in the literature in order
to consider marginal distributions different from the exponential one and to include some
dependence among the underlying shocks arrival times, even in the more general case where
additional systemic shocks involving subsets of the lifetimes T7,...,T; are assumed. The
approach of considering general marginal distributions in place of the exponential one, even
preserving the independence, is studied in Li and Pellerey (2011) in the bivariate case and
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extended to the multidimensional case in Lin and Li (2014). As for models allowing for some
dependence among the underlying shocks, the scale-mixture of the Marshall-Olkin distribu-
tion, introduced in Li (2009), is obtained by scaling, through a positive random variable, a
random vector distributed according to the Marshall-Olkin distribution: this is equivalent
to assume that the underlying shocks arrival times have a dependence structure given by an
Archimedean copula with a generator that is the Laplace transform of the mixing variable.
Scale-mixtures of the Marshall-Olkin distributions have also been considered in Mai et al.
(2013) where, in the exchangeable case, a different construction, involving Lévy subordina-
tors, is presented, while the case of Archimedean dependence among the underlying shocks
with a fully general generator is analyzed in Mulinacci (2018). The combination of Marshall-
Olkin and Archimedean dependence structures is also studied in Charpentier et al (2014).
The main weakness of these extensions is that they assume an underlying exchangeable de-
pendence. Aiming at considering an asymmetric underlying dependence, in Pinto and Kolev
(2015), when d = 2, the case in which X; and X, are dependent, while the external shock X
is independent of (X, X3) is studied: this model has been further investigated and applied
to life-insurance pricing in Gobbi et al. (2019).

The specific generalization of the Marshall-Olkin distribution presented in this paper is
characterized by an asymmetric dependence in the vector (Xo,...,X,) that goes in the
opposite direction with respect to the one considered in Pinto and Kolev (2015): X,..., X,
are assumed to be independent while a particular pairwise dependence is assumed between
each X;, 7 = 1,...,d and X,. The pairwise dependence results from the assumption that

Xo= ronlin de where Yy, ..., Y, are mutually independent while each Yj is correlated with
j: At ARl

the idiosyncratic shock arrival time X, j =1,...,d.

A possible branch of application of this model is in the reliability modeling of mechanical
or electronic systems, and consequently, in the modeling of the resulting operational and
actuarial risk. Consider for example d working machines (or electronic components) M;
7 = 1,...,d, all separately connected with a same machine M, so that if M, stops to
working, immediately the same occurs for all the other machines. Assuming the classical
Marshall-Olkin model, the failure of a single machine M;, j = 1,...,d does not influence
the failure of the machine M, or of the remaining M;, i = 1,...,d,7 # j. Conversely, in our
model, the failure of one of the M;, j = 1,...,d can influence the probability of failure of
My, and, consequently, of the collapse of the whole system. Consider, for example, the case
in which a component M, fails to works correctly: being connected to My, this fact could
worsen or even interrupt the functioning of M,.

Another branch of application of this model is credit risk. There is a wide literature on
applications of the Marshall-Olkin model and its generalizations to credit risk (see, among the
others, Giesecke, 2003, Lindskog and McNeil, 2003, Elouerkhaoui, 2007, Mai and Scherer,
2009, Baglioni and Cherubini, 2013 and Bernhart et al., 2013). Given the specific type
of assumed dependence, the probabilistic model analyzed in this paper looks particularly
suitable for the analysis of the joint lifetimes of the so called Systemically Important Financial



Institutions (SIFI) for which the default (or the proximity to it) of one of them, is directly
correlated with the collapse of the whole system.

In this paper, we first discuss the survival distribution of the underlying vector of shock
arrival times (X, ..., Xy): we study the associated survival copula function and recover
expressions for the Kendall’s distribution function and Kendall’s tau of the pairs (Xo, X}),
7 = 1,...,d. Then we focus on the resulting joint survival distribution of the lifetimes
(Ty,...,T,): we analyze the probability of simultaneous end of all lifetimes (that is the sin-
gularity of the distribution) and the dependence properties through the analysis of the pair-
wise Kendall’s distribution function and Kendall’s tau and the expressions of the conditional
hazard rates. We do not make, in principle, any assumption on the marginal distributions of
the underlying shocks arrival times and on the underlying dependence structure: however,
in order to obtain closed formulas, we restrict the analysis to particular classes of marginal
distributions (that include the exponential one as a particular case) and to Archimedean
bivariate copulas. Finally, some specific case is numerically analyzed in order to study the
impact of the parameters governing the model on the resulting dependence structure and
practical credit and actuarial applications are considered.

The paper is organized as follows. In section 2 we present and analyze the underlying
shocks arrival times model. In section 3 we derive the distribution of the resulting, subject
to shocks, lifetimes which is, by construction, singular: we compute the probability of the
singularity and we analyze the dependence structure through the identification of the pairwise
Kendall’s distribution function and Kendall’s tau formulas and the conditional hazard rates.
Section 4 is focused on a particular specification of the general model previously presented,
for which it is possible to obtain specific and meaningful formulas. In section 5 we perform a
sensitivity analysis in the two-dimensional case and we briefly present possible applications
to actuarial and credit risk products while section 6 concludes.

2 The shocks arrival times model

In this section we introduce and study the probabilistic model of the underlying shocks
arrival times that define the lifetimes, 77, ..., Ty, of the d components of a system.

Let (2, F,P) be a probability space and (Y, X) = (Yo, Y1,..., Yy, X4, ..., X4), be a 2d+1-
dimensional random vector with strictly positive elements. In the sequel, we will interpret
each random variable X; (j = 1,...,d) in X as the arrival time of a shock causing the default
of only the j-th element in the system, while all random variables Y; (7 =0,1,...,d) in Y
represent the arrival times of shocks causing the default of the whole system.

We assume that each X in the subvector X has a survival distribution function, denoted
by Fx,, for j = 1,...,d, strictly decreasing on (0, +00). The survival distribution functions
of the random variables in the subvector Y, denoted by Fy, for j = 0,...,d), can be either



strictly decreasing or identically equal to 1 on (0, +00): nevertheless, we assume that there
exists at leat one j € {0,...,d} such that Fy, is not identically equal to 1 on (0, +00).

As for the dependence structure, the random variables in the subvector X are assumed
to be mutually independent, as well as those in the subvector Y, while each pair (Y}, X;)
for  =1,...,d has a survival dependence structure given by a bivariate survival copula éj.
More precisely, the copula associated to the survival distribution of the vector (Y, X) is

d
O(Yax)(u07u17"'7ud7U17“'7 HO U],/UJ

It follows that the joint survival distribution function of (Y, X) is

F(Y,X)(yanlv"'>yd>w17"'7 FYo yO J FY y] (l.]))

::]s~

Jj=1

Starting from the above setup, we define the arrival time of the systemic shock (that is the
shock causing the collapse of the whole system) as

Xo= min Y.
Jj=0,1,...d

(Clearly, its survival distribution function is

Fy,(x

O

::]g

j=0
and, by the assumptions of the model, it is strictly decreasing on (0, +00).

Let us now consider the d + 1-dimensional random vector S = (X, X7,..., X,) whose
joint survival distribution function is, for (zy,...,zq) € (0, +00)%,

Fs(x0,$1,-~~7$d) =P (Y >$0,Y1 > 20,5 Ya > 0o, X1 > 2, ..., Xg > xg) =
H ZL‘O FX (ZL‘]))
=1

Thanks to Sklar’s theorem, the induced survival dependence structure is given by the survival
copula

d
Cs(lb(), U, ... ,ud) = FYO e} F);;(Uo) H éj (Fy] o} F)zol(’lj/()), Uj) (1)
j=1
where here and in the sequel the symbol “o” denotes functions composition.



Notice that the vector S is obtained through a particular implementation of the con-
struction proposed by Liebscher (2008) in his Lemma 2.1, where this technique is applied
in order to construct asymmetric copulas. It follows that (1) is a particular specification of
the copula family defined in Theorem 2.1 in Liebscher (2008). In fact, let, for j =0, ...,d,
gj = ij o F);Ol and consider d + 1-dimensional copulas C; for j = 0,...,d, so that, for

~

j=1,...,difu= (ug,uy,...,ug) with u; =1 for i # 0, j, then C;(u) = C;(up, u;). Clearly,

Cs(ug, ur, - - -, ug) = Co (go(uo), 1, .., 1) - C1 (g1 (uo), ury 1, .o, 1) -+ Cq (galuo), 1y -y 1, 1) -
Since, for j =0,....d, g; = Fy]. OF’)}O1 : [0, 1] — [0, 1] is strictly increasing or identically equal
to 1 and H?:o gj(v) = v, then (1) represents a particular specification of the family of copulas
obtained according to the methodology proposed in Theorem 2.1 in Liebscher (2008). As
a consequence, the results about the type of induced dependence structure studied in that
paper apply. Since ours is a very particular specification of Liebscher (2008) copula family,
for copulas given in (1) we are able to find explicit formulas for the Kendall’s distribution
function and the Kendall’s tau of the pairs of type (Xo, X;), as we are going to show in next
subsection.

2.1 The dependence structure between the systemic shock arrival time and
each idiosyncratic one

The joint survival distribution of the arrival time of each idiosyncratic shock X; and that of
the systemic one Xj is

- . - Fixy (o)
Fixo x,) (w0, 1) = Ci (Fy, (wo), Fx, (w:)) m
and the corresponding bivariate survival copulas are
Ug

éo,i(uo, u;) = éz (FK © F)Zol (uo), ul) - (2)

Fy, 0 Fy(uo)
In order to analyze the dependence structure induced by (2) we compute the Kendall’s
distribution function of a copula C' of type

~ u

C(”?”) = C(g(u)7v) g(u)

(3)

where ¢ : [0,1] — [0, 1] is strictly increasing.

We remind that the Kendall’s distribution function of a bivariate copula C(u, v) is defined
as the cumulative distribution function of the random variable C'(U, V') where the random
variables U and V' are uniformly distributed on the interval [0, 1] and their joint distribution
function is given by the considered copula C'(u,v). More precisely the Kendall’s distribution
function of a bivariate copula C'is a function K¢ : [0,1] — [0, 1] defined as

Ke(t)=P(C(U,V) <t), fortel0,1]



(see Nelsen, 2003), where IP is the probability induced by C'. The relevance of this notion relies
on the fact that it induces, through the corresponding one-dimensional stochastic ordering, a
partial ordering in the set of bivariate copulas: notice in particular that if C;(u,v) < Cy(u,v)
for all (u,v) € [0,1)%, then K¢, (t) > K¢, (t) for all ¢ € [0,1] (see Nelsen, 2003, for more
details).

In order to simplify the notation, we set 8;C(u,v)) = £ C(u,v) for any copula C(u,v).

Proposition 2.1. Let g : [0, 1] — [0, 1] be strictly increasing and differentiable and the copula
C(u,v) be strictly increasing with respect to v for any u. Then the Kendall’s distribution
function of a copula C' of type (3) is

K(t) = Ko(t) + tIn (g / a,C ))Z((Z)) udu

where 1,(u) solves C(u,l,(v)) =t and Ko(t) =t —tInt is the Kendall’s distribution function
of the product copula.

Proof. Since, for a given u, C (u,v) is strictly increasing with respect to v, the inverse function
li(u) with respect to v is well defined for all ¢t € (0,u| and satisfies C' (g(u), l;(u)) = L;)t.

Since .
K(t) :t—l—/ C (u, ly(u))du
¢

(this is (6) in Genest and Rivest (2001)), after straightforward computations we have that
t g'(u)
K(t)=t—tln /8 udu.
" () + [ vt g

The Kendall’s distribution function is strictly related to the widely used concordance
measure known as Kendall’s tau (see Nelsen, 2003). In fact, the Kendall’s tau 7 can be
obtained from the Kendall’s distribution function through

1
7':3—4/ K(t)dt
0

Hence, under the assumptions of Proposition 2.1, the Kendall’s tau of a copula of type (3)

’ 7':—4/0175111( )dt —4 //81 ))%ududt.

Example 2.1. Archimedean copulas case R
Let us now assume that the bivariate survival copula functions C;, for 5 = 1,...,d are of
Archimedean type, with strict generator ¢;, that is ¢; : [0,+00) — (0,1] satisfies ¢;(0) =

]



1, hrf ¢;(x) = 0 and it is strictly decreasing and conver on [0,+00) (see McNeal and
T—r+00

Neslehovd, 2009). Hence, from (3), we get
~ _ _ u
Clu,v) = ¢ (67" (g9(u) + ¢~ (v)) ——. (4)
g(u)
The expression of the Kendall’s distribution function of a copula of this type can be immedi-
ately recovered from Proposition 2.1, taking into account that, now, l;(u) = ¢ (gb ( u)t> o 1(g(u))>

In fact it is a straightforward computation to verify that

1k (2
K(t):t—tlnt+tln(g(t))+/ ( Z

¢ hig
with h(z) = ¢' o ¢~ (x).
If we further assume the function g in (4) be of type g(v) = v?, with 6 € (0, 1] (this specific
case was firstly introduced in Khoudragji, 1995), we get

K() —t—thnt+oemeto [ T,
(t) = nt+ n+/t () u

9 lt
T=0-—460 / / dudt
In particular,

e Clayton case, that is ¢(z) = (1 + x)_%, with > 0: since h(y) = —%yHﬁ, we have

%t”ﬁ (5)

and

K(t)=t (1+ %) —(1=0)tnt —

and
T=—"—0=150 (6)

where Tﬁc 1s the Kendall’s tau of the Clayton copula with parameter (;

1
o Gumbel case, that is ¢(x) = e=*", with B > 1: since h(y) = —%y(— Iny)'=?, we have

K(t) =t —thnt [1 —B-1) (%)ﬁ/%@ mdz

and

1 o\ [ o\ e
-(-5) [B (759) [, wevoee| = [ﬁ (%) L., e

where Tg 1s the Kendall’s tau of the Gumbel copula with parameter 3.

7



3 The lifetimes model

In this section we study the joint distribution of the observed lifetimes (71,75, ..., Ty), each
defined as the first arrival time between the corresponding idiosyncratic shock and the sys-
temic one. More precisely, for j =1,...,d, let

T‘j - min(Xj7 XO)

be the lifetime of the j-th element in the system. If Z; = min(Y}, X;), then
T; = min | min Y;,Z (7)

and we have that each Tj can also be modeled as the first arrival time among d+1 independent
shocks arrival times.
The survival distribution of each Tj is, for x > 0,

e e
' ' Fy,(z)’

while the joint survival distribution function of T = (T},...,Ty) is

Fr(ty, ... ty) = Fy, ( max t) li[é (Fy (imax ti) ,ij(tj)) (8)

=L..,a J 0 0 0 T

for (t1,...,tq) € (0,400)%

Relation (7) implies that the random vector (77, ...,7Ty) is built again following the same
construction introduced in Lemma 2.1 in Liebscher (2008) and the associated survival copula
function

OT(Ul, Ce ,ud) = ErllindFyo o) Fil(u,) H éj ( mindij e} Fil(ul), FX]- e} F;;l(uj))

-----

is of the same type as the copula family defined in his Theorem 2.1. In fact, considering the
d-dimensional copulas

Ky(uy, ... uq) = c, (min{F’y1 ) Fz_ll(U]_),UQ, . ,ud}  Fx, o Fz_ll(ul))

~

Ka(uy, ..., uq) = Cq (min {wy, us, ..., Fy, 0 P_’Z_dl(ud)} ,Fx, o Fz_dl(ud))



associated to the d-dimensional vectors (Z1, Y, ..., Y1),...,(Ya, ..., Yq, Zy), respectively, and
the upper Fréchet bound copula Kg(uq, ..., us) = min;—; 4 u;, then

~~~~~
d
N

Cr(uy, ..., uq) = HKj (9]’1(“1)7 e vgjd(ud))

J=0

where gjj(uj) = FZj @) Fil(u]) and gﬂ(ul) = ij @) F’il(ul) for 4 7é j

3.1 The probability of simultaneous default

By construction, the distribution of T has a singularity generated by the occurrence of the
simultaneous default of more than one element in the system. In this subsection we will
analyze the distribution of the time of the simultaneous end of all the considered lifetimes.

Let
=4 10 T e )

be the time of occurrence of the simultaneous default of all the elements in the system.

Proposition 3.1. If the random vector T has a survival distribution of type (8), then the
survival distribution function of S, fort > 0 is given by

Fs(t) = H;(t) (10)

where

oo d
Ho(t) = — [ 1] 7z (2)dFy, () (11)

and, for 7 =1,....,d,
0= [ R (H Py <x>) NG (Fy,(w). Py () dFy (). (12)
t ij

Proof. The conclusion immediately follows taking into account that, after some algebra, it
can be shown that

P(S>t,S=Y)=E[P(Xy > Y, Vk=1,....d,Y;>Y; > t,Vi=0,....,d,i # j|Y})]
coincides with H,(t) given by (11), if j = 0, and (12), otherwise. O
It follows that P(Ty =Ty = -+ = Ty) = 3.7 H;(0).



3.2 The pairwise Kendall’s distribution function

In this section we recover the formula of the pairwise Kendall’s distribution function of the
bivariate subvectors extracted from T.

In order to simplify the notation we set, for i,k =1,...,d, i # k,
_ FXOQJ})

It can be easily checked that the survival distributions of the pairs (7}, T) are

Pix(z) =

Fiu(tioty) = Py (max(ty, ti) [ €y (Fy,(max(t;, 1)), Fx, (t;)) -

j=i,k

Proposition 3.2. Let us assume that C; and Cy, are strictly increasing with respect to each
argument. If K,y is the Kendall’s distribution function associated to the pair (1;,Ty), then,
fort €[0,1],

R <F1.PZ;€)F(> : Uﬁzwp)p()

Fr (1) _ _
= [ FaPule) 0:Ci (B, (0), (@) Py (a)+

FT_kl(t) B
_ / Fy, Pa(2) :C; (B, (), Py, (gi())) dFy, ()

where z; is the solution of F (2, 2) = t, hi(+) solves Fjp(x, hy(x)) =t for z < x < FT_il(t)
and gi(-) solves F; ;(g:(y),y) =t for z <y < Fﬁl(t).

Proof. Since Fy(x,2) = Fz,(x)Fy, (2)Px(z) is strictly decreasing, given any t € [0,1], the
solution of F; y(z,z) = t, denoted by z, is well defined.

If we restrict to t; > g, then

Fig(ti,te) = Fz,(t:)Cr (Fy, (t:), Fx, (tr)) Pis(t:) (13)

which is strictly decreasing with respect to t; € [0,%;) for any given ¢;. Hence, for x €
(2, F, ' (t)] and for any ¢ € [0,1], the function hy satisfying F; j(z, hy(x)) = ¢ is well defined.
By similar arguments, the function g; of the statement is also well defined.

If we rewrite the Kendall’s distribution function K in terms of the joint survival distri-
bution function, we get

K (t) =P( <
= Fr,(2) = P((T;, Tx) € D1) + Fr.(2) = P(T}, Ti) € Ds) —

10



where -
Dy={(tiste) : 20 < t; < FL'(t),0 <ty < hy(t)}

and
Dy = {(ti,tr) : ze <t < Fp' (),0 < t; < go(ta)}-

Let us start computing P((7;,7x) € D;). Since here (13) holds true, thanks to the
definitions of z; and h;, we have

Fr1 (D) _
P((T,,Ty) € Dy) = / (P(Th > hy(@)|Ts = 7) — 1) dFr (z) =
= [ B> h@T = ) @) 5 ) =

t

_ /W”t d(Fy, - P)(z)
w0 Fy, - Py(x)
FTil(t) B . _ _ _
+ / FZZ' . Plk(l') . 8le (Fyk (.Z'), FXk<ht(37))) dFyk (ZC) —t+ FTi(Zt) =

t

(B raer),

(Fr Po)(=1)

Frl) o B B B
+/ " FpPalx) - 0.0y (Fy, (@), Fx, (hu(@))) dFy, () = t + Fr,(z).

t

Since P((T;,Ty) € Ds) can be computed similarly, we get the conclusion. O

3.3 The lack of memory property

Since the lack of memory property characterizes the Marshall-Olkin distribution and its
marginals, we investigate if and when this property is satisfied by the distribution of (77, ..., Ty).
Given a random vector Z of dimension d we define the residual lifetimes vector at time

t > 0 as the vector
Z; = [Zl—t,...,Zd—t|Z1 >t,...,Zd>t].

We have that Z satisfies the weak lack of memory property (WLMP) if, for all £ > 0,
th(z) ZFz(Z), Vz GRd.
Proposition 3.3. If (Y, X) satisfies the WLMP then also T does.

Proof. 1t is an immediate consequence of the fact that for all ¢ > 0,

FTt(xl, ce ,:L‘d) = F(ny)t([i’, .. ,i,xl, ce ,.’Bd)

11



where £ = max z;. O
i€{1,...d}

Proposition 3.4. (Y,X) satisfies the WLMP if and only if each pair (Y;, X;), for j =
., d does and Yy 1s exponentially distributed.

Proof. The result immediately follows from the fact that the WLMP for the vector (Y, X)
can be written as

FYo(y0+t)ﬁF1/j,X(y]+tx]+t _
Fy, (t) X; (t t)

y]>$j

”:j&

]

Thanks to Theorem 3.2 in Mulero and Pellerey (2010), (Y;, X,) satisfies the weak lack
of memory property when the associated survival copula is Clayton and the marginal sur-

a1 1
vival distributions are of type Fy,(z) = (1 +£= 1) " and Fy,(z) = (1 + 6“;_—1> % with
J

c,a;,b; >0, % + % = 1 and f; is the parameter of the associated bivariate Clayton survival

copula C’j. In this case, if Y} is exponentially distributed with parameter ~,, we get the class
of joint survival distribution functions

1
d ct ct; _/Tj
— : e e~
Fr(t,... tg) = e—VOtH (; + )
J J

j=1

where t = max t;.

i=1,...d

3.4 Conditional hazard rates

In order to point out short or long-term dependence of one lifetime with respect to the end
of another one, we analyze the conditioned hazard rates associated to (8)

In this subsection we assume that all bivariate survival copulas Cy,...,Cy are absolutely
continuous, with densities ¢4, ..., ¢q4, respectively.

Given a positive random variable W, and an event A, we define the conditional hazard

rate given A
P(t<W <t+h|A)

Aw (t|A) = i
wtld) = i, h
In order to simplify the notation, we set, for i =1,...,d,

and, for i,k =1,...,d, i # k and t > t,
)\i|k(t|tk) = >\Ti (t|Tk :tk,Tj >t, Vj = 1,...,d,j7ék’).

12



Clearly, )
tE 0?2 F t,t
O bw (bt t) Nieltlte) = — o Fr (2 (8 1))
Fr(t,t,..., 1) OpFr (xy, (t, 1))

where ;7 denotes the right partial derivative with respect to the i-th argument, 9 the
partial derivative with respect to the k-th variable, agk the mixed second partial derivative
with respect to i-th and k-th argument and zy (¢, z) the d-dimensional vector with the k-th
entry equal to z and all remaining entries equal to ¢.

After some algebra, we get

Ailt) = —

fal) | F2) S~ O o s R Fe )
MO = R T R T T, A0 0 Fx) =
J#i
d
=Ny, (Y0 > 1) + Az, (81 Zi > ) + ) Ay, (H]Y; > £, X; > 1)
=
and
~ e) | fa) | a (Fu(t), Fx(t) L G (Fy, (1), Fx (1) B
A (t|tr) = RO ACREY) (Fyk(t),ka(tk))fYk(t) - ; &, (Fr. (1), Fx. (1) fr; (t) =
J#uk
d
= )‘Yo (t|YE) > t) + )\Zi (t|ZZ > t) + /\Yk (t|Yk > t,Xk = tk) + Z )\yj (t|Y} > t,Xj > t) .
i

As expected, the conditional hazard rates are the sum of the conditional hazard rates of the
independent random variables that determine T; (see 7). It follows that

Ck (FYk (t)> FXk (tk)) _ alck (FYk (t)’ FXk (t))) fYk (t) -

ik (t[tr) = Ni(t) + (

0oCr (Fy, (1), Fx, () Fyg,(t) (14)
= Ni(t) + Ay, (H|Ye > t, X = t) — Ay, (¢]Ye > 6, X > 1) .
From (14) we have that A\, (t|tx) > Ai(t) if and only if 8262 Ei(ﬁ?yit()tii; it:tl))) > 01Cy, (F;,; it()ka ®),
notice that, if 802‘;1:)11) > 610?(:(;&:))) for (u,v) € [0,1]%, by integrating both sides, we get
Ch(u,v) > uw.
Moreover, again from (14), A;x(t|tx) is an increasing (decreasing) function of ¢, € [0,¢] if
and only if % is a decreasing (increasing) function of v: this is in line with the results

presented in Spreeuw (2006) where conditional hazard rates in copula-based models for joint
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residual lifetimes distributions are analized. As a consequence, the performance of short
and long-term dependence is induced by the survival copula function associated to the pair
(Yi, Xx): this was expected, since the lifetime T} influences the other lifetimes through Y.

4 Archimedean dependence and proportional cumulative hazard
rates of shocks arrival times

In this section we will focus on a particular specification of the model presented and studied
in previous sections and we will provide the corresponding expressions for the dependence
quantities there analyzed.

In line with the classical Marshall-Olkin model, we assume that all the independent ran-
dom variables involved in defining the observed lifetimes belong to the same parametric
family of distributions: we suppose that their cumulative hazard rates differ for a multiplica-
tive parameter. Moreover, we restrict the analysis to the case in which the bivariate survival
copulas C; are of Archimedean type. More precisely, we assume that

o [y (z) =GY(z),j=0,...,dand Fy,(z) = G"(x),j =1,...,d, where G is the survival
distribution function of a strictly positive continuous random variable with support
(0,400), v; > 0 (with at least one j for which ~; > 0) and 7; > 0;

° C’j is Archimedean with strict generator ¢,.
Since Fy, (x) < Fy,(x) we have that \; =n; —~; >0, for j =1,...,d. If Ay = ijofyj we

have that - B
Fx,(z) = G*(z) and Fr,(z) = G (z),2 > 0. (15)

Moreover, Fx,(z) = ¢; (¢;' (G" () — ¢; ' (G (x))), from which (see (8))

d
FT(tl, e ,td) =G (irr%axd tz) H Qf)j (ij_l (ij <1H},a)fd tz)) + ¢j_1 (an (t])) - Qs]_l (G’Yj (t]))) .

(16)
Applying Sklar’s theorem, we obtain the associated survival copula function

o o v P X W-s-jA
A . Xo+ N —1 . Xo+2; -1 0+X; -1 0+x;
Cr(uy,...,ug) = min u° " | | oj |b; min w; " ) +¢r (up ) — ¢ (up )|
i=1,..d i=1,..d

Let us set, for j =1,...,d,
Ao

Ao+ A;7

Qy =

14



which represents the ratio between the systemic shock intensity and the marginal one, and,
for j=0,1,...,d,

Vi
0, = —,
J )\O
which represents, for j = 1,...,d, the contribution percentage of each bank to the sys-

temic shock intensity, while for 5 = 0 is the percentage of contribution of some completely
independent exogenous shock.
Then, we can rewrite the survival copula as

d
A b -1 ot -1 (, 1=o;(1-6;) -1 (, @50;
Cr(u, .. ug) = min u; [ 14 [ij (irr%p?dui ) + ¢; (uj —¢; vy, :
j=1 ’

In particular, setting H(t) = In(G(t)),

o if ¢; is for all j = 1,...,d the Gumbel generator with parameter 8; > 1, then Fx (z) =
, N 1/8;
exp { <77jﬁ] - 7?) H (:L‘)}, from which we get

) d 1/6;
Fr(ty, ..., ty) =exp {—70 ( max t) Z [a HPi < maxdt> + ijBj (tj):| }7

j=1 b
(18)
where a; = ij and b; =1’ — ij > 0, and
A o - Bj B; %
Cr(uy, ... uq) = Zirilgdu exp {—; {9 Jex {—a;Inu;}? + oj(— Inwy) 1 }
(19)
where o; = (1 — (1 — 6;))% — oz?jﬁfj;
o if p;isfor all j =1,...,d the Clayton generator with parameter 5; > 0, then FX]. (x) =
(1 + emifit(@) _ eWﬁfH(I))_B%‘ from which

d —1/8;
Fr(tn oot — ") Tt ( (1) | e (e 1)> |

(20)
where aj; = %ﬂj and bj = )\jﬁj, and

1

A d 0;8; i
Cr(u1,...,uqg) = min ual@o H [( max u, > + u;(l_aj(1—9j))/3j _ uj—ﬁjajej] .

i=1,...d i=1,...,d
=1
(21)

15



From (17) the survival copula associated to (73, 7}) is

éTi,Tk (Uz‘, Uk:) =

= (min(u;", 1 0i=01 H ¢J( : (mln( )) >+¢ ( e 9)> —(,ﬁj_l (U?ﬁj))

Jj=ik

from which, setting «; = 1, we recover the survival copula associated to (X, T})

Crom (s, up) = min (u;, uy* )0k¢k ((bk <(m1n(uz,u2"“)) >_|_¢k ( 1—ag,(1— ek) o1 < ak9k>)'

(min(w;, up*))

Notice that, from (1), we get

. 0, _
Cs(ug, uy, . . ., ug) = ug° ngﬁ] ( ¢; <Uoj> —|—q§j1(uj)>
and, in particular,

C’XU,Xj(uo,uj) = u(l)_ejgzﬁj (gzﬁj’l (ugj> - ¢;1 (u])> .

The expressions of the corresponding Kendall’s distribution function and Kendall’s tau are
provided in Example 2.1.

Remark 4.1. If C’j(u,v) =uv, forall j =1,...,d, we get

d
FT(tl, R ,td) = G)\O ('LI:nlE}thz> 1_11: G)\j (tj)
j=

which is a particular specification of the generalized Marshall-Olkin distribution (see Li and
Pellerey, 2011 and Lin and Li, 2014) with only one independent shock arrival time Xo and
the associated survival copula is of Marshall-Olkin type.

4.1 The probability of simultaneous default

Under the considered specific model assumptions, (11) and (12) are given by

Ho(t) = %Gﬂ(t)

and

G . hj (y™)
H:(t) = / A=A-19 N g 7
]( ) ’)/,7 0 Y h] (y,yj) Y
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respectively, where A= Z?:o Aj and hj = ¢ o gzﬁj_l. It follows that

N __ h (y™
P(I =T, = =Ty) = MZ% / e 83@ (22)
J

Example 4.1. Clayton and Gumbel cases.

e In Clayton case (that is ¢;(x) = (1 +x) % with 8; > 0 and hj(z) =
d), we have that the survival distribution of S given in (9) is

—g ' for
J

j=1,...,
Y0 43 ~
Fs(t) = 26N + Y — L sy (23
(t) 3 ( ZMLA]@ ) )
and
T,
P(Ty=Ty=-=T)=%+» —2>— =
A S A NG
d
90 Qj
= + .
Yot —(d=1) ;Z?ﬂail—dwj(oajl—l)

1

e In Gumbel case (that is ¢p;(x) = e~ with B > 1 and hj(x) = —ﬂ—ljx( Inx)=5 for

j=1,...,d), we have

_ Yo 1 d A 1-B; R
Fg(t) = —-— + = Z’}/j (1 + —]) G)\(t) (24)
AA = Y
and
% d 1-8;
d . A\ 1B
- f° I e G s I

Zi:l ai_ - (d - 1) j=1 Zi:l ai_ - (d - 1) ajej

4.2 Kendall’s distribution function and Kendall’s tau

By Proposition 3.2, since 2z, = G~! (tl/ (’\O“‘i“‘k)), after some algebra we recover
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mezt-mn<%“—wMﬂwww+aarwmu—%@)_

o + o — oo o + o — oo
_ 100y _1-0;0p
e oy D, (ty % ) to% L hi <ty Uk )
- Qk/ o Y dy—ei/ oo Yk dy,
to‘i+ak_lf>‘io‘k hk (yek) taz’"'%—kaiak hk(yei)

where hj = ¢, 0 ¢!, for j =i, k.

Example 4.2. Let us consider Clayton and Gumbel survival copulas specific cases.

1

1. Clayton case (¢p;(z) = (1+x)%, 5; >0, j =1i,k).

If we set
MO __ QO

Tik
o + o — opo;

which is the Kendall’s tau of the Marshall-Olkin bivariate copula with parameters «;

and oy and .
Prs = _—%Tq{\govras = Za]
as
we get
0 0;
K@k(t) =t1+ /B—OZZ‘ + —a | — tint ((1 — Hkozz)pzk —+ (1 — Hzak)p,m) —+
k 7
_ e_kaitpikﬁk-l—l _ &aktﬂmﬁﬁ-l.

B Bi

The above Kendall’s distribution function can be decomposed in

Kin(t) = K5,(t) + K} + K — 2K (8),

where
Ky (t) =t — (1—73/°) tint, (25)
KW =t (1 4 ) — (1 — Opeupip)tInt — L p+Brou (26)
’ Br Br
(k) fiay, 0icvk 14 5.,
Ky; =t(1+ — (1 — Osappri)tInt — ——¢ PPk (27)
’ Bi Bi
and
K'(t) =t —tnt. (28)

Notice that: (25) is the Kendall’s distribution function of the Marshall-Olkin copula
with parameters «; and oy; (26) is a Kendall’s distribution function of type (5) with

18



parameters 0 = Ora;py and [ = Brpi (that represents the effect of the dependence
between Yy and Xy on the resulting dependence structure of (T;,Ty)); simmetrically,
(27) is a Kendall’s distribution function of type (5) with parameters 0 = 0;axpy; and
B = Bipri; (28) is the Kendall’s distribution function of the independence copula. As a
consequence, we get a very meaningful decomposition of the Kendall’s tau:

_ Mo | =) , =(k)
Tik = Tike .+ Toje T Toi s

where

7

7(5,;1 — aipinl Pi,kﬁk 0, Pk,zﬂi

PijeBr + 2 Pl + 2
are Kendall’s tau of type (6) with suitably modified parameters.
It follows that

and féfz) = Qg Pki

(1 — ag)Br
o = o (1= an)f (1 —ag)Br +2 B (29)
= %g(o + TO*JC

where T%g(o is the Kendall’s tau between the observed lifetime and the systemic shock

arrival time in the Marshall-Olkin model and 75, is a Kendall’s tau of type (6) with
parameters rescaled by the coefficient 1 — ay.

1

. Gumbel case (¢;(x) = 6_167, Bi>1,j=1ik)
If

ﬁ 1 aiek z ﬁk_l B 1 akei P Bi_l
e dz + (i)~ dz,
+ ) /Gkr]}fo (Qkai —2(1 - 914%’)) # ¥ (iew) /en-“;;fo (91‘0% —2(1 - 91-0%)) ’

K%k(t) =t— Alkt Int
and
Tik = 1 — Ai.

FEven if, as in the Clayton case, we can recognize that the resulting dependence is the
sum of the Marshall-Olkin one and two different contributions arising from the assumed
dependence between Y; and X; and between Y) and X, unlike that case, the latter ones
cannot be written in a closed form in terms of of the corresponding Kendall’s tau given
in Example 2.1.

Moreover, we have

1 0, 5 Br—1
Troxe =1 — (1 — a)(1 — 0)) — 0 / (M) o

Orag
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4.3 Hazard rates

Let M(t) and u(t) be the cumulative hazard function and the hazard rate of G(t). Formulas
for conditional hazard rates are now given by

d

fy. h.

Ai(t) = p(t) § Yo+ mi + Z G/\J'J(t) -y
i=1
i#i

T Y
—~
R
—~
~
N—
N—

and

Ailk (tlte) = u(t) { Yo+ mi +,yk¢" (Dy(t, 1)) G (t) Z G% . h; (G (1))

O (Dilt: ) T (G<(8)) N(t) hi (Gu) [

j=1
ki

where, for h=1,...,d,
Dy(z,y) = ¢, (G™(2)) + &, (G™(y)) — &, (G™(y)).

Moreover,

Ailk (tlts) = Ai(t) + () {Cb/k/ (Dy(t, tx)) G (t) 1 Ry (G (t)) } |

O (Dx(t, 1)) T (G(0)) — GM(1) I (G+(8))
Example 4.3. e Clayton case:

d
Ai(t) = p(t) § o +mi+ Y1 GPN ()
=1
i
and

Nk (#1t) = N (OF(t) | (14 Be) G0 (8) (G795 (8) + G (1) — G0 (1)) — GMP()]

o Gumbel case:

d
Ai(t) = p(t) § vo +mi + Z%“?j &
=1
7
and

1

(v naBe(e) + (e =20 ) Mo (1)) ™ + B =1

A ([te) = Ni(t) 4+t p(t) 3 5 B
M) + (mfk — ) M (1)
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4.4 Probability density function

The fact that the probability of simultaneous default is positive, implies that the distributions
considered in this paper are not absolutely continuous with respect to the Lebesgue measure.
Nevertheless, they admit a density with respect to a measure dominating the Lebesgue one:
this approach is formally described in Asimit et al. (2016) for a family of non absolutely
continuous multivariate Pareto distributions. We will illustrate it in the simplified case
d = 2, where the reference dominating measure on R? is given by the sum of the Lebesgue
measure on R? and that of the Lebesgue measure on R concentrated on the straight line
{(t;,ts) € R* : t; = ty}. In particular, we will compute the densities for the survival
distributions given in (18) and (20), that, for d = 2, can be, respectively, rewritten as

Fr(ty, ta) =

- {_7" (max (1)) = 3 [a;H (max (t1,12)) + b, H (t;)] Wﬂ} _

exp —<")/0 + (Cll + bl)l/'gl)H(t1> - [GQH’BQ (tl) + bQHBQ (tQ)} 1/8 s if tl 2 tz
exp { —(Yo + (a2 +02)VP2) H(ts) — [ar H™ (t2) + b1 H™ (tl)]l/ﬁl , ity <to

(30)

and

Fr(ty,t) =

—voH (max(t1,t2))

—e (eajH(max(tl,tz)) + eajH(tj) (eij(tj) B 1))*1/5]’ _

i=1 (31)
{ €_<70+%>H(t1) (6a2H(t1) + eCLQH(tQ) (ebgH(tQ) _ 1))_1/62 ’ lf tl Z tQ

J;b2>H(t2) (ealH(t2) + euH(t1) (eblH(tl) — 1))71/51 , it <ty

2

_ a2
e (’Yo+ &

Using (24), and after some straightforward algebra, it can be proved that the density asso-
ciated to (30) is

F(tl,tQ)H,(tl)Hl(t2>g(t1,t2), tl 7é tg
S
[t t2) = ) 1, (wo+2§:1(aj+bj)ﬁj>1{(t)
<’70+Zj:1aj (aj +b;)% )6 H'(t), t=t =t
where
g (tbt?) -

1

1 _9 1
by AS?  (t1, ta) HP2 71 (ty) |1 Ao(ty, ta) + ag | AS? (1, tg) + Bo — 1) HP27LH(t) |, t1 >ty

1 _9 1
DAY (b, t) HP () |eaAr(t, o) + a1 | AP (L) + By — 1) HA 7Y (ty) |, ty < 1y
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Wlth, for ¢ = 1, 2, C; = Y + (CLZ' + bz)ﬁ% and Ai(tl,tg) = CLiHﬁi (t3—i) + szﬁl (tz)

Similarly, using (23), we can calculate the density associated to (31), which is

f(tla t2> -

efclH(tl)H/(tl)CZ(tQ)BZ(tl’ tg) 1 + as 1—;[32 eazH(t1) 4 CleazH(tz) (esz(tz) — 1) , ty >ty
_ e_CQH(tQ)H/<t2)Ol (tl)BQ<t1, t2) o+ ay 1;51 a1H(t2) 4 ClemH(tl) (€b1H(t1) _ 1) , t1 < to
H'(t) [’Y e~ () 4 E G‘J Le (A+bj)H(t)] , t=1 =1y

with A = 7o + Z a”+.b” and ¢; = o + a“Lb , Ci(ti) = e MO H! (8) [(a; + b)) —a;],
J
Bi+2
Bi(ty,t) = (enfl(ts=i) 4 ailt) [ebif(ts) 1]) 5 fori=1,2.

5 Sensitivity analysis and applications

In this section we will analyze the impact of the parameters on marginal distributions and
on the dependence structure considering specific examples in the framework of Section 4.
Next, we will discuss how to use the model in practical applications in reliability, credit and
insurance.

5.1 Sensitivity analysis

5.1.1 Fixed marginal intensities

Let us consider the exchangeable bivariate case with 74 = 75, = 0.1, 79 = 0.01 and A\; = Ay =
0.1. Under these assumptions, the marginal survival distributions (see (15)) are fixed to be
Fr,(z) = G"¥(x) for j = 1,2. Moreover we assume that the survival copulas C; associated
to the survival distribution of (Y}, X;) are the same for j = 1,2. As a consequence, the
vector (17,T3) is exchangeable. In next Tables 1 and 2, we compare the effect of Gumbel
and Clayton survival copulas on the dependence quantities introduced in previous sections
varying the Kendall’s tau value 7 of the pairs (Y}, Xj), 7 = 1,2. We remark that the
case T = 0 corresponds to the classical Marshall-Olkin model with only one systemic shock
and that the considered quantities do not depend on the choice of the survival distribution
function G.

In both cases, the singularity mass, P(T} = T5), as well as the single contribution to it
due to the occurrence of each Y;, with ¢ = 1,2 (that is H;(0) given by (12)) is decreasing with
respect to the dependence induced by the bivariate survival copulas. This was expected since,
as the dependence between Y; and X increases, being the distribution of Z; = min(Y}, X;)
and Y; fixed (depending on n; = \; 4+, and ~;, respectively), the survival distribution of X
decreases, implying an increase in the probability of the event {X; < Y;}. We notice that
that this effect is much stronger for the Gumbel survival copula with respect to the Clayton
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7=0 7=0.25 7=0.5 7=0.75 7=0.99
P(Ty =T5) | 0.5121951 0.4115612 0.2682927 | 0.08536585 | 0.02439024
Hy(0) 0.02439024 | 0.02439024 | 0.02439024 | 0.02439024 | 0.02439024
H;(0) 0.2439024 0.1935855 0.1219512 0.0304878 0
T, Ty 0.5121951 0.5294137 0.5569266 0.6048447 0.6674419
T, Xo 0.6774194 0.6936507 0.7196973 0.7655784 0.8287377

Table 1: Gumbel case with Kendall’s tau 7. From top to bottom: Singularity mass, contribution to the
singularity mass due to the occurrence of Yy, contribution to the singularity mass due to the occurrence of
Y;, 1 = 1,2, Kendall’s tau between 77 and 75, Kendall’s tau between each T; and Xj.

T=0 T=0.25 7=05 7 =0.75 7=10.99
P(Ty =Ts) | 0.5121951 | 0.4439707 | 0.3522591 0.22241 0.03428633
Hy(0) 0.02439024 | 0.02439024 | 0.02439024 | 0.02439024 | 0.02439024
H;(0) 0.2439024 | 0.2097902 | 0.1639344 | 0.0990099 | 0.004948046
Ty Ts 0.5121951 | 0.5240264 | 0.5430493 | 0.5786837 0.6632939
T, X0 0.6774194 | 0.6923329 | 0.7148852 | 0.7529652 0.8263652

Table 2: Clayton case with Kendall’s tau 7. From top to bottom: Singularity mass, contribution to the
singularity mass due to the occurrence of Yy, contribution to the singularity mass due to the occurrence of
Y;, i = 1,2, Kendall’s tau between 77 and T5, Kendall’s tau between each T; and Xj.

one. On the other hand, Hy(0), given in (11) is constant since it doesn’t depend on the

survival copulas C;. As for the Kendall’s tau parameters associated to (T}, Ty) and (T}, Xo),
instead, as expected, they do increase with the dependence modeled by C;.

The different impact of the choice of the Gumbel and Clayton survival copulas is shown
in Figure 1 where scatter plots corresponding to Kendall’s tau 0.5 and 0.75 are provided.

Gumbel: tau=0.5 Gumbel: tau=0.75 Clayton: tau=0.5

Clayton: tau=0.75

u ” u ’ : “u

Figure 1: Scatter plots: from left to right, Gumbel and Clayton cases with parameters considered in subsec-
tion 5.1.1

5.1.2 Fixed intensities of the hidded shocks and Gumbel survival copulas

Let us now consider again the bivariate exchangeable case but focusing on C’j of Gumbel
type (with 81 = 3;). In this case the survival distribution of X; is given by Fx, (z) = G"i ()
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5.
_fy]J

6.
(v

with p;
cases:

1/8;
> " We will perform the same analysis done above in the following

1. v0 =7 =72 = 0.01, and py = po = 0.1: results are shown in Table 3;

2. 70 =10.01 and 73 = 7 = 0.1, and gy = ps = 0.1: results are shown in Table 4;

3. v =0.01 and y; = = 0.2, and p; = ps = 0.1: results are shown in Table 5.

7=0 7=0.25 T7=0.5 T=0.75 7=0.99
wj 0.13 0.1234614 0.1204988 0.1200025 0.12
P(Ty =T») | 0.1304348 | 0.08841155 | 0.05682567 0.04771314 | 0.04761905
Hy(0) 0.04347826 | 0.04609936 | 0.04739392 0.04761791 | 0.04761905
H;(0) 0.04347826 | 0.02115609 | 0.004715872 | 4.761434e-05 0
T T, 0.1304348 | 0.1631895 0.1911915 0.2081436 0.2141442
TT,, Xo 0.2307692 0.31505 0.3952031 0.460692 0.4988739

Table 3: Gumbel case with Kendall’s tau 7 and with ; = 0.01, ¢ = 0,1,2 and u; = 0.1, 4 = 1,2. From top
to bottom: Marginal intensity, singularity mass, contribution to the singularity mass due to the occurrence
of Y, contribution to the singularity mass due to the occurrence of Y;, i = 1,2, Kendall’s tau between T}
and T5, Kendall’s tau between each T; and Xj.

T=0 7=0.25 T=0.5 T=0.75 7=10.99

w; 0.31 0.2781793 0.2514214 | 0.2289207 | 0.2106956
P(Ty =T») | 0.5121951 0.5144359 0.517074 0.5201742 0.5236528
Hy(0) 0.02439024 | 0.02887181 | 0.03414802 | 0.04034838 | 0.04730568
H;(0) 0.2439024 0.242782 0.241463 0.2399129 0.2381736
TT, Ty 0.5121951 0.6180447 | 0.7346508 0.8620343 0.9942827
T, Xo 0.6774194 | 0.7643964 | 0.8473775 0.9260153 0.9971333

Table 4: Gumbel case with Kendall’s tau 7 and with ~y = 0.01, and v, = pu; = 0.1, ¢ = 1,2. From top to
bottom: Marginal intensity, singularity mass, contribution to the singularity mass due to the occurrence of
Yy, contribution to the singularity mass due to the occurrence of Y;, i = 1,2, Kendall’s tau between 77 and
Ts, Kendall’s tau between each T; and Xj.

In all cases, since pj, j = 1,2 and 5, j = 0, 1,2 are given, the marginal distributions of
Ty and T3 are not fixed, but they vary with the parameter of the underlying Gumbel survival
copulas: in fact they are given by Fr, () = G*i(t) with

2 1
wj = E v + (,uj] —i—vjj) =
i=0

In particular, being F x, and ij fixed, since survival copulas éj increase with 3;, we have that
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7=0 7=0.25 7=0.5 7=0.75 7=0.99
w; 0.51 0.4669759 0.4336068 0.4130543 0.41
P(Thy =T>) | 0.6721311 0.7213187 0.8043743 0.9425901 1
Hy(0) 0.01639344 | 0.01908573 | 0.02187162 | 0.02403219 | 0.02439024
H;(0) 0.3278689 0.3511165 0.3912514 0.459279 0.4878049
Ty Ts 0.6721311 0.7863127 0.8992995 0.9854788 1
T, Xo 0.8039216 0.8804045 0.946985 0.9926863 1

Table 5: Gumbel case with Kendall’s tau 7 and with 79 = 0.01 and v; = 0.2 and u; = 0.1, i = 1, 2. From top
to bottom: Marginal intensity, singularity mass, contribution to the singularity mass due to the occurrence
of Yy, contribution to the singularity mass due to the occurrence of Y;, i = 1,2, Kendall’s tau between T}
and T5, Kendall’s tau between each T; and Xj.

1
F z;(x) increases with 3; and, consequently, 7; = <u§j + fyf g ) %7 decreases. As a consequence

w; decreases while Hy(0) increases with ;.

From Tables 3, 4 and 5, we notice that when the distributions of the random variables
X; and Yj, 7 = 1,2, are fixed, the effect of an increase in the dependence in the vectors
(Y;, X;) results always in an increment of the overall dependence between 77 and 7, and
between each T}, j = 1,2 and X, while the effect on the singularity is different depending
on the relative magnitude of the intensities of X; and Y}: this facts are also shown in Figure
2 where scatter plots from the survival copulas in the three cases are shown in the specific
case 7 = (.5.

Gumbel: tau=0.5 Gumbel: tau=0.5

Figure 2: Scatter plots: the three cases considered in subsection 5.1.2 with underlying Gumbel survival
copulas with Kendall’s tau equal to 0.5. From left to right: 73 =2 =0.01, 73 =2 =0.1, 73 =72 = 0.2

5.1.3 Non-exchangeable case

So far, we have considered the exchangeable case, but the observed effects on the singularity
can combine in different ways in the non-exchangeable case. In Table 6 we consider again the
Gumbel case with 8; = 5 but with vy = 0.01, 74 = 0.01, 75 = 0.2, and p; = pe = 0.1. While,
as expected, all Kendall’s taus increase with the dependence induced by the underlying
Gumbel survival copulas, single contributions to the singularity behave in opposite way with
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the increase of the underlying Gumbel dependence due to the different magnitudes of the
single common shock intensities (y;) with respect to the idiosyncratic ones (p;). In Figure
3 scatter plots of the resulting survival copulas corresponding to different Kendall’s tau are

shown.

7=0 7=0.25 7=0.5 7=0.75 7=0.99
w1 0.32 0.3134614 0.3104988 0.3100025 0.31
wo 0.32 0.2769759 0.2436068 0.2230543 0.22
P(Ty =1T») | 0.5238095 0.536008 0.5683248 0.6424391 0.6774194
Hy(0) 0.02380952 | 0.02699512 | 0.02993066 0.03194308 | 0.03225806
H,(0) 0.02380952 | 0.01238871 | 0.002978212 | 3.194069e-05 0
H5(0) 0.47619048 | 0.49662418 | 0.535415937 0.6104641 0.6451613
Ty Ts 0.5238095 0.6012654 0.6688531 0.7148461 0.7228528
Ty, X, 0.6875 0.7068935 0.7179654 0.7219115 0.7228528
TTy, X0 0.6875 0.8016304 0.9077599 0.986585 1

Table 6: Gumbel casewith Kendall’s tau 7 and with vg = 73 = 0.01, 72 = 0.2 and u; = 0.1, ¢ = 1,2..
From top to bottom: Marginal intensities, singularity mass, contribution to the singularity mass due to the
occurrence of Yy, contribution to the singularity mass due to the occurrence of Y7 and Y3, Kendall’s tau
between T7 and T5, Kendall’s tau between 77 and Xy and between T5 and Xj.

Gumbel: tau=0.25 Gumbel: tau=0.5 Gumbel: tau=0.75

u u u

Figure 3: Scatter plots: the Gumbel asymmetric case of subsection 5.1.3

5.2 Reliability, Credit and Actuarial applications

The model introduced and studied in this paper can be used to model joint residual lifetimes
in different frameworks.

In reliability theory, one can consider a system with d electronic or mechanical elements
whose residual lifetimes are modeled by the random variables 11, T5, . .., Ty, that is assuming
that the residual lifetime of each element ¢ in the system is governed by an idiosyncratic
component X; and by some systematic component modeled by X, which is dependent on
X;. If the elements are serially connected, then the failure time of the whole system is given
by My = min(T},...,T;). The model is also suitable to describe the situation in which a
component cg, whose residual lifetime is denoted by X, is serially connected with a system
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of d devices with residual lifetimes X7, ..., Xy connected in a parallel way: the failure of the
component ¢g will cause the failure of the whole system.

As for credit applications, consider the case of a group of d firms or banks sharing a same
systemic risk they are correlated to. We assume that the time to default of each name is
given by an idiosyncratic component, represented by X; and a systemic one, represented by
Xp. Given the features of the model studied in this paper, it results to be particularly suited
to the situation in which contagion among the names takes place only through a systemic
shock causing the collapse of the whole system, which can be represented by the case of
Too-Big-To-Fail institutions.

Insurance products aiming at protecting against the cost due to the failure of some device
in a system and credit products against the loss due to the default of an institution, are
largely available in the market. Just to show how the model presented in this paper can be
applied for such risk protection purposes, we will analyze two examples: the First-to-default
and the simultaneous system collapse cases.

5.3 First-to-default (failure) product

Let us consider the case of an insurance product paying a lump sum C' at the time of
occurrence, by a term T, of the first default (or failure), that is at time My = min(773, ..., Ty).
In case of a system composed by d devices serially connected, the risk event covered by the
insurance product is represented by the loss due to the failure of the system. In credit
risk theory, this is the so called first-to-default swap, that is commonly used in the market
practice and that provides a conventional payment for the loss given to the occurrence of
the first credit event among the firms or financial institutions in a basket.

Assuming the model studied in this paper, the first failure can be that of only one element
in the system or that of the whole system. Notice that My = min(Yy, Z3,...,Z;) with
Z; = min(Y;, X;) and Yy, Z1, ..., Z, independent. Assuming a constant interest rate r > 0
and a continuously compounding discounting rule, the present value at time 0 of the amount
C paid at time My is C - e="™Ma. The corresponding expected present value is

T
E[Ce ™1 yemy] =C (1 — e "TFy,(T) — 7"/ e_mFMd(a:)dx> =
0

=C <1 — eirTFYO(T> HFZj (T) — 7"/(; eieryo (Q?) szj (iL’)diL’) .

In common practice, such contracts provide for a unique premium P paid at the contract
issue time or for a stream of regular premium payments p along the life of the contract
conditional on the non occurrence of the insured event. In case of a unique premium, then
P =CE [e*TMdl{ MdST}}' In case of a regular stream of constant premiums p paid at times
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0=ty <ty <...<t, <T, we have that, according to the equivalence principle,

L Z pe Linr >ty
i=0

= CE [C_TMd]_{MdST}] s

that is
—rT 1 d n —rx
. CE [eiTMdl{MdgT}} B C (1 —e TPy (T) Hj:l Fo, (T rfo Fy,(x H] 1 FZ (x )d:):)
> imo € P, (t) > im0 6_”"FYO (t:) [T5=y Fz, (t:)
Remark 5.1. In the model specification of section 4 one gets, in the case of a unique
premium,

. T .
P =CE[e™1,<m] =C (1 — e TGNT) — 7’/ emG’\(x)dx) ,
0
where \ = Z;l:o Aj =Y+ Z;lzo n; and, in the case of a periodical premium payment system,

_ frTG)\ rf() 77‘1‘G}\( )d
Zi:Oe rh G/\( i) '

xT

pZC

In the exponential case, that is G(x) = e, and T integer with t; =i, 1 =0,...,T — 1, we

recover

~

P=C A _ <1 _ef(rJrj\)T)
r4+ A

and

p=C A - (1 — e_("+;\)> ,
r+A
and in the whole life case, that is T = +00,

~ ~

A A 3
P=C—/——~ and p=C (1 - e_(7’“)> .
r+ A "+ A

Notice that P is an increasing function of the maturity T while p doesn’t depend on the
maturity. Moreover, P and p are obviously always increasing functions of the parameter \.

5.4 Simultaneous collapse of the whole system insurance product

Let us consider an insurance type contract against the systemic risk of the simultaneous
collapse of the considered system paying the lump sum C' at the time of occurrence, by a
term 7', of the simultaneous default (or failure) of all the d components of the system, that
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it at the time S given by (9). Assuming a constant interest rate r > 0 and following the
same reasoning of the first-to-default example, the correspondig expected present value is

T d T
E [C eiTsl{SST}] = —O/ e*”dFS(x) = —CZ/ €7dej(l'),
0 =0 0

where H; are given by (11), when j = 0, and by (12) when j = 1,...,d. Hence, the unique
premium P paid at the issue time can be written as P = Z?:o P;, where

T
Pj =K [C €_TS].{S:}/J.§T}} = —C/ e_dej(x)
0

represents the amount of the premium due to the occurrence of j-th systemic shock. In case
of a stream of periodical premiums, following the same computations and notation as in the
First-to-default case, we get

O fy e dH (@)
Sy e Fs(t)

and again this periodical premium can be split in the contributions of each Y}, j =0, ...,d,
that is p = Z?:o p; where

P

pi = =
T Yiee M Fs(t)
From a credit risk perspective, this can be seen as a contract paying the lump sum C' in
case of collapse of the whole considered financial system due to the occurrence of a systemic
event causing the simultaneous default of all the names. Above formulas allow to split
the premium in sub-premia: those corresponding to 7 = 1,...,d can be charged to the
corresponding name, while that corresponding to 7 = 0, being completely exogenous to the
system, can be equally shared by the whole system.

Example 5.1. In the model specification of section 4, in the particular case in which G(t) =
—t

e ", one gets
1 —exp(—(r+\)T)
Fy=% 3
r4+ A
and, for 7 =1,....d,
. . . o P _
o Clayton case with parameters 5;, j = 1,...,d: po = y - 1—efp(—(r+i+xjﬁjm , Py =
j=0 5\+)\jﬁj 1—exp(—(r+A+X;8;5))
d—exp(—(r+ANB8)T) - o P
j o, ,7=1,...,d and p; = - T e T where we have

3=0 5‘+>‘jﬁj lfexp(f('r+5\+>\jﬁj>>
assumed By = 0;
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7oA (1—exp(—(r+1))) po_
< AN
(+3) (wz?:l u(1432) )
< N\ 155 <
Av;j (1+%) ! (17exp(7(r+/\)))

N
(r+X) (70-&-2?1 v (H—%) J)

In Figure 4 we show the plots of the constant and periodical premiums with respect to different
values of the Kendall’s tau associated to the underlying Gumbel survival copulas in the three
cases considered in section 5.1.2: being the resulting model exchangeable, we have P, = Py
and p; = py and so only P, and py are plotted.

o Gumbel case with parameter B;, j = 1,...,d: py =

Aj 1-5; —exp(—(r+A
7 (1 * #) e and p; =

Figure 4: Plots of the premiums dynamics against the underlying Gumbel dependence in the cases of section
5.1.2. First column: v; = v2 = 0.01; top: Py (black) and pg (red); bottom: P; (black) and py (red). Second
column: y; = 72 = 0.1; top: Py (black) and pg (red); bottom: P; (black) and p; (red). Third column:
v =72 = 0.2; top: Py (black) and pg (red); bottom: P; (black) and p; (red).

5.5 First-to-default-Simutaneous default insurance product

As noticed in section 5.3, the first default can be that of a single element or coincide with
that of the whole system: clearly, the loss due to the two cases is different. Hence, we can
consider the case of a product paying a different lump sum depending on which of the two
events will occur as first. Let Cy be the lamp sum in the case of the collapse of the whole
system, that is the case My = S, and C that in the case in which only one element in the
system fails (or defaults). As a consequence, the expected present value is

CoE [e_rsl{SST}] +CE [e_erl{Md;éS,MdgT}} =CE [e_TMdl{MdST}} —i—(Co — C) E [e_rsl{SST}} .
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Using the formulas obtained in sections 5.3 and 5.4, the unique and the periodical premiums
can be calculated following the same approach.

6 Conclusions

In this paper we have introduced a generalization of the Marshall-Olkin distribution in
which a specific non-exchangeable dependence among the underlying shocks arrival times
is assumed. More specifically, we have supposed that each lifetime is the first arrival time
between an idiosyncratic and a systemic shock and that, unlike the standard Marshall-Olkin
model, lifetimes influence each other only through the systemic shock arrival being their
idiosyncratic component dependent on it. The resulting joint distribution is investigated:
its singularity analyzed and its dependence properties studied through the induced survival
copula function, the associated pairwise Kendall’s distribution function and Kendall’s tau
and the conditional hazard rates. Results show that the dependence structure is the composi-
tion of a Marshall-Olkin type dependence and the assumed dependence of each idiosyncratic
component with the systemic shock arrival time. The model is considered for insurance
pricing purposes with a particular focus an a product whose aim is to cover losses due to
the occurrence of the systemic shock: in this case a very useful premium formula is provided
that allows to decompose the premium according to the dependence of each element in the
system with the systemic event.
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