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HARDY SPACES FOR A CLASS OF SINGULAR DOMAINS

A.-K. GALLAGHER, P. GUPTA, L. LANZANI, AND L. VIVAS

ApstrACT. We set a framework for the study of Hardy spaces inherited by com-
plements of analytic hypersurfaces in domains with a prior Hardy space structure.
The inherited structure is a filtration, various aspects of which are studied in spe-
cific settings. For punctured planar domains, we prove a generalization of a famous
rigidity lemma of Kerzman and Stein. A stabilization phenomenon is observed
for egg domains. Finally, using proper holomorphic maps, we derive a filtration
of Hardy spaces for certain power-generalized Hartogs triangles, although these

domains fall outside the scope of the original framework.

1. INTRODUCTION

In this paper, we construct Hardy spaces for a class of domains, which includes
the punctured unit disk ID* = ID \ {0} and the product domain ID x ID* as partic-
ularly simple, but enlightening, examples. Although our class of domains is not
biholomorphically invariant, it is possible to push the construction forward under
certain biholomorphisms. This allows us to construct Hardy spaces for the Hartogs
triangle, H = {(z1,22) € C?: |z1| < |z2] < 1}, and compute the relevant Szeg6 ker-
nels. In fact, this was the original motivation for this work. The Hartogs triangle
is of classical importance in several complex variables, see [29], and serves as an
important example of a singular domain since its boundary fails to be even locally
graph-like at one point. While H and its generalizations have received a lot of at-
tention from the point of view of the 5—problem, e.g., [8,21,6,20,9], and Bergman
spaces, e.g., [7, 13, 14, 15, 5, 17, 23], Hardy spaces for H were considered for the
first time only recently by Monguzzi in [22]. Independently of Monguzzi, we had
constructed a different Hardy space for the Hartogs triangle, and this discrepancy
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led us to recognize the central phenomenon of this paper. Before we describe this
phenomenon, we clarify the main terminology used in this work.

Since there is no unified notion of a Hardy space in the literature, we state here
our minimum criteria for using this term. A Hilbert space of functions $ on the
boundary of a domain is deemed a Hardy space only if there is a reproducing kernel
Hilbert space (in the sense of Aronszajn in [1]) X of holomorphic functions on the

domain such that

(a) functions in a dense subspace A C X admit boundary values in $, and
(b) this identification of A with a subspace of  is an isometry that extends to

an isometric isomorphism between X and $.

We note that in all the explicit examples in this paper, X is directly defined in terms
of an exhaustion procedure on the domain, see Sections 2, 5, and 6. However, our
general setting is not conducive to this process, and X is only abstractly defined,
for more details, see (3.1) and subsequent paragraphs.

To describe the class of domains under consideration, we start with a domain
Q) € C" and a Borel measure v supported on its boundary, b(), that admits a Hardy
space structure. This structure is then inherited by domains that are obtained
from Q by removing analytic hypersurfaces that are component-wise minimally
defined, see Definition 3.10. We refer to any such domain as a ‘hypersurface-deleted
domain’, and denote it by ()*. We call this process the ‘inheritance scheme’, and
the pair (€, v) the “parent space’.

In a notable departure from the classical theory, it turns out that under ap-
propriate assumptions on the parent space, any hypersurface-deleted domain is
associated to a filtration of Hardy spaces, as opposed to a single such space. This is
due to the fact that functions holomorphic on QO can be singular along the deleted
hypersurface, but all orders of singularities cannot be captured in a single Hardy
space, see the discussion at the beginning of Subsection 2.2. We demonstrate via
explicit examples that this filtration may or may not stabilize, depending on the

choice of v and the deleted hypersurface.

1.1. Function-theoretic context. In [26], Poletsky and Stessin give a construction
of Hardy spaces for hyperconvex domains in C". We note that, while Q0" is pseudo-
convex whenever Q) is, it is never hyperconvex. Our construction therefore covers
a new class of domains.

Note that this class of domains is however uninteresting from the point of view
of Bergman space theory, since the Bergman space for (O* equals the Bergman
space for Q, see [24, Proposition 1.14]. Additionally, our approach does not lead

to meaningful Hardy spaces of harmonic functions because bQ) is not, in general, a
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uniqueness set for harmonic functions on €2*. For instance, if Q" = D \ {0}, then

Rez and Re % are both harmonic on ID* but coincide on bID.

1.2. Boundary-based approach to Hardy spaces. The lack of a general exhaustion
procedure to construct X shifts the burden of the construction to the dense subspace
A. In the classical setting of the unit disk, A is the disk algebra, i.e., the space of
holomorphic functions on ID that are continuous up to the boundary. If we extend
this definition verbatim to the punctured disk, since D' = D, it would lead to
the same Hardy space, which does not capture a significant class of holomorphic
functions on ID*. Our construction overcomes this issue. When (€, v) is the parent

space, we consider A to be
AQ,v) == 0(Q) N C(Q U suppv).

Moreover, for (Q*,v), we work with subspaces of O(€*) N C(Q* U supp v) which
have prescribed singularity along the deleted hypersurface. Under appropriate
assumptions (see Definition 3.5 for details), the L2(v)-completion of Alsuppv is a
reproducing kernel Hilbert space on the domain in consideration. Hence, we call
it a Hardy space and refer to its reproducing kernels as a Szeg® kernels.

We point out that there may be kernel functions c(z, -) that have the reproducing
property for A, namely, for all z in the domain

(1.1) F(z) = f F(w) - c(z, w) dv(w) VF e A,
suppv

but are not the Szeg6 kernel for the associated Hardy space. For instance, this is
the case for the Cauchy kernel of any smoothly bounded planar domain Q # DD.
Our boundary-based approach is particularly suited to obtaining such boundary

integral representation formulas.

1.3. Description of results. We first state conditions on the parent space (,v)
that lead to a Hardy space for Q, see Definitions 3.1 and 3.4. Then we provide the
inheritance scheme that gives a filtration of Hardy spaces for Q*, see Theorem 3.12.
For each level of the filtration, we produce new kernels that have the reproducing
property (1.1). Moreover, we give a sufficient condition for these kernels to agree
with the Szeg6 kernels, see Proposition 3.14. We then proceed to analyse the
framework via some examples.

In Theorem 4.2, we consider simply connected planar domains with finitely
many points removed. For this class of domains, we formulate and extend a
famous rigidity lemma of Kerzman and Stein [18], i.e., if Q € C is simply connected
then the Cauchy kernel on Q coincides with the Szeg® kernel for Q if and only
if () is a disc. We next identify a family of domains for which the filtration of
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Hardy spaces stabilizes. These are egg domains, sometimes known as complex
ellipsoids, in C? from which a single hyperplane has been deleted, and we observe
that the stabilization occurs at different levels depending on the choice of boundary
measure, see Theorem 5.1. Finally, we use proper holomorphic maps to transfer
the filtered Hardy space structure on ID X ID* to a class of non hypersurface-deleted
domains, i.e., the Hartogs triangle and its rational power generalizations that were
first introduced in [13, 14]. We also produce explicitly the Szeg® kernels for these

domains in Theorems 6.1 and 6.2.

1.4. Structure of this paper. In Section 2, we consider the punctured disk as this
exemplifies the general construction of the filtration of Hardy spaces. In Section 3,
we provide the general framework and prove the main inheritance results. Section
4 is specialized to the setting of planar domains, for which more explicit formulas
can be proved by means of conformal mapping, along with the aforementioned
rigidity result. The egg domains are dealt with in Section 5, and ID x D, the

Hartogs triangle and its rational power generalizations are treated in Section 6.

2. MOTIVATING EXAMPLE

We consider the open unit disk ID and the arc-length measure o5 on bID as the
parent space, and the punctured disk ID* := ID \ {0} as the hypersurface-deleted
domain. Using the basic descriptions for the L>-Hardy space for the disk detailed in
Subsection 2.1, we derive a filtration of Hardy spaces for (ID*, 0s1) in Subsection 2.2.
Throughout this section, we omit 0g from the notation for the relevant function

spaces.

2.1. Hardy Space for the unit disk. The classical L?>-Hardy space H?*(D) is the

space of holomorphic functions on ID that are finite in the norm given by

271 %
IFllz2(p)y = sup (%j; |F(re'?)[? d@) )

0<r<1

Note that for any F € H*(ID) with F(z) = .7y a,2/, it follows that

IFll 2oy = (Z Ia]-lz) < oo,
=0

This characterization facilitates the identification of H?(ID) as a reproducing kernel

NI=

Hilbert space, by way of considering the inner product

270
(E,G) :=lim % f E(re®) G(re?®) 4@ for E,G € H*(ID),
r— 0
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and the evaluation operators F +— F(z) for z € D and F € H?*(ID). Moreover, a
truncation of power series argument gives that the disk algebra A(D) = O(D) N
C(DD) is a dense subspace of H*(ID). Next, the restriction to the boundary map
from A(D) c H?*(D) to A(D)|sp C L*(bID) extends to an isometric isomorphism,

up to a multiplicative constant,

® : HAD) — AN
F(z) = Z ajzj - (I)(P)(eis) = Z ajeijg,
=0 =0

where Y., a;¢'’ is the representation of ®(F) as its Fourier series. We call the
closure of A(ID)|,p in L2(bD) the Hardy space $?(D) for (D, g51). Note that if we set
X as (H*(D), ‘/%II.IIW(D)) and A as A(D), then $ = H*(ID) satisfies the minimum
criterion of a Hardy space stated in the introduction.

The Szegt kernel s for $*(ID) may now be derived from the Cauchy integral
formula for F € A(ID), which says that

1 F(w) _ 1 F(w)
F(z) = ﬁfmw—zdw_ o j;}D 1_2@01051(71)).

Since s is uniquely determined by such a reproducing property and the fact that
s(z,.) € $*(D) for z € D, see Proposition 3.3, we have that

1
s(z, w) = ml—a forz e D, w € bD.

2.2. Hardy spaces on the punctured disk. In an attempt to develop a Hardy space

theory for the punctured disk, one might first consider O(ID*) N C(ID*). However,
D* = I, so this approach would only lead to the rediscovery of the Hardy space on
the unit disk. One might also try to construct a Hardy space for ID* by considering
the closure of (O(]D*) NCcD v le))‘MD with respect to L*(bD). This fails, too, as
pointwise evaluation on this class of L?(bID)-functions is not bounded for any point
in ID*. To wit, consider the functions

k
Fe(z) := Z i] keN.

~

j=1
Clearly, F, € O(ID*) N C(ID* U bD) , while

had 1
ICFo 2 @p) < @(Z ]-—2) <oo YkeN.
=)

Since Fi(z) divergesask — oo forany z € D7, it follows that the pointwise evaluation
operator is not a bounded operator on ((O(]D*) NnCcDu b]D)) , ||.||L2(b]D)) for any

le
point in ID*. This failure stems from allowing holomorphic functions on ID* with
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essential singularities at the origin. Thus, we allow poles of prescribed order at the
origin, that is, for k € INy, consider the following subset of O(ID*) N C(ID* U bID)

21)  AD)={F:D'UbD — C: F(z2) = (2 ¥G(2)) I for some G € A(D)}.

For each k € INj define 5%(]]3*) to be the closure of A(ID*)|;p with respect to L*(bID).

It immediately follows from z|,p # 0 that
HUD") = {f € LA(BID) : f = z7* g for some g € HA(D)}.

In particular, any function f € $7(ID") is represented by its Fourier series Y2k fiell®
where Y%7 |fil? < c0. Note that $2(ID*) = $*(ID), HIDY) ¢ H7, ,(ID*) for any k € Ny,
and ;2 97(ID") is dense in L*(bID).

We can also derive the Szeg6 kernel s for $7(ID*) directly from the Szeg6 kernel
s for $2(ID). That is, for F € A(ID*) given, let G € A(D) such that F(z) = z7¥G(z) for
z € D*. Then for z € D", we get

Z'F(z) = G(z) = f G(w)s(z, w) dog (w) = f W' F(w)s(z, w) dogi (w).
bD bD

Thus, the kernel given by
sk(z w)—ﬁks(z w)—i7Wk 11
R = e T on k(1 — zw) | 2m (zw)k(1 — zw)
exhibits the reproducing property for 55]%(113*), and si(z,.) € 55]%(113*) for all z € D*.
Hence sy is the Szeg6 kernel for Sﬁi(]D*).
Lastly, we remark that 5% (ID*) satisfies the minimum criteria, laid outin Section 1,
for a space $ to be called a reproducing kernel Hilbert space. Here A corresponds
to Ak(ID*), while X is the space 7—{k2(lD*) consisting of F € O(ID*) which satisfy

72k 27 o2 3
”F”sz(ID*) = 05331(% fo |F(re )) d@) < 00,
It follows that
(2.2) HZ(D) = {P € O(ID") : F(z) = (z *G(2))|p- for some G € 7{2(]D)}.

Moreover, the Laurent series for any function in HZ(ID") is of the form Y%7 a2/
with 322 |aj* < co. This implies that H7(ID") is a Hilbert space. Furthermore,
pointwise evalution is bounded on HZ(ID*). This follows from pointwise evalution
being bounded on H 2(ID), characterization (2.2), and the fact that z|p- # 0. Thus,
HZ(ID*) is a reproducing kernel Hilbert space. Finally, HZ(ID*) and $?(ID*) can be
seen to be isometrically isomorphic, up to a constant factor, by mapping the j-th
Laurent series coeffient of F € sz(]D*) to the j-th Fourier coefficient of F|yp for all
j=k.
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3. HARDY SPACES ON HYPERSURFACE-DELETED DOMAINS

The construction of the Hardy spaces for ID* suggests a general inheritance
scheme for the construction of Hardy spaces for domains that are obtained by
removing certain complex hypersurfaces from a given domain. As is the case of
D" in Section 2, one starts with a domain 2 and a boundary measure v that together
carry their own Hardy space structure. We henceforth refer to such a pair (Q,v) as
a parent space.

We detail requirements on the parent space (€, v) in Subsection 3.1. In Sub-
section 3.2, we describe the class of complex hypersurfaces that will be removed
from Q) to produce the so-called hypersurface-deleted domain 2*. The inheritance

scheme is described in Subsection 3.3.

3.1. Requirements on the parent space. We consider a domain Q € C" equipped
with a finite Borel measure v on its topological boundary b{). We denote the

support of v by T, and set
Qr=QUT.
We discuss some conditions that allow us to identify reproducing kernel Hilbert

spaces of holomorphic functions on Q that admit boundary values on T for, at

least, a dense subspace.

Definition 3.1. Let (€, v) be as above, and ¥ be a family of complex-valued func-

tions on Qr. Then ¥ is said to be weakly admissible if and only if

(i) Flr € L?(v) for any F € ¥, and
(ii) for any compact set K C ), there exists a Cx > 0 such that

sup {IF(2)| : z € K} < CkIFlrllpzy for all Fe .

If we further assume that ¥ is closed under subtraction, then each element of
¥ is uniquely determined by its values along T.

We focus on the family of holomorphic functions given by
AQ,v) == 0(Q) N C(Qr).

Note that A(Q, v) is an algebra over C. It satisfies condition (i) in Definition 3.1

because C(T) c L?(v) whenever v is a finite Borel measure.

Definition 3.2. Let (Q),v) be such that A((), v) is weakly admissible. We define the
pre-Hardy space associated to (Q,v) as

2 i —12(v)
SD (Q/ V) = ﬂ(Q/ 1/)|T ’
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where

AQ)lr:={f:T—>C, f="F for some F € AQ,v)}.

Proposition 3.3, and the subsequent discussion, justifies the nomenclature in-
troduced in Definition 3.1. Note that despite the nonstandard terminology, the

following proposition is standard in functional analysis.

Proposition 3.3. Suppose that A(Q, v) is weakly admissible. Then for any z € (), there

exists a unique bounded linear functional
Ev,: $%(Q,v) » C

such that Ev,(F|r) = F(z) forany F € A(Q, v). Furthermore, there exists a unique function
s: QX T — C such that

(1) s(z,.) € HAQ,v) forall z € Q, and

(2) Ev; and s(z,.) are related through the integral representation given by

Ev.(f) = (f(), 5z, )iz = f fw)s(z,w) dv(w) forany f € H*(Q,v).
T

We refer to the function s as the Szegd kernel for $*(Q, v).

Proof. Note that A(Q, v)|r is a normed vector space when endowed with the norm
for L2(v). The existence of Ev,(f) follows from the Bounded Linear Extension
Theorem applied to the evaluation F|r — F(z) for F € A(Q,v)|r. An application
of the Riesz Representation Theorem then yields the existence and uniqueness of

s(z,.). O

In the literature, Hardy spaces are considered as examples of reproducing kernel
Hilbert spaces on Q. Note that $?(Q, v) contains functions that a priori are defined
only on T C bQ). With an additional assumption on A(Q, v), 92(Q,v) may be iden-
tified with a function space on Q, and hence may be considered as a reproducing
kernel Hilbert space on Q.

To identify the appropriate function space on Q for a given weakly admissible
A(Q,v), we note first that Ev()(f) is holomorphic on Q for all f € $*(Q,v). This
is obvious if there exists an F € A(Q,v) such that Flr = f. It is also true for
general f € $%(Q,v) because the uniform boundedness of the evaluation operators
on compacta, see (ii) in Definition 3.1, says that Ev()(f) is the normal limit of
holomorphic functions. Thus, the map

(3.1) I:94(Qv) — 0(Q)
f +— F where F(z) := Ev,(f)
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is well-defined. Denote by X(Q,v) := I (552((2, v)) c O(Q). The injectivity of I
can be stated through a condition on certain Cauchy sequences in A(Q,v). We

formulate this condition for general function spaces as follows.

Definition 3.4. Let (Q,v) be as above, and ¥ be a weakly admissible family of
complex-valued functions on Qr. Then ¥ is said to be strongly admissible if for
any sequence {F,}l,en C F for which {(F,)|r},en is Cauchy in L’(v)and F, — 0
uniformly on compacta in {) as n — oo, the sequence {(F,)Ir},en converges to 0 in

L*(v)as n — oo.

Now suppose (€, v) is such that A(Q, v) is strongly admissible. Then we may
equip X(Q, v) with a reproducing kernel Hilbert space structure via 7. This allows
us to identify $?(Q, v) with a reproducing kernel Hilbert space on Q, and hence we

can make the following definition.

Definition 3.5. Let (Q,v) be such that A(Q, v) is strongly admissible. The Hardy
space of (Q,v) is H*(Q, v).

We note that we do not have an independent description of X(Q, v) in this gen-
eral setting of strongly admissible function spaces. However, in all the examples
considered in this paper, X(Q,v) is independently described using an exhaustion-
based approach, see the spaces denoted by H?(.) in Sections 2, 5 and 6.

Examples of (Q, v) for which A(Q, v) is strongly admissible include
(1) (Q,0), where Q c C is a C"*-smooth bounded domain, and ¢ is the arc-
length measure on b(), see the discussion at the beginning of Section 4.
(2) D", 04 X ...X0g1), where 04 is the arc-length measures of the unit circle in
the j-th coordinate, and T = (bID)", and
(3) (Q,0), where Q c C" is a C>-smooth bounded domain, ¢ is the surface
measure of bQ) , and T = bQ, see [30].
On the other hand, recall from Subsection 2.2 that A(ID*, 041) is not even a weakly
admissible subspace of L?(bID, o). Conditions analogous to weak and strong
admissibility, albeit in a broader context, were identified in [1, Theorem p. 347].
An example is also given therein to demonstrate the inequivalence of the two

conditions, see [1, p. 349].

3.2. Requirements on the hypersurface. We first recall some standard notions
from analytic geometry. Let K € C" be a bounded set.

Definition 3.6. Denote by O(K) the set of equivalence classes of

{(f,w) : w is an open neighborhood of K and f : @ — C is holomorphic}
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modulo the equivalence relation (fi, w1) ~ (f2, w2) if and only if there is an open
neighborhood w C w1 Nw> of K such that fi|, = f2|,. The equivalence class of (f, w)
will be denoted simply by f, which we call the germ of an analytic function on K.
Note that O(K) forms a ring under multiplication and addition.

Definition 3.7. Let w C C" be an open set. A closed subset V of w is an analytic
variety in w if for any z € w there exists a neighborhood U(z) C w such that U(z) NV
is the common zero set of some nontrivial fi, ..., fy € O(U(z)) for some k € IN. We
say that V is a locally principal variety in w if k may be chosen equal to 1 for any

ZEw.

Definition 3.8. Define 7'(K) to be the set of equivalence classes of
{(V,w) : w is an open neighborhood of K, V ¢ w is a locally principal variety in w}

modulo the equivalence relation (V1, w1) ~ (Va, w,) if and only if there is an open
neighborhood w C w1 N w; of K such that Vi|, = V3l|,. The equivalence class of
(V, w) will be denoted simply by V, which we call the germ of an analytic hypersurface
in K.

We next focus on the situation when K = Q for Q € C" is a domain. Note that
the zero set of any nontrivial f € O(Q) gives rise to an element V € ¥(Q), but
not every element in ¥ (Q) arises this way. If Ve (Q) is indeed the zero set of
a single f € O(Q), then V is called principal and such an f a defining function for
V. A principal germ V is called minimally defined if it admits a defining function
f € O(Q) such that, whenever U c Q is an open set (in the relative topology) and
g € O(U) vanishes on UNV, then f|;; divides g in O(U). We call such an f a minimal
defining function of V in O(Q). It follows from a standard argument that minimal
defining functions are unique up to non-vanishing holomorphic factors. We state

this as a lemma for easy reference.

Lemma3.9. Let V bea minimally defined germ of an analytic hypersurface in Q. Suppose
f, g € O(Q) are two minimal defining functions of V. Then there is an h € O(Q) such that
f = hg, and h does not vanish on Q.

Finally, Ve ¥ (ﬁ) is said to be irreducible if it cannot be expressed as V; U V; for
elements V1, V, € #(Q) distinct from V. Note that for any Ve (Q), there is an
m € N such that VN Q = U’j’il(Vj N Q), where each V; is an irreducible germ of an
analytic hypersurface in (), see [10, § 5.4].

Subsequently, we consider domains as follows.
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Definition 3.10. Let Q € C" be a domain. Let V € ¥ (ﬁ) be a finite union of
irreducible, minimally defined germs of analytic hypersurfaces on Q. Then

QO =0\V
is called a hypersurface-deleted domain.

We now discuss some examples of hypersurface-deleted domains. In the planar
case, if Q € C is a domain and V C "//(5), then QO NV = {ay,...,a,} for some
ai, ...,am € Q and m € N. It is immediate to see that fj(z) = z — a; is a minimal
defining function of {a;} in O(Q). Thus, Q\V = Q\ {ay,...,a,} is a hypersurface-
deleted domain.

A further class of examples, which includes bounded convex domains in C”,
is provided by the following result. Note that the result implies that for such Q,
Q\ V is a hypersurface-deleted domain for any V € 7(Q).

Proposition 3.11. Let n > 1. Suppose Q € C" is a domain such that Q admits a Stein
neighborhood basis and HX(Q;Z) = 0. Then any irreducible V.€ ¥ Q) is minimally
defined.

Proof. The proof is well-known. For the reader’s convenience, we highlight the
main steps of the argument. Recall that a Cousin II distribution on the compact
set Q is a collection {(U,, f)}ier, where {U,} e is a (relatively) open cover of Q, and
fi € OU,) with filuru, = hy - filunu, for some nonvanishing h,, € ou,nu,).
The hypothesis on Q implies that, given such a Cousin II distribution, there is an
fe 0(5) such that f, = I, - fly, for some nonvanishing h, € O(U,), for allt € I, i.e,,
Qs a Cousin II set, see [11].

Let V € ¥(Q) be irreducible. Then V admits a local minimal defining function
at each point of V N Q, see [10, §2.8.]. By compactness and Lemma 3.9, there
function of V N U; fori € {1, ..., m}. We claim that the Cousin II solution, f € 0(5),
for this distribution is a minimal defining function of V in O(Q). First observe that
flunv = (hl.‘1  fillunv = 0 fori € {1,...,m}. Thus, f vanishes on V. Next, let U C Q
be a (relatively) open subset and g € O(U) be such that g vanishes on U N V. Since
each f; is minimal, it follows that each f; divides g in O(U N U;). Furthermore, fly,
divides f; in O(U,), in particular flyny, divides f; in O(U N U;) for each i. Therefore
flunu, divides g in O(U N U;). That s, fly divides g locally and hence in O(U) since
f and g are globally defined in U. o

In general, if V € #(Q) is principal, then any defining function f € O(Q) of V is
minimal if and only if {z € w : det Df(z) = 0} is nowhere dense in V N w for some



12 A.-K. GALLAGHER, P. GUPTA, L. LANZANI, AND L. VIVAS

open neighborhood w of Q, see [10, § 2.9]. Thus, by this criterion, Q \ V, where V

is an affine hyperplane, is always a hypersurface-deleted domain.

3.3. The inheritance scheme. We first construct Hardy spaces for triples of the
form (Q, v, V), such that

(i) Q € C"is a domain, v is a finite Borel measure on bQ,
(if) V is an irreducible, minimally defined germ of an analytic hypersurface in
Q, and
(iii) ANV #Pand v(T N V) =0, where T = supp(v).

The case of general hypersurface-deleted domains is discussed at the end of this
subsection.

Asbefore, Or = QUT, O* = Q\ V,and A(Q,v) is as in Definition 3.1. We also
set T* := T\ V. Let ¢ € O(Q) be a minimal defining function of V. Then for any
non-negative integer k, we consider the following subset of O(Q2") N C(Q* U T*)

(32) AL, v)={F:QUT - C:F =@ ¥G)laur for some G € AQ, v)
and Fir- € L*(v)}.

Note that it follows from Lemma 3.9, that A((2*, v) does not depend on the choice
of minimal defining function of V. Hence, we make no reference to i in our
notation and work with a fixed choice of 1) for the purpose of our proofs.

We identify Ax(QQ*, v) with a function space on O* U T by extending its members
trivially, by zero, to TNV, which is a measure-zero set. Then the space of boundary

values of A(QY*,v), i.e.,
Ar(Q,v)|r = {F|r : F € A(Q",v)}

is a subspace of L?(v). Note that as subspaces of L*(v), Ax(Q", V)t = AR(Q", v)|r-.
This allows us to speak of the notion of weak and strong admissibility for Ax(€Y", v).
The spaces Ax(Q2*, v) always inherit the properties of weak and strong admissibility
from A(Q, v).

Theorem 3.12. For (Q,v, V) satisfying (i), (ii) and (iii) above, the following holds.
(1) If A(Q,v) is weakly admissible, then so is ALY, v) for any k € No.
(2) If A(Q,v) is strongly admissible, then so is Ar(CY*,v) for any k € INo.

Proof. For the proof of part (1), fix a k € INg and suppose that A(Q, v) is weakly
admissible. We need to show that for any compact set K C ()", there exists a
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constant cx > 0 such that the evaluation operators
Ev, : A (Q",v) — C
F— Ev,(F):=F(z), zeKkK

are uniformly bounded on K. For that, let F € A(Q*,v). Then F = (d)_kG)IQ*UT*
for some G € A(Q,v) and F|r € L?(v). Since A(Q, v) is weakly admissible and K is
compact in {*, hence in ), it follows that there exists a constant Cx > 0 such that

[Ev.(G)| < CklIGlrllr2qy Yz €K
Therefore,
[Ev.(P) = [y @)| - |Ev.(G) < Ck [0 @)|IGlllzq) Yz € K

Since K c ", ¢ is continuous and nonvanishing on K, and v(V N T) = 0, there

exists a constant a > 0 such that
[Ev=(F)| < Ck [IGlrllegy = Cel|@* - B)lr,.,, Yz €K
As |7 is bounded and F|r € L2(v), there is a constant cx such that
[Ev:(F)I < ek IFIrllzq) -

This concludes the proof of part (1).

To prove part (2), let k € INg and suppose that A(L2, v) is strongly admissible. Let
{(F)len © Ar(QY,v) be a sequence such {F,|r},en is Cauchy in L2(v) and F, — 0
uniformly on compacta in O*. Then for any n € N, F,, = (¢_an)|()*UT* for some
G, € A(Q,v). Therefore,

Gy = G Irlizy = [ Fu = ¢ i, -

Since ¢ is bounded on T, it follows that {(G,)Ir},cn is @ Cauchy sequence in L2(v).
Furthermore, A((), v) is weakly admissible, and so for any compact set K C (),

there exists a constant Cx > 0 such that
1Gn(2) = Gm(2)] < Ck (G = Gm)lrllr2y Yz €K,

i.e., {Guluen converges uniformly on compacta in Q. Thus, there exists a G € O(Q)
such that G,(z) — G(z) for all z € QQ as n — oo. However, for z € (), G,(z) =
Y5 (z)Fu(z) — 0 as n — oo. Therefore, G(z) = 0 for all z € Q*. This implies that
G =0on Q, and G, — 0 uniformly on compacta in Q. Since A(L2, v) is strongly
admissible, it follows that (G,)|r — 0in L?*(v) as n — oo. This in turn implies that

(Fn)lr — 0in L*(v) as n — oo. Thus, Ak(Y", v) is strongly admissible. m|

We are now set to define the central objects of this discussion.
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Definition 3.13. Let (€, v) be such that A((, v) is weakly admissible and k € INj.
The k-th pre-Hardy space ﬁi(Q*, v) is the closure of A(Q*, v)|r in L2(v). If AQ,v) is
strongly admissible, we call SB%(Q*, v) the k-th Hardy space of (Q3,v, V).

Note that
Ao (Q,v) = AQ,v)larur,
i.e., Ap(QQ,v) does not lead to a new space. Furthermore,
(3.3) Ap(Y,v) CA(Q,v) C ... C AL, v)C ...,

and, for any ¢ € INj, the spaces yb"ﬂk(Q*,v) = {yb" -F:Fe ﬂk(Q*,v)} satisfy the

inclusions
(3.4) YEAQ, V) C A (Q',v) whenever ¢ <k

The collection {$7(Q", v)}x inherits these properties. That is, $5(Q",v) = $*(Q,v).

Furthermore,

(3.5) H3(Q,v) € HIQ,v) S-S HHQ ).,
as well as
(3.6) PEHHQ,v) € H2 (Q,v) whenever ¢ <k

Applying Proposition 3.3 to A((Y", v), we see that 55]%(9*,1/) possesses a Szegb
kernel s for any k € INg. Moreover, the Szeg6 kernel s for $2(Q,v) generates a
family of kernels with the reproducing property for $7(Q", v).

Proposition 3.14. Let (Q, v) be such that A(Q, v) is weakly admissible. Let ¢ € A(Q, v)
be such that ¢ = hy where 1 is a minimal defining function of V and h € A(Q,v) is
nonvanishing on Qr \ V. Then

P*w)
P(2)

has the reproducing property for $7(Q)',v). Moreover, if h is nowhere vanishing on Qr

(3.7) Cro(z, W) :=

s(z,w), ze Q' ,weT

and || is constant on T, then cy., is the Szegd kernel for H(CY*, v) for all k € No.

Proof. Let k € Ny and F € A((Y',v). Then there is a G € A(Q,v) such that
F = (7*G)|q-ur- and Flr € L2(v). Since h*G € A(Q, v), it follows that for any z € QO

F(z) = " 2)p" @)F(2) = 9 * @ @)G() = 97" (z) | (w)G(w)s(z, w) dv(w).
T
Thus,

F(z) = f F(w) cxp(z, w)dv(w) forany z € Q.
T
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The reproducing property of ¢, for $2(Q2",v) then follows from the density of
A(Q, V)| in H(QY, v) with respect to LA(v).

It remains to show that if / is nonvanishing on Qr and |p| equals some constant
¢>0onT,then m € 5%(()*, v) for any z € ()*. Note first that ¢ # 0 since neither
hnor ¢ vanish on T*. Thus, as an aside, observe that ¢ does not vanish on T and,
in particular, VN T = (. Since s(z,.) € ﬁi(Q, v) for any z € ), it follows that there
exists a sequence {S,(z, .)}nen such that S.(z,.) € A(Q,v) for all n € N and

sz, ) = Suz, .)|T||L2(V) —0asn—oo, YzeQ.
This, and the fact that ¢*(.)¢*(z) is bounded on T for any fixed z € Q*, implies that

”Ck,(p(Z, D) - ((pk(.)(p‘k(z)sn(z, .)) |T||L2(v) — 0 as n—> o0, YzeQ"

To see that p*(.)p~*(2)S(z,.) is in Ak(Q*, v) for any z € OO, we first note
PFw) = Fo T w)YweT.

It then suffices to show that ¢7(.)S,(z,.) is in A(Q*,v) for any z € Q. Since
h € A(Q,v) is nonvanishing on Qr, it follows that h7%(.)S,(z, .) € A(Q, v). Thus, by
the definition of A(QY",v), it remains to show that (¢ ~*()h™()S,(z,)) Ir is in L3(v).

This membership holds because ¢ - h = ¢ is a nonvanishing continuous function

on T. This concludes the proof of ¢, being the Szeg® kernel for $3(Q*, v). o

Remark 3.15. Note that replacing the Szeg® kernel for $*(Q,v) in (3.7) with any
other kernel with the reproducing property for $*(Q,v), yields yet another family
of kernels with the reproducing property for $(C", v).

We briefly discuss the especially favorable situation when VN T = . In this
case the requirement that F|7- € L?(v) in the definition of A(C)*,v) is redundant.

Moreover, the containment relations in (3.3) and (3.5) are strict, i.e.,
A(Q,v) S AQ,v) and  HHQ,v) € H(Q,v), whenl <k, £ €Ny,
and those in (3.4) and (3.6) are equalities, i.e.,
PEAQ, V) = A (Q,v) and  PISIQT,v) = §7(Q°,v), whenl <k, £ e Ny.

Theorem 5.1 provides examples of (€2, v, V) that exhibit the dual phenomenon, i.e.,
the containments (3.5) stabilize to equalities, while the containments in (3.6) are
strict.

In the classical construction, the Hardy space $%(Q,v) is a module over the
algebra A(Q),v). This phenomenon cannot percolate to 5%(@*,1/) as, in general,
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Ar(QY*, v)isnotevenan algebra. However, when VNT = 0, the union [ J,_, A(Y", v)
is a filtered algebra over C since

FQ ) - AL, V) € Ay (@), jk € N,
The space U2, $7(Q",v) is then a filtered module over this filtered algebra since
A, v) - HHQ ) € 9 ,(Q ), jkeNo.

We now consider the general case, i.e.,, V = V3 U---UV,, where each V;
is an irreducible, minimally defined germ of an analytic hypersurface in Q. Let
Y€ 0(5) be aminimal defining functionof V;, j € {1,...,m}. Then{ = ¢1-.. .-y, €
O(Q) is a minimal defining function of V. One could proceed as in Definition 3.2
using . However, this approach leads to an incomplete picture of the relevant
spaces as each irreducible germ can independently yield a one-parameter family
of spaces. For instance, consider the example (2}, at the beginning of Section 4, and
compare the spaces in (4.1) to the above definition where all the factors of ¢ would
appear with the same exponent.

To remedy this issue we proceed inductively. We write
Q,=Q\(Viu...uVy, (e{l,...,m},

and define Ak(Q],v) as in Definition 3.2 for k € INy. For £ > 2, consider multi-
indices k = {ky, ..., k¢t and k" = {ky, ..., ke-1} with k; € N, and define

Fu(Q5,v) = {F QUT"->C:F= (¢;k‘G)|g*Up for some G € A (L2;,_;,v)

and F|p- € Lz(v)}.

The inductive nature of this definition allows for the iterated application of Theo-
rem 3.12 and Proposition 3.14. In particular, if (Q, v) is such that A(Q, v) is strongly
admissible, then
2y —— L)
(3.8) Q) := A, V)T
is a reproducing kernel Hilbert space on Q for any k = IN"Y, and we call it the k-th
Hardy space of (QQ,v, V).

4. PLANAR DOMAINS

In this section, we apply the scheme described in Subsection 3.3 to hypersurface-
deleted planar domains. Note that the case of the punctured disk is covered in
Subsection 2.2.

Recall that any hypersurface-deleted planar domain may be written as

Qp=Q\P, P={p1,..pm} CQ,
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see Definition 3.10 and the subsequent discussion. We henceforth refer to ()}, as
an m-punctured domain. Here, we consider QO € C of class CY for @ € (0,1), and
the arc-length measure ¢ on bQ so that V Nsupp(c) = 0. Under these assumptions,
A(Q, 0) is strongly admissible. This is because A(Q,0) C E*(Q), the classical
Smirnov-Hardy space of (), which is strongly admissible due to the existence
of nontangential limits in L%(0), see [12, Theorem 10.3 & Section 10.5]. In fact,
A(Q, 0)lpa is dense in E*(Q)|pq, see [12, Theorem 10.6 & Section 10.5]. Thus, the
Hardy space $%*(Q2,0) coincides with the classical Hardy space on Q. Now we
can either apply the inductive scheme of Section 3.3 or, equivalently, consider the
closure in L?(0) of the strongly admissible space of boundary values of

(4.1) FA(Qp,0) = {FEO(Q}) : z=p1)" - .- (z = pu)"F(2) € A(Q, 0)}

for k = (ki, ..., ks) € INJ'. Either construction gives a family of Hardy spaces

{Sj)f((Q;, a)}ke]N"’ such that

H2(Qp,0) € 97, (Qp,0) whenever kj <k, je{l,..m).

Note that each $7 (€2}, 0) is the space of L*-boundary values of holomorphic func-
tions on Q that have poles of orders at most ki, ...k, at p1,...,pm, respectively.
Applying Proposition 3.14 and Remark 3.15 iteratively, we obtain the following

result.

Proposition 4.1. Let ¢ = (¢1,..., o) € A(Q,0)", k = (ki, ..., ky) € NI and @** =

+kq
1

kernel with the reproducing property for $*(Q, o). Then

R qf,,k"‘. Suppose each ¢; vanishes only at p;, j = 1,...,m. Suppose c(z,w) is a

@) ez, w) pw)*, z e webQ,
has the reproducing property for $5i(Q’I;, 0). Further, if each ¢; has a simple zero at p; and

¢l is constant on bQl, then

Pw)
P(2)«
is the Szegd kernel for $3(CX;,, o) for all k € IN'.

Cr,p(z, W) == s(z,w), z€QpwebQ,

In addition to the Szegé kernel, we discuss a generalization of the Cauchy kernel
for Sﬁf((Q* ,0), k € IN'. Recall that the classical Cauchy kernel

1 1
Clz,w) = 2 w—z

is a holomorphic function on C X C \ {z = w} such that

J (C (z, w)dw)
do(w)
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has the reproducing property for $*(Q, o), where j : bQ — C is the inclusion map.
Applying Proposition 4.1 to this kernel, we obtain the following analog of the

Cauchy integral formula for m-times punctured domains

1 f (w— pl)kl e (w - pm)km

21 Jyo G- p1)F (2 - pu)r(w —2)

F(z)

F(w) dw

=:27i Cy(z,w)
for F € Ax(Q},0) and z € Q. We call Ck(z, w) the Cauchy k-kernel for m punctures.
Note that it is a meromorphic function on € X C \ {z = w} whose poles depend
solely on the location of the punctures. When written with respect to o, the integral

kernel in the above formula is, in fact,
C(z,w) = Cilz, w)y(w),

where w = y(t) is the arc-length parametrization of b(Q). It follows that Cf v (z, w) has
the reproducing property for $7(C2;, 0). In contrast to Cf ? the Szegd kernel, sy, of
97 (Q;, 0) is, in general, not known explicitly. However, for simply connected Q,
Theorem 4.2 below gives a formula for sy in terms of the Szeg6 kernel for $%(Q, 0).
It also shows that the two kernels, si and Cf ;’, coincide if and only if Q}, is a disk
punctured at its center. This rigidity result extends the Kerzman-Stein Lemma
([18, Lemma 7.1]) to the case of m-punctured domains.

Theorem4.2. Let Q € Cbea CY*-smooth simply connected domain,and P = {p1, ..., pu} C
Q. Let u : Q — D be a biholomorphism with q; = u(p;), j = 1,...,m.

(1) The Szegd kernel for 55]2((Q* ,0) is given by

sk(z, w) = @y *(2) s(z, w) pyw), z € Qpw e bQ,

C—- —
where, @y = (Mq1 o, .My, o y)for M,y(Q) = ﬁ (3,0 e DxD.
(2) Cf;’ (z, w) = sk(z, w) for some k € INT if and only if (3, is a disk punctured at its

center.

To prove Theorem 4.2, we use the fact that the Szeg6 kernel s of $%(Q, 0) is Slaxa,
where § is the continuous extension of the Szeg6 kernel for E2(Q) to QxQ\{(z,2):
z € bQ)}. Note that S(z, w) = Mforz,w € OxQ\{(z,2) : z € bQ)}. The continuous
extension of the Szeg® kernel for E2(Q) follows from three facts. Firstly, this is true
for the classical Szeg6 kernel SP of the disk. Secondly, the derivative of any
biholomorphism f from ) onto ID admits a continuous nonvanishing square root
on Q, see [26, Theorem 3.5]. And lastly, the Szeg® kernel for E>(Q) can be expressed
in terms of SP and \/? , see the transformation law in [19, Lemma 5.3].
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Proof of Theorem 4.2. Since u extends continuously to Q, we have that ¢, €
A(Q, 0)™. Moreover, since [M,| = 1 on bD, and M, only has a simple zero at g, the
same is true of each ¢; on bQ and at p, respectively. Thus, by Proposition 4.1, ci ¢,
is the Szeg6 kernel for 55i(Q* ,0). Since My o i = W on bQ), the first claim
follows.

Next, observe that Sy (z, w) = @o(z) *S(z, w) @o(w) ¥ extends sy continuously to
(Q\ PP\ ((z,2) : z € bQ), and Si(z, w) = S(w, 2). Thus, if C," = sy, it must be that
forz,w e bQ, z # w,

. - S —
42 s - s = 5O () - o i@ <o
—p) e (w = K —
where e(S(z, w)) = @=p1) @ = pw) and y(z) = y(z)_ 1s the vector ob-

(z=p1)f (2= pu)r
tained from reflecting y(z) in the chord determined by w and z. Thus, as in the

proof of the classical Kerzman-Stein Lemma, (4.2) implies that for any two distinct
points z,w € bQ), the chord connecting w and z meets the boundary curve with
the same angle at both points. But this can only happen if bQ) is a circle [27], i.e.,
O =D,a)={zeC:|z—a| <r}for somea € Cand r > 0. In this case |y(w)| = Iy(z)
for all z,w € bID,(a), and so |e(S(z, w))| = 1 for z,w € bID,(a). If k € IN', this yields
that [(w —p1) - - - (w — pm)| is constant on bID,(a), which is only possible if P = {a}. O
Theorem 4.2 is stated only for simply connected domains because of the limited
applicability of Proposition 4.1. In particular, if () is multiply connected, then the
conditions on ¢}, assumed in Proposition 4.1, may not be attainable. For example,
ifQ={zeC:1<|z] <2}and V = {a} for some a € Q, then there is no ¢ € A(Q, 0)
that has a simple zero at 2 and is such that || = C on bQ. This is because, owing
to the argument and maximum principles, N(&) := 7 Lo (p(ufw)
integer-valued function on ID¢(0) and hence a constant. If ¢ had a simple zero,
then N = 1 on ID¢(0), forcing ¢ to be a homeomorphism between ) and D¢(0),

dw is a continuous,

which is impossible.

However, in the case when Q s finitely connected, the Szeg6 kernel for $2 (2, o)
enjoys a transformation law under biholomorphisms. The proof goes along clas-
sical arguments in [4, Ch. 12] and [19, Lemma 5.3], after taking into account the

boundary regularity of conformal maps between C'*-smooth domains, see [2,

App. A].

Theorem 4.3. Suppose QO,D € C are C'*-smooth domains, and yp : Q — D isa
biholomorphism. Then, for k € INT",

s w) = VW@ (5 (1), pw) V@), zeQpweto,
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where s and s denote the Szegd kernels for $3(Q;, 0) and H2(D* ., 0), respectivel
Kk Kk 4 1 \2ps 1\ upy 9) Tesp Y.

5. HYPERSURFACE-DELETED EGG DOMAINS AS EXAMPLES OF FINITE STABILIZATION
In this section, we consider triples of the form (8p, v, {z0 = 0}), p € N, where
(5.1) E =1{(z1,20) € C*: |17 + |zo|? < 1
. 14 1,42 . 1 2 7

and the measure v on b&, is either

(a) o, the Euclidean surface area measure, or
(b) wp, the Monge-Ampére boundary measure associated to the exhaustion

function
1
Pp(21,22) = » log (|Zl|2p + |22|2p).

Note that w), is also the Leray-Levi measure associated to the defining function
21
pp(z1,22) = > (|21|2p + |20 - 1)-

In the case of the ball, or p = 1, the two measures coincide and 92(E1,0) = HX(Er, w1).
In all other cases, 552(8,,, 0) ¢ 552(8,,, wp). We show that this discrepancy, owing to
different choices of measure, is amplified in the case of 8;, = &y \{z2 = 0}. Moreover,
this setting yields examples of nontrivially stabilizing filtrations of Hardy spaces.

For some context, note that 552(8p, 0) is the space of boundary values of the
classical Hardy space on &, as defined by Stein in [30], while $*(&,, w,) is the space
of boundary values of the Poletsky-Stessin Hardy space associated to ¢, on &,
see [25]. The latter spaces have been studied by Hansson in [16], Sahin in [28], and
Barrett-Lanzani in [3]. Later, we encounter the limiting case of (8p’ wp, {22 = O})
as p — oo. To wit, if & = lim &, in the Hausdorff metric, and w. is the Monge—

p—)OO

Ampere measure corresponding to the function
Peo(z1,22) = im (21, 22) = log maxdlzal, [zall,

then &, = E \ {z2 = 0} is ID X ID* and we = 041 X 041, see [25, § 4]. Since {z, = 0}
does not intersect supp(we) = bID X bID, {55]%(820, Woo)}keN, does not stabilize, and
Z9UEL we) = 97 (8L, we) for £ < k. The behavior of this filtration is quite

different when p < co.

Theorem 5.1. Let p € N. Then {H3(E}, 0)lken, stabilizes atk = 0, i.e.,
HA(E;,0) = HAE;, 0), Vk e Ny.

On the other hand, {5513(8’13, wp)lkeN, stabilizesatk =p—1,1i.e.,

95(E; wp) € HIE wp) € - € 552_1(8*,%) = 9:(&,, wp), Yk =p.
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Moreover, H3(E;, wp) 2 2292(E;, wp) 2 -+ 2 2555,%(8*,60,0) 2.

In order to prove Theorem 5.1, we describe the relevant Hardy spaces. Here,
j : b&, — C* denotes the inclusion map, and d is the real operator i(0—d). Dropping
the subscripts of ¢, and p,, we have that

0 Pz Pz,

—det Pz Pzzi Pzz

o c c _ ]*(ap /\ aap) _ pZZ Pzﬁl pzﬁz
wp = j[@dp Addp) = o T o, onb&,

where p;; is the first order partial derivative of p with respect to zj, j € {1,2}, and
P2z is the second order partial derivative of p with respect to zj and z, j, k € {1,2}.

For ease of computation, we parametrize (b&,). := b&, \ {(z1,22) € C?:z1zp =0} as
(5.2) 9:(5,01,00) - (57, (1-9)¥e®), (5,01,02) € (0,1) x [0,2m)2.
Since b&, N {z1z2 = 0} is a set of measure zero for both ¢ and w;,, we have that
(5.3) L2(bE,,v) = L*((0,1) x [0,2m)% 9), v =0,@),

via the map f > flps,), © 9. It is easy to check that

O -9 450, d6
S'do = — :  dsdOydo, ~ — 272
A T L s (1—s)'

\9*(4);7 =ds d@l d@z

and

Here, a(r) = b(r) means that there are constants ¢, C > 0 such that cb(r) < a(r) < Cb(r)
for all . For the sake of brevity, we drop all references to 9, use (s, 01, 02) as
coordinates on b&,, and abbreviate || f]| 12(b8,,v) tO IIfIl,. We now provide descriptions

of the spaces 552(8,,, o) and 552(8,,, wp) in terms of L*-convergent series expansions.

Proposition 5.2. Let p € IN. Then

i L i +1 €+1
Z aj,(szzp 1- S)Z[Vel(]sﬁmZ) : Z Iaj,(lzﬁ(]—, T) <o,

54) 9%(&p0)

7£=0 €20 P
i P it
(55) $X(Epwy) = 1) aysT 5T Y |a,,(|2ﬁ(i +1,- +1) <ool,
7£=0 €20 P P

where B(x, y) = fol s*1(1 — s)¥~Yds is the Euler beta function. In particular, $*(E1,0) =
(&1, w1), and H*(Ey, 0) € HA(Eyp, wy) when p > 1.
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Proof. We first prove (5.5). In view of (5.3), any f € LZ(bSP, ©,) may be written as
(5.6) f5,00,02) = Y fruls) oo,

(jez?

where {f;¢(s)} jez» are the Fourier coefficients of f(s, ., .),and ¥ ; nezz |l f},t’”%z o1 <

Now, for F € A(Ey, wp), we may write

E(ar, 25) = | 2702014 2125, if (21,22) € &,
1,22) = —~ B ‘ ‘

Y ez () €000, if (z1,29) = (s%¢%, (1 - 5) 5% ) € b,

where in &,, the power series converges uniformly on compact subsets, and on
b&,, the series converges in Lz(a)p). Next, for s € (0,1), F is continuous on the closed
polydisk {(zl,zz) €C?:|zq| < sV, |z < (1 = 5)1/2?7}. Hence,

L L.,
— SZP (1 - S) 2;7 . P(wlfw2) ﬂ]',[S 2p (1 — S) 2, ]/f > 0’
Fies) = o lim ff —— = dwdw, =

1 .
[wy [P =r(1-s) ]+ [ ! 0, otherwise.
1
s =rs
Moreover,
2

Y Fielg = Zf ajelPs? (1 - s)ds = ¥ lad /3( i1l 1)
ez j =0 =0

Thus, we obtain the characterization in (5.5) for a dense subspace. By taking
Lz(a)p)-limits of sequences in A(Ey, wp), the expansion for any f € 552(8,,, wp) can be
established. The argument for (5.4) runs along similar lines.

Now, since 5( +1,L+ 1) < 5(’“ "+1) for all j,£ > 0, we have that $X(E,,0) C
H%(Ep, wy), with equahty when p = 1. To show strict containment for any p > 1, we
consider the series f(s, 61,62) = ¥ ;>0 ]-,552]7 (1- s)z_i’ei(f91+€92), with

B(m+1,n+1)71/2
mn 4

when%zme]N,g =nelN,
a]‘,g =
0, otherwise.
Then [IfI2, = 472 ¥, s a2 (£ +1,£ +1) = 472 1, 150(mn) 2 < o0, but since

~1 q_1

+1 ¢+1 1 m' 'y
IfIR ~Z|,zlﬁ(] . ) ¢y ="

Jit=0 m,n>1 men (m+mn)r

f does not converge in L*(0). ]

Proof of Theorem 5.1. Fix a p € IN. First, we consider ¢ = s%_l(l - s)%_1 dsd0,d0,. It
is clear that

z§k|bsp = (1 -s) 27 k02 € [2(bE,,0) &= k< 1.

Now suppose thereis a g € $3(E;,0) \ $3(E;, 0). Then
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(i) g € LX(Ep, 0)\ 93(E;, 0);
.. g .. . .
(iD) (228)lbs, = L0 )57 (1= 8) ¥ eV with ¥, 1 laj B (%’ [_1) < 0.

P
Writing g = Y. ez §j¢(s) e+

, we obtain from (ii) that

R aje+1, iijO,fZ—l
gje= _
0, otherwise.

Thus,

912 ~ Y lajoP f +Zla,(+1|ﬁ(]+1 “1)

j=0 (>0

which is finite only if a;o = 0 for all j > 0, and ¥ ;50 l4;, 1B (’+1 521) < co. In that
case, g € 552(8p, 0), which contradicts (i). Thus, 55%(6},, 0) = $3(&;,0). A similar
argument shows that 5%(8*, 0) = 95(&;, 0) for all k € Ny.

In the case of w, = dsd0; dO>, we have that
2 g, = (1 =) 7™ € L2(bE), wp) = k<p.

Thus, z; ke 52(8*,%) \ 55 (8*,a)p) as long as k < p — 1. For k > p, we may argue,
as in the case of ¢ above, that $2(&;, w,) = H3(E;, wy).

Finally, we show that 7 (&, w)) 2 zzgi(é‘;, wp) for any k € No. In view of the
stabilization, when k > p, it suffices to show that 5?_1(8* ,wp) 2 22552_1(8;, wp). This

s 92 1(&;, wp), but 2, ¢ LA(bEy, wy). For k <p, let

is clear since Z,

o009 = Tms 14 (e,
m=0
1 gD
h(s, 01,02) = ((1 —-s)»e 2) f(s,61,02).

Since, for any fixed ¥ > 0, f(m + 1,1) ~ (m +1)™" as m — oo, we have that
IAIB, =Y m+ )T pm+1,1) < Y m™ T <o
m>0 m>0
Thus, z5'h = f € 55%(8;, wp). Moreover,
2, = Z(m+1) n/s(m+1 1+ - — —) Zm < oo,
m=0 m>0

Thus, h € $7 (&), w,). But ||z‘1h||w > Y..som ™! is not finite. Thus, there is no
g € 97(8;, wp) such that z,¢ = h. Thatis, h € $ (E;, wp) \ 2255,%(8;, wp). O

Remark 5.3. The egg domains &, may be endowed with other natural boundary

measures. For example, in [3, Def. 43], the authors consider the family of measures
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fve = flz=o)

and

cepoq) O b&,, where f is any positive continuous function on b&,,

0 —
12| = —4Vp| det[ Pz ]
Pz Pz 1<jk<2

for any defining function p of &,. The measures ¢ and w, correspond to v1 (f = 1)
and v (f = [Vp,[*/47?), respectively. It is also worth noting that the Fefferman
hypersurface measure on b&, is precisely v2/3 (f = 1). Analogous computations
can be carried out to obtain explicit descriptions of the spaces 55]%(8;,1/7). Note,
in particular, that the filtration corresponding to the measure v, stabilizes at k =
[p(1 = 1) + ©] — 1, where [-] is the ceiling function.

6. HARTOGS TRIANGLES: AN APPLICATION

We construct filtered modules of Hardy spaces for certain power-generalized
Hartogs triangles. This family of domains was first introduced in [13, 14]. Specifi-

cally, we consider domains of the form
Hy/n := {(z1,22) € C* : |z1]" < |z < 1}, m,n €N, ged(m,n) =1,

where T = bIDxbD is endowed with the product measure o := 051 Xog1. Although
H,,/» is not a hypersurface-deleted domain, it is a proper holomorphic image of

the hypersurface-deleted domain D x ID* via

Oun : (21,22) = (2725, 25).

Note that ©,,/, maps T to T, and ©;, e f — f o Oy, induces an isometric
isomorphism from L? (T, o) onto a closed subspace of L*(T,or). Thus, we can
deduce the Szeg6 kernels for H,,/, from those for ID x ID*. To do this, we first treat
the case of ID X ID* in Subsection 6.1. In Subsections 6.2 and 6.3, we treat the case of
the standard and the power-generalized Hartogs triangles, respectively. As done
in Section 2, we omit the measure o from the notation for the relevant functions

spaces. Moreover, we use polar coordinates (61, 62) on T.

6.1. Hardy spaces on D x ID*. We construct the Hardy spaces for D x ID* by
executing the inheritance scheme in Subsection 3.3 for the triple (D?, o7, {z2 = 0}).
To implement the scheme, consider, for k € INy, the following subset of O(ID xID*)N
C((Dx D) uT)
A(D X D) = {F: (DX D) UT — C: Fz1,22) = (2,°G(21,22)) lowpryor
for some G € A(D?) = O(D?) N C(D% } .

For each k € Ny, set $7(ID x ID*) to be the closure of Ax(D x ID*)|y in L*(T).
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As in the case of ID and ID*, a precise description of these spaces in terms of

Fourier series expansions can be given as follows. For k € INj,

61) H(DxIDD) = Z f0V0 ) € [A(T) : f;0 =0, if max{j, € +k} <0}.
(j,t)ez?

Moreover, the Szeg6 kernel s; for $7(ID x ID*) can be obtained by applying the
Cauchy integral formula for ID? to z’EP (z1,22) for F € Ax(ID x ID*). This yields

1 1
2m)? (2w2)¥(1 — 20w2)(1 — z1w1)’
We briefly note that in order to verify that $7(ID x ID) indeed satisfies the

minimum criterion for being a Hardy space, we may take X to be

(6.2) sk(z, w) =

zeDxID*,weT.

HAD x D) := {F € O(D X D) : [[Fllypxpy < ),

where

1
2n 2m 2

2k

r . .

”F”%{kz(IDx]D*) = sup Hff|F(53101,r6162)|2d91d92 ,
0<s,r<1 v 0

with norm, a constant multiple of, ||.||,sz(DX]D»).
6.2. The standard Hartogs triangle. For the sake of exposition, we first consider,
H = Hij = {(z1,22) € C*: || < |22 < 1},

for which ® = ©y; is, in fact, a biholomorphism. This map allows us to de-
scribe both a boundary-based construction and an exhaustion-based construction
of Hardy spaces for H. We are primarily interested in the former approach.

For k € Ny, let

A(H) = {F € O(H) N C(H U T) : 4F(z1, 25) is bounded at (0,0)},
and $7(H) be the closure of Ay(H)|y in L*(T). As in the case of D* and ID X ID*, we

can describe these spaces and their Szeg6 kernels explicitly.

Theorem 6.1. Let k € INy. Then

(63)  SEH)={ Y fi, 000 € [XT): i, =0, if max{j, ¢+ j+k < 0.
(j,t)ez?

In particular, the filtration {gi(H—I)}keNo does not stabilize. Moreover,

(zow,) 1)

412 (20w, — i )(1 — 20w3)

is the Szegd kernel for $7(H).

(6.4) sk(z, w) =

zeH, weT,
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Proof. Fix a k € Np. Our proof relies on the fact that ® : Flx > (F o )|y is an
isometric isomorphism between A (H)|r and A (ID X D*)|t in the L?(T)-norm. The
isometry follows from an integration by substitution argument. For the isomor-
phism, note that F € Ak(H) if and only if the function (z1,z2) — z’;F(zlzz, z) is
holomorphic on D x ID*, bounded on a neighborhood of {z, = 0}, and continuous
up to T. This is true if and only if 25 F(z122, z2) = G(z1, 22)Ipx- for some G € A(D?).
In other words, Flt € A(H)t if and only if (©*F)|r € Ax(D x ID*)lr. Now, ©"
extends to an isometry between 55]%(1[—1) and 55]%(113 X ID*) which, in terms of Fourier

expansions, is given by

o - Z f},[ i01+662) |y Z f;,e A (j01+(+062)
(jih)ez? (j)ez?
The characterization in (6.3) now follows from that of 5%(]]3 X ID*) in (6.1).

Finally, for any F € Ai(IH), the reproducing property of the Szeg6 kernel s
for $7(ID x ID*) applies to ©°F € A(ID x ID*). We obtain that

DxID*
k

F(z) = fT @ F)w)sP® (07(2), 7' (w)) dor(w), zeHweT.

Now, a straightforward computation yields the reproducing property of s; as
defined in (6.4). It is also clear that sk(z, -) € Ar(H) for any z € H. O

We briefly discuss an exhaustion-based construction of Hardy spaces HZ(IH),
k € Ny, for H, which in the case of k = 1 is the space constructed by Monguzzi in
[22]. For k € IN, let

HE(H) = {F € O(H) : Fllygq) < o},

where
2n 271 %
Fllazqy := sup | — F(rse'™, re'”?)|” d6,dO,
H2(H) p >
k O<s,r<1 4n 0 %

Rather than establish a direct isometric isomorphism, up to a factor, between
HZ(H) and $7(H), we argue that © : F » F o © is an isometric isomorphism
between sz(]I—I) and sz(]D x ID*). From the proof of Theorem 6.1, we know that
©®" is an isomorphism between A(H) and Ai(ID x ID*). Since these spaces are
dense in the respective H?-spaces, it suffices to show that ©" is an isometry from
(A(H), ||.||ﬂkz(]H)) to (Ax(D x DY), H'”sz(]DXID*))' This is a standard computation, by
way of integration by substitution.
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6.3. The (Rational) Power-Generalized Hartogs Triangles. We now consider the
general case of IH,,/,. For k € INy, define

A(Hyjn) = {F € O jm) 0 C(Hyjn UT) : 25F (21, 22) is bounded at (0, 0)}.

Let $7(H,/,) be the closure of Ar(Hyy)lr in L*(T). Asin the case m = n = 1, using

® we see that

*
m/n’

SHHup) =1 Y feT0H0) € LX) : £ = 0, if maxdj nj+ml+mk} <O
(j,t)ez?

Next, we use the map ©,,/, to compute the Szeg6 kernel for H7(IH,/»).

Theorem 6.2. Let m,n € N with ged(m, n) = 1. Set

m—1

Punla,b) =Y @ G, @hec

r=0
Then, for k € Ny,

1 (2202) Py (21101, 2202)
6.5 g = — — — —, eH,,,, weT,
63 0= oy — Gy A= am) i

is the Szegd kernel for H(Hyyy).

In order to prove Theorem 6.2, we need the following two lemmas. The proofs
are straightforward applications of integration by substitution and partial fraction

decompositions, so they are omitted.

Lemma 6.3. Suppose f € C(bID). Then
(66 cpeac= [ e
ICI=1 |z1=1
More generally, if n € N, a € C\ S', and ay, ..., a, denote the n-roots of a (counting
multiplicity). Then
67) Z( /) dC) O,

=1 C—aj hol=1 W — @

=1

Lemma 6.4. Let b € C\ {0} and by, ..., by, denote the m™-roots of b (counting multiplicty).
Then

m—1
. . mb™t Y cp o Xy
b[, p]q:()

LGty —b) b))

where

0, if np+1+q#%0 (modm),

_ nptl+g

(6.8) Cpg = '
m, if np+1+q=0(modm).
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Proofof Theorem 6.2. Forany k € INy, s, as defined in (6.5), satisfiesm € Ar(MHyu/n)
for all z € H,,;,. Thus, it suffices to show that s; has the reproducing property for
ﬁi(le /n). Since |22”T = 1, by Proposition 3.14, we only need to prove this for k = 0.

Recall that ©y,/x(C1, C2) = (C]C5, ') maps D XID* onto Hyy /. Given F € Ao (Hun)
and z = (z1,22) € Hyyn, let z11, ..., 21, and za1, ..., Zo,; denote the nh-roots and m*™-
roots of z; and z, respectively, so that F(zq,z,) = F(z’l’j ,z5,) forany 1 < j < n and
1 < ¢ <m. Thus,

F(z1,22) = p— Z Z(F ° Opi/n) ( ‘,Zze)-

=1 j=1

We apply the Cauchy integral formula for ID? to (F 0 ©,,/,) € A(D x ID*) = A(D?),

and obtain the following sequence of arguments.

(2ni)2mnF(zl,zz) _ isz ((PO m/n)(Cl;CZ) dCldCZ
=1

G- (Cz — 22¢)

I v - F(EiG, &) dC,
- Z Z ——dG
= il T Jiner G = o (G — 220)
Iy - F(E", gy dG,
= dé
; ‘f;Z =1 [; j;:l (5 - Cz%) (CZ - ZZt’)
6.7) F(ws, C3) e,
= — 2 4 o us2
; j;z =1 ‘fl;)l =1 na ) o (C2 — z20)

P(wlr Cz Zg[
= E dw, dCy.
! fﬁr —wi [(_1 G — 25— z20) i

Now, by Lemma 6.4 (with x = %—?, y = Cpand b = z), we have that

1+l Ga q
C

ﬂF(W1IC2 - pl; pq( ) 2 dw; dCy
w1 g = - 25)(Cy — 22)

m
wy

(2mi)’*mnF(z1, z2)

m—1 ( np+l4q nptg+l
m

L (2 ) @B @G-
= mnffl—"(wl,(:? P — —dGy,
T (@) - 2w} (¢ - 22) w
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where ¢, 4 are as in (6.8) (with b = z5). Applying (6.6) in the (; variable, we get

m=1 __ _ _ 1
Z Cp,q (lel)p (Zzw2)n+1—”pt”+q
= dw1 de

0
21i)°F(z1,22) = fwa,w : '
(2mi)°F(z1, 22) . (wr, w2) (Zwy — 2wy (1 — zowp) W1 W2

where

— np+lag 0, ifnp+1+4g#0(modm),
Cp/q = ZZ m Cp/q =

1, ifnp+1+4q=0(modm).

This settles our claim, once we observe that

m—1 m-1
Y G @ @ = Y @) (0 = Py(a, b).
p,9=0 r=0

O
In view of our minimum criterion for a Hardy space, we end this subsection

with an exhaustion-based definition of Hardy spaces for H,,;,. For k € Ny, let

HE(Hon) = {F € O ) : Fllyeq, ) < 0},

where
2n 2m 2
er n 1 g i0 2
1Flle,,) = SUp | |F(r"’5"’f—’l ', re?)| d61d0;
0<s,r<1 TC 0 %

6.4. LP-regularity of the Szeg® projection. We briefly remark on the L”-mapping
properties of the projection operator induced by the Szeg® kernel s for $7(H,/x),
k € Ng, m,n € IN, gcd(m, n) = 1. In [22], Monguzzi shows that whenk=m=n =1,
the densely defined operator

69)  S:LAMNLAT) —  H(Hum)

oo Sfi= (z.—> fT f(w)-sk(z,w)doqr(w))|T

extends to a bounded operator from LP(T) to L(T) for any p € (1, o). This is done
by realizing 1 as a Fourier multiplier operator on the 2-dimensional torus T. As a
generalization of this fact, we note that 5y is the Fourier multiplier operator
( eié)l’ eiez) _ Z f;,( 01 il02 | Z c(j, 0) f;,( Ao eit’sz, fe 12 (T),
(iOez? (jih)ez?
where, using the convention that sgn(0) = 0,

. 1+sgn(j+1) 1+sgn(nj+ml+mk+1)
c(j,0) = 82] ) g ]2 )

Then, by the same argument, (6.9) extends to a bounded operator from LP(T) to
L/(T), 1 <p < co.

(j,t) € Z*.
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The Szeg6 projections considered above do not exhibit the irregularity properties
of the Bergman projection, see [7, 14], because the underlying Hardy spaces are
supported only on the distinguished boundary of the domain. It is possible that if
one considers Hardy spaces supported on the full boundary of the domain, then a

stronger connection with the Bergman projection will emerge.
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